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Selecting Important Independent Variables
in Linear Regression Models*

by

Shanti S. Gupta
Purdue University

Deng-Yuan Huang
National Taiwan Normal University

Abstract

A large body of literature exists on the techniques for selecting the important variables

in linear regression analysis. Many of these techniques are ad hoc in nature and have not

been studied from a theoretical viewpoint. j.In this paper we discuss', some of the more

commonly used techniques and propose a selection procedure based on the statistical

selection and ranking approach. This procedure is easy to compute and apply. The
procedure depends on the goodness of fit of the model and the total error associated with

it.

Key Words: Selection procedures; Noncentrality parameters; Noncentral F; Total square

error; Reduced model; Inferior models; Selection criteria. ,Acce:.ion For
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I. Introduction

The problem of determining the important ("best") subset of independent variables

has long been of interest to applied statisticians: primarily, because of the currenwt avtil-
ability of high-speed computations, this problem has received considerable attention in the

recent statistical literature. Hocking (1976) has given an excellent survey of the existing

techniques. Several other papers have dealt with various aspects of the problem but it

appears that the typical regression user has not benefited appreciably. One reason for the

lack of resolution of the problem is the fact that it has not been well defined. For the

procedures that we usually discussed in textbooks, the probability of a correct selection is

not guaranteed.

The problem of selecting a subset of independent or predict variables is usually de-

scribed in an idealized setting. That is, it is assumed that

J

(I) the analyst has data on a large number of potential variables which include all relevant

variables and appropriate functions of them plus, possibly, some other extraneous

variables and variable functions and

(2) the analyst has available "good" data on which to base the eventual conclusions.

The analysis of residuals (see Draper and Smith (1981)) may reveal different functional

forms which might be considered and may even suggest variables which are not initially

included. We assume that the process for model building has been completed and the

resulting models are true. The problem is to determine an "appropriate" regression model

based on a subset of the original set of variables. In this problem there are three ingredients,

namely,

(a) the computational technique(s) used to provide the information for the analysis,

(b) the criterion used to analyze the variables and select a subset, if that is appropriate.

and

(c) the estimation of the coefficients in the final equation. (cf. Hocking (1976, 1983)).

In this paper, we study this problem from the viewpoint of statistical ranking and

selection to investigate some selection criteria. From this approach we can obtain some

useful procedures to select important regression variables.

! ,i, ,-'u , ' '-, .*...'.*.. ' ,-. ,:.' .','. , .-.. '." ,% .. * . . -v .,.' - ..': - *. - . . . .
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In these studies, we have found that the reduced models are bsed on nll(,,111,1.1 tI,

parameters which provide a measure of goodness of fit for the fitted ,(Il. \\, .,I ..

propose a statistic to measure the standardized total square error, and study th, l . ,

of bias for the fitted model. The statistic we propose is an unbiased estirnalr ImI, 1, i

different from Mallows' Cp statistic. Based on this statistic, a two-stage selection pr, , I,,,,

is proposed and studied.

Finally, we mention that we have shown the relation of the noncentrality paraI lc',r

and the statistic we proposed. We should use both of them to select a good fit md

. bias models and at the same time, the total square error is also to be .iade ,i, iiiiil .1

possible. An asymptotic result is also studied to determine the value A of t Ie( hi; 'I II

asymptotic result enables us to determine at least how many regression varial.s III 1,

neglected.

2. Some Selection Criteria

Consider the usual linear model

Y X3 +C (2.1)

where Y' = IYI..., Y, is an 1 x n vector of a random sample, X [,.X .. V I i.

e: an n x p matrix of known constants, 3' -- 130,01,-.. .,f3p- 1 is a 1 x p vector of uinknik it

parameters and E - N(g, O In). Here I,, denotes the identity matrix of order it ti

The model (2.1) having p - 1 independent variables is considered as the true model. \.\
a' reduced model whose "X matrix" has r columns is obtained by retaining any r I of lic
." p 1 independent variables X1 , ... Xp_1 , where 2 < r < p. For each r, 2 < r - p, thr

ir,' k. (P I) such ,nodels. These k, reduced models of "size" r are indexed arltijrafilk

with the indexing variable i going from I to kr. We will refer to a typical model as \l,),(l4'

At,,. A reduced model of size r can be written as

E(Y) =X, /3_, i 1,2,..., ,k (2 2)

where Xi and 3 . are obtained from X and #3 corresponding to the variables lhat ai,

retained in the model.

It shouild be )oilld o1t that. all expectations and probabilities are (at' 41d 1111,. ,

the true model (2.1).

2
-a
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Usually, we use the residual sum of squares to measure goodness of the fitted model for

a random sample. Hence, the expected residual sum of squares is naturally consi(hred i,

the measurement for the goodness of fit. Large values of this expectation are not desirable.

It should be first noted that our comparisons of models are made under the true mod,)

assumptions.

For any r, 2 < r < p, the residual sum of square SS. for the reduced model Ab,.

I < i' k,, is as follows

SSrij =t~ Xrii - Xj"')-11S -.,- -YX[Il

= Y Q.Y (2.3)

where (XrX.) Xi]. Also,

W ~ssri 2~, L/ i i (2.4)
o0

where the degrees of freedom v, = n - r, and the noncentrality parameter

,, - (Xf)' Qi(X)3)/2a .

We note that Qr, is idempotent and symmetric; thus it is positive semi-definite. lheicc

Ar, is nonnegative, but not zero, in general.

We have

E(SS, 1 = V, Or + 2o, ,,o . (2.5)

Since o0is fixed, it is clear from (2.5) that Ai should not be large for a good model.

We (lefine any reduced model with associated noncentrality parameter A ., ini'rior id

A,, > A where A(> 0) is a specified constant. Our goal is to eliminate all inferior rnodel-

froin the set of 2P- 1 - 1 regression models including the true model.

rhe residual sum of squares for the full model is denoted by SSpj. Then,

EISSp,/(,n - p)] =2°o

Hence, we use SS,,i/(n- p) to estimate o, and denote

a2 SSPj
0 n-p

3

P ,
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Now, let R 2 and R 2. denote the multiple correlation coefficients of the mnoldl (2. I)

and (2.2), respectively. Hence

," n'= (- DU -)(r U

and

R 2. SS,T _- V'(r- V)'

where f' = (V,...,7) and " = i-=Y,. From (2.5), we propose t as an ,'sI,,ulm,

of Ari where

='flPSS=n - pss (,.)
2 SS,,i 2

.op

n-pI-R -i (,

2 1 - R2 2 (2-7)

Proposed Selection Procedure.

We propose the selection rule S as follows:

Exclude (reject) the reduced model Mri

iff Ari d,.

where di is determined by infP{A7 >_ d7i} = P,O < P* < 1. It can be shown thal Ilh

following are equivalent forms:

A,i dri (2.8)

2.) 2/ 2. . (1 - R 2r) > (di +jr -2 1 - R (2.9)
2 n-p

(SS 7i- SSPi)/p - 0) [d + 2 njf 7)

SS-(n--- [ 2' n -p p r

Ilence, the correct decision of excluding all inferior models M,, under thw g i, timclch

probability P* is equivalent to

A inf P{Ai > dri} = P. (2.11)

4U~)

C . q'. ,-.-



It is well known that the distribution of the statistic

vi = (SS.i - SSl)l(p- r)
SSpi/(n - p)

follows the noncentral F distribution denoted as F'(p - r,n - p, A7 ) (cf. Graybill (1976))

Thus the critical value dri in (2.11) can be computed as follows:

inf P{Vri > Dri} = P- (2.12).

F'rom hosh (1973), the noncentral F distribution is stochastically decreasing in Ar,. Thws

we can compute dri through the following equ-'

P{V" -A} P*, (2.13)

where ),j, [(dri ) - 1] _Pr as in (2.10).

Now, we rewrite the selection procedure S as follows.

Theorer 1. The selection procedure S is equivalent to the following:

Exclude Mri as an inferior model

iff Vri _ Dri

where I)r, depends on A,n,p, r and P* and is chosen to satisfy

P{V, > DrjIA,, = Al = P'.

Total Squared Error as a Criterion for Goodness of Fit.

A measure of "total squared error" was first given by Mallows (1973). lie used Ilh

statistic, called CP, to measure the sum of the squared biases plus the squared random

errors in Y at all n data points. Daniel and Wood (1980) described the problem as follows.,

The total squared error (bias plus random) for n data points, using a fitted model

Afi with r terms, is y E(Yij - v,)2 , i.e.,

n n

(_, - + var() (2.11)
jj=1

5

5.
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where

vj=L(Xij,X 2i,...), expected value from true equation,
T-1

n= fl + E )fhXit, expected value from the fitted model Mn, being used,

% ~ ~ (vij77,) bias at the jth data point, and

(Yi,.Y),' = r(riri-X'j is the predicted value unider leaI iHjit

4 .J estimate in the reduced model Mri1 .

For convenience, let SSBri stand for F_(v - rlhj) and define a quantitv. 1',,, 1he - Mlil
j= 1

dardized total squared error, by

ri- SSBri +1 n var (Y,.(2.1.5)

Since

=Xnji(X'iXt) r -Y

-S we have
* coy (Yr)

E[Xri(Xr'iXi)lX'iy - Xri(X~ijXi)-'X'iX,8j X

IXnt(X'riXri) 1 X -i XrXjn) r~Xf

Hence, we obtain

var (ix,)i X c ~rtr i
j=1

0;2 (2. 16~)

* ss~ri - = E - E(( 3)
j=1 j=1

{E(ji - X,j(XjXnj) 'Xrj]L)}'({E([I - X 7 i(X.,A'7 i) -'X, V'

=(MV3' - XiX ir)'X,'.i(Xf))

cr - (2.17)



F(SSri) =E(K - fj)'(Yi - 1i')

E{y'I -- Xi(X'iXi)-1 X'tiY}

E{ tr (Y'[I - Xr(X'iXr)- XY)}

tr {E(Y X/3)'(I Xri(X'iXr) _r_- -x,,( r , -'x'i,)(_ ;)

f (XI)'[I - Xr;(X'Xri)-' "'](X0)}

±r XI3' - Xr]o(Xri) r)0
+ (x0_)'V- x,,(x'x,i)-,xr,l(X0_))

v( -r)ac 2 2cir ,\r. (21lS)

Iron (2.17) and (2.18), we have

E(SSr') SSBr, + (n r)ac. (.1,

Fromi, (2.16) and (2.19), we can rewrite (2.15) as

Irt E (S r) (n- 2r)

Vr 2Art- (n- 2r)

2Art + r. (2.20)

\We have an unbiased estimate of Fri as follows:

2-, n [2Ai +(n -r)] (2p 3r) .2

sill e

2Ari (n r) (p r)Vi.

I Ec,,,. we can show that for n p . 2, we have

' '-( ,, p "2 1 r)
?I r (p -r)(n p -- 2)

2 A\,, r 1, '2 '2'

Ir,:i. (2..,). k%,' svc tlial A,, i.s a Hmeasure of the error. That is, Ar, i, U I,( 1,. 1:

lit 1 "- f li red,, m et IIoEhl .t,. If it is a good fit then Ar, O. The(n firmrl (2.2M .

ih
7



/(Not.e the notation means "approximately close".) We require the total squi, p (r,r 1,,

te snall for good fit. lfence f', should be as small as possible and close to r. Itfi,

.' ,)h bv as small as poss ib)le.

.' Wt ' u n tnarize these result in the following theorem.

1' ieorir 2. rhe total squared error (bias plus random) for n data points,,sin, a lii'.

::Al .1 , with r terms, as defined by Mallows (1973) (see also Daniel and \ood 1 )(W

3 I

v1. 1 ( ''(1 ) and (X,(X',X,,) A'',Y. Now fro,, (2.21 l

I' 2, p -- ,, (,, r)I - ( 2 p 3r)

S1 ;t in uniased estimator of the standardized total squared error ',. Also if H.
* h'1 ii r K r.

Tie R(lation between 1?2, and 1' ,

From (2.7) and (2.21), we ha\,e

I',, 2(,1 p 2 (2n 3r .1).

llocking (1976) pointed outl that the R, plot may be quite flat for a giv, x .,,

' ',. cofflicicrt (n p 2) can Pmagnify small (]ifferenc.re causing I o,, t lo inr,,,. , ,', ,

, .,,,re ,' ;,d .

"'Th, Rlation I)etween "-statistic V, and I'

l,'orn Theorem 2. we have

Irt 2(n1 p 2)(p- r) -- (2p 3r). (2 21,

n p

%:

T}im T.ilationi between Mallow.s' (7w, andi 1',

8

.5



Miallows' Cr, is defined as follows:

Cr- (n - -, (n -2r).

lHenrce
2(n p 2) (p r ) ICri (n 2r)j (2p - 3r). (2.25~

rt- (?I p) (n -r)

3. A Two-Stage Selection Procedures R.,

Now we propose the following selection procedure which depends oil the Ipro(:e(lutre

1(,: At staige 1, apply the selection procedure S to select some desirable reduiced

m~od1 els denioted by the set 7T. At stage 2, from the set T, we select the reduiced

ittodel associated with the smallest Fi

Front (2.8), (2.9), an(1 (2.10), we see that the following selection rules S, arld S., are

all equiiivalent, to ,S

SI: select model A,j if (1 - R 2 j) > di (I - R 2 );

S2: select model A1ji if Vrj > d2 ;

where d, and d 2 depend on n,p,r, Z' and P*.

G;upta, Hluang and Chang (1984) have studied some optimal properties of S,- lutigi-

itnil I~anchapakesan (1982) have studied some selection procedures related to SI , .$ ciii

he ised l i the stepwise regression analysis. Also S, can be used for analysis of all possle)

* regr''ssion inodels.

Iroin the prey ions discussions, one can use S 2 to compute the critical values d., I,)

dlec ide t ie accep~tanice or rejection of the reduced models. From the selected nmdels %%(

htoose it suit albe one by plotting f,: against r with F,i as small as possible (see T'heoicii

2). It follows fromt the fact that 5513 ,./o2~ 2 Ari, that the large %values oft At nw;,eam

tie legree of the depart ure front the line Fri r.

( om ipintatjoin of (7on sants Dr7,

I aiti ik (1919) pr~ovided ain approximation to the noncen tral F (list ribu t ion (cfI. GleC

her ( 197!9)) by the relation

1"Pl P, ) PI 2A/p P(P,92



where

P* = (Pi + 2A) 2/(pi + 4A).

Hence, we can determine Dri from the following (approximation) equation (see 'lieorcm

P{F(p*,n - p) p -r) 22 Dri} = P*, (3.2)

t~p - r) + 2A-

where p* (p-r)+2A2 ,and F(p*,n - p) is the statistic which follows the central P
(p-r)+4A a

distribution with p* and n - p degrees of freedom.

Ghosh (1973) has shown that P{F(p1 ,p 2) > c} is monotone decreasing in 1), an,

increasing in P2.

Thus we can use interpolation method to obtain the critical value c = F(p", n p; I")

by noting the fact that F(p*,n - p;P*) = [F(n - p,p*; 1 - P.) '. Note that

Dr ( r) + 2 AF(p., n -- p;P.).p-r

Asymptotic Results for R,

Note that procedure R, at the first stage satisfies (2.13). Suppose we want to deler-

mine the (minimum) number of independent variables to be chosen for a specified \vallI(

of A. Assuming the sample size n to be sufficiently large, we study the asymptotic results

for the two-stage selection procedure R,. Let n - p > 4.

Vj- E(V,.) D,,j - E(V,,)P{>V,. > A :- Al

V' Var(V,) \Var(V,.)
.P{Z >a}=1- ()

where 4((.) is the standard normal distribution function,

E(V,) (p - r + 2A)(n - p)

(n-- p - 2)(p-- r)

and

Var(Vrj) 2(n - p)2  [ ((p - r) + 2A) 2  + (p -- r) +4
(p r) 2 (n-p-- 2) (n -- 2)(n--p- 4) n -p 4 "

10
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IFor a fixed random sample, we have

2(n -- p - 2)(p - r) vr, - (2p - 3r).
n -p

Now, we rewrite F,, as follows:

2(n - -2)p - r iV-r(V 1 )--- n=--- - V/rVar(Vri) [Va .(V) + E(V,) (2p 3r).

We are trying to minimize the following function F'. with F' < lri to obtain an ippewr

bound of A, for the given value p - r = z and a < 0.

Let

2 -2(n -p p - 2)(p - r)

n -4-
+ 

-- p

(p- r)(n-p-2) (n -p-2)(n-p-4) n 7  1

(p r -r p) (2p-3r)
(t- p(- 2)(p-r)

v2Da[Ax2 + Bx + Cl4 - x + 4A + p,

-S where

A4 (n- p) 2
(n -p - 2(n- p-4)

B4A(n -p) 2  + (n -p) 2

(n - p- 2) 2 (n- p-4) (n -p-- 4)(n - p 2);

4A 2 (n - p) 2  4A(n -p) 2

(n p - 2) 2(n - p - 4) + (n - p - 4)(n - p - 2)'

and
D = 2(n - p - 2)

n-p
rr--

11, 2 d 2 a P. .AaSince A .- 0, I 1C 4A and D 2, hence, r~ 2V. ,~i t' -A

fly letting ' 0, we have A z 2a 2 - x, such that > 0. Hence, i", is rninirnized

when A ; 2a 2  x. For which, we can find an upper bound of A such thit at leas.'t lo%\

inany variables are excluded for this bound, since A is decreasing in x; see tw follo\iI,,

cxariiple.

Examph:

4. 11
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We use the Hald data (Draper and Smith, 1981, Appendix B, page 629) to (lisCrl.s

the procedure as follows.

No. Xi X 2  X 3  X 4  Y

1 7 26 6 60 78.5
2 1 29 15 52 74.3
3 11 56 8 20 104.3
4 11 31 8 47 87.6
5 7 52 6 33 95.9
6 11 55 9 22 109.2
7 3 71 17 6 102.7
8 1 31 22 44 72.5
9 2 54 18 22 93.1

10 21 47 4 26 115.9
11 1 40 23 34 83.8
12 11 66 9 12 113.3
13 10 68 8 12 109.4

Daniel and Wood (1980, p. 89) have computed C,.i's for all equations. Using Ilicil

values, we compute r', as follows:

Variables in Equation r C, i Vi

i X, 2 202.7 82.6 19.25
X2 2 142.6 58.0 13.78
XI, X2 3 2.7 1.9 0.97*

X3 2 315.3 128.6 29.48
XI, X3 3 198.2 60.6 20.52
X2, X3 3 62.5 19.9 6.95

X, X2, X 3  4 3.0 3.3 0.89"
X4 2 138.8 56.5 13.44

XI, X 4  3 5.5 2.8 1.25
X 2 , X 4  3 138.3 42.6 1.45
XI, X 2 , X 4  4 3.0 3.3 0.89"
X3, X4 3 22.4 7.8 2.94

X1, X3, X4 4 3.5 3.4 0.94*

X 2 , X 3 , X 4  4 7.3 4.1 1.37*
XI,X2X3,X4 5 5.0 5.0 1.00"

As an illustrative example, we compute some D,,'s in (3.3) for I" - 0.90. anid A

as follows: n 13,p 5.

a. 12
46

I S . - . - - - - - .. . . - . . - . .- . , •. •., . - " - . .. , ," . , . " , , " • , o- " - . . ',,

" 7' % '" " 
%
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r 2 3 j4

Di0.939 1.1106 1.647

Now we apply the procedure R,. At stage 1, we exiude all inferior reduced model,,.

This results in the selection of the models marked *. Thus, we retain thle following reduced

U 10(1 ('s:

XY.} 1X, X 2 , X:'J, {K1 , X 2 ,AX4 ), {X 1 , X 3 ,X 4 ), a n (I {X 2 , V-X I

* I hse i ovcare thie dcesired redluced models. Then, we use Fri versus r plot:

* (1,2,3,4)

.y(2,3, 4)
4-

* (1,3,4)
* (1,2,3) (1,2,4)

3.

2 .(1,2)

0 mieans a single point.

* nen~ adouble point.

13



'roi this plot. we see that the reduced model {XI, X 2 } is our desired iode'I. \,,

th;I! after the first stage, we can state with confidence probability P" .9)0 h t ;Ill ()

I 2) except the 5 reduced models given above - are inferior im li ic, 1 ii

;0,io note that the largest value of r for the selected models is 4. If we lak, .1 1 I'!

,,,id of r to start with, then an approxim1ate tipper bound of A eaji li, .

. 111" i -, rTriptotic rel;ttiorn A % 2o2 (p r). For P "  0.90, we get , ,

jeA 2.29.

.

14
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