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k\N ABSTRACT

Hierarchical models are important in Bayesian prediction because
they enable the use of collateral data from related risks with
exchangeable parameters. The classical normal-normal-normal model with
random means show clearly how the linear predictive mean for a single
risk is improved by the availability of cohort data. However, this
model has the disadvantage that the predictive density is homoscedastic,
that is, the posterior variance depends only on the design (number of
risks and number of samples). In most applications, one would assume
that the variance also depended upon the data values.

One can, of course, change the variances at each level into random
parameters, but this modifies the predictive)mean formulae and leads to
messy results in general. In the course of examining approximations to
predictive'variances. the author has found an extended normal model with
variances that are quadratic in the data, and with the additional
advantage that the linear mean formulae are unchanged. <’

—

Keywords: Hierarchical models. collateral data, Bayesian prediction,
heteroscedastic variances, credibility formulae.
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1. Introduction
Consider an individual risk (#1), characterized by an unknown risk

parameter, 61. from which n, i.1.d. sample observations,

1
;‘Dl=(xlt H (t=1.2....n1)). are available; the problem is to predict a

future observation, say w, = xl.n1+l .

p(xltlel). and prior density, p(el). finding the forecast density,

Given the model density,

p(wllw). is then a simple exercise in Bayes’ law.
For a variety of simple likelihoods and priors (Jewell [1974]

[1975a]). the forecast mean turns out to be a linear function of the data:
(1.1) G{w1|wl) = fl(El) = (1 -~ zl)m + zl(Exlt/nl) .
where the mixing coefficient,

(1.2) z, = nll(n1 + (e/d)) ,

1
is called the credibility factor, and the three required marginal moments
are:

~

(1.3) m= “{"nlel} i e= 81(x1t|91} i d= “("nlel)

The credibility formula, fl(gl)' has an obvious interpretation as a
mixture of the prior mean with the sample mean. according to a learning
curve, zl. which tends towards unity with increasing sample size at a rate
governed by a time constant, (e/d) . fl(wl) is a robust formula in the
sense that it is also the best linear least-squares fit to the true

8{;1|E1} for arbitrary p(x1t|91) and p(Bl) (Buhlmann [1967]) .




In many applications, the number of samples from risk #1 will be

small, but there may be additional information available from related

‘ﬂﬁ risks, that is, (xit) characterized by a different risk parameter, 6_,
RQ but by the same form of model density, p(x|6) (i=2.3,...r). For example,
KN
i in insurance we may have a portfolio of risks which, a priori, are similar
:% in nature, as measured by some risk classification scheme. Or, in health
R
,Q§ statistics we may have a cohort of apparently similar lives, with the same
?: ages, heritage, diet, etc. Of course, if these risk parameters were
x’.
ﬁ; independent, with the same density p(8)., then the collateral data would
O
K7
%ﬁ have no predictive value.
rt’:,;‘ P et a
ot However, if we assume that (91'92""'9r) are exchangeable, we are
hﬂ able to keep the assumed similar nature of the related risks as well as to
:';‘
%)
ﬂb introduce correlation between the risks in a natural way; we do this by
KA
w(‘-‘ ~
e adding another unknown parameter, ¢ , which characterizes additional
&ai uncertainty at the portfolio or cohort level. In other words, the prior
+¥g
St
kh( p(8) is changed to a conditional prior p(8]¢). and we assume a hyperprior
!
i density, p(¢). is known. from which we can calculate the exchangeable
.éd joint prior:
:‘b:a
(R
o
B3
(1.4) P(6,.6,.....6) = S/ Ip(8, le) p(¢) de .
;%
P The resulting three-level structure is called a hierarchical model.
X,
i Unfortunately, the number of cases in which explicit analytic results
:“5 can be obtained from hierarchical models is quite limited. As far as we
ey
ﬁﬁ know, the only case in which the predictive individual mean is linear in
oy
Y the individual and collateral data is in the normal-normai-normal linear
éy; mode] of Lindley & Smith [1972].
U
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e
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To simplify notation, we shall consider the important special case of this

model :

(Ko@)~ (g li) ~ Nolug:f)
(i=1.2....r)
(1.5) G le) ~ Bo(e:g)
(t=1.2,...)

(#) ~ No(m:h)

As before, we predict a future value of the risk #1, but now using the
total cohort data, 9 = {xit : (i=1.2,...r)(t=1.2,...ni)}. It will be
apparent later that the predictive mean can now be written as the

combination of two credibility-like forecasts:

Ew 19} = £,(9) = (1 - 2)) £ (9) + 2y,
(1.6)

fo(E) = (1 - zo)m + ono
Here, the collateral data is organized into r+l linear sufficient

statistics:
(1.7) ¥y = (int/ni) : Yo = (Eziyi/EzJ) :

and r+] credibility factors:

n, Zzi
a7 i e e Ol

for each risk (i=1,2,...,r) and for the portfolio as a whole . fo(w)

turns out to be the predictive mean at the portfolio level, &{¢|2}:




additional interpretations will be given below in Section 9.

(1.6) is also the credibility formula (best linear predictive mean in the
least-squares sense) for hierarchical models with arbitrary p(x|6),
p(8]¢). and p(¢) (Jewell [1975b]).

Thus, it would seem that the normal-normal-normal hierarchical model
would be satisfactory for most situations in which collateral data is
available, since, as we shall see below, the full-distributional
predictive results are also easily obtained. Recently, however, the
author and Hans B;hlmann have been examining credibility approximations
for the second moments of (;IIE). in which various second-order statistics
from the portfolio are used to augment a second-moment forecast using
individual data (Jewell & Schnieper [1985], Jewell [1987], Jewell &
B;hlmann [1987]). The least~squares analysis, while messy, is
straightforward. However, (1.5) turns out not to be a useful test case
for these approximate formulae, since all of the posterior second moments
are homoscedastic in the data, by which we mean that they depend only upon
the r+1 sampling design parameters (ni.r). and not upon the actual data

values. For instance, for all data 9:
(1.9) Y9} = g(1 -2,) : ¥el?) =b(1-2)

and similarly for the predictive variance of the observables (see
Section 4).

This is, we believe, a serious limitation of the normal-normal-normal
model, since we would expect in a more general setting to be able to learn

about any unknown variances from sufficient portfolio data. In what

follows, we present our attempts to generalize (1.5) in order to obtain




heteroscedastic forecast formulae, while retaining the simplicity of the
credible mean forecast (1.6). The resulting model turns out to be a
generalization of the classical unknown mean and precision normal model
for the non-hierarchical case. The formulation also clarifies the

numerical integration that would be necessary to extend the generalization

further.

2. A Generalized Hierarchical Model
To obtain heteroscedastical results from the normal hierarchical
model, we must permit the variances at each level to be random quantities.

Specifically, for risk { at time t, we assume:

-~ ~ _1 .
(x4 lng 00vm) o (%) lpy.0) ~ No(ugio )
(i=1.2,....r)
~ ~ -1
(2.1) (ule.v.n) ~ (pyle.v)  ~ No(ein ) :
(t=1.2,...,)

~ ~~~ -1
(¢ln) ~ ¢ ~ No(mim ) .

~ o~ ~

where w, 7, and n are new random precisions, corresponding to f_l g-l

and h_l. respectively. As before, the variable length observed data,

9= {xit) . is to be used to estimate all of the unknown parameters. now

denoted by ® = (u. ¢; w, 7, ). plus make predictions of future X{e- U

and ¢ are the conditional mean parameters, as before. We let ? = (w., 7. 1)

denote the group of unknown precision parameters; we assume that they are
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) ;.h_'._, ! \'.gﬂl“‘{‘ SAIC RN .«‘I’:'i Fa%3 l,v_,igf..!ﬁ‘x \lgtt'a e s .'*');5105 . '*"l",&'ﬂj ¢ "f DAY "'.’?:‘ N g2 "r'-"l.ﬂ?'j\‘r.i.v’l OUUUS
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statistically independent of the r+l1 mean parameters. Temporarily, we
assume that the precisions are governed by some known prior joint density,
p(Q).

Using the statistics A in (1.7), and setting Yy = (Ex?t/ni). we
find the joint density of the data and the mean parameters, conditional on

the precisions, as:

Eni/2

o y /2 172
p(B.u.0l0) = () ) GG x
(2.2) exp {-w f [niyii - 2uiniyi + niuiz]/2} x

&P (- 3 [y - 4172 - nle-n1/2).

We then extract the conditional densities of the mean parameters in the
usual tedious way.
At the individual risk level, we find that the conditional joint

density of the mean parameters, p(ul¢.0.D), is a product of independent

normal densities, with means equal to:

(2.3) t{n, le.0.9) = £,(0.0.9) = [1-z,(0.1)] ¢ + 2, (0. 7)y,
and variances:
(2.4) ¥ le.2.9) = (vom) ! = 201 - zy(0.m)].

for 1=1,2,...,.r. In parallel with the simpler model, we have defined

(conditional) tndividual credibilities:

AL I N B §% W
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(2.5) z,(¢.0) = 2,(6.7) = ( )

and {conditional) tndividual credibility forecasts fi(w.Q.E). for all
risks. Note that neither the z, nor the variances depend upon the data &
nor the highest-level precision parameter 1. Thus, we are back to the
homoscedastic case, as expected.

Removing pu from (2.2), and again completing the square, we find that
the conditional density of the cohort (portfolio) mean, p(¢|Q.9). is also

normal, with a (conditional) cohort credibility forecast:
(2.6) t{s|0.9) = fo(ﬂ.m) = [l—zo(Q)] m + zo(Q) YO(Q).

where, as before, we define a (conditional) cohort credibility factor:

¥ 3 zi(w.w)

(2.7) 2(2) = — T :

and the (conditional) credibility-weighted average observation:

b) zi(w.w) ¥

(2.8) YO(Q) = Yo((.)."f) = Tj(m—

(We suppress the obvious dependence of Yo upon %.) Note that z, does not
depend upon the data, and depends upon w only through the (zi). The

variance of the conditional cohort mean parameter is:

(2.9) 1(3[0.5) = 1(;|n) =(n+~ Ezi(w.v))-l =

[1-z, ().

3=




which is also homoscedastic, and depends upon @ only through the (zi).
The remainder of (2.2) can now be matched with the still-general
prior p(2) to give the conditional posterior joint density of the

precision parameters as:

Ini/2 172

p(219) a p(?) o*"1"? {M1-2, (0. 1)1 2 {12, (1%} x
1

(2.10) exp{-A(0.9)/2} .
where the function A is:

(2.11a) A(Q.9) = winy,; - nizi(w,w)yf] + n{me ~[1-z ()] fi(Q.QD)}.
1

By expansion, and the use of the new definitions:
(2.12) N=3n ; z(w,7) = N~ zn z,(0.7)

. -y} .
Z(w,v) = Ezi(w.w) ; Yoo =N Iniyii ;

the exponent can be put into several equivalent forms, such as:
(2.11b)  A(2.9) = «[NY_ - 3n.z (0.7)y2] + nz_()[m-Y_(0.7)]°
’ ) 00 IS SR i o o'’

- 1Z(w.v) Yi(w.w) .

Chd YU
SO




(2.11c)  A(Q.9) = No { [Yoo—Yﬁ(w.w)] + N-lznizi(w.w)[Yi(w.v)—y?]
L

+ [1-2(0.7) J[1-2 () I(m-Y _(0.7) ]2 } .

We apologize for this heavy notation, but it is important for the special
models to follow so that we know explicitly where the various unknown

precisions occur. In any case, it should be obvious from (2.10) and any
of the (2.11) formulas that there is no "magic” prior p(1) that will give

a tractable, closed-form posterior density, p(Q|%) !

3. Partially Unconditional Parameter Posteriors and Forecasts

Before progressing to various special cases, we first find several
useful "marginal"” densities, conditional only upon ? and 9 .

Noting that the exponent of (2.2) is quadratic in ¢, and that
p(ule.0.9) is normal, we deduce that p(u|2.9) must be multinormal, with

moments defined as, say:
(3.1) euln.g) = £(0.9) : Yuln.9) = 3(0.2) .

Unconditioning (2.3)(2.4) using (2.6)(2.9), we find, for the components of

the mean vector:

(3.2) [g(n.m)]i = fi(ﬂ.ﬁ) = [l—zi(w.v)] fo(Q.m) + zi(w.w) yy




10

and, for the components of the covariance matrix:

(3.3) [X2.9)] | =0, ,(.9)

Iz (0] * 0z (0. P12 (@)1 (1=)

n 1z (0,12, (0. M) I[1-2,(M)] ()| .

with i,j = 1.2,...r. (Henceforth, we shall omit obvious ranges on
indices.) Again, we see that even these partially unconditioned
covariances are still homoscedastic.

It is also important to be able to find the predictive densities for

~

future values of the individual risk variables. Let Wie T Xyt for any
t)ni. Since G{WitIO} =y and T{Witlﬁ} = w-l. for all i and all future ¢,

it follows from the above that p(w|Q.9) is also multinormal, with means:
(3.4) :(witln,w} = £.(0.9) .

and covariances:
ol 4 0,(0.9) (=) (t=)
0,,(2.9) (i=§) (t#u)

oij(ﬂ.ﬁ) (i#J) .

(3.5) e(&it;wjuln.w)

for all t)ni and u>nj.

o i g ; ; . OO0 O WO IO DN AT ) )
e Bt G G Rt b AN G T Bl A e RO
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When considering the entire cohort, it may be useful to predict the

total cohort risk sum, Ewit. or, more usually, the cohort-average future
i

~ _1~

risk, W, =T Zwit (for any future time t)max(ni)). Defining a
i

cohort-average credibility factor,

(3.6) 2 () = 1 - [1-z (WI[1-1 '3z, (0.7)] = [1+ n(rv) "] z (0) .

we combine (3.2) and (2.6) to find:

(3.7) Ew 10.9) = £_(0.9) = [1-z (] m + z_(0) ¥ (0.7) .
and:
(3.8) w [0.9) = (ro)”! + r72 3%, (0.9)

Note that forecasting Y, is not the same as estimating ¢, since the former
is from a finite. possibly biased, sample of individual risks that is
fixed once and for all. The reader may easily find the covariance between

~

successive future values of wo.

4. The Constant Variance Model

As our first use of the above formulae, we note the obvious fact that

setting:
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(4.1)
will give the full-distribution results for the simple hierarchical model

described in Section 1. We get the simplification Yo =¥y and the

various credibility factors become simply:

ni Ezi _ -1 ro
(4.2) z, = o "o, Pz = ;_:EEE ioz=r " 32, oz = [1+ =] z, .

vhere n = f/g and r_=g/h . P(u|?). p(el?). p(u|®). and p(wolz) are
multinormal, with means given by (2.3)(2.6) and (3.7). respectively.
Interpretation of these results will be given below in Section 9.

As mentioned previously, all of the variances and covariances of
these rv's are homoscedastic. in the sense that they depend upon the
sampling design parameters (ni.r). but not upon the actual data values in

9. For instance, (3.3) simplifies to:

g(1-z,) + h(1-z,)%(1-z))  (1=J)

(4.3) @{;i;ﬂjlm} = 0;,(D) =
h(1-z,)(1-2 )(172))  (123)

5. A Special Non-Hierarchical Model

For our second special case, let us assume that knowledge about ¢ is

"tight”, by letting n — ® . This makes ¢ — m, almost surely, and

effectively removes the hierarchical nature of the model. Thus.

P, (AN

“HJ-,

' . P : JSeKhe \ WA TR \]
,‘»_’-fb“g.Qﬂn?-‘-‘..!,".ei'-gs W AL b 2".J'..Q.|
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b
'ﬁﬁ My ~ No(m:w_l). and the unknown parameters reduce to ® = (u:w.v). Note
also that, in the limirt, z — 0. but that (nzo) — v Zz‘(w.v).
AL
R
Hfﬂ Furthermore, the zi(w.w) still depend upon both unknown precisions, so
ot
%ﬁg that the conditional joint density (2.10) is still rather complicated.
o However, by examining the individual credibility factors (2.5), we
Sy
fgg see that they, in fact, depend only upon the ratio +/w of the remaining
'i"‘.‘ ~
j{& two unknown precisions! Therefore, if we additionally assume that w, say,
‘iiﬁ'
has a prior density p(v), and that the ratio is fixed at some positive
KX
; value n :
y
, I' a |
O (5.1) y=n w ,
KL [o]
A
\3
%' we obtain a great simplification, in that the z, = ni/(n°+ni) are now
SN
independent of the precision parameters, as are the forecasts fi(ﬁ) in
t{('(
:qq: (3.2) (with fo=m). and the sufficient statistic Yo in (2.6) and (3.7).
:{‘r N
ﬁg& Thus, p(ufw.9) is multinormal with means fi(w) and simplified covariances:
b
R -1
‘.\. 'n" ~ ~ (Uno) (1_21) (i=j)
e Y (1#3)
.‘o’!,
oy ~
,;? In other words, the (uilw.m) are conditionally independent. Similar
.:I‘|
A ~ ~
", results hold for the moments of the (wit) and for L where now
z = r—lzz
- c i
7
ot More importantly, (2.10) now simplifies to:
v
W
" N/2
i (5.3) p(wl?) p(w) v ° exp(-A(w.9)/2) .
A “
)
15
yexy
“ﬁ‘ with the exponent:
4'170.
Ao
L)
v'l."
::‘I".' ; " ’ : < A A AT 0 A - T A RN 3 % W ANty
.g","é c.""z.ri.‘."? 't...‘-tf..‘ll»"\.,;'ie,’l_JO- SNT IR ‘,L!‘v‘"\,! 5?03_‘ i g WAL [ X} ‘.{"‘\i,. ¥ -‘QQ'H “‘i_ 8 L8 K ot "Ua s e B R "l s ’J'“.s. 40,9600,
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S (5.4) A(0.9) = oN {[Yoo— Y2 + (1-2) (1-z_) (m-Y_)° + N'lznizi(vﬁ-yf)}

bl = wN B(®) , say,

R now a linear function of w! Thus, unconditioning w.r.t. w can be carried
M out exactly, if we additionally assume that the natural conjugate gamma

LN prior is used, that is:

a a-1 -Bw
‘ By e
‘f.: (5.5) pP(w) = = r(:) .
which we write as ; ~ Ga(a.B).

R It then follows that the posterior-to-data density is closed under

Lo sampling, and (;I@) ~ Ga(a’',B'). with updated parameters:
iu‘ (5.6) a’=a+ N2 ; B =B+ NB(D)/2

. In this way, the completely unconditional densities p(u|%). p(»|9). and
e p(wolw) can be obtained as Student-t densities, and variances computed
il with the help of &{w 1|9} = B'/(a’ - 1).

£y We say that ; has the r-dimensional multivariate Student-t density
:F* with v degrees of freedom, mean vector m, and precision matrix ¥, written

B ~

wel u ™St (vim¥), if:

i O Ty
v

() 101 + (v-2) " (um) W(uem) (P2,

:Q: B (wv)

}.:"_'t,s ;'7“‘:_‘.‘*‘\".“,";%... PO & “,ig‘,‘.t -‘a‘.i‘lﬁ‘a:hs;*;‘. A\ .‘-,ﬁ,‘iﬁ" () H;,"! ,.ﬂ‘.q!, 'l‘, ‘,E;‘,,“T:;‘; Iy “!“‘,i‘.ﬁ_‘

AE.
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with, of course, &{u} =m, and Y{u} = W_l . {r=1 is the ordinary
Student-t density.) The proof that p(u|®) has this form follows from the
. fact that w does not enter into the fi(@): it also follows that the (;i|ﬂ)

are still independent but with density Stl(v:mi;¢ii). where:

‘ ~
¢ (5.8) E{u, |2} = m o= f,(D) .
®
3
..' ~ ~
(5.9) Y19} = vj; = (nm) el o)
. ) i ii o i
!
‘
; A separate analysis shows there are v = 2a’ = 2a+N degrees of freedom.
e
_ Similarly. (w, [|9) ~ s:l[(zam) : £(9) [1+(no+ni)‘1] g(w'llfb}].
K for all ton,_.
¥ 1
; To see these results in a more familiar context, consider the case of one
risk, in which:
'):‘
G
K -
N (5.10) Yo =y, Yoo =y ¢ Z=1z2-= z, N = n, .
K
N and the exponent factor in (5.4) becomes simply:
;
(5.11) B(®) = (v), - ¥2) + (1-2)(m - y)?
S ’ 11 1 1 1
K
'0
l' ~
5 Then, the posterior-to-data variance of any future value of X, can be
: predicted from the credibility formula:
W
l
4 ~ No*P 1t [ f2a-2 2 2
2 (5.12) 7{w, |9} = [2a~2+n1 [non]“’zl)"o*zl(l'zl)('“'yx) 2 Y
'
,'l
g
L
S

.-
)

LN A e U R 'ﬁ'-‘"”s"’a%,ﬂ‘fo"!Q"!f‘la' Kh

) , - LA X e o A
o ptehn [ ,l!p"..o" ¥ sBuyatay (Vi% PR A N T ‘.f"'l"' . ---?'.‘,‘, DO O L M b}
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;Fv where Vo = 1(;1t} = (l+n;1) 8(;_1}. If we take the "natural” choice of
a = (n°+3)/2 (see remarks in Jeweill & Schnieper [1985])., we obtain the

;&é wcll-known natural-conjugate results for the one-dimensional normal with

ﬂg unknown mean and variance. In other words, the results of this section can

be viewed as the generalization of this simple individual risk model when

. collateral data is availatle.

ﬁ?{ 6. A General Hierarchical Model with All Variances linked

- We are now ready to tackle a general heteroscedastical hierarchical
g%? model. The success of the non-hierarchical model of the last section was
gﬁ; due primarily to assumption (5.1), which removes the dependency of the z,
N upon any random quantity. This suggests that an appropriate assumption in
ﬁg the hierarchical case would be to link all three precisions together, by
g? assuming:

Eié (6.1) ¥ = no; ; ; = ro: =r.n, o .

¥y
5

: for appropriate positive n, and To: This is equivalent to saying that .

;gg} have very tight knowledge about how the total variance is split up among
Iigi the three levels of the model., but the value of the total varianc: is
S unknown. This assumption not only simplifies the various credibility
g?:: factors:
e

e X ‘ P ) "y Al OAN .
T L R i A O W N B s e
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r

. = A . = o
(6.2) z, = ni/(n°+ni) Pz = Z/(ro+Z) i 2 = Enizi/N Pz, = (1 + < )zo .

but also makes the (fi). fo' Yo. and fc independent of ;! Thus, the
unconditioning on w required in the general formulae of Sections 2 and 3
reduces to simple expectations over (;l@). with the possibility of using
the natural conjugate Gamma prior of (5.5)! For completeness, we now
display all of the final results, using notation and arguments developed
previously.

6.1 Posterior Parameter Results

If p(w) is Ga(a.B). then from (2.11c) we see that p(w|?) is

Ga(a',B’'). with updated parameters:

a'=a+N2 ; B =PB+NB2T)2 ;

(6.3) B(2)= [Y_ Y21 + (1-2)(1-z)[m-Y 1% + N 'on z [v2y2] |

similar to (5.4). The most important moment formula for our purposes is

G(u-llm} = a'/(B’ - 1), which we note can be written:
(6.4) go M9} = (1 - z) E{o ') + 2z, B(9).

where we have eliminated B in favor of the prior mean variance and have

defined a variance credibility factor:

(6.5) z, = N/(N + 2(a-1))

From (2.6) and (2.9). we find the posterior-to-data moments of the

portfolio mean to be:

AR GRS AR AL TR |



toloy = £ (9) = (1 - z)m+z Y

~ 1 - Zol|,,~-1
Held) = |[—5—|¢{o " |2)

oo

In fact, because of the position of w in the simplified version of

p(¢[0.9). we see that p(¢|?) must be a one-dimensional Student-t density,

with 2a’ = 2a + N degrees of freedom, and the above mean and variance.

Progressing to the individual risk means, we use the results of

Section 3 to find the individual mean forecasts as before:

(6.8) tu 19} = £,(2) = (1 - z2) £,(9) + 2z, y,

and the new covariance structure:

(6.9) @{;i;ﬂjlw} =0,4(3) =

(z) , (-z)(-2)0z)

n ij rn
o oo

o Mgy

where 6ij is the Kronecker delta-function. and the data values enter
through the use of (6.3)-(6.5). Again, because of the normal-gamma
distributional assumption, one can argue that p(u|%) is a r-dimensional
Student-t density, with 2a + N degrees of freedom.

6.2 Posterior Predictive Results

Passing to the forecasts of future values, (3.4) (3.5) give us

simply:
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8 (6.10) :{witln} =fD=Q0-z)m+z y .

s (6.11) Gwy w19} = 5., 8, 80 19} + 0y (D)

From these, various multivariate Student-t densities can be generated
o) "over future times" for a single risk, "over risks” at one future epoch,

hﬂ‘ or for various mixtures of risks and epochs.
R

Finally, the average future risk for the entire cohort (3.7)(3.8) has

O moments:

(6.12) tw |2} = £ (2) = (1 - z)m+z Y

2 ~_
][1 - % } (o !9}

It follows also from arguments similar to those above that p(wo|$) will be

rn
o (o]

~ 1-2z
: (6.13) (3, l9) = { [+la-3]- [ o
) (o}

a Student-t density.
' Any of the final (co)variance formulae can be put into a
e credibility-like form. For example, the formula corresponding to (5.12)

et for the total variance of a future observation of risk #1 can be written

b as:

r n°+(l-zl)r°+(1—zo)(l-zl)2] .

~ ()
(6.14) V{w |9} = [ — 1
00 O

n +r +1

~ r —
i (-2 ) 7w, ) + z, [—9—3—;2-][(Y00-Y§) + (1-2)(1-z_) (n-Y2) +
v 00

oo -1 2 2
Lt —_
;;J N Inizi(Yo yi)]

¥

" 0 v A DA 3 AN A N0 ) 3 OGO . i
S e AR S T TS NG .."Lw..t'-.iea.)‘ﬁs "n,"v "“"if"t,"-‘:"%".h"h‘.'a"’t ity ’r"-‘~ e
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7. Similar Data Lengths

Notation simplifies dramatically if all data record lengths are the
same, i.e., n, =n (i=1.2,...,r). Then:

(7.1) N=nr ; z =z=;¥n/(no+n) i Z=rz ; zo=rz/(ro+rz) i z,=nr/(nr+2(a-1)).

i

and the overall statistics Yo and Yoo can be replaced by the simpler

versions:

2
(7.2) Yo = Eyi/r = szit/nr P Yoo T Eyii/r =22xit /nr .

Then (6.3) simplifies to:
2 2 2
(7.3)  B(3) =y, - (1-2) y, - z(Zy{/r) + (1-2)(1-Z )(m-y )

For approximations and asymptotic studies, it is useful to eliminate yi

and Iy?/r in favor of the statistics:

2 .
(7.4) Yoi0 = Eyi:i/r O PO kR;:T)]E b Xie X4 H
t<u
2
Ya = |T7roqy| 2 2 ¥yY .
e [r(r 1)] e i’
from which one can show that:
2 _1,1 .2 r-1 .21 n-1
(7.5) yoz;-(;iyi)'&(r)y“* ) ryi'nyoo+(n)yo;o

— - ——
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B(92) and the variances above can be manipulated into various useful forms.

"y o

For instance, B(Z) can be expressed solely in terms of the differences

(yoo-yo:o) and (yo;o—y**). the various credibility factors, and the design

- .

parameters, n and r.

8. Single Unknown Variance

To illustrate the difficulties caused by more general precision
structures, we consider the model analyzed by Berger [1985, 4.6]. in which
it 1s assumed (in our notation) that o = f-l and n = h—1 are known with
g certainty, so that the unknown paramters are (;.;;:). For simplicity. we

0 assume all data lengths are equal to n (Berger has n = 1).

Tiwis there are only two conditional credibility factors to consider:

n . _ (rnh)~ .
(8.1) 2 (0) = zo(v) ~ (rnh+f)v+n '
Q plus the individual statistics (yi'yii) and the simplified portfolio
&
5 statistics (yo.yoo). Other factors in (2.12) are simply: N = nr,
z(7) = z,(7). and Z(7) = rz (7).
3 The posterior precision density (2.10) now becomes a one-dimensional
At
S formula that can be "simplified” to reveal the structure on v:
#
; f~ r/2 fv+n 172
D P S — .
3 2 pelm pm [ (] e (o2
L4

.-

w9 oo [l o2 530 - [rmien) o]

30 197 : A ' ] s MEMERA :
oAy r.,\';‘b ’,’%“’s‘e.'!'!;‘i G0 i(. QV.‘.‘;"- ;'\'Q ;.5».-,0}0‘.,0. ,. ]‘-“}‘J'\ i ‘%n"! .!?S." Sein
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It is clear that no analytical prior will lead to a tractable posterior
density., so that numerical methods will have to be used in this case.
However, examination of the results of Section 3 shows that the essential
work in finding the various posterior and predictive first and second
moments will be in taking expectations of various powers of the two
credibility factors, plus finding 8(:-1|@). The situation is similar if

either w or 1 is an unknown variance, except that, in the latter case,

only z, will be modified by the data.

9. Interpretation of Results

As previously mentioned, the various credibility results (the
formulae with notation f(%)) show that predictive means can be represented
as linear convex combinations of a prior mean with a classical estimator
for that mean. With special priors, this may even be true for an updated
variance (6.4). As the number of data points increases, the credibility
factor increases, so that we place more "credibility” in the classical
estimator, until (in the simplest cases), the Bayes estimator is
essentially the sampling-theory estimator. The rate at which this
"learning” occurs depends upon a credibility “time constant” that
describes how our prior uncertainty is split between observational

variation and prior uncertainty in the mean parameter.

In the hierarchical model with known variances, (3.2) and (2.6)

reveal that the individual mean forecasts, fi(%). are linear combinations

between the classical estimators, Yy and another credibility
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e forecast for the portfolio-level mean, ¢. fo(ﬂ) itself mixes a
"universal” mean, m, with a portfolio-wide statistic, Yo. according to a

cohort learning curve, z,. with a time constant that is the ratio of

N
ﬁ& higher level variances. Note that the individual data (xit) from risk i
[ all has the same unity weight over time in calculating the
'
f
'5 individual-level statistic, Yy but that these then have differing
"
o weights, z_,, over risks in calculating the portfolio statistic, Y .
tehed i o
BN
Further, the z, increase with increasing numbers of samples, n,. but z,
=N
Qa increases only with increasing sum EzJ over the number of risks, r! It
%
+ob
$$ can be shown that this appealing layer-by-layer compounding of credibility
-~ forecasts that depend only upon local sources of variation and lower-level
":’
?ﬂ; credibility factors repeats itself in more general hierarchical models
190 "
4& with many layers (Buhlmann & Jewell [1987]). An important practical
q
I
e remark is that, while the z, approach unity with increasing n,. this is
04
@ﬁ not true at the portfolio level, since z, remains less than unity for
] Q'.
ig' finite r. In other words, because our finite portfolio may represent a
)
.f; biased selection of possible (Gi). Yo is not "fully credible” for ¢, even
4 ¢
éﬁ with very large numbers of data points per risk.
&
ﬂ{? In fact, it was examination of the credibility factors that revealed
Pl
Bl the essential simplification in the generalized hierarchical model (2.2).
[
ﬁ? In order to keep the intujtive and appealing linear formulae for the
)
d
fl predictive means, we must constraln the ratios of adjacent-level
!’p 3
S precisions so that the credibility time constants, n, and r , will remain
;? constant, so that only one precision is unknown! This has the very useful
o
0
[N
o
—
s
e
ii':'.
S0
R
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byproduct of making the exponent A in (2.10)(2.11) linear in that
precision, so that the Gamma is a natural-conjugate prior density. The
notation n, and r, suggests that the prior parameter densities behave as
if prior information were equivalent to T, risks each having n, data
samples with common value, m. Similar constraints are necessary in more
complicated hierarchical models to keep the predictive means in

credibility form; full details for the Lindley & Smith [1974] linear model

will be in a forthcoming paper.

There are many other combinations of model and prior densities that
have simple credibility forecasts using individual data. However, the
author has been unable to extend these models to the hierarchical case and
still retain the linear structure for a portfolio-level forecast using
collateral data. I would be interested in hearing from others who have
looked further into special structures for first- and second-moment

forecasts in hierarchical models.

e h{\f\‘?v‘t"~z'.'\';‘“q?;_’t’,?t'":ﬂ'.:t!..‘,‘ Wi "o!_,tl_,.i!;.\.g )

) DLOC O G ;
P N ’0‘.’ l‘n' s‘lg‘l AP A e ,r. £




a“ &

REFERENCES

Berger, J.0. (1985). Statistical Decistion Theory and Bayesian
Analysis. New York: Springer-Verlag 2nd ed.

Buhlmann, H. (1967). Experience rating and credibility, ASTIN
Bulletin 4, 199-207.

Buhlmann, H. & Jewell, W.S. (1987). Hierarchical credibility
revisited. Bulletin Association of Swiss Actuaries 1, 35-54.

Jewell, W.S. (1974). Credible means are exact Bayesian for simple
exponential families, ASTIN Bulletin 8, 77-90.

Jewell, W.S. (1975a). Regularity conditions for exact credibility,
ASTIN Bulletin 8, 336-341.

Jewell, W.S. (1975b). The use of collateral data in credibility
theory: a hierarchical model, Giornale dell’'Istituto Italiano degli
Attuari 38, 1-16.

Jewell, W.S. & Schnieper, R. (1985). Credibility approximations for
Bayesian prediction of second moments, ASTIN Bulletin 15, 103-121.

Jewell, W.S. (1987). A general framework for second moment multi-
dimensional credibility approximations, 0.R. Center, U. California,
Berkeley, in preparation.

Jewell, W.S. & Buhlmann, H. (1987). Credibility approximations for
second moments in hierarchical models, 0O.R. Center, U. California.
Berkeley, in preparation.

Lindley, D.V. & Smith, A.F.M. (1972). Bayes estimates for the
linear model, Journal Royal Statistical Society B, 1-41.

PN A O AW v AERC ST X LX) WAL
VN ARTRTN *s""&‘. ‘ A : NCLN PN P a“:" )ﬁ",:’ AR &a’?t 'i‘oil‘!‘l "b?w Ko




. Va T e

r

N D

/O —-87
DY,

N RN M AR KA et AT S A IR I I VS S O k!




