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INCOMPLETE LIPSCHITZ-HANKEL INTEGRALS
OF BESSEL FUNCTIONS

INTRODUCTION

The general incomplete Lipschitz-Hankel Integral of Bessel Functions of the first kind is defined
by

J ta. 0= [ enmd (0a )

Here the symbol e denotes the presence of the exponential function, and u, » may be complex
numbers. Analogously, we may define integrals that contain the functions sin (ar) and cos (at) in
place of exp (at):

J, (a.2) = [ sin @) (0a )

J(.“(a. z) = fol cos (at)e*J (¢ dt (3)

To assure convergence of these integrals, it is necessary that Re (1 + 4 +») > 0. When u = v we shall
write. for example,

.I,“(a. 2) = J,‘(a. z) 4)

We shall also define integrals of modified Bessel functions /, (1) or other cylindrical functions C (1) by
simply replacing J by / or C in the above definitions. In addition, we define J* = J, J- = [

In Ref. 1 it is shown for the Bessel function of imaginary argument or MacDonald function K,
that

K.(a. 2) = 2Ko2) Ala, 2) + 22 K,(2) Bla, 2)

where

1 1 3 a2 : a:z 3 g
Ala, 2) = LI<. )+, T N e L2 o —. =
a le ] 237" " a y ] > ol 1 T "a a ]
] 3 3 g 2 az 3 @l
ta.2)=L[<s. 1 . = e+ = L2020 ¢ =
Bla le 1 33 a n ] n Q. 1,12 3 y 7] l
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ALLEN R. MILLER

Here L and Q are Kampé de Fériet double hypergeometric functions (defined below) of order three
and four respectively. These functions are therefore non-Gaussian. Only members of the class of dou-
ble Gaussian series of order two that consists of 34 distinct convergent forms have been given names
{2, p. 54]. These 34 forms are sometimes referred to as Horn's list.

In this report we shall show that the functions L and Q may also be employed to give representa-
tions for Egs. 1-4 for / and J. To this end we recall the definitions of the Kampé de Fériet functions
L and Q:

0511 —-:a,Bi7:
Q[a! Bv Y, ", v, A; X, y] = F2:1;0

. e X
“,V- 7'—! y

Lla, B, 7.8, x,y) = Qla, A, 8, v, 8, A; x, ¥} Ix] < o0, |yl < oo

We shall also introduce the third order function

100 |a:—-;—
N{“;Bv?vb;xvylsrl-l.l B.y.a.xvy |x|<q,1|.y|<m

REPRESENTATIONS FOR J; (a.2). J& (a,2), 3% (0,2

Since

(t/2)* 2
t -—t - 1 + v, ¥¢4/4
J, (1) T+ 0F|[ v, +1°/4]
we easily find that
oo n o Tiym tveldmin
e )t (1) = 1 Y43 (D7

P+ 20 & 2+, m'

Now assuming that Re(l + g4 + ») > 0 we obtain, on integrating term by term with respect to 1,

Ttuts = (az)" (FY/O" 1
1 ) m — az (5)
.l,'_(a. ) 2T +) 50, n m! A+, (+u+v+2m+n)
Substituting
; l+u+w
y | | 2 m L+ pu+o+2m),

l*u:v*zmi'n 1 +put+y J+tputyw Q+utv+2m,

2
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into Eq. 5 then gives

1+E+”
l+u+y [od 2 (:FZZ 4)m
Y@ D) = 2'(1+z+ ATy = : m/'
TV V) med 3+E+" 1+,
2 m
Rl +u+v+2m; 2 +u+ v+ 2m; azl ©
Now using Kummer's first theorem
Fila, c; z] = e Fylc — a; c. -2]
: we obtain from Eq. 6
. l+u+w
2l tutyaz %o 2 ¥F22 m
R e TP ;r(|+ y X . ( zm/'”
: sy vl om0 ——ﬁ——3+2+” 1+, '
b -
AR 24 w4 v+ 2m; —az) (%))
' Since
9im 2+utw J+u+v
1 2 m 2 m
N Q+p+v+2m, Q+p+ v
X
My we obtain from Eq. 7
ltuty yaz s ym - n
J’z (g, z) = 2'etr e (¥:z2%) (—az)
N »r (1 + M+ T + ) -a=0 m' n'
_ m, |+E2+v 2+!25+.,
' : = = (8)
S a + ")m (2+“*V)2n0u
: Finally . noting that for any o
; 1+
(2 + (l’)m’}n - 2)"2'" g_;_‘l . l“;‘(’. lm‘"
3
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+
2+ @)ypazpr = 2 + )22y (212 i1
m+n m+an
we obtain from Eq. 8 and the definition of Q given earlier
l4u+y gaz
J: (a,2) = z__° 9)
. 22( + u+ LA + )
) l+pu+tv 24+u+y . 24ty 3+uty F2 gl
Ql 2 A 2 'l' 2 ] 2 ’l+y7 4 ] 4
_ az Q[ltg'*y‘2+L+v‘l;3tg+v‘4+L+v'l+v_'¢zz'azzzl
2+t 2 2 2 2 4 4
On letting u = v in Eq. 9 we have
+ o 2(F/2)e e
e, (a2 = T v
1 , 3 CF2 @2
L[2+“,l,l+y.,2+“,, ek 41
az 1 .3 CF2 a2
20+ ) L[2+u.l.2+u,2+u. 4 4 ]
In addition we may use Eq. 5 and the definition of N to obtain
l+uty
It (g, 2) m—F—
A )
. 1 l+u+v 3+u+y l_q_:i alz?
ey M Ty e )
az 24+ u+yv 4+uty 3 F2? ol
+ . 2. 2L (10)
vy Ty T e e !
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For brevity we shall define the following parameter lists V;:

v = 1l+tutyv 2+u+v l'2+“'+v 3+ u+wv
1= s &y

2 2 T
' v2§l+y,+v’2+Jl.+v,1;3+l+v,4+y,+v’l+v
' 2 2 2 2
_l+pu+v 3+putv 1
= ; + v, =
Vs 2 g ey
‘ —2+tutv 4+pu+v 3
VJ_ 2 s 2 ,1+V, 2
Y,
3
¢ V5§l+p,+v,7+v,2+p.+u,l+2v
'
_ We may then obtain from Egs. 9 and 10
b
Y
"."
¢ Z1tuty :Fz —azzz
‘ J* (a,z) = cos (az) QIV,;, —, ———
, “un 02 A +u+ L1 + ) { Qv 4
' az , CF2 —a??
: + TYET sin (az) Q[Vy; % T4 l]
SHuty T2 —aiz?
& - NIV, —, ——— an
h 22+ pu+ A + ) o4 4
.
;
THuty F22 —a??
X JT (a,z)= z sin (az) Q(Vyi —/, ——
4 w02 22U+ pu+ ITA + ) [ v, 4 4
9‘
4:‘
':' az F2? —a222]
- - m cos (az) Q[Vy 2 T4
jr
azz+u+u N[V ' }iz_ ,__azzzl
2Q+p+ I +0) a4

- ™
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And from these equations we obtain on letting u = »

1+ 2 3 T2 —g2p2
J* (a,z) = 2 L—+,11+.—+, Iz ez
YT ma+ 200+ 0 (@z) LI5 + g T Ty
+ —2 — sin (az) Ll'l'+p 13 +u, 2+ pu; F? -d’s
201 + ) 2 ) : "4 ' 4

2!t 1 3 1 F22 —qgi7?

.-'i - N—+ 7—+ ol+ ‘—; .

0 2(1 + 2T (1 + ) FRER Br20 s 4

1+ 2 3 T2 —g2,?

J*(a,z) = z L—+.11+,—+, =z %2
o Wl T TG @ Ly re o R R
-::':s'

ol
"’:: 2.2
By az 1 3 ?z —a’z

- -~ + + LR

) cos(az)Ll2 u,1,2+p,,2 B T ]

,i“‘;.@
i;:'sz:i
% 200 + ) 2.2
OO az 3 F22 —al;

o - NI+ p; 24 p, 1+, 2 22, 222
ay 24 e+ W + ) 4w 2+pl+u 305 =5
.;_g;%; Finally, noting that 7,(z) may be represented by
R
e (z/2) 1
e - 22 e g2 414 20 F2
:,'5} 1,(2) TA+2) € 1F1 [2 v, v, Z]
we readily obtain

(o
:'o'!:;

by 1+u+v 10|14+ p+v: /240, —;

! _ 2l te ; m y =

r\ Ie“'v(a, Z) 2"(1+“+v)r(l +v) Fl:l;o 2+'L+V: 1+2V; _’ 122, (k;l)z (13)
N
:'E:l‘

Y REDUCTION FORMULAS FOR L, N, Q

B!

, In some instances J,:' (a, z) may be expressed in terms of generalized hypergeometric functions
:.;&:: provided that we know a ieduction formula for one of L, N, or Q. By using Ref. 3, p. 55, Egs. 19, 20,
.:‘:.‘ and 21 respectively we find
s
)

T ) e a a+l g B+1 _y_z+l_—x2
Nla'ﬁ'Y’?Ox‘ x] 2F5[2 2 ! 2! 2 Y‘y‘ 21 2 A 4 ]
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Lla, By, 8, x, x} = |Fila + B; v, 5; x]

y y+1 & 8+1, x2]

L[a.a;y,&;x.—xl-,F.[a;z. B EERT3

Using Ref. 2, p. 28. Egs. 33 and 34 respectively we find

§—-1 y+38

N[a‘, B,v, 8 x, x]=3F4[a. L+2 , 2

[—l/2+v 1/2+»

[3+2u 5+2
2 ’ 2

0 4 ° 4

,l;a,ﬁ,l+v;x,xl=2F3

Employing Egs. 9 and 13, we easily deduce

01V 2 2y = L Biv —221 + e, BV
e ) e? ,F)[Vs; =221 + 677 ,F,[Vg; 22}

1By, 8,y +8—1; 4x] (14)

sa, B, 1+ v, x)

2 2
01v,; ZT, - 2—+Ez~+—" {e2 IV, — 22) = €77 ,F,[Vs; 221}

4 2

And finally, using Eqgs. 11 and 12 we find

) _22 __22 ) __ZZ 2
Q[Vl, 4 4 ]—COSZ N[V;, FEl 3 ]
1+ up+v . —-22 -7
4 TpTV Nt S 2
2+“+yzsmzN[V.. 2 4

—22 —2 : 22 —a2
0Iv,; Tz —4’—1= Q+pu+IE Ny, 22 T

z 4 4
_ZZ _22
~(l+u+v)cosz NIV, et —4—]

Replacing z by iz in these equations then gives

2 2 222 l+u+w . .
oV T 4]—costh[V3, T 4] 2+“+stmth[V4.

22 2 sinh 22 22 ,
Q[V;:T.T]=(2+u+u)———zN[V3; T T]—(l+u+u)coshz)\[V4; R
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ALLEN R. MILLER

where, on using Eq. 14,

-z-4i9 l+};+y1 1/22+y13/2+v;3+B+v9l+l/,l+l‘,-l—;zzl

NIV 2 2 2 2

2
-‘4—1 = ,F,l

2+u+v 32+v S52+v 44putv 3 3.
[ 2 ’ 2 L] 2 * 2 ’2+u’l+y’ 2’21

2 2
NIV ﬁ— Z )= ,F,

SUMMARY
Various representations for incomplete Lipschitz-Hankel integrals of Besset functions have been
given in terms of Kampé de Fériet double hypergeometric functions. Reduction formulas for the dou-

ble series employed have been given in some cases.
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