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Cartographers involved in national mapping ,.( rams frequently need to
transform geographic coordinates, by way of a specific projection system, to
their cooresponding rectangular coordinates. They may want to plot céhtrol points
or construct graticules of meridians andof latitude.Until recently this was a
time consuming chore. Now, with the proliferation of hand held nicrocomputers
and programmable calculators, this once tedious job is performed quickly and

accurately.in the time it took to transform one set of geographic coordinates

RS B RN [P A o R USSR

into rectangular coordinates using projection tables we now can perform many.
but there is one problem that is holding back the greater use of hand held
computers. This problem is the difficulry in locating concise, easy to program
transformation formulas.
" The purposé of this article is to provide Cartographers with the transform-
ation eguarions for the most widely used grid svstem, the Universal Transverse
Mercaror grid svstem (UTM grid).

The equations perform forward transformations; geographic coordinates to
UT¥ grié coordinates, andé inverse transformations; UTM grid coordinates to

geographic cooréinates. These eguations are notable for the ease of which they

can be programec.

-2 The article begins with & short history of the development of the UTM grid
N systex anl then stares its basic characteristics. Following this the forward

) ané inverse transformations are presented. The las:t section of this arcicle
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l:. contains two features thar will be of aid to the programer. These are sample
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1 programs, written in BASIC for a Casio programmable calculatcr, and numerical
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The historv of the development of the UTM grid svstem

Tne Transverse Mercator projection is used in the UTM grid system. The Transverse
Mercator projection evolved from the regular Mercator projection, named after

the Flemish cartographer Gerhardus Mercator (Gerhard Kremer, 1512 - 1594).

The development of the Mercator project{on can be represented geometrically by
viewing a cylinder that is wrapped around the globe and tangent to the Equator.

(see figure 1). A light source approximately 3/4 of the way back along the

—-——a o A A & e em—— . - o

diameter can be seen as prgecting tne earths features out on to the cylinaer.
The cylinder is then cut and laid out flat to form the map. The feature that
is interesting to us here is that there is very 1ittle scale distortion close
to the standard line, the Equator.

The Transverse Mercator was developed to take advantage of this feature. I1f

you take the cylinder and rotate it 90 you effectively tracea meridian the

standard line (see figure 1). This makes the Transverse Mercator useful in
mapping narrow, North-South orientated features.
The spherical form of the Transverse Mercator projection was first developed
by Johann Heinrich Lambert (1728 - 1777), an Alsztian mathematician, astronomer
physicist anc philosopher. His work, Beitrége, publiished in 1772 contained six
new map projec:ions and included the Transverse Mercator and the Lambert Conformal
Conic. It is interesting to note that the Lambert lonformal lonic and e
modified -ellipsoical form of the Transverse Mercaztor, tne UTM, are the two
most widely usec projections for Jarge and medium scale mapping in Latin Americe
today. ’

fler Lambert, the Transverse Mercator was worked on by the great German

mzthematician, Johann Karl Friedrich Gauss (1777 - 1855). It wasn't until 1912 and

h
""q

1916 that L. Kruger published his studies thet for the first time stated the
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Transverse Mercator ellipsoidal formulas. Because of the work of Gauss and Kruper
the Transverse Mercator is sometimes referredto as the Gauss-Kruger projection.
The UTM grid system, which is based on the ellipsiodal form of the Transverse
Mercator projection, grew out of the military need for a worldwide plane
coordinate svstem. The ideal universal plane coordinate system was seen as
containing the follcwing properties; conformality, continuity over large areuas,
a minimum number of zones, minimal scale errors, a unique referencing svsten,
uniform transformation formulas and a maximum meridional convergence of five
devrees. Based on these criteria,in the late forties the U.S5. Armv Map Scrvice
devised the UTM grid. Today the UTM grid system and its companion svstem, the
Universal Yolar Stereographic (UPS) | for use in the polar regions,are uscd
extensively in the Americas, Europe and Russia for surveying, mapping and

military purposes.

Basic characteristics of the UTM prid svstem

The UTM gric¢ svstem is made up of sixty zones each covering six degrees .7

4

lonzitude. The zones are numbered one through sixty starting at 180° west from
Creenwict, and increasing to the east. The zones extend in latitude from &-®X
tc 80°5 (see figure 2).

Lazh UTM gric¢ zone is bisected bv a central meridian which becomes the V¥
axi: oripin of the projection. The central meridian is assigned &z value of
50¢ ,000 meters in order to avoid the use of negative numbers. Along the central
mericdian a scale factor of 0.9996 is employed. Because of this the central
mevid.an is not a standard line. The effect of using a scale factor of less then
one is to create two standard lines, in this case standard meridians, spaced

18C km east and west of the central meridian. By having two standard meridians

the scaie retention characteristics of the UTM are greatly improved.
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(see figqures 3 and 4).

The X axis origin is the Equator. When working in the northern
hemisphere the Equator is assigned a value of zero. In the
southern hemisphere the Equator is given a false value of
10,000,000 meters. The false value is appli.. to avoid the

use of negative numbers.

The UTIK fauations

The following formulas are taken from the publication,
"Map Projections used by the U.S. Geological Survey" second

edition, 1984. They are presented here in &2 modified form.

Svmbois
e= Semimzjor axis of the reference ellipsoid
b= Semiminor axis of the reference ellipsoid
o= Sccentricity = (1_b2/52)é.
x= Rectangular coordinate: the distance to the right of the
vertical line {the y axis) passing through the origin of the
projection, the central meridian.
y= Rectangular coordinate: the distance above the horizonta
line (the x axis) passing through the origin of the projection,
the Equator.
k= The relative scaie factor along & paralliel of latitude.

.-

ke= Tne sczle factor of the central meridian. K= C.999¢.
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¢= The latitude of the point. For a latitude sou;h of the Eguator
apply a minus sign.

¢.= The latitude of the origin. 0° in the UTM system.

A= The longitude of the point. For longitude west of Geenwich
apply a mlnus sign.

A= Th

west of Greenwich, apply a minus sign.

11

longitude of the origin, the central meridian. For longitude
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THE FORWARD EQUATIONS FOR THE UTM GRID

Easting = 500,000 + X

n

Northing = y, in the northern hemisphere

Northing = 10,000,000 + y, in the southern hemisphere

x=koN[A + (1 = T + C)A3/6+(5 - 18T + T2 + 72 - 58 e 2)a5/120]

y=ko {IHN tan § [AZ/2+(5 - T + 9C + 4c2) A%/24+(61 - 56T + T2 + 600C-330e 2)
AS/7201%

k=ko[1+(14C)AZ/2+(5 - AT + 42C + 13¢% - 28e 2) A%/24+(61 - 1487 + 1672)45/720
Where kg=0.9996

e'2=e2/(1-e2)

N=a/(1-ezsin2 9)§

T=tan2¢
C=e‘2coszﬂ

A=cos @ ( A - ) 0), with A and Xo in radians. |
M=a[ (1-e2/4-3e%/664-5¢5/256-...) B-(3e2/8+3e%/32+45¢6/1024+. . ) !
sin2p+(15e%/256+45e8/1024+...) sindp-(35¢5/3072+. . )sin6p+...] |

With - in radians. ‘
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THE INVERSE EQUATIONS FOR THEI UTM GRID

P = 2y-(Ny tan By/Ry)[D/2-(5+3Ty + 102,-65,2 - 9e'?) D%/24 + (61 + 907y =

298Cy + 457 Z 252e.2—3612)06/720], where ¢ is in radians. To convert to degrees
multiply ¢ by 180T .

A= Xo+ [D- (1« 2Ty + Cy) D%/6 + (5-201+28T; - 30,2 + Ge 2 + 24T,%)
DS/IZO]/COS 01, where A is in radians. To convert to degrees multiply A by 180/
Where 21 is the foo:t point latitude of the perpendicular from the

central meridian.

By =u v (3ey/2-27€,3/32+...) sin 2u + (21e,%/16 - 55e,°/32-...)

sin 4u -+ (151913/96+...) sin bu <..., wnere § is computed in radians anc then
converted 1o degrees by multiplying by 180/1

Wnere

ey = [1-01-e2) /D1+(1-%)F)

~

o 20, - c z e s :
M/lal{l-€ /4-5e4/6£-366/236-..-)], where & is in radians.

L=

N = v/

Moo= y/Kg
L - oogrc
Ke .806¢

Witr £~ knowr,, the other terms are calcuiatecd for use in the equetions § anc A .

£ “=ev/ 0 -e")

T.o= tartg-

h-o= 8/ .—e:swr:ﬁ?}f

Ry a:‘-e')/\;-e:swrzc7)3/z

O o= x/ihovg,

v = Tne northinc in the northern hemisphere

v = The norining - 1C,00C,000 in the southern hemisphere

x = Zastinc - 50C,000

ot w e . - - - TN o R I
A N P S RS L Ry B A n R T A T I
NS WA BN TR TR TR TR v T VAP VIR VO TR T, T U W U U NG VAU WAL LA e N T U oY g




AW The UTM coordinate transformatiorn procrams

AR
AEN The two programs presented are written in BASIC for the Casio
\-_"q.

e FX-8ClP Programmable Calculator. They perform <he forwarg .ané

.A
_— lnverse transformations.
P

}: The Drograms operate interactively. The forwaré transformatiorn
LI -

::.

N becins by incuiring of the user which reference ellipsoié he wishes
(g a0

] to use. This is accomplished by the interrocative "A=" andé "I

s CUARDRADO=". A i1s the semimajor axis of the reference ellivpsocié and
L I CUADRADC 1s the eccentricity sguarec. These values for four

- reference ellipscilds common tO Latin America are given in tatle .
o R . 2 : - - NPT

ik A and e need to be entered only once. The program will skip these
L incuiries on the secondé point transformation. Aiter enterinc the

ellipscié constants the program will ask for the "LZT DZL PURTC" &and

D the “LOK DIL PUNTC". the latitude ané loncitude are enterec in the
e following manner. To enter 25° 22' 14.22" W vou press 25 then execute,
e 22 then execute andé 14.22 and execute. ToO enter & point located

- in the southern hamisphere cr west of Greenwich, vOu must aprlv

T
;\v 2 minus sign. 73° 34' 20" would be entered as -75 execute, =34

l\..

- execute, =20 execute. Once the laztltude and loncitude ere enterecd
"‘:.:\
e <he procram will ask for the "MIRIDIAZNO CINTRAL". Thie s enzered
e

- as two dicits. Fer as -€% execute.

13

tfzer trhis the transfcrmation cealculetions will be pericrmeld and
<he answer clstlaved.

Tne cisr.ayv seguence 1s as follows; "N=" anf the Worthino will
acpeer. Precs the conIlinue Xey ani "I=" anc tne IZesting wlll &atoeer

et ".4'.. T - _-.'_ ".'-'. - '_."‘..‘_- _,V‘_.“ ﬁ."' - . ."_."‘-.‘.."“. T . ‘,'-'." ‘_“ 4."-," : .N‘ ..- - .
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hfter the ILasting is displayed the program will begin again by

4]
s
P
[oh
b
93]
3
e}
(&)
rt
-y
m

asking for the latitude, longitude and the central m
next point.

The inverse transformation program, like the forward program
starts by asking for "A=" and "E CUADRADO=". The program then aske

for the Northing as "NORTE CUTM=", and the Easting as "ESTE CUTM".

th
t

er this the program will ask for the "MERIDIANG CENTRALL". Th:us

e
8¢

1s entered as two digits, like in the forwaré precgram. Finall

1

’
the program will ask for the hemisphere in which the pcint lics.

mne statement  HEMISFERIU N U 5" will appear. Enter iy :f vou are

in the northern hemisphere or § £for the south. After the trancs-

formations are complete the results will be displaved in the

fcllowing manner. "LATITUD =" will appear. Press the continue hey

to display the results. Press continue again and "LONGITUD=" will
acpear. Press continue to see the results. If you wish to trans-

fzrm more points press continue and the program will ask vou for

1

asting, central meridian and hemisphere oI the n

t
M
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o NCITTLT i,

e LT e e e e T T
. e . T s e e ke, T

PR AT T R

{
«
[l

A bkt AN Sl B & N S ae s

e O 1 WY

i B

i
|



o'
.'l-'

’

’

« s

RN

e
2
'

.

10

The UTM Forward Proaram

6 aﬂf IMODE S:INP
- vB lﬂF 'P
CURDRADO=",E

26 N0 "LAT (EL PU
NTE™.Go R, S0 WP
"LON DEL PUNTOD=
q,XI\l‘,):

38 €=0E6(C,K, S/ (1
38/x)sP=DERIR, Y
1ot INP PHERTD]
AN0 CENTPRL=",E

4 F=f/y-Elig=, 96
Sore=p/S5QP \1-E
sSIN 020 T=TRK

c¢ c:ncos Q121hs
0S Gak=tion/)§
)

o6 h=(1-T/4~T0E12/
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SN (T
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af47 38Tl
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Programs written by

The UTM Inverse Prparam
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L
'. - Numerical Examnles
3
~1 )
oY UTM Forward Equations 1
’ Given: Clarke 1866 ellipsoid: §=6378206.am
RS €%=0.00676866
::: Central meridian:
S UTM Zone 18: A.=75° West lonuitude
e Central meridian
:,\ Scale factor: k,=0.9996
::_\' Point: $=40°30"' North latitude
N A=73°30' West longitude
m Find: x,v,k
‘ii u':=U.UUh7hHhh/(I-U.UUh7ﬁHhh)=0.0UhHIAH
' N =63’82bn W/ (1-0.00670866 sin 40.5°) “=6387330.5m
;'.- To=tan -‘L 5°=(), 7204538
il; C =0.0008148c0s240.5=0.0039404
;i' & =(cos40°30")x[ (=73.5°)-(=75°) }m/180°=0. 0199074 '
M =6378206. 4] (1-0.00676866/4=3x0. 006768667 /64-5:0.00676866™/256) (4. 2% = h
'\, (3%0.00676866/8+3xC. 006768667 /32+45%0. 0067686€%/1024)xsin(2xal. ¢ =
25 (15%C. 00676866 /256+45%0. 006768665 /1024) xsin (4x4C. 5% 1= (25%( . 0067654 /3072 )5
- sin(6x40.5°)}r7/180=%,485,837.67m
- v =0.9996%6357330.5%[0.0199074+(1-0.7294538+0. 0039404 ) xC. 0290077 /nm
.:é (5-18xC.7294538+C. 72943 387+7 2xC. 0039404-36xC. 00681 48)%C. 01990727 1 20
o =127,106.5m ’
Wy v =0.00963 {48837, T-0+63872330. 5x0. 85408075 [C. 01090747 /2= (5=( . T2ULT Graty
G.0039404+LXO.QC3940L2)XO.0199O7AL/24+(61-56x0.729&5538+L.72°-5353‘
b 6ooxo.oo39ao:-330xc.0068148)x0.019907;6/720n
o =4,484,124. 4m
- ko =0.9996x[1+(1+0. 0068146c0s240.5%)x127106. 5/ (2x0. 9996 25 367 330,27
- =0. 0997980
- Northing =4, 484,124, 4m
E?; Easting =500,000+127,106.5=627,106.5m
-
b
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12
UTM™ Inverse Equations
Given: Clarke 1866 ellipsoid: a=6378206. 4m
e2=0,00676866
Central meridian:
UTM Zone 18: Ao=75° West longitude
Central meridian
Scale factor: ko=0.9996
Point: Northing = 4484124.4 m
Easting = 627106.5 m
Find: ¢, A

y = 627106.5 - 500000 = 127106.5 m
v o= LeBal2a.4m

e’

>’

=C.00676866/(1-0.00676866)=0.0068148

=0+44B4124.4/0,9996=4485918. 8m
=(1-(1-0.00676866))/[1+(1-0.00676866)2]=0. 001697916

=44LBS91E.B/[6378206.4x(1-0.00676866/4-3x0.00676866%/64-5xC.006768663/256) ]

=0.7045135 radian

=C.7045235+(3%0.001697916/2-27%0.001697916°/32) sin(2x0.7045135)+
(21x0.001657916%/16-55%0.0016979164/32) sin(4x0.7045125)+(151xC.0016979163/96)
sin(6xC.7045135)=C.7070283 radian=C.7070283x180° Ar=40.5057362°

=C.006814Bcos=40.5057362=0.00392¢3

=tar-4C.5097362¢=C. 7299560

=E37E820¢.4/(1-0. 00676866sin240.5087362°) =6367234. 2m

=£378206. ax(1-C.00676866) /(i~C.00676866sin240.5057362°)3/%=¢,362,271. 4m

~-

=12710€.5/(€3E7334.2xC.9996)=0.0199077

=40, 5067362 (6367334, 2xC. 8543746/€362271.4)%[0.01990772/2-(5+3x0.7299560+10
%(.00238283-4xC. 00393¢2°-9x0. 00681 48) 0. 01990774/2b*(6’+90x 72
xC.0036383+45xC. T 2905607 ~252xC. 00681 48-3x%0. 003.-93‘)x0 0l
=4C.500000C“=40°3C ' North latitude
=-75‘-{IC.0199077—(1+2xC.7299560+0.0039393)x0 01990773/6+(5~2x0.00393937
26xC. T200560-3xC. 002363 +Ex0. 00681 LE+24x0. 299560 )%0.01 990775/120]/cos
4C.5057362° x18C° jr=-75°+1,5000000¢==73.5°=73°30"' West longitude

/

~3

20%180 /1

‘.‘:‘ T‘!" \ ~¢ , - ﬂ:’\
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Table 1

Constants for Reference El1lipsoids Common to Latin America

‘A Reference Ellipsoid

Semimajor Axis a

Excentricity Squared e

2

Clarke 1866

Internacional

P,

p A

South American 1969

- g
r}
oA

- e

LGS 72

-

LT

i

-

., A -

6378206.4
6378388
6378160
6378135

0.0067686580
0.0067226700
0.0066945419
0.0066943178

-~
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Figure 1

Standard Line

. Regular Cylindrical

Standard line

Transverse Cylindrical

Tne cylindrical developable surface as seen in its regular

and transverse forms.
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