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Abstract

This investigation applied the Bussgang theorem to the cross-

correlation method of linear, time invariant (LTI) system identi-

fication. In this procedure a Gaussian signal is passed through

an LTI system and the output is crosscorrelated with a non-

linearly distorted version of the original Gaussian signal. If

the Gaussian noise were white the crossoorrelation would be equal

to the impulse response of the LTI system within a constant of

proportionality. With the use of bandlimited Gaussian noise this

relationship is only approximately satisfied.

The analysis compared the performance of the crosscorrelation

method with the non-linearity to that of the crosscorrelation

method without the non-linearity. The experimental results indi-

cate that the introduction of the non-linearity degrades the

performance of the method, but the this can be improved by

correcting for the effects of several quantities associated with

the time varying statistics of the Gaussian noise.
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LINEAR TIME INVARIANT SYSTEM IDENTIFICATION
USING A RESULT OF THE BUSSGANG THEOREM

Chapter 1. Introduction

Background

A system H[.] is said to be linear, time-invariant (LTI) if

and only if

yl(t) = H[x 1 l(t)] and y2 (t) = H[x 2 (t)] (1.1)

implies

Y3 (t) = H[x 3 (t) = Ay 1(t-tI ) + BY2 (t-t2 )] =

Ay1(t-t1 ) + By2(t-t2 ) (1.2)

where x1 (t) and x2 (t) are arbitrary input signals, y1(t) and

Y2(t) are the corresponding outputs of the system, and tI and t2
are arbitrary delays. Many systems encountered in electrical

engineering satisfy the LTI condition, at least over a limited

range of inputs, and techniques of LTI system identification

(finding a mathematical description of the LTI system) are thus

important to both theoretical work and practical applications.

The impulse response of a system, h(t), is the system's

output when the input is a "spike" of infinite amplitude and zero

time duration (an impulse). An LTI system is completely charac-

terized by its impulse response. That is, if the impulse

i1
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response can be found, any characteristic of the system can then

be derived from the impulse response. Thus the problem of ident-

ifying an LTI system is reduced to the problem of finding its

impulse response.

One well known method of determining the impulse response of

an LTI system is the crosscorrelation method, illustrated in

Figure 1. In this method a white Gaussian (normally distributed)

signal is the input to an LTI system. The crosscorrelation of

the system output with the original noise, Ryx(t 0 ), is propor-

tional to h(t0 ), the LTI system's impulse response at time to.

If the noise is ergodic (as is assumed in Figure 1), the cross-

correlation may be found by taking the average of the product of

the delayed noise and the filter output. Bussgang (2:12) has

shown that if the delayed noise is subjected to a non-linear

device, the output of the crosscorrelation method will change

only by a constant of proportionality (Figure 2).

White Gaussian
Noise, x(t)

iLTI system y(t)
h(t)

X aeae R(t0) =Ch(t0

variable L t0)

[delay, to x(t-t0)

Figure 1. Crosscorrelation Method of LTI System Identification

.. 2
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White Gaussian
Noise, x(t)

_[LTI system[ y(t)

average Ryx (to )=KCh(t )
yU[x(txt 0)]

variable . I..non-linearl
[delay, to0 x(t-t0) I device ] -

Figure 2. Modified Crosscorrelation
LTI System Identification Procedure

Problem and Scope

The purpose of this research effort is to implement the LTI

identification procedure of Figure 2 and determine its ability to

identify an LTI system. The non-linear device is a hard limiter

defined by

1, x(t) > 0
U[x(t)] = (1.3)

o, x(t) S 0

The LTI system identification procedure will be implemented

on AFIT's SIMSTAR hybrid digital/analog computer. The delay

function will be realized using an array to simulate a shift

register. Two low pass LTI filters will be identified using this

procedure.

3
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Sequence of Presentation

The sequence of presentation of the report is as follows;

chapter 2 covers the LTI identification procedure theory; chapter

3 describes the equipment used in the project; chapter 4

describes the SIMSTAR program used to implement the procedure, as

well as the data aquisition process; chapter 5 contains the

data analysis; and chapter 6 contains the conclusions, discus-

sion, and recommendations.

4



Chapter 2. Mathematical Fundamentals

Linear, Time Invariant System

Since the purpose of this research effort is to investigate

a method of identifying linear, time invariant (LTI) systems, a

brief review of the properties of an LTI system is appropriate.

A linear system is a system which obeys the superposition

property: If an input to the system, x1 (t), causes an output of

yl(t), and an input of x2 (t) causes an output of Y2 (t), then an

input of Ax (t) + Bx2(t) causes an output of Ay (t) + By2(t) ,

where A and B are arbitrary constants. A time invariant system

is a system which has the following property: If an input of

x(t) causes an output of y(t), then an input of x(t-t0) will

cause an output of y(t-t0 ), where t0 is an arbitrary time delay.

Thus, a system which is both linear and time invariant will

display the property that an input of Ax1 (t-t0 ) + Bx2 (t-t0 )

will cause an output of Ayl(t-t0 ) + BY2 (t-t0 ) .

The behavior of any LTI system can be completely described

in terms of its impulse response, h(t), through the relationship

y(t) = h(t) * x(t) = fh(a)x(t-a)da (2.1)

where * denotes convolution, and x(t) and y(t) are the system

input and output, respectively. Note that all limits of inte-

grations are from negative infinity to positive infinity unless

noted otherwise.

-VJ
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A case of particular interest is when x(t) = d'(t), the unit

impulse, where d'(t) is defined by the relationships

fd'(t)dt = 1 (2.2)

and

d'(t) = 0, t 1 0 (2.3)

Then, if x(t) = d'(t) and the system is LTI,

y(t) = d'(t)*h(t) = Jd'(a)h(t-a)da = h(t) (2.4)

where h(t) is the impulse response of the system.

An LTI system's impulse response is related to the system's

transfer function, H(f), through the well known Fourier relation-

ships

H(f) = fh(t)exp(-J2 nft)dt (2.5)

h(t) = H(f)expj2n ft)df (2.6)

Random Processes

Let x(t) be a stationary Gaussian (normal) random process.

For any fixed value of time, tj, the random variable X is created

by sampling x(t). That is, X=x(tl). The probability density

function (pdf) of the random process x(t) for any fixed t is

given by

1 / _30

p(x) /2 - exp 2 (2.7)
x x

6 Vs
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where x is a dummy variable, sx2 is the variance of X, and 3 is

the mean of X. The cumulative distribution function of X,

F (X), is
xx

F(x) = Pr(X<x) = pX(a) da (2.8)

where a is a dummy variable of integration. (For ease of nota-

tion, x(t) will be used to denote either the ensemble of sample

functions x(t) or a particular sample function (5:350).)

The mean of x(t) is given by

R_= E{x(t) fxpx(x) dx (2.9)

where E{.) denotes the expectation operator. The variance of

X is given by

Sx 2 = E{[x(t)-x] 2 }  f~a-x] 2 px(a)da (2.10)

The autocorrelation of X is given by

R (t) 0= E{XY) = fabpXy(a,b;t 0 ) dadb (2.11)

where a and b are dummy variables of integration, Y is the random

variable x(t-t 0 ) for any fixed t, and pxy(a,b;t 0 ) is the joint

density of the jointly distributed random variables X and Y at

any fixed t. If X and Y are jointly Gaussian (normal), then by

definition the joint density for X and Y, pXy(x,y) is given by

e-..

7
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W1
p(xy)=-

2 s7 Sx)y ( n -r2

exp [ (x-/)/sx]2-2r(x-7)(y- )/sxs y + [(y-7)/s y2 ) (2.12)

2x (- 22(.2

where s x 
2 and sy2 are the variances of X and Y, and r denotes the

correlation coefficient given by

E((X-R) (Y-y)) 

(.

r ={(2.13)

Sx y

Note that Equation (2.12) denotes the joint p.d.f. of any two

jointly Gaussian random variables, and is not restricted to the

case where X and Y are samples of the same Gaussian process taken

at different times.

The Fourier transform of Rx(t) is the power spectral density

of x(t):

Sx(f) = /Rx(t)exp(-j2 17 ft) dt (2.14)

and clearly

Rx(t) =fSx(f)exp(j2lft) df (2.15)

A case of particular importance for this report is the case when

Sx(f) is a constant for all values of frequency. In this case

x(t) is said to be "white." If x(t) is white with Sx(f) = No  ,

then Rx(t) - Nod'(t) . The importance of this result will be

8



discussed in the section dealing with the crosscorrelation method

of LTI system identification.

Now let y(t) be, like x(t), a stationary Gaussian random

process. A delayed version of y(t), y(t-t0 ), will also be a

stationary Gaussian random process. The crossoorrelation of x(t)

and y(t-t0 ) for fixed t is given by

Rxy(t0 ) = E{x(t)y(t-t0 )} =ffabPX,(a,b,t0 ) dadb (2.16)

where p(x,y,t0 ) is the Joint density of the random variables x(t)

and y(t-t0 ) (at any fixed t), and t0 has been included to stiess

the time dependence of the joint probability density function.

If, in addition to being stationary, the two processes are ergodic

(The ensemble average of a function of the process is equal to

the time average (5:360)) then the crosscorrelation given above

is equal to the time average of x(t)y(t-t0 ):

T

E{x(t)y(t-t0 )) = Lim 1/(2T) x(t)y(t-t0 )dt (2.17)
T-c T

The Fourier transform of Rxy(t 0  is the cross power spectral

density of x(t) and y(t), S xy(f).

Finally, if x(t) is the input to an LTI system and y(t) is

the output, it can be shown that (see Appendix A)
(f) = S l ) 2 (.8

y M (f)H(f). (2.18)

9
.1
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Crosscorrelation Method of LTI System Identification

The crosscorrelation method of LTI system identification is

depicted in Figure 3. The input to the system is ergodic white

Gaussian noise, x(t), with power spectral density S x (f) = No, and

h(t) is the impulse response of the unknown LTI system which we

are to identify. Let y(t) be the output of the unknown LTI in

response to the input x(t). Then y(t) is multiplied by a delayed

version of x(t), and the result is averaged over time. Since the

input noise is ergodic, y(t) and x(t-t0 ) will be also, and the

time average of x(t-t0 )y(t) will be numerically equal to the

expected value of x(t-t0 )Y(t).

Ergodic White Noise~s (f) -=N
x4t) N0 h(t) y(t)x unknown LTI| [

variable! x(t-t0) X
delay, t0  (multiply)

x(t-t0 )y(t)

{averagel

Noh(t0 )

Figure 3. Crosscorrelation LTI Identification Technique

10



The assertion that the output of the averaging operation is

N0h(t0 ) is proven as follows:

E{x(t-t0 )Y(t)) = E{x(t-t 0)[x(t)*h(t)]) =

E{x(t-t 0 ) fx(t-a)h(a) da) = E{fx(t-t0 )x(t-a)h(a) da) (2.19)

Interchanging the order of integrations (recall that the

expectation operator is essentially an integration over the

sample space) results in

fE(x(t-t0)x(t-a)h(a)) da (2.20)

Next, since h(a) is not a random variable, it may be moved out-

side of the expectation operator:

fh(a)E(x(t-t0)x(t-a)} da (2.21)

Recalling the definition of autocorrelation, we have

J h(a)R x(t0-a) da = h(t0)*Rx(t 0) (2.22)

Since x(t) was specified to be white noise with S x (f) = No,

it follows that Rx (t O) = N0d'(t 0). Applying the sifting property

of the delta function results in

h(t0 )*R x(t) = h(t0 )*[N 0d'(t 0)] = N0h(t0) (2.23)

so

Efx(t-t0 )y(t) = N0h(t0) (2.24)

and we have the desired result.

11



The Bussgang Theorem

A theorem due to Julian Bussgang (2:8-22) suggests a

modification which will simplify the implementation of the cross-

correlation method. The theorem states:

"For two (zero mean) Gaussian signals, the cross
correlation function taken after one of them has under-
gone nonlinear (instantaneous) amplitude distortion is
identical, except for a factor of proportionality, to
the crosscorrelation function taken before the
distortion." (2:12)

A proof of the theorem for the case when both signals are zero

mean follows:

Let y(t) and x(t) be jointly Gaussian random processes with

zero means, and let U[x(t)] be a nonlinear function of x(t).

Then Ruy(t) is the crosscorrelation of y(t) and the distorted

version of x(t), U[x(t)], and is given by

Ryu(to) = E(y(t)U[x(t-t0 )]1 =

(X ) exp 2rxy/sxsy+(Y/sy)2 dxdy (2.25)

2 n212(-r
2

To simplify the above expression, note that

'.
fy exp( (Y/s y) 2 _2rxy/s

f (1-r") /

(y-rxs /s ) 2 (rx)2

exp - ) dy exp -r 2 -2 =fy- 2(1r 2)s y 2 k(1- )s x2

%412

N
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2 2 2
[2 n (1-r2 )H 1/2 exp r 2  (2.26)

s s x (1-r

Using this result, Equation (2.25) simplifies to

2

R (t)I 2 xU(x) exp dx (2.27)Ryut0) 1 (2/2s

If we now define

K v= Sx3(21)1/2 xU(x) exp dx (2.28)

(assuming the integral exists) it is apparent that

RyUO(to KvrSxSy (2.29)

But r = E{y(t)x(t-t0 )) R (t0 ) (2.30)
s s S s
xy xy

for any fixed t, so

R yu(t = Ryx(t0)Kv  (2.31)

and we have the desired result.

Of particular interest is the case where U[x(t)] = 1 for x>o

and 0 for x<0. In other words, the nonlinear device is a hard

limiter, and its characteristic, UE.], is just an ideal step

function of the argument. For this case

13
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K v= (2 7l/2sx (2.32)

This result of the Bussgang theorem allows the crosscor-

relation system identification technique to be implemented as

shown in Figure 4.

Ergodic White Noise
S x(f) = No

x(t) h
unknown LTI,

y(t)

variable U[x(t-t0 )]
delay, t 0  gate
(shift
register) [x(t-t 0 )Y(t)]

average 1

K vN 0 h(t)=R x (t )

Figure 4. Modified Crosscorrelation LTI Identification Technique

Since U[x(t)] is either a one or a zero, the delay function

can be implemented using a shift register. In addition, the

multiplier of Figure 3 can be replaced with a gate which either

passes or blocks y(t), depending on whether U[x(t-t0)] is one or

zero. In other words if U[x(t-t0 )] is one, the gate will allow

y(t) to feed directly into the averaging operation, and if

U[x(t-t0) ] is zero, a zero will be fed into the averaging opera-

14
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tion. Thus the Bussgang theorem allows a gate to replace the

multiplier required in the correlator method of Figure 3.

System Limitations

The frequency response of any realizable system is limited.

As a result, the "white" noise input, x(t), will in reality be

bandlimited. In addition, the SIMSTAR computer on which the

system identification process will be implemented has a finite

frequency response, and will limit the bandwidth of the noise.

These variations from the ideal case will now be analyzed.

In this project, the LTI systems which are to be identified

both have passbands which cut off at frequencies well below the

cutoff frequency of the input noise. Thus the bandlimited nature

of the input noise will have virtually no effect on y(t), since

frequencies outside its passband would be greatly attenuated even

if the noise source were white. The power spectral density of

the noise source used in this project is approximately flat over

the range 0-1000 Hz. In order to have a precise mathematical

model of the power spectral density of the noise, the noise is

passed through a 2nd order Butterworth filter at the beginning of

the LTI identification procedure. The transfer function of the

Butterworth filter is

(21fs )2

bf = -- 2 7 f2112 )2 + (21/2nf 12

15



and its impulse response is

hb(t) = 81/2n fs exp(-2 1/2fst) sin( 1/2 ri fst) u(t) (2.34)

where u(t) denotes a unit step function beginning at t = 0, and

fs = 500. The effects of this filter on the operation of the

LTI identification procedure will be discussed shortly.

The use of a shift register to accomplish the delay function

requires that x(t-t 0) be a discrete time signal, x'(t-t 0). This

signal is simply a delayed version of the discrete signal x'(nT),

where T is the sampling frequency of the A/D converter used to

obtain x'(nT), and n is an integer index (n=1 indicates the first

sample, n=2 indicates the second sample, etc.). Using a discrete

time version of x(t-t0 ) will, in effect, bandlimit the input

noise (this will be shown later). The result will be that

R xx(t ), the crosscorrelation of x(t) with the discrete time

signal, x'(t), will replace Rxx(to) in Figure 4. Instead of

being a d' function, Rxx, (tO ) will be a pulse of some finite time

duration. Therefore? RxxI(t0 )*h(t0) will not exactly equal

h(t0 ). The width of R xx(to) compared to the bandwidth of h(t)

determines how closely Rx, ,(t0 )*h(t0 ) approximates h(t0 ).

The LTI identification system at this point is depicted in

Figure 5.

16
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wideband Gaussian
noise

i/t. passband
fil er

h(t) Y(t)
x ( t) -unknown LTI

variable I  Ulx' (t-to) ]

delay, to at

U[x' (t-t0)Y(t)]

average output

Figure 5. LTI Identification System With
Components Replaced With Transfer Functions

At this point we must examine the effects of the introduc-

tion of the shift register and the Butterworth filter on the

output of the system. Since the input Gaussian noise is essen-

tial& white within the passband of the Butterworth filter, the

power spectral density of x(t) is given by

NO
S x(f) = (2.35)

I + (f/f s)4

Taking the inverse Fourier transform gives

17



R M Nonf s ex(21/2 r JstDl[cos~r2nf t) s i n ('2-n f s t ) ] (2.36)

Rx(t) = 1/ 2s

where the + sign applies for t>O and the - sign applies for t.O.

The crosscorrelation of x(t) and the delayed, discrete version of

x(t), x'(t-t0 ), will be found next.

The crosscorrelation of x(t) and x'(t) (invoking ergodicity)

is

R xx,(t) = =x(t)x'(t-t0)> = <x(t+t0)x'it)>

= <x(nT+t'+t 0 )x'(nT+t')> (2.37)

where (.> denotes a time average and T denotes the sampling

period of the A/D used to obtain x'(nT). Since x'(t-t0 ) is a

discrete time signal, R, 1(to ) can only be found for values of t

which are integral multiples of T. If t' is restricted to the

range O<t'(T then we are assured that x'(nT+t') is a constant and

equal to x(nT) (within the error limits of the quantizer used to

sample x(t)). This is true because x'(nT+t') with 0<t'<T is

simply the value of a single sample of x(t). Applying this

result we have

q/2 T

Rx (t0  lim 1/q (1/TJ x'(nT)x(nT+to+t') dt')

q-'= q/2 0
T

= E {1/TJx'(nT)x(nT+t0+t') dt'} (2.38)

0

but x'(nT)=x(nT) under the conditions imposed, so

18
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I l/T fRx(t0+t') dt' (2.39)

Carrying out the integration gives

(N0 f8/2) (exp(-ni7 f8t o ) cos(i2nfst 0 )

-oxp[-V-7f (t0  T ) os[127 fs (t04T])t t0)0

(N f /2) {2-exp[2-ffs (t0 T)]

(t)- cooefjf-1lff5 (t 0 +T)] (2.39)

-exp -Nff7fst0 )cos(V27fst 0 ), -T<t 0 <o

(N 0f s/2){-exp(VJ-l7ft 0 )os(12q(flft 0 )

+exp[-7fs(t 0 +T) ] oos[V-f s(tO+T1, to<-T

A graph of RX, ,(t 0 ) is shown in Figure 6. It should be noted that

R x,(t ) is identical to the result obtained by passing the

Butterworth filtered noise through a filter having a transfer

function of Tsinc(T f) exp(-jlit sf). Thus, as mentioned earlier

in this chapter, the result of using a discrete version of x(t)

has the effect of low pass filtering the noise.

The output of the LTI identification procedure (see Fig 5)

can now be found using the two-channel result (Appendix A).

Ryxl(t o ) M RXX,(t 0 )*h(t0 ) (2.40)

The effect of the U[.] device was omitted from the above

equations. When the the U[.] device is included, the result is:

19
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R yut 0 1  KvRxx,(to)*h(to) (2.41)

In summary, the output of the LTI identification system will

be h(t) convolved with KvRxx, (t), as opposed to the ideal case,

where h(t) is convolved with a delta function.

47.
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Figure 6. R xx,(t)
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CHAPT 3. E]UIP)UNT DESCRIPTION

SIMSTAR Hybrid 2Cm~uter

The LTI identification procedure described in chapter 2 was

implemented on an Electronic Associates, Inc. SIMSTAR hybrid

(digital-analog) computer. The SIMSTAR consists of a Digital

Arithmetic Processor (DAP), a Parallel Simulation Processor

(PSP), an 8 channel strip chart recorder to record variables from

the PSP, and a data logging option to store DAP and PSP variable

values in a file for later analysis. The DAP is programmed using

DTRAN, a high level Advanced Continuous Simulation Language

(ACSL), or user supplied FORTRAN subroutines, which allows the

user to implement additions, subtractions, multiplications,

divisions, integrals, transfer functions, and special functions

in a discrete-time simulation. The PSP is programmed using PTRAN

(Parallel Translator, also an upgraded ACSL language), a contin-

uous system simulation language which allows the user to model a

system using high level statements to model integrals, deriva-

tives, additions, subtractions, multiplications, transfer

functions, logical functions, and special functions. The PSP

and DAP can be programmed to exchange data using D/A and A/D

converters at a conversion rate specified by the user.

To implement a simulation on the SIMSTAR the user writes the

equations describing his simulation and implements some of the

equations on the PSP and the rest on the DAP. The decision of

22



where to implement the equations is governed by the limited

number of components (integrators, multipliers, etc.) available

on the PSP. The equations with the highest frequency variables

are implemented on the PSP until all available components are

used, and the remaining equations are then assigned to the DAP.

Care must be used when deciding which equations to implement on

the DAP, since the relatively low communication rate between the

DAP and the PSP (500 exchanges per second) will in general cause

aliasing if the DAP variables have frequency components above 250

Hz.

Although the process of implementing a simulation on the

SIMSTAR appears simple at first glance, it is complicated by the

SIMSTAR's preliminary DTRAN and PTRAN compiler, which can best be

described as user-hostile. Potential users are warned that the

PSP "DEL" (delay) function is virtually unusable due to its poor

frequency response, and the DAP "DEL" function has the sole

effect of locking the SIMSTAR into an inoperable state which can

only be cured by resetting the entire computer and reloading the

operating system. Fortunately, the DAP supports user written

FORTRAN programs, so features like "EL" which don't work can be

implemented with the user's own code. Caution is advised when

using SIMSTAR's FORTRAN; however, because at least one function,

AMOD (remainder), inexplicably multiplies the result by the divi-

sor. To be safe, the user must carefully check the results of

any FORTRAN or DYRAN/PTRAN statement.

.12
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White Noise Generator

The white noise generator used for this project was a Hew-

let Packard 3722a Noise Generator set to 1.5 Khz, 3.16 volt rms,I

20 volt peak-to-peak Gaussian noise.

24.
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CHAPTR 4.* PROCEDURE

The Program

The LTI identification system described in chapter 2 was

implemented on the SIMSTAR computer with the use of the programs

Bus12 and Bus13. The two programs are identical except for the

transfer function of the LTI to be identified. The Bust3 filter,

filter A, is a low pass filter with the transfer function

1HA(f) = (4.1)
(.0159j217f) + 1

and impulse response

hA(t) - 62.832 exp (-62.832t) u(t) (4.2)

The transfer function of filter B, the Bus12 filter, is

1
H B(f) - -3 2 3 (4.3)

3.567 10 f + J11.459 10 f + 1

and the impulse response is

hB(t) = 105.68 exp (-10t) sin(104.72t) u(t) (4.4)

A source code listing of Bus 13 is located at the end of this

chapter (Figure 8). A general description of the program will be

presented next. For detailed information concerning SIMSTAR

programs the reader is referred to the PTRAN and DTRAN manuals.

The group of statements immediately following the PROGRAM

25



statement details the variable names used in the program, and the

maximum and minimum values (scaling) of these variables. The

SIMSTAR computer uses the scaling information to determine the

settings of internal multipliers which limit all signals to plusI

or minus nine volts, the dynamic of the SIMSTAR's parallel

processor. When a run is completed, SIMSTAR displays the value

of any desired signal in terms of its original (unscaled) units.

Note that DEL, the variable delay (in seconds) used in the LTI

identification procedure is a PARAMETER. As such, it can be set

before each run of the program without recompiling the program.

Also note that the constant MAXT = .002 sets the sampling

period of the A/D and D/A converters to .002 seconds.

The DERIVATIVE section of the program contains both the

digital and parallel (analog) instructions which define the LTI

identification procedure. The first statement in the DERIVATIVE

region invokes the subroutine DELAYl. DELAYl stores the current

value of X (the gaussian noise) and returns a delayed value of X,

(XP), as well as BA, the hard limited version of XP. Note that

the variables XP and BA had to be renamed XP1 and B in order to

LI

force the DERIVATIVE region to accept them.

The PARALLEL region, contained within the DERIVATIVE region,

includes all the equations which are implemented in the analog i
domain. It should be noted that the order in which instructions

are placed in the PARALLEL region is unimportant, because SIMSTAR -

executes all parallel instructions simultaneously. The output of

* the Gaussian noise generator, X1,* is passed through the Butter-
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worth filter. The result, X2, is added to X2BAR to overcome a

slight (-.058 volt) bias to produce X, a nearly zero mean, band-

limited Gaussian signal. This signal is passed through the LTI

which is to be identified. The output of the LTI is Y. This

signal is multiplied by B (the delayed, hard limited version of

X) to produce C. An integrator produces El, the integral of C.

Finally, El is divided by T (time) to give E2, the time average

of the LTI output multiplied by the hard limited, delayed

Gaussian noise.

Several other averages which are computed are:

XBAR, the average of the bandlimited Gaussian noise,

CHECK, the average of the delayed Gaussian noise,

SIGXPR, the average of the square of the delayed Gaussian noise,

CHECKY, the average of the LTI output,

SIGMAY, the average of the square of the LTI output,

EE2, the crosscorrelation of the delayed (but not hard-limited)

Gaussian noise with the LTI output.

Figure 7 presents the operation of the SIMSTAR program in

graphic format. For clarity, integrators followed by a division

by time are indicated simply as averagers.

Data Acquisition

Data for the LTI identification procedure was taken by

conducting a series of one minute runs and recording the results.

The value of DEL was specified before each run, and three runs

were performed for each value of DEL. Because of the discrete

27
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time nature of the delay function, the only values of DEL avail-

able were integer multiples of the sampling period of the system,

.002 seconds. At the conclusion of each run the values of XBAR,

CHECKY, CHECK, SIGXPR, SIGMAY, E2, and EE2 were recorded. Appen-

dix C contains the raw data as well as graphs of the data.

29
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*PSPzI ,OvERRzALL
*TITLE
BUS13 

t

*INPUT
PR OCRAPO.

CONSTANT TPAX=61 .DEL-1.O~p=.O1 5915491CIN1,IMAXT=.J1,...
X2bAR =-.06BpBMAXz1.XPPMAX=9 rPA=9O.36E-6pPB1l.8233E-3
'@PARAM~ETER DEL.Ti4AXP.CINTMAXTP2vP3,PXZ8AR1
laMAXVAL DEL = 1 P TMAX z61 o T =61 r P=2pCINT=1O .*..
E1=6 o, MAXT=.002,P2=228E-9P3=615E-6SIGXI=34O PSIGYI=12C P.
SIGXPR=6 PSIGRAY=2 oEElx30'

02FINVAL DELz.0O1 oTMAX= 0. T =.l rP=.00 CINT.O1, ...
El= -6 p MAXT = .0015j,9257E-9.P3=337E-6,SIGX1=0.SI6Y1=0, ...
SIGXPR=OpSIGMAY=0oEE1=-309

laSCALE XIs9e Yz9pX=YoSTP1.f X2=9,C=9 vEZ=.10.9=64AX...
ME * rqEAN=.1,CI4ECKl=6 PCHECK=.lpCl19EE2=.5pCHCKYI=6p..

CHECKY.lfXPlz9oXPR 9pXP=9p XBARI=3O.XBAR=.5
13EXTERN Xl'
*INTDEFCOp1.1)
'INTDEF(,l.O)'

INITIAL
NSTEPS NSTP = I

CALL SETUP(DEL.PqAXTK.IpRINT)
END $'OF INITIAL'

DYNAMIC
*INTERRUPT RATE ERROR DECLARATIONS6

LOGICAL ENDERIP RATER~oERROR1
ENDERI - .FALSE.
ERRORI z RATERI
MINTERVAL HINT x 2.OE-6
MAXTERVAL PAXT =.1

DERIVATIVE j
CALL DELAY1X6AKIjRINTXP)
INTEGER IpK
8=9A
xp1=xP

'@PARALLEL'
XPR=XP1*STP
DELI z DEL

P3 c MAXT*.2Z508
P2 =MAXT'*2139.478

MEA INTEGCX2p0)
MEAN FqEAIT

Figure 8. Simstar Program
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CHECKI uINTEG (XPRoO)
CHECK CI4ECKIIT
CHCKY1 INTEG (Yp0)
CIIECKY =CHOCKYlIT
SIGXI INTEG(XPR**2pO)
SIGX~p = SIGXlIl
SIGY1 = INTEZ(Y**2p0)

SIG!4AY =SIGYlIT

STP=STEPCOEL)
B1a B*STP
C a -IB

El x INTEG(CPC)
E2 a EIIT0
Cl=Y*XPR
EEIvINTEGCCIjO)
EEZ=EE1IT
XBAR1 INTEGCXpo)
XBAR = X8ARI/T
TERKT(T .GT. TMAX)
96RECORDRECOIrevoropy PEE1 PEE2 rXPRfEIEZSGYlpC4ECK)G

GPI0 a CLOCK CIAXT)
GPII a CLOCKCCINT)
69XNTRRT I a PlD'
'SINTRRY 2 =GPI1'
RATERI aRATERP(SPIOPEHIDERI)

'VEND PARALLEL'
END $"OF DERIVATIVE

END S90F DYNAPIC9
TERMINAL
END $'OF TERMqINAL'
END SlOF PROGRAMI
*TRANSLATE

CONNECT AIN30 = X1
DCA~l) = Ba
DCAM = XPI
PADC~l) aX

*O UT PUT
*END

SUBROUTINE PREPI

INCLUDE El.9USl3
X = GRPADC(O)*S:X
RETURN
END

Figure 8 (continued).
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C
SUBROUTINE POSTI

INCLUDE EI.BUSl3
COMM~ON IGQDCPIDCASF(C:1)
LOGICAL DELAY
CALL QWDCAR(CpB'DCASFCO))
CALL QWDCAR(lpXPIODCASFCI))
IF CLRA1ERI) CALL ZZRTER~i)
L:ENDERI = STRUE,
DELAY a L:ENVERI
L:ENDERI - .FALSE.
RETURN
END

C
SUBROUTINE PREPDCA

COMMON IOQDCPIDCASF(C:1)
DCASF(O) a 1.OlSDCASPCO)IsMAX
DCASF(1) = l.OfQDCASPCI)lXPlMAX
RETURN
END

SUBROUTINE SETUP(DELeOTPKPIPRINT)
DIMENSION 1(1000)
COMM4ON /ONE/ Y
Do 10 IZ1,10c0

10 IC!) = 0.0
A a DELIDT
K a AINTCA)
PIN - APOD(DEL,DT)
PINT a RIN/0I
I a O
TYPE W.K a*,'K,' PINT 'PRINTPO I orI
RETURN
END

SUBROUTINE DELAYl(XXXKIoRIdTpXP)
DIMENSION Y(1000)
COMMON lONE/Y

IF (I .GT. ICOO) laI-lOOO
YC!) a X 0

J aI-K
IF (J .LT. 1) J z J+1000
Jl=J-1 l
If Ci .Ea. 1) J1z1olC
XP = CJ) * RINT*CY(Jl)-YCJ))

IF CXP SET. 0) XX1l

IF CYP .LT, C) XXC I
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CIAPTER 5. DATA ANALYSIS

Review

As previously described, the expected value of the product of

a t 0 -second delayed white noise process and the output of an LTI

system with the same white noise input is simply the impulse

response of the LTI convolved with a delta function (scaled by a

multiplicative constant dependent on the power spectral density

of the white noise). If the noise is not white, then the delta

function is replaced by the autocorrelation of the noise. If

the delayed noise is replaced by a discrete time version of the

noise, the autocorrelation of the noise is replaced by the cross-

correlation of the input noise with the discrete time version of

the noise. If the noise source is zero mean Gaussian and the

delayed noise is subjected to some instantaneous nonlinearity,

the sole effect is to scale the output by a constant, Kv .

Non-Zero Mean Noise

For the case where the LTI identification procedure input

noise is zero mean, it was shown in Chapter 2 that the output of

the LTI identification procedure, RyU, is given by

Ryu(t 0 ) = KvRxx,(t)*h(to) (2.41)

In the more general case where the input noise is not zero mean,
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it can be shown (Appendix B) that

,{Rto)(to)-j7exp(-/2

Ryu(to) a ( y/2{1+erf(x/ fsx)) (5.1)

and so

Ryx , (tol-(Ryult0)-7/2[l+erf(/ -sx ) ]) }2"-- x expl 2 /2Sx 2 )+Ry 5.2

Using this result, experimental values of RYU(t 0 ), s x

and sy can be combined to find an approximation of Ryx , (t 0 ), the

time average crosscorrelation of the input noise with the filter

output. This approximation of R yx, (t 0 ) is labeled R' x, (t0 ) and

its value for each run is included with the raw data in Appendix

C.

Estimating The Impulse Response

The goal of the LTI identification procedure is, of course,

to estimate h(t) by applying the Bussgang theorem to the cross-

correlation technique. Three crossoorrelations are of interest

for comparing their effectiveness in estimating h(t):

1. Ry, (t) , the crosscorrelation of the filter output with the

delayed (but not hard limited) noise is the baseline.

2. Ryu(t0), the crosscorrelation of the filter output with the

delayed, hard limited noise is related to Ryx ,(t 0 ) by Equation

(5.2).

3. R'yx,(t 0 ), the result of applying Equation (5.2) to Ryu(to) ,

34



is distinguished fron Ryx,( t 0) by the "'" to indicate that it is

an approximation of R (tON .

In order to compare the effectiveness of these three cross-

correlations in estimating h(t), it is necessary to examine more

closely the relationship between the crosscorrelations and the

impulse response.

As was noted earlier

Ryx ,(t 0 ) - Rx, (t 0 )*h(t 0 ) (5.3)

If Rxx, (t0 ) is approximated by M d'(t+.001), an impulse of

amplitude M located at t = -.001 (a good approximation as long as

h(t) varies slowly with respect to the duration of Rx,(t0).i

then the previous equation becomes

R yx (t0 ) = M h(t + .001) (5.4)

All that remains to be done to estimate h(t) fron Ryx ,(t0 ) is

to determine M. One method of doing this would be to obtain

experimental values of Rxx,(t) (by setting H(f) = 1) and find the

area under the curve of Equation (2.40). The problem with this

method is that the only point on the Rxx, (t) curve (see Figure 6)

for which significant data may be taken is the t a 0 point. This

is true because the only valid values of delay are positive

integral multiples of .002 seconds (there is no way for the shift

register to predict the value of x(t) in order to allow negative

values of delay to be used), and Rx, (t) is near zero for delays

of .002 seconds or more. Knowing only one point of Rxx, (t) would
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make it difficult to accurately determine the height of the

curve. Thus it would be difficult to integrate the area under

the curve. I
A better method of determining M is to simply use the LTI

identification technique on a known filter and fit the resulting

data points to the known curve by changing M to achieve the least I
square error between the known impulse response and the data

points. That is, find the least square error fit of

(1/M)R' *(t) to h(t+.001). The value of M thus obtained

could then be used with the data from unknown filters to deter-

mine their impulse responses. Since R'yx, (to) is simply an

approximation of Ryx , (to), the same procedure may be applied to

R' yxto) to estimate h(t).

The problem of estimating h(t) from the values of Ryu(t0 ) can

be handled in a similar fashion. If the noise is approximately

stationary from run to run (it was assumed to be stationary in

the derivations, but stationarity applies to the equality of

expectations and infinite time averages) then x, y, x, and s

will be approximately constant from run to run. In this case (if

y and x are small so that the additive cy term can be ignored)

Equation (5.2) simplifies to a multiplicative factor approxi-

mately constant from run to run. Then a least squares fit of

Ryu(t0) to M' h(t-.001) for a known filter will provide the

desired constant needed to estimate an unknown h(t) from values

of Ry(t 0 ).
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The values of (1/M)R' yx,(t), (1/M)R yx,(t), and (1/M')RYU(to)

for filters A and B, scaled as just described, are plotted in

Figures 8 and 9 along with the theoretical lines for hA(t) and

hB(t) (The inset in Figure 8 is simply the data for filter A

plotted on the same scale as Figure 9 for easy comparison). The

values of M and M' required to obtain the least squares fit of

(1/M)R' yx,(t), (1/M)R yx, (t), and (1/M')Ryu(t0 ) to h(t), along

with the resulting mean square errors, are shown in Table 1.

Table 1. Scaling Factors and Mean Square Errors
Resulting From Fitting Data to hA(t) and hB(t).

Filter I/M for mean sq 1/M for mean sq. 1/M' for mean sq
best fit error best fit error best fit error
of Ryx  of R'yx of RyU

A 318 1.38 318 2.66 1486 35.6

B 313 12.9 313 19.1 1425 46.1

It is clear that estimations based on Ryu(t0 ) data are far

less accurate than estimates based on R' yx , (to. This is to be

expected, since Equation (5.2) takes into account variations of

x, ' sx and sy from run to run, while the least squares fit of

(1/M')Ryu(t0 ) to h(t) ignores these run-to-run variations.

Comparison of the mean square error between estimates of h(t)

based on Ryx ,(t0 ) and those based on R'y ,(t0 ) reveals that the

latter are somewhat less accurate. This requires some explana-

tion, since Equation (5.2) predicts that the two results
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should be identical. A probable explanation lies in the assump-

tion of ergodicity. The ergodic assumption is that the expecta-

tion value of a function of the random process is numerically

equal to the corresponding time average (over all time) taken on

any sample function of the process (5:360). The averages for

this project were taken over a finite time interval, so some

variation between particular values of R and R' is to be

expected. In addition, the hard limiting accomplished by the

U[.] device would be expected to erode the precision of fairly

short-term time averages of functions of the hard limited sig-

nals. (For example, consider an infinitesimal time average of

x(t)U[x(t)]. In general, Equation (5.2) will not be able to

predict x(t)x(t-t0 ).)

As was mentioned earlier, estimations of h(t) based on

Ryx , (t o ) are more accurate than those based on the other two

crosscorrelations. The issue of errors between (1/M)R , (to ) and

h(t0 ) will now be addressed.

A cause of error throughout the project is that resulting

from the finite (three orders of magnitude) dynamic range of the

SIMSTAR, and the inevitable inaccuracies associated with analog

components. In addition, the accuracy of the A/D-D/A converter

combination is on the order of 5-6 my (3). Scaling this by 1/M

gives an A/D-D/A-based error of up to about 1.9 volts or a square

2error of about 3.5 volts . This is significant when compared to

the mean square errors between h(t 0 ) and (1/M)R yx, (to.
.4
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9 Chapter 6. Conclusions, Discussion, and Recommendations.

Conclusions

When Equation (5.2) is used, the LTI identification procedure

produced results of the same order of accuracy as the traditional

crossoorrelation method. When Equation (5.2) is not used the

resulting approximation, (1/M')Ryu(t0 ), is significantly less

accurate.

Discussion

The original impetus for this project was the idea that the

use of the Bussgang result might allow the crossoorrelation

method to be performed with less expensive equipment than would

be required without it. The principal savings achieved by the

"Bussgang" approach are that the delay function may be accomp-

lished by a one-bit-word shift register instead of a full preci-

sion shift register, and the full precision A/D converter re-

quired by the conventional crosscorrelation approach may be re-

placed by a device which makes a simple 1 or 0 decision. The

principal drawback to the "Bussgang" approach is that several

integrators and squarers are required to determine x, y, sx , and

ay in order to obtain accuracy close to that of the conventional

crosscorrelation method.

"%A.
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Recommendations

The mean square error between (1/M)R (t) and the theoret-

ical impulse response was nearly an order of magnitude worse for

filter B than for filter A. Testing of additional filters might

provide insight into the source of this increased error. Also,

it may be possible to achieve reasonable predictions of the

impulse response of an LTI system by using only some of the terms

of Equation (5.2). Further analysis could determine which terms

could be omitted without seriously reducing the accuracy of the

final results.

Finally, the effect of increasing the time of each run

warrants further investigation. It is likely that longer runs

would produce better results by reducing any errors caused by
violating the infinite-time-average condition of ergodicity.

,

,. .42
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Appendix A. The Two Channel Result. l

Prove: R 1  W2 t) = Ri 2 (tI)*hi(ts)*h2 W)

S yl y,2(f) = E{yj (t)y2 (t-t ))exp(-j27rft') dt'

=JE fh (ax (t-a)h (b)x (t-b-t') da db exp(-j2ffft'))dt'I

=Jfh,(a)h 2(b)Sxi x2 (f) exp E -j 2 7rTf (a -b)]I da db

H 1 (f)H 2(MSi x1 x(f) (A.1)

so

R y y2 (t') R x1i x2 (t') *h 1(t)*h 2(.t) (A.2)

For the case at hand (Equation 2.40) h.(t'):h y W),
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A APPENDIX B. NON-ZERO MMA BUSSGANG DERIVATION

This derivation is carried out for the special case of

U[x(t)] being a hard limiter (Equation (1.1)).

R YU(t 0 E[y(t)U~x(t-t 0)M

= I212/2

21r

Note that

fy exp( -2r(x-R)/sx) (y-7y)/s ) + f(y.)/s) 2

f2(1-r2 d

-"r yIsx (-3)]2 Y( r2 (-E

20r2) (1-r 2 )s 2)

(r2 x y

so

x x
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ex ~ dx+
f(2 )1 12 s L 2sx0 x

f 12r 112sx  ) exp 22' dx

0Xx

=7/2 [1+ erf(X/dSx)] +[rsy /(217) 1/2]exp(-x--/2s 2 )

=Y1 1+ rf(f/isH +I(xy- ]f/i_~xexp(-x /2 2 ) (B.3)
x x x

Note that

= _ (B.4)
SxSy

so that

u ]+ 4 e (B.5)

(211) S, [L2s J2Ls~

Note that Nuttall has shown (4:18) that a result similar to

Bussgang's can be obtained for any instantaneous non-linearity as

long as the random process (noise) is separable. A random

process is separable if

g(x2,t0 ) - f(xl-X)P(x 1,x2,t0 )dxI

U g1(x2 )g2 (to) (B.6)

The joint Gaussian density is a separable process.
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Appendix C. Data.

Explanation of headings:

t = Delay in milliseconds
x - Mean of the Gaussian noise
x f Mean of the delayed noise
Y 7 - Mean of the LTI system (filter) output

x = Mean square value of delayed noise

y = Mean square value of the filter output
R YU = Crosscorrelation of the filter output and nonlinearityoutputR' = Calculated value of the crosscorrelation of the filter

yX output and the delayed noise
= Crosscorrelaton of the filter output and the delayed

Ryx noise

Table 2. Filter "A" Data

t T y x y2 ' _

0 .01585 .01487 .01574 3.5154 .1026 .04934 .195 .194
0 -. 00835 -. 01366 -. 00853 3.48 .0968 .03419 .180 .1812
0 .0088 -.00374 .0086 3.4332 .093 .04242 .177 .17915

2 -.0163 -.0126 -.01665 3.4704 .1004 .02803 .170 .1697
2 .0108 -.00604 .0106 3.4866 .0918 .0385 .176 .1552
2 -.00675 -.00822 -.00695 3.4788 .096 .03092 .161 .1601

4 -.0077 -.0004 -.00805 3.4758 .0956 .02603 .140 .14155
4 -.00685 -.01145 -.00706 3.4602 .0978 .0295 .154 .1439
4 .00395 .00008 .00369 3.4518 .0956 .0311 .136 .13775

6 .0005 .00166 .00025 3.4512 .0992 .02855 .132 .13115
6 -.00325 -.01326 -.00363 3.4722 .0936 .02457 .123 .1223
6 -.0069 -.01737 -.00704 3.4626 .0942 .0223 .120 .1233

8 .008 .00905 .00775 3.441 .0986 .02869 .115 .11765
8 -.00295 -.00242 -.0032 3.4992 .0982 .02174 .109 .11405
8 .00255 -.00506 .00236 3.4752 .097 .02495 .111 .1125

10 -.0056 -.01153 -.00571 3.48 .0942 .01812 .0981 .09905
10 -.0045 .00411 -.00475 3.447 .0964 .01944 .102 .0983
10 -.00375 -.0131 -.00381 3.4524 .0986 .01954 .0999 .1013
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12 -.00205 -.00064 -.00225 3.477 .0984 .01876 .0929 .0932

12 .0011 -.00168 .00092 3.438 .0936 .01833 .0831 .0846

12 -.0023 .00575 -.0025 3.4824 .1016 .01839 .0919 .0944

14 .009 -.00066 .00882 3.4458 .0964 .02024 .0737 .07695

14 -.0043 -.01025 -.00454 3.4014 .0936 .0134 .0724 .07445

14 -.0119 -.01377 -.01212 3.4794 .099 .01149 .0821 .07935

16 .0003 -.00016 .0013 3.4434 .0938 .01364 .0604 .0653

16 -.01065 -.01852 -.0107 3.5118 .0996 .01024 .0733 .07535

16 -.0097 -.00936 -.00995 3.4512 .096 .00833 .0620 .067

18 -.01645 -.02733 -.01667 3.4398 .1018 .00547 .0642 .0642

18 -.0116 -.01653 -.01184 3.4716 .098 .00539 .0528 .05815

18 -.00245 -.00516 -.00247 3.4734 .0988 .01135 .0588 .061

20 -.0097 -.00585 -.00986 3.4692 .0964 .00522 .0474 .04855

20 .0034 -.00323 .00309 3.4758 .0962 .01088 .0436 .0492

20 -.0022 -.00302 -.00252 3.4518 .094 .01087 .0565 .05365

22 -.00695 -.01764 -.0072 3.45 .0994 .00794 .0537 .053

22 -.00105 -.00384 -.00112 3.4224 .093 .00999 .0489 .0469

22 .01215 .00994 .01211 3.504 .1008 .01681 .0505 .05325

24 .0081 .0084 .00796 3.5178 .0976 .01327 .0437 .04495

24 -.0052 -.01541 -.00546 3.4338 .0928 .00524 .0370 .0375

24 .0014 .00609 .0014 3.4266 .0934 .00922 .0395 .0461

26 .0072 .00386 .00705 3.4752 .0972 .01125 .0361 .03685

26 -.0098 -.02247 -.00994 3.4986 .094 .00124 .0291 .0343

26 .005 .00917 .00494 3.4374 .0932 .00945 .0324 .0351

28 .01325 .01732 .01336 3.5034 .0988 .01213 .0256 .03185

28 -.01385 -.02735 -.01388 3.48 .0952 -.00003 .0324 .0312

28 -.00895 -.02478 -.00889 3.462 .0978 .00247 .0323 .0336

30 -.00175 -.0013 -.00179 3.456 .101 .00493 .0271 .0311

30 -.00195 .00551 -.00207 3.4458 .0954 .00438 .0252 .02875

30 .0077 -.00679 .00775 3.4818 .093 .00984 .0279 .02655

32 -.003 -.01883 -.00293 3.4884 .0978 .00297 .0208 .024

32 -.0056 -.00872 -.00555 3.5016 .1022 .00264 .0254 .02875
32 .01015 .00068 .01024 3.4686 .0988 .01041 .0247 .02665

34 -.0039 -.01349 -.00377 3.4866 .1 .00204 .0184 .02285
34 -.0027 -.00841 -.00265 3.474 .0938 .00295 .0200 .0187

34 .0018 .00751 .00198 3.453 .00994 .00614 .024 .025
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R ~ R'~X R_ R.1
t T V... . . . -

36 -.00135 -.00987 -.0015 3.4542 .1002 .00238 .0146 .0211
36 -.0009 -.0083 -.00092 3.4482 .099 .0036 .0189 .02205
36 -.01385 -.01462 -.01371 3.4218 .096 .00374 .0145 .01775

38 .0041 .00958 .00414 3.4512 .0972 .00435 .0106 .0131
38 -.0062 .00425 -.00635 3.4554 .1002 .00058 .0175 .01865
38 .0023 .00068 .00221 3.4182 .0974 .00347 .0110 .0147

40 -.0153 -.01431 -.01536 3.474 .1002 -.0059 .0083 .01455
40 -.00785 -.00386 -.00778 3.465 .096 -.00187 .0094 .01605
40 -.0068 -.0068 -.00675 3.4554 .097 -.00172 .00772 .01275

Table 3. Filter "B" Data

t x y R R' R
-------------------------------------------
0 .01595 .01447 .01608 3.4722 .8514 .01992 .0555 .0584
0 .00225 .00216 .002055 3.4674 .86 .01138 .0483 .0557
0 -.00445 -.01205 -.00496 3.4746 .8614 .00274 .0244 .03905

2 -.0079 -.00529 -.00795 3.4836 .9096 .01869 .106 .11
2 .0073 -.00007 .00722 3.4404 .9136 .02725 .110 .10955
2 .00225 -.00853 .00212 3.5202 .8466 .02572 .116 .12095

4 -.00135 -.00325 -.00148 3.459 .8224 .03269 .156 .172
4 -.0064 -.00722 -.00636 3.4542 .8794 .03291 .168 .16985
4 .0058 .00016 .00562 3.5196 .8482 .03886 .170 .1648

6 .00025 -.01099 .00031 3.4812 .8678 .04782 .223 .2265
6 -.0037 .00109 -.00338 3.4434 .8388 .04224 .204 .2194
6 -.00035 -.0109 -.00048 3.4164 .9172 .04507 .210 .2173

8 -.00355 -.01419 -.00353 3.4392 .8858 .05291 .254 .25605
8 -.0007 .0013 -.00061 3.4404 .8144 .05201 .243 .2453
8 .0061 .01459 .00612 3.42 .8954 .06052 .266 .262

10 .00595 -.0073 .00614 3.4794 .9444 .06661 .297 .2922
10 .01285 .0192 .01291 3.4854 .8558 .06778 .287 .28865
10 .00945 .00852 .0096 3.4746 .8748 .06036 .260 .26625

12 .0062 -.00579 .00627 3.4476 .8396 .06564 .291 .2832
12 -.00295 .00252 -.00266 3.4854 .8088 .05841 .280 .2846
12 .01315 .00914 .01317 3.438 .819 .0636 .265 .28105
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. t xy xyRUR
14 .01295 .00449 .01303 3.5076 .9218 .07315 .313 .3063

14-.0057 -.01287 -.0056 3.4794 .8516 .05236 .258 .2734
14 .008 .0123 .00791 3.483 .9106 .06092 .266 .2926

16 .0031 -.0023 .00311 3.4248 .8894 .05811 .262 .2793
16 .00215 -.01459 .00202 3.4332 .8458 .0603 .275 .2699
16 .001 -.01793 .00093 3.4236 .8946 .05987 .276 .27475

18 -.0059 -.00111 -.00627 3.501 .8636 .05123 .255 .26135
18 .00865 -.00332 .00856 3.423 .878 .05558 .238 .25365
18 .00005 -.00259 -.00027 3.4428 .8964 .05171 .241 .23925

20 -.01365 -.01519 -.01406 3.5166 .8978 .04342 .237 .23715
20 -.0091 -.01114 -.00955 3.5034 .9392 .04201 .220 .2322
20 -.00795 -.00558 -.00837 3.435 .8968 .03942 .203 .21785

22 -.0008 -.00063 -.00107 3.474 .8836 .03354 .159 .1587
22 -.0162 .00323 -.01692 3.4734 .9182 .02575 .160 .16745
22 -.00715 -.00226 -.00772 3.4362 .8364 .0296 .155 .1509

24 -.0095 -.01138 -.00975 3.4782 .8762 .02351 .133 .1218
24 -.00475 -.00655 -.00542 3.4686 .9418 .02652 .136 .12815
24 -.0019 -.01242 -.00221 3.4818 .9084 .02252 .111 .1209

26 .00465 .01233 .00417 3.435 .8798 .01611 .0652 .06375
26 .0002 -.01244 -.00012 3.4872 .8618 .00966 .0455 .0602
26 -.0029 -.00015 -.00328 3.4974 .8718 .0124 .0658 .0706

28 -.0017 .00649 -.00206 3.4596 .8554 .00268 .0173 .03465
28 -.00295 -.00181 -.00349 3.4548 .9188 -.00096 .00366 .01425
28 -.00635 -.02183 -.00667 3.4632 .9618 .00503 .0390 .03865

30 .00195 .00916 .00154 3.4962 .8678 -.00777 -.0400 -.03965
30 .0015 .00671 .0012 3.4398 .9158 -.00901 -.0447 -.03835
30 -.00155 -.00457 -.00222 3.4536 .9006 -.00776 -.0310 -.02675

32 -.0007 .00034 .00094 3.4656 .8316 -.01956 -.0935 -.07135
32 -.01225 -.03594 -.0128 3.424 .8462 -.02303 -.0744 -.07025
32 -.00515 -.00286 -.00546 3.4782 .9256 -.02093 -.0851 -.0818

34 -.0075 -.01804 -.00786 3.423 .9008 -.03416 -.140 -.126
34 -.00815 -.01746 -.00852 3.4632 .8574 -.02989 -.120 -.12465
34 .0176 .0349 .01728 3.444 .8522 -.01893 -.128 -.12535

36 -.01245 -.02083 -.01269 3.44 .851 -.04015 -.157 -.1588
36 -.00535 -.00855 -.00541 3.4278 .8424 -.03719 -.160 -.15835
36 -.0045 .00079 -.00474 3.4488 .887 -.0329 -.142 -.13695
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y, y , , ___ _ __ _
-- - - - - - -- - - - - - ---------- --

38 0 -. 013 -. 00042 3.486 .9516 -. 04316 -. 201 -. 1958
38 -. 00535 -. 01182 -. 00581 3.4506 .8998 -. 04288 -.186 -.18755
38 -. 00025 -. 00797 -. 00071 3.4866 .845 -. 04107 -. 191 -. 17565

40 -. 00825 -. 01175 -. 00874 3.4368 .8592 -. 04412 -. 185 -. 18665
40 -.00525 -.00814 -.00555 3.4626 .8494 -.04809 -.211 -.1904
40 -. 0074 -. 01656 -. 00774 3.4896 .8722 -. 05059 -. 219 -. 2014

42 .0071 .00413 .00668 3.453 .8868 -. 0445 -. 223 -. 2196
42 -. 0103 -. 01232 -. 01066 3.447 .8894 -. 05268 -. 220 -. 21425
42 .00315 .02144 .00259 3.4944 .904 -. 04694 -. 226 -. 20825

44 .0073 .00615 .0068 3.4782 .8226 -. 03817 -. 194 -. 19905
44 -. 0045 -. 02158 -. 00491 3.4464 .8918 -. 04985 -. 221 -. 20945
44 .00565 .00961 .00531 3.4674 .8894 -. 04308 -. 213 -. 22005

46 .0101 .00184 .01032 3.4854 .8628 -. 03558 -. 191 -. 1861
46 -.00075 .0063 -.00078 3.4896 .8468 -.04205 -.195 -.19615
46 .0057 .00579 .00525 3.4806 .8912 -.04242 -.211 -.20695

48 -.00275 .00683 -.00305 3.4788 .8424 -.04051 -.182 -.18465
48 -. 00065 .00374 -. 00111 3.4104 .8758 -. 03945 -. 180 -. 17705
48 .00475 -.00186 .00422 3.4974 .8918 -.03834 -.190 -.1834

50 .0049 .00529 .00457 3.4932 .9506 -.04047 -.200 -.1886
50 .001 -. 00312 .00057 3.432 .8582 -. 03046 -. 143 -. 1456
50 -. 01385 -. 00819 -. 01405 3.4596 .8906 -. 04176 -. 162 -. 15645

52 -. 01395 -. 01243 -. 01415 3.4476 .8494 -. 03256 -. 119 -. 11875
52 -. 0004 -. 00977 -. 00084 3.495 .8778 -. 02861 -. 132 -. 12035
52 .00305 -.00025 .00271 3.4536 .8462 -.02644 -.129 -.12475

54 .0042 .00238 .00409 3.5088 .8366 -. 01798 -. 0940 -. 089
54 -. 00405 -. 01816 -. 00449 3.4728 .933 -. 02522 -. 107 -. 09905
54 .0021 -. 00839 .00204 3.4806 .8768 -. 01745 -. 0864 -. 0916

56 .00395 .01281 .00356 3.471 .8584 -. 0082 -. 0466 -. 04165
56 -.00605 -.0062 -.00634 3.4896 .9456 -.01718 -.0656 -.04835
56 .0052 .00062 .00472 3.45 .8558 -.00787 -.0476 -.04365

58 -.00035 -.0009 -.00067 3.45 .8912 -.00442 -.019 -.008
58 .00525 .00039 .00517 3.4446 .876 -.00326 -.0272 -.01615
58 -. 00655 -. 0112 -. 007 3.489 .9114 -. 00669 -. 0149 -. 01695

60 .00325 -. 01509 .00331 3.465 .8524 .01117 .0444 .0372
60 .01625 .01753 .01598 3.4686 .819 .01289 .0229 .02445
60 -.0007 -.00388 -.00085 3.4602 .8508 .00449 .0229 .0206
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-- - - - - -- - - - -- R - X -- -

62 .0007 -. 0039 .00068 3.4746 .8096 .011 .0498 .05225
62 .02285 .01228 .02291 3.4842 .8656 .01937 .0371 .04985
62 -. 0091 -. 01879 -. 00912 3.4722 .8936 .01068 .0712 .0667S

64 .0076 .00978 .00749 3.4806 .9076 .02251 .0878 .09475
64 .00985 -. 02771 -. 00999 3.4404 .898 .00983 .0689 .08425
64 .0018 .00484 .00169 3.4416 .8634 .02005 .0893 .09185

66 -. 00935 -. 02031 -. 00948 3.5034 .9042 .0206 .119 .12095

66 .0051 .00011 .004538 3.5096 .794 .02629 .113 .10815
66 .0055 .00093 .0053 3.5096 .77924 .02289 .094 .01635

68 -. 0003 -. 01319 -. 00079 3.4848 .8758 .03062 .145 .14255
68 .0036 .00179 .00368 3.4506 .9152 .03033 .133 .1363
68 .00705 .00001 .00693 3.4548 .824 .02818 .115 .1189

70 -,0029 -. 00192 -. 00302 3.4854 .8958 .03228 .158 .1708
70 .0002 -. 01426 .00021 3.5148 .8368 .03457 .162 .15525
70 .00155 .00387 .00177 3.4878 .8954 .0363 .166 .1625

72 .0066 -. 005 .0066 3.4536 .8238 .03214 .134 .131
72 .00765 -. 00186 .00742 3.4674 .7962 .03465 .1444 .1526
72 -. 01005 -. 02471 -. 00978 3.5052 .9122 .03012 .164 .17495

*74 .0063 -. 00587 .00628 3.4584 .901 .04254 .184 .1721
74 .00145 -. 01392 .00139 3.4614 .8356 .03493 .160 .158
74 .0007 .00315 .00038 3.4632 .8772 .03048 .141 .1521

76 .01245 .01893 .01258 3.4734 .8429 .03819 .149 .1519
76 .0006 .00449 .00032 3.4536 .8778 .03129 .145 .14955
76 -. 0066 -. 00252 -. 00671 3.456 .8884 .03301 .169 .1627

78 -. 00365 .00809 -. 00407 3.4794 .921 .03099 .154 .1505
78 .00435 .01621 .00423 3.471 .9032 .03653 .161 .155
78 -. 007 -. 02418 -. 00721 3.4764 .8934 .02696 .143 .1326

80 .0157 .01634 .01529 3.504 .8768 .03355 .122 .1301
80 -. 0003 -. 01726 -. 00039 3.399 .8948 .02543 .118 .11615
80 .00905 .00583 .00925 3.468 .863 .02633 .102 .1111

82 -. 0013 -. 01126 -. 00132 3.4872 .8936 .02599 .125 .12765
82 .00725 .00515 .00725 3.45 .8492 .02448 .0971 .1043
82 .0091 .00657 .00909 3.4908 .856 .02989 .119 .1038

84 -. 00315 -. 00121 -. 00316 3.4494 .8568 .01556 .0798 .0759
84 -. 0068 -. 0248 -. 00707 3.4686 .8666 .00692 .0488 .05665
84 -. 0004 -. 01302 -. 00046 3.4704 .8506 .01208 .0766 .0602
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86 .0088 .003 .00891 3.45 .8796 .01458 .0471 .0513

86 .0056 .00138 .00548 3.4512 .8696 .00896 .0290 .0381

86 .00615 -.00552 .00623 3.4668 .8138 .01057 .0348 .0361

5
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This investigation applied the Bussgang theorem to the
crossorrelation method of linear, time invariant (LTI)
system identification. In this procedure a Gaussian
signal is passed through an LTI system and the output is
cross orrelated with a nonAlinearly distorted version of
the driginal Gaussian signal. If the Gaussian noise were
white the crosscorrelation would be equal to the impulse
response of the LTI system within a constant of
proportion ality. With the use of bandlimited Gaussian
noise this relationship is only approximately satisfied.

The analysis compared the performance of the cross-
correlation method with the non-Ainearity to that of the
crosscorrelation method without the non-linearity. The
experimental results indicate that the introduction of the
non-linearity degrades the performance of the method, but
the this can be improved by correcting for the effects of
several quantities associated with the time varying
statistics of the Gaussian noise.
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