
-A182 3 78 INCOMPLETE LIPSCH!TZ-HANKEL INTEGRALS OF BESSEL /
FUNCTIONSIJ) NAVAL RESERCH LAB WASHINGTON DC
A R MILLER 26 MAY 87 NRL-9947

UNCLASSIFIED / 122 NEEEu I Ihi



1A.-.

2' 1111 _L 111j_6

MICROCOPY RESOLUTION TEST CHART
• NAJIGNAL RUREAU OF STANDARDS-1963-A

-l36 Iy

SMIl!~



Naval Research Laboratory
Washington, DC 20375.5000 T

NRL Report 9047

Incomplete Lipschitz-Hankel Integrals
of Bessel Functions

ALLEN R. MILLER

Computer-Aided Design/Computer-Aided Manufacturing
Engineering Services Division

00 May 26, 1987

00

DTIO_CELECTa

UL 0 8 1

Approved for public release. distribution is unlimiled

"L I

. . . . . . . . ..- -....



SECURITY CLASSIFICATION 0F THIS 1416 A 1' 2 I
REPORT DOCUMENTATION PAGE

la REPORT SECURITY CLASSIFICATION lb RESTRICTIVE MARKINGS

UNCLASSIFIED
2a SECURITY CLASSIFICATION AUTHORITY 3 DISTRIBUTION/AVAILABILITY OF REPORT

2b DECLASSIFICATION OOWNGRADING SCHEDULE Approved for public release, distribution unlimited.

4 PERFORMING ORGANIZATION REPORT NUMBER(S) S MONITORING ORGANIZATION REPORT NUMBER(S)

NRL Report 9047

6a NAME OF PERFORMING ORGANIZATION 6b OFFICE SYMBOL 7a NAME OF MONITORING ORGANIZATION
Naval Research Laboratory (If applicable)N Code 2303

6c. ADDRESS (Oi, State, and ZlPCode) 7b. ADDRESS(City. State. and ZIP Code)

Washington, DC 20375-5000

1a NAME OF FUNDING/ SPONSORING Sb OFFICE SYMBOL 9 PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER
ORGANIZATION If applicable)

Naval Research Laboratory Code 2303
Sc ADDRESS (City, State, and ZIP Code) 10 SOURCE OF FUNDING NUMBERS

PROGRAM PROJECT TASK WORK UNIT
Wahington. DC 20375-5000 ELEMENT NO NO NO ACCESS O)N NO

11 TITLE (Iclude Security Classification)

Incomplete Lipschitz-Hankel Integrals of Bessel Functions

12 PERSONAL AUTHOR(S)

Miller. Allen R.
13a TYPE OF REPORT 13b TIME COVERED 14 DATE OF REPORT (Year, Month, Day) 15 PAGE COUNT

Final FROM 7/86 TO 1/87 1987 May 26 12
16 SUPPLEMENTARY NOTATION

17 COSATI CODES IS SUBJECT TERMS (Continue on reverse of necesary and identify by block number)

FIELD GROUP SUB-GROUP -. Integrals of Bessel functions
Hypergeometric functions

19 ABSTRACT (Continue on reverse sf necessary and identefy block number)

Variou, representation% for incomplete Lipschitz-Hankel integrals of Bessel functions have been gien in
term,, of Kampe de Ferict double hypergeometric functions- Reduction formulas for the double series
employed haee been given in some cases.

,8

. , ,4 ." A.'A A, Ai , .' - 'A, 2 ABSTRA(T SE(CjRITY (tASSV(ATFON

LlV -fI ? ,Aeh AS QPT Dl DI,( )"kRS.SIIII

.12b TELEPHONE fkIlde AreaCodp)T22' OFIItE ,YMSOk
'%I1cn R Miller 12(21 7h7 2215 Cole 111

00 FORM 1471. - "" A R ed 1 -a, re v .... R' ey CLASSF-(AT(N Of 'HIS PAuE

A- 1, PIP. *

-- 1-

*U - M40!0

i%



CONTENTS

IN T R O D U C T IO N .............................................................................................................................. I

REPRESENTATIONS FOR J ,., (a, z), J± (a, z), J,. (a, z) ........................... 2

REDUCTION FORM ULAS FOR L, N , Q ..................................................................................... 6

S U M M A R Y ....................................................................................................................................... 8

R E F E R E N C E S .................................................................................................................................... 8

Aceession For

NTIS G ,A&I
DTIC TAB
Unannounced 0
Justification

By
Distribut ion/

Availability Code8

Avail and/or
Dist Special

i III



INCOMPLETE LIPSCHITZ-HANKEL INTEGRALS
OF BESSEL FUNCTIONS

INTRODUCTION

The general incomplete Lipschitz-Hankel Integral of Bessel Functions of the first kind is defined
by

.(.z) - fo 0etJW0dt (1)

Here the symbol e denotes the presence of the exponential function, and JA, V may be complex
numbers. Analogously, we may define integrals that contain the functions sin (at) and cos (at) in
place of exp ( at):

J,(a, z) fo sin (at) t:J,(t)dt (2)

JI, ... (a, z) -- f o cos (at) tol,((t)dt (3)

To assure convergence of these integrals, it is necessary that Re (0 +,u + v) > 0. When ju - V, we shall
write, for example,

J, (a, z) E.J, (a, z) (4)

We shall also define integrals of modified Bessel functions I, (t) or other cylindrical functions C () by
simply replacing J by I or C in the above definitions. In addition, we define J -- J, J- - I.

In Ref. I it is shown for the Bessel function of imaginary argument or MacDonald function Ko
that

Ko(a, :) - z Ko() A (a, z) + : 2 K1 (:) B(a, :)

where

S 1 3. a 2z 2  z2  3 a2 : 2
(a, z) L- I - -, 1 , 1 1ll,2 2 4

2 2 2 4 4 2 2 4 4

L[I I 3 3 a': 2 Z3 a 2 "2

2 2 2 4 '4 42 4

Manu.ropi approed February 3. 1937
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ALLEN R. MILLER

Here L and Q are Kamp6 de F6riet double hypergeometric functions (defined below) of order three
and four respectively. These functions are therefore non-Gaussian. Only members of the class of dou-
ble Gaussian series of order two that consists of 34 distinct convergent forms have been given names
[2, p. 541. These 34 forms are sometimes referred to as Horn's list.

In this report we shall show that the functions L and Q may also be employed to give representa-
tions for Eqs. 1-4 for I and J. To this end we recall the definitions of the Kampe de F~riet functions
L and Q:

0:2;l [ -:a,,l;,; I
Q[ a, ,t, A, V, x; x, y F 2 :1 ;0  , v ; x,y

L [a. p; y,, 8; x, y 1-- ME Q[a, X, p8; y, , X; x,Y y1Il < 1Y1 <y <

We shall also introduce the third order function

1:0;0 a: ; 1
Nia;t , 8; x, y] = F i:1;1#: y; 8 "X1Y IxI < oo, Y < o

REPRESENTATIONS FOR JV* (a, z), J *,(a, z), V (a, z)

Since

J(1 ) - (12)v oFt[-, I + P; ::V2/41F(I +v,)

we easily find that

e o a n o ( T I)) 
- _+ 

V + 2 M + Of

2-1'(l + P) _. n! . 22-<(1 + ,,

Now assuming that Re(I + + ) > 0 we obtain, on integrating term by term with respect to t,

J, a' "z (az)" (Tz 2 /4)'" (5)
,( +0 ,0 m' ( + &,).(I + + v + 2 m + n)

Substituting

I- I j,,+&2 (+ u + v+ 2 m).

+A +s,+ 2 m +n + #A+V 3 + g+ (2 + + ' +2m).

J2
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into Eq. 5 then gives

zt + 0 + ,,2 . (T~z2/4)-

J*. (a, z) M ~+I ___
S,.az-2(1 +$L+ v) r (I+) 3+p +iv 11++)1

1F1 il +A+&,+2m;2+;+ ,+2m; azl (6)

Now using Kummer's first theorem

IFI[a; c; zI - ez IF, Ic - a; c, -z]

we obtain from Eq. 6

1 ++I
J,' (a, z) 2 j. (fz 2/4)',

IF, it, 2 + IL + v + 2m; -az (7)

Since

I22( 
2 + IL+a v _3+___+_1, 1 2 I, + 1 2 I,+ M

(2 + + sI + 2m). (2 + #A + V'2m+m

we obtaiin from Eq. 7

(a, Z - I+ 0 ,v eat (Tz'2)" (-az)"

2v(I + sA + .,)F(I + ,) _ M! n!

(j I + it + 2j( + Ii

(I + P,. (2 + 2 +

I onl,, noling thda for n) t

(2 + 2 2,2,,I .. 2I- ++

. ~ 2 2 * *



ALLEN R. MILLER

(2 + a)2.,,2.+l - (2 + a)2 2"'22 x (31v 4 +a jl i

we obtain from Eq. 8 and the definition of Q given earlier

.I~(,z) - ~1 zIl~+8 eez (9)
2'1+ ;&+ Piro + P)

+____ IL____ + _2+ _ V__ _ +1, 3 + V 3Fz
2  a2Z2

Q1 2 , p 2 . 2 ++ V1 4' 4

- az I+ p 2 +I+ p 1 3 + + Y 4 + IL+ p WEZ2 a2Z21

+ Q1 2 ' 2 '' 2 ' 2 +P 4 4j

On letting s 'in Eq. 9 we have

J~(a, z) z (z2/2)'L ea?
(I + 2,t)r(i + jL)

az LI- + +F 4Tz 2 a2Z2 1
2 (1 + I) + 2 1. +4~ +~; j.--

In addition we may use Eq. 5 and the definition of N to obtain

(a, z) - z++

2"l'(l + P)

I NI + u+ P 3 + A+ + jZ 2 2Z2j

+ J+ V~ 2 2 "'2 4' 4

+ az N 2 + g+ 4 + IL+ 1+~ TZ2..I (10)
+ J 2 2 2 '; 4 4J(0

4
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For brevity we shall define the following parameter lists Vj:

V= l+jx+v 2 +ML+P 1 .
2 +iL+v 3 +M+v, 1 +P

1 l+IL+v 2+IL~ 
3 +uI+zi 

4 +14+v 1 ,
27 = 2 2 1' 2 1+

- 2 ' 2 '2

-2+14+.+; 
4 +jL +v I

'2

We may then obtain from Eqs. 9 and 10

J' (a, z) - z+Lvcs(az) Q IV1  TZ2 -a 2z2 ICA. 2 0 + ,u+ OM1+ P) 1 194'

az ±Z2  -a 2 z2

+ 2 a+z sin (az) Q[V 2; 4~- 4

-2"(1 + ,s + OMr~ + P) N Wz2 4a 4

J" (a, z) - 1sin (az) Q[IV, TZ az

2 A ' o (az) QIV 2; 4 4z

-az 
2+1+ T z2  -a 2 z 2

2"(2 + A+oro + P) 'I4' 4

5



ALLEN R. MILLER

And from these equations we obtain on letting IA - v

z_ _+ 2_ , [ 1 3 Z
2  

- a 2Z
2

J* ( 2(1+a2,z(1+) cos (az) Ll + I."; + J. 2 +L ; 4IL;

+ az + 3.!+2. + A)12 24

2(1+ ) sin (az) L[- +I, 1; 2+;,2+I; -4 2 2

2 + (1 1 1 z2 -a 2z2

2 -+(l +2/)r(1 +g) 2 2 2-+ , +, ; 4' 4

Z'+1 I 1 3g jZ 2 -a 2Z2
J.' (a, z)-si a)L[L+I,11+ +

21(1 +21A)I(1 + ) 1  L 1 ,1,+,, 2 +$, 4" 4

az (az) L + 1, 3 + 2 + :WZ 2  -a222 1
20 L- 2, 4 ' 4

az2(1 + j,) 3 Tz2  -a 2z2

2' + ,-( + j)Frl +A ) T'/; +tI+ - 4 4

Finally, noting that 1,(z) may be represented by

l.(z) - F(I/+)v) eIF [1 + vi,; 1 + 2v; :F2z]

we readily obtain

l )Z+g+ 1:1;0 l+;L+a: l/ 2 +i0; -;

Ie~,a z-2(1 + +or1+ o 1 : 1 ;0 1 2 + A~ + 2 2 I~1z (13)

REDUCTION FORMULAS FOR L, N, Q

In some instances J,, (a, z) may be expressed in terms of generalized hypergeometric functions
provided that we know a ieduction formula for one of L, N, or Q. By using Ref. 3, p. 55, Eqs. 19, 20,
and 21 respectively we find

N~a; x -A -2F1S[- a+ +l I , _Y .Y- + 1 -:x21
N ,,X 2 2 '2' 2 ' 2' 2 4

6
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L [, A3; y, 8; x, x- IF2a -' ; Y, 8;x]

L~a~a;-z-x-F I6 ,+l 8 8+1 *. _]

L[a,a'v,8;x, 2' 2 '2' 2 16

Using Ref. 2, p. 28. Eqs. 33 and 34 respectively we find

N[a; j, y, 8; x, x 3 F4[a, Y + 8-1 Y+8. , y, 8, y + 8 - 1; 4x] (14)2 2

_-1/2+ 1/2+ +3+2P 5+2,2

Q 2 ' 2 a iI ,A =J213L 4 , 4 1a, ,1 + V;x)

Employing Eqs. 9 and 13, we easily deduce

IV,; -L- -L-1 - e. 2F 2[V 5; -2z] + e-z 2F2 [V 5 ; 2z]}' 4 2

f2_ 2  2 2 + IL+
4 4 ] 25 + f _e z 2F 2[V 5; - 2z - ez 2 F2 [V 5; 2z])
4' 2z

And finally, using Eqs. 11 and 12 we find

2 _Z2 -2 -
QIV,1; 1 = cos z NIV 3; .Z2, ]

4' 4 4 4

_A +V-Z 2 
-2+ +  z sin z N[V 4; 4 4

-z2 2 sinz- 2

Q[V2; 4 -= (2+ + i N[V3;
4' 4 z 4 4

Z2 Z 2

- + I + v) cos z NV 4; 4 , 4]

Replacing z by iz in these equations then gives

z 2  2  z 2 z 2  1+A'±,2 2
Q I; '-, - coshz NIV 3 ; -, - + -- + -]-- z sinh z N[V 4, 4 1 4

4 4 4 4 2 + IA+v 4 4

,2  2 sinhz 2 2 . 2Q1 72;~ ~ ~ ~ ~ ~ ~ ~L - -, - 1 =( +v sn zN 3- (I + t + v) cosh z N[ 4; --

4 z 4' 4 4 4

7
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where, on using Eq. 14,

21 21 _341IL + 1/2 + v 3/ 2 +v. 3+, + i IA + v' 1 1; z21
NIV 3 ; 4 4 2 2' 2. 2 2 + V 2 z

2[4 ; 2.I- F 2 + + 3/2 + 5/2 + 4 +jsu + 3 3 z2]

4'4 2 ' 2 ' 2 ' 2 '2 2'

SUMMARY

Various representations for incomplete Lipschitz-H-ankel integrals of Bessel functions have been
given in terms of Kampi de FNriet double hypergeometric functions. Reduction formulas for the dou-
ble series employed have been given in some cases.
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