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I. INTRODUCTION

The inflationary universe model, in which expansion {s accelerated (R > 0),
is expected to occur in the early universe containing matter in the form of
bare quantum fields, the expansion being exponential (R exp{kt]) [l]. Power-
law inflation, in which the expansion scale factor obeys a power-law relation
with the time, is also a possible result of those physical processes in the
early universe. It is important because it too will solve such cosmological
problems as horizons, homogeneity, and flatness [2].

Further, inflation is important because it is thought that it can solve
the problem of the apparent large-scale isotropy of the universe [3]. This is
so because its presence minimizes the acceleration produced by the existence
of a cosmological constant, which isotropizes the universe {4]. There is,
however, the model in the Einstein-Cartan gravitational theory with the Ray-
Smalley improved stress—energy-momentum tensor (SEMT) with spin. Gasperini
has proven that for the case of an rms spin density [5]. However, it will be
shown that the inflationary epoch occurs because of the density of spin angu-
lar kinetic energy, which is a local quantity dependent on the spin, and
therefore, it {s not necessary to resort to an rms expectation value of the
spin density operator to generate the spin terms necessary to induce infla-
tion. The model used is a sample anisotropic (Bianchi Type 1) cosmological
model with shear, but with vanishing spatial curvature (Euclidean model).
Formal solutions of the Einstein-Cartan equations and of the fluid equations
of motion are exhibited and shown to lead to conditions producing an infla-
tionary epoch in the very early universe. The inflation is due to the angular
kinetic energy density of the spin. The shear is not effective in preventing
or damping the inflation in the model. The model further brings out the
relationship between the fluid vorticity, the angular velocity of observers'
inertially~dragged and Fermi-transported reference tetrads, the precession of
the principal axes of the ellipsoid of the shear rate, and the torsion. It
concludes with comments of further work and suggestions for new investigations
of this and related models.

In Section II, the basic equations of the model, following the pattern of
Bianchi I spacetime, are given, and its behavior {s shown in a Riemann-Cartan
spacetime in Section III. The conclusions are presented in Section IV.
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II. FORM OF THE MODEL

In this paper, the metric chosen has the following form, as used
by Misner [6];

I o-del ¢ -3 i J
ds dt- + e e i dx” dx (1)
where a 1s a scalar function of time and exp[8] a traceless, 3 x 3 matrix,
also a function of time. Following the method of differential forms, Cartan's
first equations is written, connecting the basis forms with Torsion Suv a as

dw +® AW = is L e (2)
v WV
where the torsion is defined as
s *ar? -4c @ (3)
uv (uv] MV

Here, the torsion i{s defined as the true antisymmetric portion of the affine
connection (non-zero in a holonomic frame), with the C's the antisymmetric
portion (1f any) due to the choice of tetrads. Choosing a basis one-form set
which dilagonalizes the above metric and puts it into Minkowski form, gives:

w = dt (4a)
ol = e® esij dx? (4b)
In a Bianchi Type I cosmology, all the spatial structure constants are
zero. Thus,

Jk (5)

The tetrads have the following properties: The capital Latin indices are used
to refer to anholonomic coordinates, and Greek indices to holonomic coordi-
nates. Thus,

u =
EAu F’B gAB (6a)
A
E " EAv = nw (6b)

Following Ray and Smalley [7], an expression giving the orientation of the
spin~density S,y, angular momentum L of the tetrads, and the improved SEMT
is written as

1 2 1 7
s = k(x) (E° E° -E" E”).
dv uo oy v BT, (e
v QID(EAH) Eav ” n(z*v) . (7b)
e -
;av-Smallev =o(l + ¢+ P/p) u* us + P 3“3
+ 2 D(uv) u(asa)v - ;BDU(QSS)\J]
- ov5055)v (7¢)
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Using tetrads consistent with the choice of Bifanchi Type I (Ref. 8, page 110)
structure in Eq. (7a), the non-zero components of s, are

512 = k(x) = '521 (8)

Again, following Ray and Smalley [7], the trace-free (proper) torsion SaBu'
which 1is defined as

-Gs [+3 Q s
Spv * (27308814 (9)

is related to the spin density s;, by the relationship

ny

@ a 10
WS iKpsw u . (10)
where K = 8vG, and G is the gravétational constant. For purposes of this
paper, a co-moving frame (u% = 60) with normalized four-velocity (uju® = -1)
is used. Thus, the non-zero components of trace-free torsion are:

< O o 0.
S12 = dxpsjpu” = -8y, ab
which gives a relationship between the torsion and proper torsion:
o o
S12 =.312 = i(pk(x)uo = -5210 (12)

These values of torsion will be used in the model under consideration.

Proceeding with the calculation, the connection two-forms are calculated
using Cartan's first equation. In this paper, the following notation for
derivatives are used: The overdot indicates partial differentiation with
respect to time, as in

ij... 73T Ay er (g ) (13a)

while the directional covariant derivative along the four veloctiy is indi-
cated by

= a
DA ;. ) = Ay a0 (13b)

The quantity

e .. e K’ (14)

which occurs when doing the computations {nvolved in Cartan's First Equation,
1s split into a symmetric and antisymmetric part, the former related to the
shear, the latter related to the twist of the congruence of the normals to the
homogeneous hypersurfaces. These are written

5. = b . o B
Tik Ty T T (15a)
2omdd e

ik {i]3] k)

(15b)




The connection two forms are summized in Table 1 below.

TABLE 1. Connection Two-Forms
-0 . - oy, k
+ .
w ; (a éjk + cjk QSJk ) w
-j . - k
w o (d. 5jk + ij) w
-3 =
W’y Tjk dt
@ 0
o]
-4 0
i

Using the connection two-forms summarized above, Cartan's Second
Equation 1s computed as
- a - Q - a - v
@a = de + w A '3

= iR* WA Y

Buv (16)

Doing the computations involved in Eq. (16) are somewhat tedious, and
only the results are stated. The non-zero components of the Riemann tensor

are (kgpy = ogy + 124);

Kiooj - -§i°j°

-;aij+aij+(&+a)§j+[a SN (17a)
ﬁiooo * iiojk = ﬁoooo =0 (17b)
§°1oj = -ioljo

=ad;+3d +(&+5)§.+['-%ij

+ i(éijo + &sijo + Eljsiio - ;gi sjlo) (17¢)

; \'. - ,.l‘ -r,\-“ "\'f . ‘-'\" S"\"'\'(\':'\".'.".“‘.(N'-\"\"';J I P ‘-“.\".ﬂ
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. ST U - cod L aiy -
= - + L+ 3,
“2 R Sk (a & et k) (a 6j1 + ajl) (a3 * 0 2) (a éJk ch)

P30S O (L gt 4sty L O i -i
."'

I Using the Reimann tensor components, shown above, the Riccl tensor com-—
K ponents R,, are then calculated by contracting the first and third indices
H" of the Riemann tensor. The non-zero components of the Riccl tensor are

N2 RS =3 a1+3 (&) +35,, 3t (18a)

2 b lJ ij * . L
R J
kiSy) 1 (18b)
The curvature scalar R is

w .2 .
.- R=6a+12a +3, gt (19)
K-~ ij

3 The 16 components of the Einstein tensor are defined by

= o -
G, =R, i, R, (20)

1
AR g

and summarized in Table 2. For brevity sake, the additional terms have been
written explicitly only due to torsion. The Einstein tensor which is obtained

in the regular GR theory is listed only symbolically (see Misner [6] for regu-
lar GR components).
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ig TABLE 2. Summarization of the Einstein Tensor Components
-“' )
:;2 v
W u v G,y (Unprimed G's are standard

results from GR)

-"V
Y
3 0 0 S0
Y 0 i 0 (i =1,2,3)
e i 0 0 (i=1,2,3)
Jety
" 1 1 G
:33 11
'j..’ o) 2 Q M Q
1 2 G]_2 + &[slz + 3 a S12 ]
i B - o
Qe 1 3 Gy + 1Ty Sy,
e 2 1 G.. + 3[S5..°+3as..9
%Q 21 21 21
?4'(? 2 2 qu
“ 1= [o]
,35 2 3 Gyg * 2713 Sy
iy _ iz o
0 3 ! Gyy = 4753 8y
0" 3 2 G _ %% S C
32 13 221
'Y
) 3 3 Gaq
.&
‘=
&

To calculate the Ray-Smalley tensor components in this model, the affine

,lﬁ connections will be needed, which are contained implicitly in Table 1. Using
¢Q the relationship that w®, = FQBY wd determines:
M)

A
) o) . - - fo)

] L. = ‘ + -

ij 72 3ij Jij ﬁsij (21a)
:;6
P :?o =a 614 * 514 (21b)
» - <4 -
4
rtoa il (21c)

- Q] J
ﬁé .

s Pa (214d)

-'. i = 0
N
5: r° ar° ao (21e)

: 00 oi

oy tf .l oL (21f)
W io ' 0o
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The coupling of the Einstein tensor in the Einstein-Cartan theory with
the Ray-Smalley Improved SEMT involves writing the field equations in the so-
called self-consistent form;

=af * asdu Bua HaB af
- V - = 22
G u(Q Q + Q) KTRay-Smalley (22)
where
% _ a
v, )=9C ) +28 “C ) (23a)

and QaB“ is the modified torsion, defined as

Q Hag My 2

v 23b
aB aB ( )

JQ

8§, S
[a™8]v

Because the mass—-conserving case is being considered, the form of the torsion
in this model becomes

4o U i (23c)
Qa™ =S, = S,4

*
and Vv( )y = Vv( ).

The field equations generated in the model versus the values of a and 3,
are summarized in Table 3.
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TABLE 3. Field Equations

éaB vi (QaBu - QBuu + Qpas) - <TGB

Ray-Smalley
a 8 Field Equations
0 0 3a? - (35,. 5., = <o(l + ¢€)
1} 1]
0 i 0=0 i=1,2,3
i 0 0=20 i=1,2,3
g - W - b5 3 s = =1 - 12
1 1 2a - 3(a) écij 35 +a;, + [a, T]ll P + KPToyS
A - . - - . * 0 . o
1 2 g, * 3 015 @+ (g, 1]12 i[S12 +3a S12 ] =0
. - . - - o - _ 12
1 3 @, * 3 G40+ (a, 13 5512 Toq ™ ixptz3s
" a - . - - _ S O * Q:
2 1 021“+ 3 3, @+ (a3, 1]21 5[52l +3a 821 ] =0
2 2 -2 a - 3a)? - i3 aij + 999 + {a, ?]22 = P + (3?12521
23 b +35,, a+[5, Tl - 45,0 7. . = bupt. st |
23 23 ! 23 21 13 13 |
A - - . - 0; - - 12 1
3 1 ay * 3 34 @t [a, 1131 isll Tyq = iKQTZBS
F ) - - o~ Q - - 21 |
3 2 93, t 3 Typ @+ (g, 1]32 isll T3 = irorlBS
3 3 -2 a-3(a)? - 45., 3% + 5., + (3, T],, = <P

33

04
vy )
)l

.

The equation [00], at first appearance, seems to contain no spin energy
terms. However, the energy term i3 there by virtue of the term, ¢, located on
the right hand side of the equation. Recalling the thermodynamic laws of the
fluid, as presented by Ray and Smalley [7], the differential of energy de is
given by:

de = Tds - P d(1/p) + du_, as®® | (24)
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Although the specific form of each of the thermodynamic variables for the
fluid is unknown in this model, it may be stated that the integrated energy

€ represents a correction to the standard energy term usually written in the
standard theory of perfect fluids. The usual term for the Ty, energy density
compcnents of the SEMT is simply xp. In this model, it is assumed that the
correction term € 1s small compared to the total energy due to fluid density.
Thus, in the scaling laws developed in the next section, p' = p (1 + ¢) will
have the same scaling behavior as p.
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o, III. BEHAVIOR OF THE MODEL WITH TORSION

‘o

;%2 From the field equations contained in Table 3, the following observa-

?)Q tions are made. The components [00], [0i], and [10] are identical to their GR

hdH counterparts. Torsion appears in all the other field equations. 1In order to
! determine the effect of torsion on the solutions to the field equations, self-
. consistency must be demanded. To elucidate, consider equations [12] and [21].
oy These two are related since the GR terms involve shear terms which are sym-

. metric, the expansion which is a scalar, and the antisymmetric product of

3:5 shear and antisymmetric product of shear and vorticity. By examining and

T writing out equations [12] and [21] in more detail, they become
() 1

L2 ) p - = : = =

i (12] 015 739,52+ (a, t]lz

2%

. s O =

E. 3, + 3as12 1 =0 (25a)

o,

o {21) 9, *+ 3 3, @+ (3, 7]

%

B : 0 . o

-3 - i[S21 +3a 521 1] =0 (25b)

;) Reversing the indices in Eq. (25b), an equation identical to Eq. (25a)
j*u 1s obtained, except for the terms involving torsion. (It can be shown that

ﬁ:ﬂ (s, r]ij [a, r]ji .) Doing this operation, Eq. (25b) becomes
"":'
O [21 ry 135 . - -
e i o+ 3o arila il
W . .
2 +38,°+3a 5,,°1 = 0 (26)
qj Comparing Eq. (26) with (25a), it 1s immediately seen that the term

£ involving torsion (fourth term in brackets) must be zero. Thus, the fourth
- term must satisfy the identity

‘ . o .
Eﬁg [5,,°+3as,’1=0 (27)
4 .
:sﬁ which allows us to solve for the torsion as a function of time:
(A0 |
o o -3a
%,
q’ﬂ Examining field equation [13], an identity can immediately be made by
el recalling that
Y 9

iy P Py 1% YO '.’&"‘ G I r*\‘-"‘ -mm
LR AN, M AN L o
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-
t,‘c;:
S ,
:;Iﬁ" (o] = o - 12 o 12
:“S:Z. 512 LKD 512 u iKD S u = QKOS (29)
KXY
Loy since u® = 1. Thus, substituting Eq. (29) into the right-hand side of field
Ve equation [13] and subtracting from both sides, it can be written as
“
#ﬁ G, +36.,a+ (5, 7 2 ° =z
) 13 Sl @ * L0 tly - (3/2) 8,7 Ty = 0 (30a)
.'c'i_
while equation [31], using the same identity, can be written
)
e s .
O + - - . o - B
,.: 93y ¥ 3 94, @+ (g, tly) - 48, T =0 (30b)
R
.::;’, Since the shear and shear-vorticity commutator terms are symmetric in their
indices, Eq. (30b) can be transformed into the following, by switching
¥ indices:
s
oty 3., +3 3. & 5 1 - o =
o 3 T30y 2 T8 Ty - ST Ty e 0 (30¢)
TS .
s To have consistency between Eqs. (30a) and (30c), set_t23 = 0. Similar
tiﬁ; reascning using field equations [23] and [32] ylelds 113 = O.
sitfgl
s Adding equations [11], [22], and [33] together and using the fact that
33: Trace [0] = 0 and [0, t]yi; = O, the resulting equation can be written as
o 6 2 -9 (1)7 - (3/2) 37 = 3P + 2¢5 I, s 3D |
LAEN 12 ;
g2 Field equation [00] is written as
B3 - |
B 5 « 2 - I
DY 3(a)” - 43.. 3% = p (1 + ), (32) 3
N; 1j |
e
LS54 where, recalling from previous argument [p' = p (1 + ¢)], p (1 + ¢) can simply
:5¢2 be replaced by p in the following equations. Thus, the time rate of change of
W5y the expansion can be solved as
A
LA e 2 -
(a)° = (1/6) 3* + (1/3)«o0. (33)
‘iij
oA Equation (33) can be substituted in Eq. (31) to yield
Y
‘\l .
Y -.
- . "
;3‘ a = -x0‘ - J<(p + P) + (x/3) Tia st (34)
;:f The expansion term a can be written in terms of an apparent rate of
s change of radius of the universe (Hubble expansion) as
e L
3. a = R/R (35a)
N - - ) 5
a = R/R - (R/R) (35b)
i@ﬁ' Substituting the above plus writing the shear scalar as pg = (1/2) 32, Eq.
Qﬁ? (34) can be written as (let < = 1);
o 10 |
".7. |
N |
‘ |
Al
d -., {
Y e e e e e
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[P ]

R/R = - (2/3) 5, - /6 = P/2+# (1/3) 5, s (36)

To arrive at the appropriate power laws for each of the terms in
Eq. (36), it is necessary to make use of several identities. Using the con-
tracted Bianchi identities [9], it 1s possible to arrive at the first-order
differential equation relating density and pressure (letting P = ,y). Then

5=-3a (g+P) (37a)
gives,
o= o e-]a(l*v) (38)

From Eq. (35a), exp(a) = R can be written and then substituted in Fq. (38) to
find

o = R‘3(1+‘f) (39)

0

Because of the relationship between p and P, a power law can immediatelv be
written for pressure P as
The scaling for the shear scalar term, p,; = 1/251j51j, can be determined by
the following analysis. From the form of the torsion chosen (spin vector
aligned along the z-axis), the non-zero components of the coordinate shear is
expressed in terms of a "shear ellipsoid” with the tetrads aligned such that

(91

~0

. . 23
3T (. + cosa) + San (1 - cosa) -2 2o S0 (41a)
- -9 . .9 4 20
Jqa = Zap (Lowcoso) - IS (L - cosa) - 2 I7. sine (41b)
a = .'.O ’
°33 T <33 (4lc)
= v-o _0 - N . N
90 = 2 L], coso + (“ll - ;32) sine (41d)
where
22 = (172) %, 0 (4le)
1] 1]
and
? =2 /1, dt (411)

A R N 2 -2
9% = oy} * 935 * 039+ 2 0y, = 2(ay,

11
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Performing the indicated operations obtains

.0 2 o ,2 o 2 9 o
= 4{(T + (Z + (T + g -
oy = AL )T+ (5)7 + (L)7 + 1) Ty
~9 .0 .0 . .
* i (-11 - ~:2) sin2o] (43)
In Eq. (43), replace all :?j by their corresponding ;ij terms,
N - -y 2 -9 2 -3 =9
IR LN D B I B SR N R I DU SN
« 32, 03, - 32, sin 23 0% (44)

Thus, the term 2, scales as R-6.

To determine the scaling laws for the shear term r1) involved in
Eq. (36), use the result of Reference 9 which shows by dimensional analvsis
that the shear evolution {s reiaied to the proper time T by the relationship

:oa® Tl (45)
| 1]

To get a scaling relationship between R and time T, proceed as follows:

The field equation [00] can be written as

R ., g (46)

Sy S a (e
(R/R) (./3) 2 o

For v = O (dust), the last term fs R™3, for y = 1/3 (radiation) it is R™*, and
for vy = | (stiff matter) it s R-6. Depending on the region of interest (R >
or < 0) and the value of y, one or the other -erm in Eq. (46) will dominate.
As an example, for dust (v = 0) and R > 1, the second term will dominate.
Thus, the differential equation in Eq. (46) {s approximated and written a=s

. i -3
(R/R)" = 30 R . (47)
Solving for R, the following is obtained:
R e potiToT (48a)

R ~ T~ (48b)

Proceeding similarly for the other values of y, both for R > 1 and R < 1, simi-
lar scaling relationships are derived between R and T which are summarized {n
Table 4.




TABLE 4. Scaling Relationships

Type Matter Dominant Term R Values Scaling Law
1/3 02 RS R <1 R~ 13
Dust: y =0
- k)
. 2% R73 R > 1 R~ T°
1/3 02 RS R <1 RT3
Radiation: vy = 1/3
- “
2% R4 R > 1 R~ i/
- 13
1/3 (2% + 5 R™® R < 1 R~ T
bl Q

N

Stiff Marter: y = |

3 -9
LI taeD o+ 5 iR
3 o

As seen, for all matter types and R < 1, R ~ T1/3. Thus, T goes as R3 and the
scaling law for shear is written as

- o -3

TIZ = T R . (49)

To complete the scaling laws for all the terms involved in Eq. (36), the

'iaj scaling properties for the spin density 812 need to be postulated. In order
é:# to do this, the first-order differential equation relating the time evolution
*ﬁ}; of spin density to tetrad rotation rate and as spin density is written (7]
yeh
Y D(s. ) tos t 50
- =
. sij .S j wjl s (50)
oy
:& < which shows that the time derivative of spin density i{s proportional to terms
" like wy, s’;. Thus, a differential equation relating the time rate of spin
ne and spin and tetrad rotation may be written as
e."
t“t' .
s =w s, (518)
o
i
0o
\J
¥ " 13
l,‘\
&'.‘
x
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e
L - which gives (v = -1t = t°/T)
' W
B ds/s = -<° 4T/T . (51b)
o Solving for s, gives
ot
_.: s, /T~ RT3 (5lc)
Y 12
§
'ﬁ_ Combining the scaling laws for density, shear, and spin, the following {s
obtained:
.
i, 12 o - 5= 3(3+y)
»._.»_, (1/3) o1, s = (1/3) o v/, s{5R (51d)
,. Combining Eqs. (39), (40), (44), and (51d) in Eq. (36), derives
D,'
ot N - +v ) -6
RIR = -(v/2 + 1/6) o R L (2/3)00
o
'.‘:;: / Q Q R'3(3*Y) (51)
5 v (1/3)e, 75 %y, ‘
~;’ The usual relationships between matter density and pressure used in cosmologi-
o cal models are non-interacting dust (y = 0), radiatfon (y = 1/3), and so-
::- called "stiff” matter (y = 1). For dust, radiationg and stiff matter, the
s term containing shear and spin density scales as R™7, R'lo, and R'lz, respec-
e tively, is immediately concluded. By putting in the respective values for
o vy into Eq. (52a), the following is obtained for dust (y = 0):
L “ 5 e 3
3 R=-(1/3) 5. R - - (2/3) o°R >+ (1/3) 5 22, s2. R (53a)
v x o a o 12 7.2
i)
-ﬂ? for radiation (y = 1/3):
JP'.
R=-(1/3) o R - (2 2R+ (1/3) 5 -2 % 770, (53
Ch) o} a Q b o -
‘-'::)
oy and, for stiff matter (y = 1):
.‘-_:J .. .
o = : w . 0yo"3 . o o -il (53¢
K= (13 (o, - oDRT w3 o <%, 80 R )
".
‘;ﬁ: As seen from Eqs. (53a, b, and ¢), for small values of R (less than one {n
{ﬁf normali{zed coordinates), the spin density term will dominate as a large posi-
Q,: tive term, thus providing the source for increasing expansion; shear does not
n effectively dampen the expansion. According to this model, a radiatfon domi-
. nated, early epoch cosmology will have {ts expansion stronglv driven bv the
N spin kinetic energy of the fluid.
-:;:
N
NN
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IV. CONCLUSIONS

By exact solution, it is shown that expansion, in the early radiation
dominated phases of a Bianchi Type I Einstein-Cartan cosmology, is driven
positively by the spin kinetic energy of a perfect fluid using the improved
SEMT of Ray and Smalley. It is {mmediately obvious that R = 0 i{s not a solu-
tion to either Eq. (53a, b, or c¢). A solution set to these equations can be
found, but their exact form depends on the boundary conditions. Even in this
simple model, it is concluded that the spin-energy not only drives the expan-
sion, but prevents the occurrence of the singularity and causes the apparent
radius of the universe to "bounce™.

Gasperini [S] has demonstrated a spin-driven {nflation using a time-
averaging and scaling analysis of the Einstein-Cartan equations. Kopczynski
(10] and Trautman [ll] have obtained minimal radius solutions for torsion
cosmological models containing polarized dust.

When going to an Einstein-Cartan cosmology with spin density using the
Ray-Smalley improved SEMT of spinning fluids, it {s apparent from this simple
model that the properties of the standard Bianchi Type I cosmology are dras-
tically changed. Thus, it could be argued that astronomical observations
vhich lead one to classify behavior as a Blanchi Type of higher number in
standard general relativistic theory, could, in reality, be torsion "masquer-
ading”™ {tself as some sort of pseudo-curvature in a universe which obeys the
Einstein—Cartan formalism. Much work remsins to be done in this area, in-
cluding a systematic re—examination of cosmological properties of all Bianchi
Type structures within the framework of the correct description of spinning
fluids in the torsion theory of gravitation.
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