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We consider the space Q of bounded functions also lying in LI and assume q

The solution p of (1.1) 1is written as e-ime.x + Pg where for |x| +> o

1.2 | x} % eimlxl Py~ sl(e,w,x/]xl), x| + e,

where s1 is called the far field. The back scattered field is measured in the
direction -e and

1.3 s(w,e) = sl(e.w,—e) .

The problem under study is the determination of q from s(w,e). A theorem is
proved here that if s 1s sufficiently small so that the Born approximation is
small in norm in the space G there exists a unique solution q to the back

scattering problem.

Q.



The Inverse Back Scattering Problem for the Schroedinger Equation
in Two Space Dimensions

Cathleen S. Morawetz

1. lntxoduction

This paper 1is concerned with determining a potential q(x) for the
steady state Schroedinger equation in two space variables, x = (xi.xé):
(1.1) (A+w - QQueo.
It is assumed there are no bound states. [

The data n‘waeo—gtvoy come from the far field scattered by plane waves
impinging in a range of directions but messured only in the opposi-c
directions. More precisely let p(e,w,x) io a solution of (1.1) which tour

- ‘. wee N
e*X = - » behaves like .Wiwo x plus a scattered wvave behaving like ei e

Here e is a unit vector. Clearly this requires some conditions of decav oun
q.

We consider the space Q of bounded functions also lying in L1 and
assume q ¢ Q. This is a less than perfect space from the point of view ot
phvsics since it does not allow for singularities in the potential. Howev«:
in other work [1] a study is made of an iteration for finding a smuu:
potential from {ts back scattered field and this space suffices for ..
study, see Appendix 2. One would prefer for numerical purposes to consi.uc.
only compactly supported potentials but the theory does not work for th.-.

It should be noted that the 2D problem is barely admissible for computazi.:. “"i)

as it involves four independent varibles (e.w.x) and an {teration. [

The solution p of (1.1) is written as o lwoex | p, vhere for |x|
1) |x|l/2 olutxl Py * -l(o.u.xllll). Ix| -~ =, |
r o ._ ’ 3 ,“_
i St , [IEIINY |
l I !
e P . SNSRI | - -




where s, is called the far field. The back scattered field is measured in
the direction -e and
(1.3) s(w,e) = ll(o,w.-o)

The problem under study is the determination of q from s(w,e).

From the physicist’s point of view this mnay seem an unreasonable
restriction on the measurement. At the very least one could measure the
scattered field over a range of angles. However this would give us an over-
determined and hence intrinsically unstable problem. We would be giving a
function of two angles and the frequency w which is too much data for
determining q, a function in polar coordinates of one scalar and one angle
‘ It is reasonable to expect that the linearized theory (the Born approxima-
tion) datermines how much data should be prescribed. We check this now in
2D. First, rederiving the Born approximation and then proceeding to the
main result:

For sufficiently small values of s(e,w), there is a unique potential
i{f there are no bound states.

By the obvious linearization, if Py is the Born approximation to :.
scattered fileld P, then

s+ wz)p‘ -q o lweox

Hence introducing the fundamental outgoing solution, a Hankel function.

<e have up to a constant

P‘(x) - f “(U|X'X'|) Q(X') ."U‘OX:

iulxllx'1/2

ldx’ |

For large distances e p‘(x) tends in the direction -e to

{ w12 oxp fw(-o|x|+x*') - ex' - |x]) q(x') dx’
9.1/2 I .-210001'

-

q(‘a) dx’

up to a phase factor. Thus setting q = q to denote the Born approximatio:.

172

(1.48) s(e,w) = e w qp(-2we)
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where qg is the Fourier transform of q and c is some numerical factor. Thus
the relation between the approximate potential and the back scattered field
can be read off by the Fourier transform. 1If qg lies in Q we note that s is
bounded but more than that 1is required of s to determine q. It is
reasonable to suppose that if the scattered field is small in a suitable
norm such as that qp is small then the exact q can be found as a convergent
series in powers of g This has been done for 3D by Prosser in a series of
papers [2]. See also Newton [3] where the full scattered field is involved
and Fadeev (4].

The use of the Radon transform approach in 3D is analyzed by Yagle et
al. [5]). Here we have transformed away from the Radon transform which is
used in [1].

The approach wused here utilizes the underlying formulation of (1] and
regards the given data as qB(x). Then

fjwes (2x-x')

(Lv) qp(x) = q(x) +c [ 1w P (e.w.x') q(x’) e |dx’| dw dé

where c here and elsevhere 1is a generic real constant and ¢ -
icos #, sin #). The derivation is in appendix 1.

The formal expansion is

(1.9 q(x) = L q“(x) '
1
where

(1L.6) ql(x) - q'(x)

a0 = c [ lul p (e.w.xt) g(xt) ¢! XX a ap

’

and

(1.7) dp, + “zpn = Pq.
fwesx

Po
We would like to prove that (1.5 - 1.7) lead to a unique solution to:

¢« Q in terms of qp ¢ Q.




Certain aspects of this problem are more difficult than in the :0
problem. This is most easily seen from the corresponding wave equation

Denoting the corresponding variables by capital letters, let
iwt

(1.8) P(e,t,x') =c [ ¢ p(e,w,x’) dw .
Then
(1.1%) P, - AP + qP = 0 ,

P = Ofort-e+*»x<0,

and
P = §(t-e°x) as t ~» - ©
Then
(1.2)* Poec - AP, + QP = - qb(t-e+x)
(1. n* s(e.t) = tc [ o'“F w712 g (20e) @
arP

*

(1.4) ql(x) -qx) +c d‘;‘“ 3;‘ (e,0+(2x-x")
-0, x') q(x’') |dx’|
ap

* [
(1.6) q, = ¢ f Q;__g!_jg E;n (e,8°(2x-x')-0,x') q(x') |dx'|

*
(1.7) Pntt - APn - - an-l

~ith Po = §(t-e*x).

The dimension problem shows up in (1.7)*. The nonhomogeneous term tu.
n 2 2 1is not of compact support in time. A crude estimate suggests that
there 1is logarithmic growth in time for Pl 1f there are two dimensions in
space. In three dimensions, by contrast, Huyghen’s principle carries the
energy of P rapidly out of the main support of q and estimates are generall-
casier to make.

We use only some the properties of q, that can be derived tror -
"ire-formulation (*) and then use direct frequency domain estimactes.
define

19 liql) = lalg + J 1al ldx|

e B W M BT MIAP e . *




and show

(1.10) Haglt s e 1ial™ .

Thus the series (1.5) converges for ||q|] less than some constant and can be
uniquely inverted if ||qn|| is sufficiently small. Thus we will have proved

Theoren. If the norm of the Born approximate ||qB|| is sufficientcly
small there {s a unique potential with the same back scattered field as the
Born approximate has by linear theory.

The proof of (1.10) consists of technical (mainly calculus) estimates
using iterated kernels in both the time and frequency form. In section 2 we
examine q, which turns out to have the interesting form
(1.11) J d8' dé Q(esx,e) Q(e’+x,e’) §(ece’) ,
where § 1s the Dirac delta function and Q is the Radon transform of q at x
in the direction perpendicular to e = (cos #, sin ). We also show that it
is bounded, ||q2|| < c||q||2.

In section 3 we show that for n > 4, q, is correctly bounded in L _: iu
section 4 that 94 and q, are also correctly bounded in L. In section 5. ..
show that q, lies in L’ for n 2 3 again with the right bound. The proof ot
the theorem is then easily completed.

We shall ignore constant factors to the power n as they influence only
the radius of convergence of the series. However we shall point them out
where they occur.

In Appendix 1 we rederive the basic formula (1.4) and (l.4)*. T1:
Appendix 2 we show how an iteration to achieve the solution converges usiuy

previously obtained estimates.

s .




2. The case n = 2.
To derive the formula (1.12) we may assume q is smooth.

We have from (1.7)

py = - J HGwlx-x']) q e 1% jax)

Thus we find from (1.6):
q, = J R(x,x' ,x") q(x') q(x") |dx'| }dx"|
where
K =Re c [ |w| Hwlx'-x"|) elwer(Zx-x"-X") 4,
But

eiwe-(zx-x'-x") dd = ¢ JO(WI2X-X"X"I) ,

-xsfsn

where JO is the regular Bessel function of zero order. Hence we write K as
K(po,pl) where Py = |2x-x'-x"|, P = |x'-x"| and
+
K = Re ¢ .£ lol Jg(wpy) Hlwpy) dw .
This integral has to be properly interpreted. First we have

K = Re ¢ g w Jo(wpg) (H(wpy) + H(-wp))) dw .

To be outgoing, H is the Fourier transform of a function of t-|x| and hence

behaves like e'iwlx' at o, It also has a real logarithmic singularity.
Hence

(2.1) H(E) = 1 3g(6) + No(§)

and

@
K=c g w Jg(wpg) No(wpy) dw .
From Bessel'’s equation, ((JO) + gJo = 0 we find (wa)w + png = 0 and hence

wIN = (waN - uUNw)w with ¢ = Jo(wpo). N = No(wpl). Hence

K= -59—5 (1im n(pOJN . leﬁ) + f)
Po-py =

RIS AT po Ny Ak AT B o ~




We have used the logarithmic behavior of N at w = 0 and the regularity of J.
(See e.g. Courant-Hilbert Vol. 1, p. 501 for the constants.)

We now use the asymptotic behavior of the Bessel functions:

. . p
(oIN - paf) = 2 (- ) ;f (cos A(py-py) - cos Alpy-p; - D)

N
-4 ;t (cos O(po-pl) + cos ﬂ(po-pl . %))

Hence

IR P)
K = lim —S— ((1 - cos fi(p,-p7)) + (1 - i J 2 .1 J —l) cos Q(pn-,;)
woé-pi 01 2 Py 2 ’0 071

2
P

g
-CJ ;I - J ; ) sin Q(py*p;))

which we write as lim (K1+K2+K3).
{1+

It 1is easy to see that the last term K3 behaves in the limit like a §-

function, in fact
-1 -1/2
Ry + clogrey) ooy 2 Slogrey)

We recollect that both Po and pq are nonnegative when this factor in
the kernel is applied to q(x')q(x") |dx'| |dx"]. We can show there is no
contribution. First, set x = 0 for convenience. Then 2x' = Poe *+ ple’, %"
- pge - ple' with e = (cos #, sin 8), e’ = (cos §’, sin 8'). The integral
becomes

-1 1/2 , ' dp. dé §
I 8Cog+ey) (pg*ey) " “(pgry) "7 alpge + pre’) alpge - pie’) doy dpy df df

Set Py = R cos ¢, Py = R sin ¢ with 0 < ¢ < and the integral is the

XYY

principal value of

1/2¢'Q(R(e cos ¢ + e'sin ¢))

c [ §(R cos (¢ - f)) (cos(¢- f))'1 sin1/2¢ cos
q(R(e cos ¢ - e’sin ¢)) R dR d¢ df dé’

which is 0 since cos (¢ - %) w 0,




e

For K, we make the same change of variable and we have

-sin"%s  sin'/%4-cos’’%s
RK dR ¢ ~ 1/ 172 cos({fiIR cos(¢+
cos™/ “g+sin/ ‘¢ cos(¢ - a)

For R cos(¢ + %) > § the integral with this measure over q(x’')q(x") will

7)) R dR d .

tend to zero as {} » » by the Riemann Lebesgue lemma. For R cos(¢+ %) < § we
note that RKZdR d¢ 1is antisymmetric and vanishes for § = 0 so again the
contribution to the integral can be shown to be arbitrarily small.

Finally we turn to K. The contribution to the integral is again found
with the variables Por P+ 8, 8'. Then we set p0+p1 =N, pp-Py = ¢ and the
integral over q(x')q(x") |dx’| |dx"| becomes

f - (L - cos An) q(f n(eve’) + 3 £(e-e’)) q(F n(e-e’)

- 2 gtere ) (6%-n?) ag dn a9 ao’
or with (in = r, the integral is
plees s g g % = (ete’) + & £(e-e’) q(—= (e-e’)

1 ¢(ereryy(e2. Lo :
-y §(ete ) (g2 2) d§ 44 dé
Q

On letting Q + » we have
JLeest g e qd ge-e)) q(- L ogcerer)) ae as apr
The first integral may be replaced by c and we are left with

¢ [ €a} €(e-e)) (- § £(ere’)) A& db dp’
But (e-e’')+(et+e’') = 0 so we may set % §(e-e') = rE with E = (cos ¢, sin ¢)
and - % £(ete’) = sEL where E-E -0 and r2+52 - % 52 so £ dé df dé’
- dr ds d¢ dé.
We may then write the contribution to 9, from Kl as
¢ [ a(xE) q(sE') dr ds d4 ,
which 1is the same as (1.11). This form will not change if we let q belong

to the wider space Q provided the integration can be performed.




To consolidate we write this result as part (a) of the following lemma

(shifting x back from the origin).
Lemma 2,1. If q ¢ Q then
(a) q, = ¢ f q{x + re) q(x + seL) dr ds df, and
) layll < cliqll?.
Proof of (b): First for the neighborhood of r2+s2 we bound by the L
norm. Then we set r = R cos ¢, s = R sin ¢ and x = 0; then
95 =
cf q(R cos ¢ cos 6,R cos ¢ sin 6)q(R sin ¢ sin 6,-R sin ¢ cos §)R dR d¢ d¢

SO

fa,1 =< clql, J q(R cos ¢ cos 4, R cos ¢ sin ¢)
[cos ¢|>6

. R cos ¢ d(R cos ¢)
> d¢ dé

cos ¢

+ clqj, f q(-R sin ¢ sin #, R sin ¢ cos §)
|sin ¢]>6

R sin ¢ d(R sin ¢)
., R.sin d2 sin a¢ de
sin"¢

2 2
< clalllally /6% s cliqll” .

Secondly for the L1 estimate we calculate

f1al 1dx] < ¢ [ [ |q(x+re)| [q(x+se )| dx ds df d¢ .

We let 0 range from O to » and r and s from - © to + @ . Set x = (erx)e +
(el-x)e1 and we have (for convenience dropping the absolute value signs),

f q((r+eex)e + (el-x)el) q((e*x)e + (e,*x+s)e,) dxldxzdr ds 44 .

Taking Xy = e,°X, X; = e°x we have to integrate with respect to § the

integral

S b e 5% A vadar- .

— | —




f q(r+x1,x2) q(xl,x2+s) dxldxzdr ds

But [ q(%;, X +s) dx,ds = llql1, and [ q(r+x;,x,) dx,dr ~ I1q)]; so ve have

F gl 1ex) s ejia)i?
For use in Appendix 2, we note, as is easily proved,
Lemma 2.2. 1If 91,9, ¢ Q, then
q-f qy(x + re) q,(x + rez) dr ds d¢
lies in Q and |[ql] = c|jayl} |lq,l].

1V
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3. L bounds for q , n > 4.
< n
We first derive some estimates above Hankel kernels that we use
frequently.
Lemma 3.1.
i 2
(a) | J Hwey) Hwpy, ) axD) (axl] | < cllall(llog w|® + 1),
and for |w| > Q,
(b) | § Hwpy) Hlwp,, ) atxh) jaxt] | < =% |yq)|
! li i+l Jwl
T here Py = \xi-xi+ i.
Proof: From (2.1) wusing the behavior of the Hankel function we have

for |w|pi and !w|p1+1 less than k say,
|H(wpi) H(wpi+1)| < ¢c(|log w| + |log pil)(llog w| + |log pi+1|)
Hence the integral of (a) over lepi’ |w|pi+1 < k is 1less than
2 i
¢ [ (llog wi? + [Llog p 1% + Ilog oy q1%) axh)y jaxt

2 2 2
¢ (Ilqll; I1log |™ + {lqlly |log &§|" + |Iq]]|log &]" &

2

A

cllqll (Jlog @] + 1)

IA

For |w|pi > k, |w|pi+1 < k we obtain a similar estimate since the first
Hankel function is bounded. For pril’ |wpi+1| > k we get the bound ||q|11.
This completes the proof of (a).

To prove (b) we note that for |wpi| > k, |H(wpi)| < c|wpi|-l/2. We

have

. . )
2| f H(wpHB(wp;, ) a(x) lax'| | = f (|H2<wpi)|2+ |H(wp, )17 la(x") |ax’

P )
We estimate the first term by c[|q[f f IH(wpi)l s dp, +
0
: i i -2 -1 1 .
clol™t f = jqxhy) raxit < eralitel ™ + clwl trall = el lal]. Here

i
we used | [ p.1 q dx| <Rl(qll + R-lllqlll for any R. The second term is

essentially the same. Thus for some Q, w > 0 the inequality (b) will hold.
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This lemma implies that we can obtain estimates for integrals with many
products. Thus, to be sufficiently general for later purposes

emm 3.2. Let Hw) = min(|log w|2 +1, ]wl'l) and J(w) =

) -1/2 - n n -
min(l, o] /). Let 3 =~ [ J(wpy) T Hwe) T qlexhy jax'i. Then 13 <

=1 i=1
~, . =,.n/2 O i
cJ(w) H(w) Hl Hatl.
Proof: It follows from Lemma 3.1 that for the variables xm, m = 1 and

n that occur in pairs in the product of the Hankel functions in the integral
one can estimate; m = 1, n are exceptions as they occur in the J(wpo) and in
H(upn). There are n-1 good terms and that gives (n-1)/2 if n is odd and (n-
2)/2 if n 1is even. This leaves "left over qi" terms but there is no
dependent factor for n odd except those that occur in the argument wp of
the Bessel function J, namely X' and xn. Thus the terms in q1 can be
estimated by L1 integrals except for two. The designated integral is
bounded by

(3.1 (H) D72 I Halll J Wpg) | a x) q*G™M axt] jax®
i“l,n

For n even there will be one more term and the designated integral is

bounded by
G D2 1 1t [ 1awep ! HH@ep T @) @) g™
is®l,2,n
laxt] jax?] jax™|
But

2 2
J el 188G 1ax’] < e(llog wf + 1) 11a° ||

and for w > {1,
2, 2 2 2 ok
S IH@e | 197N ) 1axT) < et | { H(wpy) py dp;|

- : 2 3/2 -1/2
s ® Y2180+ P R A et

< !lq2l1,<cw'2 T A LW




r—-
(o]

for any R. Thus we have for n even or odd, the bound given by (3.1).

To complete the finding of the bound we can set x = 0. Then pg = X'+
x . From the reglarity properties of (¢ for finite argument and its
behavior at « we can estimate the remaining integral by ||q1|| ||qn|[ as in
the previous cases. This completes the proof of Lemma 3.2.

This leads us immediately to

Lemma 3.3. Let
x @ n-1 n-1 nooyoy {
q. = J dw w J(wpy) ( M H(wp,) + TH(-wp,) M q (x) |dx7|
n 0 i i
0 0 0 i=1
* n i
Then |qnl <c I |Iq7|| for n = 5.
i=1
Proof: From the decay of J, H as w - » we see that q: satisfies the
desired bound by using Lemma 3.2.
n i
Lemma 3.4. |qn| < ¢ I |1q7|| for n 2 5. Here 9, is defined in

(1.6).
* . .
From (1.6) and (1.7) it is easily seen that , = 9, if qi(xl) - q\xL
and we integrate over # to obtain the Bessel function as we did in deriving

95 Hence Lemma 3.4 follows from Lemma 3.2.




. L_ bounds for n = 3.,4.

To handle the missing cases n = 3,4 we must use & less crude esci..-
and take into account the oscillatory character of the Bessel and hHarrc.
function. However it is much easier to carry this out for n = 3.4 thau :

n = 2 because the integrand is dying out, if slowly, as w + =

n
w*
Lemaa 4.1. For n = 3.4, |q_| is bounded by M (1qt|| and ) i
1

bounded |{q]I™.
*
Proof: The integrand of q, defined in Lemma 3.3 dies out respectivec..

U-1/2' -1

like w for w real and Py > § >0 say. But for w in the compie-

*
plane with a suitable argument = O, q, dies out exponentially. We split :ie

g (L)

Bessel function J(“pi) as (wpo) + H (-upo) for w real and note :iac

H(wpi) - i H(l)(wpi), see section 2. Next we note that H(l)(upi‘
exp i(wp; - n/4) (mpi)'l/2 for large |wp;|, |arg w| < & say. Hence tor
s 0 the integrand of q: behaves for large |w|, up to a phase factor unu
constant, like
a‘l/z(poplpz)’l/z(exp lu(pgte+p,) + exp Lw(-pg+p +py) + exp twlpy-s -,
+ exp iw(-po-pl-pz))

for n = 3 and a similar expression appears for n = 4. But the factor i-
»'l(poplpzp3)°1/2

First we note that the integral over w converges in the neighborhood .:
w = 0 as it did for n 2 5. Without loss of generality we consider one .:
the exponential terms and a path of integration in the w plane going tu..
Jeia as arg w = a to infinity. There is no contribution from an arc at -
we shift to this path. The value of a is chosen small but so that :!.
exponential is decaying.

The easiest case is the first term for n = 4. We have the expone::

po+pl+p2+p3 > 0 s0o a > 0. Set w(p0+p1+p2+p3) = (1. On integrating wi::.




— — e . il . o e

respect to () we obtain c(pop )-1/2. Thus doing the same with the otler

172°3

terms we find

4 4
* -
IAEE a1l v ¢ [ (ogeyo,05) 2 1 jatxhyy jaxt
1

with x = 0 and bounding (pop1p2p3)‘1/2 by (xbex) V2 bk
\|x2-x3|-1 + |x3-x“|‘1) we estimate by integrating first w.r.t. x3 in the
usual way. This gives the factor ||q3||. Repeat w.r.t. x2 and again w r ¢

x* and finally w.r.t. xl, Thus we find

* 4 i
1q,llg s ¢ ? tia Il

*
To estimate Q, in L° we use the same idea but we obtain

3 .
* - - -

!qliscrllqill*f(poplaz) I/Z(C(powl*pz) 1/2+c|-p0+p1+p2| 1/2) n qi(xi)ldxli

i=1

-1/72 -172
We estimate the first term using (poplpz) (p0¢p1+p2) is bounded
Ly (x1+x3|'1(|x1-x2|'1+|x2-x3|'1) and obtain, as for n = 4, an estimate for

3 i
the first term of the form c T |{q |].
i=1

The second term is more difficult because -p0+pl+p2 vanishes on an

cllipse 1if we fix x1 and xJ. this follows from the fact that p1+92 is the

-uwn  of the distances of x2 to xl and x3. First we use six dimensional polar

coordinates to estimate the contribution from the neighborhood of Po = ¥y

2 2 2 2

., = 0. Thus with ’q + P1 + py = R® the contribution from R < R, to the

0
unestimated integral in (4.1) can be estimated by

Miqlil f f-cos ¢ + stng stn (0 + 5)7/2 % ap a0 a8
R<R,,

where o - R cos ¢, L= R sin ¢ cos ¢, Py = R sin ¢ sin #. The integral
converges and we have a bound with the factor Rg.

To estimate for R > Ro we first integrate over x" in the region
l-po* p1+ 92| > § and obtain using L1 bounds n q1 the term

- . 3
celta?i16° Y2 oot 2@ty @ty raxty e’y
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1§ e 2 2y 1) < f o1t oY) 12D e
< cliq?ll
Estimating the remaining integrals we obtain
e 67172 wp1qly|

Over the neighborhood of the ellipse “PotPite, = 01i.e. |-p0+p1+p2| < 3
we use L° estimates for qi and estimate the area by the width § times the
length of the ellipse L. Thus we obtain from the integration w.r.t. xz,

e RM1a211 [ ogt/? 612 Lgaty 1) et ey
where L 1s the length of the ellipse with foci at xl,x3 and with |x1-x2| +
lxz-x3| - |x1+x3|. Thus L is bounded by |x1+x3| - fy- Choosing § =
|x1+x3|'1 we finally have the bound for arbitrary Ro for the last part:
vyt 11?11 tiatigal, < eryln jiath
We have completed the proof of the first part of Lemma 4.1. The second

part follows from the definition of q, in (1.6) and (1.7).

-




5. L' escimates for nz 3.
We must now take into account the sign of q. First we look at the

multiple kernel that occurs in q:. It is

® n-1 n-1
K=[wJ(wgy (T H(wp ) + T H(-wp,) ) dw .
0 f=1 =1

For n 2 3 the integral converges improperly. We claim
Lesma 5.1. K(-1)7
flwt, 2 2

Proof: We have H(wp) = -c, ft>p°- (t™-p )'1/2 dt where c, > 0. Also

iJ + N=H so that J = c, ft>p sin wt(tz-pz)'1/2 dt. Thus we may write
@ n-1 -{wt n-1 1iwt
K=CDYL [ [ wstnutg(Ne '+ m e 1) 1 (- 1% ac au.
0 t,> 1 1 0
1771
The integral with respect to w would be
w fw(t,-Z t,) fw(-t,-Z t.) fw(t +Z t.) fw(-t +2 t,)
-1 (e 0 1% e 0 1" i e 0 17 [ o 0 t Y dw .
0
But
(]
Re f' 1weiw° dw = Re 4 J eiwa dw = §'(0).
0 do 0
Hence

n ' ’ ’
K= (17 C, [ [8(ty 2 t) - 6ty Ety) + 6 (et T ty)

n
[ 2 2 '1/2
-8 (-t0+ z ti)] g (t1 - pi) dt1 for tg > Por ty > Py

n
n_ ., , 2 2.-1/2
- (-1) c, (8 (to- z ci) - 6'(-ty- T ti) ) g (ti-0)) dt,

for to > Por t > Ay
There 1is no contribution from the second term. Integrating by parts wi::
respect to ty Ve find

N -1/2
k=D, [ roe2d V2 m 20V g
t1>p1>0 1

0 { since ty < 0 is inadmissible. Hence the kernel has a >..:

that depends only on n.

where t -t
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Corollaxy Co Lemma 5.1° q  alternates in sign.

If now we write q1 - qi - qf where + (-) indicates the positive (and

negative) part we have both qi and qf lying in Q if qi does. Then
- n
- fxnqtal) &
1
and

n
IEEWETIE NS BTN Wi
1

-z fknaqlal,

where I means over all possible choices of sign. Hence we have:

* 1 nh o4 i i
Lenma 5.2. q, is bounded in L" by 2 N ||q || if f KN |jq'| dx is
1
1 i i
bounded in L™ by T {{q || if q° > O.

i i 1

Lemma 5.3 f K1 q dx is bounded in L™ by I IIqu| if qi >0, n2

Proof: Here

- n n
K=-fow J(wpy) (M H(wp) + M HC-wpy) ) dw
0 {=1 f=1

v obtain the L1 estimate we may integrate J(wpo) with respect to
Le w.r.t. o - |2x-x1-xn|. We use uU(upo) |dx| = wJ(upo)po dp“ da”
_J(dpo)po) dpo d'o .

We anticipate that the integral converges very weakly so we consider

Haptl = L, - la L

lere
e noyg {
L= [ d [ KNgq(x) |dx | |dx|
L-c p1<L 1
p0<L
here
T ph n Ny i
K= f s [ 13l (M H@p) + T HCGwp)) Mg (x) fdx|
L {p1'<L 1 1 1
{ .




Split the integral over w into the part from L ¢ to 00 and frm 0y to =

consider the second part first and integrate by parts noting that Li(wl) dw
= dJ(wL). Thus, taking only one product, since the other one is essentially

the same,

x @
[ UL n H(wpy) dw = - J(Q4L) T H(@pp,) - [ J(wL) Z piﬁ(wpi) T H(wp)dw.
no 00 i jri

The first term is bounded for fi;p < k, L'l/zﬂél/zn (11og Qyl+ilog 4, |).
i i

It we 1integrate over I q° dx

il ql dx1 where ’y > const. and H(nopl) is bounded we find that the

-1/2

and use f |log pi' q1 dx1 < ||qi|| and over
integrated term dies out at least like L n ||q1||. Thus we are reduced

o bounding for large L,
it *
Ky = [ J@l) T p; H(wpy) T H(wp,) dw ,
0, { Joi

applied to I q1 dxi.

Collapsing the integral using Lemma 3.1 we find a typical term (i = 1.

nounded by
n it 7 1,.1 1 (n-2)/2
mopiatil [ ey tfiwe) oty jaxty By (M2
i=2 0
0
N - - 1
foeptfeniatahy qaxty < gttt e e, qb qaxty
1 1 1 1
;l<L wp1>k

< et 'l e L2 N2

iience for large L the bound for the integral from (I, to = is

0
: 2
n ilqtll I (uL)'l/2 (u'l + Ll/2 u-l/z) H(w) dw
Q
0
<n Ilqlll (L'l/2 log 002 061/2 + const.) for nz1
sch llqill for n2 3

“wie that this ters does not go to zeroc as L < =

19
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The same estimate holds for the remaining term.

We are left with the integral from L€ to 0y. This is the trickiest

and reflects the poor decay properties of the time dependent problem, see

section 1.

For this integral we can consider L sufficiently large so that J(wl) ~

-1/2

(wl) cos(wL - 2). Setting wL = £}, the kernel, which we shall show tends

to 0 is
a.L

O 12 x

J o sin(@ - {) (I H(ay) + N H(-00,)) da ,
Ll-c

where o, = pi/L <1,

1f o, > § for at least two values of i the limit of this integral as L
- » would be zero because of the decay of the Hankel functions.
We consider the integral in the complex I plane on a path chosen so

that the integral 1is decaying exponentially. Thus a typical term is the

1/2

integral of exp i(Q-x/4) 1 H(Qai) on || = L‘, 0= eia|0| and |u| =

ol The integral on the ray for a » 0 decays exponentially and is bounded

by

1017172 @19 1 ugiale, o' aial

L1~¢

<c [ a7 e o181 1 (10 Qo |+1) d|9]

l-¢
< e L-(l-c)/2 e-aL

a-l(llog L-€| + log pi)
.nuteprated with respect to Il qi(xi) dx1 we find that this term - 0 as L ~ ¢
tor ]|q1|| bounded.

The integral on (O] = L¢ is bounded by

a
c 1172 f ot 0t g yiae, ol?y ot? 4y |
)

¢ or for small a by

dith £ = Ll'

20



o]
2’2 T % 1 (110g L¢| + |log py1) a8,
)

or
2”2 1 (j10g L[ + [Log o, 1)
Applied to the integral over I qi(xi) dx1 we obtain the bound 2°1/21105
L™ 1wy qetyy - L %(1-6) llog L /™ I |jql||. Letting L ~ = this term -
The last term is treated in the same way.
This completes the proof of Lemma 5.2.
Proof of Theorem: From Lemma 5.2, Lemma 5.1 follows. Combined with

Lemmas 2.1 (b) for n = 2, Lemma 3.4 for n 2 5 and Lemma 4.1 for n = 3,4, we
have proved (1.10).
From (1.5) and (1.6) we have
q(x) + Tq = qg ,
where Tq 1is a convergent sum for ||q|| sufficiently small, bounded by
|1q||2. Hence 1if qg ¢ Q and is sufficiently small this equation can be

solved for q uniquely.




Appendix 1. Derivatin of (1.4) and (l.4)%*.
To derive (1.4)*% we use the integral equatin derived from (1.2)* along
with Ps = 0 by using the 2D Riemann function. Again ¢ is a given constant.

(al.1) P,=cf ((e-t)2 - x-x'1?)"1/2

(6(t'-e*x’)
+ Ps(e,t',x’)) q(x’') |dx’|dt’

The far field in the back scattered direction -e is given by S(r,e) and
is obtained from P by setting t-|x| = 7, x = -e|x|, t+|x] » o« which yields
c f (r-t’-esx’) /2 q(x’) (8(t’-e+x’) + P_(e,t',x’)) [dx'| dt for S(r.,e) or

cf (f-a)'l/2 q(x') (6(c-2e+x’) + P_(e,g-e+x',x') do |dx'|
This is the Abel transform of
J a(x')(5(0-2e°x") + P_(e,0,e*x’,x')) |dx'|
So we may regard this quantity as given by the back scattered field. The
first term is of lower order in q and is also a Radon transform of q. Hence
if we regard the Born approximation as given R.T. qp = R.T. q + f q(x")

Ps(e,a-e-x',x') ldx’|. Inverting the Radon transform we obtain (1.4)*. To

obtain (1.4) we insert (1.8) and integrate with respect to o. Noting that

+o  {wo
| £ 5 do changes sign with w for w real but is independent of w for u > 4

~ 0

or w < 0 we easily obtain (1.4).
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Appendix 2. Convergence of an Iterative Procedure.
From
q +Tq = qp
we may use an iterative or power series expansion to find its solution. 1In
[1] we have attempted the iteration. Here we show the iteration converges
for ||qB|| small. The method is to find gy at the Nth iteration from
Ay =9 - Tay, -
Thus Q9.1 " -TqN_1 + TqN-Z'

Let Q, = max ||q,]||, i.e. the max norm that occurs up to and including
Ny Y

the Nth iteration. Then by lemmas 2.2, 3.3, 4.1 and 5.2 if we define AN in

the obvious way,

n-1 -1
Nagy = !l S €0 nQglillag - ay ol
Hence
cQ
—N-1
”qN - qN-l“ = (1-cQ )2 lqu-l-qN-ZH
N-1

'~e also have with qlN = qp

n.n
llqull fc QN’l ]

so that
c2Q2
N-1
[tagll = {lapll + 7T
N B 1 CQN_1
or
c’of
Q, =Q, +
N 1 1-cQN_1

We claim if Q1 - )qu|| is sufficiently small the iteration converges.

To converge we need, setting cQN - XN

I
(1-%)

Claim. If X < 1/16c then Xy < 1/2c. We may assume c¢ > 10 say.

23
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Proof: By the inequality for QN we have if Xgq < 1/2c,
2

po Nl o1, 1

=R 1-xN:1 = Tee t . 3,
c
-2 Gt e
Hence Xy < 5% provides ﬁ < % or 4c¢ < lbc-7 , or ¢ > 7/10.
this guarantees that (—1—)1]? < 1. Hence the iteration converges.
N
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