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1. Introduction

Panel studies are statistical studies in which two or more variables are
observed for two or more subjects at two or more waves or points in
time. In most panel studies the number of variables and the oumber of
waves is small but the oumber of observations at any given wave is
large. In this paper we focus on the model which has multiple
responses, multiple predictors and am error structure that includes an
individual specific random component. We consider the problem of
computing the waximum likelihood estimates of the regression
coefficients and covariance terms for this model and consider
alternative estimators. We apply our results to a set of data on the
relationship between the perceptions and attitudes of patients enrolled

in a health maintenance organization.

The model we consider is closely related to panel models that have been
studied widely in applied statistics and social methodology. Foremost
it is a multivariate version of the "components of variance'" model found
in the statistics and econometrics 1literature [e.g., Balestra and
Nerlove (1966), Chamberlain (1984), Hausman and Taylor (1981)].
Recently, excellent reviews of this work have become available [Dielwan

(1983), Hsiao (1985, 1986)].

Second, the model is both an extension and simplification of the most
natural covariance structure formulation of the panel model, the model
with independenf errors over time f[eg., Joreskog and Sorbom (1984),
Joreskog and Goldberger (1975)]. It is an extension in that it allows

errors to be correlated over time but a simplification in that it



assumes measurements are made without error and thus does not include a

measurement model.

Finally, the model can be viewed as an alternative to the multivariate
panel model with an autoregressive error structure over waves [e.g.,
Mayer (1986), Mayer and Carroll (1986)]. The autoregressive~error model
assumes that individuals have a common error structure over time and
that for a single individual the correlation between the errors at two
waves is a geometrically decreasing function of the time separating the
waves. The individual effect model we consider assumes that the
temporal structure of the errors differs across individuals but that for
a single individual the correlation between the errors at two waves does

not depend on the time between the waves.

The results we offer are heavily dependent on the results of T. W.
Anderson (1969, 1970, 1973, 1984) on estimating covariance matrices with
a known structure and his results on vector-valued autoregressive models
[Andersop (1978)], on the comprehensive study of T. Szatrowski (1980) of
necessary and sufficient conditions for a linear model to yield closed
form maximum likelihood estimators, and, finally, on the work of Magnus
(1982) on maximum likelihood estimation in a multivariate panel model
somewhat similar to the model we examine. Our interest in using this
model to analyze social science data was inspired, in part, by the work
of Andersoo and Hsiao (1981, 1982) on maximum likelihood estimation in a
univariate version of this model which includes 1lagged endogenous
predictors, although, in this paper we do not tackle the problem of

lagged endogenous predictors.



We close the introduction by noting that since the individual effect
panel model can be cast as a covariance structure model, values of the
maximum likelihood estimates are readily obtained by applying a standard
cova?iance structure estimation program (provided it is capable of
handling somewhat complicated constraints on the covariance matrix).
Thus the model can be estimated using procedures that have become fairly
standard io social science research; ion fact, we use such a program
(LISREL) to obtain estimates. Our role as statisticans serving social
scientists is to study the behavior of the statistical procedures,
including estimators, being used in empirical social research. In the

spirit of this service we offer our results,

In the nvnext section we formulate the model and dispense with our
preliminaries; in the third, we present our results on estimation for
our model, and in the fourth we present a wnumerical exawmple of our
calculations. The last section contains brief comments on our results

and current research directions.

IT. Preliminaries

Let z.. be a p dimensional response vector for p independent subjects at

T waves. The structure of the response is

an

Zip = ? Ve + eip 1= l,...,0 3 t =.1,...,T (2.1)

where L is a k dimensional exogenous vector, B is a p x k matrix of
regression coefficients, and e, is a p dimensional unobserved error
vector, uncorrelated with wit’ and with structure

-~

fit = ?i + Eit i=1,.0.50 3 t=1,...,T (2.2)



where ai and u,, are independent normal (Gaussian) errors, with common

mean 0 and common nonsingular covariance matrices A and i .
respectively. Provided i # j or t # s &, and aj are independent as

are u,, and u, .
~it ~]3s

We re-express, in vector form, the model by letting

L 1 1 | T T 1 T L
23 = (Zg70eees2ip)s Wy = (Wi wees Wig) and ey = ey Ll o)
then the equation in (2.1) becomes
zg = (L B)iwy 4 ey (2.3)
If we let @ be the covariance matrix of e, then
Q=Ig}l +11'& A (2.4)

where ® indicates the Kronecker product. The diagonal blocks of & are

identically * + A and the off-diagonal blocks are identically A,

In anticipation of developing results similar to those of Anderson

(1973) we reexpress the model as

2g =X bte (2.5)

where Xi is a known matrix and b is a unknown vector.

~ -~

To effect this reexpression we write B and @ in the form

where the Hh's and Gg's are known matrices, the Bh's and Ug's are

unknown scalars, r is the number of distinct elements in B and m + 1



is the number of distinct elements in . Continuing, let Xy T

~

vec (H.W,) where W, = (w;y, «v0p wypds let Xy = (x50 «ovs 2,403
and let b = (Bl’ J0ap Br)'. Using Xi and b as just defined, the

expression in (2.5) is obtained by applying the following result of

Neudecker (1969):

Lemma l: For any conformal matrices X, Y and Z

~ ~ ~

vec (XYZ) = (Z'n X) vec (Y)

~

where if A is a n x p matrix with ith row ai then vec (A) is the

~ ~

\ ] ] \ ]
vector (fl""’fn) .

ITI, Maximum Likelihood Estimation
Our results begin by applying the scoring method of Anderson (1973)

to obtain implicit equations for the maximum likelihood estimates.

We offer

Proposition 1: The maximum likelihood estimates of B, t, and A are

the solutions of the equations

m -1 m 1 m -1 ]
tréio TERGRIRNGANS tréfoch )" ¢, ézoch 6,)7" © (3.1)
where
o \
C = % iil [%i - vec (?Yi)][fi - vec (?Yi)]



and

Q Tz, (3.2)

The proof of Proposition 1 begins with the likelihood fuwction of all

Tok observations which can be espressed as

L(B, @ = (2m) °KT/2|q|7"/2 exp{-1 X [z, - (I=B) w] @ L
- - 2 i=1 ~ AR
[z, - (I = g)yi]}
Let % = (2/mlog L = ¢, - log || - tr ol ¢ (3.3)
where o is the constant -kT log(2m) and
19
C=n L {z, - (I=rBw,l{z, - (I » B)w,]' (3.4)
- ~i RS Rt | IR |
i=1
Define the matrix ?i = (fil""’fiT)' Since (E B g) w, = vec (?Yi) and

z, = vec (Yi), C can be expressed as

[z; - ¥z - W) ' (3.5)

where U, = vec (BW,).
i — i

Applying to % the following formulae of Avnderson (1973)

3/ 90 =G
(39/30 ) = ¢

(8&2_1/80g) --qglgaq



= tr G
~ -8
90
g
yields
%& -erolc 4+ el G n’l)c ' (3.6)
o - ~g i -g -
g
n
substituting vec (Z B, H, W,) for v, in equationm (3.5) and differen-
pop ho~h ti L1

tiating equation (3.3) with respect to Bh yields

[-vec (8 gi)]'g'l [vee(Y,) - vec(BW,)] (3.7)

i ™~m93

38 = -2
BBh n

i=1

Setting the derivatives equal to zero yields the estimating equations

-1 -1

tr € G = tr Q -1

G R °C (3.8)
~g o~ o~ :

n
L [vec (H wi)]'sz'1 [vec (BW)] =

i=1

D

L [vec (th.)]'Q—l [vec (Y.)] (3.9)

3 ~hei N ~i

i=1

m
since Q = L Oh Gh equation (3.8) can be expressed as equation (3.1).

~ 1=0 ~
r
Since vec (Bwi) = I vec(Hiwi) Bj equation (3.9) capn be expressed as
—— j=1 ~ia

D r -1

T I {vec(H W.,)]' Q [vec(H,W,)B.] =
. 3 ~h.1 = ~]~17 1
i=1 j=1



n

T fvec(H W )] & " [vec(¥,)] (3.10)
: ~hoi - .1
i=1
“Since Xy T vec (Hth)’ equation (3.10) becomes
n r ' -1 n . -1
r I x.,Q x.B,=1I x.8
g=1 =1 ~hi o ~hi 7j i=1 “hi -1

which is equation (3.2) and the result is complete.

Following the suggestion of Anderson (1973) the estimating equations
[(3.1) and (3.2)] can be used to iterate initial estimates of B, A,

and $ . Begin by setting the covariance matrix { to the identity

~

matrix and solving equation (3.2) for initial estimates 8{02 e Bﬁo)
of 81,...,Br. These estimates are used to give an initial estimate
r
B(O) =T 8§0) Hj of B. A pT x pT wmatrix C(O) is then computed by
X =1 - - -

; . (0) : : ; 0 ,
substituting B for B in equation (3.4). The matrix C is
substituted for C in the expression

m ~

Ly T8 2GR 00 (3.11)

where O is a fixed matrix. The equation in (3.11) is solved for

s e . ~(0 F . S "
initial estimates oé ) which are used to give an initial estimate

of the covariance matrix Q,

-~

RO

- f

| =]

~(0)
(o] G
0 f ~f

(0)

The procedure continues by substituting & for  in (3.2) and solving



and thus for a new estimate B(l) of B.

(1) unteh
(D

is computed. Then @ =

(1 ()
r

for new estimates 81
This new estimate is used in the equation in (3.5) to vield C

is used for C in equation (3.1), and cél)

mA

z 0§1)Gf is obtained. Continuing until convergence yields the

=0 -

maximum likelihhod estimates. The matrix © in (3.11) may be chosen
to simplify calculations. We use © = I,

Standard multivariate statistical theory yields that the maximum

likelihood estimator B is asymptotically efficient and asymptotically

normal with covariance matrix that has

[1/2 tr 9 L6 sz"lcg]"l (3.12)

as its (h,g)th entry. If only one iteration is used we call the
resultant estimator the Anderson "one-step estimator." The usefulness
of the one-step estimators arises from a result of Anderson (1973) which
guarantees that they enjoy the asymptotic properties given above for the

maximum likelihood estimator.

In practice, these equations [(3.1) and (3.2)] are most useful if the
sample size (p) 1is large; since then, a single iteration gives
satisfactory results. They are not as useful for obtaining the maximum
likelihood estimates since each iteration requires solving a complex set
of equations. Besides, convergence of this iterative procedure is not

guaranteed [Szatrowski (1980)].

A second set of estimating equations is obtained by applying the

following results of Magnus (1982).
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Lemma 2: Let D be a diagonal T x T matrix with positive diagonal

-~

elements and let A and B be square matrices of order k. The kT x kT

-~ -~

matrix

has determinant |Q| = |D|k ICI |B|T-1 and if @ is non-singular
it has inverse

ol . é 11'=® (c'1 - B

PO -~ ~ -~

where C = B 4+ 0A and o = tr D

-~ -~ -~

Lemma 3: For conformal matrices A, B, C, D
tr D B'A'C = vec (A') (B = C) vec (D)

Lemma 4: TFor conformal matrices A, B

-~ -~

tr A' B = (vec A)' (vec B)

~

Applying these results yields

Proposition 2: The maximum likelihood estimates of B, $, and A

satisfy
~ n .
G+b=1 F (- B U - B SEolE)
n i=1
N _ln
$ = [n(T-1)1 " £ (Y, - BW)(I-M) (Y, - BW,)' (3.14)
i j=1 ~1 ~ 17 L7l G
n ~n - ' 7n -1 ~
- - _ .
T T TR T TR - B - W, - 0 S
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where M is the T x T matrix T = 1 1'
The proof of Proposition 2 begins by noting that the Tk x Tk covariance
matrix £ can be expressed as

~

lof =11" e b+ 1 =¥

where 1 is a T dimensional vector of ones and I, is the T x T identity

T
matrix. Applying Lemma 2 yields

2|

$ 41 | 4™
and

gl ol eademy e aa-ortliry gt (3.16)

~ ~ o~

The log of the likelihood function can be expressed

* S |
£=c¢ -n log |9| -2 L e, @7 e, (3.17)
2 ~ 2 =1 ~t - %
1
where ¢* = - 5 kT log (2m)

Using the expression for 9-1 displayed in (3.16) and the fact that

e; =2z, - T =mB) w,

yields
e 0l e = {[z. - Te® w]'Ma (3 a 1)}
i Y 34 24 R B

2y - @B w) o iz - QB w)' 1@ -m =i

[Zi - (I B ?) Yi]} (3.18)
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Since w, = vec (W.) and z, = vec (Y.)
.1 -1 <i i

. e, = {lvec (1) - vec (BU)1'MM = (}+ Tg)'l]

[vec(gi) - vec (?Wi)]} + {[vec(¥i) - vec(BWi)]'
[(I - @) B §-1][vec(¥i) - vec (gyi)]} (3.19)

Plugging (3.19) into (3.17) and applying Lemmas 2 and 3 yields

n
2 = c* - n log (|$ + TA||$|T_1) -1t Z (Y, - BW,)
2 ~ ~ -~ 2 i=1 ~1 ~a~l
-1 B
MY, -BW)'"(A+TH ] =1 ¢r [ I (Y, - BX,)
~1 ~e~l ~ ~ 5 i=1 ~1 ~~l

41
(T - - B

Total differentiation yields

a8 = 1

[\e]a]

et 3+ T A + T - p (T-1) er 171 at

5 2 &

- \
+ tr (f + 1 1(Yi - BWi)M W, d B' +

i

N ~m3

1

[ 1

i

,-‘
I M3

+1 ¢t 4+ ™y, - BOM(Y, - BW)'(F + T
E ~ -~ ~1 ~~1 ~ ~1 ~~1 -~ ~

1

n _ '
(@} + 1am) + er 1§ (x, - BW,) (I-M)W_ B’
+ A o BTy DY

+ tr

1
2 1

[ I o =]

-1 y 41
LR VR LR VR



which can be written as

d¢ =-1loTtrAdA+ntrfdi+trBds (3.20)
2 ) ~ - ~
where
N -1 o ' -1
A=G+TH  +1 T (3+ TA) - BWM(Y, - BW.) ( + M)
" : - = e - L i -~ ! -
i -1 Sl b 5
f=G+T0) -(T-DF -1 [ +Th (Y, - BW)M
~ ~ ~ > n i=1 ~ ~ ~ ~et o
(3.21)
. S ]
(Y. -BUY' (B +TH) 1 +1 £ 3§77 (Y, - BW)(I - M)
~1 ~wal - I = . ~ ~1 5 5 ~ -~
n i=1
-1
- 1
¥y - B
and

-~ 13} 1 n 1 ]

= = - ' - - -
B=X (B TMTI - BE) MR+ E (Y - BRO(T - MW,

Applying Lemma 4 transforms equation (3.20) to

= (nT/2) [vec(dA)]® vecR +n [vec(d$)]' vec(i)
- ~ > it i

-~

+ [vec (d B')]' vec B

~ -~

~

Since dA, d$ and dB are non-zero dQ = 0 implies A, $ and B are O

~ ~ -~ ~

which, using the equations displayed in (3.21), yields the three

equations (3.13) (3.14) and (3.15).

13
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The two sets of equations we have derived forrthe maximum likelihood
estimates would be of limited value if closed form expressions existed
for the maximum likelihood estimators. For completeness, we show that
such is not the case - there exists no closed form expression for the
maximum likelihood estimates. We apply the following result of
Szatrowski

(1980)

Lemma 5: For the multivariate linear model with parameter vector B,

-~

error covariance matrix @, and design matrix X there is an explicit

-~ -~

solution for the maximum likelihood estimator B of B if any only if

-~ -~

L A-l ] ~ ¥ _1
(X, @ " X)X, =(X. X.) X
~1 L ~l ~ ~ ~1 .1 ~

We have for our model

Proposition 3: Explicit solutions do not exist, in general, for the

maximum likelihood estimates of B but do exist if A = 0 in which

-~ -~ -~

case the model reduces to the independent error model.

The proof begins by applying Lemma 2 to the covariance matrix

§ shown in display (2.4); we have

-~

el =Me g+ T

ba-we ™

where M = T-1 11'.

-~ -~ o~
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Let Xi be arranged as the Tk x k2 matrix Ai B Ik where
G ) L]
il il L il
A w : : :
i . . .
x(1) x(2) x(k)
| ®1,T 1, T ° & 5 i
' _ (D (k)
where X = (xit cees Xgo )
For example, if k=2, then the parameter matrix B = 811 812
B21 B22
and X, = A. m T
~10 Ld ~
(1 (2)
*i1 *i1
where A, = 5 .
(D) (2)
3,7 F4,T
Simple calculation shows
1
X, =A,"8 1
o . § =
' — - —
XiQ L (Ai' ® I)[M = ($ + TA) 1 +(I-M =} 1]
' -1 ' =
= (A, = b+ ™) + A,(I - M) m i
consequently
X0 %, = (A,"MA) B (1 + ™+ a0t (1-ma, = i'l (3.22)
~ic i ~1 <L Al = AP ~ei T
X)) K = s, 2D (B 8 D)
o I .1 s T o -1 ~

-1
- v
(4,78) " A eI

~ -~



and thus

(x'g'lx )(x'x y" L X, = A,'MA, (A, 'A yla," & 1+ Tyt
~i. i’ 2iti pot TS Tit it s Rt i -

+ A,"(1T - M)A, (A,'A )'1A' " $'1 (3.
5ot SRSt Tt St =t

~

Suppose the expressions in (3.22) and (3.23) are equivalent. Since

($ + TA) and $ are positive definite either a) A = 0 or
1

~

o
b) 4588

~ ~

Ai' = I. If A =0 the model becomes the independent

errors model studied by Mayer (1985) and Anderson (1978) which does

allow an explicit solution for B. 1If for every i, Ai(A.'A.)-l

A" =
B S § ~1
1

~ 1 - '
then X.b, =X, (X .X.) X.z, = z, and the model is degenerate. Since
0 I ER, R A ~ild ~1

neither condition holds in general, applying Lemma 5 yields that

there is no explicit maximum likelihood estimator.

Having shown that no closed form expression exists, in general, for
maximum likelihood estimators, we display a modified, somewhat
simplified, model for which the maximum likelihood estimators yield
closed-form expression. This result extends a result of Anderson

and Hsiao (1981) to the multivariate panel model.

Proposition 4: Explicit maximum likelihood estimators of B do

exist for the model displayed in (2.1) and (2.2) provided there
exists an additional wave 0 for which Z:0 has structure

.n = Bw,, + a, i =
Zi0 M) i b 1, oM

16

23)

?

the



This model assumes that the only error for the initial observation is

the random individual effect @ .
For this model equations (2.1) and (2.2) can be cowbined into

z = Bw + .~ — Bw, + u,
it o4t (310 ~~10) it

The likelihood function can be expressed as

LB, A, 1) = (2“)—nk(T+1)/2 lA]—n/Z I$I-nT/2

T n
-1
E2eRG %) Efltr } ifl[fit - 250 = B (g - W)
-1 0 1
- - - 1
(230 = 230 7 Blge ~ W31 e A B zi0240)
If we let £ = 2 log L then
n
T -1 n
L = ¢ - log |A] - T 1og |}] - 1{z ¢tr $ bX
- =3 t=1 i=1
- - - - - o 1
(250 = 250 = By = wygdllzge = 259 = Blwy - W3] #

-1 P 1
tr A0 Ioz.4240
i=1

where ¢y = - k (T + 1) log (27)

To maximize the expression in (3.24) we take derivatives and set them

equal to zero yielding

(3.24)

17



T 1 D
o - _ v _
LI % .Z [flt ~1t YlO) z i0
0 n t=1 i=1
" Blwge - wip) (Wi ~ W) ' -
which yields the maximum likelihood estimator
A 1 T n
= - _ v
B= ten Loz, (Yit 10’ (Ylt
t=1 i=1
1 T o)
- - _ 1
ten =2 I Gy - vy Gy - wy0)")
t=1 i=1

_ '

(Yit YlO)
A

- Wi0) 230

-1

For the maximum likelihood estimator of the covariance matrices we

have

Y N N G Sl Nt PPN [

oA ~ T i=l <10 =
which yields the maximum likelihood estimator

~ D '

é . ~10 Zi0

n i=1
and, finally we have
_ ._ T 1 ,-1. P
=T t E (-4 4 ).E (250 = 250 = Blwye

%+4&
ct

18

= Vi)

~



which yields the maximum likelihood estimator

“ -1 T o]
P =D L I (25 -z - Blvy - w0)]
t=1 i=1
= - - ]
(250 = 250 = BW — wypl'}

which completes the proof.

Returning to the more general model, we consider a strategy for
computing the maximum likelihood estimates. It begins by computing

the maximum likelihood estimate of B for the model without cons-

~

training the entries of @ to have exactly the structure displayed

~

*
in (2.4). 1Instead, £ is replaced by @ where

*
has identical k x k diagonal blocks, ¥ , and identical off-diagonal

-~

* *
blocks A . 1In the original notation ¥ = i + A but the constraint
* *
that ¥ - A 1is positive definite is not enforced. The advantage of
this modified wodel is that the calculations are performed by a

multivariate regression program or a simple covariance structure

routine such as the LISREL routine.

A ~

* %
Ooce the estimates B , ¥ and A are obtained the eigenvalues of

~ ~

- A are examined. 1If they are all positive then

~ ~

y ) A

19
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~ A

B=B and A=A are the maximum likelihood estimates for

~ ~

the panel model with random individual effects.

% %
If the eigenvalues of ¥ - A are not all positive we apply the

~

following method, due to Klotz and Putter (1969) and used by Anderson

(1984, 1985), obtain the maximum likelihood estimates B, i and A,

Let Z be a nonsingular matrix and D = diag (dl""’dk) a diagonal

matrix satisfying

~% %
Y = ZDZ' and A = ZZ'
* * *
Let k be the number of di satisfying di>1 and let D be the k
* *
diagonal matrix of these di' Let Z be the matrix of k¥ rows of Z,

the rows corresponding to those elements. The maximum likelihood

estimate of § is

The maximum likelihood estimator of B is obtained by constraining

A= A and i = $ and applying LISREL or any generalized least squares

~

multivariate regression procedure.
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In anticipation of our numerical example two other estimators of B
deserve mention. TFirst, the model can be transformed to differences
thus eliminating, or masking, the individual effects. The "pseudo-
maximum likelihood" estimator of B is the maximum likelihood

~

estimator for the transformed model

= B(w,_ - w, Y 4+ (e, ~-e

: . ; t=1,...,T
it ~i,t-1 . .it ~i,t-1 ~it ..1,t-1) ? ?

This estimator is consistent ip p and is asymptotically efficient.

In practice this method seems to yield good approximations for the
regression coefficients, poor approximations for the estimates of the $
matrix and no approximation for the A matrix. We do not suggest this
method be used. Similarly there are several instrumental wvariable
methods have been introduced for the univariate version of this model
with lagged endogenous predictors [Apnderson and Hsiao (1981), Amemiya
and MaCurdy (1986), Breush, Mizon, and Schmidt (1986)]. These
estimators can be extended to the individual effects model but in light

of the absence of lagged predictors and the ease of the Anderson

one-step estimate we do not pursue these alternatives further.

Second the individual random component of the error could be ignored
and estimators appropriate for the independent error model be used.
These "multivariate regression estimators" are obtained from the pooled
multivariate regression of Zeo OD Yit' These estimators ignore the
individual effect but are consistent in the number of observationms.

Moreover, if the correlation between the errors of the dependent

variables is also ignored then '"multiple regression estimators"



22

of B and i can be obtained by isolating and regressing each

endogenous variable on all exogenous variables.
4, Application to a Study of Perception of Care given by HMO's

To illustrate our methods of estimation we consider a panel study
conducted by a coosulting firm of the relationship between patient's
attitudes toward Health Maintenance Organizations (HMO) and their
perceptions of the quality of care given by such organizations. These
data are proprietary and have been used to illustrate methods of testing
the strength effects in multivariate cross-lagged panel models [Mayer
(1985), Mayer and Carroll (1986)). Here the analysis is wused to
illustrate our methods of estimating the effects of the attitudes on the
perceptions over waves. We formulate the appropriate panel wodel and
then estimate and interpret the regression coefficients and the variaoce

and covariance terms.

The data were obtained from interviews of 100 randomly selected patients
upon entering and upon leaving a single HMO after having requested and
seen a primary care physician for the first time since enrolling in the
HMO. The same 100 patients are interviewed again, before and after
their next three visits to the HMO. The 100 patients were picked to
have enrolled in the HMO at about the same time and to have
approximately the same length of time between visits - about 6 months.
The visits are for themselves, not for family members (e.g., pediatric
care or geriatrics care), and are for primary care, as opposed to

specialized care. None of the patients are pregnant, seriously ill,
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chronically 1ill, or mwmentally 1ill and nonone have suffered serious

injuries.,

The four variables of dinterest are each a compilation of several
measurements. The raw data were not provided by the firm that collected
the data. We note that the use of a single HMO makes the analysis
highly tentative in that it restricts the external validity of the
findings. However before undertaking a more complete study the firm
wanted to know if such effects existed in these data.

The first predictor variable, x measures the degree to which the

1°
patient has a positive attitude toward the concept of an HMO as a
provider of primary medical care; it is measured at each visit when the
patient arrives for his or her appointment. Issues of secondary care

are not addressed. The second predictor wvariable, x measures the

2’
degree to which the patient has a positive attitude about the specific

HMO in which he or she in enrolled; it is measured at each visit after

the patient has seen the physician, and completed any treatments.

The first dependent variable, Zl’ samples the patient's perception of
the quality of care given by HMO's in general and the second, dependent
~variables, Zy> samples the patient's perception of the quality of care
given by the particular BMO in which he or she is enrolled. Both are
assessed after the patient has seen the physician and cowpleted any

treatments.
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A1l of the variables were scaled to have mean 10 and standard deviation
of about 1. This scaling protects the confidentiality of the data and
does not affect our modeling since the measurements have no patural

scale.

The model adopted is the individual effect wodel displayed in (2.1) and

(2.2). The parameters are estimated in each of four ways:

A. The maximum likelihood method

B. The multivariate regression method (ignores individual effect)
C. The multiple regression method (ignores individual effect)

D. The one-step iteration method of Anderson

E. The pseudo-maximum likelibood method

The correlation statistics for the raw data are presented in Table 1 and
the results of estimating the model by maximum likelihood are summarized

in Table 2.

We begin interpreting the model estimated by waximum likelihood by
noting that the chi-square goodness of fit measure for the model is
461.22 with 90 degrees of freedom, indicating that the model fits the
data rather poorly. 1In light of this lack of fit we treat all further
analysis as quite preliminary and somewhat speculative.

The largest effect over time - the coefficient is .162 - is the effect
of the patient's attitude toward the concept of an HMO as a provider of
health-care on the perception of the quality of care given by the

specific BMQ in which he or she is enrolled. The marginal t statistic -
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computed from the estimate of the standard error of the coefficient
obtained from the information matrix - is 4.731'indicating a that the
coefficient is quite different from zero. As a guide to interpretation
we tend to use the .05 significance level and two~tailed rejection
regions but because of the limited sample size we do no formal
hypothesis testing. Patients that are positive toward HMO's as
health~care providers tend to perceive that their HMO gives high quality
care. On the other hand, the same attitude does wot appear to have as
strong of effect on the patient's perception of the quality of care
given by HMO's in general - the regression coefficient is -.013 with a t

statistic of -.327.

Similarly, the patient's attitude toward the particular HMO in which he
or she is enrolled appears to have a very small effect, if any effect at
all, on either the perception of the quality of care given by HMO's in
general or opn the perception of the quality of care given by the
particular HMO ip which the patient dis epnrolled - Tregression

coefficients of .056 and .053 with t statistics of 1.38 and 1.54.

These results, if found to be obtain across a wide range of samples, may
be iwmportant to the HMO ipndustry as they desire to understand correlates
of patient's perceptions of the quality of care given by HMO's in
general and by particular HMO's, in order, in part, to enhance the
attractiveness of the HMO to workers asked to choose between an HMO and
alterpnative programs such as third-party ipsurance that covers part of
the cost of fee-for-service medicine. 1If workers make their choice, in

part, based opn their perception of the quality of care being given by
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the particular HMO being offered and if that perception can be improved
by improving the general attitude toward HMO's then it may be wise to
invest in such improvement. On the other hand, it may be less wise to
invest in improving the attitude toward the particular HMb being offered
since that attitude, at least in these data, is not highly related to

the perception of quality of the care being offered.

Similarly, our analysis suggests that investing in improving either of
the attitude measures may have little or no effect oﬁ the perception of
the quality of care given by HMO's in general. It may not be fruitful
to attempt to improve this perception by investing in improving the
attitude toward HMO's in general or toward the specific HMO. Although
more studies would be needed before any firm conclusions could be

reached our model does suggest hypotheses worthy of further study.

Considering the maximum likelihood estimates of the two covariance

~

matrices, i and A, we note that the entries in A are considerably larger

-~

than their estimated standard errors and in two of the three cases are

larger than the corresponding entries in %, their size seems to indicate
that the individual effects may be a larger source of variation in the

data than are the pure errors. We find this pattern frequently in
fitting this type of model. If the individual effect is present in the
data but ignored in the model its variance tends to be added to the
estimate of the covariance matrix of the pure error and may 1lead to

considerable over-estimation of the pure error in the model as we will

se below.
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Turning to the comparison of the maximum likelihood estimators with the
other estimators - whose values are summarized in Table 3 - we note
considerable similarities with a few noteworthy exceptions. The first
estimates in Table 3 are those obtained by ignoring the individual
effects and fitting the independent errors model by multivariate
regression methods. The regression coefficients are quite similar to
those obtained by maximum likelihood except the effect of X, on z,
changes sign, going from -.013 to .110 with the t-statistic going from
-.327 to 2.11 iondicating a significant positive effect of attitude
toward HMO's in general on the perception of the quality of care given

by HMO's in general.

Most interestingly, the estimate of the covariance estimate obtained
from fitting the independent error model approximates the sum of the
estimates of the two covariance matrices, % and é in the model which
allows an individual effect. For example, the estimate of the pure
error of the attitude toward HMO's in general is .441 compared to .139

for the individual effect model;

The chi square goodness of fit statistic for the independent error model
fit by multivariate regression methods is 786 with 93 degrees of freedom
(compared to 461 with 90 degrees of freedom for the model with
individual effects) indicating that removing the individual effect
reduces the goodness of fit sharply. Even wmore critically, the t
statistics obtained from the multivariate regression calculations are
different than the t statistics for the model with individual effects.

Most notabley, as indicated in Table 3, the effect of the attitude
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toward HMO's in general appears to have a fairly strong positive effect
on the perception of quality of care given by HMO's in general. This

effect appears to be inflated by the exclusion of the individual effect.

The estimators obtained for the independent errors model by applying
multiple regression methods to each equation separately are identical to
those obtained from the multivariate regression methods except the
off-diagonal entry in $, the covariance matrix of the errors is
estimated, apriori, to be zero. The goodness of fit statistic for this
model is 818.74 with 94 df, a further large reduction in the quality of

fit.

The Anderson one-step estimates are good approximations to the maximum
likelihood estimates and this closeness has held across a number of
applications. TIn our experience these estimates are preferable to

those obtained from applying indepeundeut errors model.

The pseudo maximum likelihood estimates obtained from the equatioms for
differences are fairly similar to the original maximum likelihood
estimates but are quite inferior to the Anderson one-step estimates.
The pseudo maximum likelihood method provides no estimate of the

matrix A.

As for the issue of computation, the Anderson one-step estimators are
very similar to those obtained by maximum 1ikelihood and involve
relatively simple calculatious. We suggest anyone able to do a

generalized least-squares regression may want to consider using his
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simple approximation rather than calculating the more complicated
maximum likelihood estimates. The similarity between the estimates
given by his method and the maximum likelihood method has obtained over

a variety of panel examples we have considered.

5. Discussion

We have considered the problem of maximum likelihood estimation for a
continuous variable panel model characterized by multiple responses,
multiple predictors and an individual specific random component in the
error structure. We show several representations for these estimators,
show that the can not be written, in general, in closed form, and then
show that they can be written in closed form for a special case of the

model,

Our results are intended to help those empirical social scientists
trying to model panel studies but are skeptical of assuming the errors
for a single individual are independent over time. They are also

intended to help those empirical social scientists that would use a
covariance structure approach to obtain wmaximum likelihood estimates of
the parameters but are curious to know more about the estimates they

have obtained.

We apply our results to a set of data on the relationship between the
perceptions and attitudes of patients enrolled in a health maintenance
organization and show that the attitude toward HMO's in general may be

correlated with the perception of quality of care given by a specific
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HMO but that little correlation appears to exist between attitude toward
" HMO's in general and perception of the geveral quality of care given by
HMO's. We show that the individual effect may account for more random
variation than does the pure error and that dignoring this effect, by
fitting the independent errors model by multivariate or wmultiple

regression, may give somewhat misleading vesults.

Our results need to be extended in several directions. First similar
study of maximum likelihood estimation is needed for the model with
lagged endogenous predictors. Second, for the model with such lagged
predictors the problem of testing for the presence of cross-effects, a
central issue in many applications of continuous variable panel methods,
needs to be addressed. The model with latent wvariables which are
imperfectly reflected by empirical measures should be explored and
finally the properties of the altervative estimators dealing with

samples of moderate size should be considered.



Table 1: The raw correlations for the HMO data

The simple correlations:

1 2
x, .298
z, .032 .030
z, .368 .189

The multiple correlations:
[R(zl; Xy XZ)] = ,001

[R(zz; X5 xz)] = ,143

.093
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Table 2. Maximum likelihood estimates for the HMO data

A. Maximum likelihood estimators

-.013 .056 .139 .015
B: .162 .053 §: .015 .110 A:
B. Estimated standard errors
.041 .041 .052 .025
B: .034 .035 {4+ A: .025 .022 A:

C. Asymtotic (marginal) t statistics

-.327 1.38
B: 4.731 1.54

Chi-square goodness of fit 'statistic = 461 df = 90

309

.076

.051
.024

.076
112

.024
.021
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Table 3: Alternative estimators of the coefficients for the HMO data

Independent errors model: Multivariate regression estimators

.110 .057 441,086
B:  .245 .066 -k lo8e .218 A: No estimate
2.11 1.02
t statistics for regression coefficients = 6.69 1.67

Chi-square goodness of fit = 786 df = 93

Independent errors model: Multiple regression estimators

~

Same as A. except the estimated covariance 012 = 0 and

Chi-square goodness of fit = 819 df = 94

Anderson one-step estimators

-.009 .056 .151 .020 .292 .065
.166 .053 i .020 .113 .065 .103

e
>

Psuedo maximum-likelihood estimators

-.012 .040 .073 .003

B: .058 -.015 f:  .003 .087 : No estimate

>

R
¢
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