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We consider the space _q of bounded functions also lying in L and assume q

The solution p of (1.1) is written as e-iu'x + p where for lxi -0.

1.2 jxj" e"IxIp s-*+ s 1(e,w,x/Ixl), lxi--,

where s1 is called the far field. The back scattered field is measured in the

direction -e and

1.3 s(w,e) - sI(eU,-e)

The problem under study is the determination of q from s(w,e). A theorem is

proved here that if s is sufficiently small so that the Born approximation is

small in norm in the space _ there exists a unique solution q to the back

scattering problem.



The Inverse Back Scattering Problem for the Schroedinger Equation

in Two Space Dimensions

Cathleen S. Morawetz

1. Introductio

This paper is concerned with determining a potential q(x) for the

steady state Schroedinger equation in two space variables, x - (XlX2

2
(1.) ( + w q)u 0

It is assumed there are no bound states.

The data .&-4wLv' come from the far field scattered by plane waves

impinging in a range of directions but measured only in the oppo:.i-r

directions. More precisely let p(e.w,x) be a solution of (1.1) which tu.

-iwe4x Ox
.X - - a behaves like ey plus a scattered wave behaving like e,

Here e is a unit vector. learly this requires some conditions of decay Uri

q2.

We consider the space Q of bounded functions also lying in L dnd

assume q e Q. This is a less than perfect space from the point of view ut

phvsics since it does not allow for singularities in the potential. Howe.'vi

in other work [1] a study is made of an iteration for finding a smuts"

potential from its back scattered field and this space suffices for ":,,

-tudv, see Appendix 2. One would prefer for numerical purposes to conbi .

only compactly supported potentials but the theory does not work for th, ,

It should be noted that the 2D problem is barely admissible for compura': i J
as it involves four independent varibles (e.w.x) and An iteration.

The solution p of (1.1) is written as e - iiex + p s where for lxi

1 2) IxI 1/2 eiwlxI Ps 1(e.W'x/Ix1)' lx ,

} L, 4P. A

FLA
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where s1  is called the far field. The back scattered field is measured i1

the direction -a and

(1.3) s(i,e) - 51(Oa,-o)

The problem under study is the determination of q from s(w,e).

From the physicist's point of view this may seem an unreasonable

restriction on the measurement. At the very least one could measure the

scattered field over a range of angles. However this would give us an over-

determined and hence intrinsically unstable problem. We would be giving a

function of two angles and the frequency w which is too such data for

determining q. a function in polar coordinates of one scalar and one angle

It is reasonable to expect that the linearized theory (the Born approxima-

tion) determines how much data should be prescribed. We check this now in

2D. First, rederiving the Born approximation and then proceeding to the

main result:

For sufficiently small values of s(e,w), there is a unique potential

if there are no bound states.

By the obvious linearization, if Pa is the Born approximation to t:.,

scattered field p then

(A + W2 )pS - q

Hence introducing the fundamental outgoing solution, a Henkel function.

we have up to a constant

pS(x) - f H(wlx-x'l) q(x') e iwe 'x' ldx'l

For large distances a iWjx 1X/2p,(x) tends in the direction -e to

. -/2 exp iw(-elxl+x') -eox' - lxi) q(x') dx'

W-1/2 f e-21we-x' q(x') dx' ,

up to a phase factor. Thus setting q - qg to denote the Born approximatli:.

-1/2-(.14a) s(e,u) - e '/q(-2ue)



where qB is the Fourier transform of q and c is some numerical factor. ThuS

the relation between the approximate potential and the back scattered field

can be read off by the Fourier transform. If qB lies in Q we note that s is

bounded but more than that is required of s to determine q. It is

reasonable to suppose that if the scattered field is small in a suitable

norm such as that qB is small then the exact q can be found as a convergent

series in powers of qB. This has been done for 3D by Prosser in a series of

papers (2]. See also Newton [3] where the full scattered field is involvedi

and Fadeev [4].

The use of the Radon transform approach in 3D is analyzed by Yagle et

al. [5]. Here we have transformed away from the Radon transform which is

used in [1].

The approach used here utilizes the underlying formulation of [1] and

regards the given data as q,(x). Then

ki-) qB(x) - q(x) + c f lwl Ps(e,w.x') q(x') aei(-(2x-x) Idx'l dw dd

where c here and elsewhere is a generic real constant and = -

,cus 9, sin 9). The derivation is in appendix 1.

The formal expansion is

I(1.5) q(x) - E qn(X),
1

where

(1.6) ql(x) - qB(x)

qn(X) - c f Iw pn (e.w.x') q(x') *iwe (2xx) d di

and

(1.7) 2Pn + 
W pn " qPn-l

PO- 0 '
Po-"e

We would like to prove that (1.5 1.7) lead to a unique solution tot

t Q in terms of q5 e Q"

a...



Certain aspects of this problem are more difficult than in the~~

problem. This is most easily seen from the corresponding wave equation

Denoting the corresponding variables by capital letters, lot

(1.6) P(e,t.x') - c f aew p(e~w,x') dw

Then

(1.1*) -t AP + qP -0

P -0 for t - a x < 0

and

P -6(t-e-x) as t -

rhen

kl1.2)* P att AP a + qP5  q6(t-*-x)

(1.3) *S(O't) -ic a Wit-/ q1&(2we) dw

* a?
(1.4) q,(x) -q(x) + c f d~a- 1 (e,e.(2x-x')

a a
-a, V) q(x') IdxIl

1,6) q~ - c f dx Lk did a (e,e.(2x-x')-o,x') q(x') Idx'I
na a

Pntt . Pn -P n-l

..ith P 0 -6(t-*-x).

The dimension problem shows up in (1.7) .The nonhomogeneous term tk,.

n a 2 is not of compact support in time . A crude estimate suggests that

there is logarithmic growth in time for P nif there are two dimensions in

space. In three dimensions, by contrast, Huyghen's principle carries the

energy of P rapidly out of the main support of q and estimates are generall,;

easier to make.

We use only some the properties of qnthat can be derived froir

i'e-formulation (*) and then use direct frequency domain estimates.

det In*

kl 9) IIqII - q1 + f Iqi idxt



and show

(1.10) jjq nl 1: c n  jjqj n

Thus the series (1.5) converges for IIqjI less than some constant and can be

uniquely inverted if 1[qBj[ is sufficiently small. Thus we will have proved

Theorm. If the norm of the Born approximate iq B11 is sufficiently

small there is a unique potential with the same back scattered field as th

Born approximate has by linear theory.

The proof of (1.10) consists of technical (mainly calculus) estimates

using iterated kernels in both the time and frequency form. In section 2 we

examine q2 which turns out to have the interesting form

4i.11) f d#' dO Q(eex,e) Q(e'.xe') 6(e.e')

where 6 is the Dirac delta function and Q is the Radon transform of q at x

in the direction perpendicular to e - (cos 9. sin 0). We also show that it
2

is bounded, jjq 2 11 S cjqIl

In section 3 we show that for n > 4, qn is correctly bounded in L. 1

section 4 that q3 and q4 are also correctly bounded in L... In section 5....

show that qn lies in L' for n a 3 again with the right bound. The proof ot

the theorem is then easily completed.

We shall ignore constant factors to the power n as they influence only

the radius of convergence of the series. However we shall point them out

where they occur.

In Appendix 1 we rederive the basic formula (1.4) and (1.4)*. I:

Appendix 2 we show how an iteration to achieve the solution converges usi ',

previously obtained estimates.

.. ... . .. isuemI .
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2. The case n- 2.

To derive the formula (1.12) we may assume q is smooth.

We have from (1.7)

p1 , f H(wlx-x'l) q e iwe 'x ° Idx'l

Thus we find from (1.6):

q2 - f K(x,x',x") q(x') q(x") Idx'I Idx"I

where

K - Re c f IJw H(wlx'-x"I) eiwe ° (2xx'x") dw

But

f eiw e °(2x-x'-x") di - c J0 (w12x-x'-xnl)

where J is the regular Bessel function of zero order. Hence we write K as

K(po,p I) where pO - 12x-x'-x"I, p, - Ix'-x"I and

+C
K - Re c f Iw1 Jo(wpO) H(wpl) d.

This integral has to be properly interpreted. First we have

K - Re c f w J0 (wpO) (H(wpl) + H(-wpl)) dw
0

To be outgoing, H is the Fourier transform of a function of t-IxI and hence

behaves like e" iWix at o. It also has a real logarithmic singularity.

Hence

(2.1) H( ) - i J0 ( ) + NO()

and

K - c 7 W Jo(WP0 ) NO(Wp I ) d.
0

From Bessel's equation, (0) + -j 0 we find (wJ )w + P 2 - 0 and hence

wJN - (WJ N - wJNW) with - J0 (wpO), N - No(wpl). Hence

K- (.im O(P0i , plJA) + 2)
PO-Pl

,!f
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We have used the logarithmic behavior of N at w - 0 and the regularity of J.

(See e.g. Courant-Hilbert Vol. 1, p. 501 for the constants.)

We now use the asymptotic behavior of the Bessel functions:

° (Pi " p - - . (Cos O(Po-P1) - Cos O(P0 -P "Pil

- (cos n(p0-pl) + cos O(polP I -1 ))
PO

Hence

K(- lim- 1 M cos 0(0 -pl)) + (1 Cos P0 - 4
22 2 P 2pO-Pl 

"

O ) sin 0(p0+pl))P " PO
which we write as lim (K1+K2+K3).

It is easy to see that the last term K3 behaves in the limit like a 6-

function, in fact

K3 #c(Po+P l)' (Pop,) 
1/2 6(p0+P1 )

We recollect that both p0 and p, are nonnegative when this factor in

the kernel is applied to q(x')q(x") jdx'I Idx"I. We can show there is no

contribution. First, set x - 0 for convenience. Then 2x' - poe + pie', 2x"

- poe - pie' with e - (cos 0, sin 9), e' - (cos 8', sin 0'). The integral

becomes

f 6(p0+Pl)(p 0+pl)-l (p0Pl)1
/2 q(p0e + pie') q(poe - pie') dpo dpl dO d9'

Set P0  " R cos 4, P1 - R sin 0 with 0 : 0 : M and the integral is the

principal value of

c f 6(R cos (0 - f)) (cos(O- )) sin 1/24 cos1/24 q(R(e cos 4 + e'sin 0))

q(R(e cos 4 - e'sin 0)) R dR do dO d8'

which is 0 since cos (4 - 1) 0 0.

4 :I/ - l llI•I•Il
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For K2 we make the same change of variable and we have

RK2 dR -cos1/2 -sin 1 /2 sin1/24-cos 1 /2 . cos(OR cos(o+ 1)) R dR do

Cos/2n+sn 1/2 cos(O - )4

For R cos(O + I) > 6 the integral with this measure over q(x')q(x") will

tend to zero as D - c by the Riemann Lebesgue lemma. For R cos(o+ 1) < 6 we

note that RK2dR do is antisymmetric and vanishes for 6 - 0 so again the

contribution to the integral can be shown to be arbitrarily small.

Finally we turn to K1 . The contribution to the integral is again found

with the variables p0, pl, e, 0'. Then we set po+pl - q, Po-P and the

integral over q(x')q(x") Idx'I Idx"I becomes

f -J- (1 - cos On~) q ' +' + I ee) ( ~-l

1 f(e+ '))( 2-n2  d dq dO dO'

4

or with Qq - r, the integral is

f 1-cos r dr f 1 q( (e+e') + 1 (e-e') q( C (e-el)

1 ~2 7
S(e+e'))( 2 __) d d8 dO'4 f2

On letting 0 -*0 we have

f 'cos r dr f q(4  (e-e')) q(- (e+e')) d dO dO'

The first integral may be replaced by c and we are left with

c f q(4 e(e-e')) q(- I (e+e')) d dO dO'

But (e-e').(e+e') - 0 so we may set I (e-e') - rE with E - (cos @, sin 0)ad .i(ee) sL L 22 1 2
and (e+e') -sE where E.E - 0 and r 2+s 2  8 so d dO dO'

48

- dr ds d# dO.

We may then write the contribution to q2 from KI as

c f q(rE) q(sE ) dr ds d# ,

which is the same as (1.11). This form will not change if we let q belong

to the wider space 2 provided the integration can be performed.

MLl
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To consolidate we write this result as part (a) of the following lemma

(shifting x back from the origin).

Lemma 2.1. If q e Q then
L

(a) q2 - c f q(x + re) q(x + sel) dr ds dO, and

2(b) liq 211 < cjlqjj

Proof of (b): First for the neighborhood f r 2+s2 we bound by the LO

norm. Then we set r - R cos 4, s - R sin 4 and x - 0; then

q 2 -

cf q(R cos 4 cos e,R cos 4 sin e)q(R sin 4 sin 0,-R sin 4 cos O)R dR do du

so

Iq2 1 s cqjI f q(R cos 4 cos 6, R cos 0 sin 0)
Icos 4)1>6

R cos 6 d(R cos 6)

cos 0 d

+ clqjI f q(-R sin 4 sin 0, R sin 0 cos 0)

R sin 6 d(R sin 6) dO d

sin 20

2 2
s clqllqlll/ 26 s cjjqjj

Secondly for the L estimate we calculate

f iqj ldxl s c f f lq(x+re)l Iq(x+se )I dx ds dO d)

We let 0 range from 0 to s and r and s from - - to + c . Set x - (e-x)e +

(el.A)e1 and we have (for convenience dropping the absolute value signs),

f q((r+e-x)e + (e1 .x)e ) q((e.x)e + (e,.x+s)eL) dx1 dx2dr ds dO .

Taking x2 - e,*.x, x - e.x we have to integrate with respect to 0 the

integral



f q(r+xl,x2 ) q(xlx 2+s) dxldx2dr ds
But f q(xl,x2 +s) dx ds - ilql 1 and f q(r+lx,x 2 ) dx2dr - ijqjJ 1 so we have

f dq Ic1x ]  g cjjq]j2
n I I

For use in Appendix 2, we note, as is easily proved,

Lemma 2.2. If ql,q 2 c Q, then

j - f ql(x + re) q2 (x + re') dr ds d8

lies in Q and ]]qjl s cjjqljj Jjq2 1.



3. L. bounds for q n, n > 4.

We first derive some estimates above Hankel kernels that we use

frequently.

Lemma 3.1.

(a) I f H(wpi) H(wp i+) q(x i) Idx i I 1 cjjqjj(jlog wl 2 + 1),

and for IwI > 0,

(b) I f H(wp ) H(wpi+ I ) q(x) jdx I I < ' jIqII

i I i- ~l iiIl
here Pi i xi+l

Proof: From (2.1) using the behavior of the Hankel function we have

for IwIp i and [IIpi+ 1 less than k say,

IH(wpi ) H(wp i+1 )I < c(jlog W1 + Ilog piI)(llog WI + Ilog Pi+l)

Hence the integral of (a) over IwIPi' lwlPi+l < k is less than

c f (Ilog WI2 + Plog Pil 2 + Ilog Pi+l1 ) q(x i ) ldxil

! c (]jqIIl flog w 2 + I.Iqlll Ilog 612 + IlqJ1 1log 612 62)

< cjIqjf (jlog l 2 + 1)

For IwIp i > k, lwlpi+ I < k we obtain a similar estimate since the first

Hankel function is bounded. For lwpil, Iwpi+1 I > k we get the bound (jq 1,.

This completes the proof of (a).

To prove (b) we note that for Jwpi1 > k, IH(wPi)l < clwpi -1/2.

have

21 f H(upi)H(wpi+ I) q(x
i ) Idx i I I S (1"2I(pi) 2+IH(wpi+)I 2) lq(x')idx'

klw 1  2
We estimate the first term by cjIqII, f IH(wpi)I p. dpi +

0

used f Iq(xi)l Idxli < cjjqll jw1 2  + ciwjlI jqlj : Iwl'1ljqjl. Here

we used I f p-i q dxl < RjjqII. + R- I1ql 1 for any R. The second term is

essentially the same. Thus for some 0, w > 0 the inequality (b) will hold.
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This lemma implies that we can obtain estimates for integrals with many

products. Thus, to be sufficiently general for later purposes

Lemma 3.2. Let R(w) - min(Ilog wl 2 + 1, )co " 1) and J(.) =

-1/ -n nl iiTe

min(l,lwlI ). Let qn - I J(wpo) i..l 1( ) 1 qi(xi) Idxi1. Then IqnI <

c () ( n/2 n llil

i-l
m

Proof: It follows from Lemma 3.1 that for the variables x , m # i and

n that occur in pairs in the product of the Hankel functions in the integral

one can estimate; m - 1, n are exceptions as they occur in the J(wp0 ) and in

H('p n). There are n-1 good terms and that gives (n-l)/2 if n is odd and (n-

2)/2 if n is even. This leaves "left over qi,, terms but there is no

dependent factor for n odd except those that occur in the argument co 0 of

n . i
the Bessel function J, namely x' and x . Thus the terms in q can be

estimated by L integrals except for two. The designated integral is

bounded by

(3.1) (R(w))(n-l)/2  11 IjqiI1 f IJ(wp0 )I q'(x') qn(xn), jdxl Idxnj
iol,n

For n even there will be one more term and the designated integral is

bounded by

(A(.)) (n -2 ) / 2  17 jjq i 11 IJ(wp0)l 11H(wpl)JI q'(x') q 2(x 2) q n(xn)

iol,2,n

Idx l Idx I dxn

But

f IH(pl)I Iq 2(x2 ) Idx21 s c(Ilog wl + 1) liq 211

and for w > 0,

f IH(wpl)l Iq 2(x2 ) Idx 21 < jjq 211. I f H(wpl) p1 dpli
0

+ (R-i/2 jq2111+ q 2 l R3/2 )1 -1i/2

< jjq2 l (cc
2 + W'/2(R 1/2 + R

3/ 2)



for any R. Thus we have for n even or odd, the bound given by (3.1).

To complete the finding of the bound we can set x - 0. Then pO - Ix' +

x . From the reglarity properties of for finite argument and its

behavior at - we can estimate the remaining integral by jq 1 11 q nI as in

the previous cases. This completes the proof of Lemma 3.2.

This leads us immediately to

Lemma 3.3. Let

n-i n-l n
qn f dsk W J(Wp0 ) ( T H(wp i ) + R H(-wpi ) U q (x ) ldxtI

0 0 0 i-i
* n

Then Iq n 1 C I Ilq I for n 2 5.
i-l

Proof: From the decay of 3, A as w - -we see that qn satisfies the

desired bound by using Lemma 3.2.

Lemma 3.4. II n1 c 11 I 11 for n a 5. Here qis defined in

From (1.6) and (1.7) it is easily seen that qn- q if q (xi) - qtx

and we integrate over e to obtain the Bessel function as we did in deriving

q 2- Hence Lemma 3.4 follows from Lemma 3.2.



-.. L boud&fo n - 3,4.

To handle the missing cases n - 3.4 we must use a less crude esru.,,'

and take into account the oscillatory character of the Bessel and Haiv .

function. However it is much easier to carry this out for n - 3.4 thatn

n - 2 because the integrand is dying out, if slowly, as w -.

n

omI___/.L. For n - 3,4. l qnl is bounded by R I[q 11 and IqIn

n
bounded Iq[In

Proof: The integrand of q defined in Lema 3.3 dies out respecti,.K,.

like w W for w real and pi > 6 > 0 say. But for w in the comp.-:

plane with a suitable argument o 0, q dies out exponentially. We split *i-

Bessel function J(wpi) as H (1)(wo) + H( )(-wopO ) for w real and note ttra:

H(w i d - i H(1 )(wpi), see section 2. Next we note that HM(1 i' -

exp i(wpi - x/4) (wpi)'1/2 for large Jwpij, Iarg wI < 6 say. Hence toi

- - 0 the integrand of qn behaves for large IwI, up to a phase factor tn:

:onstant, like

-1/2 )-1/2 +ep+epi~
- I/(POPlP2 ) (exp iw(pO+pl+p 2 ) + exp iw(-pO+pl+P 2 ) exp iw(pO--

+ exp i(-PO-Pl-P2))

for n - 3 and a similar expression appears for n - 4. But the factor

-1l (OP -P3) 1/2

First we note that the integral over w converges in the neighborhood,

- 0 as it did for n z 5. Without loss of generality we consider one

the exponential terms and a path of integration in the w plane going tr

e as arg w - a to infinity. There is no contribution from an arc at

we shift to this path. The value of a is chosen small but so that

exponential is decaying.

The easiest case is the first term for n - 4. We have the exponer.!

;O+l+P2+P3 > O so a > 0. Set w(pO+pl+p 2+P3) - 0. On integrating ,:i



respect to 0 we obtain c(P O P1 p2 p3 ) 1 / 2  Thus doing the same with the o hei

terms we find

Iqg S c a IlqtI1 + c f (POPlP2P3)'1 2 it Iq (x)I 1dxI

11 1 1
'.th x - 0 and bounding (POpVp2p3 ) 1/2 by Ix+x 4 I /2 1-x

ix 2-x31 "1  + Ix 3x 41 ) we estimate by integrating first w.r.t. x3 in th

usual way. This gives the factor q 311. Repeat w.r.t. x2 and again w r

4 1x and finally w.r.t. x . Thus we find

41JIql. I c n~ 11tl

To estimate q3 in 17 we use the same idea but we obtain
. 3 .

* ir -1/2 -1/2 -1/2 3 qi1x i
!q3jscwllq iI+f(POPlP 2 ) (c(pO+pl+0 2 ) 2cI-pO+Pl+P21 1 i q )(x)dx I

i-l

We estimate the first term using (POPp2) l/2 (pO+pl+p2)-1/ 2 is bounded

A ' Ix1+x 31 (Ix -x 21 +Ix 2-x 31) and obtain, as for n - 4, an estimate for
3

the first term of the form c 1 jlq 11.

i-1

The second term is more difficult because -pO+pl+p 2 vanishes on an
S1 3

ellipse if we fix x and x 3 . this follows from the fact that p1 +P2 is 'he

-.4.a of the distances of x2 to x1 and x3 . First we use six dimensional polar

:oordinates to estimate the contribution from the neighborhood of pO - I

2 2 2 _20 Thus with p0 + -+ P 2 " the contribution from R < RO to the

inestimated integral in (4.1) can be estimated by

I Ilq 111f I-cos * + sin 0 sin (9 + I)1 "1/2 R5 dO dO dR
R<R0

where p0  - R cos #, p, - R sin 0 cos 0, p2 - R sin 0 sin 9. The integral

converges and we have a bound with the 
factor R 

6

0'

To estimate for R > R0  we first integrate over x" in the region

I-P0+ 01+ P2 1 > 6 and obtain using L bounds n qi the term

cliq 21161O 13/2 (q(xI)I Iq3(X3 ) dx 1 dx1 3

2 - pAL/((i) -q xIdxId
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since

If (p' x2 1dx21 < f (Pi1+ P2l1 iq2(x2) dx 2

< cq 2 11.

Estimating the remaining integrals we obtain

C C "1/2 wllql .1

Over the neighborhood of the ellipse -po+pl+p 2 - 0 i.e. I-Po+Pl+P2I 1
~i

we use L estimates for q and estimate the area by the width 6 times the

length of the ellipse L. Thus we obtain from the integration w.r.t. x
2

c R 01 lq2 1 f POl1/2 61/2 L lq 3I I1dx 1 1 ldx3  ,

1 3 12where L is the length of the ellipse with foci at x ,x and with Ix -x2 +

Ix 2_-x31 - Ixl+x31. Thus L is bounded by Ix +x3 - PO" Choosing 6 -

x 1+x 3 we finally have the bound for arbitrary R0 for the last part:

cR0 1q211 lq 1 I.1q 311. < cR0 n lq Il

We have completed the proof of the first part of Lemma 4.1. The second

part follows from the definition of qn in (1.6) and (1.7).

!4



5. Lo n 3.

We must now take into account the sign of q. First we look at the

multiple kernel that occurs in qn" It is

n-i n-1
K W J(wp°) ( i1 H(wpi) + i H(-wp) ) dw

For n ? 3 the integral converges improperly. We claim

Lea 51.. K(-1)n  0.

Proof: We have H(wp) - -c+ ft>pe0iWt(t 2 2 -1/2 dt where c+ > 0. Also

iJ + N - H so that J - c+ ft>p sin wt(t2 -p2)" 2 dt. Thus we may write

-1 n-I -iwt n-I iwt. n 2 2 1/2K - (-l)n '  5 w sin wt0 ( 11 e + 11 e ) (tipi)"  dt. dw.
0 ti>P i  1 1 0

The integral with respect to w would be
® iw(t o-E t i )  iw(-t o-E t i )  iw(to0+E t i )  iw(-to0+E t i )

-if (e -• +e -e )w dw
0

But

Re iwe i  dw - Re ; 5o ei d. 6 (o)

Hence

- (_)n C+ f [6'(t O- E ti) - 6'(-to-Z ti) + 6'(to+ E ti )

n 2 2 -1/2-6 (-tn+ E ti)] n (t i - ,) dt i for tn0 > Pn, ti > Pi

0
n n 22-1/2
c 4(6'(t 0 - E t)- 6'(-t 0 - E ti) ) 1I (ti-pi) dt

0

for t0 > P0 . t, > Pi

There is no contribution from the second term. Integrating by parts

respect to t0 we find

K . . .n _ 2 2-3/2 n 2' 2 -/ dt
K -(' + f t0 (t 0 PO) (tpi)' it i>P i>0O

where t0  - E ti since t0 < 0 is inadmissible. Hence the kernel has a '

that depends only on n.
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Corollary to La.,-m 5.1: qn alternates in sign.
i i I

If now we write q - - q. where + (-) indicates the positive (and
Si £

negative) part we have both q and q lying in Q if q does. Then

q f K q(xi) dxi

aind

f Jq* ] dxJ :5 f (q+ + q. dx
n +

1

-EfKnq dxi

Where E means over all possible choices of sign. Hence we have:

* 1i

L' qn is bounded in L1 by 2n I Ilq'lI if f K fl Iq I dx is
1 i i

bounded in L by I Ilqi 1 if qt > 0.

mia 5.3. f K n qi dx is bounded in L by n IqiI1 if qi > 0. n

Proof: Here

*n n
K - f wpo) ( H(wpl) + H H(-wpI) ) dw

0 i-i. i-i

,U obtain the L estimate we may integrate J(wO 0 ) with respect to
1. n

w.r.t. po - 12x-x -x I. We use &J(wpO ) Jdxl - wJ(wpO)pO dp J,

P0 )pO0 )" dp0 dO0

We anticipate that the integral converges very weakly so we consider

I qn11 - , - li L(L)

.t.~ re

L - fd f K n q (xi) ldxil Idxl

L-f pL<L I
,0O< L

.he re

*n nn
d w f (wL) ( 11 H(Wp i ) + II H(-wpi)) fi qi (x ) dx

L C Ip 11<L 1 1 1

t
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Split the integral over w into the part from L "1 to 00 and frm 0to 

consider the second part first and integrate by parts noting that 1J(wL) dw

- dJ(wL). Thus, taking only one product, since the other one is essentially

the same,

LJ(wL) n H(wpi ) dw - - oL) nH- (o1 f J(wL) Z pi(Wpi ) H H(wPI)dw.1o 0 0 i j~di

The first term is bounded for 00pi< k, L- /201/2 I(llog %I01+Ilog Pi]).

It we integrate over n qi dxi and use f Ilog pil q dxi < IIqi 1 and over

Rq dxi where pi > const. and H(%opi) is bounded we find that the

integrated term dies out at least like L "1/ 2  I jjq 1 1. Thus we are reduced

:o bounding for large L,

K - f J(wL) E p A(wpi ) nH (wPi) dwa 0  1 J1 j i'

.,pplied to H q dx

Collapsing the integral using Lemma 3.1 we find a typical term (i - I,

'.lded by

n 1 11 1 (n-2)/2
n liq i1 f IJ(,.L)Il PIj(wpl) q (x ) Idx I R(w) dw
1-2 00

f o1 IH(wpl)lql(x ) ldx 1 < lHq 11 "1 + f (Wpl)'I/2 p1 q Idx I1<L WP I A

< ilq 1 1 ( 1 + L 1/2 -1,'2

:eflce for large L the bound for the integral from 0 to * is

a-2

Sigq 1 1 (wL) 1/2 (w-1 + L/ 2 W- 1/2) R(W) 2

00

< n IqLll (L 112 log 002 a01/2 + const.) for n z 3

S c 1 j1 q 1 l for n z 3

.0:e that this term does not go to zero as L - *



20

The same estimate holds for the remaining term.

We are left with the integral from L fE to aO" This is the trickiest

and reflects the poor decay properties of the time dependent problem, see

section 1.

For this integral we can consider L sufficiently large so that J(wL) -

(wL)" 1/2 cos(wL - 1). Setting wL - 0, the kernel, which we shall show tends
4

to 0 is

0-i/2 sin( - ) (II H(Dai) + H H(-0o)) d

Ll-E

where a i - *i/L < 1.

If a i > 6 for at least two values of i the limit of this integral as L

- would be zero because of the decay of the Hankel functions.

We consider the integral in the complex 0 plane on a path chosen so

that the integral is decaying exponentially. Thus a typical term is the

integral of n-i/2exp i(.w/4) n H(Doi ) on 101 - L', 0 - e ia 1 and 1I11 I

I0 
L . The integral on the ray for a o 0 decays exponentially and is bounded

by
O0L
a0 L 2 aflia
1 f I/2 •" Ifl e H IH(101a i e )I dial

LI -

< c f 10I -1/2 e-a i if n (,log noil+l) dial

< -L(l-E)/ 2 e-aL1' -I( L-

< c L e a (log L + log p1 )

i,:vrated with respect to 11 q (x) dxi we find that this term - 0 as L - U

lot jIqll1 bounded.

The integral on 1i -L
e is bounded by

-I sin i et elc 1 112 e- I si H(J i eo) e dit ,

0

ith I - L or for small a by

I2I
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cl /2 5 e l (flog LI + flog pil) dO
0

or

c 1/ 2 IT (Ilog Le + Ilog puj)

Applied to the integral over n qi(xi) dxI we obtain the bound 1"1 1  g

- l) L1 n qi
LfI n 11 jq 1i - L Ilog L eI n1 Rlq I1. Letting L - this term - (

The last term is treated in the same way.

This completes the proof of Lemma 5.2.

Proof of Theorem: From Lemma 5.2, Lemma 5.1 follows. Combined with

Lemmas 2.1 (b) for n - 2, Lemma 3.4 for n & 5 and Lemma 4.1 for n - 3,4, we

have proved (1.10).

From (1.5) and (1.6) we have

q(x) + Tq - qB

where Tq is a convergent sum for I q11 sufficiently small, bounded by

2
IjIqI Hence if qB e Q and is sufficiently small this equation can be

solved for q uniquely.
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Appendix 1. Derivatin of (1.4) and (l.4)*.

To derive (l.4)* we use the integral equatin derived from (l..2)* along

with P s- 0 by using the 2D Riemann function. Again c is a given constant.

(Al.l) Ps- C f ((t-t')2 _ jx,2 ) -1/2 (6(t'-e-x')

+ P s(e,t',x')) q(x') Idx'Idt'

The far field in the back scattered direction -e is given by S(r,e) and

is obtained from P5s by setting t-Ixj - r, x - -ejxj, t+Ixj - cc which yields

cf(r-t'-e-x') -1/2 q(x') (6(t'-e-x') + P s(e,t',x')) jdx'j dt for S(r,e) or

c f (7.0) 1/2 q(x') (6(a-2e-x') + P s(e,a-e-x',x') da Idx'l

This is the Abel transform of

f q(x')(6(a-2e-x') + P s(e,o,e-x',x')) Idx'I

So we may regard this quantity as given by the back scattered field. The

first term is of lower order in q and is also a Radon transform of q. Hence

if we regard the Born approximation as given R.T. q B - R.T. q + ,f q(x')
P S(e,a-e-x',x') jdx'j. Inverting the Radon transform we obtain (l.4)*. To

obtain (1.4) we insert (1.8) and integrate with respect to a. Noting that

+M iWa

f e ado changes sign with w for w real but is independent of w for L> j

or )< 0 we easily obtain (1.4).
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Appendix 2. Convergence of an Iterative Procedure.

From

q + Tq - qB

we may use an iterative or power series expansion to find its solution. In

[1) we have attempted the iteration. Here we show the iteration converges

for lIqB11 small. The method is to find qN at the Nth iteration from

q N q qB "T q N-1

Thus qN-q N - -TqN-1 + TqN-2.

Let QN " max llqjll, i.e. the max norm that occurs up to and including
JSN-l

the Nth iteration. Then by lemmas 2.2, 3.3, 4.1 and 5.2 if we define qnN in

the obvious way,

[lqnN qnN-I [ : cnn n-I_11- QN-11lqN 1  q N_211

Hence

jjqN qNCQ N.I
J~q q -i)  2 jlqN_-'qN-211

(-cQ N-1 )

]e also have with qlN "q

JjqnNjj :s c nQN- n

so that

22c N-1

NIlq~I s + l cQN-

or

c 2QN-2
QN Q1 +  N-

-cQN. 1

We claim if Q, jjqB1I is sufficiently small the iteration converges.

To converge we need, setting cQN - XN

(1_XN)
2

Claim. If x1 < 1/16c then xN < 1/2c. We may assume c > 10 say.

I.I
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Proof: By the inequality for QNwe have if xNl < 1/2c,

C2

XN F cXN1 1 + 1

2c

2c 8 2(2c-1)~

Hence~____ x- ipoie or 4c < 14c-7 ,or c > 7/10.N 2c prvds (2c-1) 4

this guarantees that XN2< 1. Hence the iteration converges.
('X)2
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