
AD-A165 422 EXTRENA OF SKEWED STABLE PROCESSES(U) NORTH CAROLINA 1/1
I D-M 42 UNIV AT CHAPEL HILL CENTER FOR STOCHASTIC PROCESSES

UN IF ED0 SAMNRODNITSKY JUN 87 TR-i99 RFOSR-TR-87-1143I UNCLSSIFIED F49626-S5-C-0144 F/G 12/3 NL

Ehhhhmhhhhhl
mosomhommohml



SIIIk |.

U lo



AD- 185 422 REPORT DOCUMENTATION ?'AGE
' IVRi'b -' ....... ... 1b. RESTRICTIVE MARINGS

2*. SECURITY CLASSIFICATION AUTHORITY -, DiSTRIUTIONIAVAILABILITY OF REPORT
__ Approved for public release; Cistribution
2b. OEC.LASSIFICATIONOOWNGRAOING SCHEDULE Unl imi ted

a. PERFORMING ORGANIZATION REPORT NUMBERISI 5 -MONITORING ORGANIZATION REPORT NUMBER(S)

Technical Report No. 189 AF O Nt-T R ING 7 - NI,1 .1ON

6& NAME OF PERFORMING ORGANIZATION b. OFFICE SYMBOL 7a. 'AME OF MONITORING ORGANIZATION

University of North Carolina 4tappueobln AFOSR/Nt"r,.

Sc. ADDRESS (City. Stare and ZIP Code; I7b. ADDRESS IC'ty. State and ZIP Coat)

Statistics Dept. Building 410
Phillips Hall 039-A Boiling AFB, DC 20332-6448
Chapel Hill, NC 27514

11. NAME OF FUNDING/SPONSORING lab. OFFICE SYMBOL 9 PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER

ORGANIZATION- (If a picOOitI F49620 85 C 0144
AFOSR I P:311 _

Sc. ADDRESS (City. State and ZIP Code) I0. SOURCE OF FUNDING NOS.

Building 410, PROGRAM PROJECT TASK WORK UNIT

Bolling AFB, DC 20332-6448 ELEMENTNO. nO. NO. NO.
-. -1,,,A

11. TITLE (Include . c,,tty Cl ,fica on, 6.1102F 230 4  '

Extrema of skewed stable processes

12. PERSONAL AUTHOR(S)

Samorodnitsky, G.
134L TYPE OF REPORT 13b. TIME COVERED Ia. DATE OF REPORT (Yr.. Mo.. Dcyj 15. PAGE COUNT

preprint FROM 9/86 TO 9/87 June 1987 34
16. SUPPLEMENTARY NOTATION

17. COS4TI CODES_ 18. SUBJECT TERMS lCon anut on reverse ifneces.saPy and identify by block number)

FIELD I GROU0 I SUB. GA. Keywords and phrases: Stable processes, stable random
measures, integral representation, order statistics,

. .. boundedness, supremum distribution
19. ABSTRACT•C ninue on wue~rse ifnecesary and identify by blocn number) &,ti\' rt

--W"tUdf extremes of (generally) skewed stable processes. In particular finds
the asymptotic behavior of the distribution function of .the order statistics from a
(dependent) stable sample.
i, .- - e.." necessary conditions for a.s. boundedness of general stable processes.

These conditions turn out to be sufficient when 0<&<1. Further, asymptotic lower bounds
for the supremum and infimum distribution functios are given. Again, in the case

Ocxlthose bounds are shown to give the exact asymptotic behavior of the supremum an

infimum distribution functions.

20. DISTRIBUTION/AVAILABILITY OF ABSTRACT 21. ABSTRACT SECURITY CLASSIFICATI1

UNCLASSIFIEDIUNLIMITED)X SAME AS RPT. r OTIC USERS UNCLASSI FI ED

22a.. NAME OF RESPONSIBLE INDIVIDUAL 22b. TELEPHONE NUMBER ) , 22c. OFFICE SYMBOL

(Include A Ia I II IIIII

0D FORM 1473,83 APR EDITION OF 1 JAN 73 IS OBSOLETE. IINCI ASSTFTED i
SiCURYry CLASSIFICATION OF THIS PAGE



AFOSR.Th- 87- 143

CENTER FOR STOCHASTIC PROCESSES

Department of Statistics
University of North Carolina
Chapel Hill, North Carolina

EXTREMA OF SKEWED STABLE PROCESSES

by

Gennady Samrodnitsky

Technical Report No. f

June 1987

S? S 24 3'3



EXTREMA OF SKEWED STABLE PROCESSES

by

Gennady Samorodnitsky
1'2

Center for Stochastic Processes
Department of Statistics

University of North Carolina at Chapel Hill

Running head: Extrema of skewed stable processes

AMS 1980 Subject Classification: Primary 60E07, 60F10
Secondary 62G30

Keywords and Phrases: Stable processes, stable random measures,
integral representation, order statistics,
boundedness, supremum distribution

iThis research was conducted while the author was receiving Dr.
Chaim Weizmann Post-Doctoral Fellowship for Scientific Research.

2Research partly supported by the Air Force Office of Scientific
Research Grant No. F49620 85 C 0144.



ABSTRACT

We study extremes of (generally) skewed stable processes.

In particular we find the asymptotic behavior of the distribution

function of the order statistics from a (dependent) stable sample.

We give necessary conditions for a.s. boundedness of general

stable processes. These conditions turn out to be sufficient when

0 <a <1. Further, asymptotic lower bounds for the supremum and in-

fimum distribution functions are given. Again, in the case 0 <a <1

those bounds are shown to give the exact asymptotic behavior of

the supremum and infimum distribution functions.
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1. Introduction

Let T be an arbitrary parameter set. A real stochastic process

{X(t),t cT} is said to be stable, if for any A >0 and B >0, and

independent copies {X1(t),tET} and {X2 (t),t eT} of {X(t),tET},

there are C >0 and a function x:T- R such that

(1.1) {C(AX1 (t) +BX2 (t)) +x(t),t eT} = {X(t),t ET}.

It turns out that the constant C has always the form C = (A a +Ba)-i/a

for some 0 <a s2, and the process {X(t),t ETI is called -stable

for the corresponding a. If a =2, the process is called Gaussian,

and if a =1, the process is called Cauchy.

The process {X(t),t ET} is called strictly stable if one can

always choose x(t) -0 in (1.1). This process is called symmetric

stable if [X(t),t ET} _ (-X(t),t cT). Clearly any symmetric stable

process is also strictly stable, but the converse is true only for

a =1 and a =2.

In this paper we investigate extremes of stable processes.

After Section 2, which discusses certain basic properties of stable

random variables, random integrals with respect to stable random

measures, and integral representation of stable processes, we treat

in Section 3 extremes of finite-dimensional stable vectors. We

characterize the conditional probability that all the components of

a stable vector are big, given one of them is big, and then apply

this result to obtain the tail behavior of the distributions of order

statistics from a (dependent) stable sample.

In Section 4 we consider stable processes defined on a countable
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set. Here we consider the tails of the distributions of the sup-

rema, and infima of those processes along with conditions for a.s.

boundedness. These results generalize those obtained in Samorod-

nitsky (1987) for the case of symmetric stable processes.

.' . .R t .
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2. Stable variables, stable integrals and integral representation

of stable processes

Let=(YiYy2, Y.) be a stable vector in IPn, which means

that Y, considered as a stochastic process on T = {1,2,..., n},

satisfies condition (1.1). It is well known that the characteristic

function of Y is necessarily of the form

n n n
(2. 1) E [exp (i I eIY)] =exp{i I ..- f I I O.slar(dsl,dS2 ,-.-,dsn) +Ce I,820-'-,F

j=2 j=lY] 3 Sn j=j

for any real vector (61,62,..., en)" where 0 <a <2, (lP2,'..' Un )

is a real vector, r is a finite measure on the unit ball Sn of IRn ,

and

n n
tan( ra/2)f I I 6 .s.lasig( I e.s.)r(dIs 2  .,dn) if a~l,2

Sn j=l I I j=l I Jn f'"

n n
(2.2) Ca (6, 2 ) .... = 2/Trf I 1.s.nl 7 .s.I'F(dsl'dS2"'"dsn) , if a=l

a 2 n j ~j j=l

0 if a=2

see, for example, Kuelbs (1973).

Conversely, any random vector with characteristic function of

the form (2.1) is stable (more specifically, a-stable with the a

that appears in (2.1)). In particular, a one dimensional random

variable Y is a-stable if and only if its characteristic function

is of the form

SA....
S. .~ . S.
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0 -lel (a-i C' sign(0) ) + iue, a #l

(2.3) tn{E~exp(iOY)]}

-jIa(l+i$(2/rr)sign(e)tn18j) + iiO, c,=l

for sane 0 <a <2, o >0, 181 1, p zeal. A random variable whose character-

istic function is given by (2.3) will be said to have S (a,8,ii)

distribution.

Remark 2.1. In the particular case 18! =1, P =0 the distribution

S a(,8,0) is said to be totally skewed (to the right if 8 =1 and to

the left if 8 =-l). If, in addition, 0 <a <1, then S (a,1,0) and

S (a,-l,0) are concentrated on positive and negative parts of the

real line, correspondingly.

The tail behavior of S (a,B,.) distributions is well known.

Lemma 2.1. Let X be a random variable with the distribution

S(o,8,.). Then

(2.4) lim) P(X >X) = a .c

(2.5) limN aP(X <-X) = - aC
2 a~

where

,asinv. -a/2
(2.6) c - [f --- y1

a 0 y V

Proof: See Feller (1966), Theorem XVII, 5.3 and also Weron (1984).

The following result provides estimates that will be needed

later.

Lemma 2.2. Let X be a random variable with the distribution S (a,$,O).

(i) Suppose 1 <oL <2. Then there exists a positive constant a,

N~~q 1% % N -.------- ~ - ,~ - ' t % .W -. N % . . *. .
Noex -e
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*independent of 8 and a, -such that P(X 0O) -aa.

* (ii) Suppose a =1 and a !5K for some finite number K. Then there is

a finite constant yKwhich depends only on K, and an absolute posi-

tive constant a such that P(X 'ay K) >:a.

Proof: (1) Let Yip i=1,2, be i.i.d. S, (1,1,0) distributed random

variables. Then

(2.7) X 4 [(1 +B)/2] -/ a ((1 -0/2 1/ V

Consequently,

P (X t0) 'P(Y 1 2!0)-P (Y 2 :0 > 0.

(ii) With YlY2as above we have by Lemma 1.2 of Hardin (1987)

(2.8) X = E[(l +6V2]Y 1 -oaffl - B)/2]Y2 + (1/r) [of (B) +2BcxtnoI

where

(2.9) f (a) = (1 +B)tn[(1 +a)/2] -(1- $)&n[(1 -B)/21, -1< a< 1, f (-) =f (1) =0.

It is easy to see that f is continuous on [-1,1], thus it is bounded.

Let max f(O) =-min f(0) = c <-. We conclude that

YK : (1/ff) inf [of (a) +2$atnal : (1/7T) [-cK-2 sup alenylI > --c.

The claim of the part (ii) now follows from (2.8) by taking

a = P(Y 1  0)-P(Y 2 !0) > 0.

Let (S,E,m) be a a-finite measure space and let 6:S -[-1,11 be

a E-measurable function. Let I
JO AE mA -
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An independently scattered a-additive set function M:E 0 *L 0 (Q) is

called an a-stable random measure if for any A E 0 , any real 8

(2.10) E[exp(i8M(A))] exp{-m (A)181' + i 6 1 sign(6)f (S)m ( ),
A

if 0 < <2, c&#1 and

(2.11) E[exp(iM(A))] = exp{-m(A)I8j - i(2/ir) On11fS(s)m(ds)}
A

if a =1. The meausre m is usually called the control measure of

the random measure M. To the best of the author's knowledge the

function 8 has not yet acquired a special name, and we will call it

the skewness intensity of the random measure M. This description of

stable random measures in given in Theorem 2.1, Remark (ii) of

Hardin (1987). In the same paper stochastic integrals with respect

to stable random measures are defined. Although the original de-

finition of Hardin is given for the case S cIR, E =B, the analogous

definition in the general case is obvious. Hardin (1987) shows

(Theorem 2.3) that integrals of the type

(2.12) If = ff(s)M(ds)
S

can be defined for any f EL (S,E,m) if a#. These integrals are

linear in f and their characteristic functions are given by

(2.13) tn{E [exp (i6If ] f =-~e (s) 1(m (ds) + itan"' 1 1 Osign (6) f If(s) I Osign (f(s)) 6 (s) m(ds)
S S

Thus, If has a S (a ff,0) distribution with

(2.14) af = [fIf(s)Iem(ds)]1 / a

S

(2.15) Bf = Cf1fjf(s)jcsign(f(s))$(s)m(ds).
S

. .. . . . . e I .. - . . . (..

l~~i l -R ??%' L 4C 2F- ~ I ~ ~ i A .* ' -' - ',"...k. . . ." " ." " " % " ." %"
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Moreover, the result of Hardin shows that two integrals If and Ig

are independent if and only if f-g =0 a.e. (m).

In the case a =1 Hardin (1987) defines integrals of the type

(2.12) under assumption that the measure m is finite. The integral

is defined then for the functions belonging to a certain Orlicz

space, Llog +L(m) which is defined as the collection of all measur-

able functions f:S +IR for which fslf(s)l[tnlf(s)i]+m(ds) <-, equipped

with the norm
II l[Log~~m):=inf{c >0:fjf(s)/cj~tnjf(s)/cj]+m(dS) <1}.

S

Here

'a, if a - 0,
(2.16) [a] +

0, if a<0.

The integrals (2.12) in the case a =1 arealso linear in f, and the

distribution of I is Sl(OfSfp f), where a and are given by

(2.14) and (2.15) accordingly with a =1 and

(2.17) lf = -(2/i)ff(s)Znjf(s)j(s)m(ds). N
S

It seems that the assumption that the measure m is finite is un-

necessarily restrictive, and one can also define 1-stable integral

for functions which lie outside of Llog +L(m). In the sequel we out-

line a possible extension of the definition of this integral.

Let M be a 1-stable random measure on a a-finite measure space

(S,E,m) with skewness intensity 8. We suppose first that

(2.18) fIj (s)Im(ds) < .

S
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This is the same as to say that the measure m8 on (SE) defined by

oa(A) :-- f 10(s)Im(ds), AE
A

is finite. A linear space of functions

(2.19) I(m,8) := L1 (m)nLlog+L(m )

equipped with the norm

(2.20) Jjfjji(m,8) := max(fIL 1 '(m), 11fILlog+L(m,a))

is easily seen to be a Banach space in which simple functions form

a dense subset.

Repeating then the steps of the proof of Theorem 2.3 of Hardin

(1987) we conclude that the 1-stable integral If =fsf(s)M(ds) can

be defined for all f in I(m, ). This integral still possesses all

the properties mentioned above, i.e. it is linear in f, its dis-

tribution is Sl(affaf) with ofSf and if given by (2.14), (2.15)

and (2.17) respectively, and it is still true that two integrals

If and Ig areindependent if and only if f'g =0 a.e. (m).

Now we can drop the assumption (2.18) while still being able

to integrate all f's in I(m,a), through the following argument.

Let Slts2,'. be a partition of S into E-sets of finite m-measure.

For n =1,2,... denote by m(n) the restriction of the measure m

to Sn, i.e. m(n) (A) =m(A nS) for each A E E. Then m(n) is a finite

measure for each n =1,2,... . It is clear also that I(M,)cI(m (n),)

for each n =1,2,....

For each n =1,2,... let M be the restriction of the randomn
measure M to Sn . That means, Mn is defined by

u uu - v% L , r Wj %- _-m'.._
-

% .. . -'-%j- - -- % -V-V % % - - - "
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M (A) := M(AnSn) , A (E

The obtained random measure Mn is then a 1-stable random measuren)

with a finite control measure m(n) and skewness intensity 8. The

measures Mn , n =1,2,... are mutually independent, as assured by

independent scatteredness of the measure M.

EIm(n) fr n
Let f EI(m,8). Then f I(m ,) for any n. Thus the in-

tegrals

I(n) = ff(s)M (ds), n =i,2,...
f S n

(n)

are well defined by the above. The sequence I f, n =1,2,...

is then a sequence of independent 1-stable random variables such

that (n) has distribution S((n) (n) where

af(n ) = f If(s) jm(ds),
S
n

(n) = f f(s)S(s)m(ds)/f If(s)Im(ds),
S S
n n

jf(n) = _-(2/Tr)f f(s)FInjf(s)jB(s)m(ds),

S
n

n =1,2,.... Since f EI(m,a) we conclude that both series
(n)(n)n ) coveg

En=la (n) and nl (n )f converge. Thus, the series Zc0 I(n) converge

with probability 1, and we define

(2.21) 1 := I I(n )

n=l

The integral defined in this way preserves all the properties of I-
stable integrals mentioned above. Moreover, it is easily seen that

the integral defined in this way does not depend on a particular
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partition S1 ,S2,... (in spite of the fact that the series (2.21)

does not have to converge absolutely!).

The reason why we are talking so much about integrals with re-

spect to random stable measures is that these integrals provide a

very convenient way of representing and handling stable processes.

Historically, Schilder (1970) was the first to prove a represent-

ation theorem of the kind

d1(2.22) {X(t),t eT} d {ff(t,s)M(ds),t ET}

0

for a-stable processes {X(t),t ET} with 0 <a <2. Schilder's result

was extended then by Kuelbs (1973) and Hardin (1987) to the form
given below.

A process {X(t),t ET} defined on a topological space T is said

to satisfy assumption S is there is a countable dense subset T0 of

T such that every X(t) is a limit in probability of a sequence from

the set of all finite linear combinations E.a.X(tj), t ET 0 .

Theorem 2.1. Suppose that an a-stable process {X(t),t ET} satisfies

assumption S.

(i) If {X(t),t ET} is symmetric, then there is a finite measure m

on ([0,11,B) and a family of functions f(t,') EL (m),t ET, such that

the representation (2.22) holds, where M is an c-stable random measure

with control measure m and skewness intensity 8 =0.

(ii) If {X(t),t ET} is strict then there is a family of functions

f(t,') EL (X) (X is Lebesgue measure on ([0,11,B),t ET)), such that

the representation (2.22) holds, where M is an a-stable random

measure with control measure X and skewness intensity 8 =  .

e W I
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Let {X(t),t ET} be an arbitrary c-stable process. It is well known

that, unless a =1, there is a deterministic function p:T -M such

that the process {X(t) -1i(t),t ET} is strictly a-stable.

Suppose that T is a countable set. Then Theorem 2.1(ii) to-

gether with the previous remark imply that

(2.23) {X(t),t ETI d (ff(t,s)M(ds) + j(t),t ET}
0

for some sequence of functions f(t,*) EL (X), t ET and a sequence

of real numbers p(t),t E T. Here M is an a-stable random measure on

((0,11,B) with control measure X and skewness intensity S -l.

Unfortunately, a 1-stable process cannot, in general, be made

strict by shifting. Thus, Theorem 2.1 is insufficient to establish

the representation (2.23) when a =1. However, the following result

can be obtained directly using a representation of the characteristic

functions of stable probability measures on a separable Hilbert space.

We omit the proof since it essentially repeats the steps of the

proof of Theorem 4.1 of Kuelbs (1973).

Theorem 2.2. Let {X(t),t ET} be a 1-stable process on a countable

set T. Then there is a sequence of functions f(t,') ELlog +L(X),t ET

and a sequence of real numbers W(t),t ET such that the representation

(2.23) holds.

,,...r
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3. Extremes of stable vectors in IRn

Let M be an ca-stable random measure on a a-finite measure space
(S,E,m) with skewness intensity 8. Let ff2,...,fn be a sequence

of functions which is assumed to belong either to L a(S,,m) if

a #1, or to I(m,8) if a=1. Let pl,'2,."'n be arbitrary real

numbers. Then

(3.1) Xi = ffi(s)M(ds) + ui, i =1,2,...,n
S

is a stable vector in In , and it follows from Theorems 2.1 and

2.2 that any stable vector in IRn can be represented in the form

(3.1).

Fix s ES. Consider two sequences of non-negative numbers,

[fi(s)]+, i =l,2,...,n and [-fi(s)]+, i =l,2,...,n. Here again

a, if a ?0,
[a]+ =fa

t8

0, if a <0.
()(2 (n) an - (s) ( )  -[f s) (2 )

()] > [f(s)]+ + and [-f(s)] -f(S) >

. [... f(sf(n) denote the above sequence arranged in the nonincreas-

ing order. Define

(3.2) h,(k;s) (f(s)](k) S ES, k =l,2,...,n,

(3.3) h_(k;s) [-f(s)] (k)S ES, k=1,2,...,n.

Because of their special importance in the sequel, h+(n;.) and

h (n;.) get shorter names. We put

(3.4) h+(s) h +(n;s), s ES,

(3.5) h_(s) h= h (n; s) , s E S.
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our first result in this section describes the asymptotic probability

that all the components of a stable fector are big given one of

them is big.

Theorem 3.1. Suppose that

(3.6) m{S E S f 1(s) # 0, 8(s) sign (f 1 (s)) #'-l1 >10.

Then

f hf(s) (l+0(s))m(ds) +fh,(s)ci(1-a(s))m(ds)
(3.*7) lP(2> X...yx >XJX 1> X) = S S

X-MMfI s 'md)+fI s)I0'in( 1() ()m(s

S S

The proof of this result is similar to that of Theorem 4.1 in

Samorodnitsky (1986). We defer it to the end of this section. Our

next result gives the asymptotic behavior of the distribution of the
kth . (k)
k order statistic X , k =1,2,... ill from a jointly stable sample

(X11X 21..., X n) given in the form (3.1).

Theorem 3. 2.

(3. 8) lim)SP (X X) r =ac.fh(k; s) ( + B(s) )m (ds) + fh (k; s)i(1 - B(s) ) m(ds)I
X-wS S

(3.9) lim)SP (Xk < -A) 1c. fh(n-k; s) c(1 - 6(s) ) m(ds) + fh_(n-k; s) (1 + a(s) ) m(ds)1
S S

for each k =1,2,..., n. The constant c ( is given in (2.6).

Proof: Combining Theorem 3. 1 and Lemma 2. 1 with (2. 13) -(2. 15) we

immediately obtain (3.8) in the particular case k =n, or using the

notation (3. 4) , we get

(3.10) lm LP ()>,) = f S L( +Sa(s))m (ds) +Jfh(s)' (1 - (s)) m(ds)I

N P % %. %. %. . J %
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We use now the following version of the inclusion-exclusion formula.

Let aa 2 0..., a nbe arbitrary real numbers. Let a (1) >a (2) >_..- n

denote the same numbers arranged in the nonincreasing order. Then

(3. 11) a (k) (1 1 1 )k1 min (a. a
j=k k-l 1i()<i )<. c js 2 j

k =l,2,..., n. We conclude in particular that

(3.12) P (X (kI~ ( .1) (k-1Jli(1 'i(2>X..x ~)>A
j=k 1!i(1-i(2 .. < ()5

For any 1!5i(l) <i(2) < ... < i~ M 5n denote

9+il)i2).. i(j);s) min [fi(m) (5)]+f

g_(i(l),i(2),..., i(j);s) min (-f im(s)]+
m=1,.. . , i~m

We obtain then by (3.10) and (3.12) that

(313 lim (...(X)(k) >i%~( X >

j=k k-i li(1)<i(2)<...<i(j)<_n X () i2 '*'ij

j=k 5il<().. ijs S

+ fg_(i(),i(2),...,i(j);s) Ot(1- (s))m(ds)]
S

1c= fY (...) k-1l) g+(il,()..ij,~~+()n
S jk 1Ai(1) <i (2) <... <i (j)s

+ fI(l k-i) g (i(l),i(2),...,i(j);s) (1-B(s))rn(ds
S j=k lsi(1)<i(2)<... <i(j) -n

IU

* ~ j~ .~j \~ . ~ . '6
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and (3.8) follows now from (3.11) and (3.13). Finally (3.9) follows

from (3.8) applied to the stable random vector -Xl,-X 2 ,..., -Xn.

We turn now to the proof of Theorem 3.1. The proof is via se-

quence of lemmas in the spirit similar to that of the proof of

Theorem 4.1 of Samorodnitsky (1986).

Lemma 3.1. Let Y1 ,Y2 ,... be independent c-stable random variables,

Yn having Sa (a n ,n,l n ) distribution. Suppose that

(3.14) OL < C
n=1

(3.15) 1 Pn converges,
n=l

and assume that there is a k such that ak #0 8k #1. Let

A n(A) fY n >XYm :X for all m#n}

A*(X) = n A ()n=l n

Then

(1 + )a C

(3.16) limP(An (X) Y Y >X) = n
A - m=1 m (1 )cX n M __ 1 ( 1 + B m ) a c

m=1 1

(3.17) limP(A*(X)I Y Y >X) = 0.X-.o m~lm

Remark 3.1. Clearly, conditions (3.14) and (3.15) are necessary

and sufficient for a.s. convergence of the series E Y We note

that necessary and sufficient conditions for a.s. absolute conver-

gence of this series are

- - .. ".. .. *% -. **r r" ' ' ' ' . - ' *" ' 'vC' . " V"V
-. U%
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na=1

anid

I a O < if 0 <a~ <1
n=1 1

(3.19) i aI n a < -if c"=
n=1

n! an < -if 1 <az <2.

Proof: Clearly, only (3.16) needs to be proved. To simplify nota-

tion we take n =l in (3.16). If either a 1 =0 or 8i1=-l, (3.16)

trivially follows from Lemma 2.1. Suppose therefore that a01 >0,

81 >-l. Fix any tS >0. Then

NY >~l 6)P( 1 Y M>) ' M: 'M>1
> m=2

Since the distribution of E Y is

0M=l m M= 1 M im-1 M-1

we conclude using Lemma 2.1 that
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)a1 m 1 0

nr= XM m=

We have

(3.21) limp( I Y M>-X6, Y M 5X, m >1) t 1 - lrn X p (Y > X) .
X -000 M7--2 X X-. m--2

By the Three Series Theorem the sum in the right hand side of (3.21)

is finite for any X, thus (3.21), bounded convergence and the fact

that (3.20) is true for any 65 >0 imply that

limP(A 1 (X)j Y M> X) !5 TYii- 00Y1  >? - ( 0 1 C
T-7. ml -)00P( I Y >A) a (+6 )ai

m=1 m mi

This proves (3.16).

Lemma 3.2. Let (Y(j) Y(j), . Y(j)), j =1,2,.... be independent ai-
1 '2 ' ' n

stabLe vectors in IMn. Suppose that the series

(3.22) x. I Y~) i i=1,2,..., n
j=1

converge a.s. for each i=1,2,..., n. Suppose aliso that

limxiP (X 1 >X) >0. Then

I.'Y~)>XYi Y(1) >X

(3.23) lirP(x >X...,>X\)< Th 1 2 ~ 2
21j=1 X- ~ P(X > X)

If.40 P .w~ Pem c~
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00 P(Y J) >X,Y~ j ) >,.,Y(J) > X)

(3.24) nV(X2 >X,...,X >XIX 1 >X) 1 '2 n_

XW j=l X P (X1 > X)

Proof: For A >0 define

B A ~{y(j(i)) >X,i-l,2,...,n,y9 )< X,jj(i),i=l,2,...,n},
j(1),j(2),...,j(n) M := i I "

j(1) = 1,2......., j(n) =1,2,...,

B*(X) n ... n B Wjc

j()=1 j(n)=l j(1),j(2),...,j(n)

Then by bounded convergence theorem

(3.25) , (X> x > X I X> X) 5 iMP >(X,...,Xn >X,B*(X)IXi>X)

(32)limp (X2 > X ... XhX1(X2 h+ I ... I imP (X2 > X,...,Xn > X,Bj (1),j (2) j (n) (X >X),
j (1)=1 j(n)=l A-)( '"j1

(3.26) "].mP(X2 > X,...X n > XIX 1 > X) ?! 'I (X2 > X,...,X n > X,m* (X)Ix I1 > X)%

+ I ... I I___ (X 2 >X," • •,X n > X,B j (1), j (2) ,.,j(n) (X) IXl1> X ) . :

j (1)=1 j (n)=l

By Lemma 3.1 we have

limP(X2 >X,...,X >X,B*(X)IX 1 >X) = 0.

Furthermore, for any choice of the multiple index (j(1),j(2),..., j(n))

such that j(i) #j(i) for some i =2,..., n we have

I ( >X'"'',Xn>X'Bj()X"' (A() IXI > X) !5 IE@(Y(J (1)) >X'Y(J(i)) >AIX1 > )
lip(X Ij (1)...,j (n)G 1~>X 1 1 >j 1 X

!5 i)m >X) =0

% % V>.4 NI

,,,, . ."...
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by Lemma 2.1. Consequently, (3.25) and (3.26) are reduced to the

following.

(3.27) limp(X2 >,...,X>I >X) - <  .'mP(X 2 
> ,--- ,X >X,B. ()IX 1 >X)

j = l X" " ' n

(3.28) "m (X2>I,...,Xn > 'I >') >t I 'lmp(X >X,...,X n > ,B .j, ., j(X) IX 1 > X).
X-O j=l X ''

For any j =1,2,... we have

(3.29) limP(X2 >,...,Xn > X,B. >)

~ >~() ~,~j) X11>) ~ P(Y~j) >A, 2j >X..Yj >X)

A 1 21)P (X1 > X)

Together with (3.27) this proves (3.23). To prove (3.24) note that

for any 6 >0

(3.30) I.imP(X 2 >X,...,X >X,B. j (X)IX >A)

P(Y!j) ( y:k)> -(,i-i,2,...,n,Y k)<  X,k#j,i-l,2,...,n)

:uim k~jII
X-lira P(X1  > X)

PIY J) >X(I+6),Y(J) >XI S,.,Y(J) >X(I+6))
1 '2 n

P(X >X)

x limP( y(k) > - -X6,i =1,2,...,n, Y (k) !5X_, k~j, i=l,2,...,n). w

X- k~j 1

By monotone convergence theorem we conclude that the second limit

in the right hand side of (3.30) is equal to 1. Moreover, by Lemma

2.1

S'. OK; .-- 'j%. -00
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P(Y J) >X(i +0), Y j ) > X(l +65),..., >X(i +6))

X-* 0 P (X I  > X )

PcY j) >X, Y X1) ... Y j) > X)
(1 +6) -lim 1 2 n

--C P (X1 > X)

Consequently,

PcY~j) >X (,yj) >X,. ,'Y~j) >X )
limP(X>."''' X >X, B. . .(X)x>X) -> (l+°),lim n

P(2n jlj,...,j 1 XOP (X 1 > X)

and, since it is true for any 6 > 0, (3.28) implies (3.24).

Lemma 3.3. In addition to the assumptions of Theorem 3.1, assume that

n =2, that the measure m is finite and that there is a E-set, A, of
Ac

m-measure zero and a positive number 0 such that for any s EA,

f1(S) ->A, f2 (s) <-6. Then

limP(X 2 >\X 1 >X) = 0.

Proof: Using (2.14), (2.15) and (2.17) we conclude that the distri-

bution of Xi is S (aiS.,ii), i =1,2, where

(3.31) a' = 5 Ifi(s)Iam(ds), i =,2,

(3.32) Bi = o ifif(s) ILsign(fi(s)) (s)m(ds), i=1,2,
S

(-(2/7r)ffi(s)tnlfi(s)I6(s)m(ds) if a =1
(3.33) i = I S , i =1,2.

0 if C #1

The assumption (3.6) implies that aI >0, 81 >-l. For N -1 we define

a partition of the set Ac as follows. Let

I%
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A (kl,k2) {s A c:k 1 -A4 f1 (s) < (k1 +1) /N, k2O/N!-f 2 (s) < (k2 +l)8/}, k1 ->N, k 2 -N.

Let

Xi (klk 2  ffi(s)I(s A(kl,k2))M(ds), i =1,2, k I 1-N, k2 -N.
S

It follows from the properties of stable integrals mentioned in

Section 2 and from Remark 3.1 that the double array (Xl(klok2),

2
X2 (kl1k2)) consists of independent a-stable vectors in IR2  and that

(3.34) (XlX 2 ) d ( I N X1 (klrk2 ), 1 J X2 (kl,k 2 ))
k1 k2=N kl=N k2=N

in the sense that for each fixed order of summation the double sums

in the right hand side of (3.31) converge with probability one, and

the joint distributions of both sides of (3.31) coincide. By Lemma

3.2 we have

W 0 P(Xl(kl,k 2) >X, X2 (kl,k2 ) >X)(3. 35) lim (X2 > XIxl > X) !5 [nm
A-).l klN k 2=N X-(>

Since for any s EA(kl,k 2 )

-kl6/N !5 k2 f1 (s) + k1 f 2 (s) <_ k 2 e/N

we conclude by (3.31), (3.32) and Lemma 2.1 that

__ P(X 1 (kl,k2) >X, X2 (k1lk 2) >X)
P (X1 > X)

li P((k 1 +k 2 ) (k 2 X1 (k1 ,k 2) +k 1 X2 (kl,k 2 )) >X)
P(X 1 >X)

r, V
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I k2fl (s) +k1f2 (s)l OL[1 +sign(k 2f1 (s) +k1 f2 (s)) (s)lm(ds)
A (k1 k 2)

(k 1 +k2) (l + Sl)f1 (s) I m(ds)
S

26 aN- ccmax (k t , k L mAki2eNanxk,k2)m(Aklik2) )o

(kl1 +k 2) L(1 +6 1)f If l ( s ) Iam (ds)

S

2 6 OL m(A (kl,k )

+ 1 Na fIf 1 (s) Iem(ds)

S

We conclude by (3.35) and (3.36) that

limP(X 2 > X1X >X) 1 2 8 M(s)
X. 2 1+81 Na ffl(s)I am(ds)

S

Since N can be taken arbitrarily large, the ,-oof of the lemma is

completed.

Lemma 3.4. In Lemma 3.3 assume now that e =0, and the measure m

does not have to be finite any longer. Then the conclusion of

Lemma 3.3 remains in force.

Proof: Let

A(n,k) := {s EA :1/n -<f1 (s) <l/(n -1), 1/k -f2 (s) <l/(k -1)1,

n -1, k -1. Define

Xi (n,k) := ffi(s)I(s EA(n,k))M(ds), i =1,2, n -1, k >-1.
S

By Lemma 3.2 we have

................, ,..".,..."..-.., 
,........LA % %
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>0 P(X 1 (n,k) >X, X2 (n,k) >X)
(3.37) li--P(X2 >AX 1 >) X +-r n >X

X- co n=l k=l - P-X 1 > "

For n -1, k 2!1 let mn,k be the restriction of m to A(n,k). Then

the joint distribution of the random vector

Xi (n,k) := ffi(S)M n,k (ds), i =1,2,.

(Mn,k is an a-stable random measure on (S,E) with control measure

n,k

of the random vector (Xl(n,k),X2 (n,k)). Then Lemma 3.3 implies that
1-

all the limits in the double sum in (3.37) are equal to zero. This

proves the lemma.

Lemma 3.5. In addition to the assumptions of Theorem 3.1 assume

that there is a Z-set, A, of m-measure zero, such that for any

s EA f (s) _>0 and min(f2 (s)... f(s)) 0. Then1X 2"n

limp(X 2 >X,..., X >X1x1 >X) = 0. 5-

X -)C CO

Proof: Let C {s EAc :f. (s) -<0, f. (s) >0, j =2,..., i -1}, i =2,...,n.
1 J 3 -"

Then the sets C2 1 . . . Cn partition Ac. Letting

Yi j ) := ff.(s)I(s ECj)M(ds), i =1,2,...,n, j =2, ...,nS

we conclude by Lemma 3.2

n 1 '2 >n i X..Yj X
(3.38) limP(X >Xr,...,X >nX > ) - 11i-M "X j=2 X- P(X 1 > X)

Lemma 3.4 implies that every limit in the right hand side of (3.38)

is equal to zero. This proves the lemma.

,,%

%p %,
. ~ 5*~ % ~ '*~ .5 ~ . .5. *.' .. 5' .. 5'
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Lemma 3.6. In addition to the assumptionsof Theorem 3.1 assume

that there is a E-set, A, of m-measure zero, such that for any

s EA for any i =1,2,...,n, f (s) f1 (s) 0. Then

limP(X 2 >),..., Xn >X X1 >X) = 1.

Proof: Let X* := X XI , i =2,...,n. For any 6 >0 we have by

Lemma 2.1

(3.39) limP(X2 >X,...,X >A IX >X) limP(x >A (1 +6,X. >-X6 x* > X61x >X)

n

i=2 X- 
1

By Lemma 3.4 each limit in the right hand side of (3.39) is equal

to zero. Then

limP(X 2 >A,...,X n >XiX 1 >X) _e (1 +6)-

and, since 6 can be taken as small as we please, the claim of the

lemma follows.

Proof of Theorem 3.1: Let A be a s-set. Note that multiplying

simultaneously the functions 8'fn (s), s EA, by -1

does not change the joint distribution of the random vector

(Xl1 X2 ,... Xn) We may and will therefore assume that fl(s) 0

for each s. The claim of the theorem is reduced then to

fh+ (s) OL (1 + 8 (s))m(ds)

(3.40) limP(X 2 >X,...,X >X 1 > X) = S
X -*' 'fl(s)a(l + (s))m(ds)

S

Define

B0  {s S:fl(S) =0}

A.7f 1(V
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B := {s ES:f 1 (s) >0, min(f2 (s),..., f (S)) O}

B2 : s E S:O <min(f2 (s),..., f(S)) <fl(s)

B3  ={s ES:0 <f (S) -<min(f2 (s),..., fn(S)

These four sets constitute a partition of S. Let

Y(J) := ff.i(S) I(S E Bj)M(ds), i =1, 2,...,n, j = 0, 1,2,3.
i S 1

Then by Lemma 3.2

3 P(Y{J) >X Y, (4 ) >X,...,Y(i) >X)
(3.41) limP(X2 >X,...,X hn>XX__>X)= I im_1 _ F)(2>X)n

-l=l P=(Xl >)

provided all three limits in the right hand side of (3.41) exist.

We will prove that for any j =1,2,3

Sh j ) (s)Ca(1 +S(s))m(ds) '...

~~(i) >CE(
P(Y(J) .XF Y) > ,..., (J) >X) f + .,

(3.42) l 1''2' SX-_M P (XI1> X) ff1 s + (s) ) m (ds) ,_

S

whe re

h+ (s) min [fi (s)I(s E B)]+, j 1,2,3.
i=1,2,. n

In that case (3.41) and (3.42) would imply (3.40). Note that if

for some j =1,2,3

(3.43) f1 (s) aI(s EB.) (1 + (s))m(ds) =0
SJ

then Lemma 2.1 implies that for this particular j both sides of % .

(3.42) are equal to zero. We will assume therefore that the integral

V A~.%' %.'V~% % % %,. 4> 4 . %w~. % ... ' . .
.1 -, *p. * %,. . I *
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(3.43) is positive for each j =1,2,3.

By the definition h(1) ( -0, so the right hand side of (3.42)+'

is zero when j =1. It is easy to see that in that case the limit

in the left hand side of (3.42) exists and is equal to zero as well.

This follows from Lemma 3.5. This proves (3.42) in the case j =1.

Consider now the case j =3. By the definition h ( ) =f 1 (s)I(sEB+3

Then the expression in the right hand side of (3.42) takes the form

ff1(s) OI (s E B3 ) (1 + 6(s) ) m(ds)

S
sff l(s) O (1 + 8(s))m(ds)

S

while the left hand side of (3.42) is equal to the same value by

Lemmas 2.1 and 3.6. It remains therefore to prove (3.42) in the

case j =2. Define

B=i) min f. (s) < min f (S)
B2() := {sB 2 :fi(s) j=l,2,...,n 3 j=l,2,...,i- 3 '

i=2,...,n. Then the sets B2 (2),..., B2 (n) are disjoint, cover B2 ,

and on B2 (i), 0 <fi(s) !fj(s) for all j =l,2,...,n. Let

Yi.k) :-ffi(s)I(s EB 2 (k))M(ds), i =1,2,...,n, k =2,---,n.

Arguing as above we get

p( (k) k) f >f) Jf(s) I(sE (k))(i +a(s))m(ds)1 >X Y" nS

(3.44) li1. 1(' 2)n-
X1 p(Y2) > X) ff(1(sI(s cB 2 ) (l+ (s))m(ds)

S

k =2,...,n. Now Lemma 3.2 implies (3.42) in the case j =2. This

completes the proof of the theorem.

... . .. , . ," -. . .,
%5 % f*
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4. Stable processes on countable sets - conditions for boundedness

and high excursions

Stable processes considered in this section are given in the form

(4.1) Xi  = ffi(s)M(ds) + Iii, i =1,2,...,
S

where, as in Section 3, M is an a-stable measure on a a-finite

measure space (S,E,m) with skewness intensity 6, {fi}0 is a se-
1i=l

quence from Le (S,,m) if a 31 or from I(m,a) if a =1, and

{1 iis a sequence of reals.
We will find conditions for a.s. boundedness of this process .

and will study the asymptotic behavior of the distribution functions

of supX. and infX.. Knowing those properties of stable processes
il 1 i>l 1

defined on countable sets we would be able to handle processes de-

fined on more general sets. The point is that in order to make

supX(t) a well defined random variable, one usually considers a
tET
separable version of the process, which reduces, in effect, the para-

meter set to its certain countable subset. Our first result

generalizes Theorem 6.1 of Samorodnitsky (1987) to the nonsymmetric

case.

Theorem 4.1. Suppose the process {X.,i 1l is iiven b,4 (4.1). -her V

(i) ..

(4.2) limA P( sup X. >X) c fg+(s)a(l+i(s))m(ds) +fg(s) (l-S(s))m(ds)I
- i=1,2,... S S

(4.3) lim,0P i~,.inf X. < -X) ->21- [fg+(s) (1l- 8(s))m (ds) + fg_ (s)a'i + (s))m (ds), A'

\-*a2 C iS,. + S~s

where

(4.4) g+ (s) sup [f (s) ] s S S
i=1,2,...

(4.5) g_(s) sup [-fi (s)1+, s 'S.
i=l,2, .... %

_. , ,5 - ., ..,. • . ,. .. . . , ... ,.. .- .,- ., .. ... -.. ,... ,. .., .-,. .'
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(ii) If 0 <a <1 and supo <'C then

(4.6) lim(P( sup X.i >X) = 1 ( fg+ (s) a (1 + a (s))m(ds) +fg_ (s) a(( - a (s))m(ds)1.
X-*cO i=1,2,. .. S s

If 0 <a <1 and infui >-0, then

(4. 7) 1imX'P( inf X. < 1 X(4.7)~ ~~ lij(ifX.<X 1c,( =I2., [g+(s)'(1-B(s))m(ds) +fg-(s)o'(l+a(s))m(ds)]'

X-O i12..S S

The constant ca is given in (2.6).

Proof: (i) For each n =1,2,... define

(n (s) := max [ff(s)] , S ES,

g(n) (s) max [-fi(s)] , s ES.

Then by Theorem 3.2, for each fixed n =1,2,... we obtain

limA P( sup X. >A) 2! limA P( max X. >A)
X ''

OD i=1,2,.. 1 -,00 i=1,2,...,n 1

2Ca (n) (s) a(1 +6(s))m(ds) +fg (n) (s)la(1 - a(s) ) m(ds)]'

Since this holds for any n =1,2,..., (4.2) follows by monotone con-

vergence theorem. The assertion (4.3) follows now by (4.2) applied

to the a-stable process {-Xi ,i =1,2,... 1.

(ii) We prove (4.6) first. We may and will assume here, without

loss of generality, that wi =0 for each i =1,2..... Moreover, in

view of (4.2) it is enough to prove that

(4.8) lRX"P(supX. > X)_ f (s)g+(s(s())m(ds) +f g_(s)' (l- (s))m(ds)].
1 i S" S

. .-
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If either one of the two integrals in the right hand side of (4.8)

is infinite, then there is nothing to prove. Assume therefore that

(4.9) fg+ (s) (1 +8(s))m(ds) < oos

(4.10) fg_(s)a(1 -8(s))m(ds) < .

S

Let K1 and K2 be independent a-stable random measures on the same

a-finite measure space (S,E,m) with skewness intensities $ El. Let

1/az
Wi ffi(s)(1 +a(s)) Kl (ds), i =1,2,...,

S1

Zi  ff i(s)(1 -a(s))l K2(ds), i =1,2,....
S1

Then {W, i =1,2,...} and {Zi , i =1,2,...} are two independent a-

stable processes. A direct computation of the joint characteristic %

functions shows that

{2-1 / a (W
i Zi)= i =1,2,.... {X.,i =1,2,...).

Thus .

(4.11) P(supX. >X) = P(sup(W. -Z.)>21 )i_>l 1 i~l 1 1 .

1/aLS P(supW. +sup(-Zi) >2 N).

Let
' p

W. fg +(s) (I +B(s)) K (ds)

f.:sg-(s) (1 -s(s))i/K(ds) . e-,eS
a,

SS

--, 6 %: ' .'" &.,."- a. . ,, -, U - , ' a, a,,V , . * '. , -,-, .'_v "v'- "." . .. .. ' .' .,," , -.. ". . .'.". ,,"4. 5 -., "
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By the assumptions (4.9) and (4.10) we conclude that W, and Z* are

well defined a-stable random variables. They are also independent
o

and a.s. positive (see Remark 2.1). Note that for each i =1,2,...,

each s ES, g+ (s) -fi (s) >-0. Consequently, for each i =1,2,...

W, -Wi = f(g+(s) - f(s)) (1 +B(s))/a Kl(ds) -0 a.s.
S

We conclude that

(4.12) W* 2! supW. a.s.
i-el

The same argument shows that

(4.13) Z, - sup(-Z i ) a.s.

as well. It follows from (4.1l)-(4.13) that

imA aP(supX. >X) !- limxcaP(W, +z, >2 /aX)

- l-a[fg+(s)a(l +a(s))m(ds) + fg (s)a(1 -6(s))m(ds)]

by independence of W. and Z. and by Lemma 2.1. This proves (4.6).

The assertion (4.7) follows now by applying (4.6) to the a-stable

process {-Xi , i =1,2,...}.

We now turn to the problem of a.s. boundedness of the process

(4.1).

Theorem 4.2. (i) The foZlowing are necessary 'or the a-stabZe

process (4.1) to be a.s. bounded

(4.14) ff*(s) cm(ds) <-,
S

%, %• 1"6" - #- ;"""- """ : """-"-" ' ."'" " ' ' :"
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where f*(s) := suPlfi(s)I, s ES, and
i2!l

(4.15) sup ui < , if Cl

i1

or

(4.16) suplw i - (2/r)[f f n(s)tnlf.(s) 6(s)m(ds)j <- if ,z =1
i->l S

(ii) If 0 <cx <1, then the conditions (4.14)-(4.15) are also suf-

ficient for a.s. boundedness of the process (4.1).

Proof: (i) If the process (4.1) is a.s. bounded, then by the

general result of de Acosta (1977) it follows that

limX aP (sup IXi I 
> X) < .

+0 i>I

By Theorem 4.1(i) this implies that the expressions in the right

hand sides of (4.2) and (4.3) must be finite. Summing those two

expressions we conclude that

(4.17) f[g+(s) +g-(s)a Im(ds) <-.
S+

The necessity of (4.14) follows now from (4.17) and the following

obvious relation.

(4.18) max(g+ (s) X, g (s) ) f *(s) <g +(s) +g_(s)

We prove now the necessity of (4.15) in the case 1 <a <2. Suppose

that (4.15) does not hold. We may assume without loss of generality

that sup . = . Fix any X >0. By our assumption there is an
i=I,2,...

i(M) such that wi(A) . Then by Lemma 2.2(i)

P( sup X >) (X P(X 0) a
**l , . ,... .*. .. .
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for some positive a that does not depend on X. Then P( sup X. =.) -a
i=1,2,...

so by the zero-one law (see Dudley and Kanter (1974)),

P( sup TXij =-) =1 and the process is a.s. unbounded. Next we
i=l,2,...

prove the necessity of the condition (4.16) in the case a =1. Let

K =fsf*(s)m(ds). Since we have already proved the necessity of the
S/

condition (4.14), we may assume that K < . Denote

A. : i.-(2/ir)ffi(s)tnlfi(s)Ia(s)m(ds), i =1,2,...
S

and let

(4.19) Zi X: -Ai i =1,2,....

We conclude by (2.14), (2.15) and (2.17) that Z. has an Sl (Tii,0)

distribution, i =1,2,..., where

T. = f if (s) Im(ds), i =1,2,...,
S

= -iff (s)B(s)m(ds), i =1,2,.l S ...

Clearly, a. SK for each i=1,2,.... Suppose that sup JAIi =CO.
i=l,2, ...

As before we assume, without loss of generality, that

sup A. =0. By Lemma 2.2(ii) there is a finite constant yK such
i=1,2,... 1

that for each i =1,2,...

(4.20) P(Z i  > K
) -a

for a certain positive a that does not depend on i. Fix any X >0.

By our assumption there is an i(X) such that Ai( >A - Y K Then

by (4.20)

P( sup X. >A)- P(Xi(M) >) = p(z >X -Aii=1, 2,...

P(Z() > a.

% %. .A *%.-%** x%.-%. "%. %-*-%.-%%%.%. -% . .*~**~~* *~%A , % . • .%A.% * "._. - %.. .. .... . 11
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As before, by the zero-one law we conclude that the process

{Xi, i =1,2,...} is a.s. unbounded. To complete the proof of the

* part (i) of the theorem we have to prove the necessity of (4.15)

in the case 0 <a <1. We defer this task until after we prove the

part (ii) of the theorem.

(ii) By the part (ii) of Theorem 4.1 we conclude that

(4.21) limXaP( sup Xilx> c f f*(s) m(ds ) <
S i=l,2,...

Thus the process {Xi, i =1,2,...} is a.s. bounded. We complete p

now the proof of the part (i). Suppose that 0 <a <1 and that the

condition (4.15) does not hold. Since the necessity of the condi-

tion (4.14) has already been proved, we assume that this condition

is satisfied. Then by the part (ii) of this theorem the process

Yi = Xi-Li' i =1,2,...

is a.s. bounded. Consequently {Xi , i = 1,2,... - can be represented

as a sum of an a.s. bounded process and an unbounded sequence. This

proves that the process {Xi, i =1,2,...} is itself a.s. unbounded.

This completes the proof of the theorem.

It should be mentioned that in general the conditions (4.14),

(4.15) if 1 <ot <2 and (4.14), (4.16) if a =1 are not sufficient

for a s. boundedness of the process (4.1), as follows from Example

6.1 of Samorodnitsky (1987). The above example shows also that,

in general, the second part of Theorem 4.1 (or its obvious modifica-

tion if a =1) is false when a 2!1. It is a conjecture of the author

that the second part of Theorem 4.1 is still true even if a ->1, if

it is known that the process (4.1) is a.s. bounded.

p..
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