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This research is part of the continuing development effort from the Vector Wave Equation (VWE)
Research Group. The work reported in this thesis is the algorithmic manipulation of the VWE to form a
parallel computational approach which, when presented in a graphical form, provides a specification tool for
Very Large Scale Integration (VLSI) implementation.

It is my firm belief that the effort of the VWE Research Group can make a significant contribution
to the "State-of-the-Arnt" in the design and analysis of structures that are impacted by electromagnetic quan-
tities or involve electromagnetic metrics as a design constraint. As such, it has been a pleasure and an
honor to be involved in this work.

It is appropriate here, that I acknowledge and give thanks to the people and forces that made this
research possible. The AFIT computer environment is the best that I have ever been involved with. My
Thesis Advisor Maj Joe DeGroat, encouraged creative approaches to solutions rather than the security of
classical methods. These factors combined to make for a research environment that was both exciting and
powerful.

I would be terribly remiss if did not give special mention to my wife Debra, whose support,
cncouragement, and tolerance of the long hours required to do this work made this thesis possible.
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2y ~~An algorithm has been specified for the hardware implementation of the numerical solution of the Y
s electromagnetic fields of an arbitrary current source. The algorithm, defined as the Vector Wave Equation .
n" ) X ¢ } / ’ \'.;, "
- (VWE), solves for the magnetic tH) and electricXEJ fields, as well as the vector potenu'af(A) of a finite -
.
rJ
s;l length arbitrary current source. The specified algorithm has been verified through FORTRAN simulation ;
]
to produce results accurate to within 2 decimal places for a 500 sub-element dipole. '
¥l y
C:i The VWE forms a model which is algorithmically symmetric with respect to the cartesian coordi- t
.
.
o nate system. As such, the VWE lends itself to highly parallel and concurrent computational techniques. \
N‘
t This property of the algorithm makes it an excellent candidate for implementation by a Very High Speed
iKY Integrated Circuit (VHSIC) class processor. Investigation of a parallel, highly concurrent architectural
Iy

implementation has yielded preliminary results that computational savings of a factor of 3 and a throughput

rate increase of S orders of magnitude is attainable.
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ARCHITECTURAL IMPLICATIONS OF
A PARALLEL COMPUTATIONAL APPROACH

TO THE VECTOR WAVE EQUATION

1. Introdyction

This thesis is the study, development, and analysis of a parallel computational approach to
the set of electromagnetic field equations defined below as the Vector Wave Equations (VWE). The charter
of this effort was to specify a parallel processing engine for the VWE that could be implemented in either
software or hardware. As such, the derivation of a paralle! algorithm, specification of computational flow,
and an analysis of the algorithm's behavior with respect to error/accuracy considerations became the focus of
this work.

This study was motivated by the the end objective of developing an interactive CAD/CAM envi -
ronment for acrodynamic systems design where a structure's electromagnetic observability, specifically its
radar cross section, is known early in the design phase of a project. The capability of having a structure's
obscrvability known and interactively updated as the design progresses and is changed requires calculation
of near- ficld electromagnetic wave equations. Numerical solutions to these equations is a computationally
intensive problem that requires millions of floating point calculations.

At present, software approaches on classical computer architectures have extremely long run times.
Because of this constraint, only simplified antenna configurations and geometries are examined. Conse -
quently, there is a need for the development of a very fast customized VHSIC-class processor engine for
calculaung the radiated fields of arbitrary antennas. This processor engine would be part of a workstation
which integrates the processor's electromagnetic computing capabilities along with interactive aerodynamic
structural design techniques, such that electromagnetic metrics become an integral part of the design phase.

The design phase is the most effective time to influence the Radar Cross Section (RCS) of an
object. Once the design has been implemented, RCS reduction must rely on the addition of heavy radar

absorbing material, and active/passive cancellation. Radar absorbing material helps to dissipate the incident
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energy upon its surface, thereby reducing the RCS of the target. However, this material can add con -
siderable weight and thereby degrade the operational characteristics of the structure. Active/passive can -
cellation techniques that reduce the RCS becomes intractable after design implementation due to the large
size of the structures and current analysis capabilities. Consequently, it is more cost effective 1o make
structural changes within a CAD environment during the design phase.

With the limitations to simplified geometries for numerical analysis, complex structures such as
an aerospace vehicle require RCS measurements with scale models at compact ranges, or with full size
models at outdoor ranges. This approach is time consuming, costly, and subject to scaling problems and
poor weather conditions. However, the incorporation of a VHSIC-class processor engine, capable of high
speed calculation of the electromagnetic equations into an interactive CAD workstation, makes possible real
time observations of electromagnetic metrics. As such, the impact of modifications to the object's shape
and composition material's on its RCS are known during its design.

This introductory text will include a discussion of the electromagnetic background and development
of the VWE. The approach used in the derivation of the parallel algorithm will be stated. Motivation
and basic assumptions in the derivation of the error expression will be discussed and referenced. Finally,

some thoughts on the utilization and usefulness of the results of this study will be touched on.

Electromagnetic Background

The basis for modern antenna theory lies with the set of formulas known as Maxwell's equations.
By utilizing Maxwell's equations, the total radiation pattern can be derived for a given antenna (acting as a
scatterer). The total field of an antenna is the sum of the incident and the scattered fields of that antenna.
To find the scattered field, the incident field is subtracted from the total field. Once the current distribution
on the scatterer is found, the radiation integral given by Maxwell can be numerically computed.

A mid-point summation technique was employed to arrive at a numerical solution for the vector
potential (A) [Jones, 1985:6]. Initially it was anticipated that the vector potential would be used as an

intermediate result in obtaining the final electric (E) and magnetic (H) fields. The solution for the vector
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potential involves an approximation where the dipole is divided into a finite number of sub-elements.
Equation (1) defines the mathematical formula relating the vector potential solution to the general antenna
problem as depicted in Figure 1. The evaluation of the complex integral in equation (1) is necessary to
analyze even the simplest antenna. The desired magnetic and electric fields are derived from equations (2)

and equation (3). The mathematical procedure is a vector curl operation, for which this study uses cartesian

coordinates.
m —
A zzAAlJl(rl)a el (1)
where . = ith
LA = Surface Area of i~ element

—_ .t
Ji<ri) = Complex Current Density of i B ylement
| ?—fi| = Distance from origin to the ith element
B = wave number (27t/3)
J = /-1
AN
A 1 g7 lF- FI (xl YI z)
- \ 1
y
_ N Obseryation
l X | J Point
| 7 |
—_— Y
Figure 1
X General Shaped Antenna

H
E

where W = the radian frequency
€ = the dielectric constant

b= /1

v xA @)
1/jwe v x H (3)
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However, it was found that the numerical result for the vector potential is not necessary in

computing the magnetic and electric fields. The mid-point summation method employed to obtain the

),
vector potential can be used for the magnetic and electric fields directly [Hoyt,1986]. Equations (4) and (5)
.
o
::"_i below show the magnetic and electric fields in the "x" direction for cartesian coordinates. Equations for the
y and z vector components are of equal complexity and similar in form to those in the x direction for the
"!
general antenna configuration. Evaluation of these equations is further complicated by current densities (J)
being complex quantities in the general case.
<« m -jpr
1, ) (J . 3 (y-9:)
. — +JB) e i(z-7) - Yzily=vi)
~ H ~h E ( r P 4 1 (4)
e X ‘
) i=1 4mré .
“
-

_Jﬁl’

\{g‘ \.
F'l
:3"
% E

4111’

ol oo Yo 2 Yo

+ — 4 # ) (Jzi (x*xi)(z-zi)>+<\’yi(K_Xi)(Y‘Yi)\

. ré 4
o
‘. 1
where  h = length of the dipole per number of sub-¢lements \
s
N r=Ir-nl=sqr {(x-x))2+(y-y;)2+(z-2)?).
‘-J . . . .
- Hoyt derived and validated these equations, defined here to be the discrete Vector Wave Equations
) (VWE), with two current densities of different geometries on a simple z-directed dipole. The algorithm was f
- cvaluated with varying numbers of sub-clements to determine the number required to give an accuracy of
o two decimal places. The result of Hoyt's study show that the numerical summation algorithm produces X
-
results accurate to within 1% for 95 percent of the observation points for a S00 sub-element dipole. This :
t_ study exploits the inherent symmetry of the algorithm with respect to the cartesian coordinate system and. )
as such, leads to a highly parallel and concurrent computational approach.
” i
o
T T e T f/‘-."‘.'“-.'
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E With Hoyt's results verifying that an acceptable level of accuracy can be obtained with 500 sub-

elements, and the knowledge that any meaningful construct will be formed from thousands, possibly
millions of finite length dipoles, clearly the critical path to reducing the computational intensity

is to calculate the quantities within the summation formula as efficiently as possible. Therefore

hAT - <L

this thesis effort is concerned with the ith calculation.

The approach used in the derivation of the computational expressions which yield the desired
results is threefold. First, the technique of a top down functional decomposition was performed for each
of the vector quan-tities of interest. This procedure, yielded a database of computational expres-
sions in which intermediate results could be studied throughout the calculation process. Second, the

calculation flow of each vector quantity was mapped graphically to form the construct of a data-

N

flow graph. These data-flow graphs yield visual evidence of the inherent symmetry of these expres-

LS

sions and provide the parallel computational specification desired as a result of this work. Third, the

data-flow graphs were overlayed to find the levels of concurrency that are attainable.

K

The processes of functional decomposition and the mapping into the directed graphs is detailed

[ 4

o

v in chapter two of this thesis. Results in computational requirements reduction at various levels of

. computational concurrency is detailed in chapter four, the analysis section of the thesis. Finally, a

~

- complete set of calculation flow graphs are presented in appendix B for reference and concise access.

-\A

o Error Expression

O There are two types of error associated with any computer computation. The first type is error

attributable to errors in data. This type of error is a function of the inherent error in finite word length and

.;, data representation. Also, the error transmitted as the value of some function to another process creates a
cumulative input error to subsequent computations. The second type, generated error, is a grouping of

4

\: factors such as truncation, algorithmic cancellation of significant digits, and others that are generated by the

" particular implementation of the function [Cody and Waite, 1980: 11]. Of the two types, the programmer
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or designer has direct control of generated error but must observe the systems performance to gain insight
into the "effects” and "behavior” of inherent and transmitted error.

The analysis of the cuamulative effects of transmitted error requires extensive simulation for
nontrivial systems. Analytic techniques rely on the Stochastic Model (Taylor, 1983: 391] where an
arbitrary input is processed, and the result is of the form Y[X(n)] plus some delta representing the error
indicative of the process. Manually tracking these types of data for a system of even moderate size is error
prone, at best. The problem becomes intractable for complex systems.

Chapter three of this thesis implements the concept of the Stochastic Model in terms of inherent
and generated error to gain visibility of the behavior of the Parallel VWE with respect to cumulative

transmitted error. The process is performed in MACSYMA and is presented at a tutorial level.

Utilization of Resul

In this final section of introductory text, a brief discussion of the intended utilization and resultant
usefulness of the results of this thesis effort is appropriate. Three areas will be addressed: the target
processing environment, intended use of the Error Expression, and the use of MACSYMA in handling
large sets of equations.

Target Processing Environment. As stated by way of the end objective being a VHSIC-class
processor engine for incorporation into a CAD work-station, the initial target processing environment is a
hardware implementation. However, the results of this study have yielded, by means of the data-flow
graphs, several levels of processing environment independent computation specifications that can and should
be implemented and tested in software. Exploration into altemnate architecture software implementation of
any of the levels of computational concurrency is sure to yield time savings far greater than any classical
computation techniques.

Emor Expression. The intended use of the derived error expression discussed above is as an

analytical model for hardware implementation design trade-off decisions. Because the level of

abstraction is purely independent of any elementary function implementation, the result is a model
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that a VLSI designer can use without constraint to any one particular elementary function

implementation. This type of model, when complemented with empirical data from simulation or
known levels of accuracy from previous designs, can aid in the assurance of overall system accuracy

being known during the design phase.

s S

Use of MACSYMA. One of the most daunting aspects of the analysis of nontrivial sets of
! equations is maintaining analytic clarity and accuracy of the expression as the set of equations is
e manipulated from one step to the next. MACSYMA, a symbolic equation processor, has proven
through the course of this study to be a tool capable of handling the enormous book-keeping tasks as
: well as providing a full range of mathematical functions to handle any computational task required. The

use of MACSYMA in this theses effort is extensive and fully documented. The intent of the presen-

R A2

tation at this level of detail is to provide a guide for future applications of this type.
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II. Revelopment of Parallcl YWE Algorithm

The process of functional decomposition of the VWE equations through the use of MACSYMA is

::; presented in a step by step explanation of the Parallel Vector Potential derivation. The results of the more
- complex expressions for the electric and magnetic fields are given in a less tutorial form for brevity. The
a mapping of the parallel algorithm into the data-flow graph construct is also shown below.

E > The process is one of subslituting variables into an cquation. These variablcs represent

h :;: "allowable” elementary functions. Allowable is connoted 10 mean either a hardware {unctional element or a
T software process implemented in the target processing environment.

T
a

Input Base
Equations

N .
.Y
p ’l: Extract Real
3 . iy

and Imeginary
b pearts

Preform operation

by substituting

vanable denoting
levsl of computation

'n Tiness! >
o

subst{Al, x-ut, X);

b ke 2B e 3

g

i)
b .. 1s
' Mo e
4 . j computation v-nu:l‘:s
N
-
) > = v
=
o~
\U
Figure 2 Decomposition Algorithm
I:.
N
. The variables arc coded such that computational and algorithmic clarity is maintained. That is, the
)
“~
of . . . . . . . . .
~. coding scheme should clearly define computational levels in the overall calculation, while maintining end-
< to-end algorithmic correctness. For this study the ALPHA characters A, B, C, ... denote distinct

ORI et e
\’\‘. I. !“l“l‘ "
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computational levels while the concatenated numeric designators 1, 2, 3, ... uniquely define a specific

G
SO e

elementary function. For example, "E5" might mean a specific multiplication at the "E" computational
level. This process is achieved by the algorithm given above in Figure 2.

R

The cartesian expression for the Discrete Vector Potential is :

i
>
hY )
A=Z(Ax+Ay+Az) .
» | .
o .
~
S
where Ay = G * (jxri + jxii ) )
- Ay = G* (jyri + jyii ) !
B A, = G " (jzri + jzii)
)
o, noting that jxri is the real part of the complex current density in the x N
P‘ direction, jxii is the imaginary part with similar notation being used for the
other coordinate system elements, 1
\) ) ;n
¥ iPr ;
e which is the free space form of &
. P — Greens Function,
. anr
and r is the vector distance between the ith element and the .
Ly .
s:, observation point; B is the wave number (2r/A). .
54 .

These expressions are entered into MACSYMA as follows:

v 9 (%EA-%I"b*r))/(4*%pi*r); ,
N~ ax:g*(jxri+%I*jxii); ”.
o ’
~ ay:g (jyri+%!*jyii); Y
~ 2
t az:g*(jzri+%lI*jzii); ¥
Y
A The resulting MACS YMA presentation for the three vector coordinate system elements are shown
A
) below:

" -%ibr

J (jxri + %i jxii) %e

S T ra——
o,

g 4 %pir
-
L.
‘ 9

l."r:n N AP N A A I IEIC I ACAT AN




<x (K

-%ibr
u (iyri + %i jyi) %e
.. ay, --
4 %pir
s
0
- -%ibr
(jzri + %i jzii) %e
L az;
2t 4 %pir

Once entered, the top-down functional decomposition of the x directed vector potential may begin.

;_" The process is identical for the y and z coordinate system elements.
a From the above expression for A, (ax) the real and imaginary parts are extracted. The real and
'E; imaginary parts of the Vector Potential in the x direction are defined as axr and axi below:
~ realpart(ax)
.:.: axr; jxii sin{b r) + jxri cos(b r)
B 4 %pir
. imagpart(ax)
. axi; jxii cos(b r) - jxri sin(b r)
;: 4%pir
,... These real and imaginary parts may be operated on according to the above substitution algorithm.
) First, however, recall that "r" is the vector distance between the ith element and the observation point. As
o
:*' the discrete VWE given here in cartesian coordinates, the cartesian expression for r is required. This subst -
- tution gives an initial, fully decomposed form of the real and imaginary parts (denoted by axrQ and axi() as:
axr0; 2 2 2
:3 (ixii sin(b sqrt((z - zi) +(y-yi) +(x-xi) ))
o 2 2 2
+ jxricos(b sant((z - zi) +(y-yi) + (x-xi) ))
~ 2 2 2
/(4 i sqrt((z - Zi) +(y - ¥i) +(x-xi) ))
<

»

10

s
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2 2 2
axio; (i cos(b sart((z - Zi) + (y - yi) + (x-xi) ))

2 2 2
- jxrisin(b sqrt((z - 2) +(y -y) +(x-xi) )))

2 2 2
(4 %pi sqt((z - Zi) +(y-y) +(x-xi) )).
Following the development process, the first substitution is Al, A2, and A3 for (x-xi), (y-yi), and
(z-zi). At this point in the substitution process, these are the only allowable elementary operations capable
of being performed. All other calculations within the equation are contingent upon the completion of these.
Therefore, there is a delineation of a computational level. The status of the equation after this first level of

substitution is:

2 2 2 2 2 2
jxii sin(b sqrt(A3 + A2 + A1 )) + jxricos(b sqit(A3 + A2 + A1 ))
axri;
2 2 2
4 %pi sqrt{A3 + A2 + A1 )
2 2 2 2 2 2
jxii cos(b sqrt(A3 + A2 + A1 )) - jxrisinbsqr(A3 + A2 +A1 )
and axi1;

2 2 2
4 %pi sqri(A3 + A2 + A1)

! This process follows the procedures defined above and the status at each computational level is
generated. The status after the second substitution where A12,A22 and A32is replaced by B1, B2, and
:': B3, respectively is:
N axr2; ¥
o N
jxii sin(b sqrt(B3 + B2 + B1)) + jxri cos(b sqri{B3 + B2 + B1)) :
- ‘v
N 4 %pi sqt(B3 + B2 + B1)
e [
o’ A
4,
‘- jxii cos(b sqrt(B3 + B2 + B1)) - jxri sin(b sqrt(B3 + B2 + B1))
and axi2; eeeee
o 4 %pi sqri(B3 + B2 + B1) i}
|
f.. z:|
- 11 g
]
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We note two things here. First, the quantity 4%t (4 %pi) is considered as an input constant such

that a separate multiplication is not required. Secondly, in the third level of computation shown below, the

':E function Cl1 is a triple summation. The development of the VLSI Triple Summer will be a future thesis
» project and was accepted as an allowable elementary function for this study. With the triple summer, the
A status after the third level of substitution is:
<. jxii sin(b sqrt(C1)) + jxri cos(b sqrt(C1))
-; axr3;
o 4 %pi sqri(C1)
~

“
’ jxii cos(b sqrt(C1)) - jxri sin(b sqrt(C1))

_ and axi3;
;’: 4 %pi sqri(C1)

The square root operation is performed next via substitution of D1. The status after the forth level

is:

' jxii sin{b D1) + jxri cos(b D1)
axrd;

. 4 %pi D1

..

N ixii cos(b D1) - jxri sin(b D1)
and ax4;

“B

4 %pi D1

e

Next, the multiplication of  and D1 is performed, for which we substitute E1. Here we also have

the multiplication of the input constant 4r (4 %pi) and D1 replaced with E2. The status after the fifth sub -

stitution is:

rre

jxii Sin(E1) + jxri cos(E1)

S

axrs;

E2
> ixii cOS(E1) - jxri sin(E 1)
and axi5;

E2
.':
ﬂ'
N 12
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The process continues with the substitutions F1, F2, and F3 for cos(E1), sin(E1), and the inver - '

sion process of E2, respectively. Note that an inversion process is used rather than a division to provide a

E 3

more general specification for the hardware implementation. The status after level six is:

AN
L

axre, (jxii F2 + jxri F1) F3
o~ and axié; (xii F1 - jxri F2) F3 . .
2 I
@ The next substitutions are for the multiplications of F1 and F2 with the complex components of .
: the current density. The status after the seventh leve! of computation is:
‘.
% a7, F3 (G4 + G1)
- and axi7, F3(G3-G2).
i~ . o .
b The next operations to be performed are the remaining addition and subtraction from above. The b
::: status after level eight is: ;
) ax8; F3 H1 :
i and axi; F3H2 .

' Finally, we multiply the quantities above. Recall that F3 is the resultant inversion quantity from .
._t, level six. The final results are: ]
‘ axr9; J1 The real part of the vector potential in the X" direction
:‘- axio; J2 The imaginary part of the vector potential in the "X" direction.

:“- Mechanically the process is one of scanning the the equation to check if an allowable clementary .
| < function can be performed. If one can, it is coded by the conventions stated above. That is, the function is

? given the ALPHA designator for the current computational level followed by a numeric designator uniquely

N defining that specific function. The resultant coded vanable is substituted into the equation, and the same

X process is continued until no more elementary functions can be performed. The ALPHA designator is

. incremented, and the process is continued until a single variable remains signifying that the calculation

:: process is complete.

v .
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Note that for this study, the above process was accomplished manually. However, clearly this

process is one that lends itself to and would benefit by automated techniques. Also the letter "1" was not

used in defining computational levels to avoid confusion between alpha/numeric characters.

The results of this process provide us with a database of computational expressions at each level

where the substitution designators, A1, B3, etc., indicate floating point operations required in the evaluation

of the equation. Once this process is accomplished for each of the coordinate system elements, a listing of

the required substitutions is generated. The listing for the entire cartesian set is generated by eliminating

the redundant calculations. The combined calculations form a parallel computational approach to the vector

potential. Below is a listing for the discrete calculation of the real part of A, and the combined cartesian

set with the redundant calculations removed:

Discrete A, real Combined Cartesian Set (A)
Level one: subst(*A1",(x-xi),%)$ subst("A1",(x-xi),%)$
subst(*A2",(y-yi),%)$ subst("A2",(y-yi),%)$
subst("A3",(z-zi),%)$ subst("A3",(z-2i),%)$
Level two: subst("B1","A1"%2,%)$ subst("B1","A1"%2,%)$
subst("B2","A2"*2,%)$ subst("B2","A2"%2,%)%
subst("B3","A3"*2,%)$ subst("B3","A3"*2,%)$
Level three: subst("C1","B1"+"B2"+"B3",%);  subst("C1","B1"+"B2"+"B3",%).
Leve!l four: subst("D1",sqrt("C1"),%); subst("D1",sqrt("C1"),%);
Level five: subst("E1".b*"D1",%)$ subst("E1",b*"D1",%)$
subst("E2",(4*%pi*"D1"),%);  subst(*E2",(4°%pi*"D1"),%);
Level six: subst("F1",cos("E1"),%)$ subst{"F1",cos("E1"),%)$
subst(*F2",sin("E1"),%)$ subst("F2",sin("E1"),%)$
subst("F3",1/"E2",%); subst("F3",1/"E2",%);
Level seven: subst("G1" jxri*"F1",%)$ subst("G1",jxri*"F1",%)

Level eight:

subst("G4" jxii*"F2",%);

$
Subst("G2" jxri*"F2".%)$
subst("G3" jxii*"F1",%)$
Subst("G4" jxii*"F2".%):
Subst("G5" jyri*"F1",%)$
Subst("G6" jyri*"F2" . %)$
SUbSt("G7" jyii*"F 1", %)$
Subst{("G8" jyii*"F2" %);
Subst("G9" jzri*"F1",%)$
Subst("G10" jzri*"F2" %)$
subst("G11" jzii*"F1" %)$
subst(*G12" jzii*"F2",%):

14
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subst("H1" "G1"+"G4" %);

subst("H1","G1"+"G4" %);
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subst("H2","G3"-"G2" %);
subst("H3","G5"+"G8",%);
subst("H4","G7"-"G6",%);
subst("H5","G9"+"G12" %);
subst("H6","G11"-"G10",%);

=3

o Level nine: subst("J1 ""F3"*"H1",%); subst("J1","F3"*"H1",%);

(: subst("J2","F3"*"H2",%);

/- subst("J3","F3"*"H3",%);
subst("J4","F3"*"H4",%);
subst("J5","F3"*"H5",%);

e subst("J6","F3"*"H6",%);

::'.', It is noted that there is a one to one correspondence of the substitution designators to the nodes of

a data-flow graph. A graphical representation is generated by mapping the above listings into data-flow

I" R

-_::: graphs. The data-flow graphs for the real part of the "x" directed vector potential and the combined cartesian

- set are shown in Figures 3 and 4.

»

3

Figure 3 Real Part of Figure 4 Combined Cartesian
Ny "X" Directed Vector Potential Set for Vector Potential

A The substitution process for the vector potential is presented in MACSYMA syntax in Appendix

A. Data-{low graphs for all vector quantitics are given in Appendix B.
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The equation for the Discrete Magnetic Field in cartesian coordinates is:

H=Z(HX+HY+HZ), K
i '

'.‘-‘. .l-

The complexity of the equations precludes a tutorial presentation. The processing of these ficld

L&A

cquations is of such magnitude that manipulation becomes intractable without an equation processor such as

P MACSYMA. For example, at the point when the cartesian expression for the vector distance "r" is

RN |

2
substituted into the expression for the real part of the magnetic field in the "x" direction forming "Hxr0",

N
:-‘: the equation has the form:

b -

S 2 2 2 2 -
w ((cos(b sart((z - zi) +{y -yi) +(x-xi) )) (yri(z-zi)-jzri(y - yi)) + sin(b sqrt((z - zi) »

2 2 o 2 2 2 )

+(y-¥) +(x-xi) ) (il (z - 2i) - jzii y - yi))) /sqnt((z - 2i) +(y - yi) +(x-xi) ) )
: 2 2 2 “

- b (cos(b sqrt((z - zi) + (y -yi) +(x-xi) )) (jyii (z - Zi) - jzii (y - yi)) - sin(b

. 2 2 2

sant((z - zi) +(y-yi) +(x-xi) ) (yri(z-zi)-jzri (y - D)) :

2 2 2

N (4 %epi (z-Zi) +(y-yi) +(x-xi) )).

.

e The substitution process for the magnetic field is carried out similarly to that of the vector poten -

'.{: ual described above. The listings are generated and the data-flow graphs are formed. The data-flow graphs
for the real part of the "x" directed magnetic field and the combined cartesian st is given below in Figures 3

"~

\ and 6. The complete substitution process for the magnetic ficld is presented in MACSYMA syntax in

. Appendix A. Data-flow graphs for all vector quantities are given in Appendix B.
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Figure 5 Real Part of Figure 6 Combined Cartesian .
. “X" Directed Magnetic Field Set for Magnetic Field R
e (%
b
t
E; Electric Field Derivation :
»
The equation for the Discrete Electric Field in cartesian coordinates is: :
: E=z(EX+Ey+EZ). \
i :‘
e .
- The complexity of the clectric field equations is even greater than the equations for the magnctic
’ ficld. For example, at the same point illustrated above, when the cartesian expression for the vector dis - 3
tance "r" is substituted into the expression for the real part of the electric field in the "x” dircction forming |
19 .
~ "ExrQ", the equation has the form: g
Id
> 2 2 2 3 b (jzri (x - xi) (z - Zi) + fyni (x - xi) {y - yi)) N
iy (sin(b sqri((z - zi) +(y - y) +(x-xi) ))( .
* 2 2 2 ]
. sant((z -zi) +(y-yi) +(x-xi) )
o
2 1 p
+ (jxii (b - ) ®
- 2 2 2
- (Z-2) +(y-y) +(x-x)
. R
3bjxn 2 2 -
. - J(z-2) +(y-y) ) .
‘ 2 2 2

sqri{(z - zi) +(y -yi) +(x-xi) )

s 17
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3 2

+ -b ) (il (x - xi) (2 - 20 + yii (x - i) (y - )
2 2 2

(Z-2) +({y-y) +(x-x)

2 2 2 3 b (jzii (x - xi) (2 - Z) +jyii (x - xi) {y - vi))
+cos(b sqrt((z - zi) +{y -yi) +(x-xi) ))(-

2 2 2
sant((z-zi) +(y -y +(x-x) )
3b i
+{
2 2 2
sqn((z - zi) +(y -y +(x-xi) )
2 1 2 2
+jxi(d - N(z-2z) +(y-yi) )
2 2 2
(Z-2) +(y-y) +(x-xi)
3 2
+( -b ) (jzri (x - xi) (z - Zi) + jyri (x - xi) (y - yi))))
2 2 2

(Z-2) +(y-y) +(x-xi

2 2 2 32
N4 %pi((z-2) +(y-y) +(x-xi) ) )
The substitution process for the electric field is carried out similar to that for the vector potential
and magnetic field described above. The listings are generated, and the data-flow graphs are formed. The
data-flow graphs for the real part of the "x" directed electric field and the combined cartesian set is given

below in Figures 7 and 8. The complete substitution process for the electric field is presented in

MACSYMA syntax in Appendix A. Data-flow graphs for all vector quantitics are given in Appendix B.
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) Figure 7? Real Part of Figure 8 Combined Cartesian
. "X" Directed Electric Field Set for Electric Field
fo.
hY
¢
:{' It is important to note that the data-flow graphs developed here provide several types of
v
specification data. A programmer can use these graphs as the algorithmic specification to reduce processing
. by means of eliminating redundant computations. The computer architect will note the high degree of
~ concurrent processing that can be achieved in an "Alternate Architecture” approach. Further, the VLSI
By
d
aY designer now has a system architecture specification at the functional element level. The impact and
implications of this parallel computational approach is developed in chapter four of this thesis.
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I11. Development of VWE Error Expression

In this section we seek to develop an analytic expression which will provide a model for impie -
mentation trade-off analysis for the parallel VWE with respect to accuracy/error considerations. In doing so

we define an algonithmic entity as the VWE Core Equation. This expression is common to all threc vector

™ quantities of interest to this thesis effort. The development of the error expression is a bottom-up process

" in which error terms are assigned to each of the allowable elementary functions and to the input data. The
resultant terms are substituted into the VWE core and the computation, as specified in chapter two, is car -

."-E ried out. The final expression includes the arithmetic quantity desired and an upper bound on the cumulauve

’:f, results of the functional and generated error. This resultant expression forms a model for analysis of the

a VWE Core Equation with error terms as the parametric variables.

::f- The text below is organized into the definition of the VWE core and assignment of the error teems

e

for the allowable elementary functions, detailed presentation of the bottom-up derivation of the error ¢x-

pression, and the resulting error model which can be used for implementation trade-off analys:s.

Yy

The VWE Core

We see from the data-flow graphs that the VWE Core Equation forms two quantitcs:

Cos( B sqri( (x-xi)2 + (y-yi)2 + (z-z1)2 )

and .
Sin( B sqry (x-xi)2 + (y-yi)2 + (z-zi)2 ) Y
"~
- For this discussion we will consider the cosine term only. Graphical representauon of the VWE Core X ,
N A
-

Equation is shown below in figure 9.
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hJ

(D—Q—CE—0—]

: & @ :

2 2 2
i COS [ B SQRT( (x-xi) + (g-gi) + (z—zi) )] .
2 2 2.
. SIN [ B SQRT( (x—xi) + (g-gi) *+ (z-2,))

-
s 3

Figure 9 :
! VWE Core Equation ’
-, K
v 1]
2 :
- Assignment of Error Terms %
~ . b
& The approach for deriving the error model will be to assign an error term by arithmetic operation. 3
,: That is, all additions will be assigned the same error term, all multiplications ... and so forth. A summary K
L [
' of the error terms assigned to the arithmetic operations are below: ]
¥
o
1
N 21
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Operation

Error Term

Data Representation e0
Addition/Subtraction el
Multiplication e2
Square Root e3
Sin/Cos e4
Inversion eS
Triple Summation e6
Cumulative Error (Level:L) egl

Table 1 Error Terms

These error terms are defined as the total error inherent in the input data ( bityword length), and the

error generated as the function value (resolution, truncation, etc.).

A notational convenience will be used

when the cumulative expression detracts from analytical clarity. It is given a designator defining its comp -

utational level and is treated as a separate arithmetic quantity at higher levels. This approach facilitates im -

plementation of the stochastic error model for complex systems and yields a final error expression that is

independent of any specific elementary function implemen-tation. Thus, the error expression provides only

specification data and does not restrict the VLSI designer to any one (analyzed) implementation.

Bouom-up Derivation of Error Model

As in chapter two, this section will be tutorial with respect to the level of MACSYMA syntax

used in its presentation. The intent is to provide an example to future users for similar applications.
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We start by entering the core into MACSYMA:
core:cos(b*sqrt( (x-xi)*2 + (y-yi)*2 + (2-zi)*2));
(c24) core;

2 2 2
(d24) cos(b sqrt((z - zi) +(y-yi) +(x-xi} ))

We proceed similarly to the approach taken in the calculation flow analysis. The text below il -

lustrates the steps taken in this analysis. The following series of substitutions replace the input vatues x,

xi, ¥, ...zi with a construct of the form x + €0, xi + €0, ... zi +€0. The "e0" term accounting for the in -

herent error of the finite length binary representation used in any computer architecture.

subst(x-xi+2"e0,x-xi,%);

2 2 2
cos(b sqrt((z - zi} +(y-yi) +{-xi+x+2e0) ))

subst(y-yi+2*e0,y-yi,%);

2 2 2
cos(bsqit((z-zi) +(-yi+y+2e0) +(-xi+x+2eQ) })

subst(z-zi+2*e€0,2-2i,%);
2 2 . 2

cos(bsqrt({(-zi+z+2e0) +(-yi+y+2€e0) +(-xi+x+2¢e0) ))

Next we perform the arithmetic operations of level "A" and add the associated error terms for the
subtraction operation "el”. We note here the procedure that will be used in the derivation of the error ¢x -
pression. To form an upper bound expression, we assume the form of the general addition of error terms.
That is, we will not attempt to arithmetically cancel error terms at the atomic level. To do so would be to

assume more about a target architecture than is intended by this study. As such, the following

MACSYMA substitution processes are of the form (x-x;) => (x-x;) + el.

subst{"A1" + e1+2%e0 x-xi+2°€0,%)$
subst("A2" + e1+2°e0,y-yi+2°¢0,%)$
subst("A3" + e1+2"e0,2-zi+2"€0,%);
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:

s The resulting form of the VWE Core after the first level of comp-utation is significantly more
Q complex than that of chapter two, again exemplifying the need to use an equation processor. The status is
\

shown as corel below:

coret;

L

2 2 2

cos(bsqn({A3+e1+2e0) +(A2+e1+2e0) + (At +e1+2e0) ))
-
Y

Next we multiply the inner terms to enable use to proceed. We can also see the effect of cum -

"; ulative error, noting the "3e1" and "12e0" terms.
o

expand(%);
A
S:; 2 2 2

cos(bsqrt(A3 +2e1 A3 +4e0A3 +A2 +2e1A2+4e0A2+ A1

]

2 2
+2e1A1+4e0A1+3e1 +12e0e1 +12e0 ))

Lan & 4
v

O

The calculations of level two are performed by first, substituting for the A2 operation. Then, we

substitute in the error terms associated with the squaring operation (same as multiplication). the process is

shown below:

subst("B1","A1"2,%)$

]
b
L 7 subst("B2"."A2""2 %)$
: N subst("B3","A3"*2,%).

e cos(bsqrt(iB3+B2+B1+2e1A3+4e0A3+2e1A2+4e0A2+20e1At1
p -
4 2 2
b +4e0A1+3e1 +12e0e1 +12e0 ))

.'.:

’ subst("B1" + €2,"B1",%)$

. subst("B2" + ¢2,"B2",%)$
o subst{("B3" + €2,"B3",%);
!
The status of the computation at level two is:
! ::ﬁ core2,
cos(bsqrt(B3 +B2 +B1+2e1A3+4e0A3+2e1A2+4e0A2+2e1 A1

‘_'\

-~ 2 2

- +4e0A1+3e2+3e1 +12e0e1+12e0 ))

ra
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To perform the computation of level three (the triple summation), we need to substitute the entire
inner expression as MACSYMA will not allow sub-atomic substitutions. The process and the status at
level three is given below:
subst("C1"+e6+2%@1+"A3"+4%e0""A3"+2%e1°"A2"+4"e0°"A2"+2°e1°"A1"+4"e0""A1"+3"e2+3"
e1"2+12"e0"e1+12°¢072,"B3" + "B2" +
"B1"+2°e1°"A3"+4%e0""A3"+2"e1""A2"+4"e0""A2"+2°e1""A1"+4°e0""A1"+3"€2+3"e1"2+12"¢
0'e1+12%e072,%);

Note, we have added the error term €6 as part of the substitution.
core3;
cos(bsqrn(C1 +06 +4e0A3 + A3 +2e1 A2+4e0A2+2e1 Al +4e0At

2 2
+3e2+3e1 +12e0e1 +2e1+12€0 ))
At this point we wish to simplify the expression. We will define "eg3"” as the generated error at

level three. The development is as follows:

let A=+e6+4e0A3+A3+201A2+4e0A2+2¢e1A1+4¢e0A1

2 2
+3e2+3e1 +12e0e1+2e1+12¢0

this expression represents all of the terms inside the square root operator except C1. Recall the identty :

sqri(A+B) = sqrt[(A+B)*(A/A})] = sqrt [(A+B)/A] * sqrt (A)

we then define eg3 = sqrt[(C1+A)/C1] and perform the substitution with resuiting expression shown

below:

subst{b*sqrt("C1")*eg3, b*sqrt("C1" +e6+2°e1+"A3"+4%e0*"A3"+2%e1°"A2"
+4°e0""A2"+2°e1'"A1"+4°e0""A1"+3"e2+3"€17"2+12'e0"e1+12%e0%2),%).

core3.1;

cos(b eg3 sqrt(C1))
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We note here that eg3 has a multiplicative relationship to the desired atomic expression "sqrt(C1)".

As we proceed to level four, we have not violated any arithmetic axiom as eg3 has the form of the square
root operation inherent in it as shown in the development above.

The computation and status at level four is given below:

subst(b*("D1" + e3 )* eg3,b’eg3°sqrt("C1") ,%);
coreé4,

cos(b eg3 (D1 + e3))
We can expand the inner expression as follows:

core4d.1;

cos(b eg3 D1 + b e3 egd)

At this step we see that the expression yields a multiplicative error term which is not readily
scparable from within the argument of the cosine term. As such, we proceed to level five with the

cumulative error as shown above. The operation is performed and the error term is substituted below:

subst("E1".b*"D1",%),
subst("E1"+e2,"E1",%);

This last substitution yields:

cos[Eteg3 +(pe3egd3)+e2]
which by trigonometric substitution has the form:
cos(E1 eg3) cos(( P el eg3) + e2) - sin(E1 eg3) sin({ B e3 eg3) + e2)
We sec that at this stage that we can only get the desired term:

cos(E1)

if and only if:
eg3 = 1

and

(Be3egd3)+e2=n2r,.n=0123, .

26
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We now have a closed form expression that in a limited sense models the behavior of the VWE

calculation. With the exception of the inversion or division function we now have an expression which

~
.
| {: includes all of the arithmetic operations (and the associated error terms) required in the calculation of the
)
VWE.
.
s The VWE Error Model
|
: ;-; The VWE Error Model follows from the derivation above. We saw that the desired value "cos(E1)"
b
is attained if and only if:
-,
b
¥ eg3 =1
Y and
i"
(Beleg3)+e2=n2r,n=0,1,23,...
) where eg3 = sqri[(C1+4)/C1] = sqri{1 + A/C1]
i C1  =(x-xi)2 + (y-yi)2 + (z-2i)2
=(x2-2xxi+ X2 +y2-2yyi+yi2+22-22zi+2i)
v
~ A =460A3+A3+2e1A2+4e0A2+2e1A1+4e0A1+66
[ ] 2 2
A, +3e2+3el +12e0el +2e14+12e0
At = xX-Xi
e A2 = y-yi
A3 =2-2i
B
) These relationships constitute a model. The designer with known error metrics for the funcuonal
;‘ clements which implement the required elementary operations can substitute those metrics into the expres -
sions and gain visibility of the impact that any particular implementation will have on the system's accu -
RS
S
~ racy well before bread boarding a design. This process supports design trade-otf decisions with respect to
N "system accuracy” specifications at a much earlier and cost effective phase of the project.




T

b))

e )

R

e

RN

55

W

-'\JN‘

s,

.:_\," .“\.'\ N

L]

Y

oy

L o

ERENER

It is imperative to note that this model, alone, may not be suitable for such design decisions.
Exhaustive simulation as well as derivation of a family of VWE error expressions and models may be
required. The complexity of the VWE and the many possible architectural implementations will drive this
issue.

The model developed in this study is a baseline. Further development and analysis is beyond the

scope of this thesis.
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IV. Analysis

In this section, the total computational requirements of the parallel VWE is analyzed and the
calculated savings at various levels of computational concurrency is presented. The data-flow graphs
developed in chapter two are used to extract significant data for this analysis. The significant data derived
from the graphical representation includes visibility of operational redundancy within the coordinate
components of a specific vector quantity and across the three vector quantities of interest, A, E, and H.
Visibility of data dependencies and maximal concurrency possible in the calculation of all components of
A, E, and H is readily available. Finally, the graphs provide a means for comparison of implementation of

the equation at various levels of computational concurrency.
Removal of Operational Redundancy

Classically, the real and imaginary parts of each of the vector components would be discretely
calculated without regard to the fact that several of the intermediate results are reusable in the calculation of

other coordinate system elements. For example, when calculating the real part of H, , there are 30 floating

point operations involved. There are, noting symmetry, 30 floating point operations involved in the calc -
ulation of the imaginary part of H, . However, as clearly visible in the graphical representation, 26 of
these operation are identical. Therefore both quantities may be obtained in 34 flops. Further analysis of the
graphical representation shows that the complete vector component set for both the real and imaginary parts
of the magnetic field, H, can be calculated in just 74 flops as apposed to 180 when computed classically.
The analysis is summarized in table 2 for all vector quantities of interest.

Also shown in table 2 is an entry for "E & H fields". This entry represents the removal of all
computational redundancy within the complete E and H graphical representations and is the overlaying of
the 2 computational processes to form one computational process. The savings of 26 flops achicved by

this overlaying is due to a common core of operations present in these vector quantities similar to that

29
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Discrete Paired Combined ‘.
Vector
s porcter | 17/102 21763 n
H
' Fog | 397180 340102 74
.-\ p
" Field $2/312 56/168 130
£ &H
b s | — :
D) E&H & o
Vector - —_— 202 o
v Potential o
.b . ) )
2 Table 2 Computational Requirements
N :
D defined in chapter three as the VWE Core Equation. Because of this common core of operations, the vector y
. potential, A, can be integrated into the fully parallel calculation of the three vector quantities of interest, 5
e ) V!
. such that all results are obtainable in 202 flops as apposed to 594 flops when computed classically, [
Y
representing nearly 66% computational savings. The impact of these results are shown in graphical form in Iy
-" -l
-\ . - .
figure 10 where the computational requirements are plotted for a given number of dipole elements. "
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i Maximal Concurrency
B Concurrency in this thesis is understood in an architectural sense. That is, concurrency o zans the
simultaneous execution of a number of discrete operations. Specifically, in this thesis, concurrency means

I\.
L
N the simuitaneous execution of float:ng point arithmetic operations.
' " The visibility into the data dependencies that the data-flow graphs provides allows us to observe 12
: N distinct computational levels when the entire set of vector quantities are overlayed as depicted on the fol-
- lowing page in figure 11.
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This represents a 98% reduction in linear time when compared to the classical approach. However
this dramatic time reduction is attainable only if the processing environment supports concurrent floating
point arithmetic operations at the maximum width of the VWE calculation. The maximum operational
width of the VWE is 36, occurring at the seventh computational level, G. These 36 operations include 30

floating point multiplies and six adder/subtractors.
Architectyral Considerations

With the end objective of developing an interactive CAD/CAM environment for acrodynamic
systems design, the target processing environment is assumed to be a VHSIC class processor, that is, a
hardware implementation. However, the computational specification data available from the parallel
approach is target processing environment independent in that any current or future architecture can realize
processing gain by implementing the parallel VWE at the maximum level of computational concurrency
supporiable by that architecture.

As shown in the table 2 above, discrete calculation of the ith vector element requires 594 FLOPS.
Assuming that the accuracy verified by Hoyt is sufficient, we will have 500 of these ith calculations per

dipole clement. If we define the execution time of the average floating point arithmetic operation to be Ty

then we derive an expression to approximate the time required for the solution of the discrete VWE which

we define as Tjserete:

Tdiscrete =[500 * 594T,] * N,

where N = the number of dipole elements in the structure.

Using the results of the parallel approach where all redundant computations have been eliminated.

as shown in table 2, there are 202 FLOPS required. Defining Tcombined 10 be time required for this

solution we have:

Tcombined = [500 * 202T4] * N.
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This approach when compared to the discrete approach provides a speed up of nearly 3. Itis
significant to note that this speedup can be achieved on the same architecture as that of the discrete by
simply recoding the algorithm to use all partial results. The speedup actually achieved on a given
architecture may be somewhat less than 3 due to the width of the computation and the resulting need to
store partial results in memory versus registers.

If however the the given architecture supports concurrent floating point arithmetic then the
parallelism shown in the graphical representation may be exploited. In the fully concurrent algorithm there

are 12 distinct computational levels. We define the average execution time of the concurrent floating point

arithmetic process to be Ta-con . The resultant expression for the time required to calculate the parallel
VWE, defined to be Tp arallel is:
Tparallel =[500° 12T, ol *N-
Comparing with T discrete gives:
Tdiso::rete Ta
T 495 —
Tparallel Ta<>on

this speed up of 49.5 can be achieved if the architecture supports concurrent floating point operations at the

maximum width of the parallel VWE and the ratio Ta to Taco

n is = 1. The maximum width is 36. If less
than 36 functional units are available, the speedup would be proportionally reduced.

A block diagram for a possible architecture that is defined as the hardware implementation of the
fully overlayed data-flow graph of figure 11 is shown below in figure 12. The architecture depicted in
Figure 12 is one in which there is a functional unit for each node in the data-flow graph. The functional
units are hardwired so that as results become available they are passed to the next unit. Due to the

computation's data dependencies, processor functional units at all but the currently active level sit idle.

This results in very low component utilization.

33

KNS RN BIRERY ~.I'-’.“..'_.‘:_. -
v ALY WL AN . KW PR YV, YRS W P s

o

T AT PP T T P




VWE Input
¥
202
Functional
Units

Single Pass

o~ Computation
)_\
P}
I'S
VWE Output

‘ol

Utilization

Level FLOPS/Leveli & Util/Level
1 3 0.01485149
2 21 0.1039604
3 22 0.10891089
4 9 0.04455446
S 11 0.05445545
6 16 0.07920792
7 36 0.17821782
8 24 0.11881188
9 24 0.11881188
10 18 0.08910891
11 12 0.05940594
12 6 0.02970297

Total => 202
Ave Util => 0.08333333

Figure 12 Block Diagram and Utilization
0f202 Funtional Unit Architecture
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Further improvements in speedup can be achieved by applying pipelining and other architectural

S techniques. The limit of these approaches would be a hardwired pipelined architecture capable of producing
= the complete vector component set every major cycle. A block diagram of this architecture is given in w
) Y
2 figure 13 below. .
. > . . . . . . . . \
.1- The depicted pipelined architecture requires the same 202 functional units as the previous [\
e o
architecture with the addition of the interstage registers and pipeline control hardware. The improvement in :
._:' \'
NG system performance is due to a result being available every major cycle (once the pipe is full) as menuoncd ': )
- carlier and a significant increase in component utilization when a large number of dipole elements are 10 be :f-]
™ °
3
R
o 34
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calculated. Utilization figures for this architecture are not static as before but are dependent on the number

of dipole elements to be input into the pipe. The limit of component utilization approaches 100% for large

numbers of dipoles to be calculated and the curve is shown in figure 13.

WL

- VWE Input
Utilization
““
» After 12 Time Units
" f
n 202 of Latency
Ry Functiona) Approaches 100%
Units Utilization
[
& !
r L g
Pipelined = g
. N a
» Computation H
- Through 12 =
Levels — v ’
- 1S 25 S00
i Numnber i‘h Caleulations
,
«
2
! VWE Output
. Figure 13 Block Diagram and Utilization \
“ 0f202 Funtional Unit Pipelined :
Architecture
The above architecture's performance can be expressed as follows:
.
:\ Tp|p|lned’=(500 ¢ Tmc) ¢ N.
where Ty is the time of a major cycle. This expression shows that the speed-up is limited to approx -
imately two orders of magnitude for a single processor system.
~ ;
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* A means of achieving further speed-up is through the application of multiple processors each A
s capable of computing the VWE component set and taking advantage of the architectural considerations
HE]
presented thus far.
”
G‘-: An architecture capable of supporting 30 floating point multiplies, 18 floating point
- additions/subtractions, a square root, sin/cos and an inverse or division operation may compute the complete y
t" ith VWE calculation in 12 computational levels. This is an architecture with 51 functional units and a : !
'
t
- block diagram is given in figure 14. These 51 functional units are reconfigurable to implement the various §
g 3
¥ VWE Input
Utilization
!‘:“; Cycle FLOPS/Cycle; ® Util/cycle
- 1 3 0.05882353
12 2 21 041176471
Rt 3 22 0.43137255
- Cycles 4 9 0.17647059
S 11 0.21568627
. 51 6 16 0.31372549
. 7 36 0.7058823S
Functional 8 24 0.47058824 {
. Units 9 24 0.47058824 .
~ 10 18 0.35294118 X
N 1 12 0.23529412 .
12 6 0.11764706
" Total  => 202
2 Ave Util => 0.33006536 f
LN ]
Ld
s
s VWE Output
B Figure 14 Block Diagram and Utilization
of 51 Funtional Unit Architecture
- L
% ~
) computational levels specified in figure 11 and hardwired in the previous architectures. This architecture
N will require extensive use of registers and control circuitry that will increase complexity and area con -
l‘:
o 36
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siderations. However, because of the significantly reduced number of functional units, component util -
ization factors are improved as shown in figure 14. Implementation of this architecture utilizing VHSIC
technology and possible wafer scale integration, yields a processing engine that may be incorporated as the

processor of a multiprocessing array system.

The capabilities of the above system is shown in the definition of Tooncurrent below:

Teoncurrent = [500 * 12Typgjc] * N

Number of Processors

where Typgjc is the execution time of the average arithmetic operation on the VHSIC processor engine.

Comparing an array of the above processors to the classical single processor architecture mentioned
previously results in a speedup (S) of:

Ta
S§=495" * Number of Processors .
Tvhsic

We now seek an expression that bounds S in terms of the number of processors used in the array.
A lower bound given by assuming one processor and that the ratio Ty Typgie = 1. That is, a VHSIC
implementation of the functional units are of the same order of speed as the average execution time of the
classic architecture. The resultant expression is:

Ta
495 <S< 495° * Number of Processors .
Tvhsc

The upper bound makes no assumption as to Ty/Typsic or number of processors. Considering a
conservative lower limit of 2 for To/Typsic and rounding the scaler on the right hand side of the inequality
to 50 we can express the equation as:

49.5 < S < 100 * Number of Processors .

To achieve a desired 5 orders of magnitude improvement, the above expression indicates that an

array of 1000 VHSIC processor engines are required.
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A realistic evaluation of an aerodynamic structure may easily require 1 million dipole elements.

Using the discrete approach on a Cray 1, this computation would require 8.25 hours assuming that the 100

MFLOP rate could be uniformly sustained. Even if the parallel algorithm's results are utilized to remove

all redundant operations, the computation would still require 2.8 hours. This result clearly does not support

an interactive environment. However, the computation for these same 1 million dipole elements would

require only 0.6 seconds on the 1000 processor array as described above. This is a processing rate capable

of supporting an interactive environment.

The performance of the various architectures discussed above are compared with respect to time in

figure 15 below. For this comparison, the specific architecture time variables are all assumed to be 10-ns.

The effect of this generalization is nominal with respect to the magnitudes calculated below.

Architectural
Approach

\f -+ 1

10 100 1000 10000 100000 1000000
[NUMBER DIPOLE ELEMENTS)

Classical Tdiscrete
Classical w/redundancy removed

Tcombined
Perallel Processor Tparg)iel

Pipelined Processor Tpipehned
Array (1000) Teoncurrent

T 1

o e

» D B

Figure 1S Time vs Dipole Elements
For a given Architectural Approach
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This study was motivated by the the end objective of developing a CAD/CAM environment for

:5 aerodynamic systems design. In particular, the capability of having a structure’s electromagnetic observ -
! ability known and interactivly updated as the design progresses. Current analytical approaches require
& calculation of near-field electromagnetic wave equations. Numerical solutions to these equations is a
'f,' computationally intensive problem that requires millions of floating point calculations.
M
This thesis represents the study, development, and analysis of a parallel computational ap -

a-\ proach to the set of electromagnetic field equations defined as the Vector Wave Equations (VWE). This
~ effort has produced an initial specification for a parallel processing engine for the VWE that can be imple -
f mented in either software or hardware. The analysis points excitingly to a conclusion that an interactive
':: environment with respect to electromagnetic metrics is attainable. The cost of this capability is a complex
) array of VHSIC class processors. Further cost must be considered to address the following issues.
. The perspective of this development effort was that a model of the structure existed in a form com -
o patible with the cartesian representation of the VWE. As such, the issue of creating that model must be ad -
- dressed. That task will likely be of a similar magnitude as this forward processing task has been. The issuc
! of the model with respect to it's shear size must be grappled with. Finally, the grim task of I/O handling

: and post processing must be completed in order to attain a truly interactive design environment.
r\ Other, possibly more attractive, issues are those of alternate applications for the VWE. An
=~ example might be the study of it's utility in long lead, high frequency layout analysis where the wave

: length of the frequency is a significant fraction of the conduction path. Further, the applicability of thesc
_5 results to a general class of related partial differential equations may make finite element calculations

.‘ practical for heat flow, fluid dynamics, and other "vector intensive” areas of study.
,.\ Final recommendations for follow-up research with respect to this thesis are in the areas of

. empirical verification of the computational time savings and hardware implementation. It was stressed

throughout this text that, although the objective was a hardware implementation, the algorithmic

) 39
»

3

R N T e TP N e A AN ATS Y 2 A AT Y T Y T e Moy
A SO L AR X U O A A PO PO L A XY




specification of the data-flow graphs should be coded and tested in software. This area would include

.- v

»
KRR IAT

development of a VWE simulator at various levels of computational concurrency and testing the algorithms ,

)

performance on systems such as the Cray. Further software projects should include a simulator of the VWE

E: with the allowable elementary functions parameterized by function resolution and word size. This project E

“ will give empirical visibility into the algorithms performance with respect to accuracy considerations.

’ Hardware implementation issues include time-area analysis, optimal scheduling and utilization .\

- research, and VHSIC technology concerns. The form of the Parallel VWE, as developed here, may lead to ~

3 implementation by wafer scale integration. Further investigation into alternate architectures combined with

-‘-:', the resolution of some of the above issues may likely be the path to attaining a very "state-of-the-art" goal .

of an interactive design environment. ¥
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N Appendix A
)
g This appendix provides the supplementary mmaterial for the develop-

ment of the Parallel VWE. Presented here is the full development process of
the three vector quantities (A, H, and E) in MACSYMA syntax. The text is
E organized into three sections. The sections are the development of the

] Paralle! Vector Potential, the Parallel Magnetic Field, and the Parallel Electric
Field. The individual sections are further divided into the presentation of the
computational flow which is the development of the parallel electromagnetic
quantity and the command listing which implements that process. These

s command listings are what is mapped into the data-flow graphs. The data-

TS

flow graphs are presented in Appendix B.

»
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Yector Potential Development

This section illustrates the calculation analysis of the Vector Potential

The following pages will show the step by step procedure of the computation

of the Parallel Vector Potential.

T .

The wvector potential in the "x" direction will be the example through

level four with the complete complex six-tuple shown for the remainder of ]

“a
S

the process. The text is in MACSYMA syntax and presented as the user might

fi‘ see it on the screen.
.
Ax
b..'
- (c22) ax,
‘.
:‘_ -%lbr
(jxri + Ki jxii) Re
‘. (d422)
- 4 Rpi r
t:l
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realpart{sx)  The real part is extracted with MACSYMA.
{c23) axr;

jxii sin(b r) + jxri costb r)

{d23)
4 %pir

imagpart(ax) The imaginary part is extracted with MACSYMA.
(c24) axi;

Jxii cos(b r) - jxri sin(b r)
(d424)

4 Rpir

The example below recalls the real part of Axr, then substitutes the expanded version of “r~ into the
expression.

Axr0; Substitute the expanded version of “r” into the expression.
(c25) axr0,

2 2 2
(d25) (jxvi sin(b sart((z - 2i) + (y - yi) + (x -xi) ))

2 2 2
+ jxri cos(b sart{(z - zi) + (y -yi) + (x-«xi) )

2 2 2
/(4 Rpi sqrt((z - 2i) +{y - yi) + (x - xi) ))

Ax{Q; Substitute the expanded version of 'r” into the expression.

(c26) axi0,
2 2 2
{(d26) (jxit cos(b sqrt{(z - 21) + (y - yi) +{x -xi) )
2 2 2
- jxri sinlb sqrt((z - 2i) + (y ~yi) + (x ~xi) )
2 2 2
/(4 %pi sart((z - z2i) +(y -yi) +(x-xi) )
42
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- After the first level of computation: )
E Axril;
e (c27) axrl,
"
"
» 2 2 2 2 2 2
R Jxii sin(b sqrt(A3 + A2 + A1 )+ jxri cos(b sart(A3 + A2 + A1 )
’ (¢27) y
. 2 2 2 .
- 4 Rpi sqrt(A3 + A2 + A1 ) .
7 Axit; .
* !
(c28) axil, :
e .
' 2 2 2 2 2 2 &
Jxui cos(b sQritA3 + A2 + A1 ) - jxri sin(b sqrt(A3 + A2 + Al ) Ny

A S

2 (¢28) -
-~ 2 2 2 :

4 Rpi sqrt(A3 + A2 + Al )

After the second level of computation: Ry
' .
- Axr2; E
>
(c35) axr2;
N
- jxii sin(b sart(B3 + B2 + B1)) + jxri cos(b sart(B3 + B2 + B1))
. (d35)
o 4 Rpi 5qrt(B3 + B2 + B1) '
= Axi2; 3
< \
(rd7) axi?; 3
"2, 2
) jxii cos(b sqrt(B3 + B2 + B1)) - jxri sin(b sqrt(B3 + B2 + B1)) <
(d47) -
- 4 Rpi sart(B3 + B2 + B1) .
= :
ts .
®
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&: After the third ltevel of computation:
Axr3;
! (c38) axrl;
~ jxii sin(b sqrt(C1)) + jxri cos(b sqrt(C1))
:q (d38)
> 4 Rpi sqrt(C1)
Axi3;
= (c29) axi3,
-
-, Jjxit cos(b sart(C1)} - jxri sin(b sqrt(C1))
b (d39)
o 4 Rpi sqrt(C1)
by
After the forth level of computation:
:‘: Axr4;
i (c66) axr4,
~ jxii sin(b D1) + jxri cos(b D1)
N
- tg66) —eee-
- 4 Rpi D1
T Axi4;
o {c67) a4,
I_:
<~ Jxit cos(b D1) - jxri sin(b D 1)
- 4 %pi D1
>
~
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After the rifth level of computation:

AxrS;

(c98) axrS,
(d98)

AxiS;

(c99) axiS;
(d99)

AyrS;

(c100) ayrS;
{d100)

Ayi5;

(c101) ayiS,
{dion

Azr3;

(c102) azrS,
(d102)
AziS;

(¢103) aziS;

(4103)

jxii sin(E1) + jxri cos(E1)

E2

jxit cos(E1) - jxri sin(E1)

£2

jyfi sin(E1) + jyri cos(E1)

£2

jyii cos(E1) - jyrisin(E1)

£2

jzit sin(E1) + jzri cos(E1)

€2

jaii cos(E1) - jzri sin(E1)

E2
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}' N ATter the sixth level of computation:
P
g Axr6;
\ u (c140) axré;
\
: ;Z: (4140) (jxii F2 + jxri F1)F3
L _L
__ g Axi6; ’
: (c141) axi6;
[ 1
d J_:
(d141) {(jxii F1 = jxri F2)F3
2
- Ayr6;
X J
‘2 (c142) ayr6; \
{4142) (jyilF2 + jyriF1)F3
Ayib;

(c143) ayi6;

!\-
l\‘
~ (d143) (jyitF1 - jyriF2)F3
8
i Azr6; f
,. (c144) azré;
S
- (d144) {jzh F2 + jzriF1)F3 1
Azi6;
z-
g':' {c145) anb;
'::: (d14S) (i F1 - )2ri F2)F3
-
2V Y W, e
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After the seventh level of computation:

P

Axr7;

/_n

{c203) axr7;

x (d203) F3 (64 +61)
.‘Pj Axi7;

(¢204) axi7,
~
\d

(d204) F3 (63 - 62)
S Ayr7;
e .
}‘: (€203) ayr7;
- (d205) F3 (68 + G5)
'.\

Ayi7;

(c206) ayi7,;

al
.

e (d206)

£ F3(67 - 66)

n

L Az2r7;

(c207) azr?,
(d207) F3(G9 +612)

"

N
Azi7;

iy

N (c208) azi?; T T e T e
(d208) F3(G11-G610)

l

h
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After the eighth level of computation:

Axr8;

(c224) axr8;

(d234)

Axi8;

(c235) axi8;

(d235)

Ayr8;

(c236) ayr8;

(d236)

Ayi8;

(c237) ayi8;

(d237)

Azr8;

(¢238) azr8;

(d238)

Azi8;

(d4239)

{¢239) azib,

F3 H1

F3 H2

F3H3

F3 H4

F3 HS

F3 HE



s
{
:.s. After the ninth and rinal level of computation:
3
Y
Axr9;
g (c26S) axr9;
" (d265) J1
Axi9;

(c266) axi9;

.

-~ (d266) J2

:2 Ayr9; )

e, _
(c267) ayr9. i

(d267) J3

Ayi9;

(¢268) ayi9;

o4 (d268) . J4
N,

Azr9; .
- (c269) az2r9; N
o~ ;
l\' ’
~ (d269) JS
i :
Azi9; R

1Y

(c271) a2,
by,

. (4271 J6

) ] h ] "h;.
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The text below Is the actual commands used 1o perform the calculation analysis for the

Vector Polential. The commonds are separated info the computational levels deveioped in the

previous text,

These first commands are in the preparation stoge of the process.

realpart(ax);
imagpart(ax);
subst(((((x-xi) 2+ ((y~-yi)2)+((z-2i)"2)) (1/2)),r.R);

Level one:

subst(“A 1" .(x-xi),R)$
subst("A2" (y-yi),R)$
subst("A3" (2-2i),%)$

Level two:

subst("B1°,"A1""2,R)$
subst("B2","A2"°2,%)$
supst("B3","A37"2,%3)$

Level three:

subst("C1°,"B17+"B2"+"B3",%);

Level four:

subst("D 1" sqrt("C1°),R);

Level five:

subst("E1"b*"D1°,%)$
subst("E2",(4=* %p1*"D17).%);

Level six:

substt"F17,cosC'E17).%)8
subst(“F2".sin("E17),%)8
subst("F3°,1/°€2".%);
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Level seven:

subst("G 17, jxri* "F1°,%)$
subst("G2" jxri* F2°,%)$
subst("G3",jxii™ F1°,%)$
subst("64",jxii* "F2",%);

subst("GS",jyri®"F1°,%)$
subst("G6",jyri* F2",%)$
subst(“G7",jyii* F1°.2)$
subst("G8",jyii* "F2",%);

subst("G9",jzri* "F1°,%)$
subst("G10",jzri* "F2",%)$
subst("G 117, j21i" F1°,%)$
subst(*G12",j2ii* "F2",8);

Level eight:

subst{("H1","617+"64",R);
subst("H2","63"-"62",R);
subst("H3","65"+"G8",R);
subst("H4","67°-"G6",R);
subst("HS","69"+"612",%);

subst("H6","611°-"610",8);

Level nine:

subst("J1","F3"*"H1".R);
subst("J2","F3 % "H2" R);
subst(“J3","F3 % "H3" R);
subst("J4","F37* "H4" %),
subst("JS","F3"* "H5",R);
subst("J6","F3"*"H6",R);
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This section illustrates the calculation analysis of the Magnetic Field.
The following pages will show the step by step procedure of the computation
of the Parallel Magnetic Field.

The magnetic field in the "x" direction will be the example through
level one with the complete complex six-tuple shown for the remainder of

the process. The text is in MACSYMA syntax and presented as the user might

see it on the screen.

Hx,
1 -Ribr
(- + Rib) Re ((jyri + Ri jyii) (2 - 2i) = (jzr + %Ki j2ii) (y - yi))
r

2
4 R%pir
realpart(hx)  The real part is extracted with MACSYMA.
((cos(d ) (jyri (z - 2i) - j2ri (y - yi))
+sin(b r) (jyn (2 - 2i) - jzii (y - yi)/r
- b (cos(d r) (jyii (z - 2i) - jzii (y - yi))
2
- sin(d r) (Jyri (2 - 2i) - jzri (y - yi)))/(4 Rpir )
imagpart(hx) The imaginary part is extracted with MACSYMA.
((costb r) (jyii (z - 21) - jzhr (y - yi))
- sinb r) (jyri (2 -21) ~ j2m (y = yi)))/r

+ b eos(b r) (jyri (z - 2i) ~ jzri (y - yi))

f)
+ sinlb r) (jyli (2 - 2i) - j2ii (y - yi)))/(4 Rpir )
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The example below recalls the real part of Hx, then substitutes the expanded version of r” into the

expression.

realpact(hx);
hxr;

{(cos(b r) (jyri (z - 21) - jzri (y - yi))
+ sinlb r) (jyit (z - 21) - jari (y - yoW/r
- b (cos(b r) (jyi (z - zi) - jzii (y - yi))

)
S

-sintb r) (Jyri (2 - 2i) - jzri (y - yi)I)/(4 Rpir )

subst(((((x-xi)"2)+((y-yi) 2)+((z-21)"2))"(1/2)),r.R);
HxrO;

2 2 2
((cos(b sqrii(z - 21) + (y -yi) + (x-xi)))

{jyri(z - 2i) - jzri(y - yi)) + sin(b

2 2 2
sqrel(z - 21) + (y - yi) + (x - xi) ) (jyii (2 - zi) - jzii (y - yu))

2 2 2
/sartl(z - zi) + (y - yi} + (x - xi})

2 2 2
- b (cos(b sart((z - zi) + (y - yi) + (x =xi)))

{jyii (2 - 21) - jah (y - yi)) - sin(b

2 2 2
sari{(z - 2i) + (y - yi) + (x - xi) )) (Jyri (z - 2i) - jzri (y = yi)))

2 2 2
/14 %pi (2 - 2i) + (y - yi} +(x~xi)))
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After the first level of computation the real part of the X
directed Magnetic Field has the form

hxet;

2 2 2
((Cjyii A3 - jzii A2) sin(b sart(A3 + A2 + A1)

2 2 2 2 2 2
+ (Jyri A3 - jzri A2) cos(b sqrt(A3 + A2 + A1 )))/sart(A3 + A2 + Al)

2 2 2
- b ((Jyii A3 - jzii A2) cos(b sqrt(A3 + A2 + A1)

2 2 2 2 2 2
= (yri AS - jzri A2) sinb sart(A3 + A2 + A1 ))/(4 Rpi (A3 + A2 + A1)

After the second level of computation:

hxr2;

(B15 - B820) sin(b sqrt(B3 + B2 + B1)) + (B12 - B17) cos(b sart(B3 + B2 + B1))
( -
sqrt(B3 + B2 + B1)

-b ((B1S - B20) cos(b sqrt(B3 + B2 + B1))

- (B12 - B17) sin(b sqrt(B3 + B2 + B1)))/(4 Rpi (B3 + B2 + B1))

hxi2;
(b ((B15 - B20) sin(b sqrt(B3 + B2 + B1))

+1B12 -B17) cos(b sart(B3 + B2 + B1)))
+{(B15 - B20) cos(b sart(B3 + B2 + B1))
-(B12-B17)sinlb sqrt(B3 + 82 + B1)))/sqrt(B3 + B2 + B1))

/14 %pi (B3 + B2 + B1))
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“ hyr2,;
§ sintb sqrt(B3 + B2 + B1)) (B19 - BI) + cos(b sart(B3 + B2 + B1)) (B16 - BE)
(

n sqri(B3 + B2 +B1)

- b (cos(b sqri(B3 + B2 + B1)) (B19 - B9)

§ - sin(b sqri(B3 + B2 + B1)) (B16 - B6))/(4 %pi (B3 + B2 + B1))
o hyi2;
(b (sin(b sqrt(B3 + B2 + 61)) (B19 - BY)
- + cos(b sart(B3 + B2 + B1)) (B16 - B6))
< + (cos(b 3art(B3 + B2 + B1)) (B19 - BY)
:2 - sin(b sqrt(B3 + B2 + B1)) (B16 - B6)V/sart(B3 + B2 + B1))
. /(4 Rpi (B3 + B2 + B1))
N hzr2;
T‘S sin(b sqrt(B3 + B2 + B1)} (B8 - B13) + cos(b sqrt(B3 + B2 + B1)) (BS - B10)
' ( sqri(B3 + B2 + B1)
H - b (cos(b sart(B3 + B2 + B1)) (B8 - B13)

s

bt - sin(b sqrt(B3 + B2 + B1)) (BS - 810)))/(4 %pi (B3 + B2 + B1))

hzi2
{b (sin{b sqrt(B3 + B2 + B1)) (B8 - B13)

e + cos(b sqrt(83 + B2 + B1)) (B5 - B10))
+ {cos(b sqri(B3 + B2 + B1)) (B8 - B13)
A - sin{b sqrt(B3 + B2 + B1)) (BS - B10))/sqrt(B3 + B2 + B1)

/(4 %p1 (B3 + B2 + B1))

..........

...............................
...............................



¥
{
:3 Arter the third level of computation:
) i hxr3; :
u cos(b sqrt(C1)) C3 + sin(b sqrt(C1)) C2
:.‘;' ( sqrt(C1)
X - b (cos(b sqrt(C1)) C2 - sin(b sqrt(C1)) C3))/(4 %pi C1)
» hxi3;
- cos(b sart(C1)) C2 - sin(b sqrt(C1)) C3
} \ ( sqri(C1)
- + b (cos(b sqrt(C1)) C3 + sin(b sqrt(C1)) €2))/(4 %pi C1)
hyr3;
'ri cos(b sqrt(C 1)) CS + sinlb sart(C1)) C4 ‘
o ( sqri(C1)
- - b (cos(b sqrt(C 1)) C4 - sinlb sart(C1)) CS))/(4 Rpi C1)
i hyi3;
) cos(b sart(C1)) C4 - sin(b sart(C1)) CS X
:. ( sqri(C1) ‘:
R + b {cos(b sart(C1)) CS + sin(b sqrt(C1))C4))/(4 Rpi C1)
‘.
- hzr3;
B cos(b sqrt{C 1)) C7 + sin(b sqrt(C1)) C6 q
- ( sqrt(C1)
" - b (cos(b sqrt(C1)) C6 - sin(b sart(C1)) C7))/(4 Rpi C1) ;-
Z:: hzi3;
P cos(b sqrt(C1)) C6 - sin(b sqrt(C1)) C7

N d
\‘: (

sqrt(C1t)

+ b (cos(b sqrt(C1)) C7 + sin(b sqrt(C1)) €6))/(4 %pi C1)

P T U RS I TR A D I A P )



After the forth level of computation:

hxr4,

C2sin(bD1)+ C3 cos(b D)

D1

~-b(C2costb D1} -C3 sin(bD1))

hxid4;

C2 costbD1)-C3sin(b D)

D1

+b(C2sinb D1)+ C3 costb D1))

hyrd;

C4sin(b D1)+ CS cos(b D1)

D1

-b(C4costbD1)-CSsinbD1))

hyi4;

Cdcos(bD1)-CSsinbD1)

D1

+ b (C4sin(bD1)+CScostbD1))

hzr4;

Cosin(bD1)+ C7 cos(bD1)

D1

- b (C6 cos(b D1)-C7 sin(b D1))

hzif4;

C6 costbD1)-C7 sinb D1)

D1

+b(CHsin(b D1)+ C7 cosdb D1))
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Arter the rifth level of computation:
hxrS;
((C2 sin(E1) + C3 cos(E1)) E2 - b (C2 cos(E1) - C3 sin(E1))) €3
hxiS;
((C2 cos(E1) - C3 sin(E1)) E2 + b (C2 sin(E1) + C3 cos(E1))) E3
hyrS;
((C4 sin(E1) + C5 cos(E1)) E2 - b (C4 cos(ET) - CS sin(E1))) E3
hyiS;
((C4 cos(E1) - €S sin(E1)) E2 + b (C4 sin(E1) + CS cos(E1))) E3
hzrS;
((C6 sin(E1) + C7 cos(E1N E2 - b (C6 cos(E1) - C7 sin(E1))) E3
hzi5;

((C6 cos(E1)- C7 sin(E1)) E2 + b (CO sin(E1) + C7 cos(E1) E3

After the sixth level of computation:
hxr6;

E3 (E2(C2F2+ C3F1)-b(C2F1-C3F2)

hxi6;
E3(E2(C2F1 -C3F2)+ b(C2F2+ C3F1))

hyr6;

E3(E2(C4F2+CSF1)-b(CAF1 - C5F2)

hyi6;

E3(E2(C4F1 -CSF2)+b(CAF2+ CSFI))

hzr6;
E3(E2(C6F2+C7F1)-b(COF1-C7F2))
hzi6;

E3(E2 (C6F1 -C7F2)+b(COEF2+ C7F1))
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After the seventh level of computation:

hxr7;

E3 (E2(G7 + 62)-b (G1 - 68))
hxi?7;

E3 (E2 (G1 - 68) + b (67 + 62))
hyr?7;

E3 (E2 (69 + 64) - b (63 - G10))
hyi7;

E3 (b {(G9 + 64)+ E2 (63 - 610))
hzr7,;

E3(E2(G6 + G11)-b (65~ 612))
hei?7;

E3 (b (66 + G11)+ E2 (65 - 612))

After the eighth level of computation:
hxr8;

E3(E2 H1 - b H4)

hxi8;

EZ(E2 H4 + b H1)

hyr8;

E3 (E2 H2 - b HS)

hyiB;

E3(E2HE+ 5 H2) - -

hzr8;

3 (E2 H3 - b H6)

hziB;

E3 (E2 H6 + b H3)

-----------

p R E_F
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After the ninth level of computation:

hxr9;

E3 (J1 - J10)

£3 (J7 + 44)

E3 (J2-411)

E3 (J8 + JS)

E3(J3-J12)

£3 (J9 + J6)
After the tenth level of computation:

hxr10;
E3K1

hxil0;

hyr10;

hyiloO;

s\\" P G Gt



After the eleventh and final level of computation: i

hxril;

u Lt Hx real

-9 hitlt;

Ke,

L4 Hx imag

hyrtl;

>

2 |

-

5

L2 Hy real

hyill;

" LS Hy imag ,

hzrl}; :

- L3 Hz real
hzil1;

L6 Hy imag

X
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MACSYMA Command Listing for Pargliel Magnetic Field

The text below is the aclual commands used 1o perfom the calculation anaiysis for the

d—

Magnetic Field The commands are separated into the computational levels deveioped in the

previous fext.

ot I X

These first commonds are in the prepardfion stoge of the process.

. realpartthx);
e imagpart(hx);
.. subst(((((x=xi )" 2+ ((y-yi)21((2-21)"2)Y (1/2)),r . R);
- Level one:
) Subst(*A 17 (x-xi),%);
* subst("A2" (y-yi).%);
i;'. subst("AJ3" (2-21),%);
:; Level two
g Subst('B1","A1°2,);

subst("B2°,"A2"*2,%);
subst(*B3","A3"2,%);

-

subst("B4" jxri®"A1" %), not used
2. subst("BS",jxri*"A2" R);
he subst("B6”,jxri* "A3",%);
) subst("B7",jxii*"A1",%); not used
subst("B8" jxii*"A2".%);
N subst("B9",jxii* "A3",R);
’ subst("B 107, jyri®"A1",R);
subst("B 117, jyri®"A2", %), not used
.. subst("B 12" jyri*“A3",%);
’ subst("B13",jyii""A1",R);
subst("B14",jyii*"A2",%); not used
7 subst("B15",jyii* "A3" %)
;‘: subst("B16",jzri* "A1",%);
subst("B17°,jari®"A2",R);
w subst("B18",jzm*"AZ" %), not used
subst('B 19" jzti*"A1",R);
' subst("B20".jzii* "A2",R);
. subst("B217,jzii* "A3", %), not used
~
n".
N
“
b
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Level three

subst("C1°,"B1°+"B2"+"B3".%);
subst("C2°,"815°-"B20",R);
subst(*C3","B12°-"B17°.%);
subst("C4","B19°-"B9",R);
subst("CS™,"B16°-"B6",%);
subst("C6","88"-"B13",%);
subst("C7","BS™-"B10°,%);

Level four '

subst("D17.sart("C1°1,R);
subst("D2",4®* Rpi* "C1",R);

Level five

subst("E1"b*"D1",%),
subst(“E2°,(1/°D17),%); Y
subst("E3",(1/°D2°),R);

Level six

subst("F17,cos(*E1°),%),
subst("F2",sin("E17),R);

Level seven

subst("G1°,"C2"*"F1°.,R);
subst("62","C3"*"F1",8);
subst("63","C4"*"F1",%); A
subst("64","CS™*F1.R);

subst("G5","C6"*"F1°.R);
subst("G67,"C7"*"F1~,%);
subst("67°,"C2"*"F2",8);
subst("G8","C3"* "F2",%),
subst("G9","C4"*"F 2", R);
subst("G10°,"CS"*"F2°,%);
subst("G11","C6™*"F2°,%);
subst("G12°,"C7"*"F2".R);

L]
)
{
t
)
'

Level eight

subst("H1","G7°+"G2",%);
subst(‘H2","G9"+°64",%);
subst("H3","G6"+"G11",%),
subst("H4","61"-"68",%);
subst(*HS","63"-"G10°,%),
subst("H6","657-"612", %),

63

B e R



rrA

v S N

Level nine

subst("J1°,"E2"*“H1",%);
subst("J2°,"E2°* "H2",%);
subst("J3","E2"* "H3".%);
subst("J4","E2"* “H4", %),
subst(*JS","E2°* "HS",%);
subst("J6","E2"* "H6",%);
subst(*J7"b*"H1".%);
subst("J8",b* "H2",%);
subst("J9",b" "H3",%);
subst("J10" b*"H4",%);
subst{"J11" b= "HS".%);
subst("J12°,b* "H6", %),

Level ten

subst("K17,°31"="J10",%);
subst("K2"°,°J2"-"J11".%);
subst("K3","J3"-"J12".R);
subst("K4","J7"+°J4". %),
subst("KS","J8"+°J5",R);
subst('K6","J9"+°J6°,R);

Level eleven

subst("L17,"E37* K 1", R);
subst("L2","E3"="K2",R);
subst("L3","E3"*"K3",%);

subst("L4","E3"*"K4",R);
subst("LS","E3"*"KS",R);
subst("L6","E3"*"K6",R);

Aa-~a—
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. Electric Field Development
-~

} B This section illustrates the calculation analysis of the Electric Field.
o The following pages will show the step by step procedure of the computation
;l; of the Parallel Electric Field.
Y
The Electric Field in the "x" direction will be the example through level

.;” four with the complete complex six-tuple shown for the remainder of the
. process. The text is in MACSYMA syntax and presented as the user might see
o

' it on the screen.
oy
e
e
2
t

Ex;
(c9) ex:

. -Ribr 3%ib 1 2 2 2
" (d9) Re ((jxri + Ri jxii) (- ===~ —+ b ) ((z - 2i) +(y -yi))

r 2
r
e
o J%p 3 2
4 (s=m=== + == - b ) ((jori + Ri j2ii) (x - xi) (z - 2i)
r 2

Yy r
.- . 3
) + (jyri + Ri jyii) (x - xi) (y - yi)))/(4 Rpir )
<
N
&
O
“
b
o 65
)
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realpart{ex)  The real part 1s extracted with MACSYMA,
(c10) exr;

2 1 30bjxri 2 2 .
' E (d10) ($inb 1) ((jxii (b = ==) = ===} ((z - 21) +y - yi) )
2 r \
‘ r :
RS ;
59 3b(jart (x - x1) (2 - 21) + Jyr (x = xi) (y - yI») ;
+ N
" r
I~ 32
+{—=b ) g2l (x = x1) (2 = 21) + Jyil (x = x1) (y - yi)))
';'_:: r'2 3
3b jxii 2 1 2 2 -
+ cos(b r) (( -+ jxrib - =) (z-2i) +(y-yi)) 4
.‘ r 2 :
':\: r :4
3 2 *d
r,g. + (=~ -b ) (jzri (x - xi) (2 - zi) + jyri (x = xi} (y - yi)) R
2 I
r
- 3 b (jzii (x - xi) (2 - 20) + jyii (x - xi) (y - yi)) 3
S.;: - N/(4 %pi r )
* r
i imagpart{ex) The imaginary part is extracted with MACSYMA. o
{c11) exi; :
2 1 3bjxri 2 2 :
e (d11) (costb r) ((jxii (b = ==) = ========) ((2 -~ 21) + (y - ¥i)) N
f:: 2 r .
) r "
!_ 3b (jzri (x = xi) (2 - 21) + Jyri (x - xi) (y - yi))
A . |
- r “
N 3 2
Ay o (== b ) 2t (x = x1) 2 = 20) + Jyit (% = xD) y - yi)
2
7 r ]
N, 3 b jxii 2 1 2 2 t
= 5inb r) ((===—=== 4+ jxri (b - --}) (2 -~ 2i) + (y - yi)) ‘
R r 2
3 r :
t 302
R +(~==b)(jari (x - xi) (2 - 21) + jyri (x - xi) (y - yi))
5 z
Ib (jzit (x - xi) (2 - 2i) + jyii (x - xi) (y - yi)) 3 g
K - N4 Rpir ) y
R r 3
o 3
& 66 :
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Here we beqin the computation process:
The example below recalls the real part of Ex, then substitutes the expanded version of “r” into the
expression.

Exr0; Substitute the expanded version of r” into the expression.
(c12) exr0;
2 2 2
(d12) (sin(b sart((z - 21) + (y -y} +(x -xi) )

3 b (jzri (x - xi) (2 - 2i) + jyri (x - xi1) (y - yi))

(
2 2 2
sqri((z - 2i) + (y -yi) +(x ~xi) )
2 1
+ (jxii (b -~ )
2 2 2
(z-2i) +(y=-yi) +(x-xi)
Ib jxm 2 2
- Yz -2i) +(y-yD))
2 2 2
sqri((z - zi) + (y = yi) + (x-xi))
3 2
+( -b)
2 2 2

(2-2i) +{y-yi) +(x-xi
(j2ii (x = xi) (2 - zi) + jylt (x = xi) (y - yD)))

2 2 2
+ cos(b sart((z - zi) + (y - yi) + (x -xi) ))

3 b (jzil (x - xi) (2 - 2i) + jyii (x - xi) (y - yi))

(-
2 2 2
sqri((z - zi) +(y -~ yi) + (x -xi) )
3 b jxii
+ (-
2 2 2
sqri((z - zi) + (y - yi) + (x -xi} )
2 1 2 2
+ jxri (b - Nz -2i) +(y -yi))
2 2 2
{2 -2i) +(y-yi) +(x-x)
3 2
+( -b )
2 2 2

(z - 2i) +(y ~yi) +(x-xi)

2 2 2 3/2
(jari (x = xi) (2 - zi) + jyri (x = xi) (y = yi))) /(4 Rpi ((2 - 2i) + (y = yi) +(x-xi) ) )

67
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Exi0; Substitute the expanded version of “r" into the expression.
(¢13) exiO;

2 2 2
(d13) (cos(b sqrt((z - zi) + (y -yi) +(x-xi)))

3 b (jzri (x - x1) (2 = zi) + Jyri (x = xi) (y - yi))

(
2 2 2
sqri((z - zi) + (y - yi) + (x - xi))
2 1
+{jai(d - )
2 2 2
{2-21) +(y-yi) +{x-xi)
3b jxri 2 2
- J(Z-2i) +(y-yi) )
2 2 2
sqrt((z - zi) +(y -yi) + (x-xi) )
3 2
+{ -b)
2 2 2

(z-2i) +{y-yi) +(x-xi)
(j2il (x - xi) (z - 2i) + jyii (x - xi) (y - yi)})

2 2 2
- sin(b sqrt((z - zi) + (y - yi) + (x - xi) )

3 b (jzhi (x - xi) (z - 21) + jyil (x - xi) (y - yi})

(-
2 2 2
sqrt((z - zi) + (y - yi) + (x -xi) )
3 b jxii
+(
2 2 2
sqri((z - 21) + (y -yi) + (x -xi))
2 1 2 2
+jxri(b - Nz -2) +(y-yi))
2 2 2
(2 -2i) +(y-yi) +(x -xi)
3 2
+( -b )
2 2 2

(2~2i) +(y~yt) +(x -xi)
{jzry (x = xi) (2 = 2i) + jyri (x - xi} (y - yi)))

2 2 2 32
(4 Rpi ((2 -2i) +(y-yi) +(x=-xi) ) )

68
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After the first level of computation:

4

., Exrl;
' (c14) exrl;
- 2 2 2 1 3b jxri
. (A1) (((A3 + A2) (jxii (b - )- )
o 2 2 2 2 2 2
7 A3 + A2 + Al sqri(A3 + A2 + A1)
f 3 2
0 +(j2ii Al A3 + jyii Al A2) (--==---mceeuee -b )
2 2 2
"4 A3 + A2 + Al
o]
F 3b(jari A1 AZ + jyri Al A2) 2 2 2
. + ) sin(b sqri(A3 + A2 + A1 )
2 2 2
r sqrt(A3 + A2 + Al )
¥ 2 2 2 1 3 b jxii
' +((A3 + A2 )(jxrilh - )+ )
2 2 2 2 2 2
W A3 + A2 + Al sart(A3 + A2 + Al )
s.n’
+()zri AT AJ + jyri Al A2) (-==m-mcmmammeee -b )
2 2 2
8 A3 + A2 + Al
N 3b(jzii A1 AT + jyii Al A2) 2 2 2
‘n - ) cos(b sart(A3 + A2 + Al )
2 2 2
~< sqri(A3 + A2 + A1 )
A
fs
2 2 232
, /4% (A3 + A2 +AV) )
?
KN
o
%
g 69
PN
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Rt ;
e :
Exil; R
E (€15) exil;
. L)
{:'i' 2 2 2 1 3b jxri ‘
> (815) (((A3 + A2 ) (jxii(b - )= ) X
2 2 2 2 2 2
" A3 +A2 +A1  sart(A3 + A2 + Al ) ’
> -
3 2
A + (j2ri AT A3 + jyii Al A2) (--==mmmmmeme -b )
3 2 2 2 )
A3 + A2 + Al
w 3b (jzri AT A3 + jyri Al A2) 2 2 2 X
t- + ) cos(b sqrt(A3 + A2 + Al ) .
¢ 2 2 2 R
) sqri(A3 + A2 + Al )
r!.
2 2 2 l 3 b jxii
o -((A3 + A2 ) (jxrild - )+ ) A
N 2 2 2 2 2 2 ¢
A3 + A2 + Al sqri(A3 + A2 + A1 ) 3
i 3 2
+ (jzri A1 A3 + jyri Al A2) (===mmmmmmmeaeee -b ) -]
2 2 2 R
i A3 + A2 + Al n
v
3b (jzii A1 A3 +jyii A1 A2) 2 2 2 ‘:
, - ) sin(b sqrt(A3 + A2 + A1 ) ~
< 2 2 2 ;
SQri(A3 + A2 + A1 ) .
2 2 2 232 -
' /(4 Rpi (A3 + A2 + A1 ) ) "
- h
a'
l" :
»
E; "
- %
LY t
o N
LY
=
s
®
o :
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p After the second level of computation:
g Exr2;
(c18) exr2;
2 1 B22
(d18) (((B3 + B2) (jxii (b - )- )
B3+B2+B1 sqrt(B3+B82+B1)
3 2 3b(A3Bl16+A2B10)
+(A3B19 + A2B13) (—————--D )+ )
B3 +B2 + Bt sqri(B3 + B2+ B1)

sin(b sqrt(B3 + B2 + B1)) + ((B3 + B2)

2 1 B23
(jxri (b - )+ )
B3+B2+B! sqriB3I+B2+B1)

3 2 3b(A3B19+A2BI3)
+ (A3B16 + A2B10) (———--—- -b)- )
B3 + B2+ 81 sqri(B3 + B2 +B1)
3/2

cos(b sqrt(B3 + B2 + B1)))/(4 %pi (B3 + B2 +B1) )

Exi2;
(c19) exi2;
2 1 B22
(619) (B3 + B2) (jxii (b - ) - )
83 + B2 + B! sart(B3 + B2 + B1)
3 2 3b(A3B16 + A2B10)
+{(A3B19 + A2B13) (~=memmme—= =} ) + )
B3 + 82+ B1 sqrt(B3 + B2 + B1)

cos(b sqrt(B3 + B2 + B1)) - ((B3 + B2)

2 1 823
(jxri (b - )+ )
B3 +B82+BI sqrt(B3 + B2 + B1)

3 2 3b(A3B19+ A2B13)
+ (A3 BI16 + A2BI10) (~—-- ~—=-b )- )
B3 + B2 +B1 sqrt(B3 + B2+ B1)
3/2

sin(b sqrt(B3 + B2 + B1)))/(4 %pi (B3 + B2 + B1) )

71
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After the third level of computation:

Exr3,;

{c22) exr3;

3b(C38+C36) 3 2

(d22) (sin(b sqrt(C1)) (~—————mmeaum -+ {(—=~b )(C37 + C39)
sqrt(C1) C1
21 B22
+ (jxii (b - == ) = =====-==) C33) + cos(b sqrt(C1))
Ct  sgrt(C1)
3 2 I5(C37 +C35) B23 2 1
((-=--b Y(C38 + C36) - +( + jxri(b - —)C33)
Ct sqrt(C1) sqrt(C1) C1
3/2
/(4 %pi C )
Exi3;
(c23) exi3,

3b(C38+C36) 3 2
(d23) (costb sart(C 1)} (-——————eeee—t (== - b ) (C3I7 + C35)
sqrt(C1) of

2 1 B22
+(juit (b = == ) = ~=mmmeme ) C33) - sin(b sqrt(C1)
Ct  sqrt(C1)

3 2 Ib(C37 +C35) B23 21
((~-~b )(C38 + C36) - +( + jxri (b - == ) €33
C1 sqrt(C1) sqrt(C1) C1

372
/(4 %pr C1 )

72
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Atter the forth level of computation:

Exr4,;
(¢51) exrd;
2 3bD34 2 B22
(dS1) (sin(bD1) (3033 -b ) D35S + ~==-—- + C33 (jxii (b - 033)---—- )
D1 D1
3b5D35 2 2 823
+cos(b D1) (- —=—-—-- + (3033 -b )D34+ C33 (jxri(b - D33)+--- ))
D1t D1
/(D1 D2)
Exiq;
(c52) exi4;
2 3bD34 2 B22
(d52) (costb D1) ((3 D33 -b ) D35S + ———-+ C33 (jxii (b -D3I3) - -—))
01 Dt
3bD35 2 2 B23
- 5in{b D1) (- ~—===== +(3D033-b )D34+C33 (jxri(b -D3J)+ -~ M
D1 D1
/(D1 D2)

After the rifth level of computation:

ExrS;
(c53) exrS;

2
(d53) E2 €3 (cos(E1)(-E2 E7 + D34 (ES-b )+ C33 (jxri E4 + B23 E2))

2
+sin(E1)(E2 E6 + D3S (ES-b )+ C33 (jxii E4 - B22 E2)))

ExiS;
(¢54) exi5,

2
(d54) E2 €3 (cos(E1) (E2 €6 + DIS(ES -b )+ C33 (jxii €4 -B22 E2))
2
-sin(EV)(-E2E7 + D34(ES -b )+ C33 (jxri €4 + B23 E2)))

73
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EyrS;
(cSS) eyr5;

2
(dSS) E2 E3 (cos(E1)(-E2E9 + D36 (ES-b )+ C32 (jyri E4 + B25E2))

2
+sin(E1)(E2E8 + D37 (ES - b ) + C32 (jyii E4 - B24 E2)))

EyiS;
{cS7) eyiS;

2
(d57) E2 E3 (cos(E1) (E2 EB + D37 (ES - b ) + C32 (jyii E4 - B24 E2))

2
-sin(E1)(-E2E9 + D36 (ES-b )+ C32 (jyri E4+ B2S E2))

€zrS;
(¢58) ezrS,

2
(d58) E2 E3 (sin(E1) (D39 (ES -b )+ C31 (j21i E4-B26 E2) + E10 £2)

2
+cos(E1)(D3B(ES -b )+ C31 (jari E4+ B27E2)-EV11 E2))

£z1S;
(¢59) e21S,

-

£
(dS9)EZ €3 fcostE1) (D3 ES - b 1+ C31 (jzn E4-B26E2) « E10E2)

p)

L
-sInE 1) (D3B(ES -b )+ C31 (J2ri E4+ B27E2)-E11E2))
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After the sixth level of computation:

Exr6;
(c60) exrb;

(d60) F3 (F2 (C33(F8 -FS) + D35S F4 + E6) + F1 (C33 (F7 + F6) + D34F4 -E7))

Exi6;
{c61) exib;

(d61) F3 (F1 (C33 (F8 - FS) + D35S F4 + E6) - F2 (C33 (F7 + F6) + D34F4 - E7))

Eyr6;
(c62) eyr6;

(d62) F3 (F2 (C32(F12 -F9) + D37 F4+ EB) + F1 (D36 F4 + C32 (F11 + F10) - £9))

Eyi6;
(c63) eyib;

(d63) F3 (F1 (C32(F12-F9)+ D37 F4+EB) ~F2(DI6F4+ C32(F11 +F10)-E9))

f£zr6;
(chd) ezr6;

(d64) F3 (F2 (D39 F4 + C31 (F16-F13)+ E10) + F1 (D38 F4 + C31 (FIS+F1d4)-E11))

Ezi6;
(c6S) e2ib;

(d6S)F3(F1 (D39F4 + C31 (F16-F13)+ E10)-F2 (D3BF4 + C31 (FIS+F14)-E11))

75
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After the seventh level of computation:

Exr7;
(c66) exr?;

2 |

L (d66)  F3(F1(622 + C33 621 -E7)+ F2(623 + C33 G20 + E6))

)‘\
X
- Exi7;
(c67) exi?;
s
Y (d67) F3(F1(623 + C33 G20 + E6)- F2 (622 + C33 621 -€7)
Y Eyr7;
-
2 (c68) eyr?;
;,. (d68)  F3(F1(G32 +C32G31 -E9)+ F2(633 + C32630 + E8))
Y
as Eyi7;
(c69) eyi7,
3
¢ (d69)  F3(F1 (633 +C32630 +£8)-F2(632 + C32 631 -E9)
., €Ezr7;
- (c70) ezr?;
- (d70) F3(F1(G42 + C31 G641 -E11)+ F2(643 + C31 G40 + E10)
. Ezi7;
- (c71) ezi?;
r;_: (d7V)  F3(F1(G43 + C31 640 + E10)-F2(G42 + C31 G41 -Ei1))
"
" After the eighth level of computation:
- Exr8;
" (¢72) exr8;
-, (d72) F3(F2 (H23 + H21) + F1 (H22 + H20))
Exi8;
. (c73) exi8; .
v
o (d73) F3(F1 (H23 + H21) - F2 (H22 + H20))
R Eyr8;
- (c74) eyr8,
“u (d74) FI(F2 (H33 + HI1) + F1 (H32 + H30))
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4
(]
03
'L [
',
s
P!y )
“ Eyi6; y
(c75) eyB; 4
c d75) FI(F1 (H33 + H31) - F2 (H32 + H30)) '
L
- Ezr8; !
<. (c76) ezr8,
(476) F3(F2 (H43 + H41) + F1 (H42 + H40)) ,
o
% €zi8; N
(c77) e218, ~}
e ‘
;-: wmn F3(F1 (HA3 + H41) - F2 (H4Z + H40))
o j
- After the ninth level of computation: ~
- ‘-
_ Exr9; o
"5 (c78) exr9;
r‘ r
{478) FI(F1J21 + £2J20) .
|
o K
- Exi9; f
(c79) ex19,
i (479) F3(F1J20 - F2J21) [
Eyr9; .
(¢BO) eyrg, K
o v
(480) T(F1J31 + F2430) .
. Eyi9; ’.
(c81) eyi9; '
" r
X% (d81) F3(F1J30 - F2J31) ,
- €zr9; ]
-, (r87) err9, .
\. -
(d82) F3(F1Jat + F2 Jd0) ;
‘
€z19; *
(c83) 219, ~
(d83) F3(F1 J40 - F2 J41)
1)
1)
o
R
.9
~
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After the\tenth level of computation:

Exr10;
(c84) exr10;

(d84)

Exi10;
{cB5S) exilQ;

(d8S)

tyr10;
(c86) eyr10;

(d86)

Eyi10;
(cB7) eyit0;

(d87)

Ezr10;
(c88) ezr10;

(d88)

Ezil0;
(c89) ezil0;

(d89)

F3 (K21 + K20)

F3 (K22 -K23)

F3 (K31 + K30)

F3 (K32 - K33)

F3 (K41 + K40)

F3 (K42 - K43)

After the eleventh level of computation:

Exrtl;
(c90) exrit;

(d90)

Exiti;
(c91) exil);

(d3n

Eyrit;
(c92) eyrii,

(d92)

F3L20

F3L21

F3L30

78
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¢
3 Eyitl;
3:'3 (c93) eyill,;
g (d93) F3L31
Ezril;
}‘3 (c94) ezrit;
F\ Y
. (d94) F3L40 0
» Ezill; :
¢ (c95) ezil1; h
’ ]
N (d95) F3L41 X
o ]
After the twelfth and final level of computation:
:E Exrl2;

(c96) exr12; Iy

2 (d96) M1 Ex real
Exi |2. \
»_; (c97) exii2; :
(d97) M2 Ex imag :
. Eyri2;

(c98) eyri12;

- (d98) M3 Ey real ‘
Eyil2; A
N (c99) eyil2;
N X
)
(d99) M4 Ey imag N
e
v Ezr12;
) (c100) ezr12;
1 Pl
” (d100) MS E2 real .
'~ ;
, Ezi12; .
-": (c101) e2i12,
o
(d101) M6 Ez imag
« :
- W
a
L)
ot \
A
o A
Y .
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The text below is the actual commands used fo perform the calculation analysis for the
tlecric Field The commands are separated into the computational levels developed in the
previous text.

Note here that certain MACSYMA conventions require what would seem a veny round
about way 10 substitute into ecqua®-ns. For exampie, in level two, nofice the required steps 10
perforn the operations that were quite staight forward in the Magnetic field computations.
These extra steps were necessany because of the way these equations were loaded into
MACSYMA originally.  The only impact on the behavior of the caiculation flow is that certain
choices of variable combinations are made by the order of these input commands and as such,
other combinations are certainly possible and indeed may have been more natral. However,
the overall behavior of the equations proved to be symmetic ond therefore coused no real
concem.

The substifufion commands that were idenfical to those of the Mogretic field
commands are in standard print. The commands required that were stricthy for the Electric
fields are in bold face and commands that are strictly 1o accommodate MACSYMA are

undertined .

These first commands are in the preparation stoge of the process.

realpart(ex);
imagpart(ex);
subst((((x-xi) 21 ((y-yi) 2)0+((z-2i)"2))(1/2)),r.%);

Level one:

subst("A 1" (x-xi).R)$
subst{"A2" .(y-y1),%)%
subst("A3" (z-2i),R)$
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b

3

Level twe:

s subst(‘B1°."A12,%)8
subst('B2","A2""2,%)8
subst("B3","A3"2.%)$

o«
«
LY
L4
> SUbSt("B4™""A2", jxri*-Al- **A2".%)$
- Subst(*B4™*"A3" jxri® A 1°*"A3" R)$

fa subst("BS""A1", jxri*"A2"*"A1°.R)$
> subst("BS " "AJ",jxri® "A2"*"A3" %)$
SubSt("B6 " "A1", IxrI® A3 "*"A1".R)$

" Subst("B6™* "A2" jxri®"A3 % "A2",%)8
b SubSL("B7"*"A2", jxii*"A1" *"A2",%)8

SUbSL("B7"*"A3",jxii* ‘A1 *-A3" . 2)8
subst(BE™*"A1", [xii*"A2" *"A1".8)$
Subst('B8™* "A3" jxii» "A2""-A3" R )$
subst("B9™*"A1°, xii*"A3" *"A1",R)$
Subst("BY"®"A2" jxii* A3 m-A2" R)8
‘ Subst("B10°%"A2", jyri®"A] " A2" %)$
t subSt('B10™*"A3"jyri* A1 A3" R)$
SubSt('B11°*"A1", Jyri®"A2"*"A1".8)8

subst("B11°#"A3",jyri®"A2"*"A3".R)$
-~ SUbSt('B127*"A1", jyri®"A3" *"A1" %)$
subst("B127#"A2" jyri®"A3"*"A2" 8)$
, Subst("B 137 "A2", jyii®"A1" * A2" %)$
i Subst("B13"# "A3" jyii" "A1"*"A3" R)¢
Subst("B14 " A 1", jyii®"A2" *"A1" %)$
_ Subst("B147*"A3" jyii® "A2°*"A3" %)$
& Subst(‘B1S™* A1", Jyli*"A3" *"A1" R)$
- subst("B 157" "A2" jyii® "A3 " "A2" R)$
SubSt("B16™*"A2", jzri®"Al~*"A2" . R)$
) Subst("B167*"A3" jzri®"A1"*"A3",R)$
. subst('B17"*"A1", jzri®"A2" " A1",R)$

Subst('B177*"A3" jzri® "A2"*"A3" .R)8
- subst("B187*"A1", 1zri® A3 = A1°,%)$
e Subst("B18"® "A2",jzri*"A3"*"A2" R)$
s subst("B19°*~A2", JZii"-A 1" *"A2".%)$
subst("B197°*"AZ" jzii""A1"*"AZ" %)

o SubSt("B20"* A 1", zii*"A2" *"A 1" R)$

a2 Subst("B20"®"A3" jzii®* "A2 % "A3",R)$
SUDSL("B217*"A 1", 21i""A3" *"A1".8)8

jﬁ Subst("B217* "A2",j21i* "AZ"*"A2" %)8
subst(*B22°,3%b" jxri.X)$

subst("B23°,3*b" jxii, %)$

N subst(*B24°,3°b" jyri,X)$

- subst("B25°,3*b" jyil.%)$

. subst("B26°,3%b" jzri,R)$
a subst(*B27°,3*b* jz11,%)$
i
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Level three:

n_ subst("C17,"B1"+ B2 +"B3".%)$

- sebst(*C31°,"B1°+°82",%)$

;. subst("C32°,°B1°+°B3",%)$

g subst("C33",°B2°+"B3".%);

® subst("C35°,"A3"*"B19°,%)$

< subst(*C36°,"A3"*"B16°.%)$
subst(“C37°,°A2°*"B13°,%)$

e subst(*C38°,"A2°*"B10°,%);

N4

i subst("C39°,°A3"*"B20",%)$

. subst("C40°,"A3°*"B17°.%)$

< subst("C41°,"A2°*"B7".%)¢$

“ subst(“C42°,"A2°*"B4",%):

- subst(°C43°,"A3"*"B7".%)$

(o subst(“C44°,"A3"""B14",%)$
subst("C45°,"A3°*"B4".%)$

- subst("C46°,"A3°*"B11°.8);

~

i Level four:
subst("D17,5qrt("C1°),8)%

:: subst(*D2"* "D 1".4% Rpi*"C17°(3/2),%)$
subst("D33°,1/°C1°,8);

L) e

< subst(*D34°,°C38°+°C36",%)$
subst("D35°,°C37°+°C35°.%);

z subst(*D36","C40"+C42",X)$

. sedst(*D37°,°C39°+°C41",%);

) subst("D38°,"C45°+°C46",.%)$

Be subst("D39°,"C43°+°C44".%);

?

el

‘

i
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Level five: ‘
g subst("E1“,b*"D1",8)$
subst("E2°,(1/°D17),%)$ j
subst("E3",(1/°D27).R)$
S subst(“€E4°,b°2-°D33",.%)$ :
subst(“E5°,3*°D33".%)$ {
=
.g 1
3
" -
‘;{: Level six:
subst("F17,cos("E17),R)$
o subst("F2",sin("E17),%)$
~ subst("F4°,"E5™-b°2,%);
. subst(“F5°,"E2"*"B22".%)$ -
) subst("F6°,"E2°*"B23".%)$ 3
. subst("F7°,"E4”* jxri,%)$ P
- subst("F8~,"E4™" jxii,R)$ :
~ - .
. N
‘vl‘
subst("F9°,"E2"""B24".%)$ '
R subst("F10°,"E2"*"B25".%)$
< subst("F11°,"E4"* jyri,%)$
* subst("F12°,"E4"" jyii.R)$
.:" :!lh:!!!"f;i' 2 8)
~ subst("F13°,"E2"*"B26".%)$
7 subst("F147,"E2"*"B27".%)$
subst(‘F15°,"E4"* jzri, X)$ 3
subst("F16","E4"* }2ii,R)$ i
~ aubst(1,’£2°.X)¢ "
" - . 1
. )
= »
. .
I
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Level seven:

=

subst(*620°,"F8°-"F5°,%)$
subst(*621°,"F7°+"F6°.%)$
subst(*622°,"F4"*"D34",%X)$
subst(*623",°F4°="D35°,%);

!‘-’ !I »

subst(*630°,"F12°-"F9°,%)$

. subst("631°,"F11°+°F10°,%)$

: subst(*632°,"F4"*"D36".%X)$
subst("633°,"F4°*°"D37"°.%);

2

2

subst(*640°,"F16°-"F13°,%)$
. subst("641°,°F15°+"F14",%)$
o subst(*642°,"F4°*°D38",%)$
o subst(*643°,"F4° " "D39"°,%);

r""
Level cight:
3
\‘ subst(*H22","C33°""621",%)$

subst("H23",°C33°*°620",%)$
bStCH20"+"H22"."H22 +"622"—"E7".%)$

- -, .- - » " “+"F6°

+

& subst("H32,"C32"*"631",%)$
o subst("H33",°C32°*"630",%)$
bolCH30" ¢ H32". H32" +-632""E9".K)8

N “4" - ° “4° “+"£8°.%):

.

] subst("H42,"C31°""641°,%)$

g subst("H43","C31°*"640",%)$

Ry bSL("H40"+ 142", H42"+-642"~"E | 1,208
® “e" - b “e" ° X):

¢

s_!

Level nine:
.,
» subst("J20°,"H23"+"H21".%)$

subst("J21°,"H22°+"H20",%);
subst(~J30°,"H33"+"H31"°.%)$
subst("J31°,"H32"+"H30",R);
subst("i40°,"H43"+"H41".%)$
subst(“J41°,"H42°+"H40",%);
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Level ten:

subst(*K20°,"F1°=°J21",%)$
subst("K21°,°F2°="J20",%);
subst("K22°,"F1°*~J20",%)$
subst(*K23°,"F2°*"J21°,%);

subst("K30°,"F1-="J31",%)$
subst("K31°,"F2°"*"J30",%);
subst("K32°,"F1°*-J30".%)$
subst("K33","F2°*"J31",%);

subst(*K40°,"F1°"“J41°,%)$
subst("K41°,°F2°*"J40".%);
subst("K42",°F1°#"J40",%)$
subst("K43°,"F2°%"J41",%);

Level eleven:

subst("L20°,°K21°+°K20",%);
subst(“L21°,°K22°-"K23".%);

subst("L30°,°K31°+°K30"°,%);
subst("L31°,°K32°-"K33".%);

subst(*L40°,°K41°+°K 40", R);
subst(“L41°,°K42°-"K43",8);

Level twelve:

subst("M1°,"F3°*"L20",%);
subst("M2°,"F3°=°L21°.%);
subst("M3°,"F3°*°L30",%);
subst("M4°,"F3°*"L31°,%);
Subst("MS5°,"F3°*"L40",%);

subst("M6°,"F3°*"L41",%);
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Appendix B

This appendix provides the supplementary material for the develop-
ment of the Paralle]l VWE. Presented here are the full size data-flow graphs
which provide a graphical representation of the specification data developed

as a result of this thesis effort. The text is organized into three sections.

g
y
¥
.

1~
«
-

The sections are the presentation of the Parallel Vector Potential, the Parallel

‘_ Magnetic Field, and the Parallel Electric Field. The order of presentation for
. all sections are:
¢
;" 1. The real part of the "X" directed vector quantity.
2. The imaginary part of the vector quantity.
: 3 The real and tmaginary part (paired) of the vector quantity.
. 4 The combined cartesian set for the vector quantity
i

I 2

The final data-flow graph, Figure 28, 1s the presentation of the fully

a2 % %

overlayed vector quantities.
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An a.gorithm has been specitied !or 'he nar iware mp.ementation .f -

the numerical sciut.on 3f the elettr :magnet:c '.e:ds > an arbitrary  urrent "
source The a.gorithm, Uefined as the ector Wave Equation VWE: soives ®

tor 'he magnetic W' and eiectric K 1oids, as ~er 3% "he e or potent.a
A >t atinite .ength arbitrary srrent scur . e "he :pe .t.ed 1y dur.'hm
nas been -eritied thr ugh FORTRAN somu.ation > prida e sesuls 3 urate
te within o dec.mai places tor a %00 sub element 1.pcie

The “"WE farms a model wh. h is aigorithmicaiy symmetric ~ith re
spect to 'he "artes;an oordinate systemn As such, the VWE .ends itsel! to
highly parallel and .oncurrent _amputaticnal techn.jues This property ot
‘he a.gorithm mares .t an ex elient and.date ! r .mpiementat:on by a Very
High Speed ntegrated  .r-wit VHIIT  .ass prxe<s.r I nvest.gation f a par
aiiel. highiy oncurrent ar-hitectural mpiementation has vielded pre..mi
nary results 'hat omputaticnal sa.:ngs 3t 2 tact.r ' and a *hr ughput
rale norease ;! 5 riers t magnit.ude .3 atta.ratie

This resear h nas shown 'hat an appic 4°.:0 spe it vHINT  Lass pr
essr array has sutficient omputing power 'o s,ppert nteractive aivyla

lon ot A set of equations ah. h scjve Pr the magnet:c 1nd eledtr felds as

weil 1% 'he vector potential >f an arbitrari.v  urrent -our e
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