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1. Introduction

This memo examines the properties and purported advantages that some schemes, intended for
spatio-temporal representation and inference, offer over simple linear inequalities and their algorithms.
As such, this work belongs in the implementation slot of Marr's classification of Al research into the levels
of computation. algorithm, and implementation [1]. Here, any discussion at the other levels in Marr's triad
serves to point out that some current proposals at the implementational level were motivated by a
particular task or computation to be achieved.

2. Time and Space in the Abstract

Many real-world applications of artificial intelligence require reasoning over time and space, but the
nature of the reasoning leads to very different requirements. For example, a real skill such as that of a
chess-player certainly demands an ability to handle spatial information, since a rook can capture its
antagonist only if they both share one dimensional coordinate in the plane. A draftsman of electrical
schematics must have a simple aesthetic appreciation of planar space in order to perform his task
competently. Does the realization of both of these tasks by machine point toward a similar
representation?

It so happens that although a human chess-player conceivably uses Euclidean distances on the
planar chess board to evaluate features of a position, a mechanistic chess-player can eliminate the
spatial properly of the chessboard by making row and column indices into nominal (i.e. unordered)
quantities, which are nevertheless still distinct. The fields of force of the chess pieces are in theory
sufficient to discover the best move in a given position. It is unsurprising that the requirements that result
from making space into a nominalquantity should differ from those requirements needed by our everyday
notions of totally ordered spatio-temporal coordinates.

The postulate of special relativity offers a view of the world in which time and space are formally
equivalent (if time is complex). However, the patrimonial common sense of most everyone reading this
includes a world-view that treats time specially. We regard time as continually flowing in one direction at
a constant rate, and furthermore distinguish that moment in time which is the present. This present
moment halves all times into the past and the future. Any moment in this future is guaranteed to arrive, in
the sense that the present will become that moment eventually and predictably.

Space, unlike time, is static according to our world-view. Neither do we discern a special location in

this space that flows, bisecting space dynamically. These notions are familiar and commonsensical, and
popularly regarded as the naturalway to view these cosmic concepts. Could there be any other way that
suitably explains everyday phenomena? %

The linguist Benjamin Whorf concluded, by studying the Hopi Indian culture of Arizona, that their
language had no notion whatsoever of time, either explicit or implicit, as a separate concept with the
properties that we attribute to it [2]. However, as Whorf states,

the Hopi language Is capable of accounting for and describing correctly, In a pragmatic or
operational sense, all observable phenomena of the universe.

The Hopi metaphysics or world-view' imposes two forms that are comparable to our time and space: the
manifested or objective, and the unmanifest or subjective. That which is manifested includes all that "is or

' horf uses the German term Weltanschauung, literally world-view

." . ;. . '' "/.".-." ." ". . . . . .. " . . .
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has been accessible to the senses, the historical physical universe ... with no attempt to distinguish
between present and past, but excluding everything that we call future." The unmanifest embraces our F

notion of future, together with the inobservable activity of the mind and of nature. The unmanifest is not
advancing towards us as time is in our world-view, but is already present, although tending toward
manifestation. Also included in the unmanifest is that realm of the manifested which is so distant (in our
time and space) that it ceases to be knowable, and therefore re-enters the realm of the unmanifest or
subjective. These two cosmic forms in the Hopi world-view pervade the grammar and verb forms of the
language.

Although one can argue whether to lump together space and time, the discussion here will concern
both to an extent for two reasons:

1. Some proposed representations claim to apply to either.

2. Space and time occasionally are represented uniformly. The fact that this uniformity is not
universally desirable does not matter, because the previous example of chess and
schematics shows that even for planar space quite distinct representations are in use.

The key properties that time/space share are order and a strictly increasing continuity (in the sense of the
calculus). The equivalence, for our purposes, of space and time is due to the orthogonal Cartesian axes,
which possess an order, and smoothly increase forever. A representation of space with spherical
coordinates loses this continuity, and therefore the similarity with time.

3. Examples of Spatio-Temporal Assertions

In artificial intelligence, references to time/space arise from statements such as shown in the

following list:

1. Ernest never wanders beyond where his beeper can reach him.

2. Man landed on the moon in 1969.

3. Her hangover lasted an entire day.

4. The hole in the wall is six inches above my desk.

5. Ted ran farther than Tom and Tod put together.

These statements can be intuitively translated into inequalities as follow:

1. [Ernest, - beeperx] 2 + [Emesty - beepery] 2 < 10 miles

2. Man landed on moon = 1969 (years)

3. End her hangover - Begin her hangover = 24 (hours)

4. Hole z - Desk topz 6 inches

5. (Tedfinish - Tedbegin) > (Tomfinish + Todfilish) - (Tombegin + TOdbegtn,)

Equalities are expressible as a conjunction of two inequalities, so further discussion also treats the case
of strict equalities also so here any discussion of the latter extends to the former.

Each of the translations except the first is a linear inequality. The first fails because it expresses a
constraint which is not decomposable into independent constraints in the Cartesian plane. This non-
linear inequality would be expressible as a linear inequality were our coordinate system polar. Each of
the examples, except the first and last, is a simple linear inequality, which is of the form

: 74-- - % "- - ~ ,,~. ' 9 ~ % % .'% ,%2 ~ %.~ -. . #.,



A * -. . * . -. -• WV W T a a a .

Spatio-Temporal Reasoning and Linear Inequalities .4.

q- qj ? a,, 1)

The last example is not a simple linear inequality because its equational form mentions more than two
variables.

I therefore state the obvious fact that linear inequalities are incapable of capturing the full class of
algebraic constraints, and that simple linear inequalities are less capable still.

Let us define a program as a set of algebraic constraints. Then another obvious but noteworthy fact
is that the class of constraints expressible by a program of liear constraints (i.e. a linear program)
,.ubsumes or includes the class expressible by a program of simple linear constraints (a simple linear
program).

4. Analyzing a Representation Scheme

Some useful questions to ask of a representation and inference scheme are:

Expresslvity

" What facts are expressible in the scheme? The more the better, subject to a trade-off.

" What desirable facts are inexpressible? Disjunctive facts often are prohibited in part
because of tractability, as in the terminological component of Krypton [3].

" Does the scheme cluster closely related objects?

Deductive Power

" What "new" facts are deducible from the given facts?

" What type of inconsistency is discovered? For example, a directed graph of arithmetic
constraints is inconsistent whenever the sum of weights along the edges of a loop implies
that a variable is greater than itself. Other task-dependent inconsistencies may be caught by
the representation/inferential mechanism: no pair of variables may exist such that from each
there is a zero-sum path to the other.

" Can the set of constraints be somehow Inconsistent and escape detection? This often
reflects a conscious trade-off on the part of the designer, whenever consistency is achievable
but at high cost.

" What information about Inconsistencies is reported? Are nogoods reported, and are
they minimal or nearly-minimal sets?

" What Is the computational cost of reporting inconsistencies? Occasionally, nogood
sets are a by-product of the detection of the contradiction, so the incremental cost is nil.

" What Is the computational cost of the deduction of "new" facts?

* Does the inferential mechanism deduce many useless facts? One of the purposes of
clustering is to avoid this very problem.

Implementatlonal Congeniality

" Is there more than one representation for similar facts, or is the representation
uniform? Uniformity is a virtue, but some tasks are served better by different
representations

* Is the scheme Incremental (does It promote search), in the sense that It is cheap to
add and delete constraints? A program module promotes search it the addition of a few
constraints to a "solved" system. ,and then solving, is cheaper than adding those constraints

r-

2 .- .
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to an unsolved system and solving everything together.

* If the scheme is intended as a module in a larger problem-solver, is the representation
In harmony (with regard to data structures) with other representations within the
problem-solver? Lack of harmony means more clutter for the programmer to comprehend.

" What is the programming complexity of the algorithms which carry out the functions
of the scheme? A good example of a complex algorithm is Simplex (discussed further
below).

In order for a scheme to solicit acceptance, it should offer some newly advantageous answers to
some of the questions above. In what follows, I shall treat some current approaches by examining these
questions.

.
o1

.
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5. Allen's Interval-Based Representation

5.1. Historical Origin

Allen over the past few years has proposed a scheme [4, 5] for representing temporal assertions.
This scheme seems historically motivated by the reasoning tasks typical of the understanding of
narratives, which is the domain of his doctoral thesis. His representation has further evolved as part of a
larger effort to design a logic that captures propositions, events, actions, and plans that are qualified
temporally.

To the extent that this algebra of temporal relations is advocated for multiple tasks of reasoning and
problem-solving [6], we are justified in examining closely its properties.

5.2. What Problem Does This Scheme Solve?

I view Allen's scheme as essentially answering the following question:

Problem 1: How should one design a mechanism to infer new facts about the
relationships between pairs of events, given ambiguous knowledge that holds between some of
the pairs?

The key aspects of this formulation are:

9 An emphasis on the capacity to infer new facts, and therefore on the soundness of the
inference.

e The use of disjunctive facts which are "local" in the sense that they make a statement about

the relationship between two events.

A temporal-reasoning task that lacks these aspects but emphasizes others requires a different approach.

Other plausible aspects are:

" The mechanism is consistent; it discovers tractably the existence of contradictory sets of
relations.

" Disjunctive facts are unnecessary; instead a set of assertions is strictly conjunctive.2

In what follows, I shall present in more detail Allen's approach, and show how it adequately solves
Problem 1. Moreover, this paper examines the suitableness of the approach as a solution to the following
problem:

Problem 2: What representation, inferential mechanism, and guarantor of consistency are
appropriate for a task which repeatedly proposes relationships between variables (e.g. events)
in the search for a satisfactory arrangement?

Some other approaches will be examined in light of this question.

20f course a task may involve proposing different conjunctions, as during search Such behavior is analogous to searching a

disjunction, In that case, the coniunctiveness refers to some subordinate procedure, which is a "snapshot' of the global search task

, ,.; ;-.,. .': - , -.- ;, ,. . ,.. ... .,.,,... 5- .-. -,.-,_5 .i-_, - ... ... , % ~ , *.. .- ..-.. ... -. , . .. .... ,..-
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5.3. Review of the Scheme

Allen introduces the notion of an interval, which is not crisply defined, but is vaguely a one-
dimensional thing which has a nonzero length. Thiese intervals are meant to correspond to events, so
one extremumn of the interval is "greater than" the other, in the sense that there is exactly one correct

orientation of this interval along the time dimension. Hereafter I shall talk about "endpoints" of intervals,
ignoring the philosophical and logically rigorous issues involved, which are not relevant to the present
purpose.

Representable facts about intervals are the relative position of two intervals with respect to the
orientation of time. Furthermore, any uncertainty in their relative position is captured by a set of relative
positions, which implies a disjunction. So for uniformity, a relationship between intervals is always a set,
possibly of a single element.

The vocabulary of possible relationships follows:

before (<) <-4 after()

overlaps (o) (-4 overlapped-by (oi)
starts (s) +- started-by (Si)
finishes (f) +- finished-by (I i)
during (d) +-4 contains (di)
meets (in) "- met. by 1,mi)

Two relations on a same line above are inverses, e.g. if interval A is during interval B, then B contains
A. Between intervals there are thirteen possible relative positions, all of which are mutually exclusive.
These thirteen are easily generated by distinguishing the endpoints of two example intervals and listing
the possible relative positions among their four endpoints.

Given a representation of events as intervals, and relationships between intervals as sets of relative
positions, one still needs a mechanism to make explicit those relationships which are initially only implicit.
The transitive operation is that deductive mechanism, and to that end Allen straightforwardly defines a
transitivity table, which is reproduced in Appendix 1. This table defines the result ot the composition of two
relative positions, for example:

(m) { d) (o d s)

Transitive inference is accomplished by taking the Cartesian product of two relationships (i.e. sets), and
composing each of the resulting pairs according to this table. The union of the sets obtained by
composing the pairs is the new inferred relationship. Continuing the example above,

if A(c<m)B and B (<d)C then A(<-omds)C.

The mutual exclusivity of the relative positions is what allows performing simply the union to obtain the
new relationship. I reiterate the interpretation of these sets as a disjunctive assertion regarding the
relative position between two intervals.

Finally, the notion of intervals and their relationships are embedded in a directed graph (i e. a
network). In conformity with the suggestion contained in Patrick Hayes' papers the following account
makes explicit the semantics of an interval network.

A particular Instance of a network asserts the conjunction of the relationships implied by the 4..

edges between the vertices (i.e. the Intervals). Any two vertices between which no edge exists is 4-
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considered to have the universal relation (i.e. the set of all relative positions).

The network asserts a conjunction of many disjunctions. However, this conjunction is not minimal
because there are implicit relationships therein whose determination would reduce the size of embedded
disjunctions. This determination of implicit relationships is exactly what the transitive closure algorithms
intend; more on that below.

In my view, the key idea of this scheme is that an interval is not described as a pair of endpoints, but
as an indivisible entity. In this way, disjunctive uncertainty is included in the relationship between interval
pairs, as befits the constraint propagation paradigm. Incorporating similar disjunctions to a point-based
representation is clumsy, and is incompatible with the idea of local constraint propagation.

5.4. Constraint Networks and Their Properties

This section reviews a theory of networks of constraints, after which we can analyse Allen's scheme
by casting it such that the theory applies. The formulation and theorems are due to Montanari [7].

Allen and Hayes have recently axiomatized the notion of intervals and their relative positions [8j
Intervals are not defined, rather they are characterized by their properties. Relative positions are defined
by existential quantification over intervals and the primitive relative position meets. Their axiomatization
allows a discrete time model, and it is this model to which the analyses here relate. No theorematic
statement about a continuous time model shall be made.

In Allen's scheme, the relationship between intervals is a set of relative positions, up to thirteen in
cardinality. Assuming a discrete time model, the set of all possible intervals constitutes an enumerable
and totally ordered set. For example, if the number of time instants is a finite N, then the number of
possible intervals is N(N-1)/2, and the intervals are orderable according first to the lesser point, and then
to the greater point.

The use of the term interval misleads somewhat, because it suggests a known quantity in time. If
these quantities are known, then there is no ambiguity concerning their relationship, whereas here we
treat clearly uncertain relationships between intervals. Not wishing to introduce more terminology, instead
I stress that an interval is an unknown quantity in time, in other words, a variable.

A relationship between two intervals, therefore, is viewable as a mathematical relation: it is a subset
of the Cartesian product of the domain sets of the intervals. Those pairs that are in the subset are
allowed by the constraint, otherwise they are precluded. Then a network is defined here, borrowing from
Montanari, as:

A network R of binary relations is defined as a set of sets X = (Xl,. ,Xn) plus a relation Ri, from
every set X, to every set X (l,j=1.n).

It is this view of interval networks which eases the proof of new theorems regarding them

There are two concepts needed to understand the theorems of Montanari:

" A closed network.

" A minimal network.

Since Montanari's paper contains precise formalizations of these concepts, I shall here give only an
intitive iforptotaltion A Closure. or a closed network, is i network in which ill inplicit (1 0 dlorq dI

path) relations between intervals have been made explicit by including their effect in the direct arc-
constraint between the intervals.

:..-....... ...-... ~~~~...+..-....-+.............................-..........,..........-. . . . ,. ...........-.
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A minimal network is the smallest of the set of closed networks which are equivalent to the original,
possibly unclosed, network. Smallest refers to a partial order on networks of e.ual number of vertices.
The interesting property of a minimal network is the following paraphrase of Montanari's theorems:

Theorem 1: (Montanari) A network is minimal if and only if for any vertices i and j, if any

pair of values for i,j satisfies the direct relation between them, then that pair of values appears

in some solution (i.e. n-tuple) that satisfies the overall network.

It is crucial to grasp the difference between a closed network and a minimal network.

A simple example which highlights the difference is that of a network that is internally path-
consistent, which nevertheless possesses no assignment to the vertices that fails to contradict some
relation. One can not know whether a network has a consistent assignment to its vertices by solely
examining its connectivity and the relationships along the edges; the domains of the vertices are also
needed.

3

The graph-coloring example on page 10 illustrates this idea. The network shown is already closed,
i.e. there is no path-wise constraint which is not already explicit in the direct binary relations. By varying
the domain of the vertices, as in cases A) and B), we see that the case B) does indeed possess a solution
in which each vertex receives a different color. Because there is no solution to case A), its minimal

network would be that network with the null relation on every arc.

The central problem, according to Montanari, is computing tractably the minimal network equivalent
to a given network. It would be nice if the closure of a given network were provably minimal Montanan
proves that the closure is minimal for two classes of networks, both of which are sparsely connected

1. Symmetric tree networks.

2. Symmetric series-parallel networKs.

An example of a symmetric tree network is a tree for which the relation along each branch, ,t te "ot
equal" relation. Such a network is symmetric because if a pair of values {a,b} for two connected vertices
is prohibited, then the pair (b,a) is also prohibited.

Unfortunately, such networks are too limited to serve usefully in the domain under discussion
Another way to guarantee that the closure be minimal is to restrict the type of relation that holds between
vertices. Again, however, the restrictions necessary are too stringent to be useful. For example, the
relation "equals" between two variables does not meet the restrictions.4

5.5. Consequences for Allen's Scheme

The lesson from the previous mathematical observations is that neither the closure nor the similar
constraint propagation algorithm, given by Allen (41 for the addition of a new constraint to a network, is
consistent The clos.re cannot reveal whether a network has an assignment to its vertices which fulfill
the binary relations. Moreover, there is scant hope that such a scheme can be made consistent, in view

3l instead of a relationship "" we had the corresponding relation which consists of all pairs from each variable that satisfy "r'.
then it IS possible to determne whether there is a consistent assignment

4
The reason s that the rlatons -r Jt be to use Morntarn s term, monotone So it an element X from the domain of X s

,-C udFed in a relaion with el,-:nt I. Irom the domain of ', thion all d'om-ain e tments iess,'greater than X, according to the partial
-)der defined over the do ,n ,'em~nt. must also be ,ncluno ,i reatiOn with i

.....................-.. .... -. .-. -.-.....
.... ,,- ..- .5*S ; ,. ,1 e . :. - ,,'4 ,. o ,' "a ,, ,= . ., '.' ,,,L, ,,¢, .',¢,,.,= -.- = --. ,--=t,.= ,=
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{unequal)

A) With a domain of [red white blue), there is no consistent coloring of hle graph.

J.

B) With a domain of (red white blue pink), there IS a consistent colorin&

Figure 5-1: The Graph-Coloring Example
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of the above. Given a closed network, and assuming that the number of possible intervals in the domain
is large (or expandable) so as to avoid the difficulty shown in the graph-coloring example. how can one
otherwise determine the consistency of the network?

The common recourse is to search through the space of possibilities. One space is the domain of
the possible intervals: repeatedly assign a chosen interval to the network vertices until re3ching a
configuration which satisfies the disjunctions on the edges. If the domains are large, a better approach is
to search the space of singleton subnetworks, by choosing a single disjunct (relative position) on each
arc, and then testing its consistency. For example, the network on page 12 gives rise to six singleton
subnetworks, which are also shown.

The key question then becomes:

Can a constraint-propagation operation using Allen's transitivity table guarantee consistency in
singleton networks, or must one escape to another representation In order to confirm the existence
of a solution?

It is easy to see that the closure of a singleton network is either the same network or the null network,
because the closure computes a (not necessarily strict) subnetwork of the original network However, we
have already shown that the disjunctive scheme and transitivity table, together with local constraint
propagation, does not guarantee consistency. Montanari's theorems furnish ready cases for which the
closure is minimal, but the preconditions don't apply here either.

Fortunately, since singleton networks are not disjunctive, it is possible to prove that their closure is
minimal. For that we yet need a theorem regarding closed paths in interval networks, which is useful in its
own right and will be derived shortly.

In the remainder of this section, I shall prove a theorem concerning Allen networks, and show how
the theorem can heuristically prune the search for a consistent subnetwork of an original closed network.
Before proceeding, I shall list the interesting observations from this entire section:

" Allen's deductive mechanism is sound, but not consistent. Neither the closure nor his
constraint propagation algorithm can guarantee the existence of a solution satisfying the
edge constraints.

" To determine whether a solution exists, one can perform an exponential search through the
disjunctions, i.e. testing all singleton subnetworks of the closure of the given network.

" The closure of a singleton network will be null if the network is unsatisfiable.

" In a closed non-null Allen network, "=" is an element of the composition of relations along any

closed path.

" As a heuristic5 during the search for a consistent singleton, one can prune a proposed
assignment to an edge if it would result in a loop (say, of length three) which does not include
the "=" element.

In what follows I prove these last three observations.

I have already shown how Allen's temporal networks are formulable as networks of set-theoretic
relations over the domains of the vertices (intervals). Such pair-wise relations are a subset of the

Cartesian product of the domains; alternately they are matrices whose ij element is unity only if the pair ij
is allowed by the binary relation. The composition of relations is then equivalent to matrix multiplication
(with Boolean arithmetic), which is certainly associative. So the first result is:

%
5
Wth the meaning of 'more informed than blind search
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Figure 5-2: Singleton Networks
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Lemma 2: Allen's algebra of intervals is associative.

Now let Inv be a function which takes the inverse of the input relative position, for example Inv(<) =

>. Let the capitalized INV do the same for all the elements of a set (e.g. INV({> o f i)) = {< oi f}. One can
easily prove a result that is suspiciously similar to the theorem from matrix algebra:

[M 1 M 2
-1 

= M 2 - 1M 1

To prove the analogue, let table(rl,r2) denote the function corresponding to Allen's transitivity table, which
outputs a set. Then by exhaustive enumeration (132 cases) one obtains that:

Lemma 3: INV(table(r,r2)) = table(inv(r2),Inv(r,))

which permits the following result:

R R2  U.ktable(ripr 2k)

INV(R1 0 R2) = INV(u..ktabe(rj,r2k))

= UjikNV(table(rI,r 2k))

= UJj,ktabe(inv(r2k)inv(rj)) ;lemma 3

= 1NV(R2)°INV(R1)

and the theorem

Theorem 4: Using Allen's transitivity table, where R denotes a binary relation,

Vj,k INV(R, ° Rk) = INV(Rk) ° INV(Rj)

Before proving the main theorem of this section, another result is needed:

Lemma 5: If an Allen network is closed and non-null, then "=" is an element of the

composition of the relations along every closed path of length three.

Proof. Assume that the network is closed and non-null. By definition of a closed network, we know that
Vi,j,k Rij Rik 0 Rki. Since the network is non-null, there must exist a relative position which is an element
of both Rij and Rik 0 Rk,. Therefore, the inverse of that element is included in Rji. If inv(r) = s, then by
inspection of the transitivity table table(r,s) includes "=", which is therefore included in the closed path Rik
o Rk, 0 Rji.

Q.E.D.

We now have sufficient tools with which to obtain a main theorem:

Theorem 6: If an Allen network is closed and non-null, then 'V' is an element of the

composition of the relations along every closed path.

Proof. We consider an arbitrary loop of length m, and construct a corresponding polygon having m sides.
Distinguish a vertex of the polygon as that vertex which starts and ends the closed path. Now connect
the distinguished vertex to all other vertices of the polygon. This creates m-2 inscribed triangles in the
polygon. Selecting a smallest triangle, we know from the previous lemma that the composed relations
along it include =." Now successively replace a relation on one of its faces by the similar path on an '.-.

U. w .• o *.U .'K C . % .-. , • ... . . *. -- . -U. ... . . .. . . . . .. . . . ,. o . , . , ..
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adjacent trianglk until one sweeps the entire polygon, obtaining finally the closed path that touches each
vertex once, and the end verlex twice. At teach step the larger path also includes "=", because the
network is assumed closed so that each two-step path that replaces a single relation is a superset of Ihis
relation.

Q.E.D.

As promised, with Theorem (6) we may prove the following:6

Theorem 7: These statements are true and equivalent:

1. The closure of a singleton Allen network is minimal.

2 A closed Allen network with a single non-null relative position on every edge has a
solution

3. If all triangular subnetworks of a singleton non-null Allen network are consistent, then
the network has a solution.

Proof by contradiction Assume a closed singleton non-null Allen network that does not possess a
solution.

Imagine a new network that splits intervals into their two endpoints. This network translates the
interval relations by connecting two nodes in the endpoint network by a unidirectional red edge to denote
the predicate "precedes," and by a bidirectional white edge to denote the predicate "equals." The
meaning of these two networks is identical.

Now this split network is inconsistent only if there is a closed path of edges that includes at least one
red edge, because otherwise the network is simply a partial order which of course is consistent.
Distinguish, without loss of generality, a vertex Aow on the closed path that corresponds to the lower
endpoint of interval A. We know from the existence of the loop that xlow>yo w, where in fact both x and y
are A.

From this closed path in the split network, we can obtain the corresponding closed path in the Allen
network that mentions the same intervals. In particular, the composition of relations along this path,
starting and ending at interval A, must admit xlow>y 1w, where x=y=A. The only relative positions between
x and y that admit this constraint are {< di o m fi). Therefore the composition of relations along that
closed path beginning and ending at A in the Allen network is a subset of, or equal to, {< di o m fi).
Because this set does not include the element "=", we note, on account of Theorem (6), a contradiction.

The three equivalent statements of the theorem above are obtained simply by replacing terms by
their definitions or trivial consequences.

0. E.D.

Another consequence of Theorem (6) is that, when doing a simple depth-first search for a consistent
singleton network from a larger disjunctive network, a next assigned relation to an edge can be retracted
if any loop of length three would be formed whose composed relations exclude the "= " An uoper bound
on the order of the total work done by applying such a heuristic during a serendipitously backtrack-free
path is

C(2,2) + C(3,2) + C(4,2) + + C(V-1,2) - C(V-1.3) 0 (V3)

-- IThe interval variables are assumed to take on values from a domain extending ,ndefinitely, or at least large enough so that a

situation analogous to that in the figuro on page 9 does not arise

- , o . • . . . . - . . .. . . ,- - . . . . . . . • • . , . • , - ,i • . = • - •%-
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where C denotes combinations and V is the number of vertices. 7 The equality is from a known
combinatorial identity. Potentially at each step an exponential amount of work can be saved, although the
exponent decreases as more edges are labelled with a relation.

5.6. Practical Aspects of the Scheme

This section treats informal aspects of Allen's scheme which influence its fitness for general
problem-solving. These aspects involve the expressivity and the handling of contradictions.

It is easy to see that any single relative position between intervals is a conjunction of two algebraic
equations of the particularly simple form:

i<j or i>j or i=i

The interval-based scheme as proposed, however, does not permit information about distances between
intervals. One can incorporate distances to the point-based scheme in (2) by adding a constant to the
(in-)equalities. This degrades only slightly the ease of determining the consistency of such a set of
(in-)equalities, from a topological sort to a shortest-path algorithm (more on that later). Therefore the
interval-based representation is less expressive than a point-based setup, in the sense of disallowing
distances. However, Allen networks naturally capture disjunctive facts, whereas a point-based network
does not. In my view, this key difference makes the two schemes not directly comparable.

Another vital matter concerns how to exploit the occurrence of an inconsistency by reporting and
storing nogood sets, i.e. a preferably minimal set of constraints which by themselves account for a

contradiction. There are two cases to consider, because there are two ways that inconsistencies arise.
First, a contradiction is uncovered when, during constraint propagation, an edge remains with a null
relation. Conceivably, some mechanism for truth maintenance could handle expediently the building of
nogood sets, and in fact this author has been informed of a current project at BBN with this goal [9]. I
conjecture that any nogood set obtainable in this case corresponds exactly to a closed path whose
composed relations do not include "=."

Recall that some closed non-null Allen networks are not satisfiable, and that the recourse then is to
exponentially search for a consistent singleton subnetwork. If no such singleton exists, then evidently the
original network is inconsistent, and we have the second type of contradiction hinted at above. The
resulting nogood set is the entire original network, which is not very useful.

6. Full Linear Programming

Malik and Binford describe [10] a scheme which consists of representing constraints as linear
inequalities in any number of variables. It then uses the Simplex algorithm to make "deductions" on these
inequalities. I shall analyze this scheme by answering the questions previously listed regarding
expressivity, deductive power, and implementational congeniality.

With regard to expressivlty, their scheme handles spatial constraints by formulating relationships
between points in space as linear inequalities. Time is similarly represented, by considering events to be
intervals characterized by a beginning point and an ending point on a time line. Since their scheme is full

7The author has derived, as a combinatonal exercise, the exact expression 1 (i-1)/2 for i=2,V-1
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linear programming, the problematic previous statement

Ted ran farther than Tom and Tod put together.

(Tedfish - Tedbegin) > (Tomfinish + Todfinish) - (Tombegin + Todbegin)

is expressible, although the other problematic statement

Ernest never wanders beyond where his beeper can reach him.

[Ernest, - beeper,] 2 + [Ernest - beeper ] 2 < 10 miles

is not expressible, due to the quadratic terms. The ability to cluster semantically related information is
claimed, while relating these clusters by a "reference frame transformation" which apparently amounts to
stating, for example, that cluster-1 is ten meters after cluster-2

I now examine the deductive power of the Malik/Binford scheme. The basic deductive step is the
transitivity operation, which depends on the transitivity of the "less-than" relation. As the authors mention.
an interesting relationship between two quantities, call them A and B, is whether A is necessarily less
than B. Assuming that an explicit relationship between them is absent, then simply executing the Simplex
algorithm and obtaining numbers for A and B is insufficient, because one quantity may be assigned a
larger number casually, not causally. Since their scheme allows this query, some further computation
beyond the Simplex step is needed, since Simplex doesn't reveal information such as "A<B in any
solution of the constraints."

The possibility that a set of linear inequalities is inconsistent can be detected by a properly
implemented Simplex program (there are other complications due to the Simplex algorithm itself, but
those are surmountable). The authors state that the "system refuses to accept a constraint that is
inconsistent with the previous set", and that the system accomplishes this detection without running the
full Simplex algorithm.

No mention is made of what, if any, information is reported when a contradiction arises. The given
framework does not seem to support the reporting of nogood sets. It is not apparent from the paper what
the computational cost of "deducing" new facts is, because, as said, the Simplex algorithm doesnt really
account for this ability. It is also unclear how well this scheme promotes search, by the aforementioned
definition.

The most vexing aspect of Simplex is that its complexity is exponential Determining solely the
consistency of a set of inequalities involves, in the version of Simplex seen by this author [11], the
execution of the entire algorithm just to find an initial basic feasible solution 8 The failure to find this initial
basic feasible solution signals the inconsistency of the inequalities Since search is characteristically
driven by failure, this observation speaks poorly for using linear programming in a problem-solver

From a programmer's view, another drawback of the linear programming approach is the lack of
Implementatlonal congeniality. Although the representation is uniform it involves ugly data structures
which do not easily integrate with the rest of a problem-solver Integraton is not necessary, but if much
information can be "hung" on the same data structures, then the conceptual complexity of the program is
less.

Finally, the cognitive complexity of the Simplex algorithm is quite distressing When one deals only

8This procedure does not recurse infiritely because, apparently, inding an nitial basic feasible solution for this subordinate linear
programming problem is automatic

.I
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with linear inequalities in two variables, and is not interested in maximizing some objective, then the use
of Simplex amounts to overkill, since simpler and more intuitive algorithms are known for this case. The
overriding purpose of Simplex is to maximize an objective function (some linear algebraic expression in
the variables) subject to some constraints, so that its use for constraint satisficing seems superfluous.
For this same reason, one would not use MACSYMA 9 solely to integrate polynomials.

7. Simple Linear Programming

This author claims that an appealing approach to representing spatio-temporal assertions is to
restrict the class of expressible constraints to those of a simple linear program (SLP), with a view to
exploiting known algorithms which are enormously simpler than those of full linear programming. Recall
that an SLP is a collection of simple linear inequalities of the form:

qi - qj - a,,

which, holding over pairs of objects, are known to be ideal for constraint propagation.

As evidence to support the claim of adequacy for simple linear inequalities, listed are all the example
English statements taken from precisely the Malik/Binford paper just discussed:

1. The gas leak started immediately after takeoff.

2. John saw Mary a while ago.

3. My fever lasted 3 days.

4. A few days back, I was in Las Vegas.

5. Hiroshima was bombed on August 6,1945.

6. 1 will finish my PhD in two to three years.

7. Jack had an accident a month after getting to Boston.

8. The symptoms start appearing within 10-20 minutes of the snakebite.

The authors note that "except for (2) and and possibly (4) all the specifications are linear relations
between the endpoints of events ." Each of these examples (except 2 and 4) is expressible by simple
linear inequalities, since they involve no more than two variables each.

The single-source longest-path algorithm [12, 13, 14] is essentially a constraint-propagation
technique, and determines in roughly EVtime the consistency of an SLP.10 A by-product of the algorithm
is an assignment of values to the variables. This approach is much less complicated than the Simplex
algorithm, easy to understand, dispenses with the specialized data structures of the latter, and is
computable in polynomial time. Nogood sets are found by a depth-first search for a cycle starting from an
edge (constraint) known to be unfulfilled when the algorithm terminates, and is therefore of order E for
each nogood set returned. Furthermore, an SLP can support search by recUrsively marking vertices as

gMACSYMA is a full-blown mathematical manipulator which can integrate, differentiate, handle algebraic expressions etc

'°Actually books on algorithms refer to shortest-path, reversing the signs gives the longest-path algorithm There is not a unique
single-source shortest-path algorithm The cited Liao/Wong paper on VLSI layout, in which constraints of the lower-bound type
preponderate, exoioits the structure of the problem to improve the complexity to Emin(L.V), where L is the number of inequalities ot
the uDper-bound type At any rate, these algorithms favor sparse graphs, because for a complete graph the complexity *degrades " . '-

to a less impressive V
3
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possibly will be changed upon the addition of new constraints, and working only on these vertices. The
author has implemented such a program and verified the qualities reported here. Appendix II discusses
the program in more detail.

For example, within the Hardware Troubleshooting group at the MIT Al Lab, a program like this is
useful for the task of creating a test program for digital circuits [15]. A feasible test program must satisfy
the constraint between the clock initialization time tnit and any event te enabled by a clock pulse: %

ti - t ,, > 1

A consistent assignment to the variables fulfilling this ard other numeric constraints constitutes a
candidate test program for some complex device.

This is yet another instance of the common trade-off between expressibility and computational
tractability, circumscribing the possible constraints in this manner permits gains elsewhere.

8. Reasoning Under Disjointness Constraints

In the rest of this paper I advocate a new way to handle reasoning over space and time which is
suitable under certain conditions to be discussed further. The proposal involves strictly limiting the
expressivity of constraints in order to assure known favorable computational properties. This is a
common and laudable theme underlying recent Al research [16, 17], since most Al systems involve a
trade-off which often remains unclarified in the papers which report on them. Moreover, the proposal
incorporates naturally a ubiquitous constraint in real problems: no two objects may occupy the same
space at the same time.

8.1. Tasks Which Exhibit DisJointness

First I shall motivate what follows by describing domains which lend themselves to such an
approach. There is currently an active effort aimed at automating the layout of circuit schematics [18. 191,
flow diagrams [20], and integrated circuits[14]. Each of these tasks involves placing oblects in a
continuous plane of indefinite extent, and routing connections between the objects. The straightforward
approach, common to each, "discretizes" the plane into a grid, so that placing an object involves
assigning it to one of a finite set of slots. 1' One advantage, among many, of grids is that the connections
have safe channels in which to navigate toward their attached objects, assured of not hitting any objects
in the channels.

Generally the layout task is halved into placement and routing, in that order Placement becomes
the thematic subtask of assigning N objects to M slots. Random assignments will not do; typically one
posts constraints that the layout must meet. and creates goals that have varying degrees of satisfaction
An implacable physical constraint which is not always made explicit in the constraint-satisfaction process
is that no two objects may occupy the same position. Unfortunately the posting of constraints, during the
search for a feasible layout, may result in the obligatory co-incidence of two objects. It is desirable to %
detect this as a by-product of the constraint-satisfaction process.

space by sequentally adjoining the obiects to corners of the "room" or to already placed objects
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8.2. An Abstract Formulation

Suppose that 'nach dimension of interest in a task is sliced up into "slots", and that the task consists
of allocating dimensional slots to certain objects, under some constraints specified explicitly by the task
These slots are identifiable with positive integers. A constraint is exactly of the form:

qid- qjd;? ail
where the subscripted d indicates some dimension, the first subscript distinguishes between objects, and
a,, is any integer. Note that no constraint may mention more than two objects nor more than one
dimension, in order to ease the implicit handling of the disjointness constraint. Sets of such onstraints
form a simple linear program (SLP). In words, they permit bounding the "distance" between two objects
from above and below.

Worldly dimensional reasoning requires that a slot in time/space be filled by no more than one
object. Call this requirement the disjointness constraint. Formally stated over a set of dimensions DIMS,
this constraint becomes:

V(obj,objjE OBJS) 3(dE DIMS) objid > Objid v obj d < Objid

Tasks exhibiting constraints of these types are common: the space planning literature of a decade
ago [22]; current efforts at VLSI layout and automatic schematics drafting.12

One could express the disjointness constraint explicitly, for all pairs of objects in the domain, and
perform an exponential search through the user-specified constraints thrown in with these disjunctions.
However, there is a better approach.

A multi-dimensional SLP together with the dislointness constraint is naturally captured by the up
all-pairs longest-path algorithm, which is a special case of the transitive closure as formulated by Aho,
Hopcroft, and UlIman [12]. In this case, consistency holds if the following two types of constraint hold:
the transitive constraint, and the disjointness constraint. A transitive contradiction occurs when, by tracing
a chain of inequalities, one obtains the absurdity q, > q, A disjointness contradiction happens when,
colloquially, two things are in the same place at the same time, or formally that two quantities cannot
assume the same value over each of the relevant dimensions.

The idea here is that one computes the longest-path between all pairs of objects (vertices in a
graph), after which transitive contradictions cause positive-sum cycles to appear, where the weights of
edges are the ai from (). Furthermore, a zero-sum path, existing in both directions between a pair of .4
vertices, reveals what I shall call an alignment. An alignment indicates that two vertices are constrained
to be equal in value, because each is required to be > the other. If a pair of vertices align over each
dimension from some prohibited set of dimensions, then a clash, or disjointness contradiction, occurs.

If the longest paths are stored as a matrix, then there is a positive integer along the matrix diagonal if
and only if there is a transitive contradiction in the SLP. This calculation is linear in the number of
vertices. An alignment is detected in time quadratic in the number of vertices, and further checking for
alignments over all dimensions yields, as a whole, a complexity of DV21og(V), 13 where D is the number of
dimensions.

6-

'2Further back, the FINDSPACE problem [231 dealt with dislointness constraints in continuous space, for the problem of
proposing a place for a new polyhedron among a group of already-situated polyhedra

13There are at most V2 
alignments. and the intersection over the dimensions accounts for the logarithmic term

%I
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Since the all-pairs longest-path algorithm is cubic in complexity, I have shown that the consistency of
a multi-dimensional simple linear program, together with the disjointness constraint, is soluble with
complexity DV3. Furthermore, such a beast is usefulto many Al problem solving tasks.

Upon discovering a contradiction, it is easy to construct a nogood set of inequalities. The Warshall-
Floyd version of the algorithm [24] is a special case of the transitive closure, and the latter works by
methodically finding a "better" path from ito j that goes through some k. Whenever a better path is found,
one records the "best" first step involved in going from i to j, which is the same as the current best first
step from i to k. A nogood is built by tracing through these records which are a by-product of the
transitive closure, without doing any further search.

It is possible to incorporate clustering into this approach, at the cost of doubling the number of
prohibited sets of dimensions. If P is a set of dimensions over which it is forb'"den to clash, then dividing
a dimension dE P into two clusters d1 and d2 means that no clash can occur on either of the sets

P - {d} + {d)
P- (d) + {d 2 .

One can fiddle with the expressions of complexity to determine whether this is worthwhile.

The program implemented in line with this work is more fully described in Appendix Ill. To further
substantiate the claim of suitability, Appendix IV examines the incremental properties of this approach.
Incremental properties are critical, because problem-solving typically involves tentative search, so the
expedient addition and deletion of constraints is a virtue.

',1'

9. Conclusion

The key ideas of this paper are:

" Assertions that refer to space and time can in certain cases be represented similarly, with
advantage.

* Allen's networks of temporal constraints are adequate for making inferences, but there is little
hope of guaranteeing their consistency, short of exponential search through the disjunctions.

* Felicitously, this exponential search can be conducted in the same representation, through
singleton networks, whose closure is provably consistent.

• All loops in a closed non-null Allen network include the element "=", and this theorem is
useful as a heuristic to prune branches of the exponential search.

" Full linear programming and the Simplex algorithm, unshelved every few years by Al
researchers, is not very satisfactory as a component of problem-solvers.

" A simple linear program (SLP) is a representation possessing simple known algorithms that
determine consistency. The tradeoff is a reduced expressivity, compared with full linear
programming. The properties of these known algorithms make them amenable to problem-
solving: they are highly incremental, they support the reporting of nogood sets, and their
data structures are object-oriented, and therefore integrate easily with other data structures
within the global task.

" Layout tasks exhibit the tacit constraint of disjointness. By limiting explicit posted constraints
to those of an SLP, all of these constraints are captured by the all-pairs longest-path
algorithms. The incremental properties of these algorithms are satisfactory.

- 5-..
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P.

1. Allen's Transitivity Table
'o

4" This table is repiroduced from Allen's ACM paner[4].
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II. Inequality Solver

11.1. Description

This describes the user-functions for a program that solves sets of simple linear inequalities of the
form q,-q, _> a,, where a, ranges over all integers.1 4 "To solve" means to assign non-negative integers to

the quantities, such that the inequalities are satisfied. An insoluble set of inequalities is detected by the
program, and reported.

The inequalities are optionally grouped into bins (synonym: clusters) for reasons of efficiency, or by
natural separation along dimensions. An example of a natural separation into bins is the case where
each inequality holds over some one of the spatio-temporal dimensions, so that each bin represents a
dimension.

This program is intended for use during tentative search, so for this reason it is highly incremental.
Adding a few new constraints to a previously-solved set of constraints and then solving, takes on the
average much less time than solving the entire new set of constraints. Internal data structures promote
this incrementalism by remembering new constraints and enabling the recursive marking of quantities
whose values could be affected by the new constraints.

If a set of constraints is solved from scratch, and proves consistent, then the time-order is
Emin(L,V), where E is the number of current (not suspended) constraints, V is the number of quantities,
and L is (approximately) the number of constraints whose aij is negative.

If the set of constraints proves inconsistent, then the time-order depends on the exhaustiveness of
the information about nogoods. If only the first nogood set found is sufficient, then the order is

E+E'min(L,V) = E*min(L,V)

which is the same as before, but the constant of proportionality will be a little larger. For complete
information about nogoods, the complexity is:

E°L + E'min(L,V) = E*L

but the constant is considerably larger.

There is no smaller expression for the order in the incremental mode. However on the average it
does considerably less work than solving from scratch.

Note: in this graph representation of the constraints, finding the complete relationship between two
quantities involves determining the longest path between the two, possibly in either direction. This is not
supported here. An alternative is to simply compare the assigned values of the quantities. However,
from this comparison one can only conclude about possibility, not necessity (if one value is larger than the
other, it may not be necessarily so). Necessity is determined only by the longest paths. If necessity is
needed, then perhaps the alternative all-pairs longest-path approach is more appropriate. "

14Actually a >.-106
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11.2. External Functions

ACTION

1. (solve bin &optional (minimal-solution? nil) (flnd-nogood? t) (flrst-nopood? nil))

Solve attempts to find an assignment of values to the quantities such that no constraint is violated
The parameter <minimal-solution?> should be set true only when a "final" solution is desired, e.g. some
further computation is done on the actual assignments to the quantities. A minimal solution is the minimal
assignment in the positive integers which satisfies the inequal- ities. Solve returns nil if a consistent
assignment is found, otherwise it returns nogood lists of "edges" (an internal representation of
constraints) the number of which depends on the optional parameters. If <find-nogood?> is nil, on an
inconsistency it returns simply a non-nil value.

INPUT

2. (Input-gte q1 q2 constant justifier bin)

Inputs the constraint q1 - q2 >_ constant into bin, with given justifier.

3. (Input-Ite q1 q2 constant justifier bin)

Inputs the constraint qi - q2 !5 constant into bin, with given justifier.

4. (same q1 12 justifier bin)

Inputs the constraint ql=q2 into bin, with given justifier. This actually becomes two constraints:
ql-q2>O, and ql-q2<O.

5. (nail q constant justifier bin)

Inputs the constraint q = constant into bin, with given justifier.

6. (input-vertex q bin)

Informs of the existence of the input vertex. This function is useful when a vertex is not involved in
any constraints with any other vertices, but its presence is needed anyway. For example, a vertex may
need a number assigned to it, even if it is involved in no constraints.

DELETION

7. (empty &optional (bin nil))

Erases all the constraints from all bins, or from the optionally specified bin.

8. (delete-constraint q1 q2 weight justifier bin)

Deletes the constraint specified by the arguments.

INFORMATION

9. (any-constraints-violated? &optional (bin nil))

Returns nil if the current assignment of values to the quantities in <bin> violate no constraints. If no
<bin> is given, all bins are tested. When there is an unfulfilled constraint in a bin, that bin is returned.

II
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10. (constraint-justifler constraint)

Returns justifier of current constraint stored in <constraint>. The only legitimate way to obtain a
<constraint> is through the nogood sets returned by the function solve.

11. (find-constraint q1 q2 bin)

Returns two values about the current (in force) constraint existing between the quantities <ql> and
<q2>: the weight, and the justifier.

12. (quantity-value quantity bin)

Returns the value assigned to <quantity> in <bin>.

13. (collect-vertices bin)

Returns a list of the vertices in bin.

11.3. Program Source

If the reader is interested in a copy of the program described here, written in Common Lisp, he may

contact the author at the institution on the cover, at the address 545 Technology Square; Cambridge, MA
02139; USA. Alternately, the Arpanet address is valdes@mit-htvax.

4.
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Ill. Reasoning with Disjointness Constraints

111.1. Description of the Program

The purpose of this program is to serve as a module which accepts sets of simple linear inequalities
and determines whether those sets are consistent in two distinct ways.

Acceptable inequalities are exactly of the form q, - q > ail, where the q's are quantities and a,, is any
integer > -106. Only two quantities are allowed per inequality. These inequalities are to be interpreted as
constraints that must hold true for any assignment of values to the quantities.

Consistency holds if the following two types of constraint hold: the transitive constraint, and the
disjointness constraint. A transitive contradiction occurs when, by tracing a chain of inequalities, one
obtains the absurdity qi > qi. A disjointness contradiction happens when, colloquially, two things are in the
same place at the same time, or formally that two quantities assume the same value over each of some
specified set of bins (possibly interpreted as dimensions). I call the situation where two quantities are
constrained to be equal an alignment, and the occurrence of alignments between the same quantities
over some prohibited set of bins a clash. Disjointness constraints are not universal to all reasoning tasks,
but are a physical reality and therefore arise often enough. This type of constraint is not smoothly
incorporated into those algorithms which determine the consistency of a set of inequalities by constructing
assignments to the quantities.

111.2. External Functions

ACTION P

1. (clozure &optional (want-nogoods? t) (bins (get-all-bins)))

Determine whether the sets of constraints, over all bins, are consistent (contain no positive cycles
nor clashes). Optionally returns some nogood sets.15  Optionally executes the closure only for the
specified bin(s), although clashes will still be detected in this case by intersecting the new alignments with
those found previously for the other bins. Time order: B'V**3

INPUT

2. (add-neq quantityl quantity2 weight justifier bin)

Adds the inequality: quantityl - quantity2 > weight into <bin>, with given <justifier>. <weight> is any

integer > -10-6.

3. (identical quantityl quantity2 justifier bin)

Constrain quantityl and quantity2 to be equal, in <bin>, with given <justifier>. Equivalent to the two
statements:

1SA largest cycle-sum nogood set is returned for any quantity which is involved in a transitive contradiction Also a nogood set is
re, irned for any pair of quantities if the pair forms a clash, and the pair are not both involved in a same transitive contradiction in
any bin included in the set of bins over which the clash occurs Usually a clash occurs over all the bins that the system knows
about, but in general the user may specify multiple subsets of the full set of bins instead

7
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(add-ineq quantityl quantity2 0 justifier bin) ;same justifier and bin
(add-ineq quantity2 quantityl 0 justifier bin) for both.

4. (Initialize-bin bins &optional (size "Initial-array-size*))

Informs about the existence of bins (or single bin). Whenever a constraint is input, a bin is created if
necessary. However, a clash can be signalled spuriously on a set of input constraints it clozure is run

before one of the bins is created by inputting a constraint. If this problem happens, just "declare" all the
bins beforehand.

HYPOTHESIS

5. (hyDothestze-alignment cuantltyl quantltv2 bin)

Examines whether an alignment in the indicated <bin> would cause <quantityl> and <quantity2> to
clash. If affirmative, returns the set of bins over which the clash occurs. Does not modify the set of
inequalities. Time order: B*Iog(V).

6. (hyDothesize-Ineq ql g2 weight bin &optional (want-a.nogood? t))

Assuming that the current sets of inequalities are consistent (no transitive contradictions nor
clashes), this function serves to hypothesize an inequality and detect whether its addition into <bin>
would result in an inconsistency of either sort. It does not actually add the inequality to the set.

The function optionally returns a nogood (a list of justifiers), MINUS the justifier corresponding to the
inequality which is hypothesized, upon finding an inconsistency. If a transit is found, then it doesn't

bother checking for clashes also. If it checks for a clash and finds one, then a second value returned is a-
list of: the two quantities which clash plus the set of bins over which they clash (a list of length three). It
returns nil if the new inequality is consistent.

The time order in the worst case is B 3 , although in practice this check is fast.

7. (introduces-clash? ql q2 weight bin)

If the new inequality ql-q2>weight added to bin causes a clash, then a list (ij bin-set) is returned
where i,j (possibly different from ql,q2) are the pair that clash over the set of bins bin-set. Otherwise, it
returns nil.

The time order in the worst case is B*Iog(V)V 2, although in practice this check is fast.

DELETION V

8. (delete-neg quantityl ouantlty2 weight justifier bin)

Deletes an inequality. This involves restoring a previously suspended inequality, if <weight> with
<justifier> is the constraint currently in force (i.e. having the largest weight) between quantityl and
quantity2. Otherwise it just deletes the weight and justifier from the list of suspended weights.

9. (obliterate-bin &optional (bins (get-all-bins)))

Erases all cognizance of bins, which can be either a list or single symbol.

INFORMATION

10. (longest-path auantityl auantltY2 bin)

40
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Returns the longest path (an integer) from quantityl to quantity2 in bin.

11. (Met-inegs (&optional (bins (pet-all-bins))))

Returns list of ineqs in optionally specified bin.

12. (allicned? cluantityl Quantity2 bin)

Are the two input quantities aligned in the given bin?

13. (collect-alignments bin)

Constructs and returns a list of the current alignments in <bin>.

14. (find-inea quantityl quantity2 bin)

Returns two values: the weight and the justifier (possibly both nil) of the inequality currently in force
between quantityl and quantity2.

15. (bin-exists? bin)

Has the bin been created? Bins are created by add-ineq'ing an inequality with that bin as the
destination.

16. (get-path quantityl quantity2 bin)

Returns list of ineqs responsible for the longest path from quantityl to quantity2. Time order: V

17. (aet-all-bins)

Returns list of current bins.

18. (quantity-In-bin? quantity bin)

Does the mentioned quantity exist in bin?

19. (nea-infinity? longest-path)

Asks whether <longest-path> is in fact minus infinity (it is represented internally as a large negative
integer).

20. (Ineq-source Ineg) (neg-sInk Ineq) (Ineg-weilht Ineg) (ne -bin Ineq) (Ineg-justifier Ineq)

Self-evident.

111.3. Program Source

If the reader is interested in a copy of the program described here, written in Common Lisp, he may
contact the author at the institution on the cover, at the address 545 Technology Square; Cambndge, MA
02139; USA

.5. N
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IV. Incremental Properties ,.

The claim here is that the all-pairs longest-path approach to tentative search in a domain with
disjointness constraints is advantageous. If this claim is true, then the all-pairs algorithm must offer
information about the effect of new constraints cheaply. Therefore, we examine how to extract such
information, and at what cost, in the circumstance of the addition of a single inequality to a group
(denoted by bin) of known contradiction-free inequalities.

In what follows let lp(ij,bin) denote the current longest path from quantity i to quantity j in the
referenced bin, and allow ij as shorthand for lp(ijbin) when the bin of reference is understood.

We add the single inequality

B - A> WA,B

which creates a new longest path from A to B that is represented graphically as a link from A to B. One
can determine whether that new constraint causes a positive cycle (transitive contradiction) in constant
time.

Lemma 8: A transitive contradiction is introduced to a consistent set of constraints if and

only if

WAB + BA > 0 (2)

Proof by contradiction. Assume that (2) s false, and that a newly positive cycle

iA + WA,B + Bi > 0 (3)

exists which includes WA.B. Since

Bi + iA _ BA (4)

because of the definition of BA (which is unchanged by the new inequality), we can combine the three
previous inequalities and obtain a contradiction. This proves necessity. Sufficiency follows from the
definition of a transitive contradiction. ,-,

Q.E.D.

Now assuming that no positive cycle was introduced by the new inequality, one can check whether
that new inequality introduces an alignment. We focus on conditions necessary for the existence of a
new alignment between any quantities i and j. This new alignment must include the new step AB, so by
definition ft.,

iA + WA B + Bj = 0 ;definition of alignment(ij) (5)

ji = 0 ;definition of alignment(i.j)

BA > Bj + ji + iA ;definition of longest path
'

p

Since no positive cycle is present,

WA B + BA 0 (6)

From (5) and (6) it follows that -i

U'
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BA = WA,B

so the round trip between A and B is zero, if an alignment exists.

To further determine whether the alignment between i and j in fact causes a clash involves the
intersection of the new alignment with alignments in the other bins of the prohibited sets.

A formalization of the previous statements is due.

Theorem 9: The addition into bin of a new inequality

B-A _ WAB

introduces a transitive contradiction to previously contradiction-free bins of inequalities it and

only if

WA.B + lp(B,A,bin) > 0;

it introduces a disjointness contradiction if and only if

WA.B + lp(B,A,bin) = 0, and

3(i,j) {lp(j,i,bin) = 0 A lp(i,Abin) + WA.B + Ip(Bj,bin) = 0 A

would-clash-if -align(i,j,bin))

where

alignment(k,l,bin) t=> lp(k,l,bin) = lp(l,k,bin) = 0

would-clash-if-alipn(k,l,bin) 4-

( alignment(k,l,bin)

,(set I binm set)V(bE set) if b*bin then (lp(k,l,b) = lp(l,k,b) = 0)

The statement of the theorem suggests a procedure to compute whether a new constraint introduces

a contradiction. The time order of this procedure is BV 2 times the time to look up whether a given
alignment exists in a bin. Since alignments in this program are stored in a binary tree, the time becomes
BV 2 1og(V), as a worst case. If the new inequality between A and B does not result in a zero round trip
between A and B, then the fact of no clash is known in constant time. Otherwise the order above is
correct.

This order is somewhat better than that of re-computing all the longest paths, which is BV 3 , but more
importantly the time constants of the procedure that the theorem suggests are small. This adequately
substantiates the claim that this approach, borrowed from known graph-theoretic algonthms, promotes

search by cheapening the incremental cost of addition of new constraints. Also, as discussed previously.

the return of nogood sets is accomplished without an increase in the time order of execution.

In general, a deletion involves replacing the deleted weight by a smaller weight, because the larger
may have supplanted the smaller. The smaller weight must be reactivated when the larger is deleted
This act of deletion cannot introduce an inconsistency in a consistent set of inequalities. This is because
a stronger constraint is replaced by a weaker constraint, so any set of inequalities satisfying the first also

.* ~ *#4.
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satisfies the second. No alignment can be introduced by a deletion, since that would mean that a positive
cycle had existed before the deletion.

h

m
.4
.4
.4

.4

.i.
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