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Cartographers involved in national mapping .t rams frequently need to

transform geographic coordinates, by way of a specific projection system, to

their cooresponding rectangular coordinates. They may want to plot control points

or construct graticules of meridians andoElatitude. Until recently this was a

time consuming chore. Now, with the proliferation of hand held microcomputers

and programmable calculators, this once tedious job is performed quickly and

accurately.In the time it took to transform one set of geographic coordinates

into rectangular coordinates using projection tables we now can perform many.

But there is one problem that is holding back the greater use of hand held

computers. T'-is problem is th'e difficulty in locating concise, easy to program

transformation formulas.

The purpose of this article is to provide Cartographers with the transform-

ation equations for the most widely used grid system, the Universal Transverse

Mercator grid system (UTM grid).

The equations perform forward transformations; geographic coordinates to

LT-M grid coordinates, and inverse transformations; UTY. grid coordinates to

geographic coordinates. These equations are notable for the ease of which they

can be programed.

The article begins with a short history of the development of the 17Y grid

system and then states its basic characteristics. Following this the forward

and inverse transformations are presented. The last section of this article

contains two features that wil1 be of aid to the programer. These are sample u
programs, written in BASIC for a Casio programmable calculatcr, and numerical -1

examples using the formulas. . ..
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The histo - of the development of the UTY arid system

The Transverse Mercator projection is used in the UTM grid system. The Transverse

Mercator projection evolved from the regular Mercator projection, named after

the Flemish cartographer Gerhardus Mercator (Gerhard Kremer, 1512 - 1594).

The development of the Mercator projection can be represented geometrically by

viewing a cylinder that is wrapped around the globe and tangent to the Equator.

(see figure 1). A light source approximately 3/4 of the way back along the

diameter can be seen as prqjecting tne earths features out on to the cylinoer.

The cylinder is then cut and laid out flat to form the map. The feature that

is interesting to us here is that there is very little scale distortion close

to the standard line, the Equator.

The Transverse Mercator was developed to take advantage of this feature. If

you take the cylinder and rotate it 90' you effectively trace a meridian the

standard line (see figure 1). This makes the Transverse Mercator useful in

mapping narrow, North-South orientated features.

The spherical form of the Transverse Mercator projection was first developed

by Johann Heinrich Lambert (1728 - 1777), an. Alsatian mathematician, astronomer

physicist and philosopher. His work, Beitrage, published in 1772 contained six

new map projections and included the Transverse Mercator and the Lambert Conformal

Conic. It is interesting to note that the Lambert Conformal Conic and a

modified ellipsoidal form of the Transverse Mercator, tne UTM, are the two

most widely used projections for large and medium scale mapping in Latin America

today.

After Lambert, the Transverse Mercator was worked on by the great German

mathematician, Johann Karl Friedrich Gauss (1777 - IE55). 1t wasn't until 1912 and

1919 that L. Kruger published his studies that for the firs: time stated the

.4. / .- --.. 4 , . .-" * % *&.' *• -_% . . - . . '' ' '- , -*" -. ' *-**dP ." -'' .'."" .
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,ransverse Mercator ellipsoidal formulas. Because of the work of Gauss and Kruger

the Transverse Mercator is sometimes referredto as the Gauss-Kruger projection.

Tne UTM grid system, which is based on the ellipsiodal form of the Transverse

Mercator projection, grew out of the military need for a worldwide plane

coordinate system. The ideal universal plane coordinate system was seen as

containing the following properties; conformality, continuity over largt, areas,

a minimum number of zones, minimal scale errors, a unique referencing S\VSLCn,,

uniform transformation formulas and a maximum meridional convergence of five

decrees. Based on these criteria, in the late forties the U.S. Army Map Servicc

elevised tie UTM grid. Today the UTM grid system and its com,,anion system, th

Lniversal Polar Stereographic (UPS) ,for use in the polar regions, are used

'xlen. ivclv\ in th, Americas, Europe and Russia for surveying, mappin;, and

military purposes.

Basic characteristics of the UTY grid system

The UT grid system is made up of sixty zones each covering six degrves

ion,--izude. The zones are numbered one through sixty starting at 180' west from.

grenflVI .and increasing to the east. The zones extend in latitude from ,°N

tc S"S Ise figure 2).

Zazr. *.TX grid zone is bisected by a central meridian which becomes the v

a'.:t- @rigin o: the projection. The central meridian is assigned a value of

5 Ci ,0U, ,et*Lrs in order to avoid the use of negative numbers. Along the ccntr.1

7erlciar, a scale factor of 0.9996 is employed. Because of this the centra!

7,t-ICI-n is not a standard line. The effect of using a scale factor of less thcr

one Is to create two standard lines, in this case standard meridians, spaced

:SC k: east and west of the central meridian. By having two standard meridians

t-e scale retention characteristics of the UTM are greatly improved.
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(see figures 3 and 4).

The X axis origin is the Equator. When working in the northern

hemisphere the Equator is assigned a value of zero. In the

southern hemisphere the Equator is given a false value of

10,000,000 meters. The false value is appli- to avoid the

use of negative numbers.

The UTV Equations

The following formulas are taken from the publication,

"Map Projections used by the U.S. Geological Survey" seconc

edition, 1984. They are presented here in a modified form.
'. I

Svmbo s

a= Semimajor axis of the reference ellipsoid

b= Semiminor axis of the reference ellipsoid

2 2Ie= Eccentricity = (l-b/a

x= Rectangular coordinate: the distance to the right of the

vertical line (the y axis) passing throuah the origin of the

projection, the central meridian.

y= Rectangular coordinate: the distance above the horizontal

line (the x axis) passing through the origin of the projection,

the Equator.

i:= The relative scale factor along a parallel of latitude.

k,= The scale factor of the central meridian. ,= 0.999.

• •a.-
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= The latitude of the point. For a latitude south of the Equatoi

apply a minus sign.

o= The latitude of the origin. 00 in the UTM system.

'A= The longitude of the point. For longitude west of Geenwich

apply a minus sign.

The longitude of the origin, the central meridian. For longitude

west of Greenwich, apply a minus sign.

.-
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THE FORWARD EQUATIONS FOR THE UTM GRID

Easting = 500,000 + X

Northing = y, in the northern hemisphere

Northing = 10,000,000 + y, in the southern hemisphere

x=koN[A + (1 - T + C)A3/6+(5 - IBT + T2 , 72C - 58 e 2)A5/120]

Y~ko) ,M+N tan 0B [A 2/2+(5 - T + 9C + 4C2 ) A4 /24+(61 - 58T + T2 + 6DOC-330e '2 )

A6/720]1

k=ko[l+(I+C)A /2+(5 - 4T + 42C + 13C - 28e 2) A4/24+(61 - 148T + 16T2)A 6/720

Where ko: 0 .9996

-. ':1 el'2=e2/( 1-e2 )

N=a/Cle 2 2  ) 0)
-.. 2

T=tan

C=e '2Cos 2

A=cos 0 ( 'A - > o), with ) and ?ko in radians.

M=a[(1-e 2/4-3e 4/64-5e 6/256-...) '-(3e 2/8+3e4/32+45e6/1024+...)

*sin20+(15e 4 /256+45e /1024+...) sin40-(35e6/3072+..,)sin6O+...]

With-0 in radians.
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THE INVERSE EOUATIONS FOR THE UTY 'RID

S'tan Ol/Rl)[C2/2-(5+37*1 1 -~4C2 - 9e' 2 ) D4/24 + (61 + 907, +

298Z1 + 45Ti2 - 252e '2-3C2)D6/72] , where 0 is in radians. To convert to degrees
multiply V by I80177

>\= Xo + [D- (I + 2T, + Cl) D3/6 + (5-2C1 +28T1 - 3Cl2 + 8e' 2 + 24T12 )

C-/120]/CS 1 , where X is in radians. To convert to degrees multiplytA by 180/I-

Where 01 is the foot point latitude of the perpendicular from the

central meridian.

=,u + (3el/2-27e1
3 /32+...) sin 2u + (21e 1

2/16 - 55e 1
4 /32-...)

3
sin 4u - (15e 1e /96+...) sin 6u -... , where 0 is computed in radians and then
converted to aegrees by multiplying by SO,'/,-
Where

.. / - / / ... , where A4 is in radians.

IN y/kc

• kc  .999E

,"''- ¢ Known, t.he other terms are cal~uated for use in the equations and .

-n.i Knw. :ee ote term ar ac n

T-::ari.F'TE -=E - '

a". -

v = The nortrhinc in tre northern hemisphere

v The notr-inc - IC,0C,OO in the southern hemisphere

x : astinc - 500,000

, - r * - -- - -- --- -
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The TM coordinate transformation trocrams

The two proarams presented are written in BASIC for the Casic

-.-. 'FX-8CIP Proaranmable Calculator. They perform the forward .and

inverse transformations.

The programs operate interactivelv. The forward transformation

becins by incuirina of the user which reference ellinsoic he wishes

to use. Tnis is accomplished by the interrocative A=" and "

CUADRADO=" A is the semimajor axis of the reference ellisoid ant

z FCUADD is the eccenricity squared. These values :or four

reference ellinscids common to Latin America are aiven In table

2A and e need to be entered only once. The program will skip these

.ncuries on the second point transformation. After enterinc the

elipscid constants the procrarn -i.2 ask for the "LAT DEL PUNTO ant
t. he "LON D L TC the "latitude and loncitude are entered 'n the

•flowing manner. To enter 35' 22' -4.22" N you press 35 -hen execute,

Z2 then execute and :4.22 and execute. To enter a Doint located

.n thne southern hemisphere or west of Greenw-ch, you musat a!,

a minus sicn. , 34' 20" would be entered as -75 execute, -34

execute, -20 execute. Once the latitude and loncitude are enterec

the rocrar. will ask for the "T DsANO i s entered

as two cicits. cr example E9'W will be entered as -E9 execute.

Af-er this the transformationcaculations will be .erfcreorne ano

the answer distlayed.

The disolav secuence is as f o "1 =" and the 1.crtInc

appear. Press the continue key and"' and tne Eat-nc will atocar.

V-



AIfter the East~ng is displayed the iPrograim '-111 becin aaoo-n -1--

askino for the latitude, loncitude and the central meridian of tnce

next point.

The inverse transformation program, like the forward proqram

starts by asking for "A=" and "E CUADRADO=". The prograrm 'then ask-s

for the Northing as "NORTE CUTM=", and the Eastino as "ESTECT.

After this the program will ask for the 'MERIDIANO) CEN T RAL. T .s

is entered as two digits, like in the forward pro,-ram. raI,

th re o~rocram w, 1 ask for the hemisnhere in which the ocint lfts.

The statement "HLMISFLKIU N U S" will appear. EnterN -, f v ou a re

itne northern hemisrohere or S for the south. After the trans-

:orat~nsare complete'the results will be displayed in the

followina manner. 'LATITUD 'will appear. Press the continue C

to oisocav the results. Press continue again and "LONc-T' wl

acter. Pess ontnue to see the results. if you w~sh to trans-

z:,rm more co-ints Tress continue and the Trocram will ask- V0ou for

Norh_-,Easting, central meridian and hemisohere of the ne:::

:D I ntI



The UITM Forward Program The UTh Inlverse Programn
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Procrams written by Liam~ P. O'Brien



M'h Forward Equations

Given: Clarke 1866 ellipsoid: a=6378206.4m,

e'=0.00676866

Central meridian:
IL'TX Zone 18: ,=75* West lon -itude

Central meridian
Scale factor: k,=0.9996

Point: 0=40'30' North latitude
?\=73'30' West longitude

N -637820t().4/(1-0.0l67(o86 siiv2 4MO)!-'t)387331.5m

* C C.O0ol48cos240.5c=0.0039404

M 637S620t..4(1-0.00676866/4-3NO.0)676866/6!--5.-0.006786(, ,2 SE:C

(3xC.00676866/8-3.\C.00676866 2 /32+450.00676866/102.)sin(>4C .fc. ,

(:5C.00676866 -56--5x0. 006768664/ 1024)x:sin(-.x4C. ' K 22xC

N =0.9996x63S72-30.5xJC.099074+(1-0.794538--.n039404)xC.0 QqQ7' tl-

(5-!xC.729.3+.72941387>-).003944-5x.068AE)xC.C199C7'A?(r

= 0. Oa96): 4 837.7 - D+6387 30. 5x. E540807 x 0. 0 9907>2- '-'T9 3>--

C.003940L4x.C3940 2 )0.01990744-6-5x.2A53--72 .3-

*600x 0.003940-'-'30xC.0068]48)x0.0199074 670

=4 ,484,7:24.4

k =0.9996x[I (>0.06814cos240C.5c)x12'-7106.5>2.9tx3S3CY

=0. 99979E9

Northing =4,494,12. .4m

Eastin, =500,000+127,100.5=627, 106.5m
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7TM inverse Equations

-Given: Clarke 1866 ellipsoid: a-6378206.4m

e2 -0.00676866

* Central meridian:
4.UTM Zone 18: ? .75* W'est longitude

Central meridian
'.'Scale factor: K.-C.9996

Point: Northin,, 4484124.4 mn

Lasting -627106.5 m

P *x =t£27106.5 - 500000 = 127106.5 m
I~ . 8, 14'~2.4 m
-.1 & 2-C.00676866/(1-0.00676866)-0.0068148

M =O+4 48412 4 .4/O.9996=4485918.8m

-[,-(1-O.00676866Y ]/E14(1-O.O0676866) 3=O.0016979]6

1. =44859i8.8/[6378206.4x(I-0.00676866/4-3xO676866 /64-5xC.00676866 /256)]

-C.7045135 radian

V,- e =C.7045:-35-i-(3xC0o1697916/2-^7x.oo1697916 3 /32)sin(xO.745135)+

(2lxC.OO16979162/16-5,5xO.0O16979164/32)sin(4xO.7045135)+(i-5ixC.0016979163/96)

sin(6xC.7O45.235)-C.7O7O2E3 radi-an=C.'707O283xl8C~ir=40.50973620

0, C.O06814Scos' 4C.5097362c=C.0C29293

75 =:ar4C.5097362c=C.7299560

N,~ =637E2-0&41'/(1.C.00676866sir.4C.5097362YI-637334.nm

: -:7106.-/(63E7234.:xC.9996)=C.0l99077

S=4O'.S97362e-(63872-34. 2xC.854~3746/63Z7.4)x[C.O199O7/72/2-(5 3xO.729956 -10

xC.0C3929-3-4xC. OC39393-x006148)xC.l9977 4/2-(6+90x.7299560-2 98

-4C.50000Cc'-4Oc3CSorth latitude

--7---'-f'C. I99077/-(1-xC.7299560+.03933)xC.1997 3/6+(5-xO.0393-3-

2axC.729956C-3xc.O3939+--iExC.006814+ :4x.7299560')x01990775/:20]/cos
4C.50973L-"o3xl8Cci ...75c+..500Oc -735c-73'30' West longitude

V N
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Tabl e 1

Constants for Reference Ellipsoids Common to Latin America

Reference Ellipsoid Semimajor Axis a Excentricity Squared e2

Clarke 1866 6378206.4 0.0067686580

Internacional 6378388 0.0067226700

South American 1969 6378160 0.0066945419

WGS 72 6378135 0.0066943178

-a,

-a-

-%*.

-a

-'-a.'

|-. J
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