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CHAPTER 1
INTRODUCTION

1.1 An Overview and Motivation

This thesis deals with the robustness of stability of
distributed, linear-time-invariant (DLTI) feedback control systems.
The main goal is to formulate a practical method for evaluating
feedback designs based on the actual DLTI system characteristics.
As a result, a design procedure can be developed for DLTI systems to
synthesize feedback controllers that are guaranteed to be
closed-loop stable.

This research is motivated by the fact that although infinite
dimensional systems are commonly found in practice and it is widely
acknowledged [60] that robustness considerations are of utmost
importance in the implementation of feedback compensators for
infinite dimensional systems, a formal treatment of the robustness
issue has not been found in literature. In our research, we have
developed a robustness characterization for DLTI systems, and have

shown that linear quadratic (LQ) optimal control systems have nice

robustness properties and can serve as good reference designs for
the actual implementation of the feedback controller. The
"goodness" of this reference is measured by the robustness of the
optimal system. We stress in this thesis that the optimal

controllers are in general infinite dimensional, and the control o

;
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designer must achieve a design that is finite dimensional and
physically realizable [1]. We use a flexible beam vibration
suppression example to highlight this discussion.

Of ten in current control design practice for infinite
dimensional systems, a reduced-order model (e.g. [57]. [58]. [59])
is first generated to approximate the system, and the control design
is synthesized using this reduced-order model. These reduced-order
design methods, however, do not always produce feedback control
designs that are robust, i.e., remain stable in the presence of
uncertainties. In fact, the resulting controllers are of ten
unstable when evaluated with the true infinite dimensional plant.

Another shortcoming of reduced-order design methods is that
they are all problem-dependent. There is no simple a priori rule to
determine which model reduction method will produce the best result,
or what degree of approximation is adequate. In particular, one is
required to perform the model reduction on the open-loop system
(such as selecting open-loop poles), but the validation of the
procedure has to be checked on the resulting closed-loop design
(wvhere the poles have changed). Modeling errors resulting from the
approximation, such as parameter variations, nonlineari'ies,
neglected disturbances, and control and observation spillovers [2],
[56] can all cause the system to become unstable [3], [4]. If they
do, it becomes necessary to iterate the entire approach. A fresh
approximate model is selected and the complete design and analysis

process is repeated. In addition, the computational requirements

may become stringent when a larger-order model is used.
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design, the control designer can avoid the aforementioned
limitations of the reduced-order design method. That is, they can
start with an infinite-dimensional structural model, develop an
exact optimal solution, which is robust, and use the robustness
properties of the optimal solution to facilitate the actual (finite
dimensional) implementation.

We take a control design approach that has found a great deal
of success in dealing with finite dimensional systems [5], [6].
This approach integrates the multivariable robustness theory with
the LQ control theory. The crucial difference between the finite
dimensional study and ours is that in general one cannot use the
optimal design directly in the infinite dimensional system. Usually
a suboptimal scheme is required for the implementation. This
additional design consideration underscores the importance of a
robustness study for infinite dimensional systems. It motivated us
to investigate the significance of the LQ robustness results in the
synthesis of a closed-loop stable and implementable suboptimal

control design.

LQ optimal control [54], [55] has long been a popular method
with feedback control design engineers due to its conceptual
simplicity and ease of computation. However it was recognized just
over ten years ago that optimal control is merely a convenient tool
to synthesize a design. In order for a control design to be called

truly successful, one must do a commendable job in trading off the

R S S S R o T R R R B b e b el 0
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system design performance, robustness, sensitivity and other system
characteristics. These trade-offs are easier to accomplish in the
frequency domain. In recent years we have witnessed the development
of many practical robustness results for multivariable finite
dimensional systems, including the guaranteed stability margins of
LQ systems [7]. [8]. [9]. the introduction of the singular values of
the return difference of a feedback system as a1 robustness measure
[10]. [5]. and the loop transfer recovery technique [3], [6].
Consequently, a much more unified treatment for multi-input-multi-
output control design methods has been made possible. These methods
generally fall into two categories: (1) the full-state feedback
type [11], [12], [13]: and (2) the observer type, i.e. the
linear-quadratic-guassian/loop-transfer-recovery approach [6], [7].
[14]. Although this theory is by no means complete, much success in
actual applications and feasibility studies have been reported [15],
[16], [17]. [18].

We believe that by following a similar development, we have
obtained a framework for dealing with control designs for infinite
dimensional systems that is equally effective as that for finite

dimensional systems.

1.2 A Summary of the Results

Two important examples of infinite dimensional systems are
systems with time delays and large flexible structures. They are

used in this thesis to develop the concepts behind our research. In

AN RS W eV 3dad g ad Mt I S P AT Ao N O R A IR N AN R LRl I A
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particular, instead of beginning with an abstract framework of
describing infinite dimensional systems using semigroups, we start
by considering a general class of time-delay systems called the
linear hereditary differential system [19]. We show that by using
only elementary complex function theory, a very general
multivariable robustness characterjzation, using singular values of
the return difference, of this class of time-delay systems can be
obtained. Based on this characterization, we present an extension
of the well known [7] [8] robustness results of finite dimensional
LQ control systems.

It has been shown in one form or another [20], [21], [7] that
the LQ approach, when applied to finite dimensional systems:
(1) produces a closed-loop system that satisfies an optimal

frequency domain condition which is commonly referred to as the

Kalman frequency domain inequality;

(2) guarantees that the closed-loop control system has at least 60°

phase margins and infinite gain margins simultaneously in all
control input channels when a diagonal control weighting matrix
is used.

The robustness properties in (2) are direct consequences of property

(1). In this thesis, both of these results (1) and (2) are extended

to include all linear hereditary differential systems. The results
are derived directly in the frequency domain.
A natural question to raise here is "how generally can one

extend the results (1) and (2) above?" We provide an answer to this

A N B R B R R N Y R .
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question by combining the Yakubovich frequency domain theorem [22],

[23]. [26]. which is the most general (infinite dimensional) version

of the Kalman frequency domain equality known to date, and Desoer

and Wang's generalized Nyquist thoerem [24] to establish that for

linear systems described as a semigroup over a Hilbert space, (1)

and (2) above are true if

(a) the control space is finite dimensional; and

(b) the loop transfer function belongs to a class of transfer
functions which have finitely many poles in the closed
right-half plane (CRHP).

Their result allows us to generalize the singular value
robustness characterization to DLTI systems.

In this thesis we also study the infinite dimensional Lyapunov
control approach. The finite dimensional Lyapunov control was
investigated by Wong [12], and later by Leh:iomaki [5]. This kind of
design is a subclass of the LQ systems. It has the additional
property that the optimal control system is guaranteed to have at
least 90° phase margins and 100X gain reduction margins. These
superior stability margins are especially useful because they
provide protection against instability due to actuator failures.

We employ a flexible beam, simply supported at both ends, to
illustrate the use of the Lyapunov control methodology to synthesize
a closed-loop stable control design for the vibration suppression
problem. We demonstrate by using our robustness results that the
inherent damping in the large flexible structure plays a vital role

in determining whether or not a physically realizable closed-loop
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stable suboptimal (finite-dimensional) controller can be achieved by
spatial sampling. Specifically we show that we can design such a
controller if the modes of the structure has a constant damping
ratio. The number of spatial samples required to stabilize the
system increases as this damping ratio decreases. If instead, the
damping coefficient is constant, then a dynamical compensator will
be required in addition to increasing the number of spatial samples
to achieve stability.

Our approach focuses on the loop characteristics. Quite often
researchers (e.g. [27]) in the infinite dimensional system control
area equate the implementability of the controller with whether the
controller can be represented as a compact operator. This is not
adequate because in order to realize the basis for that operator, a
certain basis-building device must be implemented. This device may
be unrealizable. Indeed it may actually be noncausal. For example,
in large flexible structures that use modal feedback control [28]
even though it can be shown that a compact optimal solution (for the
modal basis) exists and the optimal system is closed-loop robust, a
closed-loop stable suboptimal implementation might not be possible

because ideal band-pass filters are not available in practice.

1.3 Organization of this Thesis

The rest of this thesis is organized as follows.
Chapter 2 contains all results on the linear hereditary
differential systems. We present a general robustness

characterization, using singular values for this whole class

i
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systems. We show that these systems have a finite number of
open-loop poles in the CRHP. When restricted to the LQ control, the
optimal system satisfies a Kalman frequency domain inequality.

Hence a set of guaranteed stability margins can be readily derived -

for the feedback system. All results in this chapter contains the he!
s
known [5] finite dimensional system results as a special case. he

Unlike the usual abstract treatment for linear hereditary

differential systems (e.g. H2 space and semigroup treatment in [29], ';; 3
r‘a‘ !
[30]). we are able to obtain all results in this chapter using only ‘::',
.9

elementary complex function theory.

Chapter 3 contains a generalization of the result in Chapter 2
to include a much wider class of DLTI systems, which have a XN
finite-dimensional control space and a finite number of closed-loop
poles in the CRHP. These results are obtained by formalizing the
concepts behind the Yakubovich frequency domain theorem and the '. :

Desoer and Wang generalized Nyquist theorem. The Lyapunov control

problem along with the associated robustness properties are 4 ‘i'n."
introduced. As an illustration we study the Lyapunov control "‘gf
U
M
problem for the linear hereditary differential system. Also we show 'f.'z..
that one can use the Yakubovich theorem to rederive the Kalman éii,i
%
9%
inequality in Chapter 2. :::;;*
‘;":"
In Chapter 4 we present an extensive discussion on the use of o e
the Lyapunov control to suppress the vibration of a simply ;,'
0
supported, uniform, flexible beam. Since the optimal solution :?,".‘
¥
§
&,
requires the use of perfect measurements, all along the beam, e
s
o
(e
)
N
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suboptimal controls using spatial sampling are analyzed. Also we
use this opportunity to study, using classical control arguments,
the importance of inherent damping in a flexible structure. It is
shown that if the inherent damping is sufficiently large, then the
guaranteed stability margins of the optimal system allow us to
synthesize a closed-loop stable suboptimal control.

Chapter 5 contains the conclusions and some suggestions for

future research.
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CHAPTER 2
ROBUSTNESS PROPERTIES OF LINEAR

HEREDITARY DIFFERENTIAL SYSTEMS

2.1 Introduction

In this chapter we study the robustness properties of a class
of time delay systems whose dynamics are described by a linear
hereditary differential equation [19]. We present a
characterization of robustness for this class of systems under
feedback control. Also we demonstrate that an optimal frequency
domain condition of the Kalman inequality type [20], [7] can be
derived for linear quadratic control with infinite horizon [31].
This result provides us with a uniform lower bound on the minimum
singular value of the optimal return difference matrix. This bound
allows us to establish some guaranteed robustness properties for the
optimal system in an efficient manner.

In their paper, Lehtomaki, Sandell and Athans [7] considered
the LQ controller formulation for finite dimensional linear time
invariant systems, and used the finite dimensional version of the
multivariable Kalman inequality to study the robustness of the LQ
feedback system. All results presented in this chapter contain the
finite dimensional system as a special case.

This chapter is organized as follows. In Section 2.2 we derive

the optimal frequency domain condition for the linear quadratic




hereditary differential (LQHD) system. The optimal condition yields
an inequality which we refer to as the Kalman frequency domain
inequality (KFDI). In Section 2.3 we characterize the robustness of
linear hereditary differential feedback (LHDF) systems. This
characterization is based on a generalized Nyquist theorem for LHDF
systems. In Section 2.4 we combine the results in Sections 2.2 and
2.3 to show that LQHD systems have good robustness properties. In
particular, these systems have guaranteed 60° phase margins,
infinite gain margins and 50% reduction gain margins simul taneously
in all control channels. Section 2.5 contains a discussion about

the robustness results, highlighted by two numerical examples.

2.2 Linear Quadratic Hereditary Differential Systems and the

Multivariable Kalman Frequency Domain Inequality

We consider a general class of linear hereditary differential
systems. This class of systems includes systems with time delays,
of the retarded type [32]. It is well known that these systems
require an infinite dimensional state space realization, i.e. they
have infinitely many modes. Multiple discrete time delays as well
as distributed time delays are allowed in this formulation.

A number of researchers have investigated the LQ problem for
the linear hereditary differential system. They include
Gibson [30], Delfour and Mitter [19], Delfour, McCalla and
Mitter [31], Kwong and Willsky [33], [39] and Kwong [34].

Vinter [35]. In their research, the optimal control solution as



well as its closed-loop stability were established. However, none
of these researchers have addressed the robustness problem.

Ve organize this section as follows. In subsection 2.2.1, we
review the hereditary differential system and the solution to its LQ
problem with infinite horizon. In subsection 2.2.2 we state the
Kalman frequency domain inequality for this class of linear

quadratic hereditary differential systems. We present the proof of

this result in subsection 2.2.3.

2.2.1 Linear Quadratic Hereditary Differential System

We define the LQHD system by following [31]. Let N > 1 be an

integer and 7 > 0, and also

Then we consider the following autonomous hereditary differential

system

N
L (1) = Ax(t) + ) Ai{
i=1

x(t+6) . t+8>0
+ Ji Aq(8) { : } de (2.1)

, otherwise

x(t+91) , t+6120 }

0 , otherwise

+ Bu(t)



x(o) = h(o), o ¢ [-7,0]., 1s known,

vwhere x(t)eRn. and u(t)eRm. and A, Ai' AO(G) are matrices of
dimension nxn, and B is an nxm matrix; AO(B) is bounded for
6e[-7.0]. Also we assume that the system is stabilizable, i.e.

there exist matrices C0 and cl(e). 6 ¢ [-7. 0] such that the control

law

u(t) = Cox(t) + Jo Cl(e)x(t+9)d9

-7

is closed-loop stable.

The quadratic cost criterion is given by

J(u) = J: [x' (t)Qx(t)+u’ (t)Ru(t)]dt (2.3)

where the weighting matrices Q and R are symmetric and positive

definite. The system of equations from Eq. (2.1) to (2.3) is called

the LQHD system.

The optimal control for the LQHD system is given in the

feedback compensation form [31] by

u(t) = -RB'Kx(t) - jo R™'B'K, (8)x(1+6)d8 (2.4)



vwhere Ko. Kl(ﬂ) satisfy the following set of equations,

1

A'Ky + K;BR 'B'Ky + Q + K1 (0) + K, (0) =0 (2.5)
K =Ky > 0 (2.6)
N-1
d . -1 [
S5 K (8) = [A'-KBR'B'IK,(6) + 2 KA, 5(8-8,) + K A (6) + K,(0.0):
i=1
(2.7
K, (-7) = KAy (2.8)

vwhere 6(9—91) is the Dirac delta function at 6=6,, and

i.

K,(0.8) = K (-8-T)Ay - Je Ki(-9+a)BR-1B‘K1(a)da

-T

N—I{A1K1(9+91) . -TEO+0, }

i=1 0 ., otherwise

N-l{xl(-ewi)Ai . 68, }

izl O , otherwise

A (E)K, (E+6) ., E>-6-
X JG { o(E)K, (§+6) £>-6-T }df

0 , otherwise

=T
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K. (E-8)A . Be-
. J9 { 1 (E-0)A4(E) §>6-r }df . i)

- 0 ,» othervise
The optimal LQHD system is closed-loop stable [31]. Thus it makes
sensc: to talk about the robustness of LQHD systems.

Before we turn to give a statement of the optimality condition
in the frequency domain, we remark that by following [31] we have
assumed Q0 in the system. Partial work in relaxing this assumption
for the LQ problem to the observability condition is given in [34].
The results in this thesis can be adapted to such cases with only

minimil changes.

2.2.2 Kalman Inequality for stems - Statement

The LQHL system is depicted in its feedback form in Figure 2.1.
In the figure, F(s) and H(s) denote the open-loop and feedback
compensator transfer function matrices, respectively. From
Eq. (2.1), one obtains

N s

F(s) =[sI-A- ) e 'A -Ay(s)]7'B (2.10)
i=1




Figure 2.1 LQHD Feedback System




Similarly, from Eq. (2.4),

1

H(s) = R'B'Ky + R'B'K,(s) (2.12)
where
K, (s) =JO K, (0)e*%a0 . (2.13)
-T

Therefore, the loop transfer function G(s), with the loop broken at

the control channel, i.e., the point X in Figure 2.1 is

N
G(s) = H(s)F(s) = R 'B'[K, + K (s)I[sT - A - ) e
i=1

sf
i -1
Ai - Ao(s)] B.

(2.14)

Figure 2.2 illustrates the Nyquist Contour Dr of radius r. It
is a closed contour constructed such that it encloses all the
open-loop poles of F(s) in the closed right-half plane. Indentation
of radius 1/r is used to avoid any such pole on the imaginary axis.
We shall see in the next section that F(s) has only finitely many
poles within the Nyquist contour.

Now we can state the Kalman frequency domain inequality (KFDI)
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as the following theorem.
Theorem 2.1
Let
2= {s e lim D_ : Re(s)<0} (2.15)
r -
r-o

Then

[1+G(s)]" R[I+G(s)] > R. for all sen (2.16)

where I+G(s) is the return difference transfer function matrix, and
[I+G(s)]* denotes its complex conjugate transpose, and R is the
control weighting matrix.

Proof of Theorem 2.1 is presented in the next subsection. In

Section 2.4 we shall discuss some consequences of this theorem.

2.2.3 Kalman Inequality for LQHD Systems - Derivation
First let us compute the left-hand-side of Eq. (2.16) using Eq.

(2.14).
[1+G(s) I"R[I+G(s)] = R+B'[K+K, (s)JA™ (s)B (2.17)
*
+ B'AT (s)[K K] (s)IB
*
+ B'ATD (s)[Ky#K} (s)1BR 1B [Ky#K, (s) 1A  (s)B

A
=

1'1
-\
= |

3 v - "

Y ; . 1 ' TR TN PP TN TR N SV T Y AT AR, ) '\-p"‘,' Yy SR L B f’({v_"' AR A
[ 1 & [ ‘n L £ \)A 1_,_’ O 2 { i .5 Y 't
'Jt"" ":"a:-,‘n_ S, S v’ 1 8 VY L, P o . VBRSNS L o] " p b *

A .

A
A

e
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vhere we have let

N 991
A(s) = sT-A- ) e lA-Ai(s) (2.18)
i=1

Comparing this with Eq. (2.16), we see that it suffices to show
2 2%
A (s)[K0+K1(s)]+[Ko+K1(s)]A(s)
+ [Ky+K] (s)JBR B’ [Kj#K, (s)] > O (2.19)

For the case in which the Nyquist contour does not coincide
with the imaginary axis, it is somewhat tedious to carry out all the
algebra for the rest of this proof here. Since there is no loss in
the central idea of the proof, for the sake of simplicity, from
hereon, we shall assume that F(s) has no open-loop poles on the
imaginary axis, i.e. 2 = imaginary axis. We remark, however, that
the derivation presented here can be adapted to the general case in
a straightforwvard fashion.

We establish Eq. (2.19) by deriving the following identities:

Identity 1
ST sb d
sKl(s) = Kl(O)-KOANe - I-T e 36’“1(9)d9 (2.20)

oy

\on T BN A a0 RN N R LT S N S N S TR LN 3N S L L S L
'0. A ATACR G ALY AL NI EARGRIERCH SN L% i Lh Lo LR LA LY

o W LM



Identity 2

0d ' -1

N-1

6
+ ) KoAies Lk Ao (s)
i=1
+ e_STK;(-s)AN (2.21)
- ¥(s)
+ Ty (s}+T(s)
+ £ (s)45,(s)
vhere
¥(s) =Jo eseJ" K;(-9+U)BR-IB'K1(o)dad9 (2.22)
-T -T
N-1
r(s) =) JO . AjK, (848, )e*%an (2.23)
i=1 T Y4
N-1
I.(s) = 2 K, (~6+6, A, e5%d0 (2.24)
2 ei i i
i=1

S S L
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E,(s) = Jo JO Ag(EDK, (£+0)dEe®Pan (2.25)
-t Y-1-0
. 0
Ey(s) = JO Jo Ko (E-8)A,(C)dge*0d (2.26) :Q:
=T V-T i
Wi
Identity 3
¥(s) + ¥'(-s) = K (-s)BR 'K (s) (2.27)
Identity 4
N-1
" -sB1
I (s)4T5(-s) = Y ALK (s)e (2.28)
i=1
Identity 5
E,(s) + Ey(-s) = A(-s)K, (s) (2.29)

We refer the readers to Appendix A for the proofs of Identities 1-5.

Combining Identities 1-5, we see that

sK, (5)+(~s)K (~s) = K (0)+K, (0)Ae*T-A K ™"

No
- {[A'-K,BR™'B" JK, (s)+K, (~s)[A-BR 'B'K ]}
1l
. L ' ¢ - - (AR FACIA PRI IS S » PN
-!u.a".’..:l.v AT AN A e T AR ‘.i l.. .. \} . Fapiider L (e 1N A i "**.y
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391 N-1 ; -aIB1
= 2 Ae e+ 2 AKge
i=1

- [K o(s)"'Ao( s)K ]
+ K (-s)BR'B'K ()
N1 »
[2 AK (s)e ®1, ) K (-s)Ae ']

i=1

- [A(',(-s)xl(s)+x;(-s)Ao(s) ] (2.30)

/7
After some further manipulations, Eq. (2.30) can be rewritten as

A’ (-s)[K +K (s)]+[K +K ( s)JA(s)+[K +K1( s)]BR™ B [K +K (s)]

= -A'K-K A+K BR™ 13k Kl(O)-k (0) (2.31a)

But by Eq. (2.5),

L] -1 L]
-A Ko K0A+K BR "B'K

& o - K (0)K'(0) =@ > 0 (2.31b)

The inequality of Eq. (2.19) is established by combining Eqs.
(2.31a) and (2.31b). Hence Theorem 2.1 is proven.

By following the above proof closely, one can actually give a
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stronger statement than the Kalman Inequality. Specifically, by
combining Eqs. (2.10), (2.14), (2.17), (2.31a) and (2.31b), one

obtains

(1+G(s) ) "R(1+G(s)) = F (s)QF(s) + R (2.32)

This identity is called the Kalman equality. By letting R = pI,
where p is a positive number, the singular values of the return
difference can be readily determined without solving the Riccati
equation. This is a very useful fact. In Section 2.5, we use this
result to study two design examples.

We remark that by considering degenerate operators and Mz
spaces [29], [35]., the LQHD system can be formulated as a semigroup
[30]. This leads to an alternate proof for Theorem 2.1, which we

present in Chapter 3 as a special case of the more general semigroup

formulation for the LQ robustness problem.

2.3 Robustness Characterization of Linear Hereditary Differential

Feedback Systems

In this section we develop a robustness characterization of

LHDF systems by:

(1) showing that the open-loop dynamics of the linear hereditary

differential system have finitely many poles in the closed

right-half complex plane (CRHP), Re s > O;




,,,,,,,

stating a version of the multivariable Nyquist theorem for LHDF

(2)
systems;
(3) characterizing the robustness measure by using the singular

values of the return difference and error matrices.

Steps (2) and (3) are a generalization of the robustness
characterization presented by Lehtomaki [5] for finite dimensional
systems.

The robustness characterization is stated in terms of the
nominal and perturbed LHDF systems. The formulation we used is very
general, and includes all the LQHD system that we consider in

Section 2.2.

2.3.1 Nominal and Perturbed LHDF Systems
The nominal LHDF system is depicted in Figure 2.3 where the

loop transfer function matrix is assumed to incorporate both the
open-loop plant dynamics and compensation employed.

Specifically, we assume

G(s) = H(s)F(s) (2.33)

where F(s) is the combined pre-compensator and open-loop plant
transfer function and H(s) represents the post-compensator. It is
further assumed that H(s) is analytic in the CRHP except at a finite

number of isolated points, and F(s) has the following form

GO T A N R L L A A S A N AR TR AR GG S AR
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Figure 2.3 Nominal LHDF Systenm
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N
8
F(s) = [sI - A - 2 e Ay - r Ay(0)e*a0] B (2.34)
i=1 -

where A, Ai' Ao(o) are matrices of dimension nxn, and B is an nxm
matrix; Ao(a) is bounded for o0 ¢ [-T, 0]; N is a positive integer
a.nd-'r=9N<...(91(O.

The perturbed feedback system is depicted in Figure 2-4 where
the loop transfer matrix is assumed to incorporate both the
open-loop plant dynamics and compensation employed. In this case,
however, either or both of the plant and compensator dynamics may be

perturbed from their nominal values.

Specifically, we assume

G(s) = H(s)F(s) (2.35)

where F(s) is the perturbed pre-compensator and open-loop plant
transfer function and H(s) represents the post-compensator. It is
further assumed that H(s) is analytic in the CRHP except at a finite

number of isolated points, and F(s) has the form

.- f: Ay(0)e*°d0]™'B (2.36)

~ ~ o~

where A, Ai' Ao(a) are matrices of dimension nxn, and B is an nxm

matrix; Ao(a) is bounded for o € [-7, 0]; N is a positive integer
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:T " G(s)

Figure 2.4 Perturbed LHDF System




~

and-r=3§< ..... <9, <o.

Note that both G(s) and E(s) are mxm matrices.

2.3.2 en-Loop Unstable Poles of F Systems
In this subsection we present a study on the open-loop poles of

the LHDF system in the CRHP. It is shown that for the nomial system

described by Eqs. (2.33) and (2.34), the system has at most a finite
number of open-loop poles in the CRHP.

Various stability tests for time delay systems have been
published in literature. For examples, Lee and Dianat [36] used the
Lyapunov approach. Thowsen [37] presented a Routh-Hurwitz type of
criterion. Tsypkin [38] discussed a graphical method that
determines the critical frequency and critical delay time. None of
these methods, however, deals with distributed time delays. More
importantly, they do not seem to provide a convenient way to.count
the number of unstable poles. These two problems are resolved by
using an algebra # studied by a number of researchers, e.g. Desoer
and Vidyasagar [40], Callier and Desoer [41].

Let R and R+ denote the real line and the nonnegative real

line, respectively, and L1 denotes the set

L = {f(*)|£(*):R, = R, J: [f(t)[|dt < =} (2.38)

The convolution algebra o consists of the elements of the form

3 N T 2PN ) ! P NPpl F‘.'"br"»'."_lq
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0 t <0
£(t) = (2.39)

[+
f(1)+ ) £8(t-t),  t>0
1=0

where

(1) f(9) el

2) t.,=0and t, 0 fori=1, 2,....
0 i

(3) fi e R; and

(4) ) lfl<e
i=0

Let ; denote the Laplace transform of f(e). Let ; be the set
d=(f|f e ) (2.40)

Associate with ; the pointwise product. Then ;l is a commutative
algebra with the following property (Callier and Desoer [41]): If
;‘ € ;4 and li: is bounded away from zero at infinity in the CRHP, then
; has a finite number of zeros in the CRHP. The function ’i: is said
to be bounded away from zero at infinity in the CRHP if and only if
there exist n > 0, p > O such that for all |s| > p in the CRHP,
1£(s)| > .

Now consider G(s) described by Eqs (2.33) and (2.34). Since

det(I + H(s)F(s)) = det(I + F(s)H(s)) (2.41)

OIS LT B PR (39 SORLR RIS AR LT Lk s Geka Fa e e %)
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it is easy to see that
¢
det(I + G(s)) = ce(®) (2.42)
¢oe(s)
where
N 591 "
#p(5) =det(sI -A- ) e 'A - Jo Ay(0)e*’do)  (2.43)
i=1 i
and
N
sei a5
$p(s) =det(sT-A- Ye 'A - fTAo(a)e do+BH(s))
i=1
(2.44)

The following theorem is fundamental to the derivation of a
Nyquist theorem for LHDF systems, because it allows us to count the

number of encirclements.

Theorem 2.2
¢oe(s) as defined by Eq. (2.43) has finitely many zeros in the

CRHP.

- B 'I?“-'_*ﬁ“‘i-&‘\‘c‘a;"‘"ﬁ.“be‘" e 4%, T y Ny, »



41 o

o, i
A o
o

Proof of Theorem 2.2 ™~
We consider two cases. I;i’

NN

Case 1: Ao(a) =0 for all o e [-1, 0]. The proof of this case has :Z:n
been briefly described by Callier and Desoer [41]. It is trivial to =
Oy

L ot . X

see that (stD) ' (s*1) and Ts*-_l)a“ belong to #, as are their 1:;“.
"

products. Applying Cramer's rule shows that ¢oe(s) is a linear &
sei ¢o£(s) v,

combination of 1, s and e and their products. Therefore ——— 0
(s+1)n Wi

- !

e 4. _"':Q\,
a1

Case 2: Ao(o) # 0. Note that JO ao(a)esada. ao(a) bounded, is '"
-T :5}

equivalent to the Laplace transform of a bounded function with ",
A "'.i

compact support. Hence it is an element of #. The product f"
so so 9 o

JO ao(a)e do JO bo(a)e do is also in o because it corresponds to :::.
-T -T "l{:ﬁ;
251

the Laplace transform of the convolution of two functions which both ‘;'f"

have a compact support. Finally, multiplication of Jo ao(a)esada
-T

s6 E‘:

1 b
1 S e i; Wk
with Tos ' s¢1 ' O s+l also yields a product that is in . .&
Extending this argument as in the previous case, we see that -
$52(8) 0 A
(s+1)" A
s SN
Now observe that e 1 and JO ao(a)esada are uniformly bounded 1y
-T
for all s e CRHP. Therefore as s tends to @, ¢oe(s) is of the order E‘:
K
¢ ,(s) "
n ol 1
s . Consequently tends to 1 as |s| tends to ® in the CRHP. Ay
O
Thus according to the property of «, , hence ¢ ,(s), has only “
(s+1)" : R

I R I L (R A R R N T N R G TR TR b IR S W N e A S R e TR RRI O AL
‘:‘ﬁh ' : ". ,’\ . . f: ‘. .~ 1}'- .‘ iC .“ 1 NI N-‘ﬁ $ * ‘“ 4 ) $ s » . I‘hi “ s




a finite number of zeros in the CRHP. (End of Proof).

2.3.3 Multivariable Nyquist Theorem

Because of Theorem 2.2, a version of the multivariable Nyquist
theorem can now be stated in the following form. This version
follows easily from the standard application of the principle of

arguments of complex variable theory, e.g. [42] [43].

Theorem 2.3 (Nyquist Theorem for LHDF Systems)
Suppose that G(s) is defined by Eqs. (2.33) and (2.34). Then

the system of Figure 2.3 is closed-loop stable, (in the sense that
$.0 (s) Eq.(2.44) has no zero in the CRHP,) if and only if both the

following conditions are satisfied:

(1) det [I +G(s)] #0 , for all s e 0, where 2 is defined by
Eq. (2.15);

(2) det[I + G(s)]lsen encircles the origin p times in the
counterclockwise sense, where p denotes the number of zeros of

¢°e(s) (Eq. 2.43) in the CRHP, counting multiplicities.

2.3.4. Robustness Theorems for Hereditary Differential Systems

In this subsection, we develop theorems that guarantee the
stability of the perturbed closed-loop system of Figure 2.4. The
development here closely parallels that in [5]. Theorem 2.3 allows
us to derive a simple test of robustness for linear hereditary
differential systems. As in the well known robustness theorems for

finite dimensional systems by Doyle [10], Lehtomaki, et al. [7],
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Doyle and Stein [3], and Lehtomaki [5], the notion of singular
values of matrices are used to establish these robustness tests.

Let G(s) satisfy Eqs. (2.33) and (2.34), and let E(s) satisfy
Eqs. (2.35) and (2.36). Then define the error matrix of the

perturbed system by
E(s) = G(s) - G(s) (2.45)
Also we know that

. P
det (I + G(s)) = ~°e(s) (2.46)

$50()

where

~

$p(s) =det (sSI-A- ) e A Ay(0)e>do)  (2.47)
i=1

~

N
s
~ ~ i~ ~ a2l
¢ p(s) = det (sI - A - z e A - JO~ Ag(0)e™dosBl(s))  (2.48)
i=1

-T

We can now state the robustness theorem for additive modeling

error as follows.

N Ry L T T T SR A T A S L R e N
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Theorem 2.4 (Robustness Theorem for Additive Error):
The perturbed system of Figure 2.4 is closed-loop stable (in

the sense that ¢ce(s) has no zeros in the CRHP) if the following

conditions hold:

(1) a. ¢°e(s) and ;oe(s) have the same number of zeros in the CRHP;

b. if ¢oe( oe(

c. ¢ce(s) has no zeros in the CRHP.

on) = 0, then ¢ on) = 0;

(2) amin[I + G(s)] > amax[E(s)] for all s e Q.

In the above, ¢°e(s). ¢ce(s). ;oe(s). ;ce(s) are defined by

qs. (2.43), (2.44), (2.47), (2.48), respectively. The additive
error matrix E(s) is defined by Eq. (2.45). The path Q2 is defined
by Eq. (2.15). The notations amin[.] and amax[.] denote the minimum
and maximum singular values of the matrix.

This theorem says that the size of the modeling and
implementation error that a feedback system can tolerate without
becoming unstable is given by the quantity O in [I+G(s)]. when no
structure of the error is assumed. The proof of this theorem is of
the imbedding type [45].

Proof of Theorem 2.4
Let A e [0,1]. It is well known (e.g. [5] [44]) in singular

value theory that

OpinlT + G(s) + AE(s)] > o, [T+ G(s)] - Mg, [E(s)] (2.49)
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Therefore condition (2) guarantees that I + G(s) + AE(s) is

-
[

v

1

oy
- -

nonsingular for all s e 1.

o A
e
a

Now suppose that as A is varied continuously from zero to

n ]

X7
g aCe

unity, the number of encirclements of

LA

P )

by
20

& "2,
——

f(N.s) = det (I + G(s) + AE(s)) (2.50)

around the origin changes. Since f(A,s) is continuous in (A,s) e
[0, 1] x 2, its locus on the path  forms a closed bounded contour
in the complex plane for any A ¢ [0, 1]. Therefore the only way for
a change in the number of encirclements to occur is for the locus of
f(ko.s) to pass through the origin for some Ao e [0, 1]. This is

equivalent to requiring

det(I + G(so) + AOE(SO)) = 0 for some (Ao.so) e [0, 1] x Q.

(2.51)

However we have shown that I + G(s) + AE(s) cannot be singular by
assuming condition (2). Hence we conclude that det(I + E(s)).
corresponding to A = 1, encircles the origin the same number of
times as det(I + G(s)), corresponding to A = O, along the path

s € {). By applying Theorem 2.3 (Nyquist Theorem), we see that the

perturbed system is closed-loop stable. (End of Proof)

R N D P N S e 4 b U b
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In his thesis, Lehtomaki [5] presented six different error
models for describing the perturbed system. For each model, a
corresponding robustness theorem similar to Theorem 2.4 was stated
and proved. Due to our results in subsection 2.3.2, Lehtomaki's
robustness theorems of the perturbed system can be carried over to
the LQHD case without any modification. Theorem 2.4 is an example
of this generalization. Of the other five models, we shall also
describe the multiplicative error model below. Readers who are

interested to see details on the rest of the error model types are

referred to [5, Ch. 3] for details.
A useful way to describe the perturbed system with respect to
the nominal system is to define a multiplicative factor matrix L(s)

by
G(s) = G(s) L(s) (2.52)

This representation generalizes the gain and phase margin
description of the single-input-single-output case, and is
particularly useful in describing the robustness properties of the
LQHD system that we discuss in the next section. The corresponding

robustness theorem for multiplicative modeling error is the

following.
i
i
Theorem 2.5 (Robustness Theorem for Multiplicative Error): zgﬁ
[ 8
UMY
The perturbed system of Figure 2.4 is closed-loop stable if the fﬁﬁ
following conditions hold: -'s‘u
VO
R
[ YA
= - . - v = el e \ ~ 3 -':\\-. (R IR ~ 1 .-’\ L% N i 1 Y l"
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(1) a. ¢oe(s) and ;oe(s) have the same number of zeros in the CRHP;
b. if ¢°e(jwo) = 0, then ¢°e(on) = 0;
Cie ¢ce(s) has no zeros in the CRHP.

(2) L(s) has no eigenvalue in R . for all s e Q.

(3) o [I1+G(s)]1>0o  [L7N(s)-1] forallsenq. (2.53)

In the above ¢°e(s). ¢ce(s). ¢°e(s). ¢ce(s) are defined by Eqgs.
(2.43), (2.44)., (2.47)., (2.48), respectively. The multiplicative
error matrix L(s) is defined by Eq. (2.52). The path 2 is defined
by Eq. (2.15).

Proof of Theorem 2.5

Let f(A,s): [0,1] x 2 = C be the complex-valued function

defined by
£(A.s) = det(I + G(s)[I + AL (s) - D)T°Y) (2.54)
The inverses exist because of condition (2). It is easy to see that

(1)  £(0,s)

det(I + G(s)); (2.55)

(11)  £(1.s) = det(I + G(s)): (2.56)

(i11) f(\.s) is continuous in [0, 1] x Q.

N T R e A e e L e L



Now suppose that as A is varied continuously from zero to

unity, the number of encirclements of f(A,s) around the origin
changes. Since f(A,s) is continuous in (A,s) e [0, 1] x 2, its
locus on the path 2 forms a closed bounded contour in the complex
plane for any A e [0, 1]. Therefore the only way for a change in
the number of encirclements to occur is for the locus of f(ko.s) to
pass through the origin for some Ao e [0, 1]. This is equivalent to

requiring
f(Ao.so) =0 for some (Ao.so) e [0, 1] x Q. (2.57)
Since

146(s) [ 1AL (5)-1)77! = [1ea(s)aa (L™ (s)-T) I+~ (s)-1) 77}
(2.58)

Eq. (2.57) is the same as requiring I + G(so) + AO(L_I(S I) be

o) -
singular for some (Ao. so) in [0, 1] x 2. However, condition (3)

guarantees that for all |[A| < 1, and all s e N
o, [1+G(s) + AL (s) - )] > 0 (2.59)
contradicting Eq. (2.57). Therefore we conclude that det(I + E(s)).

corresponding to A = 1, encirles the origin the same number of times

as det(I + G(s))., corresponding to A\ = O, along the path s e Q. By
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applying Theorem 2.3 (Nyquist theorem), we see that the perturbed

system is closed-loop stable. (End of Proof)

In the next section we show that LQHD systems have many of the
robustness properties which have been known to be enjoyed by finite
dimensional LQ system. These robustness properties are consequences

of Theorem 2.5 and the KFDI derived in Section 2.2.

2.4 Robustness Properties of Linear Quadratic Hereditary

Differential Systems

The KFDI proven in Section 2.2 for LQHD systems is the same as
the KDFI for LQ systems with finite dimensional state
representations [7], [21]. As in the finite dimensional case, the
KFDI has some very important consequences in terms of robustness for
LQHD systems. The purpose of this section is to discuss these
robustness properties of the LQHD system.

For the purposes of investigating the robustness properties of
the LQHD system, depicted in Figure 2.1, it is convenient to
represent the model uncertainties as a multiplicative perturbation
factor, as shown in Figure 2.5. In this configuration, the matrix
L(s) represents the model uncertainties of the system reflected to
the point X in Figure 2.1 where the loop is broken, as a
multiplicative perturbation in the control channel. The matrix G(s)
is the nominal system loop transfer function matrix, given by Egs.

(2.33), (2.34). Nominally L(s) is the identity matrix and the LQHD
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Perturbed system G(s)

(s)
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L(s) F——>{G(s) | : -U(s)
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!
!
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e e =

Figure 2.5 Multiplicatively Perturbed LQHD System
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system is closed-loop stable. However because of modeling errors
and implementation constraints, the matrix L(s) ‘s subject to
changes from its nominal value. Consequently, the product G(s)L(s)
can be viewed as the actual system loop transfer function matrix.
This closed-loop system is stable if and only if the closed-loop
system of Figure 2.6 is stable. In the figure, RI/2 is a square

root of the control weighting matrix, in the sense that

R (2.60)

With this formulation, we can state some of the robustness

properties of the LQHD system as the following theorem.

Theorem 2.6 (Stability Margin of LQHD Systems)

The multiplicatively perturbed LQHD system in Figure 2.5 is
closed-loop stable, i.e. the polynomial ¢ce(s) (Eq. (2.48)) has no

CRHP zeros, provided that the following conditions are satisfied:

(1) G(s) is specified by Eqs. (2.10) - (2.14), as the closed-loop
solution to the LQHD control problem.

(2) (a) ¢°e(s) and ;oe(s) have the same number of CRHP zeros
(b) if ¢oe(Juo) = O then ¢oe(jwo) =0
where ¢Oe(s). ¢°e(s). are defined in Eqs. (2.43), (2.47),

respectively.

(3) L(s) has no eigenvalue in R,.
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Figure 2.6 Perturbed Feedback System Representation for

the Derivation of LQHD Robustness Properties
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172

@) o RATORT2-1) <1 forall sen.
Proof of Theorem 2.6
It is well known that ¢ce(s) (Eq. (2.44)) has no zero in the

CRHP [31]. Note that

det[I + (RMZ%6(s)R"1/2)(R}2L(s)R™1/2)] = det[I + G(s)L(s)]
(2.61)
Hence
det[I + (R Z%6(s)R™V2) (R 2L(s)R71/2)] = °e(s) (2.62)
ce(s)
Similarly,
o ¢ ,(s)
det[I + RM%g(s)R7?] = 3%5_('5)— (2.63)
Theorem 2.1 (KFDI) impiles that
o [1+R7%G(s)R1215 1 forall s en (2.64)

Therefore in conjunction with Theorem 2.5, condition (3) guarantees

that ¢ce(s) has no zeros in the CRHP. (End of Proof)
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The following are corollaries to Theorem 2.6. Their proofs are
omi tted because they are completely identical to the proofs of their
counterparts for finite dimensional systems. For examples

interested readers are referred to [5, Ch. 5].

Corollary 2.7
The multiplicatively perturbed LQHD feedback system is stable

if

-172

o, (L7 (s)-1) < [cond(R)]V/? . s e 0 (2.65)

where cond(R) denotes the condition number of the matrix R,

O (R)

cond(R) = m

(2.66)

defined as the ratio of its maximum singular value to its minimum

singular value.

Corollary 2.8
If R > 0 is diagonal, then simultaneously in each feedback

loop, the LQHD system has the following guaranteed stability
margins,

1. [172, «] gain margin

2. + 60° phase margin



In other words, let L(s) be diagonal and let each of these
diagonal elements be either a positive number larger than %n or
complex number of the form eJ¢. - 60° <¢< 60°. Then the per turbed

system is closed-loop stable.

Corollary 2.9
If R is block diagonal of the form

R1 0
R = (2.67)
0 R
and L(s) consists of crossfeed perturbation of the form
X(s)
L(s) = . (2.68)
01
Then the LQHD system is stable if
min( 2 172
(X(s)) < [ (R )] . sefl (2.69)
Similarly, if L(s) is of the form
I 0
L(s) = ; (2.70)
X(s) 1

then the LQHD system is stable if

......

R S T R e T e Sy Sy S



o . (R,)
X < min'"1/.,1/2
“na(K(8)) < R 5]

. sef (2.71)

In particular, if R = pl, where p is a positive scalar, then the

LQHD system is stable if

amax(X(s)) {1, se (2.72)

for both types of crossfeed perturbations (Eqs. (2.68) and (2.70)).

2.5 Discussion on LQHD Control Designs

In this section, we look at two scalar control examples to
highlight the previous results for LQHD systems, and discuss the
applicability of some of the well-known design techniques for

finite-dimensional systems to the LQHD case.

2.5.1 Examples of LQHD Systems

The first example is a special case which shows that one can

of ten obtain the same robustness measure as the no time delay case
as long as one has perfect knowledge of the time lag. The second

example compares a suboptimal design with the optimal one.

Example 1:

Consider the following single-input/single-output system in

which there is a time delay T in its actuator dynamics.
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Figure 2.7 Single-Input/Single-Output LQHD Example

Let the quadratic criterion1 be

J(u) = r [y2(t) + u2(t)]dt (2.73)
Y -
G
Then the Kalman equality (Eq. (2.32)) can be used to compute the ; é
magnitude of the optimal return difference, which is given by o
Sy
e
2 ac < ék
1+ g0 ™= 1+ Irgsyromy a0 i

It is interesting to note in this equation that the quantity
|1+g(jw)|. which is the robustness measure formulated in Section
2.3, is independent of 7. The reason for this is that if the LQ
system has full knowledge of the time delay elemen&.‘thén as a

consequence of the full state feedback, the LQ system will

compensate so that the same stability margin is obtained as in the

T = 0 case,

1

limitation is removed in Chapter 3.

Py
Strictly speaking, this corresponds to a positive semi-definite Q
matrix which is not considered in this chapter. However, this
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Exanple 2

This example is drawn from Gibson [30], who has computed the
control gains for the example numerically. We consider the
suboptimal design using those control gains here.

Let the dynamics of the system be
x(t) = x(t) + x(t=1) + u(t) (2.75)

where x(®) and u(e®) are scalar functions. Gibson divides the unit
interval into N subintervals in order to approximate the state
x(t+e) over the unit interval as a piecewise constant function.
Gibson then derived an N-th order approximate model for the system.

He solved this system numerically for the control gains k., kl(O) in

u(t) = - kox(t) - JO kl(B)x(t+9)dB
-1

The resulting values are given for 6 = 0.0, -0.1, -0.2,...,-1.0, and

N =17, 29, 50, 74, by the following table.

I S S L I s



l 59
’ ’o;':o
a5
’::di
Table 2.1 AN
A
N 17 29 50 74 e
W
kq 2.8260 2.8190 2.8148 2.8130 S50
T
e « k,(6) -+ ‘:'t:;
o
)
b
0.0 0.6684 0.6547 0.6469 0.6435 e
-0.1 0.7726 0.7169 0.7179 0.7273 ’,;,-,‘
)
-0.2 0.8467 0.8239 0.8209 0.8258 %‘:;}
o
-0.3 0.9961 0.9508 0.9434 0.9607 o
-0.4 1.0822 1.1020 1.0895 1.1023 ';"::z‘;;
yfot
-0.5 1.2811 1.2822 1.2633 1.2694 'ﬁtﬁ.‘:
046 1.5200  1.4963  1.4693  1.4965 )
-0.7 1.6606 1.7501 1.7125 1.7315 a,"';
et
-0.8 1.9802 2.0499 1.9987 2.0480 ﬁ 4
| i
-0.9 2.3648 2.4033 2.3347 2.3748 i
-1.0 2.5852  2.6730 2.7284 2.7541 s
L% ]
by
We consider the suboptimal control of the following form, _:3.._,
_ it
10 Al § e
o 10 e
u(t) = - kgx(t) - ) ky |40 x(rve)en 2
j=1 10 e
I;:%
where kj belongs to one of three cases .,s
)
ey
~ —1 __'
) F =k b 0
.‘.
A
2
n
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(2) k= [k (- 59 + k(- F)12:

(3) EJ k (- ).

The return difference for these suboptimal controllers are
plotted in Figure 2.8, for the N = 17 approximation. Also shown is
the optimal return difference which is computed using the Kalman
equality (Eq. (2.32)).

It is clear from these plots that the suboptimal controller (2)
approximates the optimal system very closely. Also by looking at

the plots for N = 50, 74, 23, we see that only insignificant

improvement can be obtained by using those higher order models.

2.5.2 Extensions of LQOHD Control Designs

In this thesis we have not considered the effect of observers

in the controller designer. However, the most important control
design that has evolved from the multivariable robustness study for
finite dimensional systems is probably the linear-quadratic-
gaussian/loop-transfer-recovery approach [3], [6]. This approach
combines an observer (usually the Kalman filter [61]) design for the
system with the asymptotic properties of the LQ regulator [62] to

synthesize controllers which have desirable loop properties. It

R T A e A S
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Figure 2.8 Return Difference of Optimal and Suboptimal

Controllers for Example 2
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seems to us that this approach is also valid for the LQHD system,
provided that the system is minimum-phase (a requirement of the
finite dimensional case also). A good filter design to use is the
one for LQHD systems by Kwong and Willsky [39].

Since our singular-value formulation for robustness is
identical to the one for finite dimensional systems, all the finite
dimensional results that depend only on the manipulation of the
singular value decomposition are also valid for the LQHD system. In
particular, the design techniques which exploit the structural
information of a system are appropriate for LQHD system designs
also. Examples of these techniques are the celebrated design
analysis method using the error structure by Lehtomaki, et al. [63],
and the design adjustment technique using the control weighting
matrix by Lee, et al. [13], and the localizing robustness analysis
by Lee, et al. [64]. Without being repetitious here, we refer the

interested readers to the last chapter of this thesis for an

elaboration of these techniques.
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CHAPTER 3
ROBUSTNESS PROPERTIES OF DISTRIBUTED,
LINEAR-TIME-INVARIANT SYSTEMS
3.1 Introduction
In Chapter 2 we have developed a multivariable robustness
characterization for LHDF systems, using singular values of the
return difference. Also we have shown that the LQHD control design

(1) produces a closed-loop system that satisfies an optimal

frequency domain condition which is commonly referred to as the

Kalman frequency domain inequality (KFDI);

(2) guarantees that the closed-loop control system has at least 60o
phase margins and infinite gain margins simul taneously in all
control input channels when a diagonal control weighting matrix
is used.

For systems described by semigroups, the above results are also
valid. Yakubovich [22] [23] proved the result (1) for linear
systems in which both the system and input operators are linear
bounded, and in a separate paper with Likhtarnikov [26], for systems
described by linear unbounded operators.

In order to establish the result (2), we need to extend the
singular-value robustness characterization to the present case. It
appears that the paper by Desoer and Wang [24] contains the most
general Nyquist Theorem available for our purpose. Their result was

derived by using a quotient algebra of transfer functions [41]. We

RTINSO LALALE ST D s Do SR i Tl g S 385



P T T T T P T P T P T T O T U TR T O W R W e e 3 s o y————

64

use this algebra to describe the nominal and perturbed system. Also
we study the infinite dimensional Lyapunov control design approach.
The finite dimensiunal Lyapunov control was investigated by Wong
[12]. This kind of design is a subclass of the LQ system. It has
the additional property that the optimal control system is
guaranteed to have at least 90° phase margins and 100X gain
reduction margins.

The rest of this chapter is organized as follows. In Section
3.2, we discuss the Yakubovich Frequency Domain Theorem (YFDT), also
we revisit the LQHD system to show that the YFDT can be used to
derive the KFDI in Chapter 2. In Section 3.3 we develop the
robustness characterization for distributed, linear-time-invariant
(DLTI) systems, described by linear operators with a finite

dimensional control space. The result is then used to derive the

robustness properties of LQ optimal systems. In Section 3.4, we
discuss the Lyapunov control system.

In Section 3.3 we emphasize that the robustness
characterization is only valid when the control space is finite
dimensional, even though the YFDT applies to the infinite
dimensional case also. This shortcoming is due to the absence of
any Nyquist-type of theorem for infinite dimensional control space.
It is, however, possible to formulate a robustness characterization
based on the singular values of linear operators, for which the
control space is allowed to be infinite dimensional. We present

this result in Appendix B.



3.2 Yakubovich Frequency Domain Theorem
Yakubovich [22], [23] proved that under certain rather general

assumptions, the KFDI-type of criterion (see Chapter 2) is a
necessary and sufficient condition for the existence of LQ optimal
control for infinite dimensional systems. The necessary part of his
theorem provides a basis for us to study the robustness properties
of 1LQ systems represented as a semigroup.

Let X and U be two Hilbert spaces. Each of these spaces has an
inner product. With an abuse of notation, let each inner product be
denoted by (°¢,¢), and the norm associated with the inner product be
denoted by ||e]].

First we present the results for systems described by bounded
operators. This covers all finite dimensional systems and is
sufficient to treat a number of systems described by linear compact

‘and integral operators. The results for linear unbounded operators
are given in subsection 3.2.1.

Let Q be a linear bounded, self-adjoint operator on X such that
(x, Qx) > 0 for all x e X (3.1)

Let R be a linear bounded, self-adjoint operator on U such that

tfor come &6 > O,

(u, Ru) > 6||u||2 for all uel (3.2)

LN N A A 2 Mo S SN,
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Definitions: Let A: X+ X, B: U= X be linear operators and

I = identity operator in X (or U). The spectrum sp(A) of A is the
set of al]l complex numbers A such that AI-A does not have a linear
bounded inverse. A is called Hurwitz if sp(A) is disjoint from the
CRHP. The pair A, B is said to be stabilizable if there is a linear
bounded operator H such that A + BH is Hurwitz. Let A*. H“ denote

the adjoints [46] of A, H, respectively.

Theorem 3.1 (Yakubovich Frequency Domain Theorem (YFDT))

Let A, B be a stabilizable pair of linear bounded operators and

suppose that no point in sp(A) is on the imaginary axis. Then a
necessary and sufficient condition for the existence of a linear

bounded self-adjoint operator K: X » X and an operator H*t X->U

such that
KA+ A"K+Q-HRE" =0 (3.3)
KB-HR =0 (3.4)

and ||exp[(A - BH*)t X || is squared integrable over t,
0

i.e. e L2((0.°°). X)., for all Xq € X is

((joI - A) 'Bu, Q(joI - A)'Bu) + (u. Ru)

= ((I + G(jw))u, R(I + G(Jjw))u), foralluelU+ jUu, 0w >0
(3.5)
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where
G(ju) = H¥(joI - A)"!B . (3.6)

Eq. (3.5) implies the following domain inequality that corresponds

to the KFDI in Chapter 2,

((I + G(Jw))u, R(I + G(Jw))u) > (u, Ru)
for all u e U+ ju.

S i e ] s a g WaE L e et g e | m m z_i

In subsection 3.2.1, we state the corresponding theorem for

-TTWT

linear unbounded operators.
The relationship of Theorem 3.1 to the LQ optimal control is as
follows. Let A be the infinitesimal generator of a strongly

continuous semigroup of operators T(t) over X, i.e.

lim |[|T(t)x-x|| = 0 for all x e X (3.7)

20"

The optimal control problem is defined as [22]:

Find u(e) e 12([0.w); U) to minimize the quadratic cost functional

e T e

J(u) = Jm (x(t), Qx(t))dt + J: (u(t). Ru(t))dt (3.8)
0
S 5 Ty T T L N
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where Q and R are defined in Eqs. (3.1) and (3.2), respectively,

subject to the dynamics

2] - ax(t) + Bu(t) : x(0) given (3.9)
x 172"
Furtherfmore we assume that A , Q is a stabilizable pair, where
Ql/2 is the square root of Q:
*
Q= Q1/2 Q1/2

The optimal control solution is characterized by Theorem 3.2.

Theorem 3.2 (Yakubovich [22])
(1) The solutions K, H* to Eqs. (3.3)-(3.4) with the property of
exp[(A-BH*)t] Xy € L2((0. ), X) are unique.

(2) The control given by
Le) = - H%(t) (3.10)

is the optimal control solution to Eqs. (3.8)-(3.9).

(3) The optimal system is closed-loop exponentially stable.

The optimal control can be represented in feedback form in the
frequency domain by Figure 3.1, where u(s) and x(s) are the Laplace
transforms of u(t) and x(t), respectively. By breaking the loop at

u(s), one sees that the loop transfer function is

G(s) = H'(sI - A)"1B . (3.11)
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Figure 3.1 LQ Feedback System
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