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The problem of selection of the population with the largest parameter is .

considered using the subset selection as well as the indifference zone approach

for distributions that belong to a location or a scale parameter family. The
procedures are based on the sums of combined (Vilcoxon type) ranks and vector
(Friedman type) ranks. The least favorable configurations are obtained in an §
asymptotic framework under certain order relations between the sapsf:f ]

)

parameters. The asymptotic theory is based on exact moments of the rank sum
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1. INTRODUCTION ,] :
Let T, My, ..., T be k independent populations, where II; has the associ- g
ated cumulative distribution function (c.d.f) Gg, (v), i = 1,2,....k. It is <
assused that {G,) is a location or a scale paraseter family, i.e. Gg(y) = }'
Gly -0), -0 < 8 <, or Gg(y) =G(y/0), 6 > 0. Let the ordered 61 be ‘
denoted by 817 & O(9) & ...8 0. The population associated with 8} is ;
defined to be the best. Our procedures for selecting the best population are i
N
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based on ranks of observations from these populations in the location paraseter
case, and on ranks of the absolute values of the observations in the scale pa-
rasster ease. For any cbeervation Y from Gy (v) in the scale parameter case. the
c.d.f. of X = |Y] is Fg (x) = G(x/0) - G(-x/0). For convenience of presenta-
tion, ve use F gy (x) to denote the c.d.f. of |Y| in the scale parameter case as
wvell as thet of Y itself in the location parameter case [i.e. Fo (x) = G(x-0)].
Thea ve have
Fg (x) 3 Fg (x) 3 ... 3 Fg (x) (1.1)

for all x. Ve assume without loss of generality, that [, is the best population
(i.e. 6 3 0;, i=1,2,....k1).

Let Y;1. Yio: ..o Yj, be n independent observations from fI;, i = 1.,2,...,
k. Lat X;; = Y;; in the location parameter case, and X;; = lYuI in the scale
perameter case. Ve consider rank sua statistics based on combined (Vilcoxon type) 3
ranks as vell as vector (Friedwan type) ranks. Let lg) denote the rank of X;;
smong all kn observations in the combined sasple and Rg) denote the rank of X;;
among Xy 5. Xp50 -..s Xyj- In ranking observations in a group, the smallest is

given rank 1. For a = 1,2, define

(a) (a) D

B = o ng Ry .+ 02 L2k (1.2) ;

and N
(a) (a) (a) i

PRGN i NN S TN (1.3)
vhere ¢,y * I/n and ¢ = 1. R

For selecting the best population., ve consider both the subset selection
spproach of Gupta (see Gupts and Panchapakesan (S]) and the indifterence zone -

2
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spproach of Bechhofer [3]. For selecting a subset containing the best, ve define

the following procedures:

)
R(a,B8,1) : Select [I; if and only if Hi(a) & max “;a -dg

i=12 ....ki dﬁ 280 a,8 =1,2. (1.9)
Here A= 1 and 2 correspond to the location and scale cases, respectively.
The use of these rule is justified by Theorem 4.2. A correct selection (CS) is
said to occur if and only if the best population (in our case TI,) is included in
the selected subset. Our aim is to select a subset satisfying
inf PCSIR(a.5.1) & p* (1.5)
vhere .8 =1,2; 1/k<P* <15 Q= (8 = (6), 0, ..., 0):0;€0, i=1,
2,...,k}, @ is areal line. The constant d 5 is the saallest nonnegative nusber
satisfying (1.5), the so-called P*-condition.
Using the indifference zone approach, we define the procedures:
R(a,B,2) : Select the population associate with HEG) as the best.
In this case, the rule R(«a,B8,2), a,B=1,2 are required to satisfy the(l.a)
folloving probability condition:
P(CSIR(a, B.2)) & P* vhenever # , (6. 8;) xc, + §,° 1.7

vhere a,p=1,2, 1/k <P* <1, 85 > 0 is a given constant,

Oi-oj vhen B =1
‘Pp(Gi.Gj) = (1.8)
ai/oj vhen B = 2
and
0 wvhen B=1
CB = (1.9)
1 wvhen 8= 2,




Selection procedures (using both subset selection and indifference zone
spproaches) besed on this statistic H{1) have been studied by many authors
including Lehmann [9], Bartlett and Goyindarsjulu (2], Gupta and McDonald (4],
Puri and Puri [15.16], and Alas and Thowpson [1]. Also procedures based on i?)
have been studied by McDonald [12,13], Matsui [16] and Lee and Dudevicz [8).

A reviev of procedures based on ranks {s given by Gupta and NcDonald (6], and
Gupta and Panchapakesan (7].

A parametric configuration vhich gives the infimum of PCS, the probability
of a correct selection, is called the least favorable configulation (LFC). It is
fairly difficult to establish the LFC for both rules R(a,8,1) and R(a, B,2)
using statistics _I!(l). _Ij(2) and is still an open question in general (a,B8 =1,
2). The counter examples of Rizvi and Woodworth [17] and Lee and Dudevicz (8)
shov that the configuration 0 =85 = ... = 8 in the case of subset selection
rules, and the configuration @; =6y = ... = @15 P (6. 0, 1) =cy * 8:
in the case of indifference zone procedures, do not yield, in general the infiaua
of the PCS. A discussion on the LFC can be found in Gupta and McDonald (6].

Our purpose in this paper is to discuss the LFC in an asysptotic framevork.
An order relation is assumed to hold between the "gaps” of parameters. This
assusption is similar to those considered by Puri and Puri (15,18], and Alam and

Thoapson [1]. The LFC's of the procedure are studied by using the exact moments

of the combined and the vector rank statistics ﬂ("'). a = 1,2, for location and

scale parsmeter cases (8= 1,2) for both subset selection and indifference zone

approaches.
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In Section 2. asymptotic distribution of (%), a = 1,2, are considered
under the assumption of order relation between gaps of parameters. The PCS and
LFC are investigated in Section 3. Moments results are given in Section 4 as an

appendix.

2. ASYWPTOTIC PROPERTY

2.1 Moments of Ranks

Let us define the mean vector and variance-covariance matrix of _Ij(l) by

m (1

B g and Ag according as ve are dealing vith location (B= 1) or scale

(B = 2) parameters. Under the population model we considered in Section 1, the

(1) (1) .
elements of Bg and A g are given as follows. These relations are obtained

from more general results given in Theorem 4.1 of Appendix
1)
“pi = kn.[ G*dFi + 1/2' i = 102..-..k. (2.1)
[ k(3n-1) f 6%dF; - % @n-1) J F; G*&F; « k% n [ G*2 dF,

-k WdF; - k2 n(f GFD2 - (n-D) gl(l FdF)? - Vi2,
M ) t=d

A =
Bij
kn@ - [ Fydf)) [ G°&F; + kn(2 - [ F;&F)) J G*dF
- l’l.gl I Fld?i I F.dpj - Zklll Fj G‘dpi - Zml Fi G‘dFj
k’ jpid"j] Fjd?i ’I Fizdrj’[ szcfi-l. ieJ,
(2.2
vhere
¢ = WK ng Fy&), 2.3
TR
B (x) = (1/k) jgl sz (x). (2.4)
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In case of vector rank lg). the moments results are given in Matsui [11]
from vhich ve obtain mean vector ,E_(:) » variance-covariance matrix A(:) of
statistic §'© as follows:

nf’i =kn [ G*F; + n/2, i=12...k @.5)
([ nlx f G*F; - 2/ F; G*dF; + k® [ G*2 oF;
@ -/ B°&F; -k (J CFP? -112), =]
U ke - 1 FidF)) [ G°dF; + k(2 - [ F{F)) J G'dF;

£
-_ilf Fuff; J FudF; - & [ F; G°F; - 2k [ F; G°dF,

[ +J FydF; ) FydF; o J Fi dF5 «f Fj®dF; -1, 143,
(2.6)
2.2 Assumption
Ve assume the folloving relation to hold between the gaps of parameters:
9‘(9i. 95) =cp * Kpi n’llz . o(n'Vz). A= 1,2. 2.7
vhere c 5 is given by (1.9); for each pair (i.J). Kpij depends on 6; and 0;
and is increasing in 8; vhen GJ is fixed, and decreasing in Oj vhen o; is
fixed: .180. Kpij = Cp vhen Oi =95.
Then putting
wve obtain the folloving lemms.
lowma 2.1

For ?, (Oi.OJ) (A =1,2) given by (2.7), we have the folloving:

= -
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Klij I fz (x)dx, wvhen 8 =1, '
Kﬁ ij = (2.10) :'.
sz .’sz (x)dx, vhen 8 = 2,
“?
i'j = 102000..k; i ‘ jo |:&
1 KX
Example: if_
Vhen F(x) is N(0,1), ¥ 5 (6,0 ;) given by (2.8), ve get +3
2
Ly = W2/ Kqg; * o) @.1) ‘
and -
2
1215 = (1/n) K2ij + o(1). (2.12) .‘
.
\J
N
2.3 Asymptotic Distribution -
o
Let us define =
v, (0 = amym e - @)y, o =12 (2.13) ]
Then ‘_
WO
V@ =y anl®, o =1, 2.19) ol
i
(a) - ( ) ) (a)y, - 4
vhere §'& (U a Vo (a ceen Wy alyr, A= (-g(k-l)’ J—(k)) (k-1) xk and =
-E-(k-l) is a unit matrix of order k-1, i(k) =(1,1, ..., 1) kx1° !(a) has :’
(a) | (a) Ry
mean vector 7 p + variance-covariance matrix I B such that <
(a) (a) )
Ny s R AR, (2.15) &
NS
and :'.:
(a) (a) X
Zp ° (1/n) A A g A" 2.16)
Elements of N p and I g are given by
(a) (a) (a)
”pai = (1//.-)(“ pk - ai )o i s loZo---ok-lo (2.17)
(a) (a) (a) (a) (a)
apiJ = (l/n)(Apij Aﬂik - Aﬁt!kj ¢ Apakk )l i'j b 1.2....-‘('1
(2.18)
7
- q“v '..--- e o .-.'.\.$ ------------------------ N Totem e AT e T e s At Tt Tt e .
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(a) (a)
vhere o and A gy are given by (2.1) through (2.8).

Now, under the assumption (2.7), using Lemma 2.1, wve have for # = 1,2 and

a = 1020
(a)
K f k. g™ @
~ LiRew T g R (=75 ) -19)
Jri
as n - °o, vhere KIS ij is given by (2.10). Also, under (2.7), ve have
-k/12 for i 7 J
Aig -
(k2 - k)/12 for 1 = §
-k + 1)/12 for i # J
Az =
. (k2 - 1)/12 for i = j.
Consequently, .
(a) Va for 1 A J
o - (2.20)
Bij
v, for i = §
vhere
k2 /12 : vhen a =1
v_ = (2.21)
k(k + 1)/12 vhen a = 2.

Thus by applying the central limit theorem, ve have the folloving asymptotic

distribution of ¥(@):

( (a)
yle) - “(lpa)o.z,pa ), B=1,2 ' (2.22)
(a)
vhere l(pa)= (% ;al)‘ % ;; I ] :,a(l)(_l))' vith elements given by (2.19)
and
(a)
Zp Va2 €1 * G- (2.23)

vhere G 1) = Ik-12" -1
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3. PCS AND LFC

(a)
Using the asymptotic distribution of ¥z (a,B=1,2) given by (2.22), the
PCS for the rule R(a,B8.w) (a,p,.n =1,2) is given by

P(CS|R(alﬁ'.)) = Pr(!(ﬁa)i - S(p o.) J(k_‘l))

(a)
~Prilg s (I + 8(B,m)J

I 1)) 0! 3.1
vhere
d,,/./rT vhen n = 1
5(B.m) = (3.2)
0 vhen n = 2
(a) (a) (a)
(a)
Up  ~ ¥Qqe-1)- Ee-ny * Ge-1) 3.4)

and a, = bn means that lim 'n/bn =1 asn - oo,

For the subset selection approach (m = 1), since

Kpkj ~ Kpij %0
and
Kpy; %0

for large n, we have

)
TIp * Q-1

Also, for indifference zone approach (m = 2), vith the specification
%
(PB(Oko oi) z cp + Sﬁu
wve have
(2) kJ 2 (x)dx) /n 81‘ J-(k"l) vhen B= 1
2

G [xf2 (x)dx) /B (8,77 (1 + 8,")) Iy y)  when B= 2.

Thus ve have the followving

.'.
e

.
ate]




Theores 3.1
Under the assumption of order restriction (2.7) and for large n, the (asymp-
totic) LFC of the PCS for rules R(a,B8,1) (a,B=1,2) are given by
Kpji=°. i.j=ll2llo¢.k; d.ﬁ=1.2
and for rules R(a,.8,2) (a,B=1,2) are given by
Kﬁji=cﬁ’ i.j=1|2!000lk_1. i 'j;
Kpki=¢p *8p°% i=12...k1 a,p= 1.2
Under the asymptotic LFC
(a)
PESIR(a, B0 % Prilly, & ((7(8.0) +8(B. DAL dgp) G
vhere v is given by (2.21), &§(B8.a) is given by (3.2) and 7 (B .n) is defined
by

7(8,1) =0 for B =1,2

7(8.2)

{ &/ 2@d0 /n§° for 8 =1 (3.8

&/ xf20d0) /(8% (1 +87)  for B = 2.
The expression in (3.7) can be rewritten as
PCSIR(a, 8.,0) 2 SOK1x o (7(8.0) +5(B.ANHOE  (3.9)
for a,B, » =1,2, vhere ®(x) is the standard normal c.d.f.
Determination of the dg Values
By Theorem 3.1, the d 5 values can be asymptotically expressed as
dg) =/WZd A, + oD, a8 =12
vhere d is the solution of the folloving equation:
UWT, IVT, ..., d/Z) = PP, (3.11)
Q is the joint cdf of a normally distributioned vector (V;, Vo, ..., V() vith

E(Vi) =0, Var(Vi) = 1 and COV(Vi.VJ) = 1/2, 1 ¢ .




Determination of the Miniwua Common Sample Size

In the subset selection approach, let S denote the size of the selected
subset and Eg [SIR] the corresponding expected value vhen subset selection rule
R is applied and @ is the true nature of status. Then

Eg [SIR] = .i{l P{ ﬂj is selected IR} (3.12)

Having determined d;(n) from (3.10), one may determine the common sample size n
by imposing the additional requirement that

Eg [SIR] 51+ ¢ 3.13)
for some 0 < £ < k-1, vhere @ lies in a given proper subset of the parameter
space under study, for example, the subset defined by 6[q) = O[2) =+ *©

a[k-ll = O[k] - e(") for location parameters case and 0[1] = 9[2] = ... =

O1k-1)

Asymptotically Relative Efficiency
Given two selection procedures Rl and R2. the (asymptotic) efficiency of Rz
relative to Rl is defined by

vhere the n; are the sample sizes required to satisfy P(csmi)LFC =P 1= 1,2,

Then, by Theorem 3.1 and (3.10), we have the folloving result:

Eff R(1,A.1D.R@2,8.,1)) =1, B =1,2,

Eff(R(a.l.l).R(a.Z.l)) 1, a =1,2,

Eff (R(1,8,2).,R(2,8,2)) =k/(k + 1), B =1,2,
Eff(l(a 0102).R(a 02o2))

= (5,°8,7701 + 5,2 (J xf2(0dv [ 2wdx)?, a =1,2. (3.15)

o[k]/(l + A(“)) for scale parameters, vhere & (n) > 0 and A(") > 0.
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4. APPENDIX

Let k population My, Mo, ..., Th be given, vhere II; has the associated
continuows distribution F (x) (s = 1,2....,k). Take ng observations X;;. Xop.....
&"s froa population 7, (s = 1,2,...,k) and consider the combined (Wilcoxon
type) rank R ; of X ; as stated in Section 1. Then the means, variances and co-

variances of the ranks st are given in the following. . '

Theorea 4.1 f
ER,;) = N/ GdF, + 1/2 .1
VR, = 2N/ GdF, - 2N [ F,GdF, + ¥ J G2 dF, :
- N/ HdF, - N2(S G&F? - 1/12 (4.2)
Covi(Ry;.Rg;) = 3N/ GdF, - 4N J F GdF_ - .gln.(l FAF)2-112 (4.3 .
N
CoviRy;.Re;e) = N(2 - [ Fudf) / GdFy « N2 - [ F of,) | GdF,
- .gl ng J Fuffy | Fulfy - [ PG, - 20 [ F G,
*f FdF, [ Fdfy o J F2aF, + | F 20, -1 (4.4)
vhere s,t = 1,2,....k, s # ti 1.J = L.2....0ng i ¥ J5 §° = 1.2,....n and
N= .’:1 n, 4.5) ‘
G = (/W) _g] ng Fy (4.6} ~
NG = """.Zx ng F 2(x) @.7) ]
h :

Ve sketch the proofs for (4.1) and (4.3) above. The resaining results are

obtained sinilarly.
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Pr(Rll =g) = % Pr(al of Xl's. ay of Xo's, ..., &y of Xk's F Xl 3
(ny-2-1) of X;'s. (ny-ag) of Xy's, ..., (y-a) of X 's) (4.3)

vhere a; (i =1,2,...,k) is an integer such that

0&a) &n - 1, 0&a; §n; (i =23,...,k 4.9)
E s =8 -1 (4.10)
1

and 'ai of Xi's". '(ni-ai) of Xi‘s' should be read as 'ai variables out of (xil'
xi2' cees xini) and remaining (“i"i) variables”, and so forth. Further, sum-
mation i is taken over all k~tuples (al.az.....ak) of integers vhich satisfy the

relations (4.9) and (4.10). From (4.8), we have

. m-1)/n2 M\ 81 ;22 ay
E(Rll) ] sg1§8(31 )(az) ...(ak) Fl F2 cen Fl(

(ny-8,-1)
e Y ) 22 gy W, W

By changing the order of summation, we have

. n-1\/ny Me-1) 21 22 ay-1
E(Rll) I sgl §| S (al )(32) see (ak_l> Fl F2 see Fk-l

(ny-2,-1) (ng-ay) (np-1-2-1) k-1
x (1-F,) (1-Fy) e R TR Ry« D e Dy

vhere the summation ;L is taken over all (k-1)-tuples (aj.a,,....8,_¢) of
integers vhich satisfy the relation (4.9). Adding in turn over a _;, 8.0 ...,
a;. ve obtain the result for ER;,).
Covariance :
For s < t, wve have
Pr(Ryy =8 Ryy =t) = E Pria; of X;'s, &y of Xy's, ..., & of X 's
$ X;1 8 by of X;'s, by of Xp's, .... b of X 's
& Xy) & c) of X;'s, ¢y of Xo's, ..., ¢ of X 's) (4.12)

vhere a;, b;, ¢; (i =1,2,...,k) are integers such that

13
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8 *byteg= W i=12,....k (4.13)
ngaj =s-1, zlbj st-s-1, jglcj =a-t 4.14)
and Wy =g -1for i=1,2,  =n; for i=34,....k
S_tlong is taken over all tuples (aj, ..., &y, bys ..oy by €ps ooiuqy)
vhich satisfy the relations (4.13) and (4.14). Then
| = s%t stPriRy =s. Ryp=1t)
= xI<y 1 s}ét § iﬁ-l P; (x,y)dFy (x)dfy (v) (4.15)

vhere

. b .
P (x.y) = (. " . ) it Fi0-F00) 1 AFoN°L 1212k
i*Pi*i

By changing the order of summation, first for s then for t, we have

-1
Il = (yl s%t E‘ Cl ?11 Pi(x.y)d"l (X)d"z(,)

vhere

k-1 -1 k-1 -1
Cl = ay + ﬁl ?‘l lj + 71 jz=:l bj + (21 lj)z’ (.i}=:l .j)( :El bj)

and
aq = llk(l'lk'l) Fk(x)l"k(y) + 3llk Fk(X) + llk Fk(’) + 2

Py=n Fix) +ny FLG)+3

71 = ng Fx) + 1.
Summat ion El is taken over all tuples (a), ..., &) . by, ..o byoqe €10 -os
cy-1) vhich satisfies the condition (4.13). By carrying out the addition in turn
for a set (a;, b;, c;), i = k-1,k-2,...,1, ve have a reduced form of I;. By
proceeding on similar steps for s}):ts t Pr(Ry; = s, Ry = t), ve obtain
Cov(Ryy.Rpy).

For rank sumss
T, = E; Rggr 8= L2...k 4.10)

14
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ve have
B(T) = ng ERgp), = L.2....k 4.17)
Cov(Tg.Ty) = ng n, Cov(ksj.ktj-). s,t = 1,2,....k, s ¥ k, (4.18)

and

V) = J)E‘l V&) + i)'; Cov Ry R ;)
= Nng(3ng-1) / GdFg - 2Mng(2ng-1) J FoGdFy + Nong J G2dF
- Nng J HdFg - ¥ong(/ GdFQ)? - nglng-1) -gln.( ] FdF)2 - n 212,
(4.19)
Especially, if F;(x) = F(x) for all i, then ve have
E(T) = ng(+1)/2, (4.20)
V(Tg) = ng(N-ng) (N+1)/12, 4.21)
Cov(Tg,T,) = -ngn, (N+1)/12. 4.22)
Also for k = 2, we have the folloving:
E(TY = ny(0;+1)/2 + nyn; J Fydfy, .5 =125 4 i (4.23)
V(T;) = nyn;(2n;-1) J Fydfy + nyng(ng-1) f F;2 dF;

+ ninj(ni-l) I Fiz dFj - ninj(ni*nrl)(l Fdel)z - ninj(ni-l)

CX KR AR

i.=12:1i+3, (4.24)
COV(TloTz) = nlnz[nl I FldF2 + ll2 I deFl - (nl”nz"l) ] Flszl deFl

- (nl-l) I Flz ‘2 = (nz‘l) I Fzz d?l - 1]- (4.25)

Finally, we state an order relation for the expected rank sum. Let {F, (x)}
be a family of distributions stochastically increasing in 8. Then wve have the
folloving.

Theoren 4.2

E(ls) & E(R,) if and only if F & F, vhere s,t = 1,2,....k.
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