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%~ I"STR-ACT

N..The problem of' evauain teprrmneOf digital Commun1.1Iiation recivers

operating in the presence of'additive white Gaussian noise (AWGN) and nontmtatlonar%

;\XG\ is addressed. A. specific model for the nonstationarv AWG(9 is proroseCd anid

the corresponding perfbrmiance of' conditional digital COnMMinica tioil rcccil ers is

derived. Additionally, receivers that are optimum (in minimum probbilitv of' error

sense) For detecting bin a r% inals in the presence of' noise and the nonltatioin.r.

linterf'erence modeled is derived anid its performance evaluated. Several evllec.

involving Phase Reversal Keyed miodulation and Frequency Shift keyed modulation for

various forms of' the nonstationarv interf'erence are worked out.
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1. INTRODUCTION

The theory of signal detection in additive white Gaussian noise (WGN) is well

established. Optimum structures and their performance can be found in many

textbooks [Ref 1: Chap. 41. Solution of the so-called Binary 11ypothesis Testing

problem allows one to obtain an optimum structure (receiver) that is capable of
deciding with minimum probability of error, which of two possible signals. Stt) or

so t , was transmitted over an additive white Gaussian noise (A\WGN) channel. Such a

receiver I" shown in Figure 1.1

t

nt) .- I~~----. J ( )dtcomhparator dcsn

Sd(t) bias

sI(t) + WGN w.p. P1

Ot) n X-n
0

22

bias = [so(t) " s (t) dt sd(t) = s1(t) - s0p )

Figure 1. 1 Structure of the Optimum Receiver.

and its performance (i.e.. probabilit% oferror. P is given by { Rel. 2: Chap. 61[.

rI( - p) P1 y P)I l -
P 2-- erfc[ Li - er[ I N 1 i- .

- PeI

'S. N. - l - * p d - -'S- 1 ""-



\here

p. = Pro bab IlIit v th at s.J t )was transmitted. i j (

N2=Pow er spectral density (PSI) level of' the additive WG\

E = 2 flt) s1 I dt(1)

T = Lenlth of' the observ ation interval over which sie-nals are received

p = -3 so(twyt) dt(13

y =Threshold = \n (n 1.

The erf'c(x) and crf'(x) functions are definled by-

erhjx = 3 e'- i

X N I

x

111fld Ahdepends on p,) and p, prima rily, bUt Ma\ aso depend on coslts associated1c with

eC1,h dec-ision (whether correct or incorrect. 11f theseC co'ts lire 11InLuded but Lire All

as.sumed to be eq~ual. anid p0 = pl. then

I he desin1 Of' the reCciver shlown n 1 i1 1 I,-L I. does n10t take , intZo IcCOLMnI Te

rossib-ilIitv that in the transmission01 c11h1 nne. inl addition to the A\% 1110.n t her so arl e

of' interfzrence ) perhaps intenitional. sac h as a a mtumer maI !'C presenC:t. wth11

chaacerstCar different fromi the assumed A%\ G\ Inte1r cr eCTI .

Inr ilsti, we atnalI%/e the prfrIormanc-e ofI the i re(crer of -,ture 1.. s e in

aiddition to The .*W( N. anl ajditis e noustationar'. GauIan-11 nise is, prsi n tIhc



channel. In Chapter 11. this nontationarv (1iu1LIan n . Ii-, Fc:t i, doQcJ.

its possible generation by an intentional interferer is anaix/ied. In ( h~iptcr Ill. the
performanrce of the receiver of' I igure 1. 1 is anah /ed taking into account the preCcnce

of the nonstationarv interference. It is demonstrated that the resultinu perhorIin , nCe is

in all cases worse (i.e.. higher Pe) than that predicted by LLq uation . . ( I hi" to be

expected, since the model that gave rise to L[quation 1.I is not optimum for any

interf'erence other than the :WGN). Chapter IV presents a modification to the receiver

of Figure 1.1 that results in a structure that is optimum for the detection of binary

signal, in \WGN and additive nonstationari interierence of the type modeled :n
Chapter II. The performance of this modified structure is evaluated and compared with
the results of Chapter III. In Chapter V several examples are presented for two

important types of' signaling schemes. namely Phase Reversal Keying P IRK) and

Frequency Shift Keying (FSK) under various assumptions about the characteriStics of

the interference. The derived mathematical results are used to evaluate receiver

performance in terms of probability of error. Pc' as a function of signal to noie ratio.

and interference to signal ratio. The results are then interpreted and conclusions are

drawn.

V.1

-'
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II. NONSTATIONARY INTERFERENCE ,MODEL

As pointed out in Chapter I. the intentional interlrence n t is modeled as a

nonstationary Gaussian process having autocorrelation function R it.t). A possible

method for generating such a process is depicted in Figure 2.1. where a Gaussian

process n (t) is multiplied by the deterministic function q(t) to produce the process

nt).

n (t)

q(tt)

Figure 2.1 Structure for the Generation ofn t).

That is

n = q~t)n (t)

so that

Ri, (t,) = E{ nj(t)n.(T) q(t)q(T)R I (t.T)

*, where

R (t.r) = Ef n(tn,(r) }.

Note that n (t) is a Gaussian process since n t) is assumed to be (au,0,ia II

n is white with unit power spectral density level, then R t.) = 6it-rT 1o that

Rn= t.r = q(t)q(r)6(t-r) = 4
2(t6(t-T )= Q tt6(t-r; _2. 11

12

* .°.



\here

Qt q2(t) 0.

It' n~f( t ) is a nonwhite process. then

E ;n t)nI j(t- r) = Rn. (t.t + r) = qn~( T I ('T). .2

Implicit in these expressions is the assumed wide sense statlonarity of' n Vt)

atObsere tlorn Equation 2. 1 and Equation 2. 2. that fl. t)I is a white (colored)

nonstationarv GIaussian process when nz( t )is a white (colored) GauIssian Process.

- . Since

< (,r-t.t--) v Rn- (r) = i kjtq(t- t)Rn, T) dt
I-. 2T

W r II,

where

QLt) 0=1 ti + T t , (2.3)
2 ~ T - ~~

the a verge power ofn n(t) is Lziven by

Qa = Q()Rn(. (2.4)
n,

-This expression has physical meaning only when R ) M) is finite ( .e..n it) is non-

white i. Note that when n ( t) is white (with unit ['SD lceh, I Q (() becoines the a\ erac-e

PSI) level of'n nit).

F 1or most the work in this thesis. it wvill be a-sumeId that the interfe~rence n it) is a

whlite non s"tatlonan Gau ssiLn process. with autocorrelation giy en b\ Eqjuation 2-.

Sev eraL forms of' kqi t) used inthe example11s worked out inChtpter V are shown II
I iure 22
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Linear 0

0'-

form C

I 0 ' iTime.2
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Sinusoidal

form

Time

form

0 1 2
Time

Figure 2.2 Several Examples of q(t) as a Function of Normalized Time.
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Il. RECEIVER PERFORMANCE ANALYSIS

We now evaluate the performance of the receiver depicted in Figure II when

sI(t) + t) + t n(t) w.p. P

r(t) = tel. E I1
5s(t)  +- nw,(t )  -- n it )  w .p. Pl).,

where nw,(t) represents the AWGN with PSI) lesel N 2. and I, It. I, tile %,klte

nonstationary Gaussian noise with autocorrelation Iuntion ,_,cn bx ljuat:on 2.1

'C Observe from Equation 3.1 that r(t) is a (ausian random prove,,, and i, pr0 e,,1ac

by the receiver of Figure 1.1 will result In G bc , (.uan radum rlai'lc
Observe from Figure 1.I that the receiser perlbrmns tile te,t

G r(t)sd(t) dt + - Iso(t) " t)70 1

T T

and if G > y the presence of sl(t) is declared, whereas if* (- y. the preence of t)it)

is declared. Whether slit) or so(t) was transmitted. G is a }aussian random \ ariable

ha\ ing conditional means

1(t SO. 12 i
11i & I.,(} s,(t) was tranismitted S l s (t dt .)-'-r

1 1 '1

n~. - I G s (t) was transmitted = --. [ st s0 t, dt m

T

and conditional variances

var( ( y t) was transmitted} = E f 5 n.(t ) 1 a t I JSdt)  dt 2

T

N2
5[ + Q(t I S1 t) dt = =).1 13.4)

T

--

• % ". . -1 .~ o,1 . . . . - o - - • . -o ' " °- o - -- . .o • - 'o o . o '
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where we h:a e assumed that nw(t) and nyt) are uncorrelated /ero mean random

process. Let

fG (gi) = probability density function of G conditioned on sj(t) being

transmitted, i = 0,1

so that

Pe.s P'decide s1(t) transmitted, so(t) was transmitted} p0

+ P~decide so(t) transmitted s,(t) was transmitted} p,

m 7
= P0  J t'0 ~(g0 ) dg20 + p1 I G g g

7O .( )

(the subscript s denotes that receiver is suboptimum for the noise model used). and

from Equations (3.2) - (3.4)

Po PI
Pes - erfc [ m(- int ) V G I + 2 erfl ()- m )f2 G ]' (3.5

Comparison of Equation 1.1 with Equation 3.5 is best achieved if we assume equal

decision costs and equal prior probabilities p0 and p,. so that 7 = 0 (Under these

assumptions 0  I which results in 7 becoming 0). Thus from Equations (1.1H - (1.4)

Pe = erfc [E(l -p)2N] (3.6)

(note that E(I - p ) 2- 0 ) and from Equation 3.5

Pe" erfc( nil s aG ).

",16
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From Lquation .2 and Equation 3..4 we obtain

I. [ -Jsd 2  (t)) dt + J Q(t),d2 (t) dt ]

T T T

I P) 5 Q(t)sj(t) dt

E i- )[ I - T
No  NoE(I -P) + "Q(t)sd (t)dt

T

and therefore

Pe,s= erfc [ %/E(1 - p)(l - C) 2N0 ] (3.7)

where

C - 5 Q(t)sd 2(t) dt [ NoE(I - p) + j" Q(t)sd 2(t) dt 1. (3.8)
T T

Observe that C E [0.1] and therefore is the factor that causes an increase in probability

of error due to the presence of ni(t). Iffn(t) were not present. then Q(t) - -+ C =

0 and Equation 3.7 would become identical to Equation 3.6. Thus we can study the

performance degradation of' the receiver by either evaluating 1 or by cvaluatin, C.

as its size will dictate the increase in P.,s. Note that if'Q(t) Y ,. then C -+ I and P

1 2 as expected. It is worthwhile noting that if the nonstationarv interference

become (whit .) stationary so as to simply have the effect of raising the .\AGN lev el.

then, with q(t) = K (a constant), from Equation 3.S

K2 f sd2(t) dt K2  No

N NI j s-(t) dt + K2 S s;'(t) dt I +K2 K
2 T T 2

17
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* Since the interfecrence source will tv -picallv- be an intentional Jammer (in this cas~e thle

jarmmer lacks sophistication1). We Canl think of' thle K2 (NO 2) ratio as

~K2 K 2E E K2

- =- ___ = ( - )( - ) =(signal to noise ratio)(Janunier to signal ratio)
NO2 ENO 2 NO0 2  E

anid thus

Pe. = erf'c[ _______
e~~s 1 + JSR-SNR (.0

and

C =JSR-SNR (I +~ JSR-SNR)

where

SNR E (No~ 2)

JSR =K
2 E.

4We see that a large JSR value is required For thle system to hCcome useless as a

receiver (namely Pe~ - 1 2). ft therefore appears that a Jammer can use its available

power more effliiently by not spreading .its power over large bandwidths.

ConseqIuentl, janmier wavef'orms other than broadband noi'se power willh

investigated in Chapter V. Note fuirthermore that an Increasing Value of' NO, in order to

prevent JSR-SNR from getting too iarge is self' del'eating because as revealed by

Equation 3.10. with JSR constant. les -* 1 2 as No
The derived equation taor Pes will be used in the sequel to analw e speciic

J nl~mdulltion schemnes anid choices of' nonstationarV Wavel orm q( t). It \will be

demionstrated that by proper choice of' k(t). thle receiver of' I i1vure I. I can be rendered

ineffective Without the use of a great deal of jamimer rower.
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IV. RECEIVER PERFORMANCE ANALYSIS WITH INTERFERENCE
STATIONARIZATION

The optimum receiver for processing r(t) (with r(t) as given in Equation ".A) is

easih" determined by realizing that the nonstationarv interference can be statiomtri/cd
by use of the (time-varying) system depicted in Figure 4.1

r(t} -.... q2 t) -

F"izure -4. 1 Structure for Stationarization.

-' That is, with

r(t) = si(t) + n,(t) + ni(t) i = 0.I

where nt) and n (t) are described in the discussion following Equation 3.1. the ot 'put

of'the linear system depicted in Figure 4.1 is

r(t = s5'(t) n(t) i = 0,1

where

4 ( t)

11(t - n (t) 4- n.(t 4

I 'M4 11t)
n =4.1)

. . . . .. . . . . .

.~ ~ ~ .~~./ .........
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n"c~vtheX tcrc o fIfInction Of n:.we hw

nw(t) +1 n jit) 11NJr + r)

-+ q-(t)+

Rn.. (t.T) + Rn, (t-t)
- 1 (4.2

+q(t + qt

where the uncorrelatedness of' nw(t) and n.(t) has been used in Equation 4.2. From

EqoaionM0 2.1. We obtain1

+ 22

and kdearly, thle Output of' the linear time var-1in2 sstemi consists of' a known sinal

1.w.i=(), I. in AW% .iN of ,unit PSD level. The optimum receiver for deciding whcthcr

'~(t) or t)was received in AWVGN of' unit PSI) level is gnby the receiver of
FLI.Urc 1. 1, wvith ri t) replacedI by, r'(t). s( t) replaced by

=S s t) - S(,(t)

the bias term ive nby

and

y n



I° -

The t!-uLturc of this optimum recei ver i s d own in i ure 4. 1.

rt t ----------- !' )d r
iii

1 r t ±

+ 2

N + ji t) ) t T comp, Jecislan0y
s dt(t)

-I'. t ~ ~ ~ ~ . t I )o(t S,

jL +2

igure 4.2 Structure of the Optimum Receiver with Nonstationarv Interfercnce.

Its performance is given by Equation 1.1 with

7 = (n

I replaced by I'. where

2 N
L'-- j [ St"i + S1 (t)]I dt -- . suit. # 1- dt. (41.3)

I' - .1 --N t

p replaced by p'. where

I I '()(t S ( t

P - J1 \(' t) S, (t)] dt =" ,it (4.4)
Y . 4- q-(t)

21

. . -.... ...........-. ....- -.........



and NO is replaced by 2 (since No 2 1 in this case). ..AssuuMng equal pror

probabilities and decision costs, we can obtain from Equation 3.6. with replacements

indicated above, the performance of this optimum receiver, namely.

Pe.o = erfc [E '(1-p)4 ] (4.5

(the subscript o denotes that receiver is optimum for the model used). Since

-- I sd2(t) dtN O 2 \o T

and from Equation -1.3 and Equation 4.4

E'(lI- p') I Sd2(t) _ d 46E' -p1_ l.si dt (4.6)

2 2N° T I + q-(t)N0

it is clear that

E'( - p') 2 < E(I - p) NO

so that Pe.o > Pe, This means that the optimum receiver designed to operate in a

nonstationarv interference environinemt, performs worse that the optimum receiver

designed to operate in the presence of WGN only. even though the former

stationarized the interference prior to performing the (standard) correlation operation.

[his is not surprising because the former receiver is operating at a higher level of

interference than the latter receiver. (Observe that with q(t) = 0. Pe = Peo as

expected). Furthermore, we must have Pe.o -< Pe.s This can be demonstrated by ue

of the Cauchy-Schwarz inequality. Assume this last inequality to be true. This would

imply from Equation 3.7 and Equation 4.6 that

-I +q2(tI s 2 < "ddt
S" ~d f [ (td-  st) dt-d

SF Nil--- (qit)
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itq

-'an

(t t_-;- q-(t) Sd"{t) dt  d a t d
F T 2 .[4{ - 2t

which is precisely a form of the Cauchy-Schwarz inequality applied to the inner

product of two functions v (t and 2"( t), where in this case

git) q-t j sdM

N
q

-S,.

The unsophisticated Jammer case discussed in the previous chapter. where q t--

K. in this case yields from Equations -4.31) - (4.5)

Qo. + K2

2K 2+• ' S )t5 t) dt = p
• N K2  I: o K-

J - -

s o that

N!( -
Iei = erfc[ I, This is S4 -}

%kS. h is identical to Fquation 3.10. [his is a n not surprising since he assumed

cor;d~tbns result in simple AWGN interference for which the receiver of Fi,ure 1.1 1,

ndeed ,rtlnim . hence the result that P} = 1)



. .. .. . . . . . . . .

V. ANALYSIS OF RECEIVER PERFORMANCES WITH EXAMPLE
INTERFERENCENMODELS

The results of the two previjous chapters are now Used to evalUate receiVer

perforianIce Under varOiouS interf'erence conditions for two important signalinie

s chemes . namelyv Phase Reversal Kevina (PRK ) and FreLIuecyI Shift Keving (FSK.

For PRK. the transmi~tted signials are

5t) :\mnsin 27ft - (-I'.- A ,~. I-I- lco5 2.7'tt f ) t 5 T1 i.I5

where :5 In < 1. The vector dia cram of' V iizure 5. 1 Shows thlat thie p~tar meer II

controls the phase angle between the signals s t and Yt . When II = I. the txs a

inlsare undis tinauishuble. whereas; for m = n the angle between the sienaks 1' I

aInd we have the I'iliar Phase Shift Ke\ in_ (PS K scheme. F or FS K the tanmte

\1ienal\, arc

sit)u = A ,InI 27Tft :5 t 5 T i=U! .

C\ a'OssumeI for s11rimplcit that 2f V as well as fiT (for I = o, I) are Wntcers.
r

T

st) dt A2T 2 E Energy per bit I R

for both si~naliniz schemes. Observe theref'ore that from Equation I.3. p 2m- I 1c

PRK and P = () for PSK.

Several interference conditions are now analyzed fo(r the PRK and 1SK inle

skIcemes introduced. For ease of' comparison, all interflrences are nornml.'ed oa thait

they all ha ~e equnal power (see Equation 2.4). 1 uirthcrmnore. we a'~u m a aw '

k~x a \e Io n that the interterer has timinz information abhout the re,.ci er ha 1,T I,,. t h

12-.!r!'CrCn'1L Is Il nhronized to the rceiver clo LLK ), and tha't I t Uses I a\C Ca'kr" w ar a c

I qat ian 2.1H hat repeats it'el~f ever- V scLond(s.
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1. Phase Reiersal I'es in-_

l1he linear xa c interference of' Ij uation 3~.4 1I now used to deterini ti ,

receiver probability of error f'or PRK focusine11 first on the perf'ormancex of the recLCi'.-

of lcUre 1.1I. From LI1 oa io 5. We obta1in

The following integral mu1Lst lir, t be evaluated in order to obtain 11~ nlalyk

Q QtS tdt 4- ___ b- I4A-,(1 111-) cos- 27Irft jdt
U r

IIIV~l-) - acS ab,-'-,b"

(3i L~2  abc cos -Int c"I - labc - 2 a-c- -l abc -'- b 4 21T f c'f

2)a c: SIbL - ) 170, c I r

sin r4t ,(i + Iac-4- ac+b i Ufc
-ac

2 + lubc -- lb: i( 2tf ci p -(,I -C- +abe - 27 Fb- Ct cF

4. Peiornce of thec Subopijintum Receiver

From Equation 3.8 and Equation 5.5. we obtain

JSR-S\Rc 
0

IJSRSNRc

where

J SR +

-2A



and

w.Bu

3(a-c- + abc ) cos 47Tf'cI - ,abc 4- 2(a-c- 3abc 3b2 )( 2Tf cI )2
Ir r r

, 2 ac -+ abc 3Sb2 H 21T C c2
r

S0-a C2 sinl 4it ci C) ra1- tc- + 2,ahc + b2 ~In -4 if1 ci

4a -c '-*- c 3 . )( 2rtr c-I  21 a-c: + 3abc - Sb2 ) 2nF cIr

This expression demonstrates that the performance of the conventional
sUboptimum receiver depends on the SNR as well as JSR and on the actual vAlues ofthe patrameters a. b. c. fr' and T. The receiver designer has limited control of JSR.

(-learlv. as JSR - 7o. C - 1 for constant SNR. and Pe ---- 1 2 (see Equation 3.7). If'
the jammer is not present C = J and Pe.s = P c lowever. for constant JSR'SNR. the

receiver designer can attempt to mininze C by proper choice of the product 'r c. lor
fixed JSR. it is apparent that c 0 as f' .-4 Y- t for c constant .Thus C -o as rT

X' resulting in improved (suboptimum receiver performance, namely PC.S P.. In
practice. this means using as high a signaling frequenc as possible, or choosin, as long

an observation time T as possible.

Actual performance (in terms of probability of error) for the conventional
receiver is obtained from Equation 3.'. Obser, that t'r PRK.

[(I - P) _ \2-(l -I m 2) I

- - ._1 - "_ = S\ l, 1i I m -)_ -5.-I
_.'.

and from Equation 5.6

I + JSR'SNR'ec

-o that

c P rL, SNRfI -'m" 2 . 'S .



where

= I (I + JSR.SNR'C1).

A plot of Pes as a function of SNR and JSR is shown in Figure 5.3 with m set to zero

(resulting in PSK modulation). and parameters b set to zero and c set to one.

I I

- ia

Vo

.4.
U.o

LEGEND
o JSR= 0
o JSR = -30DB
a JSR = -20DB
+ JSR=-IODB-" - xJR = ODB

-0 0O 20 30 40 0 O

SNR IN DB

Fieure 5.3 Performance ofthe Suboptimum Receiver lor PSK Modulation
6 with Linear Wave lntcrterence.

b. Performance of the Optimum Receiver

The previous result for Pe, can be compared to the performance of the

optimum receiver. From Equation 4.5 and Equation 4.6, we have

29



-I1- -! :2 { - m2 c 1. - . *o--- fl

- fII) c Cos -47: dx

2 -"0 0 t + (av2+2abx-b 12 -

+ 4 cos 4ir7f' lx) dxl (5.9)
C

where the change of variables x = t T has been used in Equation 5.9. Ifwe let b = 0

and c = 1 as a special case. then q(t) = at T. 0 _< t -< T. Qa() = a2 3, and JSR =

(a2 3) E so that

E'(1 - p) A 2T(1 m )  1 + cos 4Tfrl\x

2 No 0 1 + 3JSR'SNR x2

Let v T3JSRSNR x = y. then dx = dv 7,SR'S\R, so that

/'3JSR-SNR
E(1 - p) A2T(1 - n__. 2 ) 1 1 + cos (47rffy ) ',JSRSNR

2 N0 3SRSNR v
2  dv

which can be expressed in the form

/ 3JS R'SN R
E'( - p'_ SNR(I - n2) ,Cos 47T Tv R

[ tan ,JSRSNR + r + ,SRSNRi

3JSR-SNR 
0+

where the remaining, integral in Equation 1. I) can onlv be evaluated numericallh or an

approximation can be obtained, if it is assumed that SJSR'SNR I. (lhe derivation

of such an approximation is presented in Appendix \). In the case of JSR = U. then

q( t) = Q. so that directly from Equation 4.0 we have

-'S



2N P.-- ~ t) dt SN~a -( 1V)=____

ThuIs We obtain

crib m2\R I-) 2 1JSR =

pC,o ( 5.121

eric SN.SNW I 1112)1 2 J JS R

where

1 -Cos (4l7ti ,, J5R8NR)1-[tan- -,isJSSRr
.JSR.SNR

7It 1JSR-S\R~~

A plot of' 11e 0 a finction1 of S\ R and is R is hown in F icure 5.4 with 111 set to

zero, and parameters b set to zero and c set to One.

Comparison Oi' FJLI n M.iad [1JIMOI naio 12 Is diflicult ait hestbeae

the parameter 13can only be approximated (,ee A\ppendix A) . We ohserve that with h

=0and c =I

I-JSRS\R- + 2( 21Tf[ )-

2(27TC rT)

If' JSR is very large (with SN R fixed) and C I Is allowed to bcome

unb1ounded (InI order to the suboptimum rcei\ er to ovecome \ome1 of- the 1,111nn iii

rese nt). then

1 1 4I-- JSR-SNR



while

It

JSR'SNR

is a close approximation. and clearlv > a.

::.

4

0

:::: ",LEGEND
.: oa JSR = 0

0'! JSR =-30DB
A JSR = -20DR-

0.0 JSR= 0DB

.' . JSR=-10B

°,•-10 0 10 20 30 40 50 so
SNR IN DB

Fi,.zure 5.-4 Performance ofthe Op~timum Receiver Cor PSK Modulltion
with Linear \Vave Interf'crence.

For example. when JSR'S\qR takes on a value of" 15dB. P u ::L 1i

demonstratin2 the f'act that P... < Pe.s (as expected). One must however note that a s

JSR InCrease wVithout bound. for lixed SN<R. both a and 0 tend to zero resulting i

both receivers displaying an increasingly worse performance, namely Pe~ Pe~
ea.1,

.:, |0

%'0m



2. Frequenc% Shift Ke~ lug

F rom Lquarion 5.2. we have

%..S t 4= 2A\ cos nt) 4- 1 )t Sil 7T( 1' f ) t 1

anid We evaluate

cT
Q( t Sd-(t )dt = I -lt) [2A\ cos 7T(t1' +- f )t sin iTU1  - fo))t jdt

6 .V~ATc-,,
-.- (a-c- 4-3abc + -b-~

3(a c +-ab) 2cos IT(U1 -001 C c 0s -,T U Ic Cos27rUOC 2cos Mu IaCL1

7T-C~a~c 2 - - labc4+ 3b- ((j 1-(1())- (2u a (au I - ~ -UO

RZ2C2 4+ 2abc + b2  2sinl MU( (I *C )c siI27Trf c Sinl 2 TtJc - >in M U III

- & l t c a c 4 - S a c- -I- -1 2 z i - ~ ( 4C [

* ~27c~a C- Sabc- +W IL ~2

'Sah 2 12

IT'Llrt C- 2f. i n."h U (

it. P-,oinmance of the Subopriumui Re, &el'T,

I rom I q~uaiion 1. 1 .iniILiatlonl >l %\C ohtLain

(5 1-4)
I-JSRS\R-c



S\R-

%00

No 2

and

£1I = I,

"(ac4-ab) -COS tU I -U1)C COS2lr2 1c + cos2i co C 2cos Mt(U (-)U)c

7t-c(a-c- -- 3abc + 3b+ (1 I (2-at) (-)2 )" (U11 ()-

3tc2 - 2abc+b2i 2sin mtal-U0) c sin2t(1IC + sin2lrt.C 2sin r(I 1 -U0)c

2rcac 2 -4- .labc + b -U( 2(11  2u.- (11 - (I0

2sin 7r(Ul-(1)c + sin2iTa Sn2I+I7tc 2qin 7tW I - 0 )c

7z3c( c- + 3abc-r b) ( 1-(1 42(11 + (2Q.t F' U 03a

3ab 2 1 1 2
-[ + ,4- 2 + B.7 C( a-C- + 3abe + 3b2) a -a 0) ,2a I 2(or, (aI_4 1  -

In order to maximize C. c must be minimized, with the previously
introduced restriction on a and 0 that thev be integers. For b = Q. and c 1.

+ 0
2cOS It(U1i-U0oc +cos._Itu/c +cos21oc 2cos 7t(U 1 "-U41 )c (.5)2 + I I -, 5 .5

a1[ 2 1 .Uo (2rosa (2 u 0  7I(t )-"

so that mininization of c can be accomplished by maxinuzing the term in brackets in

Iquation 5.15. It appears that optimum choices for these parameters are values that

result in a I a0 being small. Table 1 shows that when a, = S. (0 = 1. c = I and b=
U. then CI = ().S)1579349. the minimum value achievable. Thus the optimum value of

C at fixed JSR'SNR is

QSO16 JSR'SNR
C = (5. 1( ,)I -. S016 JSR'S\R

which can he ac.hic\ed with finite values of f and T. unlike the PRK ,cheme, wkhcre
r

infinite freqjuency-time products are required for optimum results.

3-4
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.\Ltc~ I per!o urnian c 10 ter m, of' proth;h IIv of error) for t Ihc com cnt I on,;

receiver is obtained f-roma Lquation 3.7. Obserw that f'or I SK

p)___- SNR 2 (."
0

and

I + JSR-SNRv 1 ',

so that

Pe's =erfZ~ SNR u4 (.S

where

(= I1(I1 JSR-SNRc 1 ').

A plot of'e. as a function of SN R and J SR is shown in LFigure 5. 5 with paramecters b

set to zero, and c set to one.

b. Peiforinance of tile Optium Receiver

Again. the above result for the perf'ormance of' the suboptimumn receiver

can be compared to the perf-ormance Of' the optimumn receiver uislig I-quation 4-5 andl

Equation 4.6. For the FSK modulation case being ons idered and Inear wkave

in te rf'rence.

Eli I - -' I [2A cos it(f1, + fHt 1in 7T(f1 fotI

2 () 4 (-- t -+ 2abt ~- b - dt2

f[2A cos rT(f' + , t sin mitlf 1  t Jdt
c F



V* A

* LEGEND
a JSR = 0
o JSR -3D
a JSR=-2D
+ JSR =-10DB-

x 18= 0DDB

1020 io 40 s0o6
SNR IN DB

* ~igure 5. Performance of the Suhoptimumn Receiver For FSK Mdlto
with Linear WAave Interference.

This expression can be put in compact Formn with b set to zero and c set to one as a

special CaSL. Some algzebraic manipulationsyil

E'(l-p SN R

IV3JSR.SNRI

[Cos 144 -(19)x .JSRSNR sin (4(t,1 )X 3JlSR )
j -1 dxV.

1~ V'1 9 )

.................................................



0111 cn nv 1% C% alualted nlulliciiv11% 1"r NCt itIIC
I rI 11 ter' aanda ndchane,,ineg values ul JSR-SNRP. WVhen u Miad itu

hic ile *plnul Choice For nmininmizing C Ild hIS 111111i1/1i2iingtol

*5.1N lic.omes

V . ISR-SNP
D) I - p 2SNR [Cos (27T\ f "jSRSNR) Sill (lT\ . iPSP

I f iS P.R then q t) QU theref'bre D, 1 -p' 2 =L( I -pNW. ThuLs

so tha-t

I rc ( C S N R -4 1JSR

eri'C ( . R -34 Y ISP z

where

[C os i2t% -'JSRS\R ,II (Tt ., .lsR.S\R.

3JSR-SNP.

A ) lot of' P as, a lunct iun of' SN P. and JSP. is Ilo\k n 1n 1 oure .~Hwth paramneter" I-

,et to /ero. and c cet to one. PRIUlts 0u' IIunIeriMa1 evaluaiion uf P) are presecnted in

I iblc 2 :,r In = mad c =1. and c.ompared xith the %Alnes at.
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-- 4

LEGEND
' 0o JSR= 0

o JSR = -30DB
a JSR = -20DB' 1+ JSR = -IODD3

-- "x 7SR = ODB

-10 0 1 20 30 40 5,0 6o

SND IN DB

Figure 5.6 Performance of the Ortimum Receiver For FSK Modulaton
with Linear Wave Interference.

3. Comparison

Performance comparison of the receivers for PRK and FSK with linear wave
interference, from Equation 5.6 and Equation 5.16 shows that the parameter C for

FSK does not .row as rapidly to I as a function of JSRSNR. as does C for PRK.

Thus, the frequency diversity of FSK provides a small janmrnc marzin over PRK.

We note that differences between the parameters ] and (c are much smailer for

FSK than differences betveen the corresponding factors j3 and (t in the PRK scheme.

Hence suboptimality is somewhat reduced in the FSK scheme.



TA131.I 2

COMPARISON OF VALUES O: u AND 3 FOR GIVEN VALLS O1F JSR.S\R

JSRSNR 2 10 50 100 201.00 ()

U 0.3841 0.1109 0.0243 0.0123 0.006) 2 o0 12

0.4214 0.1435 0.0387 0.0212 0.0114 (0.0026

a 1.097() 1.29-S 1.5898 1.7205 1.S390 2.()S67

B. SINUSOIDAL WAVE

We define

ac cos 2tf't + .Ca + b2  0 - t :5 cT{ _

q(t) = 0-c < 1

o cT < t < T
(5.23)

as another interference generating function which can be depicted as shown in Figure

5.7. Then From Equation 2.3 and Equation 5.23 we obtain

cT
Qa -yT--0 [ q(t) 12 dt

T 0
a~~~c 2 ~~ - -' c O wh)~c h I2) ic2"c

- [ +3abc+ )b- + a-c' sinc 4F cT - 2acn -

(3ab c) ic fc

for the average power of the nonstationarv interference. Observe that whenever 21 cT is~C
an integer. Qa(()) above is identical to the average power of the linear wave

interference.

40
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I Pliase Re~ersaI Keying

['or PR K. froni Eq ua tion -5. 1 we obtain ai ainl

N It)= 2A I l-nm2 cos21Tf't U t : 1.
d r

Prior to obtaining rceiver performance we evaluate the Integral

cT

2A>) Irn 2
-[a'c' 3abc 4-3b -- a-c-sinc 4f*c1 + 2ac,' 6( abc + b2) sinc 2f' cT1

().-5a2C2[ 2sinc -4(FcT ~- sinc -4( f. (Tc_ + sinc 4(1c 1'r)c'FI

a2c2 +- 3abc + 3b2 + a-c2 sinc 41- cT + 2acv' 6(abc + b2 ) sinc 2f' cT

ac., 6(abc + b [ ilic (f' -'If' cT + sinc I(1F + 2If' )cTIc r c r

ac: + 3a.bc ~-3b 2 + a~c2 sinc 4F cT + 2ac.,/6((abc + b2) sinc 21- cT

-,-3ab -~ 3b2 +3( abc 4- h2) sinc 4f'cT

a- c-2 3b b a-c- sIinc 4fcT -t- 2ac~, (Nabc + b2) sinc 21'cF

-xhere

sinl 7tX
sinc Wx ____

a. Performance of the Suboptitnum Receiver-

From Equation 3.S and Equation 5.21, wec obtai~n

-42



T 'b7:tb J J V

\Vh r-

-[ac+Sac b--~ c in f i -ac., owhdc + b2) sinic 2f c I

-. JSR.

E
SN R=

and

(J.5a 2c2 l 2stic 41'ci + sinc 4( -I' Id + sjnc 4( f + F Idl

+ab r Ic r / . c r

a''rac + lb- ~- a-c- sinc 4ci+ 2.ac c~a- '7I7 b2) sld 2F1 I'

+ ~2 ac<'6(abc+bh- sin c 21ff-f Idc + sinc 2(1',--f')cI 1

a~z+ labc + 3b2 
-+ ac2 sinc 41' cT + 2ac, % (a bc - h2 sinic 21' c F

3,(abc 4~- b:) sinc -W cf"

'ac
2 +- 3abc + 3b2 + a2c2 sinc 4f' cil + 2ac., 6(abc - 1) sinc 2f' c F

For the special case in which b = I and c 1, then c~ I For C z I' and
C r

c 1.5 For fI' 1~ thus we have

J S RS\ R (1I + JSR-SNR) If, F~ Cf

SJSRSNR (2 + S'JSRS\RI If ic fr

It is apparent that C is larg-est when fC fr for flxed J SRS\R. I his me1all\ (,, conid

be e\p)ctcd ) that the janmnier is most danuigin g to the eCLCi er Mhen it opera te, it the

SIgnI'al frC JLICIncv. and f'lirt hermore there is nothing- the suo otiImIInI rCL CI \er fcJl dl 1111

terms of' choosingz longer integration times l'or ins"tdLCe) in ordeIr to redu-e pmni

ellects. other than to swthto a new I ret.) tinc% of' a pra t ioi.



\ tual receiver performance i htrilncd from f. u ion ,- J)-cr.L C ,

for PRK

E 1 - P) A-T ( i S NR(1 m)__ _- -(1- '=SN(- 2  2-
N O  N o

and

1 -C = 1 (I - JSR'SNR' s)

so that

Pes =erftc t SNR(I - t2)U 2 5.2

where

a = 1(1 + JSR.SNR.cs).

A plot of Pe.s as a function of SNR and JSR is shown in Figure 5.8 with m set to zero.

fc = fr and the parameters b set to zero. and c set to one.

b. Pejormance of the Optimum Receiver

.\gain. we compare previotus result with the performance of the optimum

receiver using Equation 4.5 and Equation -4.6. We obtain

E(I - 1 4:\ 2(1-p 21 cos 2 27tft-J r dt
2 No T I + q2(t) 2 0

., .

I CT 4A2( I-rn2 ) cos2 2 rt7 t

0 0+ o+[ a2 os t)-abc+b2+ -abc b2)co 2f't

T
+ 4\ 2(1 - ni 2 cos2 2rtfrt ] dt

c r

-4

.d.l
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'o a JSR=
.1 JSR'= -30DB

x JSR =-0DB
o " J = -0OD o

SNR IN DB

Fiure 5.S Performance of'the Subort.-um Receiver for PSK .Modulation
v~with Sinusoidal Wave Inte:rference.

O asSR

If'we assume that b = 0 and c= I asa special case, then qkt) = r,,2a- 3cos 27ff .
Q ,10) = a2 3. and JSR =(a 2 3

o-O -17fR-1[D

T ~ SN IN c DB.,,f

2(au3 5. Pfa of tuea

wihSnsoidlWv neirne

Ef e asueta bp 0 andA-c l-m 1 as- speci cae hnqtt ~2-3cs2ft
_ - .,n JS a2  o ha

F2"pi 1 1 -,- 1r- cos- 4tt)t

A2 1--r T 1 a_ cos 4,"ft
- f€ dt (5,29)
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vwhere
Jp.

a2 3 JSR'SNR

'1 a- 3 + 1 -JSR'SNR

In order to ev, luate the integral in closed Fbrm. we use the ta1hul1Ited integral

[Ref. 3: pp. 107-1221,

12T cosq dx _ 1 4+ P2

21T 4-i cos x p2-l

The integral in Equation 5.29 can be put in the fbrm

+ Cos -f"fT 1 + cos qx dx

r dt= q
)I + ij cos-4Itf 1 + q cos x .4Itf Ic

In order to obtain a closed form expression for this integral, we assume

that q is an integer (The most interesting case is q = I. so the restriction is not too

unreasonable). With this assumption. the integrand is periodic of period 2n. and since

-4rf- T = 27-2f" T and 2f' T is assumed to be an inteeer, say )f T = n, then

F I cos 4tf .t I 27Tn 1 + cos qx
I t i dx

.p.1 4 o .- I tc 0 1 4- j COS X

T n T1 + cos q dx 1 I )q I I + l= j" ~~~dx=T[I-.pq1
21 T 2 T I T) Cos x

and finally

I! 1 p) I4- p 2
- SNR(I - m2)(l -I )11- (-p)q

2 I p2

SNR(I-ni) I ( 141 q

I + .T -jI

SNR(l - in2 ) v  I I

.40
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I 2.S RSR I I PKNR

WIf-SP thmen .ft~ 0,o th'it om I cj~ii .-~i' Al\c

A- I

Ihu we ohta in proha hilit of error f or thle optimum reLel \ r. nanme!

ec k SNR( I J r SR.=(

crl'c ~S R I -I Ji) SP. x

where 1 , defined lollowin Ek IM11 :ju o ."SI A\ plot 01' P~ as d1 ILine iOn1 0o' SNR P.xrld

J1SR Is \l1OWsl III I I'-Ure .9i with III set to lero. and the parameters b ,ct to iero. %\ oh c

sCt to onle.

if' we compadre thle parameters %, and a whlen I i.e.. ki I I. %\ here I-r 1:

= i nd c 1, we \\liIU that

S.~ + ' j 2ISR.SNR

2 - .IYSP.5NP I - 2JSR.SNR) +~ (1 -4- .1SR-SNR) I 2JSR-SNR

Observe that this inequality becomes stronucr Is J1SR iriit .' h

L0 nsta u1t SN P. I or ins tance at a IS k SN of' at d B. the twko sikies difer h% d rL0-O

06 1~~.1-4. and at a I1SRWS\ R of 25dB. tile f',tctor bcomeIs 1.44. ssCertheC1Cs . hOt h \,Idel 1)

- 111e II 1kah':t% tend to 1ero as iSR -4 . irkling both P..' and PC. r :~

that condxion0 . I lie optiloLM rCerser has, at definite ads antic o5cr olOa:i

reCeIser for l Ju SP. howesecr this aitk taee has, a limit as, v u. I .; I\ Is. --

In F-q"Imrn.
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LEGEND
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oJSR = 0
A JSR = -20DB

,0SR= 00D

l, o to2\;

SNR IN DB

Fizure 5.9 Performance of tie Optimum Receiver for PSK \ludulation
with Sinuscidal \\ae Interterence.

2. Frequency Shift Keying

The above result for the performa..ce of' the suboptimum receiver can ''e
compared to the performance of the optimum receiver using Equation 4.5 and

Equation 4.6. For the FSK. from Equation 5.2 we have

s ti = 2A cos 7T(f1  + f0 )t sin ITfO - f0Ot ) _ t - T

48
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~~~~~~~ Yvsi)lt=f + . cos 7zf( -- )t s In 7r(f It12d

= :V LC -Sabc~ 3b +a'c' sinc .4f~ cT + 2ac,'6aL 4 - sinic --f CIJ

'abc ',h2( ",inc f'c'' - sinc21' -1 n 6 F1C'C + S*inc .F

4 c abc -3 1~2~ +I~27: 2cI 0in 2K:)Il cI

sinc 24 2F cT' -4- sinc 24 2F ' )cl -sn 24 21*-1' c - sn -f f)
a -1 [ c s cl Cd c d

24 2: 2+ 3bc-t-3b2 -4-~r 2 snc 4:cT + 2ac,, 64abc + h- sflc 2fcT)

,;Inc 4( F-f'1 )cTf + sinc .41 f -4 f~ )cT + sinc 44ff cT -4-- qinc -4(f. '11 w

-4{ a2 2 + labc +~ 3b2 + a2C2 sinc 4fcT + 2ac,/ '7Zbc7-,Pb- sin:c 2f~c&F

r--, inc 2( t -F jcT + sinc 2( f + f s)cTr-sinic 2(F :f- c111iC 24 F f4 F, ) L

24a aC 2 - 3abc + Rb -+- a c -sinc4F c-T -4- 2ac, (4abc"Kifh-2 c 19

sInlc 2( f,- 2'F1  ci + sinic 2(1 F+ 2f F +sn 1 '-f,,cF -- n - 21 .

-4(a 9C: 3abc + 3b2 -4 95c sinc 4 ±
2 uc,, 6(alK-b -sInI: 21F, I-

where f; C= 41 -f'0 and f d f- 1(

a. Performnance of the Suboptimuni Receiver

From Equation ',.S we obtain

.SRSNR-c

I JSR.SNRcE
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where

[a-c
2 + 3abc -l b' 4-.c2 sinc .4f' T + 2 ac, 6(abc +b2) sinc 2f' cT

E

SNR E (NO 2)

and

(a2 c2 4- Sabc + 3b 2 )( 2sinc 2f] ciF - 2sinc 2f' cT sinc -41 c-1+ sine -If' CT

2"(a'c + 3abc 4- 3b2 + a2 c2 sinc 41- cT + 2aic,'6(abc+ -) sinc 217cF

- ,Sinc 2( 2f -f' )cT + sinc 2( 2f + f )cT - sinc 2f 41- )cT - sinc 2( 2f'F )~ Ic
4 -- -C S - C I c dd

2(a c2 + 3abc + 3b2 +a-c sinc 4fcir + 2ac..16(abc - b-) smlc 2Y cV)

Sinic -417 f-F )cT 4- sinc -4( f' + 1 )cT - sinc 4-(' )cT~.. + sinc -40 F-- C~ IcE
+ '- 2 CI IC 0T

-4(a c + 3abc 4- 3b2 + ac 2 sinc 41FcT + 2ac,/ 61, abc -' sinc 21' c F

4- 2a..7 ~ sic 2(F-f cV -- ic 2(f + 4f. )cT-sinc 2(f -F )cT-sinc 2( F-- F )cT

2(a c2 + 3abc +- 3b2 + a'c 2sinc4fc-l- + 2aic.., 6ahc -rb-isnc2f'.cil)
C

sinc 2'(F-2F, )cT 4- sinc 2(f F+4 2f'1 )cT +- inc 2(21 'F d- r inc 21fL FF~ l~ c

-4(ac- 4- 3abc 4- 3b2 + a2c2 sinc 4CcT +- Lac, O(abc - b-) slinc 2fcVLIF

Note that C in Equation 5.16 can be innii/ed by setting7 C, to its smal,1lest

possile value. Since with b = )and c = I c.' equals 1.5 Fo r F'= F~ 2.0n.5 fort'.

f2. aind (1.-5for f = F1 orf. =fl it is apparent thait the Jamnier is least da nwu cm
CC

thle two operatinu rhequlencies. I rom FlLrMato Oi .We oIbtain1 actual receiver

perFormanLe. Observe that for fS K



so thatI

Pe.s = er'c' i~ N u 53

w.here a I (1 JSRSNRc A plot of P as a function of SNR, and JSR ise.s
shown In F12urc 5.10 with a1, (Ia0  and the parameters b set to zero, and c set to one.

0EEN

o SR=.

o S 3D

0 S 2D

+ SR=.1D

x SR= D

a1 0a1to340w0

SNDLEGEND
0 :-Le5 efrac fh uor.tm n eevrfrF KM dlto

%v.th ~ ~ ~ SinsRda 0aeItrfrne

a SR=-3D



b. Pe)-ivinaunce of the Optimumn Receive'r

I1he result Of' 1ILution 5,') Canl Once a~din be compaired to ilic

perf'ormance of' the Corresponding optimum receiver using Equation -4.5 and E11il

4.6.Wec thus ohtain

EU( I p4 I C1 2A Cos rnT( , 1 it sIIIn f, CH t 12

2NO 3 I CO CFt4- a -h

4- I 2A cos nt C, + f 0t sIn Tu I t 1dt
cT

If' set c to one and b to zero as a special ca, then

E'(I -p) ~ I 2A\co Tr( (1 (10t 'in~tf )t 1
2N-.0 0) a a-_olft N0

3 2

[ I2f 4tT 1-- cos fI' x 2f, ISin (f, x f-, d
__ __ _ C C:

-4 ITf1,Ca3) 0I + 11 COs \

where as before rj = JSR-SNRP ( I + JSR-SNR,). and 2f'. T is assumned to be anl integer,
,a 21 lT = n. The inte2ral of' Equation 5.40) Must be evaluated numerIicIIally Or it Canl be

approx imated under certain circumnstances. (I le derivatio of 100'suIch an approx imat ion is

presented in Appendix B ). If'JSR =,qt= ). then

F"( I -p _SNR (.1

* so that the actual receiver perf'ormiance IS Obtained From

e r ( ~S NR 4 )JSR

PC 05.4=

crC RJo

erlL(.~SNJ34 J~z 7



- - -.. . - ,

p where

-47 T [ T -cos f v 2f ] sin '

r I. Til-JSR'SNRi 0 - :os

2(1 - JSR'SNR) + 2, 1 - 2JSR'SNR

2 5JSR'SNR + 2(JSRS\R), -*- 2 - 3JSR'SNR),'1 - 2JSR'SNR

A plot of Peo as a function of SNR and JSR is shown in Figure 5. 11 with parameters

b set to zero, and c set to one.

:Z".

Od.

LEGEND
c3o,- JSR = 0- JSR = -30DB

& JSR = -20DB
+ JSR = -10DB
x JSR' = D '

-io 0 t0 t0 30 40 SO s0

SNR IN DB

Figure 5.11 Performance of the Ottimum Receiver for FSK M[odulation
with Sinusoidal \V\ave Interterence.
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It Is riot diflcult to show that for I = 1 2 and c I iS dl, , c '

by P3. However, for increasing JSR'SNR. the ratio 3 u -. 1.5.

3. Comparison

Again. it becomes apparent that interference effects for FSK are not as Severe

as for PRK as the diflicrences in perfbrmance between the optimum and suhoptImm

receiver for the former modulation scheme are not as large as those the latter

modulation scheme.

C. PULSED WAVE

We defline

+2abc+ trp + b2 (- : tt- 4c3 - - bt < c T+ -T

q(t) = b (J+ ')T p- t <  (J+ l)Tp

0 c1 < t < 1

(5.43)

as vet another form of an interference generating function where 1 = 0.1 ...... p-I. pT

= cT. and(0 < c < I.

In this example. q(t) is being pulsed many times between two levels in the

interval : < t < cf as shown in Figure 5. 12. From Equation 2.

cT 1 -I 2a ) + I
Q10 = - 1(lt) u (._ + 2abc +b 2 ) T Pdt

p

I (p -I -.. 1 l

*1* p

.1 .. , ' . t.C .K]: .':, i n r, i te l r n e

, . -'.-. ..-. ....-.-- -v -..- , - - - ' ' - - , ' , , , - , - ' - - .- - .'T
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Figure 5.12 Several Variations of'Puksed Wave Interferenceas a Function of'normahzed Tile.
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1. Phase Reversal Keying

The tbllowin2 inte2ral must first be evaluated in order to obtain Pes* namely

cT
j Qt s 2(t) dt = q2(t) [ 4A 2(1 - m2 cos 2 2Itfrt I dt

cr

2A21( 1-ni2 ) - (a2c2 + 3abc+ 3b-),

I + [sin 4rtfcT + 2sin- 2rtfcr tan- (iTfrcT p)l] (5.44)
4rtf'cT rr

r

(See Appendix C for the pertinent derivations).

a. Peiformance of the Supoptimum Receiver

The pulsed wave interference of Equation 5.43 is now used to deternine the

rcceivcr probability of error for PRK focusing first on the performance of the receiver

of Figure 1.1. From Equation 3.S and Equation 5.44. we obtain

JSR'SNR'cC = P (.5
1 "JSR'S\R-r,

p

where

JSR = [-(ac 2 +3abc -+'b-) E

E
SNR- NO 2

and

p ! sin 4-tf-c + 2sin -2Itf rcT tan (I'rcF p)]*4rt[cel rrr

5 b



F fi - . - , -: - T t- 7. Te.7 - "

Actual receiver perftorniance (in ternms of' probabilit% of' error) f'or the comnl nton il

receiver is obtained firom Equation 3.7. Observe that for 1PRK.

E(lI - p) _A
2 T (- rn) SNR(I -nr') t(5.46)

NO No

and

I + JSR-SNR-c
p

so that

=e~ erfc .SNR(lI - ni )a 2 1 (.

where

a = 1 (1 + JSRSNRy.

Aplot of' P.. as a ftonction of' SNR and JSR is shown in Figure 5. 13 with i set to

zecro, anid the parameters b set to zero, anid c set to one.

b. Peiformnance of the Optimum Receiv'er

The prev-ious result for Pe.s can be compared to the performance of' the

corresponding optimum receiver. From Equation 41.5 anid Equation 4.6. we obtain

E '( I - P ) .4A 2  - m i cT Cos2  rnf Ci S 1 S2 2 TF t
2f 2 d0 x cos ittdt1

-q (t -. 11 ~

When b is set to zero and c set to one as a special case, then q~ t) = 2a2 3. so that
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E I - p' :\, 1 --n

22, _ _, -,

= S\ I I JSRS\R
I - 2JSRS\R

LEGEND
a JSR-= 0
o JSR = -30DB
a JSR = -20DB
+ JSR =-IODUB

xJSR= D

1 0 2o 30 40 50 60
SND IN DB

Flaure 5.13 Performance of the Suboptimrnm Receiver at'PSK Modulation
wvith the Pulsed Vv ave Inrterference.

In the case ofJSR =0, q(t) = 0, so that directly from Equation 4.6 we have

ESR I --p)0DB p

t") dt =SNR (I - mn) (5.4S

2 2N aT NO

?o __.'i JR 0D



so that

P erfc [ SNR(I - n2 ) 2 1 JSR

Pe.o=1 (5.4-9

eri'c [ 'SNR(1 - m2) 2 ] JSR Z 0

where

1 + JSR'SNR

1 - 2 JSR'SNR

A plot of Pe., as a function of SNR and JSR is shown in Figure 5.14 with ni set to

zero. and parameters b set to zero, with c set to one.

From previous results we observe that Pe,o Pe.s as

I I + JSR-SNR(1 "=- --1

1 4- JSR'SNR 1 4- 2JSR'SNR

where c = I has been used in the above expression for a. Note that the above
inequality becomes stronger as JSR-SNR increases.

2. Frequency Shift Keying

In order to obtain Pes for FSK modulation, the followin2 integral must

evaluated. namely

p p
3'Q( Sd't)dt = 2 ( 4- abc +2b)bz [4: cos: tf -4- 1'l)t in 2 lUC f,-,)tj dt

F =() 
p

"2  . p-I (L f lp 2,ff It 2rrf Ft
-. (ac+abc+,b-) _ 3" ( 14p- cos --cos'=u p -p T T

I -4If I t I -0i-Tf I t
-- Co - cOS ) dt.2 I 2 1

.,;.Q
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Figure 5.14 Performance of the Optimum Receiver for PSK Modulation
with Pulsed \\ ave Interference.

All integrals of cosine terms in the previous expression are of the form

C - WT -rkt sin 7rkt T (J- ):Tp
:j" cos - dt = []

(T T k T CT
p p

sin Tkc - p - sin 7rkcf p

ik T

where k = 2IT. Theref'ore The sum

60
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~7Tkc 7TkC
S sin - tan - + 2sin itkc

See Appendix D For the pertinent derivations). Jiherceore

It) Ci F, )cl

SiV -y ll in2 f I - focT tan -4- 2Sin 27T(f - f' 0 )L

ITt, ci
(Sinl- 27tf1 cT tan + ')sin 47rf cT

I irtf cT
27t7z t' ( sin 2F 0 tan + 2sin 41Tf'cT 1, . 551

a. Peifrrnance of the Suboptirnui Receiver

From Equationl '.S and EqLUtin 5.51. we obtain

JSRSNRcp'

I JSR-SNkCr

where

C
JSR =c 1-a- abc lh'b) I

S.N
4.N 61



. .. • -. , .- ' . -" . ,.- .. . -. . - -.. - . . • . ". - . ", ,- . '. "o . . "

tand

= I + sin 2 7(ft + f0)cT tan 2sin 2T( 1 + l')cT
7tt1  ( fic)cT

M I, ' i" ttcl [sin2  lr(f1  - fo)cT tan Sin 21T(f I  -- tc(
"-'f 1  0  fn (-T

-1 ( sin 2 27tf cT tan irf1cT + 2sin 4 cT 1

2 iFcT p

.%_ 1 T~ f,, c T

-2 ff c- ( sin 2  2reiT1cT tan + 2sin 4 f 0 cT .
0o p

(5.53)

Actual receiver performance (in terms of probability or error) is obtained from

Equation 3.7. Observe for FSK modulation

E(1 - p) SNR 554

and

I + JSR'SNR'i "p

so that

PeC.5= erfc( ,S R 4.

where

ct = ! (I - JSR 'SN R - p ).

62
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A plot of' P as a Iunction t' SN R and JSP, is Qhown in Figure 5.15 with par-amnetcrs

b set to zero, and c ;et to one.

'O.

LEGEND
a JSR = 0
o JSR =-30DB

-I

&O JSR Bo* JSR = 01D

x JSR = -DB

-10 0 10 2O 30 40 5O 60
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Figure 5.15 Performance of'the Suboptimum Receiver for FSK Modulation
with Pulsed \ave Interference.

b. Petjfmance of the Optimum Receiver

The above result for the probability of error of the suboptimum receiver

can be conpared to the performance of the optimum receiver using Equation 4.5 and

Equation -4.6. For the FSK modulation, the optimum receiver performance is obtained

by tirst evaiuating

E - cT t T2 E'( I -p ) s -(t )
Ldt - sd (t ) at

2N 0 q2(t) - cT

63

.4 
'

i.1. ,



If we let b aind c = I as a "recial case. then Q t()) = a . Ihus we Cu Cimpi

the above equation to obtain

aI0
E'(I - p.) A-T 3 2 SNR I + JSR.SNR

2 2a 2 1 + 2JSR'SNR
3 2

(5.56)
4".

,When JSR 0. q(t) = 0. thus

E'(I -p') S\ R
- (5.57

so that the actual performance being obtained From

erfc( v' SNR 4 ) JSR =

Peo (5.5S

erfc( SNRJ3 4 JSR* 0

where

1 + JSR'SNR

I - 2JSR'SNR

A plot of Pe.o as a function of SNR and JSR is shown in Figure 5.16 with parameters

b set to zero, and c set to one.

3. Comparison

We observe here identical results on suboptimality for FSK as for PRK. Ihat

is. since u and 0 are similar in form for both modulation schemes, we find here that

FSK modulation is no less susceptible to januning than PSK modulation when using a

suboptinum receiver to process the signal, the noise, and the jamming.

64
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FRcure 5.16 Performance of the Optimum Receiver Cor FSK Modulation
wvith Pulsed Wave Interterence.
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VI. CONCLUSIONS

In this thesis general results have been obtained for the performance of optimumr

and suboptimum (conditional) digital communication receivers operating in the

presence of (stationary) AWGN and nonstationarv AWG N generated via a specilic
model. The 2eneral results show that the suboptimmni receivers have performanc , i.e..

probability of error. Pe~ ) that is always inferior to that of their optimum counterparts

e xpresed also as probability of error Pe.o

The many examples worked out in Chapter V for PRK and FSK modulation for

different nonstationarv AWGN interference clearly demonstrate the level of the

suboptimalitv of conditional receivers. Perhaps more importantly, the examples

demonstrate the high degree of vulnerability of conventional receivers to janning .

having characteristics sinilar to the nonstationarv AWGN interference a model used.

The P.. plots demonstrate that without powerful jamming, that is for relatively low

JSR values, the receivers can be rendered almost completely ineffective as their error

probabilities are significantly higher than the 10' BEP military standard.

The optimum receivers proposed however perform significantly better when

compared to the suboptimum receivers and in flact in all cases, with sufficient SNR. are

able to overcome the effect of jamning. It is important to note however that these

receivers, in order to be optimum most have knowledge about the nonstationarv,

(jain1iTng) interference that would normally not be available. Consequently the actual

performance of these receivers may in practice be work worse than predicted and

perhaps worse than the suboptimum receivers.

I
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APPENDIX A

DERIVATION OF THE APPROXIMIATION TO EQ. 5.10

fweFrom FEquation 5.10) we must evaluate \ I

tan~ 3JSR-S\

SisRSNR

1'eassume that.. 3 iil-S7i > -> i. thenl

% r
El-p) SNR(l I+%~7

2f tan .1SRSN R + e *

as thieabov-e integrail canbe evaluated in closed form wh len iJSR SN\R

If we fuhrther assumeII thiat.IS RSNR is so large that the exponential is inearly

uity, and tall- v 3JSR-SNR ;Z 7t 2. then

ElI - P') SNR(l - nri PT

2
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APPENDIX B

DERIVATION OF THE APPROXIMATION TO EQ. 5.40

Recall from the dikcussion that for the suboptimum receiver for FSK modulated
signal. placing f at FC 2 in the sinusoidal wave interference Frequency is most damaging

to the performance of the receiver. For this reason. '. is set to 1 2 and [quation 5.,4.) is

approximated under this constraint. We obtain

2inn

E I - p') A-fr 1 (l+cos x) sin (f.x 2F0 d\

2 n(a 3 ) 27T I + 11 cos x

where 11 was defined before.

Observe that typically f 2' < < 1. (For C M a =

- 1.67 X 1 ). Since (I + cos x)(l + i cos x )is periodic in 27T, and sin 2 F1 2t, is

essentially constant For 0 - x -< 2t. we obtain

- p) \2-F11 2n + co; x . d
V 12 .- 1I 1 cos dx sIn( 2t 2F k2n(a- 3 ) k-t l)

P )s .

_ ,2I + p2  .2 . itd~k

n(a 3 ) [ - 1 - p s 2

and p is given by Equation 5.30. The finite sum can be evaluated in closed form and we

finally obtain

f4 1 - p) (A2T 2)q I + p2  [ cos 1n+ I )(nl' F) ,in (n f-t,)
a2 2 )1

2 (a 3) 1 - pn sin Ill K

1 2 4 2  /. 1- cos (n+ l)(7tIi F 11' d

2 +- r - q2 + (2 q-1,'I -11
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For ni large the termi

cos (n -- I )(i r in F (n)fI )

thuIs We obtain the approximation

2(1 + JSR-SNR) + 2 1~I 2JSR-SNR

2 + 5JSR-SNR + 2(JSR*SNRi + (2 + 3JSRSNR<'I ± 21SR-SNR



APPENDIX C

DERIVATION OF EQUATION 5.44

For PRK modulation with pulsed wave interference, from Equation 5.44 we

evaluate

cT
," Qt) Sd tt) dt = ( q2 ( t) [ 4A,2(1 _ m 2 ) cOs 2 2tft ] dt

QIt 0t q2TtId

2a c p - I (C + I •)T

2.\2(1 - +2)( a 2abc+ 2b2 )  {+ l+ cos 47frt) dt

p
,p -1" a-c- c -1  sin 4'iTrt (J+ '2 )T

= 43 -  +abcb t + rf p
S=0 4r p

'I I c p I
- .- I - in)(---+abc+ b2 ) j + [sin 4rtf((+ 1.)T - sin 4?Tfr(Tp 2itf}.

m)p r p p r

lhus, for the sum term we have

.. p-I

sin 47Tfr(C + I )T - sin 41tf(F

r p-I p-I

= sin 2rfrT p V cos 47crT - (I - cos 2fT)f T sin 4ntfrT("=---0 (=---)

= sin 2rfTp cos 21rt(p-l)T sin 27frpT sin 2itrf"
rp r p rp r p

- 2sin" rfT sin 2iTf(p-I)T sin 2iTfpI' sin 2rifTrp r p p r p

| since

k
' - cos 2rTlfx = cos k2itfx sin 2itftk-I )x sin 2r I\

) 70
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k
~'sin 2,tttx sin k27rt'I sin 27tf'(k-1I)x sin 27rf.x.

Thus the suni termi

p-
Ssin 4tf'([+ '',T- sin 4itfT

Cos (p- I)27ztT sin 21Tf"T -tan nfrT sin (p-1I)2rf T sin 21rfpTrp r p tp r p r p

= o2trf'pT cos 27itfT + sin 2tf'pT sin 27tfT )sin 2ntfp-l

-tan 7zlfT sin 27rf p1 (sin 27rfpT cos 2rlTf I-cos 2rf pT sin 2nf Tr p r p rp r p r p r p

=(sin -infpT cos 27fT ) 2+ sin 2 2itf'pT sin 2itTTr p r p r p rp

sin12 n~f p-l cos 2rf'T tan nf'T + (sin 4nf'pT sin 27TIT tan itfT )2r p r p r p r p r p r p

(si -4TIL os2fTP) 2 + sin 2 27nf ci sin 27zfcT p

in 7r'- Co '~T p tan ir1.cT p + (sin 47zf'cT sin 2irf*cT a r''-p

where p1- = cT. Since sin 21Tf'c'l p tan 7Tf ci[ p =2sin iMfcT p,

p

S sin 47tf((+ I 'Z)T - sin 47zf( T
-r p r p

sin47~rl'(Lo 2~fr- p + 2sin 2 "'i~rcT p)2

S11 sin 2f ci (sin 2nl cil p - Cos 2nf 'ci p tan nrf ci P).
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Observe that the terms in the first parenthesis is unity and in the second parenthci, is

tan 2tfrcT p. thus

p-I
!' [ sin 4iff(E + W-)T - sin 4f't IT

r p r pI=0

= sin 2 2nTfT tan irf'cT p + (sin 4!f'cr) 2.

The remaining sum term is

p-I
-- (T + I,l27f)= cT(l + I 2nFrCT).

f= P 
r

Thus from above results we finally obtain

q2(t)sd-(t)dt = 2A 2 T(1.m 2 ) -_ (ac 2 +3abc+ 3b2 r
T

S+ (sin 4nfrcT + 2sin 2 21rfcT tan 7TfcT p ) ]
4nfrcT r r

~ ~ ... - . . . . . . S .. . S.2



APPENDIX D

DERIVATION OF EQUATION 5.50

The sum term in Equation 5.50, namely

p-I

'" [sin 7rkc((+ ') p - sin iTkcf p

xields

p-1

= [ sin 7TkcC p cos 7kc 2p + cos lTkc( p sin 7Tkc 2p - sin rckcf p]
S= 0

p - p -
= sin rkc 2p N, cos ikcf p - (I - cos ikc 2p) 7 sin 7TkcC p

(= (J C = o

= [ sin ikc 2p cos (p-l)ikc 2p sin ikcp 2p I sin 7kc 2p

- [ 2sin 2 tkc 4 p sin (p-I)irkc 2p sin rckcp 2p I sin iTkc 2p

cos (p-IiTnkc 2p sin ikc 2-tan nkc 4p sin (p-1) 7kc 2p sin tkc 2

= sin kc 2 [cos (p-I)nkc 2p - tan kc,4p sin (p-I)itkc 2p I

sin ikc 2 [ sin i~kc 2 (sin 7Tkc 2p - tan ikc 4 p cos itkc 2p)

+ cos ikc 2 (cos 7Tkc 2p + tan kc 4p sin r~kc 2p) I

sin irkc 2 (sin itkc 2 tan irkc 4p + cos 7rkc 2)

= in 2 7rkc 2 tan 7Tkc 4p + 2sin nkc.
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