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I. INTRODUCTION 

Scattering of a TM electromagnetic wave by a conducting circular 

cylindrical shell with an infinitely long slot can be computed by a 

numerical solution of the E-field integral equation [1], [2] or by the 

pseudo-image method [3], [4]. If computations are done in single pre¬ 

cision with seven significant figures, the method presented in [1] and 

[2] fails to accurately determine the field inside the cylinder when the 

slot is so narrow that the magnitude of this field is less than one 

millionth of the magnitude of the incident field. The incident field is 

the field that would exist if the cylinder were absent. The pseudo-image 

method can be used to accurately determine such an extremely small in¬ 

terior field, provided that the frequency is not close to a resonant fre¬ 

quency of the associated cavity. The associated cavity is the cavity 

enclosed by the complete cylindrical surface. The complete cylindrical 

surface is the conducting shell with the slot covered by a conducting 

surface whose radius of curvature is the same as that of the shell. Un- 
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fortunately, the pseudo-image method fails when the frequency is close 

to a resonant frequency of the associated cavity. 

Basic theoretical work was done by Rhodes [5]. Later, the problem 

was reduced to that of solving a singular integral equation [6]. More 

recently, Riemann-Hilbert problem techniques have been applied to both TM 

and TE excited shells [7] and to the TE excited shell [8]-[10]. Unfor¬ 

tunately, we have not been able to extract numerical data from [5]-[10] for 

the problem of the TM excited circular cylindrical shell with a very narrow 

slot when the frequency is close to a resonant frequency of the associated 

cavity. 

5 
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The formulation presented in this report gives an accurate numeri¬ 

cal solution to the problem mentioned in the previous sentence. This 

formulation is the generalized network formulation for aperture problems 

[11] with the matrix elements evaluated by replacing each expansion 

function by a very large but finite number of terms in its Fourier series. 

To obtain a matrix that remains well-conditioned as the frequency 

approaches the resonant frequency of the associated cavity, we choose ex¬ 

pansion functions so that the magnetic field of only one of them contains 

the resonant magnetic field. At present, we are unable to numerically 

solve the more general problem of an arbitrary (non-circular) cylindrical 

shell because the resonant frequencies and modes of the associated cavity 

are not known. 

II. MATHEMATICAL FORMULATION 

An Infinitesimally thin, perfectly conducting cylindrical shell 

of radius a having a slit aperture of half angle ¢)° is illuminated by a 

TM polarized plane wave. In terms of the polar coordinates (p,<j;,z), the 

equation of the shell is (p=a, <J) < <p < 2tt - ip ) and the incident electric 
o — — o 

field is taken to be 

jkp cos(<J>-cx) i 
E (1) = u e 

—z 

The incident electric field is the electric field that would exist if 

the shell were absent- In (1), u^ is the unit vector in the z direction, 

o< is the angle of the direction from which the incident wave comes, and 

k * w/pF is the wave number where y and £ are, respectively, the permea¬ 

bility and permittivity of the medium surrounding the shell. Our objective 



We close aperture with an infinitely thin curved conducting 

strip whose equation is (p*a, (¢( 4>o) and, as shown in Fig. 2, we 

place the magnetic current M on the right-hand side of the closed aper¬ 

ture and -M on the left-hand side of the closed aperture. These mag¬ 

netic currents restore the tangential electric field in the aperture. 

The situation in Fig. 2 will be equivalent to that in Fig. 1 if the 

tangential magnetic field is continuous across the closed aperture. 

Thus, since the magnetic field of a TM wave is transverse, we require 

that 

(2) 

where the subscript <t> denotes the <p component. Here, is the 

magnetic field due to -M placed on the region b side of the 

closed aperture in Fig. 2, Ha(M) is the magnetic field due to M placed 

on the region a side of the closed aperture, and HSC is the magnetic 

field that would exist if the incident wave impinged on the conducting 

shell with its aperture closed, i.e., on the conducting circular 

cylinder of radius a. Region a is the region for which p > a. 

Region b is the region for which p <_ a. 

Equation (2) is recast as 
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Fig. 1. The geometry. 

Fig. 2. Equivalent situation. 
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We let 

M = u,(Me + M°) 
- -0 (4) 

6 0 
where M is even in ¢, M is odd in ¢, and u, is the unit vector in the 

0 direction. Because the magnetic fields due to u^M are even in 0 and 

those due to u,M are odd in 0, (3) decomposes into 

- <(0/) = H^Ce, 
and 

|0|<0o 

w® \ u^/ \ „SCO ) - tyujM 

(5) 

(6) 

SC6 SC SCO SC 
where is the even part of and is the odd part of . 

Seeking an approximate numerical solution to (5), we let 

4 
M ï v>e 

j=l j j 
(7) 

where (0/0o)2J'2 ^1 - (0/0o)2 , |0|<0£ 

M 
j 

(8) 

otherwise 

The expansion functions (8) are reasorable because the equivalent magnetic 

current for a narrow, but infinitely long slot in a planar conducting 

screen of infinite extent excited by a wave TM to the slot axis has 

2 2 r~2 2 
w - X and x 7w - x terms [12, eq. (17)] where w is one half of the 

slot width and | x| is the distance from the center of the slct. Substi¬ 

tution of (7) into (5) gives 

* „ r °*a 
i vv-vÇ ■ ■ C6 ■ < (9> 

j= 0 <0_ 

dL — 
In (9), is the 0 component of the magnetic field ir region a 

of Fig. 3, and is the 0 component of the magnetic field in region b 



of Fig. 3. The fields in Fig. 3 are obtained by solving the boundary 

value problem in which E^, the z component of electric field, is continuous 

at p = a where it is given by 

E = 
z j 

(10) 

In terms of the elementary wave functions described in [13, Sec. 5-1], 

,a 
"z 

S. is such that 
jn 

M? = I Sj cos (n4>) 
j n-0 3n 

(12) 

6 6 
From (12), is the following integral over the source M^. 

e f 
Se - — 
jn 2tt 

-i 

Mj(ip) cos (ni})) d<[) (13) 

Here, e is Neumann's number 
n 

1 , n * 0 

(U) 

n > 1 



Fig. 3. Situation in which H** and of (9) exist. 
0 0 



The coefficient is evaluated in Appendix A. 

It is evident from [13, eq. (3-18) ] that 

a,b = zi JL „.a.b 
<t> kn 9p 

where r| = /y/e and Ma,b" means either a or b. Of course, 

a, and b denotes region b. Substitution of (11) into (16) 

H , 

J (ka) H(2)'(ka) - J’(ka) H(2)(ka) =--^- 
n n n n irka 

we obtain 

[Ha - H^] 

»“’S. cos (n(()) 
2 r - J" 

* *'0-a anka ni0 j (ka) h<2) 
n n 

which, when substituted into (9), gives 

A OO 

2 r ..e 
S. cos (n<f>) 

—i- T ve ( y —&-) = rHscei 

J-l i Jo J (ka) H<2>(ka) 1 * lp-a ’ 
n n 

(16) 

a denotes region 

gives 

(17) 

(18) 

(19) 

kl<<J>0 (20) 

It is evident from [13, eq. (5-109)] that 
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The even part of (21) is given by 

oo e jn cos (no) cos (n<j)) 
(.see, _ 4 y __n_ 

1 * 0-» "Oka „¿0 2H(2)(ka) 
n 

(22) 

Substitution of (22) into (20) and subsequent multiplication by Trnka/4 

give 

4 00 se cos (né) 00 £ jn cos (no) cos (né, 
- Jü-) = y —-—-,|él<é 

(2).,.,^ o„(2)r- ' 

, 4 00 s 
I î ( I -L 

j=l J n=0 J (ka) Hv‘'‘'(ka) n=0 2H (ka) 
n n n 

Seeking an approximate numerical solution to (6), we let 

4 
o wo 

(23) 

M° = I V° M 

j=l 
j j 

(24) 

where 

M° = 
J 

W4>0)2i~lJl - (¢/^)2. |4>ll<|)( 
(25) 

0 , otherwise 

Proceeding as in the development (9)-(23), we obtain 

, 4 00 S° sin (né) 00 j sin (not) sin (né) 

i l V° ( I -) = I -^-, klif 
2 1=1 ^ n=l J (ka) (ka) n=l 

n n 
H(2)(ka) 
n 

(26) 

where 

4> 
o 

s: = - [ (é/4>0) 
jn ir j o 

-*o 

,0 1 2j-l (é/é ) sin (né) dé 
o 

(27) 

The coefficient S, is evaluated in Appendix A. 
jn 



nRHMVM HM ■«■I «"•U1* U * tl'U1»!! « U ■ U" MH I U « . f 

,"V] 
,v 
N* 
V 

t 

>i: 

10 

When the frequency is very close to a resonant frequency of the 

associated cavity, there is an integer p such that |j^(ka)| is extremely 
P 

small. In this case, it can be seen by tne following reasoning that any 

numerical method of solution of (23) will fail to accurately determine V®. 
j 

The four cos (p(J)) terms on the left-hand side of (23) become so large 

that none of the other tenns can be discerned. As a result, the only in¬ 

formation that can be extracted from (23) is that 

4 
y v€ „ 
À ^ Jp 

’e se (28) 

This single equation is not sufficient to determine V®, V®, V®, and V®. 
12 3 4 

There should be no difficulty in solving (26) numerically when 

|j (ka)I is very small because J (ka) does not appear in (26). However, 

if l-ipika)) is very small where p is a positive integer, then numerical 

solution of (26) will be just as difficult as that of (23). 

III. ALTERNATIVE EXPANSION FUNCTIONS 

In this section, the expansion functions are changed in order 

to eliminate the indeterminacy encountered in the last two paragraphs 

of Section II. If |j^(ka)| is extremely small, (7) is replaced by 

M®= I 

where 
j=l 

V® M® 
j j 

(29) 

P 

M. = J (ka) M® 
Ip 1 

(30) 

M. M®+C®M®, j«2,3,4 

- S® /S® 
IP7 IP 

(31) 

1 
3 

i 

■ 

- 

- 

- 

N 
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As a result, (23) is replaced by 

1 ve (-i? 
2 1 ^ .,(2) 

6 6 
St cos(p4>) 00 S, cos (né) 

“In 

Hv‘"/ (ka) 
P 

+ J (ka) I 
n=0 J (ka) ^(ka) 

) 

n^p 
n 

00 (S^ + C? S® ) cos (ntj>) 

4 Î *! < Î -12-LJi72) 
j = 2 2 n=0 J (ka) HU; 

n^p n 
(ka) 

.n 
00 £ j cos (na) cos (n<|>) 

l ~ 
n=0 2H(2)(ka) 

n 

\3. (32) 

Numerical solution of (32) should not be difficult when |j^(ka)| is 

very small because, in contrast to (23), (32) does not contain any 

huge cos (p<j>) terms which could obscure all the other terms. 

If |j (ka)I is very small, (26) is retained. However, if 

|jp(ka)| is very small where p is a positive integer, then (24) is 

replaced by 

M I vJm° 
j=l 2 2 

(33) 

where 

M° = J (ka) M° 
Ip 1 

(34) 
Äo o o o 
M. = + C° M°, j-2,3,4 

S° /S° 
jP lp 

(35) 

so that (26) is replaced by 
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1 -O Sln 8Ín ^P<,>) ^ ST>n SÍn ín<í>) 
1 v° (-^T- + Jp(ka) j; -is- 
2 1 

H(2)(ka) 
P 

n-1 J (ka) H(2)(ka) 

n^p n 

ï v° a -js—i 
j-2 J n-1 (ka) 

ni*p 

<» (S° + C°S° ) sin (n4>) 
" m 

(ka) H^25(ka) 
n n 

00 j sin (na) sin (n<J>) 

^ /2) » I<P ¡SÓ. 
n-1 H' ''(ka) c 

(36) 

Equation (36) is valid for p > 1. If p - 0, we revert to (26). 

Numerical solution of (36) should not be difficult when J (ka) 
P 

is very small because, in contrast to (26), (36) does not contain 

any huge sin (p<j>) terms which could obscure all the other terms. 

Equations (5) and (6) can be viewed as operator equations. 

For example, (5) is 

L M - g (37) 

where L is an operator and g is a known function. Since (19) is L M® 

where M® is given by (12), it is evident that 

L cos (p(|>) 
2 cos (pc])) 

Trnka J (ka) H(2)(ka) 
P P 

(38) 

Hence, when |jp(ka)| is very small, the eigenvalue associated with the 

eigenfunction cos (p<J>) is very large in magnitude. In this case, the 

expansion functions ÍMj, j-1,2,3,4} are not good because each one of them 

contains cos (p<fi) so that all of the functions ÍL M®, j-1,2,3,4}, being 



roughly proportional to cos (p4>), are nearly indistinguishable from 

each other. The expansion functions {M®, j=l,2,3,4} are better be- 

/np 

cause which contains cos (ptj)), is normalized so that L remains 

finite, and none of the functiont ÍM®, j=2,3,4} contains cos (p({)). 

Therefore, none of the functions {L M®, j=2,3,4} contains cos (p4>). 

Since none of them are dominated by cos (p4>), the functions 

ÍL M., j-2,3,4} are easily distinguishable from each other and from 

IV. TESTING FUNCTIONS 

In this Section, 4 linear equations are extracted from the func¬ 

tional equation (32) by multiplying (32) by each of 4 even functions 

called testing functions and integrating from -<Po to <}>o with respect 

to ¢. Similarly, 4 linear equations are extracted from (36) by multi¬ 

plying (36) by each of 4 odd testing functions and integrating over 

the slot. 

Called (W®, 1=1,2,3,4}, the even testing functions are defined 

by 

W® = (<t>/<|>o)2i"2, i-1,2,3,4 (39) 

Multiplying (32) by and integrating over the slot, we obtain 4 equa¬ 

tions, one for each value of i. In matrix notation, these equations are 

e~e ->e 
Y V = I (40) 

where V® is the column vector whose jth element is V® and Y® is the 

4x4 matrix whose elements are given by 



I 
rTrwjrw^wTrwTTyrrnrTrwTTwrT^T^Tnrr^rr^rTWTTwrTwn- 
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il 

P® e ® 
in In 

F® S® 
—^ + J (ka) T 

Hp \ka) p n-0 J (ka) H^2)(ka) 
P n*p n n 

, i-1,2,3,4 (41) 

00 fV“T a, ) 
y -in jn ! In' 

ij -L T ZTv ,A2) n-0 J (ka) HVÄ/(ka) 
n#p n n 

(42) 

fL<S®_ + C® Sf_) ] 1 “ 1'2»3*4 

^j » 2,3,4 

0 

The coefficient arises when the normalized magnetic field on the 

left-hand side of (32) is multiplied by W® and integrated over the slot: 

in 2 (¢/4^)^ ^ cos (ntj>) d<f> (43) 

-4». 

The coefficient is evaluated in Appendix B. In (40), Ie is the 

column vector whose elements are given by 

2 1 
n“0 

£njn F®n cos (na) 

2 H(2)(ka) 
n 

i - 1,2,3,4 (44) 

The odd testing functions are defined by 

W° - (¢/0 )2i_1 , i - 1.2,3,4 
1 o 

(45) 

We multiply (36) by W° and integrate over the slot. Doing this for 

i = 1,2,3, and 4, we obtain the matrix equation 

o*o -to 
Y V - I (46) 

*o ^o o 
where V is the column vector whose j th element is , and Y is the 

4x4 matrix whose elements are given by 

F° S° 
in In 

il 

F° s° 
J(ka) y - 

IT '(ka) p n-1 J (ka) H'"'(ka) 

P n^p n n 

,(2) 
, i-1,2,3,4 (47) 



wmmmmmm m v ^ vw irw v wt w v"» wwww« ■rawwvPOTPWVfrw pvbhi p jv":’ 

15 

_ 00 F° (S° + c° S° ) 
f0 , y -in_in_I. J-n 
ij n-l J (ka) H(2)(ka) 

n^p n 

(48) 

where 

' in (¢/^)^ ^ sin (n0) d<i) (49) 

-<J>. 

The coefficient F° is evaluated in Appendix B. In (46), 1° is the 

column vector whose elements are given by 

. 00 jn F° sin (na) 

1i m 2 I -7JT- » i * 1,2,3,4 
n-l H(2)(ka) 

n 

(50) 

Actually, (46)-(48) are valid only for p > 0. For p - 0, we multiply 

(26) by W° and integrate over the slot. Doing this for i-1,2,3, and 4, 

we obtain (46) with the elements of Vo given by 

Vo - Vo, 
j Y 

(51) 

with the elements of Y° given by 

oo F° s° 

I 
ij n-l J (ka) H(2)(ka) 

n n 

(52) 

and with the elements of 1° given by (50). 

£e . . .'ie 
Solving (40) for Ve, we obtain V®. Now, M6 is given by (29). 

0 
In view of (30), M is also given by (7) with 

'1 ■ y*a> V* + J2 C* V' 

(53) 

vj - V« , j - 2,3,4 

Solving (46) for Vo, we obtain V°. Now, M° is given by (33). In view of 

(34), M is also given by (24) with 

1 

.o 

Jp(ka) V° + I 

J 

i-2 

2,3,4 

o 

C1 vi 
(54) 

.. 
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Actually, (54) is valid only for p > 0. For p * 0, M is given 

by (24) with of (51): 

V° « V° , j = 1,2,3,4 (55) 

Finally, M is given by (4) where Me is given by (7) with V® of (53), 

and M° is given by (24) with V° of (54) and (55): 

M - ^ £ (VJ M? H- V“ M°) (56) 

The electric field in Fig. 2 is u E where 
—z z 

ESC + E^(M) , p > a 
z z 

(57) 

Eb(-M) 
z 

, p < a 
/ Z — — 

where ESC, ES(M) , and Eb(-M) are the z components of the electric fields 
—Z Z ~ Z — 

due to the incident wave, M, and -M, respectively. From (1) and [13, 

eq. (5-107)], we obtain 

n*0 

From (56), we have 

C- l ¿y tv“») - 

J (ka) sjs 

(2) " Hn (kp)1 
(58) 

Hv_'(ka) 
n 

E-(M) - ^ (V' E* (Vi') + 
o„a 

)) 

(59) 

^(-M) - £ (V* (-V') + V” e‘(-V“)) 

,3, wCv . _a , ,,,, V_, „b, , _ „b 
Now, E (U.M,) is E of (11) and E (-a,MT) is E“ of (11). Similarly, 

Z^j z Z -<P J z 

(60) 



so that (59) expands to 

E> 

e (2) 
°o B IT '(kp) cos (n<f>) 

l ^7»- +1 
B°H^)(kp) sin (né) 
n n Y 

n=0 H(2)(ka) 
n 

n=l H(2)(ka) 
n 

» b6 J (kp) cos (n<j)) 00 B°J (kp) sin(n4>) 
cb _ V n n_ , c n n_ 
Ez(_^) ‘ J (ka) I J (ka) 

n=0 n n=l n 

where 

e r e e b = y w.s. 
n j=l J 

o r O O 

B = l V4 S4 
n j=l J J" 

In view of (31), substitution of (53) into (63) gives 

P P 
B = J (ka) V, S, 
p p 1 Ip 

Substituting (54) into (64) and using (35), we obtain 

B° = J (ka) V° S° , p ¿ 0 
P P 1 IP 

From (65) and (66), it is evident that (62) remains finite as Jp(ka) 

approaches zero. When p “ 0, (62) reduces to 

,e 

Eb(-M) 
B 

z — J (ka) 
0 

Since Be is given by (65) when p = 0 and by (63) when p ^ 0, (67) 
o 

becomes 
se e 

V1 S10 
, p = 0 

Eb(-M) 
z — 

, P = 0 

J (ka) 
. o 

(61) 

(62) 

(63) 

(64) 

(65) 

(66) 

(67) 

(68) 

mwm 



the electric field In the preceding paragraph, we found u E , 
—z z 

in Fig. 2. Called H, the magnetic field in Fig. 2 is given by 

ï ■ à mz * Hz’ (69) 

Since M was determined such that the situation in Fig. 2 is equivalent 

to that in Fig. 1, the fields in Fig. 2 are the same as those in Fig. 1. 

Thus, we have attained our objective, which was to find the fields every¬ 

where in Fig. 1. 

V. INTERIOR FIELD AT RESONANCE 

If ka is such that the cavity is resonant, that is, if there is a 

non-negative integer p such that J^(ka) = 0, then an approximate expression 

for the z component of electric field inside the cylinder can be found 

in the following manner. This approximate expression serves to check values 

of the interior field calculated by means of (62) and (68). 

If there was no aperture, the magnetic field immediately outside the 

cylinder due to the incident electric field (1) would be the short-circuit 

magnetic field whose <j> component [H®C] is given by (21). In this case, 

an electric current J given by 

r -] 
/SC 6 o ! 

1 = Hz j [Hf, ]p,a + Ap cos (p4>) + Ap sin (p^) | (70) 

is induced on the cylinder. In (70), A6 and A° are arbitrary constants. 
P P 

If p = 0, then A° drops out. The part of J associated with A6 and A° radiates 
P - p p 

only inside the cylinder where its is given by 
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jn j (kp) 
E =- -*-— 
z J'(ka) 

[A cos (p(J)) + A sin (p<t>) ] (71) 

Since the electric current u [H^C] 
-z 4> P*a 

produces a field which cancels 

the incident field inside the cylinder, E of (71) is the total electric 
z 

field inside the cylinder 

3J GO 
if A and A are determined such that both J and -tt vanish at é = 0. 

P P — 0(p 

then J will be the approximate electric current that would exist if there 

was a narrow aperture at ¢) = 0. If p = 0, we can only require that J 

vanish at ¢) = 0. Substituting (21) into (70) and forcing J and to 
— d<J> 

vanish at ¢) = 0, we obtain 

. n 
4 “ enJ c°s (not) 

ïïnka n=0 2H(2)(ka) 
n 

(72) 

A° = - 
.a 

I V»11 (na) . P >■ o 
^0=1 H<2)(ka) 

n 

(73) 

Substitution of (72) and (73) into (71) gives 

4j J (kp) » e jn cos (na) , . . 

Ez ■ ÃTjVT (( I , ) COS (p*) + i ( ï sin(p*)] 

.n 

p- ' n=0 2H^2)(ka) p n=l H(2)(ka) 
n n 

(74) 

where the — term is to be discarded if p = 0. Thanks to the 

Wronskian [13, Eq. (0-17)] and the fact that J (ka) = 0, (74) becomes 
P 

(2) ? c°s(na) oo n . 
E - 2J (kp) Hp (ka) [( £ -) c„s(p*) + ¿ ( ¡ ülMUÍml) síaM)¡ 

z P P __n P n=1 H(2)(ka) 
n 

n=0 2HV ^(ka) 
n 

(75) 

where the - term is to be discarded if p = 0. When p = 0 and p = 0, 

fa'-?*/, V > . y • : j. 
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Ez 0f reduces Lo the ^(°) in [14, last line of p. 1391] with 

A * 1, a replaced by a -tt, and -i replaced by j. As given by (75), 

Ez is the field inside the cylinder when the aperture is narrow and 

when p is a non-negative integer such that J (ka) = 0. Since this 
P 

E does not depend on the width of the aperture, we deduce that the 

amount of TM field that enters a resonant circular cylindrical cavity 

% 

through an infinitely long but narrow slot does not depend on the 

width of the slot. 

VI. NUMERICAL RESULTS AND DISCUSSION 

By means of a computer program that will be described and listed 

in a forthcoming report, |e | of (57) was calculated in the aperture 

and at the center of the cylinder. This program was also designed to 

calculate [eJ at equally spaced points along the line that extends 

from the center of the cylinder to the center of the aperture. All 

value? of |Ez| presented in this report were obtained by truncating 

the summations in (41) and (42) at n = 10,000. Unless otherwise stated 

the 4x4 matrix Y6 with elements (41) and (42) was used, 

Figures 4 and 5 show the field amplitude |Ez| in the aperture 

f°r <P = 10°, a = 0, and various values of ka. Figures 6 and 7 show 

|E I in the aperture for Ò = 30°, a = 0, and the same values of ka. 
z O 

The curves in Figs. 6 and 7 agree reasonably well with those in [1, 

Fig. 2] and [2, Figs. 8 and 9]. However, the curves in Figs- 4 and 5 

are noticeably different from those in [2, Figs. 6 and 7], We believe 

that our aperture fjeld amplitudes for <t> = 10° are more accurate than 
o 

those in [2]. Furthermore, we conjecture that the method used in fi] 

and [2], the E-field integral equation method, will give worse results 
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for apertures for which ¢) is less than 10°. 
o 

Figures 8 to 11 show (e^I in the aperture for a = 0 and 4 dif¬ 

ferent combinations of (p^ and ka. The values of |e_J in these figures 

should be slightly different from those in [15, Figs. 23, 16, 17, and 25] 

because the aperture of [15] is the plane strip connecting the edges of 

the conductor whereas our aperture is the arc whose equation is 

(p “ a, -<P <p < <p ). Calculated values of IE I at the center of the o — — o z 

plane strip and at the center of the arc are presented in Table 1. 

Table 1. Field amplitudes at (o = a cos ¢= 0) and at (p a, ¢) = 0). 

Figure 12 shows |EJ at the center of the aperture versus ka for a=0 

and <j) * 10° and 30°. The solid curve is for <]) = 10°, and the 
o o 

asterisks represent crude values of |E | for ¢1 = 10°. Crude values 
z 0 

of JEzI are those obtained by retaining only the first equation and 

the first unknown in (40), that is, Y6, and Ie are replaced by 

0 /\ 0 0 

Yir Y and 1^, respectively. The dashed curve is for ¢) = 30°, 
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ancJ. the large dots represent crude values of |E | for $ * 30°. In 
z o 

Fig. 13, the data of Fig. 12 are plotted on a logarithmic scale. 

Since the crude values of |Ez| lie so close to the dashed and solid 

curves in Figs. 12 and 13, our matrix solution for |Ez¡ appears to 

have converged. We do not think that |e | would change much if more 
z 

expansion functions were used. Our plot oí ¡E | for 4) * 30° agrees 
z o 

with that in [1, Fig. 3]. However, our |e I for 4> * 10° has a much 
z o 

sharper peak in the vicinity of ka * 2.4. Furthermore, in contrast to 

that in [1, Fig. 3], our ¡E ^ for ¢) =■ 10° also has a sharp oeak in 
z o 

the vicinity of ka * 3.8 and no broad minimum near ka = 1. 

The crude values of |e | in Figs. 12 and 13 were obtained by 

using the single expansion function of (8) and the single testing 

function W® of (39). For 4>o = 5°, a * 0°, and ka * n/2, the crude 

value of IeJ at the center of the aperture is 0.1563. This compares 

with 0.1528 in Table 1 and 0.1534 in [3, Table 1] calculated by means 

of the Fourier series method of solution described in [3]. This Fourier 

series method of solution employs the single expansion function /1-(4)/0 )z 
o 

and the single testing function /l-(4>/4>o)2• In the method presented in 

[14, pp. 1387-1392], the single expansion function /1-(4)/4) )2 is used 
o 

and (2) is enforced at the center of the aperture. This enforcement is 

equivalent to having a testing function which is a Dirac delta function 

at the center of the aperture. The method of calculation of the crude 

IeJ, the Fourier series method of [3], and the method presented in [14] 

differ only in that they employ different testing functions. 

Figure 14 shows |Ez| at the center of the cylinder versus ka for a = 0°. 

The solid curve is for 4>0 “ 10°, and the asterisks represent crude values 
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of I Ez I for ())o = 10°. The dashed curve is for <(>o = 30°, and the large 

dots represent crude values of | E | for ¢) = 30°. In Fig. 15, the data 
z o 

of Fig. 14 are plotted on a logarithmic scale. At the value of ka such that 

3 (ka) = 0, our |e j is 3.96 for ¢) = 30° and 4.06 for (p = 10° whereas 
o z o o 

(75) gives |E 4.07 at p = 0. Note that the 10° and 30° curves in 

Figs. 14 and 15 cross each other at Ie 4.0. The |E I for <j> = 30° 
z ' o 

in Figs. 14 and 15 agrees with that in [1, Fig. 5] and [2, Figs. 18 and 

19]. However, the |e | for <p = 10° in Figs. 14 and 15 is noticeably z o 

different from that in [1, Fig. 5] and [2, Figs. 18 and 19]. Our |eJ 

f°r = 10° has no minimum in the vicinity of ka = 1 and has a deep 

minimum in the vicinity of ka = 3.8 rather than in the vicinity of 

ka = 2.4. 





APPENDIX A 

EVALUATION OF S? AND S° 
jn jn 

Changing the variable of integration from <{> to 

X = <í)/(|)_ (A-l) 

in (15) and (27), we obtain 

e 4) 
,e no 

jn 2tt 

s° 4 f „23-1 n 
jn Tr J V 

x2i 2 Jl - cos (bx) dx 

X sin (bx) dx 

where 

b = n(j> 

(A-2) 

(A-3) 

(A-4) 

In regard to (A-2) and (A-3), it is known that [16, formulas 3.752(2.) 

and 3.753(2.)] 

/l - x^ cos (bx) dx ~ ^ 
TTJ, (b) 

(A-5) 

and 

cos (bx) dx 

-i/TT 
TTJ (b) 

o 
(A-6) 

Assuming that n ^ 0, comparison of (A-5) with (A-2) gives 

J, (b) 

In n 

Integrating the right-hand side of (A-3) by parts, we obtain 

(A-7) 



37 

which becomes 

S° * — 
In nïï 

[2/ÏT 2 1 
X-] cos (bx) dx 

2 
/1 - x" 

(A-9) 

Formulas (A-5) and (A-6) reduce (A-9) to 

n 2J (b) - bJ (b) 
,0 ^ 1_0 

iln nb 
(A-10) 

Seeking a recurrence relation for S. when n ^ 0, we use the 
jn 

identity 

2j-2 2j-A,1 2.. 
X J = X J (1 - (1-x )) (A-ll) 

to recast (A-2) as 

jn j-1.n 

0 
TT 

2J-A., 2.3/2 ., . 
X (1-x ) cos (bx) dx (A-12) 

which, upon integration by parts, becomes 

(J) 
Se * se + _£ 
bjn j-1 ,n bTT 

1 
f 
sin (bx) (x^^ ^(1 

dx 
x2)3/2)dx (A-13) 

performing the indicated differentiation in (A-13), we obtain the recur¬ 

rence relation 

Sin ” Si 1 n " (^b::Í) S1 1 n + 2 n ’ j"2*3*** jn j—i,n b j-1 ,n b j—2,n 

(A-14) 

where the S. „ term is to be omitted when 1 is 2. 
J “2 ,n 

Seeking a recurrence relation for we use an identity similar 

to (A-ll) to recast (A-3) as 

¢. 
s° - s° - — 
jn j-l,n 7T j 

-1 

f 2j-3 ., 2. 3/2 , V 
I X (1-x ) sin (bx) dx (A-15) 

An integration by parts changes (A-15) to 



(A-16) 

y.y 

I 
^•v 

V 

S 

Fiï 

i- 

-ÿ 

.-. 

• ! 

¢, 
S° = S? . - rf- 
jn j-l,n bit 

,. . d , 2j-3.. 2.3/2.. 
cos (bx) (x (1-x ) )dx 

Performing the indicated differentiation in (A-16), we obtain the re¬ 

currence relation 

ce _ rllLl'k ce 
S^n = 1 n + ^ Sin * (±ÍrL) 1 n * »3 • « ’ « jn J-l,n b jn b J-l»n 

(A-17) 

Using (A-14) and (A-17) to recur up from (A-7) and (A-10), we 

obtain 

.e Jl(b) 
In n 

e (b -6) Jj^b) + 3bJo(b) 

2n 2 
nb 

(A-18) 

(A-19) 

(b4-27b2+120) J.(b) + 6b (b2-10) J (b) 
„e 1 o 
3n 

nb 

e (b6-63b4+1200b2-5040) Jj^ib) + 3b(3b4-95b2+840)JQ(b) 

4n 

(A-20) 

(A-21) 

nb 

2J. (b) - b J (b) 
,o 1 7 o 
In nb 

(A-22) 

(5b2-24) J,(b) - (b2-12)b J (b) 
,o 1 o 
2n 

(A-23) 
nb' 

o (8b4-168b2+720) ^(b) - (b4-39b2+360)b JQ(b) 

3n 
(A-24) 

nb' 

(llb6-537b4+9720b2-40320)J.(b)-(b6-81b4+2340b2-20160)b J (b) /A oc. 
,0 _i_O tA-ZO; 

4n 
nb 

Expressions (A-19) - (A-25) become indeterminate as b approaches 

zero. When b < 2, we approximate cos (bx) in (A-2) by [17, formula 

415.02]. 
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,22 ,4 4 ,66 ,88 ,10 10 
,, , . b X , b X b X b X _ b x 

cos (bx) * 1 " 2 24 720 40320 3628800 
(A-26) 

We encounter integrals defined by 

2j 
',23 yr: x dx, j= 0,1,2, (A-27) 

It is evident from [16, formula 3.248(3.)1 that 

T a ^(^j-l)11 i * 0 1 2 
X2j (2j+2)! ! ’ j O*1*2»-*- 

(A-28) 

where 

and 

(2j-l)! ! 

. 1=0 

1-3-5,... 2j-l , j > 1 

(A-29) 

(2j) ! ! = 2-4-6,..., 2j (A-30) 

From (A-28), we obtain 

I0 - -/2 

I2 - u/8 

I4 - tt/16 

I, - 511/128 
o 

Ig - 7TT/256 

I10 = 21ïï/1024 

I12 * 33tt/ 2048 

1.. * 429TT/32768 
14 

1., - 715TT/65536 
lo 

I, « 2431TT/262144 
its 

(A-31) 
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In view of (A-31), substitution of (A-26) into (A-2) gives 

In 

,e 

_!3L£ (1 _ b_ + 
4 ^ 8 192 

8 10 

2n 

e <j> .2 
-iL_° + 
16 u 4 384 

5b 

9216 

6 
7b 

737280 

, 8 

88473600 

10 

) 

11b 
23040 245760 309657600 ) 

£ 4> cu2 ce « n o n 5b 7b 
3n " 32 ^ 16 384 15360 

7b lib 
8 

143b 
10 

1720320 2477260800 ) 

5e $ 2 4 
Ce m n o n 7b 7b 
4n 256 U " 20 320 

lib 143b 
8 

143b 
10 

19200 17203200 1857945600 ) 

When b _< 2, we approximate sin (bx) in (A-3) by [ 17, formula 

415.01]. 

sin (bx) 
k3 3 k5 5 

bx - + b x 
k7 7 k9 9 b X + b X 

,11 11 
b X 

6 ' 120 5040 ' 362880 39916800 

We substitute (A-36) into (A-3) anJ use (A-31) in order to obtain 

<t> b ,2 4 
s° = _EL (1 _ + _b_ 
In 8 U 12 384 

8 10 

23040 2211840 309657600 ) 

2n 

<p b 2 
_2_ (1 . 5b_ 
16 u 48 

7b llo 
8 

13b 
10 

1920 

4 

15360 15482880 2477260800 ) 

3n 128 

54> b 7k2 7U- o 7b 7b 
U ' 60 1600 

11b 143b 
8 

13b 
10 

134400 154828800 1857945600 ) 

7$ b 

4n 256 (1 ” 8 + 2240 
143b 143b 

8 
17b 

10 

1505280 130056192 2000864492 ) 

(A-32) 

(A-33) 

(A-34) 

(A-35) 

(A-36) 

(A-37) 

(A-38) 

(A-39) 

(A-40) 
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APPENDIX B 

EVALUATION OF F® AND F° 
in in 

In this appendix, we obtain expressions for F® and F° by 
in in 

exact evaluation of the integrals in (A3) and (A9). Unfortunately, 

these expressions become indeterminate as n4>o approaches zero. For 

1 2 , we approximate cos (n<j>) and sin (n<i>) by the first 6 terms 

of their power series and then evaluate the resulting integrals. 

Changing the variable of integration from ¢) to 

X = n(J> (B-l) 

in (A3) and (A9), assuming that n ^ 0, and taking advantage of the fact 

that the resulting integrands are even in x, we obtain 

and 

in ,21-2 i 
nb i 

21-2 
x cos x dx (B-2) 

where 

in ,2i-l 
nb 

2i-1 , x sin x dx 

b » n<j> 

(B-3) 

(B-A) 

Since the integrals in (B-2) are given by [17, formulas AA0.10, AA0.12, 

AA0.1A, and AA0.16], we have 



i u v'j r»' ^ ^ « - wi*,b’m ""w^ir ^'i • wir ft wtt wy w t p u "wwwii 

42 

„e sin b 

In n 

r.e m 2b cos b + (b - 2) sin b 
‘ 2n 

nb 

(B-5) 

(B-6) 

e = ~ 6)b cos b + (b^ - 12b^ + 24) sin b 

nb4 
3n (B-7) 

ve _ 6(b4 - 20b2 + 120)b cos b + (b6-30b4+360b2-720)sin b ,D QX 
4n 6 (B_8) 

nb 

Since the integrals in (B-3) are given by [17, formulas 430.11, 430.13, 

430.15, and 430.19], ve have 

„o sin b ~ b cos b 
In nb 

F° = ~ s^n B ~ (B^ - 6) b cos b 
2n 3 

nb 

(B-9) 

(B-10) 

Fo _ 5(b4-12b2 + 24) sin b - (b4- 20b2+120)b cos b /D ... 
3n 5 (B-ll) 

nb 

Fo = 7(b6-30b4 + 360b2 - 720)sin b - (b6-42b4+840b2-5040)b cosb 
4n 7 

n (B-12) 

Expressions (B-6)-(B-12) become indeterminate as b approaches 

zero. For b £ 2, we approximate cos x in (B-2) by [17, formula 415.02] 

10 2 4 
COSX-1- — + — - __ 

2 24 720 40320 3628800 

6 8 
+ (B-13) 

and sin x in (B-3) by [17, formula 415.01] 

7 9 
x + x 

11 3 5 
, m x_ _x_ 

s n x * x - 6 +12o' 5040 " 362880 " 39916800 (B-14) 

n 
• J 

. i 

,»V • X 



to obtain 
0 

in “ ^o^i-l ' 2(2i+l) + 24(2i+3) * 720(21+5) + 40320(21+7) " 3628800(21+9)^ 

10 

(B-16) 
10 . ,2 L4 8 

P° „ - A /_!_b b_ b_ b_ _b^_ 
in ^21+1 " 6(21+3) 120(21+5) " 5040(21+7) 362880(21+9) " 39916800(21+11) 

Letting 1 run from 1 to 4 in (B-16) and (B-17), we have 

In 
<t> (1 

o 6 120 

8 10 

5040 362880 39916800 ) 

Fe = -2 (1 - Jb_ 
2n 3 ^ 10 

8 10 

56 2160 147840 15724800 ) 

^ 2 4 Fe . ^ (1 . 5b_ + 
3n 5 U 14 216 

8 10 

1584 104832 10886400 ) 

Fe , (1 _ Ik! + 
4n 7 U 18 264 

7b 7b 
8 10 

9360 86400 8812800 ) 

^ b u2 u4 
F° = -2- (1 - — + —— 
In 3 10 280 

8 10 

15120 1330560 172972800 ) 

<|> b 
o 

2n (1 - 

5b2 b4 
42 216 

8 10 

11088 943488 119750400 ) 

<f> b 
o 

3n (1 - 

7b2 + 7b4 
8 10 

54 1320 9360 777600 96940800 

4> b »u2 
F° » -2- (1 - + 

4n 9 22 520 
3b 

8 10 

8400 685440 84268800 ) 

(B-17) 

(B-18) 

(B-19) 

(B-20) 

(B-21) 

(B-22) 

(B-23) 

(B-24) 

(b-25> 
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