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P,R. Krishnaiah, B.Q. Miao and L.C. Zhao

ABSTRACT
) | :
In this paper, the so-called local likelihood method is suggested

for solving the change point problems when the data are distributed as
y multivariate normal., The detection procedures proposed not only provide
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1. INTRODUCTION

Recently, considerable attention has been devoted to change point
problems. These problems originally arise in various fields such as eco-
nomics and industrial quality control. They are also related to the prob-
lem of edge detection (see Mazumdar, Sinha and Li (1985)).

When the underlying distribution of the data is normal, the change
points are characterized by those of the mean function and/or covariance
matrix function. In Section 2, we Tist five cases we are interested in.

Some authors studied the change points of the mean function or re-
gression function when the data are distributed as normal. The related
literature is quite extensive. Most of these authors only considered the
cases when there is at most one change point or the number of the change
points is known. Here we quote the papers Hinkley (1970), Sen and Sri-
vastava (1973, 1975), Vostrikova (1981) and Schulze (1982).

Generally, the number of change points may be unknown. For this case,
Krishnaiah, Miao and Zhao (1986a, 1986b) investigated the detection of the
number and locations of change points for the mean functions using infor-
mation theoretic criteria. However, the computations of these methods are
too much when there are many change points. Later, Yin (1986) proposed a
nonparametric method so as to save the computation.

In this paper, we use so-called Tocal likelihood to detect the number
and locations of the change points when the data are distributed as multi-
variate normal. One of the conspicuous merits of this method is that it
has much less computation in applications. Besides, the detection pro-
cedures are strongly consistent.

The problems are proposed in Section 2 and the various cases are

treated in Sections 3-6 respectively.
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2. THE PROBLEMS CONSIDERED

Let X(t) be an independent p-dimensional process on (0,1] such that
X(t) = p(t) +¥(t), 0<tc<T, (2.1)

where V(t) is an independent p-variate normal process with means 0 and
covariances A(t) > b, p(t) is a px1 real vector function. The problems to

be considered can be formulated as the following five forms.

Case 1., g(t) is a left-continuous step function with the jump points
t] < eee < tq. which are called the change points of the mean function of

§(t), and A(t) = A > 0 for t e (0,1], where A is an unknown matrix,

Case 2. g(t) is a left-continuous step function with the change points

mentioned above. Write t0 =0 < t1 < .,..<t <t = 1, We assume that

q q+l
A(t) = Ay >0 forte (tj_]. tj]. J = 1:2,0.0,041, and Ay, ..oy Ay are all

unknown,

Case 3. A(t) > 0 is a left-continuous step function with the jump

points t] € .00 < tq, which are called the change points of the covariance

function of §(t), and E(t) =pforte (0,1], where u is unknown,

Case 4. p = 1, u(t) is a left-continuous step function with the jump

points t; < ... <t , and A{t) = A >0 for t e (0,1]. Write O = tg < ty<

q
e St <t T 1, we assume that u(t) = uy for te (tj'l' tq] and
U] > uz > ees > uq > uq+]°

Case 5. p =1, u(t) satisfies the conditions in the Case 4, and A(t) =

Ay>0forte (tJ_], tj].

In the above cases, we assume that the number q of the change points

is unknown. We want to determine q and the location of t1, t2' cees tq.

based on the data 5(1/N), i=1,2,...,N.
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3. THE CASE 1

Put 51 = 5(%); Take a positive integer m < N. For k = m,m+1,...,N-m,

consider X, .15 X me2s coo0 X0 Kapr coor Xeupme First we assume that

51, i = k-m+1,...,k+tm, are independent p-variate normal variables such

that
e - - (1) . - - .(2)
Eemer = oos " EX =0Ty By e = Bl e, (300)
and
Var(X, p4q) = o-o = Var(X,) = 4 >0, (3.2)
(M (2)

where u* "/, y and A are all unknown. Put

- 1 g R
X0 “wiauofe e =mlenke
(3.3)

]
T = m Lok

-- - vk _ vktm - - vk+m
where 23 1) = T Ea,k) = Dok bk = Dikeer  Then, the

logarithm of the 1ikelihood ration test (LRT) statistic for testing the
null hypothesis Hk: g(]) = 2(2) against the alternative Kk: g(]) # 2(2)
is given by '

Gy(k) = m loglAk’NI-m 1°9|Bk,Nl’ (3.4)

and
] Y 2 ] Y 2 ]
AN T 25E(l,k)(l‘f'l‘(l,k))(l‘i".‘(1,k)) + f(z,k)(51".‘(2.k)(51".‘(2,k))]'

S | v v ' ‘
BN = 2w L (k) B Kk B4 - By (3.5)

Take m = My and positive number CN such that




W,

N.>>m>> CN >> Tog N.

Hereafter, @y >> By Means ﬁiﬂ aN/BN = o,
Define

DN = {k: k = m,m+]’ ...’N-m, -GN(k) > CN}.
Assume that k] N min{k: k € DN}. Define
9

D] N = {k: k e DN’ k - k],N < 3m},

Assume that kz,N = min{k: k e DN "D],N}' Then we define

Dz N = {k: k € DN-D]’N’ k - kZ.N < 3m}.

Continuing this procedure, we obtain
DN = D],N + DZ’N + LI + Da’N,

and every Dj N is not empty. Put

»

~

Ej = é%'{kj,N + max(k: k e DJ,N)}’ J = 1,000,509,

R T T O I T T TS TITY

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

then we can use (&,%1,...,Eq) as an estimate of (q,t]....,tq). We have

the following:

THEOREM 3.1. Under the conditions of the Case 1, (G,%l....,ia) is

a strongly consistent estimate of (q,t],....tq).

We need the following:

LEMMA 3.1. Let X1s Xos eees X be i.i.d. random variables such that

Ex, = 0, and é(t) = E{exp(tx])} 1s finite in a neighborhood at t = 0.

Then for any given constant ¢ > 0,
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: Py 121 x¢| > €} < Cre °n,
o ‘
2,8
5 where C and C] are positive constants,
' This result is well-known and the proof is omitted.
R Proof of Theorem 3.1. It is easily seen that there exist integers
I8
3 k?....,kg,0<k?<... <kg<Nsuch that
3 k0 : |
: l‘ﬁ“ tj iﬁ’ fO?‘j = ],2,...,(], (30]2)
F and
o’ i _ .0 o .. ‘
-: E(N’) = Ej’ i-= kj-]+1’ sy kj’ J = 1, 0-09q+]s (3~13)
- where k9 = 0, k0. = N, and # #
. 0 Rgt1 BY7 B0 eees Eq7 Hqe1”
¥
o Fix j, j = 1,2,...,9, and put k = kg. Since m << N, (3.1) and (3.2)
s (1) . (2) .
K hold for N large, where u =y = Uyape Using Lemma 3.1 and
Borel-Cantelli's lemma, we have
I m Ak’N = A’ a.S. (3.]4)
3
and
: - 1 - - .
" pim By }J,‘j‘,{'éﬁi 11,60 B = %, G - T k)
: L PN R SRR TCI AT
) 2m £(2,k) i T <(2,k)7 01 T 2(2,k)
N +3 Tk * Fawofizn - okl
> 2 '(1,k)=(1,k) T 2(2,k)=(2,k)) T S(k)=(k)
1 ' ' 1 '
o = A gy b oaganga) -y o)y toygn)
-,
& 1 .
A‘ = A + I(EJ - !j""l)(uj - EJ"']).’ a.s. (3.]5)

B y .‘!'. .‘. ‘n.é |~.’~ "‘l; v (X A ' ’ 4 ‘:"‘:n\\. u‘.‘:’:\:'



By (3.4), (3.14), (3.15) and By # Biee with probability one for N large,

. , ,
'GN(kj) > agm for some constant oy > 0. (3.16) ‘

By (3.16) and m >> Cys With probability one for N large,
kje Dy J= N2 (3.17) =
By the definition of.Dj N's, noting (3.12) and m << N, we see that with
probability one for N large, k?,..., kg belong to different Dj N's, which )
implies .
q>q. (3.18)
Take ¢, € (0,1/72). Write

KN = {k: mikiN-m, I%- tJI l%(]'*E]) fOY‘ j = ],2,..-,‘])(: (3.]9) ’

Assume that k e Kye: By m << N, it is easily seen that (3.1) and (3.2) hold
with g(]) = H(Z) = Bj for some j = 1,2,...,9+1 and N large.

. 2,1/2 "

For a pxp matrix A = (aij)’ we write [|A|] = (zi,jlaijl ) /2 and use ‘

A1 (A) 2 2,(A) > ... 3_Ap(A) to denote its eigenvalues. Also, we write

gl = 18 11ay1% for g = (agseersay)’s

By (3.5),
1 vy o2 _ ' 2
Ao = zm Loy Bi gl Bymwy) -2 10 ) By - gy) ¢
A ~ - i
= Ak,N - Ck,N. (3.20) ;
By Lemma 3.1, for any ¢ > 0, there exist constants C > 0 and C] > 0 such that 3
rt =-cm .

P{"Ak.N All > e} < Cye ™

and

PUIE (g =21 2 3 < 6™,

[~

)
- AN A A . - . - o e my AL A R TGO ORI
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which imply that for any ¢ > 0,
PUIA y-all 2 €} < c,e” . (3.21)

Hereafter we will use C and C] for some new positive constants without
statement.

It is well-known that for any pxp symmetric matrices A and B,
. .
tr AB < ) )‘i(A))‘i(B) (3.22)
i=1
(von Neumann (1937)) which implies that
P 2 2
121("1(%") -2 () < tr(a - 0% (3.23)
By (3.21) and (3.23),
1 -cm
P{"p(Ak,N) <z Ap(A)} < G (3.24)
By (3.5),
- by v Y v o
Bian ™ Aan = 701,00 2,0 G X2, 2 0 (3.25)

By (3.4), (3.22) and (3.25),

-1/2 -'|/2|

-GN(k) =m 1og|Ip + Ak,N (Bk,N'Ak,N)Ak,N

-1
<mtr Ak,N(Bk,N'Ak,N) <m tr(Bk,N'Ak,N)/Ap(Ak,N)

= %”:x_(],k)-X(z,k)llz/)‘p(Ak,N)' (3.26)

Assume that YN % N(0,1). Then for N > 3,

2 -3
P(lyyl > /FTogN) < —————exp(-31ogN) < N'~, (3.27)
N v2%(6 1og N)

NN AN A AT A Y hCKT ALY, T W AN PR Oty Y III RTINS e n o 50 3 ue .
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Since v/m(X

take the constant Cz.large enough,

My - _Y 2 -3

By (3.26), (3.24) and (3.28), noting Cy >> log N, we have

P{-Gy(k) > Cy} < Cy(e™™ + N3).

1a¥A gvAt WA LGRS gt gat ga! Ban gav gaf

X(v,k) ™ Ej) - N(0,A) for v = 1,2, it is easily seen that if we

(3.28)

(3.29)

Note that C, and C are the same constants for all k e Ky and #(Ky) < N.

Thus

P(-Gy(K) > C, for some k e Ky} < C;(Ne™™ + N°2),

which is a general term of a convergent series by m >> TogN.

(3.30) .

Use Borel-

Cantelli's lemma, with probability one, we assert that for large N

DN n KN = 0.
By the definition of Dj,N's and the fact
2m(1+¢,) < 3m,
with probability one for N large,

q 2 q.

(3.31)

(3.32)

From (3.18), (3.32) and (3.31), it follows that with probabitity

one for N large

L

= q.
and

1im t tj A.5.,

Jj=12,...,q.
Now 9 ]

Theorem 3.1 is proved.
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(3.34)
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4, THE CASE 2

Take X; = X(%), 1 = kemt], k-m2, ..., kim, For k = mym1, ..., N-m,

suppose that (3.1) and the following hold:

var(X A(” > 0,

) = = Var(X

Xk-m+1 Xe)

(4.1)

I
o
—
N
~
v
o
-

Var(§k+]) = Var(xk+m) =
where !.‘(])’ E(Z)’ A(” and A(z) are all unknown. Continue to use the
notations of (3.3). Then, the logarithm of the LRT statistic for testing
the null hypothesis Hk (” = (2) and A(” = A( ) against the alternative

E(” # 3(2) (1) and A(z) are arbitrary is given by

m m
GN(k) 7 1og-|A],k’N| tz 1°9|A2,k,N| -m logIBk’NI, (4.2)

where

1 - - . )
Aol = L(w, k) Bi B B K i)' v s Th2s (4.3)

and B, \ is defined in (3.5).
Take integer m = my and positive number CN such that

N>>m> Cy = 1092 N. (4.4)

Define Dy, Dy y. Ej, j = 1,...,0 by (3.7)-(3.11). Then we have the
following:

THEOREM 4.1. Under the conditions of the Case 2, (&, 21. cess ia) is

a strongly consistent estimate of (q, t], N tq).

To prove this theorem, we introduce the following:

4 5k S
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LEMMA 4.1, Assume that Yy = ZT,]zm//ﬁ‘-, where m = my + = as N + =, ¥

and ZyNs sees Zyy 2TE f.i.d. random variables such that the distribution of

2y is independent of N, Ez.IN = 0, and ¢(t) = E{exp(tzm)} is finite for
It] < T with T being a constant. . Then, for any given constant ¢ > 0 and

A > 0, AT

PUlyyl 2 € Tog N} < CN, |

where C, > 0 is a constant. Ry

E

Proof. For N large, Az/(/me) < T/2. It is easily shown that ¢*(t) %

is continuous for t e [0, T/2], and M & sup{|¢"(t)|: 0 <t <T/2} <=, We )

have R

-x TogN Aoom A .

P > elogN) <e E{exp |—- » =N~ oM ;

(.YN__e gN) < { p['/ﬁeiz] ziN]} N ¢ (A/(/n—ln)). .

g

By Taylor's expansion, and ¢'(0) = 0, :;

o(Ame)) = 1+ Zom () (W (/e))?, 3

where 0 < t, < A/(/me) < T/2. Thus b

X

w

Plyy 2 e TogN) < NA(1 + 22/ (2ePm)" < NPexpiaZ (2¢7) ;

The same is true for P(yN < -elogN). Lemma 4.1 is proved. 'v

s

Now we give a proof of Theorem 4.1, Y

0 0 ,0._ 0 W

Proof. As before, there exist integers kys oees kq, kg = 0 < ky < ... _

< K] < k,p = N such that (3.12) and the following hold,

",

o,

| 0

g(f;) = Uy A(':T) = Ap for i = kg_]ﬂ, ...,kg, v
J=1,2, ..., 0941, (4.5)

_ 3

where ¥ # Hgs sees lg ¥ Mg+l . ';::
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Fix § (J =1,2,04.,9), and put k = kg. By m << N, (3.1) and (4.1)

hold for N large, where E(]) = Uy 5(2) = Hjape A 2 A and 1(2) - A

By Lemma 3.1 and Borel-Cantelli's lemma, we have

§+1°

1im A = A;y Q.S
Moo 1,k,N J

(4.6)

1im A

= Ao 3 a.S.
om "2,k T A4

and

- tinl] ] . v
m By n = m{’é'(Al.k,N+A2.k.N) * 710,00 X2, E,0 Kz, }

05+ h50) * 3y by (g ) ause (4.7)

Put H = ?(“ j+1)(5j 'Ej+])' and A = %(Aj~+Aj+]). By Jensen's inequality,

we have

- %(‘Oglhjl + Tog|as 1) + Togfa] > 0. (4.8)

By (4.2) and (4.6)-(4.8), noting that ¥y # Bigpe We have

n-

. : -]
m{-- N(k)} 7 (log|a;] +10g|ag, ) + log|a+H|
> log|A+H| - log|A| = 1og|Ip-+A'1/2HA"/2| > 0. (4.9)

Using the argument used in establishing (3.18), we see that with probability

one for N large,
Q> aq. (4.10)

Take ¢, e (0, 1/2). Define Ky by (3.19) and take k e Kye By m << N,
(3.1) and (4.1) hold with E(]) = E(Z) = ¥y and A(]) = A(Z) = AJ for some

o~

J=1,2,...,9+1 and large N.
-~ ] .

S - -‘.r r.pr [a® s -”- -‘(-{- - \‘ - -"- - we ~. .a‘
"l }‘.l\l"l .'I'} i-‘.‘. \ - lll MY ‘(" “ * "!~ O Ae- N WIS .0."’ ALY i WY c.‘» m"‘.."‘s‘:"l’“'»
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B = 20wt Az, = 2Rl (B4 - uy) (g -y By Lemma 4.1, for

aﬂ.Ye>0,

e -3
P{IIAv.k’N-Ajll > eTogN/v/m} < CN°7, v =1,2,

PUIB, - Agll 2 € Tog N/} < C N>,

Note that /nT(X(V.k) -Ej) -~ N(O, Aj). %(X(k) -BJ) - N(O, Aj), v =
Using (3.27), we can get

LRy = 13) Ry =g I 2 G Toghm < N2, v = 1.2,

PO () = 5) g = )" I 2 G Tog Wy < 6>,

provided the constant 02 is large. By (4.3) and (3.5),

Av’k’N B A\’pksN = (X(\hk) -Ej)(X(V:k) -Ej)' .>_ 0: v = ]92’
B Beon = iy 1) g - )" 200

By (4.11) and (4.12), for any ¢ > 0,

-3
|>{||A\,'k’N -Aj||_>_ elogN//m} < N7, v =1,2,

-3
P{”Bk,N -AJ||1 e logN//m} < CN7.

Using the argument similar to (3.22)-(3.26), we have
1 u=3
and

i /25 -1/2
m Tog|I + By A°(By y =By By §'I

<m tr BBy =B ) < mlK ) - ug 128 ).

. R R R L YA MR ' o P A ; . OO R AT ML AN
h“'&"':“‘:"’l .:...i‘.'ﬁ ,." . A q"‘...ll"t 'l'.'l h‘ N, ‘:.l.!'.. i“'l !.Cl:‘C.!.O o.l‘n * l.‘.l.‘...l!..l .r B .‘l.n .’l. > l"‘.!‘l q.l‘.n. 3 J‘.:‘.’o~‘_". SR .‘-

IRENPEL WL DL A LN M e I UM R I M I i

(4.11)

1,2.

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

v v e
X

by " “a S %= S Cw Sw g

B X

. -

Ly

) ». y
oy ] (Y T e O Tl ok Y

-
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.........
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By (4.12), (4.15) and (4.16), when the constant C, is large, we have

3

P{,m 1098, y| - m log|B, | > C,log N} < Cn73, (4.17)
In the same way, for Cz large, v = 1,2,
p(™ 1 2 m -3
7 oglAv’k’Nl - 3 log|A, K, nl| 2 Colo9 N} < C]N . (4.18)

Denote by ;%") > A(") > eee > i'()") the eigenvalues of iv,k,N for
v = 1,2, and denote by M 22 eee 2 Ap the eigenvalues of Aj. Put
va) - (*g")"‘i)/"i- f=1,...,ps v=1,2. By (3.23) and (4.11), for
any ¢ > 0,

3

P{|6,§v)|2 > ¢ logzN/m, for some 1,v} < C]N' . (4.19)

When |X1| < 1/4, |¥1| <1/4, 1 =1,...,p, by Taylor's expansion, there

exists a positive constant C3 such that

p X; +y P
%izl(z Tog(1 +iTi) - Tog((1+x4) - Tog(1 +y1)) < Cqm iz](xf +yf)

(4.20)
Put
- - m A m A
-Gy (k) = mlog|By yl- 7‘°9|A1,k,N| -7 109147, i !

(1), 2(2)
1L2109-—1-—2—1—- logx“) 'Iogx(z)]

ne-19

i

( NUPNC
2 1og(1+ L) t0g(1+8{")) - 10g(1 + 522))] (4.21)

Ne~1 0

=1

Since m >> logzN. there exists a constant No such that

e Tog?N/m < 174 for N> N (4.22)

0.

St et R el
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By (4.19)-(4.22), for any € > 0, and N > N,
P
: -3, 1),2 2),2 2
P{-Gy(k) z%logzu} < CyN 34 P{C3m1§](|6$ )I + |6§ )I ) > 510g°N}
< e+ ond, (4.23)

By (4.17) and (4.18), for any ¢ > 0,

PUI(-Gy(K)) - (-Gy(k) | 2 § Tog™N} < cn73, (4:24)
By (4.23) and (4.24), for any ¢ > 0 and N > Ny
P{=Gy(K) > ¢ Tog?N} < CN°3. (4.25)

Note that we can choose the constants C], NO’ etc., independent of k e KN'

Since #(Ky) < N, for N > Ny we have

P{-GN(k) > logzN, for some k e Ky} < C]N'z, (4.26)

which is the general term of a convergent series. By Borel-Cantelli's

lemma, with probability one for N large,

Dy MKy = 0. (4.27)

Using the argument similar to (3.21)-(3.24), we can prove that with proba-
bility one for N large, a <q, a = q, and

m tj = tj aoSo’ .j = ],Z’agagqo

The theorem is proved.

..........

e s
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5. THE CASE 3.

Following the local 1ikelihood principle, we can define

.

7 Gy(k) = 7 Tog|A; \ yl + 3 Tog|A, | | - m log|B, yI (5.1)
1 where k = m,m+1, ..., N-m, and

: - 1 Y Y ] =

b AN = (o) B - T ) By =Xt v = 12

. : (5.2)
» - - '

; Biun = 2w 20k 4 - R i - Koy

7

o -

¢ Take m = m, and Cy satisfying (4.4), and define Dy Dj,N’ tj.

N j=1,...,9 by (3.7)-(3.11). Then we have:

‘. THEOREM 5.1. Under the conditions of the Case 3, (a, %1,..., Eq) is
. a strongly consistent estimate of (q, t]..... tq).

ﬁ The proof is similar to that of Theorem 4,1. Here we omit this

N proof.

-

A

-

4

L4
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6. THE CASES 4 AND 5

Put X1 = X(%). Take a positive integer m < N: For k = m,

ml, ..oy N-m, we assume that X, . s ..0s X are independent normal

k+m
variables such that

= =y = .(1) _ _ _ (2)
Exk-m"'] T T Exk Ry ’ Ex|(-q.'| T oeee T Exk+m =¥ N (6.1)
and

Var(Xk_m+]) = eee = Var(Xk) = 1(])9
(6.2)

Var(X,y) = ooe = Var(X,.) = 2(2),

Similar to (3.3), we can define x(],k)’ X(Z,k) and X(k).

First we consider the case 4. In this case, we assume that
x(]) = A(z) = 1, and u(l), u(Z)’ A are all unknown.
The logarithm of the LRT statistic for testing the null hypothesis

Hk: u(]) = u(z) against the alternative Kk: u(]) > u(2) is given by

GN(k) = I(xkl,k) > ka,k))m ]og(Ak,N/Bk.N)’ (6.3)

where I(A) denotes the indicator of a set A, and

1 2 2
A =m0 % o)) * L™ - X, 1

(6.4)
. 2
Take m = my and CN such that
N >>m>> Cy >> Tog N. ' (6.5)

Define Dy, D, EJ. J = 1....,9 by (3.7)-(3.11). Then we have the
»
following:
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THEOREM 6.1. Under the conditions of the Case 4, (g, i],..., Eq) is

" a strongly consistent estimate of (q, t]...., tq).

Now we consider the Case 5, and we assume that (6.1) and (6.2) hold,

and u(]), A(]), u(z); A(Z) are all unknown,
It can be proved that the logarithm of the LRT statistic for testing

the null hypothesis H (]) (2), A(]) = A(z) against the alternative

k: u(]) > v( ) and A(]), 1(2) are arbitrary is given by

6u(k) = 10y 10 >Rz {3 109 1 1 B 108 P g T B )
+ I(Y(]’k) iY(z,k)){%Wog‘ ;(1)“() +g_ 1og i(z)(k)

- m log Bk’N}, : (6.6)

where

1 - 2
Ak = m iK% XL

A

1 2
2.8 = 220 % X, (6.7)

) 2
B = 2w Lo M - T
and A(])(k), 1(2)(k) satisfy the following conditions:

2
e ZoTen o
‘” (“wa AL HOIMPRUIML

(6.8)

2
- ] c Zo Yo" |
22T (k) ( m(k))z "2, k00 (x“)(k)+x(2)(k))2

The proof of (6.6) is routine, and is omitted.

x Bia's el LA 0l b o)
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Take integer m = my and positive number CN such that

N>>mo> CN = 1ogzN. (6.9)

Define Dy, Dy y» ij, j = 1,0..,8 by (3.7)-(3.11). Then we have the
following:

THEOREM 6.2. Under the conditions of the Case 5, (a, 21,..,, Ea)
is a strongly consistent estimate of (q, tyseees tq).

Since the proof of Theorem 6.1 is similar to that of Theorem 6.2,

we only give the proof of Theorem 6.2.

Proof of Theorem 6.2. It is casily seen that there exists integers

ko. ....kg, kg =0 < k? < 40e < K0 < k0 = N such that

q ot

K9
-t

f.l/N' for j = 1:200--9‘15 (6.]0)

and
u mug M =2y for 1=kl de T, (6D)

where ]J] > uz > eee ? uq+-|-

EiX §, § = 1,25...50, and put k = kg. Since m << N, (6.1) and (6.2)
hold for N large, where u(]) = uy 2 u(2) = , and A(]) = Aj (2) Aja1:
It can be proved that with probability one for N large, X(]’k) > X(Z,k)'

and by (6.6)

1 . 1 1

By Lemma 3.1 and Borel-Cantelli's lemma, we have

TR O L L B N WY . Y IR LA 0P 34 - LR I LT A I v )4 B LR VTN
::'I'?-.".","‘,};S‘lwflfzﬁﬁ{:ﬁ:ﬁ‘(.‘ , "“ ». Lt X NG ol ol ARG IR A, N0t

e IR LN o p T B

e, it S DRI Y g

R AR



TERNVPVY P NP U AN T WURLVRNL CLWLY LAWY LY LWLV VY LWL Y U

Hm Ay T Ay A
(6.13)
TR BRI RS
and
kmBhN’¥H+HH)+%%'%Hﬂ’ a.s. (6.14)

(Refer to (4.7)). Along the line of proof from (4.8) to (4.10), we see

that with probability one for N large,
q>q. (6.15)

Take e, € (0, 1/2). Define K, by (3.19) and take k e K. By
1 N N
m << N, (6.1) and (6.2) hold with ut1) = ,(2) - g and A1 2, (@) y
for some j = 1,2,...,q9+1 and for large N.

put 2 = x, 220V ) = 2, A

1,k,N = a, AZ,k,N = b and
(ik],k)"ykz,k))z = ¢. The equation (6.8) can be rewritten as
-t Etr—-o, (6.16)
X x“(1+2) .
1,.b .1 .4
“xz 22V T 27 Y. (6.17)

x“z x“(1+2)

It is easily seen that with probability one we have a > 0, b > 0 and

¢ > 0. Multiplying both sides of (6.16) by xz, we get

x = —S—x+a, (6.18)

Multiplying both sides of (6.17) by x

» substituting (6.18) into it,
and multiplying both sides of the obtained equation by 22(1-+z)2, we

get

az(1+2)2 - b(1+2)2 - ¢z2 + cz = 0. (6.19)
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5

.

,
Equation (6.19) has at least one real solution which is neither 0 nor -1, N
and if z # -1 is real, a + c/(1+z)2 > 0. Hence, by means of the above "
1 method of solution, we guarantee that the equation system (8) and the 5
3}

! system of equations (6.18), (6.19) have the same real solution. Also, any

real solution of (8) must be positive. We denote by (i(])(k), i(z)(k» ﬁ
such a solution of (8). By (6.8), N
Mgy 1 /6M N2 2 i} z/~(1) 2(2) (1) 2 :
R0 -4 /BN W0)2 = (T gy =T Y G 10 +3 () |
T T 2/~(1) 2 -
< (1,10 K200 /0 10)° 23

o

which implies that <
(1) :

(1 : 7 v 2 N

In the same way, ;‘
ERIT Y WP AR ST (6.20) :

2,k,N (1,k) ~ *(2,k) - ’ N4

Write o
(k) = T1ogA + DlogA, , , - mlogB ~ (6.21) 5

N 2 ],k'N 2- 2,k’N k’N° * :\

N
Then N
. iy A ) fmy o 3@ >

6y(K) - 6h(K)| < J{10g —A——-(—)-|+T|1og -A——-(—l| (6.22) r
1,k,N 2,k,N 3
By (4.12), (4.14) with p = 1, and (6.19)-(6.22), it is easy to verify ;:
that for any ¢ > O, .
PL|Gy(K) - 6X(K)| > ¢ T0g?N} < C,N°3 (6.23)

N N paiit g 1 » . b,
(
where C] > 0 is a constant independent of k e Ky ™
Since Gﬁ(k) is just GN(k) of (4.2) with p = 1, the rest of the proof \:
has already been given in the second part of the proof of Theorem 4.1, :f
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Thus we have with probability one for N large, a <q, 6 = q, and

mtj=tj, aos-, J= 1’29noo,q.

Theorem 6.2 is proved.

L U W

M e e attar

N AN AN | V‘\’ * W RO T T )r)‘-,"")-w'v (A
4,0, G e w " R AW St PR A TR Y, Ve

Ol "ne.

AT AT AT
IS S




Ry

Dl e

1]

[ 2]

[ 3]

[ 4]

[ 5]

[ 6]

L 7]

(8]

L 9]

(0]

.

23

REFERENCES

HINKLEY, D.V. (1970). Inference about the change point in a
sequence of random variables. Biometrika, 57, 1-17.

KRISHNAIAH, P.R., MIAO, B.Q. and ZHAO, L.C. (1986a). On detection
of change points using mean vectors. Technical Report No. 86-47,
Center for Multivariate Analysis, University of Pittsburgh.

KRISHNAIAH, P.R., MIAQ, B.Q. and ZHAO, L.C. (1986b). On detection
of change points using covariance matrices. -

MAZUMDAR, M., SINHA, B.K. and LI, C.C. (1985). A comparison of
several estimates of edge point in noisy digital data across a
step edge. IEEE Proceedings on Computer Vision and Pattern
Recognition, held at San Francisco, California, June (1985),
19-23.

SCHULZE, U.E. (1982). Estimation in segmented regression: known
number of regimes. Math. Operations Forsch. Statist., Ser. Statistics,
13, 295-316.

SEN, A.K. and SRIVASTAVA, M.S. (1973). On multivariate tests for
detecting change in mean. Sankhya, Ser. A, 35, 173-186.

§EN, A.K. and SRIVASTAVA, M.S. (1975). On tests for detecting change
;ggmigg when variance is unknown. Ann, Inst. Statist. Math., 27,

VON NEUMANN, J. (1937). Some matrix-inequalities and metrization
of metric space. Tomsk Univ. Rev., 1, 286-300.

VOSTRIKOVA, L. JU. (1981). Detecting "disorder" in multidimensional
random processes. Soviet Math, Dokl., 24, 55-59.

YIN, ¥.Q. (1986). Detection of the number, locations and magnitudes
of jumps, To be published,

S RN AR u}- ‘s.‘.“\ “‘J‘J‘-"ﬂ"‘ -".n 'f' hORE LS RN LN LR L S ) LS IR e ﬁ)"_“
40, .h ..!'.' ,lo, - A N 3 J‘ N = 2 “‘\. '. Ol Ny, ¥ 3 ',‘- W -. N W






