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ASYMPTOTIC PROPERTY OF THE EVLP ESTIMATION FOR
SUPERIMPOSED EXPONENTIAL SIGNALS IN NOISE

Z. D. Bai, X, R, Chen, P, R, Krishnaiah and L. C. Zhao

ABSTRACT

A

This paper studies tfre model of superimposed exponential signals in

noise:

4 Yj(t) = g aijt + ej(t)’ t = 0,1,.9.,“'1’ J = lyo‘ongN
' - . ende  wo b
where ‘1’°°"‘q are unknown complex parameters with module 1, Aq+1"" Lp

are unknown complex parameters with module less than 1, Xl""’ﬁp are
assumed distinct, p assumed known and q unknown. akj’ k=1,...,P5 J = 1,...,N

are unknown complex parameters. ej(t). t =0,1,...,0-1, j = 1,...,N, are

/ ! . ]
: 7, .

i.i.d. complex random noise variables such that

Ee, (0), E]e1(0)|2 = 62, 0 <& < w, E|91(0)|4

and 02

is unknown, This paper gives:
1. A strong consistent estimate of q;

2. Strong consistent estimates of Al,...,xq, 52 and lakjl, k <q;

3. Limiting distributions for some of these estimates;

4, A proof of non-existence of consistent estimates for A\ and a k >q.

kj’

5. A discussion of the case that N +» =,

AMS 1980 Subject Classification: Primary 62H12.
Key Words and Phrases: Consistency, frequency estimation, model selection,

signal processing.




et A
T ot
WO AR

ASYMPTOTIC PROPERTY OF THE EVLP ESTIMATION FOR
SUPERIMPOSED EXPONENTIAL SIGNALS IN NOISE

Z. D. Bai, X. R. Chen, P. R. Krishnaiah and L. C. Zhao

1. INTRODUCTION

Consider the model

vy(t) = kglaijﬁ +e(t), (1.1)
t=0,1,...on-1, j=1,2,...,N

where kl,o..,xp areunknown complex parameters with module not greater than

one, and are assumed distinct from each other, akj’ k=1,2,...,p, J=1,2,...,N,

are unknown complex parameters, ej(t), t=0,1,...,n-1, j=1,...,N, are iid.

complex random noise variables such that

Eel(O) =0, Ee(O)eIIOS = oz. 0 < 02 < ™, (1.2)
Ele, (0)|* < =, (1.3)

where 02 is unknown. Throughout this paper, i=/~1, A,A' and A* denote the
complex conjugate, the transpose and the complex conjugate of the transpose of
a matrix A respectively.

The model (1.1) can be viewed either as an ordinary time series (single-
experiment for N=1, multiple-experiment for N>1) with uniform sampling, or as
a model for a linear uniform narrow-band array with multiple plane waves

present, and each measurement vector (the "snapshort") Yj = (Yj(O),...,Yj(n-l))'

represents the output from n individual sensors.
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The primary interest in this model is to estimate the parameter vector

A= (Al,...,xp)' based on the data {!j,j=1,...,N}. In some investigations,

for example [1], [2] and [3], it is assumed that the vector Ej = (alj’aZj’

...,apj)', J=1,...,N, are iid. random vectors with a common mean vector

zero and covariance matrix R = Ea.a.*

a53;*. In other studies, for example [4], it

is assumed that akj’ the complex amplitude of the k-th signal in the j-th
snapshort, is simply an unknown constant, and it is desired to estimate these

constants based on the data. We shall adopt the latter assumption in this

paper.

Various methods for estimating the parameters A and gj's are proposed

in the literature., If A were known, the least squares (LS) method would

give the following estimate of a.:

~J°
éj = (A*(Z‘)A(é))-l"*(é)!j. §=1,2,....N, (1.4)
where
O |
Mo Ay e Ap
AY) = f Ag e xﬁ
n-1 ;n-l ;n-

1 2 e ee p °
From this consideration, some authors suggested that, after obtaining some
estimate 3 of 1, one substitutes S for A in (1.4) to yield an estimate of

Ej' For e;timation of Ay Bresler and Macovski [4] derived the maximum

likelihood (ML) criterion under the normality assumption on {ej(t)}, which {s
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g’ just the LS criterion. Other methods are proposed such as that of Prony,
n Pisarenko and modifications thereof (e.g. [5], [6], [7], [8]). . Not much

N

3; . is known about the statistical properties of these estimates. For some

) results in this respect, the reader is referred to Bai, Krishnaiah and Zhao
] ' [}

> [9]. They considered the case where N=1 and A s are all of module one,

’S suggested an equivariation linear prediction (EVLP) method to detect the number
L)y

p of signals, and to estimate A and oz. They established the strong con-

B - sistency of the detection criterion and estimators, and obtained the limiting
distributions of related estimators, Analysis and comparison for some

oY estimates of Aare also made.

In this paper, we apply the EVLP method to the general model (1.1).

This method is a modification of a classical method dating back to Prony [10].

i’ As pointed out by Rao [11], the Prony method, which features in minimizing
-aﬁ certain quadratic form of the observations, ignores the correlation of

" N

i; related linear forms therein, and the consistency of the related estimates

is in doubt.

;Q: Roughly, the EVLP method can be described as follows: Consider the
)
:: set
o _
- B = (b= (b b)':5 612 =1, b0 b 1 (1.5
'. p = {.. - ( 0’.... p) -zk=0| kl - ’ pl Py bO,.oo, p-]. Comp EX}. . )
3% Define a function Qp(b) as follows:
- - :
4 ( L7 (| (1.6)
Q (b) = b, Y.(t+k beB. . 1.6
& p = Nin-p$j=1t=0 k=g KJ > 7P
o "~
gt We can find a vector EGBp such that
>
Y = mi . 1.
_ Q, & Qy(b) = min(Qu(b):beBy} (1.7)
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Ty
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}“- Let Al""’Ap be the roots of the equation
; . -~ *
’\j E bkzk = 0. (1.8) ]
i:_\: k=0
N -
;!3 Then A, is taken as an estimate of A , k=1,...,p.
LS
ﬁ?. For considering the asymptotic properties of the estimates, we shall
¥ 4 distinguish the following two cases:
‘.?')
Case (i): N is fixed and n tends to infinity;
) Case (ii): n is fixed and N tends to infinity.
z:ﬁﬁ First, consider case (i). Put
oA
A=tk nd =1, lckepl, A = (ks [a]<l,  lkep). (1.9)
) "{
LR % o
::J Without loss of generality, we can assume that
..Q_'ll
( A=1{1,2,...,q9} for some q <p. (1.9)'
a0 I
B ) We shall show in the sequel that there will be no consistent estimate for
;;J? A ken®, when A # ¢ (c.f. Theorem 4.1), and if AC # ¢, the above
)
.ﬁf procedure fails to provide consistent estimates for Al,...,xq (c.f. Remark
PN
§53§ 3.1). In view of this, it is important to seek for a consistent estimate
A "
32“ q of g A #(A). This enables us to use q to replace p in procedure (1.5)-
{%:j {1.8) to obtain estimates of Al,...,xq.
P ':: ~ ]
o Having obtained estimate A of A, estimates of a;s can be obtained by
X '
':3g replacing X by ;, as mentioned earlier., At a first look it would suggest
$ - -
Py that the estimates of a.'s so obtained should be consistent when » is a
Ja -] -
"
(K consistent estimate of A In fact, this is not true. The reason is that
'2\' in order to get consistent estimates of aj's by this method, i; - A: should
A0 <
9"'
04
oy
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be of the order op(l) for r < n -1, But usually ;k - N is only of the

order Op(l//ﬁ), and Kz'l - Az'l cannot have the order op(l). However, it is

possible to estimate lakjl consistently, where k=1,2,...,q9, j=1,2,...,N.

In section 2, we give a detection procedure for g, and give some

estimates of Ao 02 and lakj‘ for k=1,...,9 and j=1,2,...,N. In section 3,

we establish the strong consistency of these procedures, and find the l1imiting
distributions for some estimates. In section 4, we show the non-existence

of consistent estimates for A and akj’ where k=q+1,...,p, j=l,...,N.

Finally, section 5 is devoted to a brief discussion of case (ii).

The strong consistency of the LS estimation of Ak’ k€ér, shall be

established in a forth-coming paper [12].

™
..............

[

"3

\
t




b gha Vo Re  J3a ol ola o) 84-od J O T T P O T O T T O P T P T T v TV v —— e - -

2. DETECTION AND ESTIMATION PROCEDURES
In this section, it is desired to determine g=#(A), and to estimate

Ags o° and lagsls K=1,2,00050, 371,2,... N (refer to (1.9) and (1.9)').

Throughout this section, N is fixed and n tends to infinity, and the

following conditions are assumed:

Nl k=l2,.00,8 A A, for kfR,keel,...q,  (2.1)

and
N

L |akj

j=1

> 0 fOY’ k=1’2.ou-’qo (2.2)

For detection problem, we also assume that (1,2) and (1.3) are satisfied.

For r=0,1,2,...,p, define a set of complex vectors

2
B, = {9(‘”) = (6§ seeed{Myeen{r) > 0, and kin‘(j)l - 1} (2.3)

and a quadric form of b(r) :

Qr(?(r)) - N’(ﬁ"l-"F) jgl :;lo-r kioblir)Yj(“k) 2’ P(r)GBr' (2.4)
Put
q, = min {or(g(‘”)). o(Mes 1. (2.5)
Choose constant Cn satisfying the following conditions:
:‘m ¢, = 0, m /0 C./VTog Tog n = =, (2.6)

Then we find the nonnegative integer a < p minimizing

I(r) = Qr +rC,  re0,1,...,p, (2.7)

and use a as an estimate of q.

...........
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.E::: Note that if b(r) = (bgr),...,bf,r))' satisfies

\\ 1 g nil—r‘ Yz’ ‘(Y‘) 2

£ Y] -

GOk Q. = — b Y-(t+k) ,

e ro N 5 43 (ki K

oy

“ﬁ' then Qr is the smallest eigenvalue of the matrix

oo

'¥ ~ A

:’Et: r(r) = (Yéj':))’ £9m=0)1’ooo9r,

and P(r) is the corresponding eigenvector, where

.74 (Y‘) n~l-r

:::: —-(F—ry 2 Z W)Y t+m K,m=0,1,o..,l". (2.8)
\1“: J =1 t= O

::,,-.

:_ Put A = exp(iwk) for k=1,...,9. As shown in section 3, with probability
[ I

one, we have a=q for n large. Hence, to estimatewl,...,wq, without loss
of generality, we can assume that q=#(A) is known. For simplicity we write
‘. f‘q)ﬂ: (q)-ym, etc. Llet b (bo,...,b )' €B_ be a eigenvector of r

o 9

RS

associated with its smallest eigenvalue. Under the conditions (1.2), (2.1)

-
~

and (2.2), it can be shown that with probability one for n large, the equation

\. ~ ~
o B2)a ) b,2% =0 (2.9)
“"1 - k:o k
! K
L ~ a ~ -~
’» has g roots, namely Py exp(iwk), k=1,2,...5G, where o > 0, ka(O,Z‘n), k <q.
':.:;::-: Further, Qq furnishes an estimate of o2,
‘. - To estimate lakj" k=1,..4585 J=1,...,N, write Ay = exp(imk), k=1,...,9,
o5 and write approximately (1.1) as
::"::' ) t
::::::. Yj(t+0) ‘ aljx]_ ej(t+0)
s ¢
v Y.(t+1) 2, 52 e.(t+l)
— J . oy ) 2.10
Jlu_" . h . . ( . )
N . . . |
. ':'. ° *t . i
. - LA e.(t+g-1 ‘
oq |
e
e ,
Y T Ay N S R Y TR NocRRagaah !
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[f=

IS N

t=o’1’ooa’n-q, j=1’ooo’N’

A, - . .

Put A;l = M = (ngy)s £sm=1,2,...,q. Motivated by (2.10), we propose the

where

following estimate of lakjlz, k <q, j <N:

2 Tr 2
a4 ‘( = Z g ety (t+e-1) 12 " o kel 0

where for any real x,

x, if x>0,
(x), = {. )

. if x<0,

Remark 2.1. 1f we consider the more general model

t
. =a .+ . .
YJ(t) a0 kgl akak + eJ(t),

t=0’1,-a-’n-1, j=1’o-o’N,

where aoj is an unknown constant, xkfl, Ak#xt for k#e, k,2=1,...,9. We can

use 5 2 Y (t)/n to estimate aOJ Then the above procedures of

~

detection and estimation can be used with Yj(t) replaced by Yj(t) - a5

Oy " T
:N’M'h |'lq W
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f*:- 3. ASYMPTOTIC BEHAVIOUR OF THE DETECTION AND ESTIMATION
i}ﬁ: In this section, we establish the strong consistency of the detection
»fii and estimation procedures proposed in section 2. The asymptotic normality of
-\.‘;-

‘,5' some estimates is also established. Throughout this section, N is fixed and
Y n tends to infinity.

.r\.

g Some known results are needed in the following discussion. For

By
» convenience of reference, we state these as lemmas.

;}QZ LEMMA 3.1. Let {Xn,nz}} be a sequence of independent real random
'E%j variables such that J_ E|X | <=, Then nzl X, converges a.s.

2. Refer to Stout([13], 1974, p.94).

-
b LEMMA 3,2.(Petrov). Let {Xn,nz}} be a sequence of independent real
'4'.::' 2
b random variables with zero means. Write B2 = ZQ_ EX; and S_ = ZQ_ X,. If
‘ n j=1"73 n J=173
"y
s lim inf BZ/n > 0

’:,(‘ N>

h -‘-,ﬁ‘l
N and
®)

. Ef 2" cKem, §21
.,p"-_ J — —

o)
.;3; for some constants K and &> 0, then
-
ks 1im sup S /(282109 log 82)1/2 =1 a.s.
N n n n
o NHo

LS

e For a proof, the reader is referred to Petrove ([14], p.306) and Stout
' ([13], p.274).

”;: LEMMA 3,3, Let A = (aik) and B = (bjk) be two Hermitian pxp matrices
L AE .

o e

.. with spectrum decompositions
NN
i
o

.r,:_.;
2%

04

52
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and

and that

lajk - bjk‘ < x, j,k=1,2,...,p-

Then there is a constant C independent of «, such that

(1) |6k = Ak' < Cay  k=l,...,ps
n n
h h
(i) E uku: = Yk!: + G(h) with
=n-1+! k=n_1*1

G(h) = (g‘g:))s |g§t)| < Cay  Jok=l,...0ps  h=l,...,s.
Refer to [15].

LEMMA 3.4. Let {X ,n>1} be a sequence of iid. real random variables

= 0 and Exf

such that EX <o, Let {ank} be a double sequence of real numbers

1
such that
la ) < kK2 forall kel mai,

and

E aﬁk‘i Kn™ for all n>1,

where o>0 and K<= are constants. Then we have




o
* .
B¢ " . 11
5’:. .
K Tim Ya X, =0 a.s.
Juh Phoo E nk“k
;’. Refer to Stout ([13], p.231.)
3: LEMMA 3.5. Let g (x) be a sequence of K-degree polynomials with
) - roots xgn),...,x'((") for each n, and let g(x) be a k-degree polynomials
o)
a
5'::: With roots Xy,...,x,, k<K, If gn(x) +~ g(x) as n-=, then after suitable
A
A
A rearrangement of x{"),...,x'(("), we have xg.") + Xj' J=1,2,...,k
t::: and |x(.n)| + o,  j=k+l,...,K.
) J
ha
o See Bai ([16]).
3
o THEOREM 3.1. Suppose that in the model (1.1), the conditions (1.2),
- (1.3), (2.1) and (2.2) are satisfied. Then
~o -
{ limq = q a.s.
XN =
?i: Proof. Assume that q = #(A), p= max |x | <1, and max{|a .|, l<k<p,
A AR
3 ' a<ksp
j=1,24...,N} = K. Under the model (1.1),
';:: N el
1 n=1-r
‘N “(r) _ 1 z Z n-—z-)—
. Y = (t+Z]Y . (t-m)
*; £,m n-r j31 t= 0 J J
S N nl-r E E
e 1 - —t+8s t+m
T = Y A, d, . + e.(t¥l) A a, . +e.(tm), (3.1)
= Nn-r) j21 t=0 (k=1 k Tk )(k=1 Kok
L
LR
_ where £, m=0,1,...,r, r=01,...,p. We have
‘)
o,
Wy N In-1-r p p
e L3 7 it “’“ \+\2 xt”"a.\)
. NIn-r) g2 leso  kEqer W gk T |
:-: K2 1 |
Y hl n-r( - n-rJ(1-9) O(F)’ £,m=0,1,...,r. (3.2)

l."!"\ LI \"5

. x ¥
|‘\o.l'| DU 0.:,\‘0 et %o N LR LAY 'o"n'
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By Lemma 3.1, Zz=0 ot|ej(t+m)| converges a.s., and

N n-l-r

1
N(n-r)

ot+l-
Ay Ay ej(t+m)

j=1 t=0 k=q+l

N
K(p-q t - ol
in-fp—},,_r jzl tzo o les(t4m)| = 0(7)  a.s. (3.3)

By (3.1) - (3.3), with probability one we have

1 N n-l-r 1
* Nty _Z Z ej(t+Z)ej(t+m) +0 (ﬁ)
j=1 t=0
= 1
= J + dpp + gy ¥ dgp + gy + 0(R). (3.4)

Write A = exp(iuk), ka(o,Zw), k=1,2,...,09. Sinceuxkfwz for k#€,

we have
= ol
\Jzn - O(N)o (305)

By Lemma 3.2,

Jap = og 1—9—-3——“’,‘ '0") a.s., Jp = o({—l——L"’n '°") a.s. (3.6)

By the law of the iterated logarithm of M-dependence sequence,

Wu Ll T ol LS L

DLW W L L ¢ N
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oo 13
o
o3
g
= o fo-0 ") . for &fm,

Ao an = 2 a,s. - (3.7)
o o + 09 o n) » for £=m,

2a¢ n

Y
,7 Put
)

: 11 ...1
;—fﬁ SRIERE Aq

)
s (r) _ =2 <2 <2 2

Q A An v e W ces
tre)xg | 172 'q - disaly 2 oyl Z 1%l

: . L] -] L[]
sl * ° (3.8)
‘;’ ° ° -
g rsr sr (r) . 2 (r)p,(r)*
a.,n 1)‘2°")‘q , r cIr+1+Q AQ .

2 Then, by (3.4)-(3.8) we have

- pr) o ey Q(/—ﬁ-——g——l‘" I°") a.s., (3.9)
{
:\" Let e(r) > ees '(,ﬂ and e§ r) 2 aeo s.:% be the eigenvalues of ;(r) and
g

T I.(r‘) Vel
22 respectively. By Lemma 3.3,
D

5~ ~(r r 1 n

S o{r) = 6{") 4 pg/-ﬂ—ﬁ-—i"n") a.s.,  kel,...,r+l, (3.10)
4 ""-

P

'5-:: Since rank (Q(r)An(r)*) = min(r+l,q), we have

= '(,I% > c for r <q.

:.;\ . (3.11)
v,
::: Ot = o? for r>q.
|

. - afr)

= Since Qr = 041 We get
n' ]

A _ A (r) 2

.\,5: :\12 Qr = 0.4 >0 s A5, for r <q, (3.12)
!
. : and
52 2 0g log n
$:\: IQr - a°| = 0 - ) a.s. for r>aq. (3.13)
%
..Jl
A%

',\

R T R P Y A W LN LN LS W
I I o
o2 el Ny W B S {"’o. H't M‘v o "l'i'!‘t. h |.
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From (2.6), (2.7), (3.12) and (3.13), it is easily shown that, with

probability one for n large,

Rq < Rr for r #q,

and, by the definition of a,

1<r<p,

q=q.
The theorem 3.1 is proved.

In the sequel we assume that q is known. For simplicity, we write

pla) _ g, ~(q) =5, , 68) =g, ola) -

N, etc.

THEOREM 3.2. Suppose that in the model (1.1), the conditions (1.2),

(2.1) and (2.2) are satisfied, Then, for appropriate ordering, we have

Tim - = w Ad.S.9 k=1,2,.-09q’
Moo wk 3
and
Tim Q 02 a.s.
noe d
Proof. Under the conditions of the theorem, (3.2)-(3.5) still hold.
By Lemima 3.4,
, for &#m,
liz JSn = ) a.s.
o for £=m,
It follows that
A 2
limT =T(=o0o Iq+1+QAQ*) a.s. (3.14)
[
Define
q
B(z) & bq (z Ak) A b + b1 .+ qu (3.15)

k=1

2
such that bq > 0 and zq lbk‘ =

Then b =
k=0 =

]
(bo’.ol.bq) GBq and

B

nes PRI J QIR NN ' oo
W ’.: 5.. LTI AN no ol'\'q R RN

DL DL M K'Y

f“ \-{ $,~."' (A!r {”{.'I.‘ v'
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'.f,
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-,

2

T 2

2 QAQR*d = 0, Tb =o0"b, (3.16)

B Let 31 > ... 3_5q+1 and o, > ... z_eq+1 be the eigenvalues of T and r

7,

o respectively., Since rank (QA*) = q, we have

L )

i -

61 : s e Z_ eq > eq+1(-° )o (3.17)

v

o By (3.16) and (3.17), b is the unit eigenvector of I associated with the
unique smallest eigenvalue of I'. Now 5 = (Bo,...,Bq)'GBq is the unit

’&: eigenvector of r associated with its smallest eigenvalue Qq. Using Lemma 3.3

5

>

b and (3.14), we get

ay 1im § =b a.s.,and 1limQ = 02 - @.S. (3.18)

By Lemma 3.5, for appropriate ordering, we have

lim o, exp(i&k) = exp(iy) a.s., k=1,2,...,q,
| i maed

which implies that

1im$k=1 a.s.and  lima, =w,  a.s.,  k=l,2,...,q.

y N N

Ly Theorem 3.2 is proved.

‘(%)

)

s THEOREM 3.3, If (1.2), (2.1) and (2.2) hold, then

:E 1im |a .|2 = |a .|2 a,s. for k=1,...,q9, j=1,...,N.
i} now kJ kJ

,. . Proof., By the theorem 3.2,

oy .

: 1im Xk= Xk aoS" k=1’-.-,q.

A Moo

o

k Define

. -

@

B e e b S R e
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R Then we have

Vom ™ Mom 3eSes £,m=1,...,q9, (3.19)

%

which implies that

- -
r

5,
b IIIA&

- 1, k=m,
1im “kZ !’ 1. Sim = { ’ a.s. (3.20)
o 0’ kfm’

".' “~
PO

0

By (1.1), (3.19) and (3.20), for k=1,...,q we have

R
By Ay e "
A

| ——

n-=q
T L § et st |2

5K NN A
e

P
L e

t+L-1 |2
‘——Tn_q+ 2 l Ukz( o4 am.xm + eJ(t+£-1))

Ay 'U’A h
PLA/

ay
Pk}

= S8 A # Y la_.|.
n-q+1 tZO mgl km~mj"m Lzl mel ™

1%=R]
'l"‘:&

4 lzluuej(tw-n + zgllej(td-l)[.o(l)’z a.s.

P
i
=1

PAREA
"

0
v

- e T
a

;?\: a.Sl

7\'-_q—+'1' 2 IakJ +0(1) + Lzl ukzej(t'fﬂ-l) + j—_ll ej(t+£-1)| -0(1)|2

7 a.s. ; M=9 2 E _ ,
T -1)e.(t+m-1) +
o~ n-q+1 tz 'akj| + . m=1”k£”kmej(t+£ l)eJ t+m-1) + o(1)

‘:::. ¥ zzl(le-j(t+£-l)|2 + lej(t+£‘

).o(l) + akJ k ﬁlukze (t+L-

...... --q\-t(-q by " Nl

VY
O Y ) :‘0’. O.. .' 0'. X 'i. ‘.A.l' t'. .'1 .. c.’. ...0‘..0." vt oy > 'f' !
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— =t -
+ akjlk [gl uue\j(t"'Z-l)}. (3.21)
By the SLLN,

. 1 —
Tim i T g uypuy €. (t+8-1)e . (t+m-1)
N->eo n-q+ £,m=1 k€ km”3 J

- 2 22
g Uy pHp8p 0 = luy 1o a.S, (3.22)

n-q
. 1 : 2 - 2
llz T téo(lej(t+£-1)| + Iej(t+£-1)|) =" + Ele,(0)], a.s.

(3.23)
By Lemma 3.4,
z a, AL % uy p€. (t+e-1)
n»w n-q+1 kj"k p2q kL7
= tg kJ“kﬂ 1im ——G:T 2 A t+£-1) a.s. (3.24)
By (3.21)-(3.24),
11m ————T Z | g uy Y (t+£-1)| = |a |2 + % [u |202 a.s.(3.25)
kﬂ kj £=1 kf— ] *De .
From (2.11), (3.18), (3.19) and (3.25), the theorem 3.3 follows.
Remark 3.1. 1f q < p and we estimate Al"'“’xq using (1.5)-(1.8)
directly, then we have
1im t(P) = p(P) 4 s,
N>
and e{p) > eee 2 eép) > eégz = 4. = ég{ (=02) are the eigenvalues of r(p).

A1l eigenvectors of r(p) associated with o2 consist of a (p-q) dimension sub-

space, Assume that G(D) € Bp such that

5(P)y = s (p)y . (P
0p(6™P) = min (q,(b'"") : b'P) 6 B3,
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el
s
f“\v then b(p) is the eigenvector of r(p) associated with the smallest eigenvalue
% 2(p) £(p)
R of I'"/, We do not know whether b converges. In general, we do not know
i‘\n ~
:hﬁ whether there are q roots among all roots of 2E=0 Bﬁp) zk which tend to
)
oy {)\k’ k=1,2,..4,9}.
'.:-r:. .
;Ztg Remark 3.2. Suppose that in the model (2.12), the condition (1.2) hold,
" n-1
’ Thena_. =J Y.(t)/n is a strongly consistent estimate of a .. For those
e
- procedures of detection and estimation discussed in Remark 2.1, Theorem 3.1 -
*:5 3.3 are also true,
A_E Finally, we establish the asymptotic normality of Qq and (Zk’ k=1,2,...59).
3;% To this end, we assume that under the model (1.1), the conditions (2.1},
o

(2.2) are satisfied, and ej(t), j=1,2,...5N, t=0,1,...,n-1, are iid,

P

T

..s“.“' .
L5 4%4

complex variables, ej(t) = ejl(t) + iejz(t) and ejz(t) are both real

W
11

numbers , which satisfy the following conditions.

2

-

;L

)2 = 1/2 &,

s
<8

Eej(t) 0 Eejl(t = Eejz(t)

&
"'".'i':"-s
w e 3 B

2, _ 4 .
Eejl(t)ejz(t) 0 and Var(!ej(t)l ) = ao with a>0, (3.26)

o

Put _ 3
. . q

) ‘;'.'.ss'
EAINARI T g
‘l .l. ".‘l.‘l.‘.
c
(]
c

* . .. .u u
"-(1; Y v 1 1)
A where uo.ul.o.‘,uq are independent, and

4
Y (1) uo - Nr(O,ao ),

’J'xf:‘, » .

BT T T Nyt T (PR Sy et (L gty P T PR PR A% A T
T T A R R, i S UGy Ty iy e s Xt g e T o . BTN AR
PR Ll o ot s Wl e M i a a e ; e ) - :
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(i1) w2 N (o )y KE1,24e00000 | (3.28)

Here Nc’ Nr denote complex and real normal distribution respectively.

. " ,
Define b (bo,bl,..o,bq) by (3.15). Put

A= diag b 3 fa 20k T a2
N i51 1j N 351 Q3

(q+1)xq

¢y = Ma-a)(Qg-o"), T = /NG (p,-1), (3.29)
Ank'= '”(n q)(m-wk), k=1929---QQ9

In ) (Tn1’°"’an)' and 2n © (An1’°"’Anq)°
Hrite
B(z) = g bkzk,
k=0
. _ .d jw
D(exp(iw)) = - B(e )
and
G = diag(D(exp(iu;)),....D(exp(iu )]s (3.30)

We have the following

THEOREM 3.4. Suppose that in the model (1.1), the conditions (2.1),

(2.2) and (3.26) are satisfied. Then we have

rvrv-w
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o

o 0w

B t, > =b U .l?, (3.31)
’ : . -1ly- L '

LA T +is 3 la i) " u b, (3.32)

\. ~N ~N -

v

ko as n -+ o,

Q Here we quote the following

o'l

- LEMMA 3.6. Suppose that the condition (3.26) holds. Then

f;.. |

=A% n_l_q

1 y k?zﬂ-th)g-vk-,

.'_:-:' Yn-q t=0 J J

e

‘:':(::\:‘: k=1’2’000’q) j=1,2’l°0’N, £=0’1,oo.,q’

10

: n-1-q

D 1 ) (Je,(e+0)12 = o2 Ru o, d=1,...,N, £=0,1,...,q,

o n-q t=0 J w
i y ol D -

P — § e (tD)e.(t+m) > u . J=l,..0,N, 0<m< 2 <q,
( n_q t=0 J J K"m,J, — —_—

]
Here “kjs and VisS are independent of each other, and

J

T ' v e . .
st
v * ‘r " » .
KRR AT
Sttt

(i) u(l]' ~ Nr(oa 0.04), j=190-°sNo

=

;f: (1) uy - Nc(0’°4)’ §¥lheeasNy Kk=1,...,00 (3.33)
R (1) vigm N(0,0®)s  =leeeaiNy kelhuiusa,

Refer to Lemma 4,1 in [9].

_ri The proof of Theorem 3.4 runs along the line as in the proof of Theorem
it 4.1 in [9], so the details are omitted.

;L'E Remark 3.3. For the model (2.12), Theorem 3.4 applies those estimates
"'é.'; discussed in Remark 2.1,

[} e -( -'( .* “’-.'_‘-:"\. -(‘:'-': '-‘-"- (s .~.“-| s ‘.. ",-n'."‘..' '}," ’A
e e ) WS N B TN
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4, NON-EXISTENCE OF CONSISTENT ESTIMATES OF

kEAC AND a

1’9 ce ’aN wHEN Ac#¢

Throughout this section, N is fixed and n+~, For non-existence of

consistent estimate of Ao kGAC, we have the following
THEOREM 4.1. Suppose that in the model (1.1), ej(t), J=lyea.,N,
£=0,1,...un-1, are 1id., e;(t) ~ N.(0,6%) with 0 < o° < =, and the

parameter space of A = (Al,..n,xp)' contains two points 5(k) = (Al""’lp—l’
N

KDy ke1,2 such that (1) ¢ 5(2),|xék)| <1, k=1,2, and 5 |a_.

‘2
p j=1 PJ

> 0.

Then no consistent estimate of Ap existsas is N fixed and n+w,

Proof, It suffices to show that a consistent estimate of xp cannot

exist even when {akj} and 02 are known. Hence, without loss of generality,

we assume 02 = 2.

Introduce the prior distribution H:

Ha M) = w3y = 172
and the square loss Id-xplz° Write

N n-1 p-1
- -nN _ _v ot N LIS 2 -
fi (2m) exp{-3} jzl tZO|Yj(t) 321 A ap;5 (Ap ) apjl }, k=1,2,

Under the above prior distribution and loss function, the Bayesian estimate of

A is
p

= (D e e {8y e e

1%p

Denote by R(Rp) the Bayesian risk of Ap' we have

Ty s aE(h ()42, &
RO 2 4E([A -2 77 [k = 1)

T £ P T Ln
e 5.({‘,\\&\@"\»\-'\.-* . *,_,.‘-3,\_,\_,\)
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‘;::

::, = iE (fz ) zlk =1 IA(I)-A(Z) 2 (4.1)

~‘ 1’1+f’2 p p * °

:' p:l it t

; R Noticing that Y. (t) - LZI e Iz (ﬂé% apj = ej(t) when k = 1, we have

3‘ f

9, (1) t (2)yt,2

e 1o0g > -3 a Y- (A7)

0 7z le tZ 55311100 p )

J N n-1

Y 11 1 (x(z) t (Aél))t)apjej(t)l. (4.2)
J= t=0

)

it
. W - -
PAPE ST S

Since Ixél)| <1, |x(2)| < 1, we have

;;\ N
2 lim ] Zla 1N p@he2 (4.3)
r.i e j=1 t=0 p P
.fg Also, by Lemma 3.1, the second term of the right hand side of (4.2) converges
Y
- with probability one to a finite random variable. From this, (4.2) and (4.3), it
\‘
!; . follows that there exists a positive constant K such that
- P(F/f, > Klk = 1) > 1/2
o -
C%’ for n sufficiently large. Hence, form (4.1) we obtain
@)

R() > i {1212 > o (4.4)

- “..;.;. ~
SRS

k&

for n large,

But if En is a consistent estimate of Ap, then define

2
N

y 1

Z E=AF(-))’ it gt <1531

. n (2) .

A Ap » otherwise,

E:E We shall have

iﬁ: E A Aék) for A = A(w, k =1,2
iﬂu Since En is bounded, by the dominated convergence theorem, we have




N

‘. R
'n‘-'l‘

¢ o

P e

N 23
:::::
>
ke R, = 12 e D12 = Ay e 12 ez D12 =21 -0 (s
'C? as n > =, where R(En) is the Bayesian risk of Eno But this contradicts (4.4)
N in view of the fact that ;p is the Bayesian estimate of Ap, and the theorem
e
;
N is proved,
:;: For the existence problem of a; = (aij"°"apj)' when 1%#¢, we have
<%
v the following
o THEOREM 4.2. Suppose tha: in the model (1.1), e;(t), § = 1,....N,
;;f t = 0,1,0..,n-1, are iid,, ej(t)~ NC(O,GZ) with 0 < 02 < o, Also, some
s
o component of A, say xp, has a module less than one, and xk # AZ if k # £,
; Then no consistent estimates can be found for apl?'°"apN'
- Proof. As in the proof of Theorem 4,1, we may assume that Al,...,xp
f}ﬁ and akj’ k=1,0005p-1, j = 1,...,N, are known. Also without loss of
N p-1
‘e generality we may assume N = 1, MWrite Yl(t) -3 aklxt = X(t), and for
9] k=1
L ?' simplicity, write Ap =2, ap = 8, Then the model (1,1) is reduced as the
Vfé- following linear model:
L t
0 X(t) = gr° + e(t), t =0,1,...,n-1, (4.6)
“:EQ where » is known and |r|<1.. It is desired to show that there is no
Y
20 consistent estimate for g.
" ~
A Let B denote the LS estimate of 8. By a theorem of Drygas [17], the
I’.:"'. - PN
oy consistency of g8 is equivalent to Var(g) -~ 0, But from
[,
i, - n-1 1 =l
o 8 = ( ) [x|2t) §RX(t),
o t=0 t=0
i;; and
e
>
e
o
s
‘;fé}”}}}?}?i.f?L;}?}r """"" o N0 IR

NSO o
- .*“ |..>" .'9";“'-2.“ n' NN
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,.l‘ . A"l. A :' .
I»{LII..‘ -.“4 2l

- n-1 -1
: var(3) = (1 M)+ i) £ o,

we know that E& is not consistent,
Since {e(t)} #s a sequence of iid. variables with a common normal
distribution, it follows by a theorem of Ker-Chan Li [18] that there cannot

exist any consistent estimate for g. The theorem 4.2 is proved.

0

D
PR

AR AN

-
.
v

e
.

v
LU R i 5‘
. vt

v -'.‘.,r"v_ 3.

10

4
]

- \.“ » ’ R ‘a
® Pl o
NP A

e
P
A P P P P I S SR S Ta T TR A T o oy PRI A R T T
TR S S AT :,'__._,,.__s*,k J{..\ ~..«. -\w- Ty \ R ROAS NI AR




» s n @
S

L4
Al

el (‘”‘"‘:ﬂ \'\ﬁl\ "3 e ) 5w galh “. fe
AARELGY! . AT SUONN
;‘&_.- ‘... ..t"v. _v‘\..‘ i - ,l‘\- . o ..' ‘.f"'-‘\ }'{ A, ." ‘,, "o h ' g"l

3.‘.'_
P

- -

AT

-

Jn

L bl aie abh ol of

25

5, THE CASE WHERE n IS FIXED AND N -+ =,

In this section, we assume that n > p + 1 is fixed and N tends to infinity.

Consider the model (1.1). Assume that A # Ap if k # £ (note that the
condition [Akl = 1 can be dropped), and that (1.2) is true. We can use the
EVLP method described in section 1 to obtain estimates ;;s of A;s (refer
o (1.5)-(1.8) and so on). We have the following

THEOREM 5.1. Suppose that under the model (1,1), A # Az'ifk # 2, and

(1.2) holds. Also, n>p + 1 is fixed and

_I“JJ_

MZ
|
<

1im

exists, where a

P . . L
(alJ.azJ,...,apJ) ¥ (wgm)1 is a pxp positive definite

matrix. Then, Al,,go,xp and Qp are strongly consistent estimates of

x1’-00’)\ and 020

P

Proof. By (1.5)-(1.7), Qp is the smallest eigenvalue of the matrix

-1

= (;gm)’ Zym = 0,1,...,p, and § js the corresponding eigenvector, where

N n-1-p
Yem = NrepT 321 o T Yyt L= 0,0, (5.1)

By (1.1),

->-\t+£>‘t+m
k "«

2| -
ne~1=2

.............

ARy "-,m'

...........

“ gt - , v N i B et T i S e e el e e
ISANN e * v‘vvn -4 L A S R R A L S
".'.! WY, o 0!‘\" G iw AR, o‘hl‘ 7 AN X< N N AN SN LM RN dM p A “w" RO LY
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| i
. + (t+2) e.(t+m)
o N(n-p t=0 j=1 J J
\ ALy + Doy * Iy + Iy | (5.2)
N We have
b . em 1 MEl-p
§ 1im I,,, = E AN —=— t t _
\ Noreo IN K, k=1 k"« n-p tZO Ak kaAK, Z,m = 0,1,...,p.(5.3)
By Lemma 3.4,
limI[_,=1imI,, =0 a.s. (5.4)
Moo 2N Noww SN
: By the SLLN,
) - ’
; mEIMi=05&PaA,, Zm = 0,1,...,p. (5.5)
o Write
X 1 1 ...
;
: 12 diagl ] (5.6)
.. Q= Q, = diag[rys0c0sr_Js 5.6
5 2 - - 1 17°°°2%p
N (p+1)xp Az 32 72
™ 1 "2 Y
.-' o L] L)
f D P o/
e - - -
‘ AN A5 e A
14
) By (5.2) -~ (5.5), we have
. lim T =7 a.s. (5.7)
. N-<o
i where
¥ _l_p
e, _ 2 1 " =t t *
” r=o¢ Ip+1 + 5 tzo 0 ¥RQ . (5.8)
L™,
)
i n=l-p . ., 4
Noticing that rank ( 2 QQIWQIQ ) = p, we can finish the proof by repeating
t=0
v
.- the argument used in the proof of Theorem 3.2,
h
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