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ASYMPTOTIC PROPERTY OF THE EVLP ESTIMATION FOR
SUPERIMPOSED EXPONENTIAL SIGNALS IN NOISE

Z. D. Bai, X. R. Chen, P. R. Krishnaiah and L. C. Zhao

ABSTRACT

This paper studies tftv model of superimposed exponential signals in

noise:

Yj(t) = akjk + e t), t = 0,1,.,,,n-1, J = 1,...N

where , q.,,' are unknown complex parameters with module 1, Xq+l,...,p

are unknown complex parameters with module less than 1, MI""..X are

assumed distinct, p assumed known and q unknown. akji k=1,...,p, j =1...,N

4) are unknown complex parameters. ej(t), t = 0,1,...,n-1, j = 1,...,N, are

i.i.d. complex random noise variables such that

Ee1 (0), Ele 1 (O)I 2 = 62, 0 < 2. EIe 1(O)1
4

and a2 is unknown. This paper gives:

1. A strong consistent estimate of q;

2. Strong consistent estimates of X 1,...,Xq, 6 2 and Jakj , k , q;

3. Limiting distributions for some of these estimates;

4. A proof of non-existence of consistent estimates for Xk and aki, k > q.

5. A discussion of the case that N -.

AMS 1980 Subject Classification: Primary 62H12.

Key Words and Phrases: Consistency, frequency estimation, model selection,

signal processing.
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ASYMPTOTIC PROPERTY OF THE EVLP ESTIMATION FOR
SUPERIMPOSED EXPONENTIAL SIGNALS IN NOISE

Z. D. Bai, X. R. Chen, P. R. Krishnaiah and L. C. Zhao

1. INTRODUCTION

Consider the model

Ylk(t) = ejt ) (1.1)

t=O,1,...,n-1, j=1,2,...,N

where xI  . p areunknown complex parameters with module not greater than

one, and are assumed distinct from each other, akj, k=1,2,...,p, j=1,2,...,N,

are unknown complex parameters, e.(t), t=O,1,...,n-1, j=I,...,N, are iid.

complex random noise variables such that

Eel(O) = 0, Ee(O)el0 = a2, 0 < a2 < 0, (1.2)

Ele 1 (O)I
4 < , (1.3)

where a2 is unknown. Throughout this paper, i=v'T, ,A' and A* denote the

complex conjugate, the transpose and the complex conjugate of the transpose of

a matrix A respectively.

The model (1.1) can be viewed either as an ordinary time series (single-

experiment for N=1, multiple-experiment for N>1) with uniform sampling, or as

a model for a linear uniform narrow-band array with multiple plane waves

present, and each measurement vector (the "snapshort") Y. = (Yj(0),...,Yj(n-1))'

represents the output from n individual sensors.

..
-I.,
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The primary interest in this model is to estimate the parameter vector

(Alp = ( $,A p)' based on the data {Yj,j=l,...,N}. In some investigations,

, for example [1], [2] and [3], it is assumed that the vector a. = (al.,a.

... ,apj)' j 1...,N. are iid. random vectors with a common mean vector

zero and covariance matrix R = Eaia.. In other studies, for example [4], it
.'-3

is assumed that akj9 the complex amplitude of the k-th signal in the j-th

snapshort, is simply an unknown constant, and it is desired to estimate these

constants based on the data. We shall adopt the latter assumption in this

O ~ paper.

Various methods for estimating the parameters X and a.'s are proposed
I- -j

in the literature. If X were known, the least squares (LS) method would

give the following estimate of a.:

!= (A*(X)A(X))'IA*(X)Y j = 1,2,...,N, (1.4)

where

'1 1 .. 1

1 X 2 p A

X2 X2 A2

1 2 p

From this consideration, some authors suggested that, after obtaining some

estimate x of x, one substitutes x for X in (1.4) to yield an estimate of

!a For estimation of X, Bresler and Macovski [4] derived the maximum

likelihood (ML) criterion under the normality assumption on {ej(t)), which is
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just the LS criterion. Other methods are proposed such as that of Prony,

Pisarenko and modifications thereof (e.g. [5], [6], [7], [8]). Not much

is known about the statistical properties of these estimates. For some

results in this respect, the reader is referred to Bai, Krishnaiah and Zhao

[9]. They considered the case where N=1 and Xks are all of module one,

suggested an equivariation linear prediction (EVLP) method to detect the number

p of signals, and to estimate X and a 2  They established the strong con-

sistency of the detection criterion and estimators, and obtained the limiting

distributions of related estimators. Analysis and comparison for some

estimates of Xare also made.

In this paper, we apply the EVLP method to the general model (1.1).

This method is a modification of a classical method dating back to Prony [10].

As pointed out by Rao [11], the Prony method, which features in minimizing

certain quadratic form of the observations, ignores the correlation of

related linear forms therein, and the consistency of the related estimates

is in doubt.

Roughly, the EVLP method can be described as follows: Consider the

set

Bp = {b = (b0,...,b p)':P= Ibki2 = 1, bp>O, bo,..,bp_1 complex). (1.5)
. k 0

Define a function Q (b) as follows:
p".

1 N n-i-p b t 2
S 7n-p) j b kYj (t+k , BP (1.6)

p. t=O IkO

We can find a vector bGBp such that

Qp 'j Qp(b) = min{Q p(b):bGB 1 (1.7)
* -.. p -

'p.n
'I.
'p.

'p.L

i
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Let x1 "...9A be the roots of the equation

0 bkz  0. (1.8)
k=O

Then Xk is taken as an estimate of ks k=1...,p.

For considering the asymptotic properties of the estimates, we shall

distinguish the following two cases:

Case (i): N is fixed and n tends to infinity;

Case (ii): n is fixed and N tends to infinity.

First, consider case (i). Put

A = {k: Ixki = 1, 1<_k<p.}, Ac = {k: IXkI<1 1<k<p}. (1.9)

Without loss of generality, we can assume that

A = {l,2,o..,q} for some q < p. (1.9)'

We shall show in the sequel that there will be no consistent estimate for

Xk' kGAC, when AC (c.f. Theorem 4.1), and if AC $ 0, the above

procedure fails to provide consistent estimates for x1,...,Xq (cof. Remark

3.1). In view of this, it is important to seek for a consistent estimate

q of q A #(A). This enables us to use q to replace p in procedure (1.5)-

- (1.8) to obtain estimates of Xl,...,Xq.

Having obtained estimate X of x, estimates of ajs can be obtained by

replacing x by x, as mentioned earlier. At a first look it would suggest

that the estimates of a s so obtained should be consistent when X is a

consistent estimate of x. In fact, this is not true. The reason is that
I -r r

in order to get consistent estimates of aj's by this method, X - k should

O-3
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be of the order o p(1) for r < n - 1. But usually xk - Xk is only of the

order O (1/In), and Ak ' - k cannot have the order o (1). However, it is

possible to estimate jakjI consistently, where k=1,2,...,q, j=1,2,...,N.

In section 2, we give a detection procedure for q, and give some

estimates of Xk' a2 and jakjI for k=l,...,q and j=1,2,...,N. In section 3,

we establish the strong consistency of these procedures, and find the limiting

distributions for some estimates. In section 4, we show the non-existence

of consistent estimates for Xk and akj, where k=q+1,...,p, j=I,...,N.

Finally, section 5 is devoted to a brief discussion of case (ii).O

The strong consistency of the LS estimation of Xk k A, shall be

established in a forth-coming paper [12].

,A

I'

5.



6

2. DETECTION AND ESTIMATION PROCEDURES

In this section, it is desired to determine q=#(A), and to estimate

k9 a 2 and jakjl, k=1,2,...,q, j=1,2,...,N (refer to (1.9) and (1.9)').

Throughout this section, N is fixed and n tends to infinity, and the

following conditions are assumed:

Xk l, k=1,2,...,q; Xktx for kiZ,k,Z=1,...,q, (2.1)

and
N
j akij > 0 for k=1,2,...,q. (2.2)

For detection problem, we also assume that (1.2) and (1.3) are satisfied.

For r=O,1,2,.o.,p, define a set of complex vectors

B b(r) (r) b r), (r) kr (r)12 1

Br = : (b6 ,.o.,b r):b r >0, and !b = (2.3)

and a quadric form of b(r)

1r) N n-1-r r br)y 2 b(r)r

Q"(b 7 l b (t+k) , b . (2.4)n- k=O 0

Put

= min )), (bb(r)GB. (2.5)

Choose constant Cn satisfying the following conditions:

lim Cn = 0, lim n- C n//log logn = (2.6)

n- n-*

Then we find the nonnegative integer q < p minimizing

I(r) = Qr + rCn' r=Ol,...,p, (2.7)

and use q as an estimate of q.

9.l

1%-,

04, . o , - . - . - , - , 4, - . , - - , ,% ,- " ' %" '' ' , '. ''- '' .'' o 'w
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Note that if b(r) = (b r) b)r' satisfies
N " "' r 2

Q rJ) N n--r (r)Y (t+k)2
r N~I-r)j 1 tU k=0uk

then Qr is the smallest eigenvalue of the matrix

K' " -(r) = m(r) )

and b(r) is the corresponding eigenvector, where

-(r) Nn 1 N n-l -r
-& NTn r7 j _ t)Yj(t+m), Z,m=O,1,o..,r. (2.8)

Put Xk : exp(iwk) for k=l,...,q. As shown in section 3, with probability

one, we have q=q for n large. Hence, to estimate w 1,.. q, without loss

of generality, we can assume that q=#(A) is known. For simplicity we write~(q):A A(q) ^,b

, Y m = etc. Let b=(bo"'" ,)' GBq be a eigenvector of

associated with its smallest eigenvalue. Under the conditions (1.2), (2.1)

and (2.2), it can be shown that with probability one for n large, the equation

B(z) k bkz k = 0 (2.9)

has q roots, namely pk exp(iwk), k=1,2,...,q, where pk > , W kG(0,27), k < q.

Further, Q furnishes an estimate of a
2

q

To esimt, N-±,...,q, j=l,...,N write X exp(i), k=l,...,q,

and write approximately (1.1) as

Y.(t+o) 'a AtX e .(t+O)

Yj (t+l) a 2 t + e (t+1) (2.10)

Y.(t+q-1 a At e.(t+q-I)
3 qj q 3

0S1
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t=0,1,. nq jln- = 9. *.

where

1 1 ..

1 2 q

^q1 ^q-1 X -

1 2 q

Put A i =M = (m), Zm=1,2,...,q. Motivated by (2.10), we propose the

V, following estimate of jakj12 k _ q, j < N:
::.. akjj2 I 12

jaj 12 21 ' (t+t-l -2 2 Q(2.11)
Q' :-~ = i t=1kIq+

where for any real x,

..
r , if x> _0 ,

" (x) +=

0 9 if x<0.

Remark 2.1. If we consider the more general model

"t = a-. t + e.(t), (2.12)

" t=0,1,.. ,n-1, J=1,...,N,

- where a is an unknown constant, xkl, k1xt for ktZ, k,Z=l,...,q. We can

A n-1
use a0 i = t4 Y(t)/n to estimate a0j. Then the above procedures of

detection and estimation can be used with Yi(t) replaced by Y i(t) - a0i.

- = J..

mot
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3. ASYMPTOTIC BEHAVIOUR OF THE DETECTION AND ESTIMATION

In this section, we establish the strong consistency of the detection

and estimation procedures proposed in section 2. The asymptotic normality of

some estimates is also established. Throughout this section, N is fixed and

n tends to infinity.

Some known results are needed in the following discussion. For

convenience of reference, we state these as lemmas.

LEMMA 3.1. Let {Xn,n>1} be a sequence of independent real random

variables such that •-EIXnI . Then Xn converges a.s.

* Refer to Stout([13], 1974, p.94).

LEMMA 3.2.(Petrov). Let {X ,n>l} be a sequence of independent realnn

random variables with zero means. Write B2 = In 2 and S j=j if
n a In : X I

l im i nf B 2/n > 0

".4 n- n

and

EIX-I 2+6 < K < c, j >1

for some constants K and 6:> 0, then

lim sup Sn/(2Bnlog log Bn)1/2 = 1 a.s.

For a proof, the reader is referred to Petrove ([14], p.306) dnd Stout

([13], p.274).
LEMMA 3.3. Let A = (aik) and B = (bjk) be two Hermitian pxp matrices

with spectrum decompositions

04
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k-kk 1 2 6pA = k .1 kk! , 6i>  >. .

k=1

and

S B = XkVkVk ,  "1 > X2 
> °'*

NFurther, we assume that

nh  +
I  nh h o 0<n, < ... = p,

> ;.2 > > - '<.

and that
Ii

*ajk- bjki < =, j,k=l,2,...,p.

Then there is a constant C independent of a, such that

(i) '6k - XkI < Cc, k=1,o..,p,
''nh nh

(ii) -nh nhv* + Gk(h) withi.=n h -1+1 2 k~k%-knh-l+lk-

G(h) = (gjh)), jkh) < Ca, jk=1,...,p, h=1,...,s.

Refer to (15].

LEMMA 3.4. Let {Xnn>11 be.a sequence of iido real random variables

such that EXI = 0 and EX 2 <W. Let {ank} be a double sequence of real numbers
W.J

such that

JankI < K k" /2  for all k>1, n>1,

and
" ; I 2  n-a

ank < K n for all n>1,

where a>0 and K<- are constants. Then we have

'iii
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lim a nkXk =0 a.s.

Refer to Stout ([13], p.231.)

LEMMA 3.5. Let gn (x) be a sequence of K-degree polynomials with

roots x (n)•... 9x( n ) for each n, and let g(x) be a k-degree polynomials

with roots Xl,...,xk, k<K. If gn(X) g(x) as n-,., then after suitable

rearrangement of x(n),...,x( , we have x _ xi, j=1,2,...,k

and Ix n)j , j=k+l,...,K.

See Bai ([16]).

THEOREM 3.1. Suppose that in the model (1.1), the conditions (1.2),

"-'- (1.3), (2.1) and (2.2) are satisfied. Then

lim q = q a.so

Proof. Assume that q = #(A), p= max Ixk1 < 1, and max{lakjl, 1<k-p,
q<k~jp

j=1,2,...,N} = K. Under the model (1.1),

-(r) 1 N n-1-rYt ",m =in-r)j 1T 1 0 j( t+t)Yj(t-m)

S j=t=0 '

N n k kj k(t+a + e(t+m) ,(3.1)

7 7j=1 t=O k=1

where Z, m=O,1,...,r, r= O,1,...,p. We have

1 N p-r t+f- t+m P p t+m
N(n-r) I kq+ a l k k k + k akj

"-".', K2  2 0 1 ,m=o,1, .,r. (3.2)

n- Pt (-r)(T-F)

04--,'V -~p<=0 ,,.
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By Lemma 3.1, Jt=O ptle(t+m)l converges a.s., and

iIN n-i- rN Tn- 7 1 1 tk~akje.(t+m)I
N j=I t--O k=q+l

I'

9'-q) N co ptlej(t+m)l = o(!) a.s. (3.3)
j=1 t-O

By (3.1) - (3.3), with probability one we have

ktl x^k (I j i '

-N n-rtx .m tr
a. n--n-1 n k

k,K =1,kft n-r1 i i =

N n-1-r

+ 1 N ej- (t)ej(t+m) + 0 (-)

j 1 + J2n + 13n + J4n + J5n + 0(4). (3.4)

Write Xk exp(iwk)' wkG(°,21T) k=1,2,oo.,q. SincewkfwZ for ktf,

we have
"' ~n 0 °(3.5)

By Lemma 3.2,

J3n = o,( O En) a.s., J4  = n a.s. (3.6)

By the law of the iterated logarithm of M-dependence sequence,

"S 
i
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r fTOr £(.m,

J5n =f a.s. (3.7)
n" fo r t=m,

Put

1 1 . .. 1

Al A 2 * * * AqxN

,(r) = 2 . o .2 A diag[i N Nai 1 N la 2
lr+1)Xq 1 2 q j a "12 1

. (3.8)

Xr" r . r (r) = 2 +(r)A2(r )"1 2 q/ ~r+1

Then, by (3.4)-(3.8) we have

-(r) = r(r) + (1og l ) a.s. (3.9)

.Let 0(r) >. > rrand ( r) > >~ ) be the eigenvalues of r)andLt61 > . r+1 ade > o>er+1

rjr) respectively. By Lemma 3.3,

,(r) = e (r) +n) a.s., k1l,...,r+l. (3.10)

k k 0 -2-'ojr

Since rank (Qz'r'An ''*) = min(r+l,q), we have

e (r) a2 for r < q.r+1 >

(r)(3.11)

Sr+1 = a2 for r > q.

Since r = (r)
r r+1' we get

i Q= , a.s., for r < q, (3.12)

and

IQr 2 = 0( ogg n ) a.s. for r > q. (3.13)

%z. "-"0. " , " , . " . " - " * " ' , - " " ' ' % " "" , '. ',, ' '%," ~, ", w " ' " ,% ,9
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From (2.6), (2.7), (3.12) and (3.13), it is easily shown that, with

probability one for n large,

Rq < R r for r pq, 1<r<p,

and, by the definition of q,

q .=

The theorem 3.1 is proved.

In the sequel we assume that q is known. For simplicity, we write

S(q) : '" A(q) ^ A -(q) = , o(q) = , etc.

THEOREM 3.2. Suppose that in the model (1.1), the conditions (1.2),

(2.1) and (2.2) are satisfied. Then, for appropriate ordering, we have

nlim k = wk a.s., k=1,2,...,q,

and

lim Qq = a2  a.s.-]-

Proof. Under the conditions of the theorem, (3.2)-(3.5) still hold.

By Lemma 3.4, 90 for Z~m,

lim dSn = a.s.
n- 02 for Z=m,

It follows that

lim r = r(= C21q+l+KAQ*) a.s. (3.14)

Define
qq

B(z) A b qI (Z-Xk) Z b° + b1z + ... + b q  (3.15)
q k=1 q

such that bq > 0 and Iq JbkI2  1. Then b = (b ,o.b )' B and
q-'"- k=o q

00 •hiJ. ' ,w ,,w,¢ . 'V. 
% ° ' "

,"' " 
'

" " " ° w" ' " """"." " "" " " "
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' 2b
SA2*b= 0, rb = (3.16)

Let 61 -" q+1 and e ... _ q+ be the eigenvalues of F and r

respectively. Since rank (sAl) = q, we have

61> 2.>- q > 0q+l(=O2 ). (3.17)

By (3.16) and (3.17), b is the unit eigenvector of r associated with the

unique smallest eigenvalue of r. Now b = (bo,...,bq)'GBq is the unit

p. eigenvector of r associated with its smallest eigenvalue Qq. Using Lemma 3.3

and (3.14), we get

lim b = b a.s., and lim Q = a2 a.s. (3.18)

By Lema 3.5, for appropriate ordering, we have

lm Pk exp(ik) = exp(iwk) a.s°, k=1,2,...,q,

which implies that

lim Pk = 1 a.s. and lim wk = wk a.s., k=1,2,...,q.

Theorem 3.2 is proved.

THEOREM 3.3. If (1.2), (2.1) and (2.2) hold, then

lim IakjI 2 = IakjI 2  a.s. for k=1,...,q, j=1,...,N.

Proof. By the theorem 3.2,

lim = x k aos., k1l,...,q.

Define

a

0N' €;%
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1 1

1 2 xq

1 2 q .

Then we have

- ads., t,m=1P...,q, (3.19)

* which implies that

f-- k 1 km a.s. (.001~~ ' mn lktxrm- = (320

By (1.1), (3.19) and (3.20), for k=1,...,q we have

-n-q+ q= 12 Vf

- __ ?a, -1 + e.(t~t1
=0~~= mj m3

n- n-qp mixM4 amlO
nq1t=0 m= 1 m=1m

uktei (t+t-1) + IIe (t& 1Io()I 2 a.s.

a.s. 1 n q t1
-n-___ Iak + o()+ I Vfe ei(1)-i .0

'Pa.s. I-+ n-qja 12 +jk Zukne(t+ft1)ej t+m- ol

~~1Iej~c12 +Iej(t+f-1)I) .o(1) + ak k P~k~e

L@ejt411 kx

Ft
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+kj' k ukej(t+-1}• (3.21)

By the SLLN,

Nur 1 Z! -e(t+&-Ie(t+m-l)

n-- l ktk

= lkf km6Zmo2 = 1220 a.s. (3.22)
Z,m= t=I

n 1 n e (t+t-1)l2 + le(t+-1)l = a2 + Ele (o)! , aos.

(3.23)

By Lemma 3.4,

n 1 akj q ukt I
=. li nq 1 n-

a uJ 1*" 1 nqxkte..(t+t-1) =0 a.s. (3.24)

By (3.21)-(3.24),

lim n1 -q RYj(t+t-) 2 = lakj,2 + R2t 2, a.s.(3.25)n-qT -- 1 k=

From (2.11), (3.18), (3.19) and (3.25), the theorem 3.3 follows.

Remark 3.1. If q < p and we estimate x l,..,Xq using (1.5)-(1.8)

directly, then we have

lim r(P) = r(p )  a.So
n4).

and e .
p )  > ( p )  0 (p) = . = 0(p) (=02) are the eigenvalues of r(p )- q+1 p+1

All eigenvectors of r(p ) associated with a2 consist of a (p-q) dimension sub-

space. Assume that b(P) G Bp such that

Qp(b(P)) = min {Qp(b(P)) : b(p ) G Bp,
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then b(P) is the eigenvector of r(P) associated with the smallest eigenvalue

^S(

of IP). We do not know whether b(p) converges. In general, we do not know

whether there are q roots among all roots of P=0 k which tend to

{ A.- { k ' k= 1 2 ,. . o q }.

Remark 3.2. Suppose that in the model (2.12), the condition (1.2) hold.

n-I
Then a =( Yj(t)/n is a strongly consistent estimate of a j. For thoseThena~j t=OJ

" ..*procedures of detection and estimation discussed in Remark 2.1, Theorem 3.1 -

3.3 are also true.

Finally, we establish the asymptotic normality of Qq and ('k' k=1,2,...,q).

To this end, we assume that under the model (1.1), the conditions (2.1),

(2.2) are satisfied, and ej(t), j=1,2,...,N, t=0,1,..,n-1, are iid.

complex variables, ej(t) = ejl(t) + iej2 (t) and ej2(t) are both real

numbers, which satisfy the following conditions.

Ee.(t) = 0 Eejl(t)2 = Eej2(t) 2 = 1/2 a2,

Eejl(t)ej2(t) = 0 and Var(Iej(t)l 2) = 1 4 with a>o. (3M26)

Put -

."~4 Uo uUq

'Wi UUb

~U-

u!

where u0,ul, .. ,uq are independent, and

(I) u0 - Nr, )9r cc
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(" u k (o,4 ), K=,2 ,q. (3.28)

Here No, Nr denote complex and real normal distribution respectively.

Define b (bo,b ,...,b q )' by (3.15). Put
1 N 2 1N 2

A diag [.g 1aj2 ... 1 S Ia 2qjI
"vj=l j =1

1 2* q

(q+l)xq

q -i

= VN(n-q)(Q q - 2) Tnk : v T(Pk1), (3.29)

Ank. = VN(n-q) wk-wk) k=1,2,...,q,

in = (Tnl,.,Tnq)' and An = (Anl9o*,Anq)O

Write

B(z) = bzk
c k=°

d Bi)
D(exp(iw)) = -i. B(e-

and

G = diag[D(exp(iwl)),.o,D(exp(i q )M. (3.30)

We have the following

THEOREM 3.4. Suppose that in the model (1.1), the conditions (2.1),

(2.2) and (3.26) are satisfied. Then we have

%
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n b U b, (3.31)

T +iAn A U b, (3.32)

as n wo

Here we quote the following

LEMMA 3.6. Suppose that the condition (3.26) holds, Then

1L n-1-qt+'kn - : k j t+T) Vkj,9

k= 1,2,. , q, j=1,2,.. ,N, t=0,1,. . .q

41;n-l-q 22Di 1 (ej (t+Z)l2 - )Q D U' j=1,...,N, b=O,1,...,q,
n-q t= W

- e.(t+T)e.(t+m) D Uj-...,N, 0 <m < t < q+
n-q t = 0

*ii+ Here UkjS and v kjs are independent of each other, and

(i) uj - N r(0, ac4 ), j1,..,N.

(ii) Uki . Nc(O,4), jl..,N, k=1,...,q. (3.33)

(iii) Vkj Nc(O,2) j=1,..o,N, k=1,...,q.

Refer to Lemma 4.1 in [9],

The proof of Theorem 3.4 runs along the line as in the proof of Theorem

4.1 in [9], so the details are omitted.

Remark 3.3. For the model (2.12), Theorem 3.4 applies those estimates

discussed in Remark 2.1.

'I,.*

pi.4.,
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4. NON-EXISTENCE OF CONSISTENT ESTIMATES OF

Xk' k ; Ac AND a1,o.,aN WHEN A C

Throughout this section, N is fixed and n-,,o For non-existence of

consistent estimate of xk, kGAC, we have the following

THEOREM 4.1. Suppose that in the model (1o1), ej(t), j=I,.o.,N,

23
t=0,l,...,sn-l, are iido, e.(t) - Nc(0902 ) with 0 < a < W, and the

parameter space of x = (Xi...9Xp)' contains two points x(k) (

,(k) k=1,2 such that (i) (2) ix k), < 1, k=1,2, and 7N j 2
p p ,i p

Then no consistent estimate of x existsas is N fixed and n-*.
%. p

Proof, It suffices to show that a consistent estimate of xp cannot

exist even when {akj} and 02 are known. Hence, without loss of generality,

2we assume a : 2.

Introduce the prior distribution H:

H( (I)) = H( (2 )) = 1/2

and the square loss Id-p I2. Write

-nN N n-i p-i t k
fk = (2TT) exp{-i I I IY.(t) - 2 x zaj - (x k))t a p2} k 1,2.

j=l t=O =I

Under the above prior distribution and loss function, the Bayesian estimate of

p is

= ( 1) + 2))(f,. =(1X p +f2Xp 1 of )

Denote by R(A p) the Bayesian risk of X we have
p

.* R(Xp). _" E(l~p- l1I2Ik = 1)

qp
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p-I E 
4)( 1p -p • 4 5

p-1

Noticing that Y.(t) - a (A )5tapj ej(t) when k = 1, we have

log 2 n-i . l2 (())t - (X(2))t12

-ij=t= P p p

::'- - I I M ( 2) t - ( 1 t)apjej(t)l. (4.2)

j=l t=()O

Since JXI) < r, IX(2) 1, we have

N n-1 ()t 2)t 12
lim I IapjI I(^ -(X < (43)
n-- j=1 t =Oi J pJ

Also, by Lemma 3.1, the second term of the right hand side of (4.2) converges

with probability one to a finite random variable. From this, (4.2) and (4.3), it

follows that there exists a positive constant K such that

.P(f2/f 1 > Kjk = 1) > 1/2

for n sufficiently large. Hence, form (4.1) we obtain.-.

R(xp) > 1 ) 2A 1 )-x 2 )I 2 > 0 (4.4)

*. for n large.

But if n is a consistent estimate of xe, then define

. .--

En 'I
X(2 ) , otherwise.

We shall have

Since in XP k) for x = X( ,  k : 1,2.

Since nis bounded, by the dominated convergence theorem, we have

04
I' . - . , . , Q. ,. . _ . . .. . ,- . ,., . - .. .w % ,
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R( ) 1/2 E(I 1 12X = + 1/2 E(I n-X (2)12Ix X (2)) 0 (4.5)
n  n( p

-". as n , where R(En ) is the Bayesian risk of no But this contradicts (4.4)

in view of the fact that A is the Bayesian estimate of Ap and the theorem

p

is proved.

For the existence problem of a (a when A we have
S aij, ap

the following

- THEOREM 4.2. Suppose that in the model (1.1), ej(t), j = 1,...,N,

F" 2 2
t OIo.o,n-1, are iid., e (t) - Nc(O ) with 0 < a < C. Also, some

component of X, say X has a module less than one, and xk X if k t

Then no consistent estimates can be found for apl,.o.,apN.

Prof. As in the proof of Theorem 4.1, we may assume that Xl,..., p

and ak j, k 1,0 0,p-1, j 1,...,N, are known. Also without loss of

p--
generality we may assume N = 1. Write Yl(t) - k a k1. = X(t), and for

simplicity, write A : A, ap : Bo Then the model (1.1) is reduced as thepp

following linear model:

X(t) + e(t), t = O,1,0 ,n-1, (4.6)

where X is known and jI~< 1. It is desired to show that there is no

consistent estimate for a.

Let s denote the LS estimate of S. By a theorem of Drygas [17], the

consistency of 6 is equivalent to Var(S) 0. But from

A (nilX 2t)-_1 n tx(t),

and

@4
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n 2n1 )-1

Var(;) = 1 0  I I2t) a2 (1-I1X 2) 0 9

we know that B is not consistent.

Since {e(t)} is a sequence of iid. variables with a common normal

distribution, it follows by a theorem of Ker-Chan Li [18] that there cannot

- exist any consistent estimate for a. The theorem 4.2 is proved.

*2'-

, 0

5-'.'

.

5l

S.- %r--r

L!
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5. THE CASE WHERE n IS FIXED AND N - .

In this section, we assume that n > p + 1 is fixed and N tends to infinity.

Consider the model (1.1). Assume that Xk t Xl if k t Z'(note that the

condition Ixk = 1 can be dropped), and that (1.2) is true. We can use the

EVLP method described in section 1 to obtain estimates Xks of Xks (refer

*J~ 1 kS k

to (1.5)-(1.8) and so on). We have the following

THEOREM 5.1. Suppose that under the model (1o1), Ak X A~ifk $ e, and

(1.2) holds. Also, n > p + 1 is fixed and

0N limk2 -jaj
;i"'N-- j 1

exists, where a. = (alj,a2.,...,apj), ,i ) p is a pxp positive definite

matrix. Then, XiooA and Q are strongly consistent estimates of
p p

A X,.°,p and a2.
p

Proof. By (1.5)-(1o7), Qp is the smallest eigenvalue of the matrix

"" : (y ), ,m = O,l, 0oo,p, and b is the corresponding eigenvector, where

"-m=. N n- 1-p Yj(t+m), Z,m = O,l,...,p. (5.1)' ' JTIN-'(n~pTj=l t=O

By (1.1),
* P n-i-P t+Ztt+m 1 N

) '+ ;Znl :k,K: 1 t: 0 j :1kj~

""" I n---p - p  N

+ n-p A(J k N 8 kj ej(t+m)
k=1 n- O jl k

p n n-l-p t+m 1 N

k= n-p jk l . kj e-
k 1 0

04'.'

r 1 . -P~v t~.'t * ....
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+ 1 n-l-p N _____

L' 
11N + I2N + I3N + I4N (5.2)

We have

lr iN ~ Cm I. n-i-p t1Nlm k K n-p A At 9~ =' 0,1 .,p.(5.3)
N-=:I k, :Il t=O k kK K'"

By Lemma 3.4,

rnlim2N = N 13N = 0 aoso (5.4)

By the SLLN,

1 im 14N =26tm, a.S, ,p. (5.5)

Write

1 1 .o. 1\

"1 2 p
-2 -2:-21 = diag[xl, x 'p]. (5.6)

(p+i)xp i2 .o 2 1 .
1 2 p

~p p *p1, 2 .. l

By (5.2) - (5.5), we have

lim r = r a.s. (5.7)

where

pr 21 + -p n-i-p Q.tOtQ (5.8)

Noticing that rank (flZ P *Q* = p, we can finish the proof by repeating

the argument used in the proof of Theorem 3.2.

I
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