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ABSTRACT

DEA (Data Envelopment Analysis) attempts to identify sources and
estimate amounts of inefficiencies contained in the outputs and inputs
generated by managed entities called DMUs (= Decision Making Units).
Explicit formulation of underlying functional relations with specified
parametric forms relating inputs to outputs is not required. An overall
(scalar) measure of efficiency is also obtained for each DMU from the
observed magnitudes of its multiple inputs and outputs without requiring
use of a priori weights or relative value assumptions. A partition of
DMUs into six classes 1is estabiished via primal and dual representation
theorems and three classification theorems which do not depend on
non-archimedian analysis. Earlier theory is extended to explain the
consequences of zero inputs and outputs and to utilize zero virtual
multipliers ﬁ(shadow prices). Three of the six classes are scale
inefficient and two of the three scale efficient classes are also

N
technically (= zero waste) efficient. L-,, e s

.

KEYWORDS: dual linear programs, multicriterion efficiency analysis, scale
~

efficiency, strong complementary slackness, technical efficiency, virtual

multipliers.
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1. BACKGROUND AND INTRODUCTION.

Data Envelopment Analysis (DEA), as reported in [ 8], is an approach to
measuring the efficiency of entities, e.g., not-for-profit entities, which
have multiple outputs and multiple inputs that do not readily submit to
treatment via unit prices or other a priori weights that might be used (e.g.,
in index numbers to secure comparability. In addition to providing meaningful
scalar efficiency values, DEA is designed to identify sources and estimate the
amounts of inefficiencies that might be present in the variocus output and
input vectors. In these respects DEA may be likened to standard cost sys-
~ems used in manufacturing enterprises although, unlike the latter, it does
not require prior undertakings of extensive engineering studies. Also
inlike the latter systems, it seeks to identify and estimate inefficiencies
in outputs as well as inputs. Finally DEA seeks to accomplish all of this
without requiring a priori specification of the underlying functional forms
-- winich can be a forbidding task in statistical regression-analyses and
like approaches to these same problems. See Ok

The basic theory for DEA as it exists at this point in time is set
forth in [9] -- see also [8]. The purpose of the present paper
{s to relax some of the present conditions which restrict DEA uses to situa-
tions in which (a) all inputs and outputs are positive and (b) all variables
are confined to positive ranges in the solution sets (see the discussion of
D-proper virtual multipliers in Section 3). The principal results are: the

primal and dual representations in Theorems 4 and 5, the

1See [13] and [14] for difficulties even when so-called flexible
functi-nal forms are used.

2We stall also abbreviate other references such as CCR [p. 41]
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characterization of decision making units (DMU's) in Theorems 6, 7, and 8,
and the analysis of the role of zero inputs and outputs in Theorem 18 and
its corollaries.

Expanding the uses of DEA for evaluating possible additions or dele-
tions of individual product lines is illustrative of possibilities for

managerial uses at the level of individual Decision Making Units (DMUs).

See [5] for a discussion of the possible interacting effects on efficiency
evaluations that can occur with decisions to add or delete activities in the
programs of a community college. The ability to bring DEA to bear on issues
such as the evaluation of natural monopoly provides another class of examples
in the arena of public policy analysis. See the treatment of "economies

of scope" and "economies of scale" and their relation to issues of natural

monopoly in the recent breakup of ATsT as discussed in [14] and [15].

To make this more precise assume that we have j = 1,...,n DMUs, for
eacn of which an observed vector of outputs y, and an observed vector of

inputs x is available. Thus for DMUJ we have

aeill X, .
144 1
] .
(1) = V .1y X, = X
Y5 il % 1
o x
i m
L8] L Jg
with yrj >0, r=1,...,8 and xiJ >0, i =1,...,m for every j = 1,...,n.

Using the CCR ratio form from [11] we may then evaluate the efficiency of

each (or all) of these DMUs relative to the others via

e S o S T R A S T < 4 14 A R A N A AL S R b

|
<
.“
N
;
4
'i
|




WAT W WRTWRI WIRW /W e WY [ 7T WSS s many

subject to

uTy
12 ooy <1,...,n
T
VX,
J
and
) T
» < eeT < s .
T
VXO V\{O

where T indicates transposition. The vectors u and v are called "virtual

i
multipliers"”, with s and m components, respectively, while the vector & has

all of its elements to unity with the number of its elements determined by
context. E.9g., eT, above is 1 x s and is multiplied by a "small" non-

Arcnimedean constant, ¢, by which we mean that each of the components of seT
is greater than z:ro but smaller than any positive real nimber. In par-
ticular, given any positive real number z there is no real scalar k with the
property

. (3) ke 2 z.

In the above formulation yo and xO are the output and input vectors for

one of the j = 1,...,n DMUs incorporated in the constraints. Hence we have

»*
- max ho (u,v) = ho <1, ané via the t‘ollowing1 we have:

1 1Fir‘st given in [10] and reproduced in [ 8].
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Non-Archimedean Efficiency Theorem:

*
Part 1: ho = 1 if and only if DMUo is efficient in all inputs and
outputs.
*
Part 2: hO <1 if and only if DMUo is inefficient in some inputs or

outputs.

To obtain this result and also to place the DEA problem in readily
computable form we used the Charnes-Cooper transformation of fractional
programming, viz.,

() v=2=%tu, »=¢%tv, t20

to obtain the following dual pair of linear prdgramming problems:

T . T - T +
max v yO min ¢ -2 '8 -ce 8
sub ject to subject to
T t -
(5) 1 = g X, = tvx, ¢ = BX, XA s~‘
$ B Vil = dox v, = Y2 - 8"
-seT 2 = wT
;eeT P vT ¢ S A, s-, s+

where the condition meo = 1 insures that the scalar t used in (4) will be

positive so the reverse transformation may be used to secure (2) from (5).

All of the theorems of ordinary linear programming continue to hold for

the non-Archimedean extensions included in (5).1 Both problems have
feasible solutions. Hence the dual theorem of linear programming gives the

equality in

"see [ 8]
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* * - % *
(6) v Ty =9 - eeTs = seTs+ <1

where the asterisks indicate optimum values and to establish the inequality
one need only observe that wTX 2 vTY is required for the problem on the left
, . . T T ' v

in (5) and this requires u Xs 2 v Yy which, together with the condition

T
wao =1, implies 1 2 vyo for feasibility.

*
The expression v TyO on the left of (6) can be a real number only if

—-%* + % + %
the components of s and s are all zero on the right. With s = 0 it is

not rossible to improve the output'performance,by augmenting the correspond-

- %
ing y_ components by the amourt of these non-zero slacks. But even if s =

J it may still be possible to improve the inputs, if the optimal value of

* *
the scalar 8 < 1. 1If, however, 8 = 1 and all slacks are zero then also

* *
v Tyo = 1 and all components of v i are real valued. On the other hand if

- * + % *T
any components of s or s are not zero then we must have v ¥g < 1 and

L g
v must contain some non-Archimedean components. Indeed transposing back

to (2) via (4) the sources (and amounts) of inefficiencies can be identified
* * *T
that produce ho < 1 while, conversely, if ho = 1 then also v Vi * 1 and no

inefficiencies are present.
Examples.

As these developments show, these non-Archimedean elements play an
important role in the theory and possible uses of DEA., To explore possible
consequences of eliminating these non-Archimedean elements we utilize the

following example which involves j = 1, 2 DMUs each of which produces 1 unit
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of output (indicated in the first row) and each of which utilizes two inputs

in the amounts indicated in rows 2 and 3.

DMU
1 2
y1j 1 1
x1j 1 1
6
x2J o
The DEA efficiency evaluation problems are, respectively, v
for DMU1 for DMU2
4 4
max h(w) = max h(w) =
v, = 5v2 vt ov,
sub ject to subject to
u u
1 2 1 1 2 ]
v1 + 5V2 V1 A 5V2
u u
12 1 12 1
vyt by, vyt 6v2

All variables are merely constrained to be non-negative and not required to
be positive as before. Here
T
W = (u1, Vi v2)

is a member of the set of all "virtual multipliers" W when the elements of w

are all non-zero and non-negative. If w1 and W, represent the set of op-

e i |

:::_':I timizing multipliers for, respectively, DMU1 and DMU2 in the obove example,

e

el we have w1 = W but w2 # W since an optimum is achieved for DMU2 only when Vs

I.‘l':
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With v, = ¢ an optimum is achieved for DMU, with h(w) = 1 so that its

2 2
behavior is incorﬁectly characterized as efficient in all inputs and

outputs. This is a consequence of eliminating the non-Archimedean condit ion

P e | e e ) e e

_X.

on the variables in (2), and, as already noted, the appearance of these non-
Archimedean elements in an optimum solution make it possible to identify the
sources of inefficiency and estimate their amounts by reference to the
variables with which they are associated in (5).

In the section that follows we shall give an entirely new route which

will associate with DMU, a multiplier set W, related to both sets of L?P
[ [

problems. In the above example we will fiaa that dim W, = 3, wnich is the

1

maximum number of postive components for vairiables in the above problem,

*
whereas dim w2 = 2 because v2 = 3 in every optimum solution for DMU,.

This suggests there may be a way of classifying DMUs by reference to
the dimensions of their multiplier sets ;nd that proceeding in this manner
will enable us to retrieve what was lost by eliminating the non-Archimedean
elements, €. Thus, as was done in [16] we partition the set of all DMUs
into the following six classes

E, E', F, NE, NE', NF
where the first three classes are on a frontier and the second three are
not. The following figure adapted from p, 46 represents the situation for
two inputs and one output. The solid lines connecting the points E and E'
represent frontier points that are efficient. Points like F which are also

on the frontier are not efficient since, as in the case shown, one of the

1That is, the DMUs associated with these points are at MPSS (Most
Productive Scale Size) in the sense of Banker [ 2 ].
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inputs may be reduced and this can continue until E is achieved without

reducing output or increasing the other input.

All of the points E, E', F have optimal O values of unity in (5) and
hence are scale efficient in the sense of Banker [2]. As already noted,
however, F is not technically efficient. Finally the points NF, NE, and

NE' are not on the frontier and hence are neither technically nor scale efficient.

In the above example DMU] is associated with E and DMU2 with F since

optimality is achieved witn h* = 1 in both cases. The sets E' and I are
empty but, of course, this need not be true in other sxamples -- to which we
shall turn after introducing suitable notations and definitions “o cover all
cossible cases in the section that follows.

This paper is a technical supplement to [16] which will also te referenced

as CCT. The other two principal references are [ll], also referenced as
CCR, which was the first of a long and continuous series of papers on DEA,
and (8] which is a recent review and codification of DEA theory and contains

an extensive bibliography for DEA.

This paper ccnatains proofs of the new results announced in CCT [16].
Although we will rely for the most part on the notations and terminology of .
the three principal references the proofs requi-e introduction of a number

of new concepts and notat ions.

2. DATA DOMAINS.

Data Envelopment Analysis (DEA) is a framework for investigating the
efficiency of a collection of Decision Making Units (DMUs) with common

inputs and outputs see CCR [11], pp. 429-430 and (8], pp. 1-6.
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94( We consider n DMUs, each with m inputs and s outputs. We define a data
KRN domain D as a (ordered) set

oy (1) J = (DMU,,...,DMU
of DMUs and a matrix

t,g':’ = -
(8) P [P1""’PmJ

ty, with s + n rows and n colums. The jth column
T
: e
(9) P, = !
J T
. I
‘“i' i d

2ty is made up from an input vector xj whose ith component X is the amount of
) input 1 used by DMUj and an output vector ijhdse rth component yrj i3 the
s{ﬁ amount of output r produced by DMUJ. We write

4

" (103 D= (J,P)s

We assume that the components xij andyr,‘j are positive or zero and

o require that for no j is either X = 0or y, = 0.

We say that a data domain D is in reduced form if for no pair /j,k)

¥ with j # k and scalar o is

(X (11) P = aP,.
i.:"i k J

* *
= Let J be a subset of J, and let P be the submatrix of P consisting of

*
(N ’ those columns P, for which DMU, ¢ J . Then we call the data domain

5.! J J

* * * |
(12) D =(J ,P)
P a subdomain of D.
Qia Associwted with a data domain D is a set of vectors

(18) K(P) = {p[p S PA =P,A + ... # P, s 20}

[\ . = . - Sap— e

now ] ’ N - L Y 1 . ".\\\" Y ¢ Lo O, ‘n* 2 “
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called the conical hull of P.

*
Let D = (J,P) be a data domain and let D be the subdomain of D defined

as follows. Let
*
(14) Jd = (DMUj in N for which there is no k < j with Pk proport ional

to PJ).

*
Then, clearly, D 1is reduced.

3. VIRTUAL MULTIPLIERS AND DEA-SCALE-EFFICIENCY.

let 4 and v be non-negative, non-zero vectors with s and m components,

respectively. We call the vector

- 1

a virtual multiplier and denote by W the set of all virtual multipliers.

Next, for w ¢ W andfor any DMUJ let gj(v) = vij, f.(u) = uTyj. Then, if

J

gj(v) > 0 let

(15)

hj(w) = fj(u)/gj(v).

We say that w is D-improper if either

(16) (a) f,(u) = 0 for every DMU

J J

or

(b) for some DMU,, f (u) > 0, gJ(u) = 0.

3"l
Otherwise we call w D-proper.
If w is D-proper and if

(17) h,(w) 2 hk(w) for all DMU  for which gk(v) >0

J




then we call w an optimizing multiplier for DMUJ and denote by wj the set of

all optimizing multipliers for DMUJ. We call wj the multiplier set for

DMU, .
J

Notes: (a) If w is D-improper it is not assigned to any wk. In

Section 12 we will consider the significance of the D-improper virtual

multipliers. (b) 1If fk(u) = gk(v) = 0 then hk(w) has the form 0/0 and is

not only not defined but is not considered in or needed in applying (17).

3V

-

(2) If w = [31 € wj, then so is w' = [au] for all a > 0, 8 > 0.

wj may be empty; if so we say that DMUJ is DEA-inefficient and denote

by N (or N(D)) the set of all DEA-inefficient DMUs.

If wj is not empty we say that DMUJ is DEA-scale-efficient and denote

by RE (RE(D)) the set of all DEA-scale-efficient DMUs.

*
It follows readily from (17) that if D is a subdomain of D then

(18) N(D*) < N(D)
and
* *
(19) N n RE(D) < RE(D ).
*
Lemma 1. Suppose k # h, Pk = aPh and let J be J with DMUk deleted.
Then
*
(20) K(P ) = K(P)
* *
(21) N(D ) = N(D)N N
and
* *
(22) RE(D ) = RE(D) N J .

P
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Proof: to establish (20) we observe that
* *
Px =P A

* *
where, for j # h,k, xj = Aj and xh = Ah + axk. By the non-negativity of

*
inputs and outputs, a > 0 so that Ah 2 0. For (21) and (22) we note from

(16)

(23) hk(w) = hh(w) for all w, if P, = aPp.

*
Corollary 2. Let D be the reduced subdomain obtained from D according S

*
to (14). Then (20), (21), and (22) hold for D .
The conclusions of Corollary 2 hold as weil for any reduced subdomain

*
D obtained from D by successive deletion of DMUs proportional to some

Q remaining one.
It follows from Corollary 2 that for questions relating to scale ef-
ficiency or to the extended domain we may without loss of generality limit
ourselves to reduced data domains.

Reduct ion assumpt ion: Henceforth, unless otherwise specified, we

assume that all data domains D considered are reduced.

4. CLASSIFICATION OF DEA EFFICIENCIES.

For our purposes, we make no distinction between two DMUs whose input-

output vectors are equal. Hence we may identify a DMU with its input-output

vector p = [_i]

R

é“d
-

-
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e

Conceptually, any vector p with x and y non-negative and non-zero may
+
be treated as a DMU., For any p in K(P) we construct a new data domain D =

pP with

+

(24) 3" = (P 4.esP ) and p* - [Ppl.

10

(D+ may not be reduced.)

We next define the frontier FR of D as the set of all p in K(P) for

which p is scale efficient in D+ = Dp. Clearly,

(25) RE C FR.,
In what follows we will give characterizations of FR in terms of RE.
We partition the set RE of scale efficient DMUs into three classes.

=35 + m},

5)

(28) E = {DMUk ¢ RE|dim W_

(27) E' = {DMUk ¢ RE[dim W < s + m and

" there exists w ¢ wk such that w > 0},

(28) F = {DMUKk ¢ RElevery W e wk has at least one zero component}.

We use Lhe terms DEA-extreme-efficient, and DEA-non-extreme-efficient

to describe, respectively, DMUs in E and E'. We do not consider elements of
F to be DEA-efficient because (as will be seen below) the presence of zeros
is related to the existence of slacks, which in turn indicate what has been
called technical inefficiency. Thus, E UE' is the set of all DEA-efficient
DMUs, and F consists of the DMUs that are scale but not technically

efficient.



5. SOME EXAMPLES.

Three related simple examples are displayed. Each colu:. .ves the

components yrj and xijof the output and input vectors y, and x, of DMUJ. We

J J

recall that W is the set of all virtual multipliers

where u is a non-negative, non-zero s vector and v is a non-negative, non-

zero m vector.

In Example 1:
w1 = W, w2 = {all w with v2 = 0}
dim w1 = 3=m+ s so that DMU1 e B
dim w2 = 2 <m+ s and has no positive vector so that DMU2 ¢ F. E' and

N are empty.
In Example 2:

o . &
N1 {all w with v3 < v2}

W, = {all w with v

2

> s v3}

Both w] and W, have dimension 4 = m + s and hence E = {DMU DMU2}. E', F,

2 1?
and N are empty. Note also that

2 = V3!

(29) Wonw, - {all w with v
has dimension 3 which is less than 4 = m + s.
In Example 3:

a and b are (positive) parameters and we distinguish three cases.

Case 3.1: a +b < 1. Then

W, = {all w with v

: 3 < (a/(1-b))v2}.

W. = {all w with v

5 3 2 ((1-a)/b)v2},




W, = {all w with (a/(1-b))v2 <

3 < ((1—a)/b)v2}.

L

Each of these has dimension 4 = m + s and hence E = {DMU1,DMU2,DMU3}.

Va3

Figure 1: Projection on Vys Vg plane

Figure 1 is the projection of W onto the v2, v3 plane. Note that from
a+ b <1 weconclude that (1-a)/b > 1 > a/(1-b) and hence the multipliers w

with v3 = V5 belong to w3.

Case 3.2: a+b=1,

The definitions for the wi from case 3.1 are still valid but now
a’{1-b) = (1-a)/b = 1. Hence, dim w1 = dim w2 =4, dim w3 = 3 so that
E = {D%Ul,DMUZ}, E' = {DMU3}. and F and N are empty.

Note that as a + b increases toward a + b = 1 in Case 3.1, the bounding

lines in Figure 1 approach as a limiting position the line v, = v3.

In Case 3.2

(30) w3 = W1 n w2

and does not deperd on the value of a (so long as a + b = 1), In this case

we have

15
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DMU3(a) = (l-a)DHU1 + aDMU2

[
]
S
~~
o
]
P
S
[ -]
s}
o
-th

——
—

| I
I | |
DMU, R’—J oMU,

Figure 2: DMU3(a) for several values of a

ﬁ."32' a-% am=] {h-ﬂ.}
|
I

Figure 2 illustrates P_ for several values of a.

3

from a illustrates a property of the mulfipliers

The independence of w3

which requires special attention in some of the proofs which follow.

Case 3.3: a +b> 1.

In this case w1 and W, are the same as in Case 3.2 but W, = {all w with

2 5

v, = v3 = 0} has dim 2. Here E = {DMU1,DMU2}, F - {DMU3}, and E' and N are

empty. We can write

= v, =0}

(32) W, = w1 n w2 n {all w with v

3 2

3

and for 1-b s ¢ S a we have

+ R(e)

(33) Py = (1-c)P, + cP,

where

0
0
a-c
C+b-1i

(34) R(c) =
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The non-zero components of R(c) are called "slacks" and measure the

technical inefficiency of DMU The lack of uniqueness of the expression

3"

(33) for P, and the consequential lack of uniqueness of the slack vector is

3

significant in the theory of DEA-efficiency. [The fact that the sum

a + b -1 of the slacks in (34) is unique is not generally the case. For

example, if we replace the value x33 = 6 with x33 = 5.9 the sum of the

slacks a + b = 1 + (0.1)c is not independent of c.]

Table U4 gives an example which shows that DEA-efficiency, by itself,

In this example with m = 4, = 3,

101

may not always guarantee desirability.

12 (clearly generalizable for any m and s) every DMUJ is extremely

efficlent. To see this write j in the form

J (- 1)s + 3

<

<

N

where 1 o m and 1 8 s. Then, if we define wj by

{ »~ = ~
\35) Pj SPB (C == ll..c[J)I

vij 6].,(1 (1 = l,...,m)

where qu is the kronecker delta, we have

(36) h

J

From (36) it follows at once that DMUJ € RE

W,) = >h ,) for all k # j.
(W) = 3> n,(u)) 3

; however, from Theorem 6(E2)

J

proved later, the "greater than" in (36) implies also that DMUj e E; In€wy

that dim W, = s + m a7,

y

oy
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1 2
DMU DMU
1 - 2 1 2
Y13 1 Y13 1
13 T 13 ]
X2j 5 6 X2j 5 6
%33 6 5
Example 1: m = 2, Example 2: m = 3,
s =1, n=2 s=1,n-=2
DMU
1 2 3
¥13j 1 i 1
= 1 1 1
XZJ 5 6 5+ a
%33 6 5 5 + b

Example 3: m = 3, 8 = 1,
ns=3,0<as1, 0<b 1
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DMU

output 1 3 2 2 3 2 2 3 2 2 3 2 2
2 2 3 2 2 3 2 2 3 2 2 3 2
3 2 2 3 2 2 3 2 2 3 2 2 3
input 1 i 1 1 2 2 2 2 2 2 2 2 2
2 2 2 2 1 1 1 2 2022l B 2L R
3 2 2 2 2 2 2 1 1 1 2 2 2
4 22 2 34 2 2 2 2 2 1 1 1

Example 4: an example with every DMU
extremely efficient

5. A LINEAR PROGRAMMING FORMULATION.

Following CCT [16] we next turn to a linear programming formulation of DEA-

efficiency. Let a and 8 be positive scalars and let

. _ |au
(37) W' = [8 v]

Lemma 3. For any k, we W 1iff w' ¢ wk. =~

k

This lemma follows from (16) and (17).

In view of Lemma 3 the determination as to whether or not DMUj is DEA-
scale-efficient is equivalent to the existence or non-existence of a virtual
multiplier w for'which
(38) 1 = h (w) 2 hk(w) for all DMUk for which gk(v) > 0

J
or even, indeed, for which in addition to (38)

(39) gJ(v) = 1,
Of course (38) and (39) also imply
(40) f.(u) =1
J(
For any j we denote by W? the set of all w (if any) which satisfy (38) and
(39)., We call w? the normalized multiplier set for DMUJ. Clearly, if w'

and w satisfy (37) then

Ii ¥
0“"“!. A




(41) wj = {w]there exist o and 8 for which w' € w?}.

Let "o" stand for some integer from {1,...,m}. We associate with DMUO
the scalar z* defined by the non-~linear optimization problem:
(42) z*= max {ho(w)|D—proper w for which hj(w) $1 for all j with

gj(v) > 0}.

Clearly z* = 1 iff DMUo is scale efficient. Moreover, if z* = | there is a
4 € W) which solves (42), i.e., which satisfies (39) for DMU,.

Since, when gj(v) >0
1

43) hj(W) s iff fj(u) -g, (v) €0

J
and since fj(u) = gj(v) =3 - 0 50 for any D-proper w with gj(v) = 0 we can

replace the non-linear system (42) and (39) bynthe linear program

‘ . o B
(44) max oz = |y, U,
r
subject to
- < 3=
Y Vo 1% injvi $0  Jj=1,...,n
r i .
I X, v, =1
io'i
ur 20 r=s oo S
iz2o0 i=1,...,m

This program may be regarded as the dual of a related linear program

which we will reference as the primal problem. The primal and dual problems

are shown in Table 1.




dual

mx z = )y_u

ror
Sreatie
IXioVy o
i
- < j=
o o 4 injvi-o j=1,...,n
r i
> =] xe o¥e
W2 0 r=1, 'S
> =il e ldile
Vi=0 1 ]-l M

Table 1 - Primal and Dual Programs for DEA Scale Efficiency

it 1
In Table 1 the vector Af defined by k;

=1 A? =0 for j # 0, and
corresponding e# = 1 is always feasible. On the other hand, by hypothesis,

there is at least one i for which xio > 0. Then the priml relation

requires the 9 be non-negative for any feasible (A,8). Hence, the primal
* * *
problem will have an optimal feasible solution (A ,6 ) with 0 s 8 £ 1.
We can strengthen this result to
*

0<Coe s1

For, let (1,8) be feasible for the primal. Then A # 0 else

I -

i 0= Ypihy B Ypo for allr

-::*: J

M)

?L contrary to the hypothesis that Yow i1s positive for at least one r.

Suppose, say, that Ak > 0, then for every i
>
ox, 2 § Xj5hy B Xp k.
Since, by hypothesis for at least one { we have xik > 0 we conclude exio >0

*
and hence 8 > 0. In particular, 8 > 0.
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By duality, the dual problem will also have one or more optimal solu-
* *
tions all with 0 < z (=8 ) £ 1. This fact and the condition go(v) = 1

*
together show that every optimal solution w of the dual is D- proper.

We associate a slack with each inequality in the primal or the dual:

(45) Sy X, 8 = § xijAj 20 (i =1,...,m)
+
(46) S § yrjxj 20 (r=1,...,8)
(47) tj = - Z Ypsp * % Xi5V3 20 (j = 1,00v,0)

By the complementary slackness theorem for dual programs we have for
any optimal solutions X and w of the primal and dual, respectively,
(48) ,sT V. =su =¢t,\, =0 (i = 1,.e,m; P = 1,...,8;
3200, e

*
z are less than 1 then by (47) the dual

*
If thne optimal values §
slack to is positive 80 that Ao = 0 for 211 »ptiml A. However, if
* *
3 =2 =1 then A# is one optimal solution for the primal, and for it the

primal slacks are all zero.

A less well known feature of duality known as the strong complementary

1
slackness theorem states that there exists an optimal solution pair
(Ao,wo) for which, in addition to (48), we have
(49) s+ V>0 (i=1,..m
o+ o
s, + u >0 (r =1,...,8)
o] o]
tJ + AJ >0 (j = 1,.0.,n)

Next, suppose that DMUo is scale efficient, i.e., for the optimal
solut ions (Ao,wo) we have eo - 20 -1, Then, from (45) and (46) we get, in
vector form,

0 o-
0 X = A.x, + 8
(50) OJZJJ

1See Section 13 below for discussion and references.
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v, o+
(52) P, - s+° = % A? -xj] - [:o- - Pg - s+°

-

# s

where s = is the non-negative vector of all primal sl cks, and

Pg defines a DMU in the conical hull K(P) of D.

If s°° is non-zero then (52) states that there is a DMU in K(P) with
the same or less input and more output. Similarly, if s-O is nc¢n-rero, then
(52) states that there is a DMU'in K(P) with the same or more output and
less input.

In either case it is not logical to regard DMUO as being fuliy

2fficient. Hence, if s*o is non-zero we do noﬁ call DMUO DEA-efficient even

tnough it is DEA-scale=-efficient. We use the term technical efficiency to

indicate s’]ko = 0, and use the term DEA-efficient to describe a DMU for which
2° = 1 and s*o = O,.i.e., one that is both scale efficient and technically
efficient.

Note that we do not preclude the consideration of stronger forms of
efficiency than DEA-efficiency. Thus, whereas to be DEA-inefficient is a
mark against any DMU, to be DEA-efficlent need not be enough to séttle
efficiency in some contexts. We do not treat the question of general ef-
ficiency in this paper.

Suppose that DMUo is DEA-efficient. Then from (49) we conclude that

every component of wo is positive. Conversely, if wo contains any positive

vector w then from (48) applied to A\° and w we conclude that s+° = 0 and

hence DMUo is DEA-efficient.
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7. THE PRINCIPAL CLASSIFICATION THEOREMS.
We begin with a few more definitions. For any j we define a st D(Jj)
called the dominant of DMU, by

J
(53) D(J) = {muk|wj W}

and then also introduce
(54) E(j) = D(J) N E
Note, in particular, that if DMUJ e N then D(j) = J and E(j) = E.

Next, for any virtual multiplier vector w ¢ W we define another subse\

(354 J(w) = {DMU,|w ¢ W,}.
J J
Referring again to the dual optimal vectors AO, wo, of the previous
section we define partitions J+, Jy I, I7; R+, R® of J, Iw=:{1,...,m},

R={1,...,8}, respectively, by

(56) J" = (oMU, 2% > 0}, 0° = (oMU, |20 = O}
J' ) J'J .
I° s (i }v? >0}, 1°- (i 'V? = 0}
+ o =0 0
R = {(r lur > 0}, R = {r |ur = 0}.

Then from (51) through (55) we get

. . . "% 0 for DMU, e J°
(57) £, = =) YU * ) Xy 5V J .
oo i - 0 for DMU, ¢ J
. . . >0 foriel’
(58) s, =% 0 - ¥ IRy .
J =0 for {i¢el
0
o+ o} >0 forreR
(59) r T Ypo T } Yrity =0forreR
For any subsets J', I', R', of J, I, R, respectively, we set

(60) A(JY) = {AIAJ = 0 1f DMU, € J')

vy o - u =0 reR'
(61) WER',I') = {w = (u,v) ¢ wvri -0 ie I,}
yr =) reR'
X, =0 ie d?

i

(62) P(R',I') = {p -[_y]
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We will say that a vector w is maximally positive in W(R',I') if

w e W(R',I') and
(63) u, > 0, vy >0 for allr ¢ R', i 1",
i.e., all of the components of w which are not required to be zero are
L
actually positive. Note that in view of (49) the slack vector 5% in (52)
+ +

is maximally positive in W(R ,I ).

Theorem 4. Primal Representation Theorem.

Suppose that DMUo e RE. Then we can write
(54) P, = B aP, - s+o

DMU,z E(o) 99
J

where o, 2 0 for all j and s+o is a slack vector which is maximlly positive

+ 4+
in W(R ,I ).
lleicher the coefficients aj nor the slack vector s*o are necessarily unique.

Theorem 5. Dual Representation Theorem. .

Suppose that DMUO € RE. Then

T = o 0o .0
(65) do DMUJ.ﬂ(o’ Wj N W(R,I7)
Theorem 6. DMUO belongs to E if and only if any one of the follcowing

properties holds:

(E1) dimW, = s +m,

(E2) for some w € wo, J(w) = {DMUO},

(E3) dimwoan-s+m PP § =10,

(E4) the primal program (cf Table 1) has the unique optimal solution
Ao = 15 Ay = 0 for ally # 0.

(E5) D(o) = {DMU_}

(E6) J"(0) = (DMU,}

Theorem 7. DMUo belongs to E' if and only if any one of the following

o propert ies holds:
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dimwo<s+mandwo\0.

(E'2) the primal program (cf Table 1) has more than one optimal solution
and W > 0.

(E*3) wo is non empty, s+° = 0 (in(52)), and dim wo <s +m

(E'Y4) wo is non empty, s+° = 0 (in Theorem 4), and dim wo <s +m

(E'S) wo is non empty, contains at least one positive vector, and

dimW_< s +nm
o}
Theorem 8. DMUo belongs to F if and only if any one of the following

conditions holds:

(F1) wo is non empty but contains no positive vector.

(F2) wo is non empty and wo has at least o.ne zero conponent,
(F3) wo is non empty and s+(o) # 0 (in Theorem 4)

(F4) wo is non empty and s+° # 0 (in 52).

We will prove these theorems in the next three sections.

8. PROOFS OF THE PRINCIPAL CLASSIFICATION THEOREMS (PART 1).

in this section we proceed under the hypothesis that DMUO is scale

efficient. Hence from (52) and (56) we have

(66) P = v A
o) + 73]
DMU'j € d
where A? > 0 and s+° is maximlly positive in w<n+,1+)

Lemma 9. J+ = D(o) = J(wo).
0 )
k k
" ¢ wk and hence DMUk £ D(o). Hence J+ 2 Dp(o).

Proof: suppose that A, = 0, then t_ > 0 and from (57) we conclude that

On the other hand, if DMUk € J+ then A: > 0 . Now for w ¢ W: we get

from (66) that O = wTFD = z E A?wTP = wTs+g.

g
DHUJEJ
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ol Mo
e O




A ane
Fathy

From (60) with A = 1% we get wTs*o = 0. Next, since in each product A?wTPj

the first factor is positive and the second is non-negative, for the sum to
be zero each term wTPj = 0 and therefore D(o) D J+.

Finally, DMUJ. € J(wo) if and only if t:J = 0 and hence, by (49), if and
only if x? > 0. Thus (cf (56)) J° = J(w°).

The proof of the next lemma utilizes a well-known property of analytic
funct ions which when applied to two quotients ho and hj of homogeneous
linear functions, of (s + m) variables states that equality of ho and hj
over an (s + m) sphere implies that there is a positive scalar a for which
the numerator and denominator of hj are respectively just x times the
numerator and denominator of ho.

Lemma 10. Let DMUO ¢ E. Then dim won wJ. =8 +m iff j = o.

Proof: The M"if" follows immediately from the definition of E. For the

T T t T
" i en = = i
only if" we have ho(w) u yo/v xo, hj(w) u yj/v xJ.. Now, if

dim wonwj =3 + m then WO n wj contains an (s + m) sphere on which hO = hj'

It follows from the cited property of analytic functions that for some
pos it i\}e scalar a we have y. = ay and x. = ax_and hence P, = oP . Since
J o J 0 J o)

our data domain D is reduced this requires ¢ = 1 and j = o.

Lemma 11. D(o) = {DMUO} irf DMUo e E
Proof: If {DMUO} = D(o) = J(wo) then wo contains all elements of W suffi-
ciently close to wo and hence has dimension s + m so that DMUO € E.
Conversely, if DMUo € E then for any w ¢ wg we have from (52) and the
definit ion of wg that
(67) 0=wp = ) \wlp ) - wTs+°.

IR J J
From (48) we have wTs+° = 0 (whether or not DMUo € E). From (44) we

have wTPJ ¢ 0 and hence Aj. > 0 only if wTPJ. = 0, Thus if )‘JC.J > 0 we have
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gt wo ij and hence dim wo N wj = dim wo =3 +m. Now by Lamma 10, we must

Kis have j = o.

e Lemma 12, If DMUO does not belong to E, then Ag < 1 and, hence,
3 (68) P ) P '
L = p -8

3l o +5_ JJ

iR’ DMU, e J {DMU_}

N where p, = A./(1-A )-'1 and where
.t;;{ d J o

i 1 =

R (69) ot « (1-0 )7 Tst0

3

is maximally positive in w(R+,I+)

Proof: from (66) we nave
‘:‘;t (70) (1-A8)xo = 2ox.-s™°
DMUS € J° - (DMU ) 3

Since DMUO ¢ E, gt - {DMUO} is non-empty ('by Lemma 11). Now, since

.';:;«\' each A? in the summation is positive, since each xj has no negative and at
*?§'. least one positive component, and since R°T 2 0 the right hand side of (70)
"':’.{ is a non-negative non-zero vector. Since xo 2 0 this requires 1 - AZ > 0.
:EE: Lemma 13. Let 2" be defined by A: =1, A; = 0 for all j # o.

:;:: if DMUo e E then x* = 1 and is the unique optimal solution of the priml

problem. Moreover, s+° = 0 and R+ = R, I+ = I,

;‘..‘ In the proof of L;emma 11 we established that AS.) = 0 for all j # o.
e!':.
je.-:: Thus (48) reduces to
vy
(71) PO = Aopo -8
;‘! o +O +
e so that )‘o = 1 and s'” = 0. Next, from (58) and (59) we conclude that R =
r’@‘.
:«.‘ﬁ Rand I' =1 (and, of course, that both R and I° are empty).
: |
I "
— At this stage we have established Theorems 4 and 5 for DMUO e E.
i
$; For, E(0) = D(o) = (DMU_} and W(R®,1%) = W, (71) reduces to (64), and (65)
R L
oy
::EE' reduces to wo = wo N W
N
z Lemma 14, If the primal system has a unique optimal solution then that
! »
{;g‘ solution is the A described in Lemma 13 and DMUo e E.
¥
Ky
i
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Proof: Since A* is an optimal solution whenever DMUO g RE the unique op-
timal solution must be A*. Then AO = A* and D(o) = J+ = {DMUO}. Now b&
Lemma 11 we conclude that DMUO e E.

The general framework of the proof of Theorem 4 is to begin with (68)
and set up a step-by-step reduction of the summation range from J+ = DMUo to
(o). This would be trivial if wj properly contained wO for every DMUJ in
J+ = {DMUO}. The following Example 3.4 (which is derived from the earlier
Zxample 3) shows that we can have wj = wO for j # 0 and DMUJ € J+ and thus
illustrates the need for the constructions introduced below when we pick up

~ne proof of Theorem 4,

DMU
1 2 3 4 3 5

Y 1 1 1 1 1 1
X, . 1 1 1 1 1 1

1
X5 5 6 5.2 5.4 5.6 5.8

. 6 8 Brb | 5.4 .2
x3J 5 5 5 5 5 -

Example 3.4. Expansion of
Example 3. s =1, m= 3, n = 6,

We have

/ = : i <

N1 {all w with v3 g v2}

NZ = {all w with v, s v3}
w3 = wu = w5 = w6 = {all w with v, = v3} = w1 w2
dim w1 = dim w2 = U =3 +n
dim w3 = dim wu dim w5 = dim w6 = 3 s +nm

Therefore, E = {DMU1,DMU2},E' = {DMU3,DMUu,DMU5,DMU6}. Now let o = 4; we

W WM WO WY WU WOEW YN WAT WO e e s




X3
XN
;::b 0 1 o] uo 1 112]|
aX can verify that A~ = —6—0(13.7,5,5,5,5) and w = ol =3 1; are op-
+ "%, v "
‘ ) 1
‘{: timal primal and dual solut ions that satisfy the strong complementary
'2, slackness property. Next, the equation
)
K v s &

(64") Pu (O.6)P1 + (O.M)P2 0
e
‘::z' meets the conditions of Theorem Y since E(o) = {DMU1,DMU2} = E and R(o) = 0
)
:f::: is maximally positive in w(R+,I+) since R = Rand I = I. -
t‘ltl
(R}

On the other hand, J+ = J and equation (66) becomes

i'g' 1 =
\ ' = -
Ek% (66') Po 60(‘I3P1 + 7P2 + SP3 + SPH + SPS + 3P6) 0
'}:!: so that (67) becomes
08y .
N'.I 1 .
M t T — =

(67') PO 55(13P1 + 7P2 + 5P3 + 5Pu + SP5 + 5P6) 0.
\]
"g% What then is our logical path from (66') to (64')? One possible approach is
¥
" to show that PO can be written in a form such as (67') but where fcr each PJ.
«‘ie
.
. on the right hand side wj properly contains woj i.e., in the present case in
0e ¢
::::: terms of P1and P,. We turn to this task in the following section.
] A
o:'::
|‘l‘|
||:‘0
N

3. PROOFS OF THE PRINCIPAL CLASSIFICATION THEOREMS (PART 2).
| ‘l
":i:, We begin by recalling the expression
n:.:| +v
:':'.: (68) Po ™ I pyPy = -8
a:,.! DMI{j e J “DMUO

1

“T" where s+ is maximally positive in N(R*,IJ') (Recall that DMUo € RE - E.)
il
‘fl' = - =
\::::’ Let T {DMUJ|J € J - {DMUJ} and Wy = W }.
" * *
e Lemma 15. LetJ =J - T, let P be obtained from P by deleting all
- * *
N columns P, for which DMU, ¢ T, and let o =0, Then W_ =W _,
N 3 R o™ "o
DO
":::o Proof: If T is empty there is nothing to prove. Suppose that T is non-
't':'t
‘f»" empty (it follows from Lemma 10 that this cannot happen if DMUo ¢ E). Since

* *
o every condition for membership in wo holds also for wo (ef (17)), wo < wo.




*
Suppose then that w' ¢ wo and w' ¢ wo. By the definition of w' we have

*
(72) hj(w') < ho(w') for all DMUJ. e J .

Since w' ¢ wO there is some DMUk e T for which ho(w') < hk(w'), and if there

are several such DMUk we choose one for which

(73) hJ(w') pS hk(w') for all DMUJ. e T,

*
Now, since J = J U T, we conclude from (72) and (73) that w' ¢ Wk contrary
to our hypothesis that

Nk = Wo.

Lemma 16. For any DMUO € RE - E there is a expression of the form

(74) P = 7 pJPJ - sJf
9 e'Y -T-{pMUO}

Tt
where p, 2 0 and s* is maximally positive in W(R+,I+), and for each PJ.

aprearing on tne right nand side wi properly contains Po'
Proof: By the definition of T for each DMU, « J-T- (DMUy} we do nave W,
* *
properly containing wo and huonce also wJ. properly contains wo = wo. Next
*
applying our generaly theory to J we get an expression of the form (74) but
e
cannot assume that the slack vector s+ is maximally positive in W(R+,I+).
. 0 * o + _+
However, since w ¢ wo we do have that s e W(R ,I ). Moreover such
an expression holds for each DMUk € Ty | 1ei€hp

s}’

t
Kk DMUk e T.

(75) P, = ) p. P, -
< MU, ¢ J*-1-(oMu_} Ik

Next substitute (75) in (67) for each k T and we get

+v '
(76) P = 3 p'P. - s
o + JJ
DMU, ¢ J -T-{DMU_}
J (o]
where
ey =0, * 1 pk20 for all DMU ¢ 3" -1 - (oMU}
DMUk e T
and where




P, g o

K
DMUk gl
belongs to W(R+,I+) since each summand does and is maximally positive in
1
W(R+,I+) since s+ is.
Lemma 17. For any scale efficient DMUO we have
N' = (DMU [W. S W}
E k| k2 %
+
and for and DMUk CJ we nave
+ + + + + +
J(k) CJ , R(k) DR, I(k) DI
and
+ + + _+
W(R(k) ,I(k) )C W(R ,I ).
Proof: If DMU_ ¢ J° then we have [ y . u° -‘Z x. v0 <0
k rk r il
30 that wo is not a subset of wk. On the other hand, if w ¢ wg and
D.VlUk € J+, then from AE > 0 we conclude (via complementary slackness of )‘o
and w) that
L ¥plp = Lxgevy = 05

nence w ¢ W and consequently WOE W

k k*

Next, suppose that W we conclude that

k:) wo. Then, if wJ:wk,

+ + . o . o)
wj; wo; hence J(k) < J . Moreover, if r ¢ R(k)", i ¢ I(k) then for any

W € w’; we have u, = v, = 0.' In particular, W’ € wﬁ so that u: - v? = 0 and

hence R(k)° o R®, 1(k)° > 1°. It follows from (56) that R(k) < R',

I(k)' < 1" and hence also that W(R(k)',I(x)") < WwRr',I").
We are now ready to complete the proof of Theorem 4,

Suppose that DMUo € RE - E and we have an expression for Po of the form

(17 P = 1 A, P, - s+ where
e DMU, e K KI' g K
(78a) E(o)c Ked - T - (DM, }
(78b) Akj > 0 for all DMUJ e K and
(78¢) 3, is maximally positive in W(R+,I+).

K



¢ .
3 Next, suppose Wk ij for all DMU1. e K and let

%) J
‘l
T(k) = {DMU_ (W, = W and DMU, ¢ K - {DMU _}}.

JI J K J Kk

:; Now apply Lemma 16 for all o = j where
0
2t ')MUJ. < T(k) U {DMUk}, substitute the resulting expressions on the right side

'

" of (77) and we will get an expression of the form (77) where the summation
Pt is over a set K' such that (78a,b,c) all hold and for every DMUJ. e K', wj
é‘

‘:3 , progerly contains wk. This process can be iterated until we reach a Kp
X
q which is equal to E{o). This completes the proof of Theorem 4.

+ B Proof of Theorem 5: Since E(o) = D(o) N E and D(o) = {DMUKIWOC W}

i E Ny b - g Y ! o -~ v a A3y 2
3: We <NoWw that NOC DMUJ. e?(O) W.. Moreover, since for each w ¢ W we nav2
" , 0 o .0

frcm (56) with A = A~ that w ¢ W(R,I"). Therefore
, o °
, .
‘*: 'Jo <oy, £ Z(0) ‘JJ HSAE k
: J
’,\! Next, suppose that PO satisfies (64) and that w belongs to the right

)

" hand side of (65). By the definition of E(o), all hj(w) for DMUJ. e E(o) are
.‘l
K equal. Let the common value be 8. Then, w' = [Bl\j, also belongs to the
K| ]

K]
M right hand side of (65) and for it

\ hj(w') =1 2 hk(w') for all DMUJ. e E(o), DMUk e J. Multiply (64)
il
K]

‘,: Dy w’T and we get

) uTyo = BvTxo = w'TPO = ) aJw'TP - weTsto

DMUJ e E(0)

¥ . = 7 s
K b a0 = 0= 0.

%,

.. Therefore, ho(w') = 1 and so w' and hence also w is in wo. This shows that
¥,

S a)

i o 2 oMy, ¢ £(0) "3 0 WR®, 1)

% L

::: and completes the proof of Theorem 5.

L

o

R

K
)

)

)

)

o
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10. PROOFS OF THE PRINCIPAL CLASSIFICATION THEOREMS (PART 3)

Proof of Theorem 6: The lemmas in Section 8 take care of most of theorem 6.

(E1) is the definition of E

(E2) follows from Lemmas 9 and 11

(E?) is Lemma 10

(E4) implies (E6) and therefore (E1). Lemma 13 implies (E4)

(E5) is Lemma 11

(E6) is equivalent to (E5) by Lemma 9.

Proof of Theorem T:
(E'1) is the definition of E'
£'2) follows from Theorem 5

(E'3) If wo is non-empty and s+o = 0, then since s+° is maximally
positive in w(R*,I+) we must have R+ = R, I* = I and hence w° > O.
Therefore, (E'3) implies (E'1). The reverse implication is obvious from
(49).

(E'4) A similar argument to the one for (E'3) holds for (E'4).

(E5)" BE wo contains any positive vector w then W’ is positive and
s+° = 0 s0o that (E'S) implies (E'3). Conversely, if s+o = 0 then w° is
positive so that (E'3) implies (E'5).

Proof of Theorem 8:

(F1) is the definition of F.

° has a zero component then s+° has a positive component and

(F2) If w
therefore no w ¢ wo can be positive. Hence (F2) implies (F1). The converse
is trivial.

(F3) and (F4) both imply that wo can contain no positive vector and
hence that (F1) holds. Next, if wo is not positive then s+° # 0 0 that

(F1)



implies (F4)., Finally, if W’ is not posit ive then we cannzt have both
R" = R and I+ = [ 80 that s+(o) # 0. Therefore (F1) implies (F3).

11. CLASSES OF NON SCALE EFFICIENT DMUs

* *
Suppose that DMUO e Nand chat A , w are optimal dual vectors for

DMUO. Then consider a new DMUO' defined by

y

' oa R
%5 -9 X
o]

(It may indeed happen that for some j and a > 0 we have P é = aPJ. This

makes no essential differemnce in the discussion which follows.)

from the primal 2quations w2 have

N 4 n o«
(79) P! = b AP, -sT s ) AP,
jap J joq 34

Since DMUO e N, t: > 0 and hence X; = 0, therefore (79) shows that
Pé ¢ K(D) (the conical h&ll of D). Moreover, (79) shows that DMUO' is scale
efficient in the domain D+ (for p = Pé) and hence, that DMUO' is in the
frontier FR of D, and therefore belongs to (exactly) one of the classes E,
E', F in D+. Based on this we partition N into three classes as follows:
(80) DMUO € NE or NE' or NF according as DMUo e Eor E'or F in D .

We now have a partition of the DMUs into six classes.

- For randomly generated data we might conjecture that the classes E', F
and IE are very small as 2ontrasted to E, IE' and I. It would be interest-
ing to checik this conjecture for data domains which have been studied.

(The 15 hospital case in [6] was contrived to enhance the likelihood that

F would not be empty, but what about e' and IE?)



12. THE ROLE OF ZERO INPUTS AND OUTPUTS

We have established the classification theorems for DMUs without the

earlier DEA assumpt ions that all x,

1J

ther discussion of the influence of zero inputs and outputs is warranted.

and ynj were non-zero. However, fur-

In particular, it follows from the universal feasibility of the programs in

Table 1 that no DMU, can become scale efficient only because of some W with
Yy X..v, =0
L 13

In discussing zero inputs it is convenient to introduce subsets

I .,Irl of I by the definition

10

(81) I w (1%, . m @) J=1,...,n

1J
Theorem 18. Let I' be a non-empty subset of I for which
(32) I'CIJ. iff j e {1,...,k}
*
and let D be the reduced data domain ¢onsisting of DMU1,...,DMUk. Then if

L *
oe{1,...,k} the category of DMUo is the same in D as in D.

Consider the primal equation

(83) X = g )‘jxij + s,

it

xij = 0. Consider some j > k. Then by (82) there will be some i ¢ I' for
which xij # 0 and, therefore, AJ

*
primal system for DMUo in D reduces to that in D . Now, since by Theorems

If i € I' then Xig ™ 0 so that s, = 0 and for each J either )‘j =0 or
=0 (j=k+ 1,...,n). This means that the

6, 7, 8 and the arguments of Section 11 the category of DMUo is determined
by the primal system, the theorem is established.

The next corollaries all follow in turn from Theorem 18,
Corollary 19. There is at least one j s k for which DMUJ belongs to E.
Corollary 20. Suppose that for some DMUo the intersections Io n IJ. are

proper subsets of Io for all j # J. Then I)VIUo belongs to E.

36
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Jorollary 21. Suppose that for some DMUo and some i we have xio = 0 and

xij #0 for all j # o . Then DMUO belongs to E.

Theorem 18 and its corollaries shed light on the importance and roles

of zeros in the input coefficients x Any zero input coefficient will

ij’

lead the way to an element of E.
A tempting early thought in developing DEA would be to 23sign the value
"eo" to any formal quotient f‘j(u)/gj(v) with numerator posicive and

denominator zero and then to call DMUJ. scale efficient. The example

- 001
{ = =
(84) Y i R o ¢ [120]

with n = 3 shows the fallacy of this approach. The virtual multiplier w

withu, =1, v. =1, v_. =0 gives both h

: (w) and hz(w) the form +/0.

1 2 1

However, from the equations

¥, = 1y1 + Oy2 4 0y3
1

x2 = 1x1 + Ox2 + Ox3
2 o
J *
We see that for "O" = "2", the optimal 8 is less than or equal to 1 and
2
hence DMU2 is not scale efficient. (For this example E = {DMU1, DMU3}).

One might ask why we couldn't avoid the necessity for considering D-

improper multipliers w of the type f . (u) = O for all j by deleting any

J

output r for which all yrj = 0, i.e., forbid zerc rows in Y? One reason is
#

that in applying Theorem 18 we might obtain a reduced domain D for which

* %
both X and Y had zero rows even though this was not true for the X and Y

of the parent domain D. The following example illustrates this point. Let

] D be defined by a matrix of the form
:"'
S y! 0,
Y 0 Y]
iy (85) o -
i@ X 1
-X O2
u'ii |- 0 -X
o
o
i
0
o
37
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where Yl, Yz, Xl, X2 are matrices of appropriate degrees and without zero

entries. Then both

can arise in applying Theorem 18. We arrive at D by combining the two data

domains D1 and D2 defined by

and which have no common outputs or inputs.

The following example is more realistic

[y 0 y3 ]
. $2 4213
(86) [;i] =] ¢l oy g3
! 0 x!»3
5 g2 e
el M

and illustrates how permitting zero input and output coefficients extends
the theory to situations where the DMUs do not have the same active inputs
and outputs.
Some idea of the importance of being in a position to treat these zero
inputs and/or outputs is apparent by reference to issues in divestiture
such as were involved in the recent dissolution of AT&T. See [14]. In such cases,
the issue turns on the complete removal of the entity from certain activities

so that as in the AT&T case, zero outputs appear for local calls in one

part of the proposed new entity and zero outputs appear for the toll call




Phase 1

components for other parts of the new entities arising from the divestitur
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13. THEORETICAL APPLICATION OF THE CLASSIFICATION THEOREMS.

We turn now to methods for applicaticn of the classification

theorems to a reduced data domain D. and consider three problems.

| | St RS A e W

Problem 1. Partition the set J of DMU's into the six classes E, E',
F, NE, NE', NF.

Problem 2. Identify all inclusion relations among the multiplier sets

wl, « e a2 wm-

Problem 3. For each DMU, comstruct optimal primal and dual vectors

k|
A and-wj which satisfy the strong complimentary conditions (48) and (49).

We proceed as follows. First, (Phase 1) consider Problems 1 and 2
under the assumption that Problem 3 has been solved. Next, (Phase 2)
see how to handle Problems 1 and 2 without having optimal, strongly

complimentary solutions available. Then (Phase 3) turn to Problem 3.

Let ko, w’ be a strong complementary optimal pair for a selected
* *
DMUo and let 8 =2z = Xr yrou: be the optimal values for the objective
functions (cf, Table 1).

Then it follows from the classification theorem that DMU° belongs

to:
% #0 o
E iff @ =1, s =0, and tj >0 forall j #0
*
E' 1ff 6 =1, s"° = 0, and t; = (0 for some j # 0
FIEf 8 =1, s 40
NE 1iff 6* <1, s*o = 0, and for some DMUo'
Xg, #0 and X? = 0 for all j # o'




T b h R s L v

)
= (0, and more than one Xj is non-zero

*
NE' 1ff 0 <1, s™°

NF iff 8 <1, s™° # o.

We observe that DMUO is in NE iff there exists @ > o such that

9 y° where DMUO.G E the stringency of this condi-
L

(*] (o)
-X —ax

tion makes it likely that NE will be empty.

We complete Phase 1 by noting that woc wj 1ff l; # 0.
A° = -
For, if 3 $0, tj yjur + injvi 0 for all optimal
virtual multipliers w = (u,v)€ Wﬁ and therefore W € Wj (not

0
i
Conversely, if l; = 0 then tg

necessarily to W‘:). It follows that A, # O implies that

# 0. so that v’ ¢ W, and

WOC W 3

g
hence wo¢ wj.
Phase 2.
* *
We begin with any optimal primal, dual pair (2, w.) for DMUO.

* *
Suppose that DMUo belongs to RE, i.e., 8 = =z = 1. Now consider

the modified primal program

S + m ol

(Lee zr=1 sr + zi=1 51

subject to
+ -
szo,srzo,si>0(j-1,...,m,r-1,...s,
1’1’ .ll, m)

and

P = o P +s".

o T Im1 M Ty

* *
Since @ =1, A 1is a feasible solution of the modified system. If

the maximum 1s positive DMUo € F, otherwise DMUo € EUEI.

40
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In this case, we again solve a modified form of the primal problem;
this time with the objective function min Ao’ but again with 8 fixed
at 8 = 1. If the minimum value is 1 then DMUo belongs to E; otherwise
(i.e., if the minimum is less than one) it belongs to E'.

If DMU° € N (i.e., 9* < 1) then we apply this same procedure
to the related DMU,. as defined in Section II above to determine
which class NE, NE', or NF, contains DMUO.

One minor point needs to be mentioned. If, perchance, Po'

is proportional to some Pj for DMUj € RE then the data domain

D L'DMUO. is not reduced. But, then DMUo belongs to IE, IE' or EF

according as DMUj belongs to E, E', or F.

R
Problem 2 can be handled similarly. If Aj # 0 then wo<: Wj.

o w
It tj # 0 then wo ¢ wj. If A, = = 0 modify the primal program

t*

b J
*

as follows. Fix 6 at 8 and change the objective function from

"min 8" to "max A,". Then W C W
. ] o i

positive. ihis completes Phase 2.

1ff the optimal value of Xj is

Phase 3
The strong complementary slackness theorem appeared in 1961 in the
Charnes - Cooper text [7] pp. 441-443 where it is called the "Extended Theorem
of the Alternative." Two years later Dantzig [17] gave the result in its
slightly weaker homogenous form. In 1968 Balinski [1] Th. 8 p. 59, gave
an elegant proof of the theorem under the title "Full Complementary Slackness."

The alternate title used here "Strong Complementary Slackness"” was introduced

in 1970 in [18] Th. 1, p. 308. Since this theorem has remained relatively

unnoticed by other writers we provide a brief discussion of a theoretical

(not necessarily practical) computational procedure for obtaining fﬁ W’

using a standard simplex algorithm. We note that,




in general, we cannot expect X°, w® to be basic solutions. However,
we know that every optimal solution is a convex combination of basic

solutions and we base our procedure on that property of A° and w°.

* %
Suppose now that DMUOGE RE and that A , w are basic optimal
solutions of the primal, dual systems with corresponding slack

vectors

Then, since 6* = 1, any solution (A, s#) of the modified primal
constraint system -
(87) Po=Px +s", A 20, s"zo
will be optimal for DMUO.
*

Similarly, since z = 1, any solution (w,t) of the modified

dual constraint sytem
T T

(88) t+Pw=0, t, = 0, x v = 1, w20,t20
will be optimal for DMUO.
* % =
Now suppose for some i that vy =8, = 0. Then exactly one

of the problems

(89) max s, subject to (87)
or
(90) max v, subject to (88)

will have a positive objective value; denote a corresponding opti-
mizing vector by A(1), s#(i) if sI can be positive and by v(i),
* * -%
t(i) 1f v, can be positive. Let I = {ilvi =s, = 0, v, can be
sk *
positiv%} and let I =I1-1.

Next, let v(I), t(I) be the average of all pairs v(i), t(i)

*
for 1€ I and let (I), s(I) be the average of all pairs ) (i),

s*(i) for 1 € .
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Then do the same for R and J to get v(R), t(R), A(R), s(R) and

v(J), t(J), A(J), s(J). Now, the choice

(90 (A% 8% = 2 [(A7, &%) + (A(D),5(D) + (AR),s(R)) + (A(D),5()]

and

(92)  (w°,t°) =% [t + w(D),t(I) + (w(R),tR) + (w(J),t(d)]

will give optimal primal and dual solutions yhich satisfy (49), i.e.,
which satisfy the strong complementary slackness condition.

We have now solved the three problems stated at the opening
of this section. These solutions involve repeated use of simplex
solutions to the dual problems in Table 1 plus closely related modifi-
cations. Although each such problem is simple, the number of the
problems that needs to be addressed is very large. This leads to
the problem of developing a more practical approach for securing
numerical results in actual applications.

By an alternate formulation which is slightly more complex,
one can arrive at an instant characterization of a DMU as an EUE',

F or N. This new formulation suggests a strategy that may lead

to more rapid and efficient solution procedures.

Ly ey kg
“,rl P 1 T



In preceding sections, the characterizations of E, E' and F

are made in terms of the cone W and its cone subsets W,. For

]

evaluation of any particular DMU, designated as DMUO, connection is

made to the dual linear programming problems:

;“
%j min 8 max uTy
4 0
(93) subject to subject to
R YA ZYO uTY -_vTX <0
T
gx ~ XA >0 vX =1
0 - )
A >0 ul >0, v\ >0

But E, E' are characterized by wo having a strictly positive vector
set of dimension m = s or less than m + m, respectively, whereas F
has no strictly positive vector. These are not elements which are
immediately related to the extreme points in (93) and thereby not
to the computational methods e.g., simplex, etc. which rest on
extreme points in (93).

Another linear programming problem which is extreme point

computable and can distinguish F from EUE' is:




, ! Primal Dual

! -
i&; min - 87 + 0 max n
subject to subject to
o
ot -y°9+ ~otev4 >0 I <0
N
w
yut -
! - -y -
x8 -Xa -y=20 vp 0
e T + T -
£ (94) ey +ey=1 n otherwise unconstrained
o
35 : ¢+_Z 0 neT - uT <0
V‘
v >0 nel ~vI <o
ete : {
R A 20 Tmvix<o
o)
|°t: + - -
& e "o 27
8 >0 vix <1
iﬁ,“ - o—
4.V
h
*§ Note the maximization problem is feasible for any scale efficient
i
v DMUO and is not feasible otherwise. Further, any feasible solution
EQ must have vTxo = 1. For if vTxo < 1, then uTy° < vTxo <1, and
:‘:n -
kﬁ infeasibility. The minimization problem is always feasible, however,
ot ) - s
Lt e.g., w+ =0, y = x°/eTxo, A, = 9+, Aj =0 forj#0, 8 = ot + 1/eTx°
_n( satisfies the constraints.
KN i
Sf As In past work by Charnes, Cooper and Seiford in non-linear
RH
h = programming [ 12 ], we can distinguish the character of DMUo by an
i{ optimal solution (designated with agterisks) as follows
fp E or E' +* >0
s Theorem 19. DMU_ 1s{F 16 -6 + 07" - 0 JL :
;‘Al - !
Proof: Consider the maximal problem. When consistent, DMU 1is
.$ 0
L] * * % * * %
0 scale efficient. Clearly, w = (u , v ) > 0 iff n = min (ur, Vi) > 0.
e * 4% %
0 Butn =-6 + 6 . Hence the first statement.
&
o
. 45 !
|
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*

Next, sote that n 1is the maximum of the minimal value of
the components of a feasible w for scale efficient DMUO. Then

* +* -% *

0O0=n -6 +6 means every w has at least one zero component,
or, DMU° is in F.

Finally, since the minimal problem is always feasibie, by the
duality states theorem for linear programming (see p. 486, Charnes,
Cooper, Duffuaa, Kress, [12]) the maximal problem is infeasible iff

+% +%
the minimal problem has -8 + 0 = -w.

Fodededodededededededededekokedodcicioieioiekekoickoiokickdolekoiokdelckriokdokickdolokdoinkokekoiokeioieiriciok dolokekedeiokododok dokek

14. CONCLUDING REMARKS

This completes what was to be done 1n.the present paper. We
have now provided a general theoretical basis and characterization
of DEA solution sets which makes it possible to handle zero entries
in the data and in the variables. We have also provided a basis for
developing practical numerical algorithms with which to give these
ideas and concepts operational form for use in actual applications.

We have indicated some of the widened class of applications that

this makes possible for DEA.
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