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é& Regularization Theory and Shape Constraints

A

& Abstract Many problems of early vision are ill-posed; to recover unique stable solutions
- regularization techniques can be used. These techniques lead to meaningful results, provided
! “': that solutions belong to suitable compact sets. Often some additional constraints on the
L shape or the behavior of the possible solutions are available. This note discusses which
'::f of these constraints can be embedded in the classic theory of regularization and how, in .
'; * order to improve the quality of the recovered solution. Connections with mathematic~1

programming techniques are also discussed. As a conclusion, regularization of early vision
problems may be improved by the use of some constraints on the shape of the solution (such
as monotonicity and upper and lower bounds), when available.

* ls ls l...:‘l -s'lﬂ A~ &

© Massachusetts Institute of Technology (1986)

g
2

'l
"v: { fo.t "
‘.’-" * H C
#|
- :
:. SR S S
AN

o’

.

N

- This report describes research done at the Massachusetts Institute of Technology within
f;. the Artificial Intelligence Laboratory and the Center for Biological Information Processing
N (Whitaker College). Support for the Laboratory’s artificial intelligence research is provided

in part by the Advanced Research Projects Agency of the Department of Defense under
Office of Naval Research contract N00014-85-K-0124. The Center’s support is provided by
a grant of the Psychology and Engineering Division of ONR and by Sloan Foundation. AV

=

B e,

SO was supported by a Fairchild fellowship.
A

i

N

s

x
3
<
Y]
>
2
~J
~3

€

A NN
atatal

u'&, ’\‘P.la’,\ S"vf ™ \Wﬁ.‘\.")-‘
i iJ

ol .'. Te TN T T L S R I N P
v v, AR A
t‘ldi 2'a n\ h'. ..". _5 WL Y ..X.'h ..\ R M o o inan :’ h{. r_.ﬁl_‘ 7> _“]_';:’_‘ﬂ'_b.\-'.‘:'l,\ﬁ




&

1. Introduction

Ax pointed out by Torre and Poggio (1984) mnany problems of early vision are ill-posed:
unique stable solutions can be recovered by several regularization techniques, in particular
by standard regularization due mainly to Tikhonov (1943, 1963). Providing that solutions
belong to suitable compact sets, these techniques can be successfully applicd to a bround
class of problems (for a brief review see Poggio, Torre and Koch, 1985), such as surfice
interpolation (Grimson 1981, 1982; Terzoupulos 1984), computation of visual motion (Horn
and Shunck 1981, Hildreth 1984), recovering shape from shading (Ikeuchi and Horn 1981).

lightness (Horn 1974) and edge detection (Torre and Poggio 1986).

According to standard regularization theory, stable solutions can he recovered quite
simply if they belong to a compact set. Otherwise standard regularization techniques have
to be applied. These methods search for a solution as close as possible to the data and
belonging to a compact set defined by a suitable stabilizing functional. In both cases. as we
will see in detail, the concept of compact set plays a key role. Very often. however, some
additional constraints on the shape of the possible solutions are available: for example the
solutions may belong to the set of positive functions, as in the case of lightness. or may be
hounded by the values of some known functions or may be piece-wise continuous or picee-
wise constant as in some instances of surface interpolation. More generally it can be said
that these constraints define a certain subset in a suitable functional space. Rutman and
Cabral (1974) have shown that combining regularization techniques and shape contraints

iniproves the correctness of the numerical solution in linear integral problems.

In this note, after a brief review of ill-posedness in functional spaces and in R". we show
which of these constraints can be embedded in the classic regularization theory, and how.
Two cases are considered in detail. In the first one, shape constraints, forcing the solution

to helong to o compact set. allow a straightforward regularization of the problem. In the

sccondsmore general ease shape constraints define closed sets that can be incorporated into
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the framework of classical regularization theory, where an appropriate stabilizing funetiona)
constrains the solution to a compact set, providing a simple way i whichi some « prior
knowledge can be taken into account. Some functional subsets corresponding to interesting

shape constraints are considered.

We also answer questions arising in the numerical solutions of regularized problem-.

Since regularization with shape constraints is a problem of constrained minimization, we

disenss 1n some detail the relationship with mathematical programuning.

Our main conclusion is that shape constraints can be applied in regularization theory
provided they define compact or at least closed subsets. The coustraints involving disconti
muities do not fit into this schema while, for example, monotonicity, convexity and positivity

constraints do.

2. Overview: ill-posed problems in infinite and finite dimensional
spaces

[n this section we review briefly the main problems involved in the ill-posedness of equations
in infinite and finite dimensional spaces. We introduce the concepts of normal solution and
quasi-solution and show the connection with uniqueness and existence of the solution to a
siven problem. Relationships between ill-conditioned and ill-posed problems in the diserete

i nre also examined.

2.1. lll-posed problems in Hilbert spaces

Lot s consider the problem of solving the equation
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for o, where r and y belong to X and Y, Hilbert spaces. The operator 4. defined on
D(4) C X, maps D(A) onto R(A) C Y. In many applications it is required that the the
solution to (2.1.1) 7) exists, it) is unique and ¢i7) depends continuously on y. A problem.
whose solution satisfies ¢), 17) and 77¢) is said to be well-posed (Hadamard. 1923); otherwise
it is said to be ill-posed. Notice that 777) may depend on the choice of the metric in X" and
i Y.

If 4 is linear, continuous, injective and R(A) = Y, the problem of solving (2.1.1) for
o i~ trivially well-posed: indeed, since 4 is a bijection between D(A) and Y. existence and
uniqueness of the solution are guaranteed. Moreover x depends continuously on y becanse.

when R(4) =Y. A™! is continuous (Riesz and Nagy, 1952).

If 4 is linear but not injective, the solution to the problem of (2.1.1) 1s no longer unique.
Uniqueness of the solution can be easily recovered, for instance, by introducing the concept
of normal solution. The normal solution z, to (2.1.1) is the solution ortl »gonal to the nnlil
space of A, N(A). It is ecasy to see that z, is unique and that it can be characterized as

the minimum norm solution. If 4 is injective, the normal solution and the usual solution
coineide.

If we relax the condition R(A) = Y other problems arise. The solution to (2.1.1) may
no longer exist since y may not belong to R(A). For example the data y may be affected by
an error oy belonging to the orthogonal complement to the range of A, R(A)*. It is useful
then. to introduce the concept of quasi-solution (see. for example. Tikhonov and Arscnin.

1977). Let P be an operator that projects ¥ onto R(A), then T, the solution to the equation

[EV]
—
(R

Ar = Py (

is called a quasi-solution of (2.1.1). It is obvious that T exists if y € R(A) 1 T AL Notice

that 1f v € R(A). the quasi-solution and the solution to (2.1.1) coincide.

Therefore if A is linear, continunous and R(.A4) 1s closed. the problem of tindineg o norna |

qriasi-solution to the equation (2.1.1) 1s well-posed, since the normal gnast solution alwiys
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exists, is unique and depends continuously on y. (This last condition follows directly from e
the continuity of the quasi-inverse A% of 4, A% being defined as the operator that maps
y € Ri4) -+ R(A)* into the corresponding normal quasi-solution of (2.1.2).)
In many practical cases, however, R(A) is not closed (Kolmogorov and Fomine. 1950,
So even the quasi-solution may not exist and if it exists can be nustable. Consider. fon
example. the Fredholm integral equation of the first kind
b
/K(t,s)r(s)ds = y(t) c<t<d. (2.1.3)
a
The tunerion
T(s) = a(s) + N sinws
ix a solution to (2.1.3) with i
b
yty=y(t)+ N / K (t,s)sin(ws)ds.
a
[in the nsual Ly metrie [Jy — y]] — 0 as w — oo (for the Riemann Lebeseue theoremy while
o a) ~ N So with a suitable choice of ¥V and w the error on the data can be made
arbitrarily smalll while the distance between the solution can he arbitrarily large.
s
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2.2. Ill-posed problems in R"

Let us consider the system of equations

Ax =y (2.2.1)

where 4 is a n x n matrix and x and y vectors belonging to *. The problem of recovering
x given A and y is that of finding the inverse matrix A~! of A. If the determinant of 4
is cqual to zero, the problem has no solution and the system is called singular. If A 1s
diagonalizable and some cigenvalues are much smaller than the others, the system is said
to be ill-conditioned (Strang 1976), since small errors in the data y lead to unacceptable
iudeterminacy in the components of the solution x. In such cases the ratio between the
largest and the smallest eigenvalue of A is taken as the ill-conditioning number, that is «
measure of how much the system is ill-conditioned. Notice that whether an.ill-conditioning
number leads to negligible errors or not depends not only on the system but also on the

accuracy required.

Even in the case of huge ill-conditioning number, however, the problem of solving (2.2.1)
is not ill-posed in a classical sense, since for arbitrarily small errors in the data. the solution
is arbitrarily close to the exact solution. In practice, however,approximations involved in
unmerical computations lead to meaningless solutions, because the error in the data is not

arlbitrarily small.

Let us consider now, more closely, the problems that could arise in numerical compu-

tations: let A,. 7 = 1....,n be the eigenvalues of A. It is easy to see that

! =1
£y = —U; t=1,..,n
A '
will T the components of x, the solution of (2.2.1), after a suitable transformation of

coordinates. If even small errors atfect the entries of A, when some A, are sufficiently close to
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zero. the corresponding components @; of the solution can become arbitanils Liee

to a1 unbounded solution. As a matter of fact, the errors arising frou nunerical congmro

approximations could be sufficient; therefore even numerical problems can be ill-posed.

3. Shape constraints in regularization

1l po-ed problems can be successfully turned into well-posed problems by mcans o vers
ceneral regularizing techniques. As it is well known (Tikhonov 1943, 19631, these teelmiques
rely on the assumption of some smoothness I)I‘()i)(‘l‘t}' of the possible solution. Sometimes.
however, additional and useful constraints are available; for example the solution function
may be necessarily non-negative or a monotonic function and so on. In this chapter. after
discussing the. role of compactness in regularization. we show which of these constraints can

be embedded in the classical regularization theory and how. :

3.1. Role of compactness in regularization

Therow plaved by compactness (see Appendix A for its vartous definitions aud propertioss i
1hie solution of ill-posed problems was clarified by Tikhonov with the following fundamental

topological Lemma (Tikhonov and Arsenin, 1977):

Lovma 50101 Suppose that the operator A maps a compact set F C X onto the set [ C )
Noand Yometrie spaces. If A 0 FF — U s coutinuous and one to-one, then the inverse

. -1 - .
mapping AlS I8 also continuons.

3v o means of this Lenima, if the solution to cquation (2.1.11 15 known to helong ro o

.
;

crapr et snbset of Xosay £Foand of the perturbed daca is kucwn v helone vo U007 = 10 ¢

b At then the problem of finding a solution to (2,10 4 3= arivially well-posed witly
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Remark: The compactness requirement is a strong constraint on the set of possible solutions
to o given problem: it is possible to produce examples in which well-posedness 1s guaranteed

without any compactness requirement (Grocetsch, 1984).

If some a priori constraints on the shape of the solution are known and if these con-
straints lead to the definition of a suitable compact set, the application of Lemma 3.1.1 ix

straightforward. This is the theme of the next sections.

3.2. The selection method

A useful method of finding an approximate solution to equation (2.1.1) 1s the selection
method (Tikhonov and Arsenin, 1977). It consists in calculating the operator A for poiuts
Lelonging to a given sample set, looking for the minimum of || Az — y|| in a suitable norm,
Such a method is powerful from a computational peint of view since the sample set can
be choosen so to depend only on a finite number n of parameters varying in finite limits.
Obviously the computed solution z, and the exact solution =, (if x, exists) coincide if and

only if z, belongs to the sample set.

Suppose that increasing the number n of parameters (and therefore the dimension of

Axr, — yl| = 0. Let us assume. therefore that

the subspace containing the sample set)
il-4Ar, —y|l = 0 as n — o. It is easy to see that if the R(A) is not closed the approximate
~olution |l || = oo, hence r,, does not converge to 4. In order to guarantee the convergence
of ., to ry. compactness of the sample set 1s needed, so that Lemma 3.1.1 applies. If the
simple set 1s not compact but it is closed and bounded. the Lemma 3.1.1 15 still valid.
though in a weaker sense. The solution x,,, in fact, is only weakly convergent 1 to the true
solution o¢: it is also convergent in the usual sense if ¢ lies on the boundary of the sample

set { Bertero, 19823,

e sobtion ay, is said 1o be o weakly convergent to ag iff (rpoy) - (e y) lor no— X Vy £ N

where (1) 1s a suitable dot product.
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3.3. Regularization theory and shape constraints o

When no compact set containing the possible solution of (2.1.1) can be found. a new ap
proach is needed. A general and useful approach was also outlined by Tikhonov 11943, 1963
and is called standard regularization theory. Let us briefly sunnnarize the main poinrs of

rhis theory.

The fundamental concept of the theory is that of a regularizing operator. Suppose thit

the equation (2.1.1) allows r = r, as a solution when y = y,: then an operator Riy. e« is

called a regularizing operator for the equation (2.1.1) 1 a neighborhood of o+ = ry if: :’
w
i) 36; > 0 such that R(y,a) is defined Vo > 0 and Vy € Y such that |y — y ]| < éy: o

-
v
L)

i) there exists a function a = a(é) such that Ye > 0 38 < &, such that Yy

Ny =yl b= {loy —x,|| <€

where o, = Ry, a(6))

O AN

So the problem of finding a regularized solution to an il posed problem is shifred 1o

5T B 2 T N0 I BR 21

that of finding methods to construct a regularizing operator. Let us sce in some detatl on

of these methods.

C'onstruction of reqularizing operators by minimization of a smoathing furvetional

[t 1< possible to construct a regularizing operator for (2.1.1) by minimizing the followi

huctionnl with respect to

Pry] = A =yl + aQr] C3al

e Qs stabilbizing functional. A functional Q defined o O DA cvervwhien dens

‘¢

»

a
Y

e Db s astabilizing fune tional for the equation (2.1.1) 1f:

v e 0

L4

-,'l' ., l' »
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1) x¢ belongs to the domain of definition of Q;

i) Vd > 0, {r € O Qlr] <d} is a compact subset of O.

Indeed the following theorem holds:

Theorem §8.3.1 Let A denote a continuous operator. For every y € ¥ and every o > 0. there

>
-

exists a rqo € O for which the functional ¥ attains its minimun.

As a matter of fact the choice of 2 can determine the uniqueness of the solution: for
example if D(A) is a Hilbert space and A is linear, if 2 is quadratic, sufficient condition
for the uniqueness of the regularized solution can be proved (Tikl.onov and Arsenin, 19770
[1i principle. the regularization problem is completely solved. Sometimes, however. some
additional constraints on the shape of the solution are available. Can we exploit them 7

[1ideed, the following Lemma holds:

Lemma 3.3.2 Let X be a compact topological space. Then every closed subset of X s

conpact,

Theorem 3.3.1 is based on the compactness of the subsets where Q i1s bounded and
thierefore is still true even if the set of possible solutions is a closed subset of D( A). Therefore.
if the additional constraints lead to the definition of some closed subset of D(.4). they can

b eastly exploited in the framework of regularization theory.

Remark: these sets do not need to be compact. The regularizing scheme itself provides
compactness of the set in which the solution is actually searched: if the constraints define a

compact set. the Lemma 3.1.1 1s sufficient to guarantee well-poscdness of the probleni.

3.1, Compact subsets of functional spaces

From the preceding sections. it turns out that given an ill-posed problem and some a prior
constraants, it s nnportant to determine whether such constraints define o compact subset
or at least o closed subset of a suitable functional space. Let us eximnine some examples of

uloct ol Ly and €7,
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The set of bounded non-decreasing (non-increasing s fnetior s 1~ o0 e e < o
Tl vroof (see Tavlor, 1965. for example) relies upon the facr thet the o ofd
unity points of a monotonic bounded function is at most enumerable.
The set of convex functions is compact. This result follows tnivially from the comna
o=~ of the set above, since each convex function is the imteeral of i ~nitable non-deeyen i
trinetion.
The set of bounded piece-wise constant functions i~ neither closed nor camypier. I
no! compact since it 1s everywhere dense in Ly (whicli 15 trivialls nor compaery. Troooae
closed sinee any continuous funetion is an accumulation point of rhis ser.
It ix not easy to find compact subsets of C'. The set of bounded non-negative finetion..
for example, is not compact. Consider in C'[0.1]
P
T={rlat) <1 telo.1]}. v

1 ix elosed and bounded (obvious). but not compact. Indeed, let S = {r,},c v be a sequenc
of finctions with v, (1) = #". Any subsequence of S cannot converge in T sinee in C'J0, 1]
1 convergence is untform convergence while £ — 0, iff 0 <¢ < 1. and " = 1.1+ - 1. So

T i~ 1ot compact.

Remark: This counterexample shows that in CY even the sets of monotonic and convex

Dretions are not compact,

A~ a conclusion, the constraints of monotonicity and of convexity, defining compact
~itheets can be useful 1 regularization either via the selection method or via standard teeh
Lognes {siuee any compact set 1s closed, see Appendix A for detail). The positivity constraint
con e used only as a shape constraint in classical rczularization theoy and in o weaker
«cuse i the seleetion method. while plece-wise constant functions. though representing sie

siteative a priort knowledge on the shape of the solution. canmot Le cinbedded in either of

i

Ao rnmeworks,
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4. Connection with mathematical programming (MP)

Most of the problems faced 1n the framework of Hilbert spaces are in fact nsually either
inriinsically discrete problems or problems allowing only numerical solution. In this chapter
the cases of the selection method and of the regularization with shape constraint. disenssed
in the preceding sections. are analyzed in this respect as examples of mathematicnl pr

gramming problems.

4.1. Selection method as a MP problem

A~ we have seen in the previous chapter, if the condition of section 3.1 applies. an g
proximate solution to the equation (2.1.1) can be found by means of the selection method.
Iti practice the problem has to be solved numerically: consider for example the Fredholm

integral equation of the first kind

b
/1\'(f,.s').r(.s')d.s' = y(t) c<t<d (-+.1. T

a
where r(s) belongs to a set F of decreasing uniformly bounded functions. F is compact (see
scetion 3.4), therefore if y(t) € U = AF the problem is well-posed in the sense of Tokhonon.
In order to find an explicit solution we can replace the integral with a sum over a grid with
n nodes. Let oy (¢ = 1....,n) be the value of the unknown vector x at the node ¢ and
v, 2 = l....m) the components of the data vector y. The problem is to find a hounded

veetor minimizing the functional

m n

Plx.y] = D) (K r, )l

J=11=1

nuder the constraint that the components of x are decreasing. It is casy to show that thns

con taint can be expressed as a positivity constraint on the values of the dervative of
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the funetion at each node. In the discrete case this reduces to the fact that suitable linear MR,
combinations of the neighbor nodes have to be greater than zero. For example inr the nearest
ncighbor approximation we have
':‘.‘
‘.1

(Fig) — Ti-y) . . o

—_— >0 1 =2 ..~ 1. (4.1.2y
2 -]

I these terms the problem is now a typical problemn of quadratic programming (scc -

. . o, . . . e

Appendix B for main definitions and results of mathematical programming problemsj. Tn-

Jdecd i the general case the only problem concerns the explicit form of the constraints. [t -
st he possible to write them as follows (see Appendix B): o
-
g,(x) <0 1 =1....¢ (4.1.3) N

D

...

-

: . . : 5

where ¢, are scalar functions (they need to be linear or at most quadratic to define a - .
’ - AN [
(purdiarie programming problem). Notice that (4.1.2) can be immediately rewritten like N A

~i+ 2.3 Rurman and Cabral (1974) have shown that performing a suitable transformation.

“Looconstraint of monotonicity. convexity, unimodality and selective non-negativity can all

oo vnptren n the form (4.1.2). In this case, as shown before, only the monotonicity and the

Al "
convesity constraint can be properly used. As we will see in the next section. however, all g
)
oinoare shape constraints that can be useful i regularization. -
N
. . . - rﬂ
1.2, Regularization with shape constraint as an MP problem N
l-\~
N
Lo aaallnstr Js section by means of the same example of the previous one. Again the Y
sl s to solve the Fredholin integral equation of the first kind (4.1.1). This time siuee -
. R . . . ':\
ci o the set Foas not compact or y does not belong to U = AF. standard regularization s
s
techimgnes of the kind deseribed i section 3.3 are needed. Suppose morcover that some .
St hier mformation s avatlable and that they correspond to constraints on the soluiton oA
o . . 3
Jetimng elosed subsets of the domain of the operator. If these constraints can be written in -
..
"4
N
(Y
@
N
v-:\‘,-
[
" A AT T AT A AT A R AT T A e T T P L R e R R R A S L AL
he " a”'."’\‘.\\v "f-'-“ 'IJ\-, .’\..P '\. -_‘. Wt IR /. c'l‘,n' 4 -t’ .f L . q"- n_'.-' \'.". "' 'v "o "i : . \-' B A ')
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thie form (4.1.2) the problem of minimizing the discrete functional corresponding to (3.3.1)

subject to such constraints is again a typical stable problem of quadratic programming,

Remark: A generic mathematical programming problem, even if quadratic or linear, is not
necessarily stable. As a matter of fact the well-posedness relies on the strong assuuption
that the functional to minimize is a stabilizing functional. If this is not the case. the problen

aos to be regularized following standard techniques (Tikhonov and Arsenin. 1977).

Remark: While any regularized problem of the type described in section 3.3 gives risce
ro o well-posed mathematical problem, the application of Kuhn-Tucker thicory and of the
gradient method are subject essentially to the fulfillment of some convexity properties of
the functions involved (see Appendix B) and therefore they are guaranteed only in the case

of lincar operators and a quadratic stabilizing functional.

5. Conclusion

[ this note we analysed the role played by shape constraints in ill-posed problems. The
key concept has been that of compact set. If the shape constraints lead to the definition of
a compact set, regularization is straightforward. Indeed the shape constraint itself provides
sufficient conditions for the continuity of the dependence of the solution on the data. If
the shape constraints define at least a closed set, then they can be an nseful addition to
standard regularization approaches. While a suitable functional provides stability on the
dara. shape constraints allow to recover a solution closer to the correct one, by taking into

aceonnt significative additional e preior: knowledge on the shape of the solution.

In both cases constraints that do not define at least a closed set cannot be embedded
i the regularizing step. In particular this implies that the a priors knowledge concerning
pilece-wise constant or piece-wise continuous functions, though in principle significant for

many carly vision problems (the reconstruction of the 3D structure of a scene and the
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<.,
]

recovery of the albedo for example) cannot be used within any classical regularizing sclien. g

L}
~ o
»

This is an additional argument that motivates the use of Markov Random Fields models for
exploiting @ prior: information about discontinuities and their properties (see Narroguin
et al. 1985). A different regularizing approach that can exploit constraints of thi- type.
considering diserete and quantized formulations. will be discussed in o fortheoming paper

dPoveio and Verri).

Finally, the discrete problem that has to be faced solving an ill-posed problenn has
Lecn analysed as a mathematical programming problem: in the interesting case of linear
operators it becomes a standard stable problem of quadratic programming. Iu particular,
all the results of convex programming regarding local and global convergence of the gradicnt

method algorithm are guaranteed to apply.
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Appendix A: Compact sets in topological and metric spaces

As we have seen before the concept of compact set is fundamental in the regulariza-
tion of ill-posed problems. Unfortunately, there exist different definitions of compact set.
Disregarding historical problems, here is a summary of the main definitions and propertics

concerning compact sets that we adopted in this note.

Let X be a topological space. An open covering of S C X is a family T’ of opei sers i

X such that § C Uiel‘ ‘.

S C X is compact if. for every open covering I' of S, there exists a finite subfamily of

I" that also covers S.

Remark: A closed set is not necessarily compact (consider the real line). A compact set is
not necessarily closed. Compact sets are always closed in Hausdorff spaces (a topological
space 1s a Hausdorff space if for each pair of distinct points r; and r,. there exist two

disjoint neighborhoods containing them).
[11 topological spaces the following Lemma holds:

Lewmma AT T C X is compact, then for every infinite S C T, S'NT # 0. (S ix the st

of acenmulation points of S).

Notice that the converse of Lemma A.1 is not true in general. Now let X' be a metric

space (and henceforth a topological Hausdorff space) then we have:
Lemma A2 T C X and for every infinite SC T, S'NT # @, then T is compact.

Ronark: Combining Len:ma A.1 and A.2 the usual definition of compactness in metric
~paces can be obtalned: a set §C X, X a metric space, is compact if for every sequence of
poitits in S there is a subsequence converging to a point of S.

Furthermore, in metric spaces the concept of boundedness can be defined. so that the

tollonving Lemma can he proved:

Lomma A3 IS C X is compact then S is closed and bounded.
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[hie converse of Lemma 4.3 1s not true i general (see seetion 301 for o comnterexang o

Leooark: In R the converse of Lemma A3 holds. Tndeed in R™. for the Borel theoreni

Honmuded set has an accumulation point: so, 1if it is elosed. it is also compact.

[+ follows that discretization makes a problent well posed (but ill-conditioned pos<ibly .
Appendix B: Mathematical programming: Definitions and main results

[ Vision. when a regularized problem has to he solved, munerical methods, hised on
Ji-renizing the original continucus formulation. are usnally needed. These munerical ety
oo sways lead to elassical problems of mathematical programming. As nay he expected
"Lose cases Tikhonov regularization theory and mathematical programuning theorens pre
et thie same results in terins of existence aud wnigueness of the solution i ~ce scetions 4.

cnd 1200 Here we review, for the sake of completeness, the main defliintions aud resnirs of

mathematical programming theory (for more details see Anow et al., 1958, for example).

Ler ns consider the problem of finding a minimum for a piven funetional - =2 iz on
ot 6=z [ gdz) <0 =1,....m} whercz — (2 ...z, & L C R and gy, are ~calar
Sncerions. If the funetions o and ¢, (¢ = 1.....m) ave linear. the problem 1= called o linvar
srogrcmnang problem, otherwise non-linear. In botli cases 1t s mathematical programmamn g
/’y’”l‘/’ 1.

Tepieally the problem of finding conditional extrema of a4 given funetional s <oivd
L tnenns of the Lagrange multipliers theory, Classical theorems on Lagranee multphoers
Soode only necessary conditions for the existence of suclonultiphers: Kl Tacker theory
vt fills the gap, providing sutheient conditions for thenr exostenee cobviously elosels
olared 1o the existenee of extrena of flllu‘linnn]\). Thas 1]1('(»1_\'. therefore, s usetul
it of the mathematical programming problems. Let ns review brictly the main results of

-

o Tacker theory

Nulin-Tucker theory
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N
e Let us call the conditional problem stated above P.1 and associate with it the following
AN -
LY . .
- Lagrangian form
m
&z, w) :a,o(z)+2w,g,-(z) ‘
=1 g
L
wlere w = (wy, ... Wy ) with w, € RY, i = 1,...,m. It is easy to see that if the pair (2" . w" *)
i~ &1 ~addle point for the above Lagrangian form z' is a solution of P.1. Let us call 7.2 the -
i
problem of finding a saddle point for the Lagrangian form ¢. thus the following Lenua -
liolds: )
b
Lemma B.1 Given P.1 and P.2, if the pair (2', w') is a solution to P.2 then 2’ is a solution
to P.1. »
To prove the converse of Lemma B.1, i.e. to show the equivalence between .1 and P.2.
soine constraints on the functions ¢ and g¢;, 7 = 1,...,m are needed: more precisely:

B, s = 1.

1oy [)‘L

I the case of C! functions the celebrated Kuhn-Tucker conditions can be introduced.
They guarantee necessary conditions for the existence of a solution to a saddle point probleni.
Under convexity assumptions the Kuhn-Tucker conditions become sufficient. henceforth
enaranteeing the existence of a solution to the associated mathematical problem.

i~ ~trictly convex it also turns out that the solution is unique). In obvious notation they

are

j

LY

g

S TR TN RT A S, NS " "N n" L D L W T SN
s A S A Y Gl O T R L N R O

Thivrem B.2 (Kuhn-Tucker) Let o(z) and g¢;(z), i =
....n}. If there exists 2Y € Z such that ¢;(z°) < 0, 7 = 1,....mn. then 2’ is a solution

if and only if 3 w’ such that the pair (z', w') is a solution to P.2.

1,...,m be convexon Z ={z / z, >

(-

ay ay g a,

y3
L4

3

“ o -

Z wiz—(z',w') =0 ~

Ow, -

)= e

-

A

o ‘
— <0, y=1,..,m
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w, 0.y | IR
X n
N , 0P
X —(z'.w') =0
E 5o
=] o
*
. 175
. — 20, =1.....n
», 0:1
'_'. 2000 - 1.....n
N (iradeent method
>
L4
¢ : . . A .
¢ Lot us now review briefly the gradient method. whicli is one of the most usefnl methods
)
“ for inding saddle points of a given function. It consists essentially in finding the solution of o
. the following systemn S of differential equations
3 : 0P
' ~l .
' =0 if — >0 and 2, =0
dt Jz,
.
~
A
~ dz, a® .
5 —_— = e otherwisce; t=1....n
3 dt 0z,
\
- dw . od
» L=0 if Z—<0 and w,=0
- dt Ow, :
N
~
dwe Jd .
! —L = otherwise: Joo= o
"y dt Ou‘J
<
CY Lo 2 o parameter. Now if the pair (2'. w') 15 o saddle point for @iz, wiit follows that:
~
»
: q , , AN
=—{z'.w) - ( A Y -
0 0z,
#,
L)
<
.
1Y - .. -
LY o talt e
Y ' n't \'*\ ::. ,-.A -t A.‘fnh‘ A-xh'k*.‘iuwwfu(.lg‘m
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BUVJ'(Z , W ) S O ] = 1,...,711.

v
B2}

L porticular if gi(z',w’) > 0 then 2! =0 and if %(z',w') < 0 then «' = 0. Without
J

lo~~ of geuerality (just for notational convenience) suppose in the sequel that for i = 1., )
R 1) %—(Z/,W') = (). while for { = p+ 1,...,71 —g%(z’, W') > 0 and that for / =1.... .
) b‘l’%(z’,w’):o. while for j = ¢+ 1,...,m (,;‘—ie(z’.w’) < 0.

The following theorem, now, guarantees local convergence of the gradient method,

Theorem B.§ Let ®(z,w) have a saddle point (z', w') under the constraint z € Z where
Z=A{2/2201=1,.,n} and w € W where W = {w [ w, 2 0.5 = 1.0} and
It ¢ be analytic in some neighborhood of (z', w'). Suppose further that the matrix of the
~ccond derivative of @ in the first p components of z defines a positively defined forin anid
thit 2, >0, 7=1,..,pand w; >0, j = 1,...,¢. Then for any pair (z".w") in a sufficientlv

small neighborhood of (z', w'):

1) there is a unique solution z = z(t.2", w") and w = w(t,2", w") to the svstem S sucl,

that:
) imy— o 2(t,2”, W) = 2’ and

/1) in any limit point w¢ of the function w = (¢,2"”, w"”) as t — oc. the pair (z". w") is

saddle point of ®(z, w).

Rewark: The classical theorems of existence and uniqueness of the solution for differentinl
sv-tem of equation cannot be used. since no assumption is actually made on the continuity

of thie derivatives of the variables.

Before stating the theorem on global stability of the gradient method the followine

-

Jdetintion is needed:

b e= o and w,(t) jo= 100 m, solution of the system S are a regular solution if

vhon b,y =0, ¢ = 1.....n and wilty) = 0, ) =1,..,m with v € N for some sequence

I
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= 0. there s some 1 - 0O sueh that & (. 4 oo

nelvthat £, > 0 and iy, 2o 1, i,

Gl e 0= boomfor Q< t< T

I orem B Let d(z, w) be a strictly convex. continmous and twice differentiable fimerion,
2 © Z and w € . Let the system S have a regular solurion with respeet to any
g ez w'y where 2" € Z and w'' e WL Then there i< o nuigue regnlar <olntion of

~o~reme S with any initial position. Furthermoreaf @ has o saddle pomnt iz’ w’y nnder 11

conetraints z € Z and w € WLz s uniquely determined and any solation of S converees

Lok Actually by introdueing suitable strietly mereasine funetions p,0 ) = 1. o of o
S, A & A - / / /

Slesuch that p (0 = 00 ) = 1. .o the condition of striet convexity i theoren [

Lerelaxed to convexity if one apphies the gradient method 1o the modified Laerianeian

m

P, (z. W)= g(z)+ Z ”'1/'1[.’//(7)

1=l
I conclusion Theorem B.4 gnarantees global convergence of the gradient method for
coc o progranuing (including therefore the nnportant case of quadratic programmingi:
Loonodified Lagrangian form above allows the sneeessful exrension of the gradient method

“ooe broad elass of linear programming problems.
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