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ATSTRACT

The problem of evaluating the performance of digital communication receivers
operating in the presence of additive white Gaussian noise (AWGN) and nonstationary
AWGN is addressed. A specific model for the nonstationary AWGN is proposed and
the corresponding performance of conditional digital communication receivers is
derived. Additionally, receivers that are optimum (in munimum probability of error
sense) for detecting binary signals in the presence of noise and the nonstationary
interference modeled is derived and its performance evaluated. Several examples
involving Phase Reversal Keved modulation and Frequency Shift keved modulation for
various forms of the nonstationary interference are worked out.
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I. INTRODUCTION

The theory of signal detection in additive white Gaussian noise (WGN) is well
established. Optimum structures and their performance can be found in many
extbooks [Ref. I: Chap. 4]. Solution of the so-called Binary Hyvpothesis Testing
problem allows one to obtain an optunum structure (receiver) that is capable of
deciding with minimum probability of error, which of two possible signals, sy or
Syt U, was transmitted over an additive white Gaussian noise (tAWGN) channel. Such a

receiver 1s shown m Figure 1.1

decision

s4(1) buas ¥

sty + WGN w.p. P,

ry = y= —1hhi

50 £ WGN W.p. Py

i blas =

o] -

{»[ Sp2(0) - 5 3 | de s = 5,0 - 5,(0) *

Figure 1.1 Structure of the Optimum Receiver.

and its performance (i.e., probability of error. P, is given by [Rel. 20 Chap. o],

P ~ E(l-pm : - Bl -py

p o= L0 gy IR Py P SRE
) : >N Ll - : 2N, Bl -
v=Sg L p V=g L P
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where

P, = Probability that s.(t) was transnutted. 1 = 0.1
Ny 2 = Power spectrul density (PSD) level of the additive WGN

Lo, .
E = — \[ o7 s t(0 ] dt (1.2)
T = Length of the observation interval over which signals are received

[ .
p = TjT.\“(t)xl(t)dt (1.3)

. No o -

Y = Threshold = — {n &, (1.

-

The erfe(x) and erf{x) functions are defined by

o =
N el »
erfexy = e 2 df
Fi]
x vl
X 1 L
erfixy = | e C U
J‘ —
LN -

and ).” depends on py and p; primanily, but muy also depend on costs associated with
cach decivion (whether correct or incorrecty. If these costs are included but are all
assumed to be equal. and py = p.then 2 = 1.

The design ol the recerver shown in Jigure 11 does not take mwo account the
possibility that in the transmussion channel, in addinon to the AWGN, another source
of interference (perhaps mtentionul, such as @ jummery mav be present, with
characteristios fur dilferent from the assumed AWGN terference.

In thas thesiss we analvze the performance of the receiver of Figure 11 when i

addiion to the AWGN, an additive nonstationars Gaussian noise s present an the

10
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. channel. In Chapter 1. this nonstationary Gaussian noise conponent s deseried, and
DN its possible generation by an intentional mterferer 18 unalyzed. In Chaprer 1 the
L

a performance of the receiver of tigure L1 1s analyzed taking into account the presence
- of the nonstationary interference. It is demonstrated that the resulung performance s
‘." . . . . . . .

in all cases worse (i.e.. higher P,) than that predicted by Lquanon [.1. (1hiv is to be
_\': . . . . . .

Yo expected, sinee the model that gave rise to Lquation 1.1 18 not optimum for anv
<
¢ . N - - . . . .

o) interference other than the AWGN). Chapter [V presents « modification to the receiver
of Tigure 1.1 that results in a structure that is opumum lor the detection of hinary
T signals in AWGN and additive nonstationary interference of the tvpe modeied i
S Chapter 11. The performance of this moditied structure is evaluated and compared with

the results of Chapter HI. In Chapter V several exumples are presented for two
’

important tvpes of signaling schemes, namely Phase Reversal Keving (PRK) uand
N F'requency Shift Keving (FSK) under various assumptions about the characteristics of
. the mterference.  The derived mathematical results are used to evaluate receiver
g
TN - . - - . . . . N . .
o performance in terms of probability of error, P, as a function of signal to noise ratio,
and interference to signal ratio. The results are then interpreted and conclusions ure
drawn,
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II. NONSTATIONARY INTERFERENCE MODEL

As pointed out in Chapter L. the intentional interlerence ni 1s modeled as a

nonstationary Gaussian process having autocorrelation [unction R ttt). A possible
- . . . . - } - .

method for generating such a process is depicted in Figure 2.1, where a Gaussian

process n (0 is multiplied by the deterministic function g¢t) to produce the process

n].(t).

| C
| \
i i
‘ ny(t) ——->®—-> n(t) j
| 1 i
| :
| qit)
i i
1 S

Figure 2.1 Structure for the Generation ot‘ni(t).

That is

njm = q(t)ng(t)
so0 that

R, (t.ty = E{ nj(t)ni(t)} = q(t)q(t)Rn {t.7)

-

a
o

where

n

<

= f
R g(t.t) E{ ng(t)ng(r) ]

Note that ni(t) 1s a Gaussian process since n, () 15 assumed to be Gaussan. [f

n,(t) is white with unit power spectral density level then R (t.t) = 611-1) <o that
& Rl

an (LT = QUUYTIO-T) = q=(Ud(t-T) = Qrtid(t-T) 2

BT T S
PN, W S

Y
o
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where
Qu 4 ¢ 2 0.

[t n,(t) 1s a nonwhite process. then

E:nj{t)njlt*-t)‘, = R, (Lt+ 1) = qltigit+ DR, (1) (2.2)
J

1q

Implicit in these expressions is the ascumed wide sense stationarity of n ().
Observe trom Equation 2.1 and Lquation 2.2, that n(t) 1s a white (colored)

nonstationary Gaussian process when n (1) is a white (colored) Gaussian process.

e

Since

T
e > = 4 = [Hn l ) -
an (LU+1)3 ./?nj (0= T j_ gl t)Rng (T) dt
-T
= QR (1)
where
( Lt
- m o+ -
Q1) Fe T3 fyrogit + Tde, (2.3
-T
the average power of nj(t) is given by
P, = ,/,’n_ 0y = Q&W)Rn (0). (2.4

] J : g

=
(=

This expression has physical meaning only when R (0) 1s finite (ie. N 0 I non-
whiter. Note that when n, LSS w hite (with unit PSD lgtd) Q. (1) becomes thn. average
PSD level of nj(t).

F'or most the work in this thesis, it will be assumed that the interference N IR
white nonstattonary Gaussian process. with autocorrelation given by Equation 2.1
Several forms of it) used in the examples worked out in Chapter V oare shown

Ligure 2.2

e e e -, A P P R KRR,
T T " PRI e T A A O - )
Lo "{.'-‘-'(;f;ﬁ-._ s ._’._’q’ /e fs. PRV Y -..' B R T i T TP L N I WL




1.2

b .
Linear ©
(-]
form ¢ .
~
T r
0 3
Time
o
Sinusoidal 2 \ ’
form ¢
] .
D 0 1 2
' Time.
[ '
| o |
b il
| Pulsed e
| ) ) ° c
|‘ form ;
i ;
| o
i T
l ° 1 2
| Time
!
Figure 2.2 Several Examples of q(t) as a Function of Normalized Time.
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III. RECEIVER PERFORMANCE ANALYSIS
We now evaluate the performance of the receiver depicted in Figure 1.1 when

s (1) + n b + nj(t) w.p. p,
r(t) = te T, (3.1
o+ n () + n{H - wp.p,

where n (1) represents the AWGN with PSD level N\ and Nt the wite

R
n =
nonstationary Gaussian noise with autocorrelation tuncton given by Lguaton 2.1
Observe from Equation 3.1 that rity 1s a Gaussian random process, and 1is processing
by the receiver of Figure 1.1 will result in G bemng a Goussian random variable

Observe from Figure 1.1 that the receiver performs the test

1 .
G = |r(vs, t)dt+—j[<0u o]y

T T

and if G > v the presence of s,(t) is declared. whereas if G <y, the presence of sty
is declared. Whether s,(t) or s (t) was transmitted. G is a Gaussian random sanable

having conditional micans

my, &G sty was transmitted} = - _[ ( sl(t) - 85(0) ]3 dt (3.2)
Ao 26 e 2 .
m, = E.G sy(0) was transmutted) = - — j [si{t)-sy0]7dt = -m 3.3y

and conditional vanances

. . - hl
variGosoty was transnutted) = E [j [n 0 + nio | sgtudej=

-

= . i de = i =01 (34
= =%+ Qulsgndt =65 =01 34




where we have assumed that n(t and njtt) are uncorrelated zero meun random

process. Let

f. (g) = probability density function of G conditioned on s(t) being
1
transmitted, i=10,1

so that

- s . o .
Pe.s P{decide s (1) transmitted, so(t) was transmitted} p,

+ Pidecide sy(t) transmitted s,{t) was transmitted] p,

b'a) Y
= r Jfg (e)dg + v f fG, (g dg
«{ -0

(the subscript s denotes that receiver is suboptimum for the noise model used), and

from Equations (3.2) - (3.4)

Py Pr
Pes = el (1-my) V2 6] + 5—efl(y-mpJ2 oG] (33

-

Comparison of Equation 1.1 with Equation 3.5 is best achieved if we assume equal
decision costs and equal prior probabilities Pp and p;. so that y = O (Under thesc

assumptions )\0 = | which results in ¥ becoming 0). Thus from Equations (1.1) - (1.4)

P, = erfc[ VE(I-p)2N,] (3.0)

(note that E(1 - p ) 2 0) and from Equation 3.3

—

P.. = erfc(ml\/ 206G)

€.S

16
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< From Equation 3.2 and Lquation 3.4 we obtain
L4
W
v m, > ! , , N, , ,
| 2 1r 1= . 2 2
. O_G:-[Z—jsd(t)dt] [ > [sgiode + [ Quus,“u dt |
L T T T
2 Q(t)s,*(t) dt
1) = E(l ) p)[ 1 jT ‘ ]
Ng NE(L-p) + § Q(I)Sd:(t) dt
. T
S and therefore
. . f - N -
N Pog = erfc[ VE(1-p)1-C)2Ny] (3.7)
.
2
> .
s where
; C= [ QusWdt [ NE(-p)+ [ Qus(t)du] (3.8)
: T T
e Observe that C € [0.1] and therefore is the factor that causes an increase in probability
- of error due to the presence of ni(t). If n,(t) were not present. then Q) = 0= C =
. 0 and Equation 3.7 would become identical to Equation 3.¢. Thus we can study the
:: performance degradation of the receiver by either evaluating P, - or by cvaluating C.
~ as its size will dictate the increase in P, . Note that if Q(t) = %, then C = [ and Po s
5 = 12 as expected. It is worthwhile noting that if the nonstationary interterence
5
! become (whit:) stationary so as to simply have the effect of raising the AWGN level,
" then, with ¢(t) = K (a constant), from Equation 3.8
v N
. . L0
; K* f s,%(0) dt K- L’
C= T = — (3.9)
N ~ N
D s mdt + K2 [ s 0 de I+ K* —L
. “ T T - [
, 1
S 17 1
[
'.




Since the interterence source will tvpically be an intentional jammer (in this case the

. . . . . N e . .
jammer lacks sophistication). we can think of the K= (N 2) ratio as

K? K°E E K- , o | |
. = - = (z N — ) = (signal to noise ratio)(jammer to signal ratio)
Ng 2 ENg 2 Ng 2 L
and thus
. Eil -p |
P, = erlc| . ] (3.10)

v 2Ny 1+ JSR-SNR
and
C = JSR'SNR (I + JSR:SNR)
where

SNR = E(N\, 2)

JSR =K

We see that a large JSR value is required for the svstem to become useless as a
receiver (namely P o = | 2). It therefore appears that a jammer can use its available
power more efficiently bv not spreading its power over large bandwidths.
Consequently, jammer waveformis other than broadband noise power will be
vestigated in Chapter V. Note furthermore that an increasing value of N in order to
prevent JSR°SNR from getting too large is self defeating because as revealed by
Equation 3.10, with JSR constant, P, (= 1 2 as Ny = X,

The derived equation for PQ.S will be used in the sequel to analvze specific
modulation schemes and choices of nonstationary waveform g(t). It will be
demonstrated that by proper choice of g(t), the receiver of Ligure 1.1 can be rendered

mnetfective without the use of a great deal of jammer power.
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IV. RECEIVER PERFORMANCE ANALYSIS WITH INTERFERENCE
STATIONARIZATION

The optimum receiver for processing r(t) (with r(t) as given in Equation 3.1} is

easily determuned by realizing that the nonstauonary interference can be stationarized

by use of the (time-varving) svstem depicted in Figure 4.1

2

—_— r(t}

— q:([)

Figure 4.1 Structure for Stationarization.

That is, with

r(t) = s(V + n (0 + nj(t)

where n (1) and nj(t) are described in the discussion following Equation 3.1, the ot tput

of the lincar svstem depicted in Figure 4.1 is

r(ty = s.:'(t) + n(t

where
A (0
sl(t) =
/—X" + g
3 q
\ -
) n(t + nit
n(y =
\ -
ML q-it)
\ -
149
St s
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ivaluating new the autocorrelation function of n'it), we obtain

[n (0 + ;i) [ n(T) + 0T

Einton(ty = Ei . !

i
i

/ xl] + ‘_‘([) / \[l + 2(”
N ——2 4 J —2 4l
R (t.t) + R, (t.1)
= D 3 (4.2)
/\l) 2 \() 2
+ q7(t) T 4
bl ]
Y “~ v -

where the uncorrelatedness of n(t) and nj(t) has been used in Equation 4.2. From
I“quation 2.1, we obtain

N 5
—0§(t-1) + gA(0d(t- 7)

R, (tny = = 4(t-1)

2+ g /-—\—”- + (0
5 / )
Vv -

and clearly, the output of the linear time varving svstem consists of a known signal
o 1=010n AWGN of unit PSD level. The optimum receiver [or deciding whether
s (0 or s () was received in AWGN of unit PSD level 1s given by the receiver of
Figure 1.1, with r(t) replaced by r'(t), s4(0 replaced by

S0 = s - 5o

the bias term given by

L s \
TJ { CO"(I) - Sl'“(t) ] dt

and
Q/ - ~
y (n 2.
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The structure of this optimum receiver is shown in igure 4.2,

f
1
| | 1 r'(t) ¢ + |
]rm——» — — J{dt— | i
| (N 2 gt 0 t=T * 'comp, decision !
— . . Bam— bic | |
I | |
i v |
!
|
|
! ) ) ' ' S.A1) )
s (0= s (0 - 550 s = . 1=0,1] :
| ~_ .
! [ Y |
| vl |
|
!

Figure 4.2 Structure of the Optimum Receiver with Nonstationary [nterference.

Its performance is given by Equation 1.1 with

1=,

I2 replaced by I, where
N b, , I 70+ 57 .
L= — Jls=0 + 5% ]dt = — . dt, (4.3
T T = gt
p replaced by p’, where
[ | I ¢S ()
p = -l—j [sy(tys (v ]de = = | \_” ! dt (4.4
T T =+ g
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and N, s replaced by 2 (since Ny 2 o= 1 in this case) Assuming equal prior
probabilities and decision costs, we can obtain from Lquation 3.0, with replacements

indicated above, the performance of this optimum receiver, namely,
Pe.o= erfc [ VE (1 -p)d ] (4

(the subscript o denotes that receiver 1s optimum for the model used). Since

E(l - p) l
x P ~ .f sdz(t)dt
0 =0 T

and from Equation 4.3 and Equation 4.4

E(l-p) [ s .2(1)
P d — dt (4.6)

2 2N ¢ , N

O T 1+ g3

5

-

1t 1s clear that
E(l-p2 = E(l -p).\'0

so that P, o 2 P,. This means that the optimum receiver designed to operate in a
nonstationary interference environmemt, performs worse that the optimum receiver
designed to operate in the presence of WGN onlv, even though the former
stationarized the interference prior to performing the (standard) correlation operation.
This is not surprising because the former receiver is operating at a higher level of

interference than the latter receiver. (Observe that with q(t} = 0, Pe = Pco as

expected). Furthermore, we must have P, ; = P, .. This can be demonstrated by use

e.s
of the Cauchy-Schwarz inequality. Assume this last inequality to be true. This would

implv from Equation 3.7 and Equation 4.0 that

Lo, . . N . . 1 < (1)
[—— s, de ) = +qt) fsytnde ) < | — dt
2 r -I- 2 .l "I‘ .\[
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i gLy
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N
o and rearranging this expression, we huve
>
'y .
) N <t
. - - . -~ -
[ Grode )]s = f ’” g0 ] sytio de [ \—d—dt
O ! 'hos o .
2, ! r I U+ g
‘l. 2
%
= which is precisely a form of the Cauchy-Schwarz inequality applied to the mner
S product of two functions g,(t) and g,(t), where in this case
:.' \|) -~ [
g = [ —= F gty sy
<1
g(t) = N d
- 2
N 0 2
[—— ~ 4]
- -
<.
~ The unsophisticated jammer case discussed in the previous chapter, where ity =
.
s K. In this case vields from Equations (4.3) - (4.3)
N
. 0 + K:
.. £ , 2 C tospo
] \" s I: r .\” -
g +~ K- — + K-
- hY 5
o g -
o
- <o that
b
. / Ll - p) .
s P, = er[c[ _ | (47
. which is wdentical to Equation 3.10. This is again not surprising since the assumed
. conditions result in simple AWGN interference for which the receiver of Figure L1
8
ndeed optimum. hence the result that Py = Po s
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V. ANALYSIS OF RECEIVER PERFORMANCES WITH EXAMPLE
INTERFERENCE ) LS

The results of the two previous chapters are now used to evaluate receiver
performance under various interference conditions for two important signaling
schemes, namely Phase Reversal Keving (PRK) and requency Shift Keving (FSK.

For PRK. the transnutted signals are

s = Am sin .’_nlrt (-1 A L m* ¢os Zn[rt D<t=T.1=0l (3.1

where 0 € m < | The vector diagram of ligure 3.1 shows that the parameter m
controls the phase angle between the signals <;(t) and s, When m = 1. the two
signals are undistinguishable, whereas for m = 0, the angle between the signuls s 07
and we have the familiar Phase Shift Keving (PSK) scheme. Por FSK the trunsnutted

stgnals are
st = A\ an 2nft D=<t=2T.1=0l 152

We assume for simplicity that 20T as well as 26T (for i=0.1) are integers. This

nicans that

'
.
han

i
-

v
—
to

]
m

Energy per bit 1= 0.1 13.3)

it

{or both signaling schemes. Observe therefore that from Equation 1.3, p m - 0 fer
PRK and p = 0 for PSK.

Several interference conditions are now analvzed for the PRK and I'SK «ignahng
schemes introduced. For ease of comparison. all interferences are normahized <o that
they wil have equal power (sce Equation 2.4y Purthermore, we assume tas a worst
case sittationt that the interterer has timing information about the receiver cthat s, the
interference is synchronized to the receiver clock), and that it uses a waveltorny gitr isee

[ quaton 2.1 that repeats itself every T seconds.
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A.  LINEAR WAVE

We define

0 cl <t

resulting in an interference generating waveform as depicted in Figure 3.2

[Cguation 2.3 and Equation 2.4, we can obtain

T c .

\ 2 hd - i
[ lqn ) dt = ——a7c® + Zabe +
0) 2

1 N
Q) = — b
a0 ']"

for the average power of the nonstationary interference.

(]
=l

-. -
’ e e e . -
. VO N e T . RO
PRI WP I AT FADPE PPN, (AR OS CT SN S




RN Y

o ¢

HGth

.
t.l

; [
genera!l e
[ -2
form ¢
o E
T - |
0 b} ) 2 |
Time i
|
2 [
|
|
i
az0 ° < ’
|
~ i
T Y i
-] § ) '
Time j
- |
- |
|
b |
a=0 )
o
bz0 ¢
a
t T
] 1 .2
Time

Figure 5.2

Several Variations of Linear Wave Interference
as a Function of (normahized) Time.
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. The linear wave interference of Lguation 5.4 18 now used to determune the

receiver probability of error for PRK focusmg first on the performance of the recenver

e - of Figure 1.1, From Lgquauon 3.1, we obtuin

i . - / R R .
! S0 = 2A g T -mo ocos 2nl e 0<t=<T.

The following integral must first be evaluated in order to obtain P, ., namely

»

.
ERC
“ e e

e

P

- ‘ o
J Quusminde = [
T 0

LY N - R oy D
= 2AT(L - m7) — (am¢m+ Jabe + by
Al

S
a-t- 2abt

kv
+

+ b [ A1 - m?) cos- imt ] de

o S i =
NN

bl hl ~ N - Al -~ ~ 1
Jtaem+ abe ) cos -Utlrcl - dabe + act = dabhe+ Jb:)(.’_n’llcl )

2a%e + Jabe~ 3b i 2nl e 1)

» ';'}('J .

>EAS
“h
PPt

L R . 700 A .
Jate- sin 4mrc1 Ma~¢+ 2abe+ by «n Jntrcl
-+

Aame? + Jube+ 3bT)2mL e T 2a7c + Jube+ 3b7) 2np el

bl a. Performance of the Suboptimum Receiver

. From Equation 3.8 and Equation 5.3, we obtain

.
.

"‘l v

JSR-S,\'R-Cl
I + JSR*SNRg

s

(3.0

W

where

I'. \." I.‘ n.] -
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Q_ () ¢, .
;_ = — (a°c¢>+ Jabe+3b) [
- Al

ISR &

>

[T

AN
S
7
=
nw
-' l

o 7

¢
-~ n

o

‘l.“'-'."’t
a & v a 8




;5

LA 4y Wl

GG

LU N

(2

and

5, 2O S - SN A D . e D
Ja“c~+ abc ) cos -'mfrcl - dabe + 2(a-c-+ 3abec+ _ab')(lrrfrc [y

& = R

! 2ia7c? + Jube+ 3b7H 2l T
R I, 4~ YN . .
la-c~ sin JTtIrﬂ . Mat¢m+ 2ubc+ b2} sin thfrcT
- ST ~ N A N ) - R . -
Hamem = Jabe+ 3bT )20l e T 2iatcT + abe+ 3b7) 2nb ¢

This expression demonstrates that the performance of the conventional
suboptimum receiver depends on the SNR as well as JSR and on the actual values of
the purameters a. b, ¢. (. and T. The receiver designer has hnuted control of JSR.
Clearly, as JSR = %, C = | for constant S\R. and Po¢ = 1 2(see Lquation 3.7). If
the jammer 1s not present C = 0 and Poy = Pe However. for constant JSR-SN\R, the
receiver designer can attempt to nuninuze C by proper choice of the product fcT. For
fixed JSR. it is apparent that ¢ = 0 as [T = % (for ¢ constant). Thus C = 0 as £ T
— X resulting in improved (suboptimum) receiver performance, namelv Po¢= P, In
practice, this means using as high a signaling frequency as possible, or choosing as long
an observation time T as possible.

Actual performance (in terms of probubility of error) for the conventional
receiver is obtained from Equation 3.7. Observe that tor PRK.

E(l-p)  ATT(1-mY) L < ; .
- = - = 1 -m7y = SNRil - m™ (5.7
‘\ll '\0 ’\(l :

and from Equation 3.0

1
1-C = ,
1 + JSR-S.\R-s]
s0 that
Po = e[ o SNRIL-m a2 | (5.8)
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Y where
e
N
E @ = (1 + JSRSNRg)).
) A plot of P, ¢ as a function of SNR and JSR is shown in Figure 5.3 with m set to zero
"'_: (resulting in PSK modulation), and parameters b set to zero and ¢ set to one.
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Figure 3.3 Performance of the Suboptimum Receiver for PSK Modulation
with Linear Wuve Interterence.

b. Performance of the Optimum Receiver

The previous result for P, ¢ can be compared to the performance of the

optimum receiver. From Equation 4.5 and Equation 4.6, we have
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E(l-pH ATTil - m*) L I + cosdnlTx
T T : L) : — dx

AR - \”
I + (a~x~+ 2ubx+b-) -

1
+ j (I + cos 4m'rTx) dx ] (3.9)
¢

where the change of variables x = t 1 has been used in Equation 3.9, [fwe let b = 0

and ¢ = 1 as a special case. then g(t) = at T.0 = v = T, Q (V) = a” 3 and JSR =
(:12 3) E so that

E(1-p) AT -m®) I 1+ cosdnf Tx ;
= - X.
2 No 0 1 + 3JSR'SNR y2

Let v 3JSR:SNR x = v, then dx = dv  3JSR*SNR, so that

)
v 3JSR-SNR

E(l-p) ATT(1 - m?) 1 I + cos (4mf Ty ' 3IJSR-SNR)
= - . = }
: No J3SRSNR 0 Ly
which can be expressed in the form
f et o~ D
. v HSR-SNR
E(l-py SNR(I-m") A e cosidmt Ty JIISRESNRY
= [tan™ (3ISR'SNR + | L 5 dv )
2 L IRR.S~R 1 + v~
~ JISR'SNR 0 -
(5.10)

where the remaining integral in Equation 3.10 can only be evaluated numerically or an
approximation can be obtained, if it is assumed that  3JJSRSNR » 1. (The dervation
of such an approximation is presented in Appendix A In the case of JSR = 0, then

g(ty = 0, <o that directly from Equation 4.0 we have
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N
il ph | N _ N Lol - po
: P = . \<d-(t>dt=S.\R(]-m")=——_—[. S
. : No T No
. Thus we obtain
K.
P,
erfe [ o SNR(1-m?) 2 | JSR = 0
. Poo = (.12
erfe [ v SNR(L- m= B 2 | JSR = 0
where
ey
N v 3JSR-SNR
~ L ———— . cos(dnf Ty | JUSR-SNR)
p=——" [tan” ! J3ISR-SNR + | S S S dv |
TP : | = - .
Vv 3ISRESNR i }
N
& T 3JSRS\R.
: A plotof P, asa function of SNR and JSR is shown in Figure 3.4 with m set to
. zero. and purameters b set to Zzero and ¢ set to one.
h Comparison of I'quation 5.8 and Eguation .12 18 difTicult at best because
! the parameter B can only be approximated (see Appendix A). We observe that with b
N =0and ¢ = 1.
- 1
. (l = e Y
i 3+ 202nt Ty
' I + JSR*SNR*——r—— T
A 202rt Ty
. r
' If JSR is very large (with SNR fixed) and [T 15 allowed to become

unbounded (in order to the suboptimum receiver to overcome some of the jamnung

present), then

o = 1] + JSR*SNR)
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; For example. when JSR'SN\NR takes on a value of 13dB. fa = 1u,
demonstrating the fact that P, o < P.fas expected). One must however note that as
) JSR increase without bound. for tixed SNR, both @ and B tend to zero resulting in
-
“ both receivers displaving an increasingly worse performance, namelv Poog = Pog =
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N 2. Frequency Shift Keving
e _ ) BN
:\: From Equation 3.2, we have
1 a%]
. - R - . ! = - - . N < < 1
:_: Gl = A cos ity + [pesin w(l, - i 0=t =]
T,
:: and we evaluate
o T
o - S * A N - . < N hl
b | Quuisgmitde = § gm0 [ 2\ cos m(f; + fr sin m(f, - e 7 de
RN T 0
. .
S \-Tc , , s
= = — (a“¢~+ 3abc + 3b7p
R
A P ) :
Ma-c+ab) 2C0s MA-g )¢ COSIMA ¢ COsIMm@ C 2¢O MY, T
‘. {l ) KB 5 { l — =+ [\ + ~ - l .,’
o n-cla~c™ + 3abe+ 3b-) (u,-a,1 Cayrr (2u,) (@, ~a,”
r:'
L RYPIRIRTE 2 Y S Gy Y L
by MHasc-+2abc+ b7y 28in MU -UL)C SIN2MA, ¢ SIN2TU,C 28N U, ~ W e
_v ) { c%0 L 1~ 0 1~ Y%
; AR - A2 :
0N 2re(a~cm + 3abec+ by a,-u, NN 2q, a, -,
:'-: a- C2Nin @ - Sin2Rgge Sin2noge 2an md -
- + -+ -+ -
< e 3 RJR] - TR \ 3 3 3
T-c(ac™ + Jabe + 3b-) (o) far (g, ¥ =~y
Jab 2 2
ﬁt + S SN : R { R ~ l - " l - - ~ ]:
s m-catem + dabe+ 3hry -y - T 2d " TR TN
}:._ 1770 | 0 l 0
o R
a\
T wherea = 20T, 1= 0,1,
L | 1
\?_‘
e a. Pevformance of the Suboptimum Receiver
.,, From Fguation 3.8 and Equation 313 we obtuin
. ‘ JSR-SN\R- g, i
- = — (51
[~ JSR-SN\R-g
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SN\NR = -~ 5
N, 2
and
81' =1
Ma“c+ab) 2008 M(@,-@ )¢ COSIMA ¢ COSIMUye  2¢0s T + )
- ' + -
S AR - PR R S R) ]
moclae = labe+3b7) (@)-¢y)” (2a,)- (2a,)” (o) + )
N 4 A - . . ) , '
acm+Zabe+ b7y Isin M@ -dic +sm2nalc sin2me,e  2sin A, g e
- + -
2 b3 LN l
dmeiatet + dabe + _‘b:) a,-u, Zal 2(10 u +a,
hl . . . .
la- r2sm n(a,-agkc <m21ralc +.<11127t(l”c 2sin Td, +d,c
“+ + -
) > . . t 3 ]
mlctatem + Jabe+ 3b7) (00,0 (2a, ) (2a, (a, ~a,’
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[n order to maximize C. g must be minimized, with the previously

introduced restriction on @ and ¢, that they be integers. For b = 0, and ¢ = I,

| a4, +a,ic

2cos TA, Uyl COS2MU ¢ cosIMa ¢ 2cos TQ
+

g 2 ey 12 e 2 3 2

nU(d g (2na ) (2ma,y) T, T )

g = 1 -3

L
—
o

so that minimization of ¢ can be accomplished by maximizing the term in brackets in
Equation 3,15, Tt appears that optimum choices for these parameters are values that

result in @ - @, being small. Table 1 shows that when @, = 3 ¢4 = 1

| RIS .¢=land b=

0, then g = 0.801579349, the minimum value achievable. Thus the optimum value of

C ar fixed JSR*SNR 1s

0.8016 JSR*SNR .
(M10)
1 - 08016 JSR-SN\NR

which can be achiceved with finite values of l‘r and T, unlike the PRK <cheme, where

mntinite frequency-ume products are required for optimum results.
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Actual performance (in terms of probability of error) for the convention.]

recetver 1s obtained from Equation 3.7, Observe that for FSK

E(l -p) L2 . .
, = — = §\R 2 (5.17)
. No Ng 2
and
1
1-C =

I + JSRS\NR'g/

so that
. T
Pes= erfc (' SNRad ) (318
where

a = 1 (1 + JSR-SNReg)).

A plot of P, ¢ as a function of SNR and JSR is shown in Figure 5.3 with parameters b

set to zero, and ¢ set to one.

b. Performance of the Optumum Receiver
Again, the above result for the performance of the suboptimum receiver
can be compared to the performance of the optimum receiver using Lquaton 4.5 und

Eqguation 4.6. For the FSK modulation case being considered and linear wave

interference,
Eci-py 1 “r [2 cos Aty + 6 sin MA-ff
= - t
2 N, a LN,
) ’ 1 + 'I"t- + 2abt + b')-—j—
T
+ 12 cos mf, + it sin wf) - £ de
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Figure 5.3 Performance of the Suboptimum Receiver for FSK Modulation
with Linear Wave Interference.

This expression can be put in compact form with b set to zero and ¢ set to one as a

special casc. Some algebraic manipulations vield

Efl-p+ SNR
= { )

v HJSR-SNR
- < =. . e
, J [cos (o ~ax IISR-SNR) sin (Fia-01x o USRSNR) |- "
v = —= : Xi.

3JSR-SN I = x-
~)J5R'5\R 0
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Phis equation can only be evaluated numerically for set vulues o e

parameters @ and ¢, and changing values of JSR*SNR. When o, = Jundu, = |
(which 1v the optimum choice for minimizing C and thus minimizing P. ¢ Lguatoen

S 19 becomes

v MSR-SNR

Cel-py 2SN\R [cos (2mx ' 3ISR'SNR) sin (mx  2ISRSNR) |-
T T — N
v MISR-SNR -
(820
[t JSR = 0. then (1) = 0, therefore E(1 -p) 2 = L(I - p) N, Thus
Evl-p) L2 _
= = SNR 2 (321
] \ bl
2 Ny 2
<o that
. —
erfc ( " SNR 4 JSR =0
Pc.o = (322
. T
erfc ( W SNR PB4 JSR =z 0
where

T
v JSR:SNR

_ 3 cfeos 2my JUSRESNR) ain (v o ASROSNRY P
b= Teo o | = v .
« MSRISNR !

A plot el Py o as a tuncton of SNR and JSR s shown in Tigure S0 with purameters b
set to zero, and ¢ oset to one. Results of numernical evaluation of fare presented i

Fable 2tir b = 0und ¢ = 1, and compared with the values d.
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Figure 3.6 Performance of the Optimum Receiver for FSK Modulation
- with Linear Wave [nterterence.
'::-' 3. Comparison
o Performance comparison of the receivers for PRK and FSK with linear wave
> interterence, from Equation 3.6 and Equation 3.16 shows that the parameter C for
[~ FSK does not grow as rapidly to | as a functon of JSR'SNR, as does € for PRK.
’-j:: Thus, the frequency diversity of FSK provides a small jamming margin over PRK.
B We note that differences between the parameters  and « are much smailer tor
" FSK than differences between the corresponding tactors B and ¢ in the PRK scheme.
Hence suboptimality is somewhat reduced in the FSK scheme.
" 19
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TABLI 2
COMPARISON OF VALUES OFI' @ AND B FOR GIVEN VALUES OF JSR*S\R

T |
| JSR:SNR 2 10 30 100 200 1.000 |
a 0.3841 | 0.1109 | 00243 | 00123 | 00062 | 00012 i
[ ;
B 0.4214 0.1435 0.0387 0.0212 0.0114 0.0026 '
|
B a 1.0970 1.2938 1.5898 1.7205 1.8390 2.0867
B. SINUSOIDAL WAVE
We define
.
/— ac cos 2nft + Jabe + b 0t cT ’
R]
q(t)y = v 0<c=sl
0 ¢cT <t =7
(5.23)

as another interference generating function which can be depicted as shown in Figure

‘n

7. Then from Equation 2.3 and Equation 3.23 we obtain

T
(0) = — 1) 1° dt
Q,(0) T jolq()]

Sy ) Sy . / 5 . S
— [a~¢™+3abe+3b"+ac” sine 4T + 2acy Otabe + by sine 2[ T

J

for the average power of the nonstationary interference. Observe that whenever 2f ¢ is
an integer. Q (0) above is identical to the average power of the linear wave

interference.
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[. Phase Reversal Keving
'or PRK. from Lguation 3.1 we obtuin again

,' h ~ '
Go=2A - cos2nt t 0t =T

Prior to obtaining receiver performance we evaluate the integral
cT

)‘ Qm\d:mdt = 3 qzm JAY(1-m?) cos? 2rf v dt
0

L 5 € S oy LRI . . .5 . .
= 2AT(l-m") —[ a~¢~+ 3abc + 3b~ + a“c-sinc Jf cT + 2acy/6(abe +b7) sinc 2f T |
R

0.3a°¢ 2sine e + sine HE-EheT + sine AE + )T

o+
1 R o y oy . . PO < e
ase” +3abe +3b” +acc” sine AT + 2acy/ 6(abe+b7) sinc 21
' acy Olabe+ by [ sine 2t -20)cT + sine 2(f +2()cT |
Rl < ar? Sy ~ Iy 5 . ~
atc” +3abe +3b7 +ate” sine df T + 2acy/6{abe+b7) sinc ZiccT
bl 2 M ~
Jabc+ b=y sing T
+ r v
B o a2 N oA, . s~ . .. '
as¢? +3abe +3b% +acc” sine T + 2acy 6labe+ b) sinc el
{324
where
, sin X
sine (X} = ———
X
a. Performance of the Suboptimum Receiver
['rom Equation 3.8 and Equation 5.23, we obtain
. JSR:SN\NR-¢ o~
— < (5.25)

I~ JSR'SN\Rg_




Y NP TR ATAT S PN TR

where
& L) . a2 A I s . .
—f a“cm+3abe+ 3b -+ ascr sine T+ Zacy Clabe+ b7y sine 2f T ]
JSR = — -
I
SNR = —
g2
and
0.5a%¢"] 2sinc ALeT + sine - + sine HE A+ 1T |
g = :l + (S [y r
by

2 N . y oy, e r S . e
atct +3abe +3b% +ale? sine T 200y 6tube+ b=y sine 2f ¢l
9 .

g 3 . [ ape . N N .
acy Olabe + b=y [ sine 2(f -f T + sinc 2(1c+fr)Cl ]

V2
ts

P SN . e / ] R . e
a-¢ + 3uabe +3b~ +a-¢” saine -llccl + 2ucy Olabe + by sine ZILcI

Jabc+ h:) sin¢ -H;,CT

>

N S, Moo o
a%c? + 3abe +3b% +ac” sine -lt T + 2acy 6labe + b=y sine ‘I(cl

(5.20)

For the special case in whichb = 0 and ¢ = L then¢, = | for [ = und

£ = 1.5 for I‘c = l}. thus we have
JSRSNR (1 + JSR'SN\R) if f. = f,
3JSR-SNR (2 + 3JSR'SN\R) if f. = {.

[t 1s apparent that C is largest when = € for fixed JSR-SNR. This means (us could
be expected) that the jammer is most damaging to the receiver when 1t operates at the
stgnal frequency, and furthermore there 18 nothing the suboptimum recerver can Jdo on
terms of choosing longer integration times for nstance) 1 order to reduce jamnnny

eftects, other than to switch to a new frequency of operation.
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Actual recewver performance 18 obtained from [quatton 370 Oiverve the

for PRK
Ecl-p) AT N _ ) o
: = ——(1 - m~) = SNR(l - m") (3.27)
~o o
and

1-C = 1(1 + JSRSNR-e)

so that

Pey = erfe VSNR( - mPia 2 ] (5.29)

where
a=1( + JSR'S.\'R-CSL

A plot of P, ¢ as a function of SNR and JSR is shown in Figure 5.8 with m set to zero.
f, = f and the parameters b set to zero. and ¢ set to one.
b. Performance of the Optimum Receiver
Again, we compare previous result with the performance of the optimum

receiver using Lquation 4.5 and Eguation 4.6. We obtain

E(t-po 1 3_ JA(1-m?) cos* Inl
2 2N >
= T I + g=(t) -

-

A% l-m:) cos 2nft
L Jt

_.\- U .2\2 Ry 2,: -~ . \[]
0 1+ [ 451+ cos dnf 0 +abe+ b + [ L abe +b7) cos 2l | -

1 ‘

v 2 ~

-

+ j [ JA%(1 - m*) cos® nf ] dt 1.
T

44
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j Figure 5.8 Performance of the Subopt.mum Receiver for PSK Modulation
¥ with Sinusoidal Wave [nterterence.
"J
Q . =
v If we assume that b = 0 and ¢ =1 as a special case, then q(t) = . 2a- 3 cos 2rfr,
0l A v
X Q0 = a- 3.and JSR = (a* 3) E so that
o
X
- Eil-p) 1 j’T 1A% 1-m®) cos® 2mte ,
= < ut
. 2 2N a- AN
DV - =0 dt —
‘e ‘\ % :
N
N Al-m® + cos 4af
N _ 1§m )nj T | cos frt it (320,
Jav 3 Ty I = ncos4mtt
>,
\I
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PALEANTS

a” 3 JSR-S\R
a3+ N.2 1+ JSR'SNR

[n order to evrluate the integral in closed form, we use the tabulated integral
[Ref. 3 pp. 107-122],

o .
l 3 cos q dx = (.p)q_l_p3 .p= ———n—— 0 < n < 1. Q,;,..““)
b+ neosx l - p- |+\‘l_n3

The integral in Equation 5.29 can be put in the form

-‘.T I + cos Jﬂ’f‘r[ dt = ;TIFCT 1 + cos yx dx ‘ [‘r
o I+ ncosdntt 0 I+ nceosx  dnt, H f.

In order to obtain a closed form expression for this integral, we assume
that ¢ is an integer {The most interesting case 1s g = I, so the restriction 1s not too
unreasonable). With this assumption, the integrand is periodic of period 2w, and since

Ant T o= 2me20 T and 2f T is assumed to be an integer, say 2[ T = n, then

CT 1+ cos dmft d T 2L B R gx

i

[ —
o 1+ mcosdnrit dnf. ) Il + neosx

) ~
T n < 1 + cos gx 1 + p-
o= +(-p ]-]——p—,—

_7""» -’
AT 2 4 1+ ncosx

and finally

|+ p°
= SNR(I - m?)(1-qi I + (-pd |I_ET
o

L -ph

5

(1-mul+y1-n7)
= SNR(I -m7)| I + ( " 4 n ~ N ]
V) 5 —
L+ gt s ey
= S\NR(l -m°) v (3.31)
J6
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I

N

3\ where

p
I = o | = 2ISR:SN\R
*\ “ = B
pr————

N (1 = 2ISRESNRY = o1 = ISRESNRY T - 2ISREOSNR

’

2

o

LY N ~ .

IWISR = o then ity = 0, so that directdy from Fguation <6 e huve

- Pil-py A" . .

- = (- IR
. S ~

- 0

o

Thus we obtain probability ol error tor the optimum receiver, namely
»":t . LEDN > 5 .

erfc ] o SNRel - m=y 2 JSR =0

. , _ s

IC.O (a0

- N A O N 8

erte [ & SNRiL - m=v 2] JSRz 0

a where v 1s defined following Equaton 331 A plot of P, o as a function of SNR and
- JSR s shown in Pigure 3.9 with mset to zero, and the parameters b oset to sero, with ¢
- set o one.

- If we compare the parameters v and @ when [ = [ 1e.q = i where b
s = 0 and ¢ = [, we lInd that

s b} LOY[Q :

‘e 2 1 + 1 = 2JSR:SN\R
a = - = v
.1' A . - ~ - W -~ B ¥ . .

N 2+ MSRSNR (1 = 2ISR-SNR) + (I + JSR-SNRy 1+ 2ISRSNR

o

3 AR

" Observe that thiv inequality becomes stronger as ISR increases wath
. constant SNR. For instance at a JSR-SNR of 15dB. the two sdes difler by g lactor of
\ 1340 and at @ JSRSNR of 25dB. the fuctor becomes 1440 Nevertheless, both ades of
> the ineguaiiny tend to zero as ISR = % amplving both P, and Py o= 0.5 under
- that condivons, The optimum receiver has a detinite adsantage over subeptmim
. recenver for high JSR | however this advantage " haca limitas v a = LS GV ISR = 7
v" s A

s in Lgquaton 834
i S

<.
o,

<.

o,
A
LW,

N




et bl

2 k=
[+
Ld
- —i
o
- —
- »
& o
" -y
e ]
o
~ 0 o
- o
~
e m7
.- <]
ol
' >
.
< =2
. o
. <
. =
- & —
= =}
" . LEGEND
. 2 (o) 1ISR= 0
‘ o JSR = -30DB
.: - a 1S = -20 E.
R« (=} * SR = =1
- - x L:
; ; \_
v Q
e - 7 T T T hg g y
b -10 o 10 20 30 0 50 60
- SNR IN DB
»
Figure 5.9 Performance of tne Opumum Receiver for PSK Modulation
y with Sinuscoidal Wave [nterterence.
N 2. Frequency Shift Keving
) The above result for the performa.ce of the subopumum receiver can bhe
Al
compared to the perfcrmance of the optimum receiver using Equation 3.3 und
o Lquation 4.6. For the FSK, from Equation 3.2 we have
.- o= 2 “ Ot si . <t <
. S48 = 2A cos m(f, + fy)tsin m(f) - fit 0<e=<T
!
N
.‘I
o
>
.

48




« ¥ 8§ F F R 8 WSS € T ¥ = - -7

¢l

JQios S de = il 2A cos miL + i sin wf - Lyt I* dt

g 1)

A ¢ I . = .
= AT —] as¢m+ Jabe+ 3b~ +ac” sinc -UCCT + 2acy Ofabe+ by sine 2f ¢T]

w

(a=c”+ Jabe + 3b) 2sine 2 T - 2sinc Zf’dc'l' + «<inc -lf‘lc'l' + sinc 4f, T

-

ERE Y

- N Al R . . . / R . . .
umem = 3abe = 3b7 +atem sine T+ 2acy o abe+ by sine 2 ¢h

~ . SINnC 3(21‘0-1‘\_ wWT + sine 2 21; + 1; )T - sin¢ 2431;-111 T - sinc 2(1’1‘C + I;J el

Tane ) . A R ~ / 2 : s T
2lase” + 3abe +3b7 +ase” sine dt T + 2acy 6labe+ b=y sine 2 ¢
. sine Hf-f) )T + sinc Hf + f,)cT + sinc HL )T +sine [+l

N~ s 5 5 s . . oo
Ja-¢- +3abc +3b- +a“¢” sinc JthT + Jacy Olabe+ b7y sine EICCI }

= <inc X [kl\ )T + sinc 2( fc+ f;)cT-sinc 2 fl,-fd)c'l'«inc 2 IL ~ et

—
+ 2ucy Olabe+ by

S Y 3, Y e .~ R
2{a-c~+ 3abe+ 3b7+ a"c‘smc-lfcc I'+ 2acy Otabe+briwmell ¢ b

sine 2 f;-lf, )T+ sinc 2( [‘C+ ZI‘I )T +sinc

(ll_-lfn)c I +sinc

hal ~ - bl bl l . . P By / bl B
Jiasct + 3abe +3b° +at¢m sinc Jtccl + Qucy Olabe+ b7y sme

where = t‘l +

L and £, = f -

0

a. Performance of the Suboptimum Receiver

From Lguation 3.8 we obtain

JSR*S\NRc
I = JSRSN\R'c,
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where

¢ y » 3 - TR -
— a“c? + 3abc+ 3b 4+ a%¢” sinc J[CCT + 2acy Olabe + b7} sinc .’.fccl |
Y

JSR =
E

(a%c® + 3abe + 3b%)(2sinc 2,cT - 2sinc 20,cT + sinc 4f,¢T + sine 6Ty

22 . d 5 s T . ..
2(a“¢® +3abc +3b~ +a-¢- sine -Hccl + 2acy/ 6labe + b-) sinc Ztccr)

5 aosine 2026 -f)eT + sine 2(2t_+{)eT - sinc 202 -£)cT - sinc 202f +f,)cT
+G-C'[ c_S < < C N d

20 - a2 29 . . - 5 . .o
2(a=¢~ +3abc +3b- +a-¢” sine Hf T + 2acy/6{abe+b-) sinc A

sinc K fc-t‘l )T + sinc f‘C + fl )T - sinc Fc-fb')cT + sinc 9 f‘c + T

|

Al - ] I o~ R
ascm +3abe +3b7 +ace” sine H T + 2acy 6labe + b7) sinc D

———= sinc 2({ -f )T+ sine 2(f +f)cT-sinc X t‘,-[‘d )eT-sine (1 + (:J i<l
+2acy Olabe+ b~ — < - .

Ty D A~y - / 3 . -

2(a~¢c”+ 3abc+ 3b -+ a'c‘smc-lfccl + 2acy Otabe — b )smc.’.lcc I

sine 2(1;-2f, )¢T + sinc 2( t‘c + Zf‘l )T + sinc X I‘C-ZI‘n)cT +sinc 2( I'C + 20T

j.

+-

-

) ” o N e 7 ~ . ©
J(a”c? + 3abe +3b7 +ac sinc chcl + 2acy 0labe— b~ sine Ztccl }

(3.37)

Note that C in Equation 3.36 can be mininuzed by setting €_” to its smallest

possible value. Since with b = Oand ¢ = [ ¢ equals L5 for f, = [ 2, 0.5 for [ =

£, 2. or { = [, it is upparent that the jammer is least damaging

d 1 < 0 PP ] ss

when tois set to (f) - £) 2, and most dumaging when £ = (I, + 1 2, the midpoint of
¢ 1M SHiE R 0 l

and 0.75 for f‘C =

the two operating frequencies. from bEguation 37, we obtuin actuul recever

performance. Observe that for F'SK
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where @ = 1 (I = JSR-SNR¢). A plot of P, ¢ as a function of SNR and JSR is

shown in Figure 3.10 with @} = 3d,, and the parameters b set to zero, and ¢ set to one.
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b. Performance of the Optimum Receiver
The result of Lguation 339 cun once again be compared to  the
performance of the corresponding optimum receiver using Equation 4.3 und Lquaton

4.6.We thus obtain

E(l-p) e [ 2A cos i, + fit sin mel -t 12
3 = j\ ’l j /'T dt
-~ - - .5 1 -
UL ( /= accos2mlt+ abec~b )7
Vo3 ¢ 2
T
+ ( [ 2A cos ) + )0 sin el - (e de )
T
If set ¢ to one and b to zero as a special case, then
E(l-p) 1 j‘r |28 cos by~ fuesinmi i P
= ~ ) t
2 INg To a~ as N
| + (— + COs 4t t) ——
3 3 -2
;\371 puiN) [ 1+cos(f x 20 ] sin® (£, x 41 A
: - : dx (5409

- -mt;(;i: 3) 0 I + neosx

where as before n = JSR-SNR (1 + JSR-SNR). and 2(_T 1s assumed to be an integer,
say 2T = n. The integral of Equation §.40 must be evaluated numerically or it can be
approximated under certain circumstances. { The derivation of such an approximation is

presented in Appendix B ). IfJSR = 0, gty = 0, then

Exl-p) SNR

(541
2 2
so that the actual receiver performance is obtained from
erfe (  SNR 4) JSR =0
Peo = (3.42)
cric ( vSNR B 4 ) JSRz 0
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NG B 1 J}ttcT [ [=cosif v 2] sinmifyvdfn J
= = — \'
- 2l T~ JSR-SNRI 0 l + neosvy ’
', o
S
N
AN - 21 = JSR-SNR) + 2,1 = 2JSR-S\R
2 = 3JSR'SNR = 2(JSRSNR)y™ = (2 - 3SR-SNRjy 1 ~ 2JSR-S\R
-
w A plot of P, 5 as a function of SNR and JSR is shown in Figure 3.11 with parameters
X b set to zero, and ¢ set 1o one.
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It 1s not diflicult to show that for fo= L 2and ¢ = s abwavs evceeded
by B. However, for increasing JSR-SNR, the ratio p a = 1.5
3. Comparison
b . . . N ~ ~ -
. Again, 1t becomes apparent that interference effects for FSK are not as severe
- as for PRK as the diflerences in performance between the optimum and suboptimum
v, receiver for the former modulation scheme are not as large as those the latter
modulation scheme.
.
2 C. PULSED WAVE
We define
y
. 2,22
L 2a~¢ N ) .
. + 2abc + b= (T St < (E+)T
A 3 P P 0<t=< T
q(ty = b (C+!";)Tp$ t < (€+I)Tp
- 0 T <t =1
- (543
: as vet another form of an interference generating function where € = 0.1, .....p-1. p’[’p
% =c¢l.and 0 € ¢c £ 1.
Y In this example. q(t) is being pulsed manv times between two levels in the
mterval 0 < ¢ £ ¢T as shown in Figure 3.12. From Equation 2.3
po<l, toPolo S0 , (ErreT
-. Qi = —{fqudt = T V(= + 2abc +b) | dt
: ' 0 t=0 ° (T
P
[- | p-l €+ 1T
: S S b "
o = - ! T
y €= (€ T
.. - - : - R 17 s N \:0
.
berthe erioo e s ionarny nterference. |
g .y
. 1
. 1
‘ |
o
¢
~ .- - -
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. Phase Reversal Keving

The following integral must first be evaluated in order to obtain P, (. namely
cT
" 2 ¥ A h 3. R .
b Quuisgtude = q (0 [4A%(1 - m7) cos® 2mf ¢ | dt
T 0

= 2A°T(1-m%)

(a%c”+ 3abe + 3b%)

L ]

il+m[sm dnfcT + 2sin? 2nf ¢T tan I (rfcT p)l} (5.44)
r

(See Appendix C for the pertinent derivations).

a. Performance of the Supoptimum Receiver
The pulsed wave interference of Equation 5.43 is now used to determine the
recerver probability of error for PRK focusing first on the performance of the receiver

of Figure 1.1. From Equation 3.8 and Equation 5.44, we obtain

JSR'S.\'R'CD
1 = JSR'SN R'Cp

|
.
o
J &N
fn

where
¢ 22 2
JSR = [—(a7c"+3abc+3b") | E
SNR = — 3
02
and
g = 1| + ———— [ sindrfcT+2sin” 2nfcT tan (nfcT SR
P ant ¥ [ r " (et

Ls
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Actual recetver performance (in terms of probability of errory for the conventonal
p )

receiver is obtained from Equation 3.7. Observe that for PRK,

E(1-p) AT

: ='——(1-m") = SNR(Il - m?) (5.46)
.\0 .\0
and
1
1-C = -
1 + JSR~S.\R°£p

so that

Pog = erfc[ J/SNR(I-mP)a 2] (5.47)
where

a=1(+ JSR'S\R'CP).

A plot of P, ¢ as a function of SNR and JSR is shown in Figure 5.13 with m set to

zero, and the parameters b set to zero, and ¢ set to one.

b. Performance of the Optimum Receiver
The previous result for P, ¢ can be compared to the performance of the

corresponding optimum receiver. From Equation 4.5 and Equation 4.6, we obtain

Eil-p)  4aX1-my ST cos? 2nf L
Pl - ( : [§ L —dt + [ cos” 2nftde].
2 2\ ) - B N r
U 1 + q-([) 0 C r

0

, . . By A
When b is set to zero and ¢ set to one as a special case, then q(t) =  2a~ 3, so that

[

STV
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Figure 5.13 Performance of the Suboptimum Receiver of PSK Modulation
with the Pulsed Wave Interterence.

In the case of JSR = 0, q(t) = 0, so that directly from Equation 4.6 we have

E(l-p) L , E(L - p) )
P 2o dt = —\p— = SNR (1 - m) (5.48)

2 2.\‘0§T K
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y so that

o
erfe [/ SNR(1 - m®) 2 | JSR =0

) Peo = (5.49)
. erfe [ 'SNR(I - m3)B 2 | JSR 2 0
. where
N 1 + JSR'SN\R
' [ + 2JSR-S\R

A plot of P, , as a function of SNR and JSR is shown in Figure 5.14 with m set to

zero, and parameters b set to zero, with ¢ set to one.

['rom previous results we observe that Poo = Ppgas

) B 1 1L+ JSRSN\R
: I + JSR-SN\NR I +2JSR*S\NR

where ¢ = | has been used in the above expression for a. Note that the above

imequality becomes stronger as JSR*SNR increases.

2. Frequency Shift Keving
In order to obtain Po ¢ for FSK modulation, the following integral must
. evaluated, namely
N £+ )1
- S p -1 Yy2an - (- :)s p - ~
v J Qs dt = ¥ (=84 2ube+ 2b7) | [HAT cos™ (| + [t sin® wl) -t dt
. . — v
) I t=0 ° IS
- P
X 2 pol &+ 1alp 2l Tt AT
= :“‘\ (a°¢® + 3ubc + 3b7) S j ( 1+ cos———— . cos —4
D S £=“ [[p
)
1 Ant T | 4nf Tt

cos — - Cos - ) dt.
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Figure 5.14 Performance of the Qptimum Receiver for PSK Modulation
with Pulsed Wave Interterence.
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All integrals of cosine terms in the previous expression are of the form

p  mkt sin ke T (E+ 9T
cos — dt = { R p

{1" T N T (‘I‘

P

_sin wket€+ 1) p - sin kel p
Tk T
where kK = Zl’iT. Theretore The sum
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p-!

Vs kel oy p - osan (mkel pr 13.30)
f=0
-, ke ke _
= sin” tan —— + 2sin ke
2 4p

1See Appendix D for the pertunent derivations). Therefore

. , ATe ,
Qo< de = (a=c= + 3abc +3b-y
" I 3
1 o me el
vl + ————— [ sin~ rt(tl +IO)CT tzm——T—— + 2sin ZTt(ll*I”)cl ]
Tl -yl 2p
{ s m(f, - T , o
- ————— [ sin" m(f, - fo)cT tan ————— + 2sin Zrt(tl - gl
Tty - fpel 2p
1 el mfcT ) o
- ——— ( sIn” lnflcT tan ————— + 2sin -lmlcl )
nf T P
! b .
- ———— (sin” 2nfycT tan ———— + 2sin 47tt0cl ). (3.5
anfel P
a. Performance of the Suboptimum Receiver
I'rom Lquation 3.8 and Equation 3.31, we obtain
JSR*SN\R-¢ °
= 2 (3.32)

I = JSR-SN\ R‘Cp'

where

C s .
JSR = [—(a"c=+3abc+3b7) |

S

I:
S\R = —r

¢l




1 A m(f, + [T
— [ sin” w(f, + f)eT tan ——— +

_—_ 2sin 2m(f) + f)cT |
Tt + el 2p

1
| 1‘l - 1‘0 )T

n(f - .
[ sin? mf, - )T tan ——2— + 2sin 2n(f, - [T |

1 s nt’lcT
{ sin- 21ttlcT tan

—_— + 2sin -UtflcT )
2rleT p

l N . mfcT ) o
——— (sin” 2nfcT tan ———— + 2sin drfeT ).
arfyeT p

Actual receiver performance (in terms of probability of error) is obtained from

Equation 3.7. Observe for FSK modulation

E(l-p)_ SNR

y 2
No 2

1
1+ JSR'S.\'R'CP'

so that

P, = erfc(JSNRad )

where

a= 1(1+ JSI{'S\R‘CP').
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:':: A plot of Pogasa function of SNR and JSR is shown in Figure 3135 with purameters
L b set to zero, and ¢ set to one.
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Figure 3.15 Performance of the Suboptimum Receiver for FSK Modulation
. with Pulsed Wave Interference.
o b. Performance of the Optimum Receiver
The above result for the probability of error of the suboptimum receiver
2% can ke compared to the performance of the optimum recerver using Equation 4.5 and
~ . ) . . . _ . . .
A Equation 4.0. For the FSK modulation. the optimum receiver performance is obtained
.-x bv first evaluating
)
"3 E(l-p) < 5,°(1) T,
o = —] de + § s,7(t)dt ).
b bl I\ d
- - R U A | ¢T
:’4 4 (t) a2
N -
)
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W [fweletb = 0und ¢ = 1 as a special case, then Q) = a % Thus we can simplhits
" the above equation to obtain
" 5 )
1 d- \ (]
o P . | |
- E(1-p) A’T( 3 2 ) SNR I + JSR'SN\R
*.. = - : - = ‘ -
LN 2 RAY - 20 N\ 2 1 + 2JSR'SNR
3 2
DY (3.56)
.
h‘._'
B When JSR = 0, q(t) = 0. thus
b &
o E(l-p) SNR o
- N - S (5:37)
_-.f_ ) -
— so that the actual performance being obtained from
'::.- f——— .
. erfc (  SNR 4) JSR =0
e Peo = (3.58)
- erfc ( VSNR P 4) JSRz 0
A
- where
::j _ I+ JSRSNR
> I + 2JSR*SNR
Zw-'
" A plot of P, o @s a function of SNR and JSR is shown in Figure 5.16 with parameters
'_:_, b set to zero, and ¢ set to one.
e
~ 3. Comparison
S
Ny We observe here identical results on suboptimality for FSK as for PRK. That
- is, since ¢ and B are similar in form for both modulation schemes, we {ind here that
v FSK modulation is no less susceptible to jamuning than PSK modulation when using

subopumum receiver to process the signal, the noise, and the jamming.
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V1. CONCLUSIONS

In this thesis general results have been obtained for the performance of optimum
and subopumum (conditional) digital communication receivers operating in the
presence of (stationary) AWGN and nonstationary AWGN generated via a specitic
model. The general results show that the suboptimum receivers have performance (i.c..
probability of error, Py ¢ ) thatis always inferior to that of their optimum counterparts
texpressed also as probability of error, Peo)

The many examples worked out in Chapter V for PRK and FSK modulation for
different nonstationary AWGN interference clearlv demonstrate the level of the
suboptimality of conditional receivers. Perhaps more importantly, the examples
Jemonstrate the high degree of vulnerability of conventional receivers to januning,
having characteristics similar to the nonstationary AWGN interference a model used.
The P, ¢ plots demonstrate that without powerful jamming. that is for relatively low
JSR values, the receivers can be rendered almost completelv inefTective as their error
probabilities are significantly higher than the 103 BEP mulitary standard.

The optimum receivers proposed however perform significantlv better when
compared to the suboptimum receivers and in fact in all cases, with suflicient SNR, are
able to overcome the effect of jamming. It is important to note however that these
receivers, 1n order to be optimum most have knowledge about the nonstationary
fjamming) interference that would normally not be available. Consequentlv the actual
performance of these receivers may in practice be work worse than predicted and

perhuaps worse than the suboptimum receivers.
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APPENDIN A
DERIVATION OF THE APPROXIMATION TO EQ. 5.10

From Cquation 5.10 we must evaluate

JISRISNR
C1-p)  SNRiL-m?) | ————  condnf Tx (3ISR'SN\R)
= [ tan™ ¢ 3JSR-SNR + | L Jdy).
> r—— 5
: « JSRSNR | TR
[f we assume that  3JJSR'SNR > > 1, then
AR T
. (e —)
E(l-p) SNR{l - m=) —_— T TSR~
P [tan "' VBISRSNR + — ¢ ~ SRR
- v JJSRSNR -

as the above integral can be evaluated in closed torm when ¢ JSRSNR = -~ 1.

If we further assume that JSRSNR is so lurge that the exponential is nearlv

. -1 TTQRee~NR A~
unity and tan™! §3ISR'SNR = 1 2. then

E(l-p)  _ SNR(I -m™)r

—_—

: J3ISRSNR
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APPENDIX B
DERIVATION OF THE APPROXIMATION TO EQ. 5.40

Recall from the discussion that for the suboptimum receiver for FSK modulated
signal, placing £ at {; 2 in the sinusoidal wave interference frequency 1s most dumaging
to tire performance of the receiver. For this reason. [ is set to [ 2 and Equation .40 1s

approximated under this constraint. We obtain

. ) - 2nn s
Evl-pH  A“Tm 1 . (1+cosx)sin” (f x 2f)
2 n(a*3) 2m 0 I + ncosx

dx

where n was defined before.

Observe that typically £ 2f. < < 1. (For £, = 3.002 MHz and fy = 3 MHz, [ 2
- 1.67 x l()"1 ). Since (I + c¢os X3 (1l + 1 ¢os X ) 1s periodic in 27, and sin- ([‘d A )8

essentially constant for ) £ x £ 2m, we obtain

2 n n
Ll -p) AT ] 1 + cos x f
p 2[,n Yo - dx  sin® (= 27k )]

2 nfa” 31 77 2m T 1+ neosx 2t

ATT | + p° n nt k

= S e — ) Y an?
RN p 2 — Y
n(a~ 3) l-p p-1 21,

and p is given by Lquation 5.30. The finite sum can be evaluated in closed form and we

finallv obtain

E(l-p) (A*T2m 1+ p° [ cos (n+ 1Mmf, )] sin(nrf, )
~ ( p ),l d S d S 1

2 (@®3) 1-p2 nsin (il £ "

! n+mnyl- ']2 ~o sinnmt ()
= ( 11 - {cos (n+ Dyl ) | —————1.
JSR , 5 L s (nmt, )
2+ -+ 2+)vl-m d e
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For nlarge the term

sin (n7ef ()
(% RN

o

cos{n+1Knf, £)
Leos (= ity W —20 T

thus we obtain the approximation

; E(L-p)  SNR

% 2 2

).

[ 2(1 + JSRSN\NR) + 2 V/l ~ 2JSR-SN\R |
2 + SJSR'SNR + 2(JSR'SNR)* + (2 + SJSR'S_\'R){Il—ﬂ- 2ISR-SNR
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APPENDIX C
DERIVATION OF EQUATION 5.44

For PRK modulation with pulsed wave interference, from Equation 5.44 we

evaluate

cT
f Qosfode = g3t [H4A%1 - m?) cos? 2nft ] dt
T 0
34242 p-l (€+“;)Tp
= 2A%(1 - mA +2abe+2b) Y (1+cos dnf 1) dt
3 £=0 €T
p
2.2 -1 . s :
. 5 A sin 4nft e+ 'HT
= JA] -m) +abc+b) ¥ o[t H —— ] P
\ , a%? ,pol
= 2\l - m ) ———+abc+b*) S -,‘Tp + [sin 4nt;(€+ ‘;)Tp - sin Jm"rCTp] 2nt ).
3 (=0
Thus, for the sum term we have °
p-t
Y [sindnf(e+ )T - sin .mt‘rt'rp |
(=0
p -l -1

> - 3
= sin 2nf T tf; o8 Arf T - (1 - cos 2mf T ) ei: Osm Anf €T

= sin anrTP €os ?.thr(p-l)Tp sin Zthrpr sin Zm”er
- 2sin® mf T sin 20 (p-1)T sin 2xfpT ) sin 2nf T,

sinee

cos 2milx = cos k2rfX sin 2nfik-Dx sin 2mfX
)

Tl’]’*‘
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and
k
N sin 2wf8x = sin k27X sin 2mf(k-1)x sin 27X
=0
Thus the sum term
p -l
E;) [ sin4mf(0+ )T o - Sin 4rtfr€Tp ]

cos (p-l)2rtt“er sin an"er - tan nfer sin (p-l)Zrtfer sin 2rtfrpr

it

( cos P.n('rpr cos Zn'f'er + sin 2nt‘rpr sin 27tfer) sin 2nt’rp'l’p

- tan nl’ersin lrtfrpr(sin anrprcos an‘er - cos 27rfrpTP sin ZTrFer)

It

(sin -lnt‘rpr cos 27tfer) 2 + sin- 21rf‘rpr sin 2nfer

’ - sin? 2a0pT ) cos 2T tan R T + (sin 4nEpT, sin 200 T tan nf,T ) 2

il

(sin InfcT cos 2t cT p) 2 + sin® 2afcT sin 2L cT p
- sin” 2t cT cos 2rf T p tan mtcT p + (sin 4nfcT sin 2nfcT p tan nfcT p) 2
where pr = ¢T. Since sin 2nfcT p tan nfcl p = 2sin” nfcT p,

p-l
Y [sindnf(l+ YT - sin -Inf‘rCTp ]
{=0

= [ sin -ml‘rcT (¢cos ?.M}CT p + 2sin® 2m‘rc'l' P2

+ sin- 2rtcT (sin 2rfcT p - cos nf e ptan nfeT p.
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Observe that the terms in the lirst parenthesis is unity and in the sccond parenthesis is

tan mt T p. thus

p-l
£§o [ sin 4ntr(€+ Yy )Tp - sin 4ntr[Tp ]

= sin? nf Tran ntcT p + (sindnfcT) 2.

The remaining sum term is

p-l
Y (T, +l2mt) = cT(l + 1 2mfeT)
e=o °

Thus from above results we finally obtain

Y i
j qz(t,)sdz(t‘)dt = ZAZT( 1-m?) T (a*c? + 3abe + 3b?)
T

+——(sin dnfcT + 2sin® 2nfcT tan nfcT p ) |
4nireT ( r T P ]




APPENDIX D
DERIVATION OF EQUATION 5.50

The sum term in Equation 5.50, namelv

p-l
N [ sin tke(E+ *2) p - sin wkel p |
=0
vields
-l
= % [ sin kel p cos mke 2p + cos kel p sin ke 2p - sin wkel p |
t=0
p-l p-l
= sin ke 2p Y cos kel p - (1 - cos ke 2p) Y sin mkel p
=0 €=0

= [ sin ke 2p cos (p-1)wke 2p sin wkep 2p | sin ke 2p

- | 2sin® mtke 4p sin (p-1)mke 2p sin nkep 2p | sin ke 2p
= cos (p-Iymke 2p sin wke 2 - tan ke Jdp sin (p-1) mke 2p sin mke 2
= sin ke 2 [cos (p-1)mke 2p - tan mke, dp sin (p-1)nke 2p |

= sin ke 2 [ sin ke 2 (sin ke 2p - tan mke dp cos mke 2p)

+ cos mke 2 (cos ke 2p + tan mke Jdp sin ke 2p) | .
= sin ke 2 (sin ke 2 tan ke dp + cos ke 2)

. .
= «n~ nke 2 tan nke 4p + 2sin wke.

.........
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