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il A S A
g Abstract — We describe a primal-dual interior point algorithm for convex qua-
. dratic programming problems which requires a total of 6('&3_L) arithmetic opera-
N tions. Each iteration updates a penalty paramcter and finds an approximate
e Newton's direction associated with the Kuhn-Tucker system of equations which
N characterizes a solution of the logarithm barrier function problem. This direction
is then used to find the next iterate. The algorithm is based on the path follow-
o ing idea. The total number of iterations is shown to be of the order of O(«/;L ).
‘.:} Key Words. - Interior-point methods, Convex Quadratic Programming;
Karmarkar's algorithm, Polynomial-time algorithms,; Barrier function, Path fol-
- lowing.
!
b
1. Introduction
; In Monteiro and Adler [12], an algorithm to solve Linear Programming problems has
.
S
~ been presented which converges in O(J;L) ierations with an average number of 0 (n*d)
.
S
e arithmetic operations per iteration. In the last section of that paper, the authors observed
oY that the same techniques could be extended to solve convex Quadratic Programming prob-
*'
‘-: /_
b, - lems in at most O(~nlL) iterations. The objective of the present paper is to present the - i
g,
o details of the algorithm mentioned in [12] as applied to convex Quadratic Programming A&l d
- * (]
< problems. .d 0
¢! '~J
v Rl
‘-,, Quadratic Programming ( QP ) problcms sharc many of the combinatorial properties of
s
4 S e e g
- Linear Programming ( LP ) problems. Based on these properties, algorithms extending the
B —
- simplex method have been devised to solve QP problcms. However, in the worst case, these C ]
ﬂ'. v
v . .
W algorithms may converge in an exponential number of steps.
pt
° ﬂ— [
.' o . Iy e e - ,_,4
\ o
T e g e B e S 0o i 2 T e 3




Polynomial-time algorithms for convex Quadratic Programming problems based on the

ellipsoid method were presented in [1] and |10},

Recently, with the advent of the mew interior point algorithm by Karmarkar [7) for
solving LP problems, some attention has been devoted to study classes of problems that can
be solved by interior point algorithms in polynomial ime. Ye and Tse [15] present an inte-
rior point algorithm for solving convex QP problems based on Karmarkar's projective

transformation. Their algorithm is shown to converge in at most O(nlL) iterations with a
computational effort of O(n'L?) arithmetic operations per iteration. Thus overall their
algorithm involves O (n*L?) arithmetic operations in the worst case.

The algorithm discussed in this paper is based on the logarithm barrier function
method and on the idea of following the path of minimizers for the logarithm barrier family
problems, that is, the so called "central path”. This path has been extensively studied in
Bayer & Lagarias (2] and Meggido [11]. The logarithun barrier function approach is usually
attributed to Frisch [4] and is formally studied in {3] in the context of nonlinear optimiza-
tion. Algorithms for LP problems based on following the central path have been presented

in [13], {14]. [6] and [12]. The breakthrough in this line of research was obtained by Rene-
gar [13], who was the first to achieve a speed of convergence of O(J;L) iterations, where

each iteration involves 0(n3) arithmetic operations. His algorithm is based on the method

of centers following the central path. Subsequently. Vaidya [14] improved Renegar’s com-

plexity to a total of O(n’L) arithmetic operations using the same approach of the method of
centers. His algorithm converges with the sume order of iterations as in Renegar’s algo-
rithm, however, he showed that the average number of arithmetic operations per iteration
can be bounded by 0(n*?%). Independently. an cquivalent complexity was also obtained by
Gonzaga (6]. using the logarithm barrier function approach. Both Vaidya's and Gonzaga's
algorithms arc primal algorithms. Kojima et al. [8] presented a primal-dual algorithm based
on the logarithm barrier function method and the primal-dual framework described in [11].

Their algorithm is shown to converge in al most O(nl) iterations with a computational
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:. effort of O(n’) arithmetic operations per iteration, resulting in a total of O (n%L) arithmetic
:‘ ‘ operations. Based on Kojima et al. [8] and on Gonzaga [6]. a primal-dual algorithm con-
x verging in O(J;L) iterations, in the worst casc, with an average computational effort per
.:\

—‘: iteration of O(n**) arithmetic operaiions was presenied by Monteiro and Adler [12). As
) - mentioned above, the current paper is an extension of these thechniques as applied to con-
{ vex Quadratic Programming problems and it achicves a complexity similar to the Linear
’ Programming case presented in [12].

- Our paper is organized as follows. In section 2, we present some theoretical back-
’ ground. In scction 3, we present the algorithm. In section 4, we prove results related to the
:‘ convergence properties of the algorithm and we also describe the updating scheme that
j leads to a reduction in the average number of arithmetic operations per step. In section §,
,:_ we discuss how to initialize the algorithm. In section 6, we conclude the paper with some
«CR

remarks.

2. Theoretical Background

In this section, we briefly review some theoretical resulis pertinent to the present

> , . .
) work. A dctailed discussion of these results can be found in {11]. We consider the convex
Y]

o .
P quadratic programm:ng problem as follows. Let

L]
-"

1

(Py mm c"x+ s TOx
O

g st Av=bh

x 20

.

-
> > . . . . .o .
- where ¢, x are n-vectors, b is an m-vector, A 1s an mxn matrix and Q is a positive semi-

N definite nxn matrix. As for linear programming problems, the following fact is true for

convex quadratic programming problems.
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5 Proposition 2.1: If problem (P) does nor have an optimal solution then it must be either
“we unbounded or infeasible.
o)
\
] X . . .
.._j The Lagrangian dual problem corresponding 1o problem (P) is another quadratic pro-
)
s gramming problem given by
!
'\‘_.'-' (D) max - ;VTQ\‘ + b7y
k-
=y st -Ov+ ATy + 2=
EN 220
‘:::: where v and : are n-vectors and y is an m-vector. The relationship oetween problems (P)
- and (D) is provided by the following result known as the duality theorem for convex qua-
: .:‘ dratic programming.
N
e Proposition 2.2: The following statements arc true.
{
\I (aj) If problem (P) is unbounded then problem (D) is infeasible. If problem (D) is
~ unbounded then problem (P) is infeasible.
‘ (b) If problem (P, has an optimal solution x* then there exist y° and :° such that the point
f}_ (v. ¥y, 2) = (x", ¥, % is an optimal solution of problem (D). Conversely, if problem (D)
."' has an optimal solution then problem (P) has an optimal solution. Moreover, the optimal
values of both problems are identical.
-'_‘_: The complementary slackness version for convex quadratic programming problems is
B as follows.
=
Proposition 2.3: If 1 and (v¥, ¥", ") are optimal solutions for problems (P) and (D)
:4::_' respectively then
-
.’.: o\T o _
(x%)'z2=0 (2.1)
- Conversely, if (v, ¥, ) = (x°, ¥, %) is a feasible solution of (D) such that x° feasible for
b :':
(P) and such that relanon (2.1} holds, then x° and (x”, ¥°, ") are optimal solutions of
o
L J
-.“
l.-i
o
Lg - - -, N L P T T I A T L D T et LN A I I T TR I I o i S LI I B S N S SN
K "’.-" o L ety ':"-:"n'\'."\"-.' 'u '-"&-f.""' f ',.'\.‘\s" " -.-\.‘w’\x"\."".s. ~.n. RN -."?.‘f.' P N CRON
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b‘ - 5 -
W problems (P) and (D) respectively.
%2
The algorithm we consider in this paper has its motivation on the application of the
logarithm barrier function technique to problem (P). The logarithm barrier function method
consists of a consideration of the family of problems
\
P T U P vl
: (P mmcx+~2~.er—pzlnxl-
\. I:
¢ st Ax=b
" x>0
: where u > 0 is the barrier penalty parameter. This technique is well-known in the context
4 :
of general constraint optimization problems. One solves the problem penalized by the loga-
: rithm barrier function term for several values of the parameter u, with u decreasing to zero,
- and the result is a sequence of feasible points converging to a "solution” of the original
2 problem. This method is usually attributed to Frisch |4). The interested reader can refer to
' Fiacco & McCormick [3] for a detailed discussion of this technique in the context of non-
‘{ linear constrained optimization. Recently this method was first reconsidered in [5] where a
2 similarity with Karmarkar's algorithm is discussed. Meggido [11] gives a comprehensive
.". © analysis of the logarithm barrier function approach as applied to Linear Programming and
b Linear Complementary problems with positive scmi-definite matrices.
: Before we can apply the logarithm barnier function method, some assumptions on the
) problems (P) and (D) are necessary. We imposc the tollowing assumptions:
k. Assumption 2.4:
{ (a) The set S = { x € R"; Ax=h, x>0 ¢ 15 non-empry.
-
A (b) The set T = {(\'. v.2)e R'XR"xR" ;. - v + ATy 4 2=2¢,:2>0{ is non-empty.
"
3
q
d
v
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T (¢) rank (A) = m.

q\

. We say that points in the scts § and T are interior feasible solutions of problems (P) and

L
= \<-‘| . - . . . . .

S (D) respectively. Tl : need for (a) is evident since the logarithm barrier function method
BL"-

.'~n1 . . . - . I - .
N always works in the interior of the set defined by the inequality constraints. Assumptions

.) CJ

(b) and (c) are also necessary as will become clear from the discussion that follows. In sec-

o tion 5, we will show how one can transform any given problem 1o one satisfying assump-
P

l.,. .
s s tion 2.4,

- Throughout this paper, we usc the following notation. If x = (x,,..., x,)7 is an n-
‘_, vector, then the corresponding capital letter X denotes the diagonal matrix diag(x,...., x,).
"'. Observe that the objecuive function of problem (P,) is a strictly convex function. This
'-'".'_' implies that the problem (P,) has at most one global minimum, and that this global
L~

N minimum, if 1t exists, is completely characierized by the Karush-Kuhn-Tucker stationary
o .
b condition:

‘ -1 T, _

c+Q0v-uX"e-A'Vv=0

Av=b ., x>0

e where ¢ denotes the n-vector of ones and y is the Lagrangian multiplier associated with the
g equality constraints of problem (P,). By introducing the n-vector z, this system can be
Y . ,

i rewritten in an equivalent way as

:f{; (1) ZXe — pe = 2.2)
oo )y Aa=h ;1 >0
;o Gy — Qv+ Alv+:=0¢

~ A necessary and sufficient condition for the problem (P,) to have a solution for all u > 0 is
.
given by the following result.

2
‘:’:.

e

o
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L2 e e
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Proposition 2.5 : Assume (a) of Assumption 2.4 holds end let u > 0 be given. Then prob-
lem (P,) has an optimal solution if, and only if. the set of optimal solutions of problem (P)
is non-empty and bounded.

From this result, we immediately conclude that if (P,) has a solution for some u >0

then it has a solution for all u > 0. The role played by assumption (b) is now provided by

-':,_-: the following result.

Proposition 2.6 : Assume that problem (P) is feasible. Then the set of optimal solutions of
problem (P) is non-empry and bounded if, and only if, assumption (b) holds, that is, the set
‘ of interior feasible solutions of the dual problem (D) is non-empry.

As a consequence of the previous two propositions, we have the the following corol-
= lary.

-’ Corollary 2.7 : Under assumptions (a} and (b), problem (P,) (and consequently the system
(2.2) y has a unique solution xtu), for all u > 0.

The Kuhn-Tucker system (2.2) provides important information which we now point
out. Assume that u > 0 is tixed in the system (2.2). Since x > 0, the first equation in the
system (2.2) implies that = > 0. The third equation in (2.2) then implies that the triple
W (x, ¥, z) is an interior feasible solution for the dual problem (D). From assumption (c), it
follows that there is a uniquc v satisfying (2.2). Wc denote the unique triple that satisfies

(2.2) by w(p) = (x(u), ¥(u), z(u)). Consider the set W defined by
W = {(x, v.2)e R'xR"XR";Ax=b . x>0, -Qx+ ATy +:=¢,: >0]

) Observe that W is the set consisting of the tenor feasible solutions (a, ¥, £) of problem
:'::: (D) such that x is an intenior feasible solution of problem (P). Obviously w(u) is in the set

W. The duality gap at point w € W is by definttion given by

ginw) = cTx+ xTQx - bTy
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which is simply the value of the objeclive function of the problem (P) at x minus the value
of the objective function of the problem (D) at (x, ¥, z). From the definition of the set W,
one can easily verify that if w € W then

g(w) = xT= 2.3)
In particular, using the first cquation in (2.2), it follows that

gw(u)) = nu
for all u and therefore g(w(u)) converges (o zero as u approaches zero. This implies that

the objective function value of problem (P) at x(u) and the objective function value of

problem (D) at (x(u), y(u). =(u)) converge to the common optimal value of problems (P)

and (D). In fact, the following stronger result holds true ( ¢.f {11] ).

Proposition 2.8 : Under assumptions (u). (b) and (c). as u — 0, x(u) and

(x(u), ¥(u), z(u)) converge to optimal solutions of problems (Py and (D) respectively.
The following notation will be useful later. Let w = (x, y, z)€ W. We denote by

fw)y = (w), ... ,fn(w))" € R" the n-vector defined by

fim)y=xz ,i=1,..,n

We denote by I the set (or path) of solutions w(u) , 4 > 0 for the system (2.2), i.e.,
K=< wu)= oqu). v, z(u)) s u >0 .

The algorithm which will be presented in the next section is based on the idea of fol-

lowing this path T closely. The path I will serve as a criterion to guide the points generated

by the algonthm.




P

o
g
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3. The Algorithm

The algorthm presenied o thas seciton parabicls the one presented an {12] tor Lincar
Programming problems We refer the reader to (8] and [12] for a motvation of the direc-
tions generated by the algonthm that we now descnibe. The directions generated by the
algonthm are determined as follows  Given a point w = (1, y, z) in the set W, we consider
the direction Aw = (A A Azie R'xR7xR” determined by the following system of

linear equations

ZAv+ XAz = XZe - He (3.1.a)
Aldv =0 (3.1.b)
—QA +ATAV+ A =0 (3.1.0)

where X and I are vectors with all components positive and g > 0 is some prespecified

penalty parameter. When x = ¥ and - = T, the direction Aw is exactly the Newlon's direc-

tion associated with the system (2.2). In the algorithm given below, we let ¥ and T be
approximauons of the points x and :. The criterion of approximation is given in step 2 of

algornithm 2.1, After some algebra, onc obtaing the following expressions for Ax and Ay.
— ~ ~ o~ — —~— -l — ~
Arv=(Z + X0 {I - XAT (A(Z + xgr'm’) AZ + XQ)“} (XZe - jie)
( S S 1T LT s P | .
Ay = — \A(Z + XQ)y XA ) AZ + X)) |(XZe — fie)
Before describing the algorithm, some notations are necessary. Let § denote the pair of

approsimations (¥, T). We denote the direcion Aw = (Ax, Ay, Az) determined by the sys-

tem (3.1) as
Anw(w, 5, )

in order 1o ndicate its dependence on the point w = (x, v, z), on the approximation 5§ and

on the penalty parameter
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We arc now ready to describe the algorithm. At the beginning of the algorithm, we
assume that an initial point w® = (x°, y°, ") € W is available such that the following cri-
terion of closcness with respect to the path I is satistied:

Il f(w®) = ue |l < 6u° (3.2)
where || . || denotes the Euclidean norm, u“ is a positive constant and 8 = 0.1.

We now state the algorithm.

Algorithm 3.1 :

Step 0) Ler w’e W and u° > 0 satisfy (3.2). Let € be a given rlerance for the duality

gap. Let

y:= 0.1 3.3)

Ser k:=0.

Step 1) If g(w*) = x*T:% < ¢, st0p.

Step 2) Choose s =(X,7) in R} x R, satisfying:

I xb =%,

- — <y ., i=1, ,n
X!

b zk—7,0

—— <y, I=1, h
17,01

Step 3) Sctp“' = (1 -6 /\G).
Calculate Aw* = An(w*, 5, u**").

Step 4) Serw*t! = wt - Ank,
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> Setk :=k + 1 and go to step 1.
A
. In the following sections. we prove that all points generated by algorithm 3.1 are in
»
b the set W and that they remain close to the path I in a sense to be described latter. We
)
: also show that it termipates in at mosl 0(\/; max( loge™", logn, logu®) ) iterations.
!
Finally, we present a suitable choice for the approximation point § = (¥, T) (see step 2 of
__ the algorithm 3.1) that will enable us to show that algorithm 3.1 performs no more than
B O(n® max( loge™", logn, logu®) ) arithmelic operations until its termination.
:: 4. Convergence Results
>
] In this section, we present convergence results for the algonithm described in section
Cd
'.'_ 3. Similar convergence results for Linear Programming problems are presented n [12].
Since the proofs of some results in this section are cxactly the same as for the Linear Pro-
{ gramming case, the interested reader is referred to [12) for a detailed discussion. We have
J omitted the proofs of those results which follow without modification from {12].
o Let w=(x,y,2)eW,5=(X,T)e R R" and z > 0. Let Aw = (Ax, Ay, A;) be
s the direction Aw(w, ¥, f1). Consider the point detined by w = w — Aw. The next result
:’ " provides expressions for the product of complementary variables f (W), i =1, ... .n.
4
K2
"W Proposition 4.1: Let w, ¥ and w be as above. Then the fullowing expressions hold.
" fA) =i+ Ax Az, + (X, = x)A:, +(F, - 2)Ax, 4.1
T (ax)7(Az) 2 0 (4.2)
:: Proof: Expression (4.1) can be easily proved using the definition of f,(w) and expression
_:, (3.1.a). Muliiplying expression (3.1.c) on the left by (Ax)T, we obtain
¥
" (AAx)TAY + (A0 Az - (AN QA =0 4.3)
K.
k.
.n
N
‘.
~
e o e S o i T St I S S A e
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Relations (3.1.b), (4.3) and the fact that the matrix Q is positive semidefinite immediately

imply (4.2). This completes the proof of the proposition. O

We now state and prove a result that provides bounds necessary to show that the
points generated by algorithm 3.1 are feasible and remain close to the path I'.

Let w =(1.v.2) e W T =(X.7)€e R'xR" and 1 >0. Let Aw = (Ax, Ay, Az)

be the direction Aw(w, 5. ). We denote by Af = (Af,. ... ,Af,,)T the n-vector defined as
Af = (AVALL ALALT 4.4)

where Ay and Az, denotes the 1 coordinate of the vectors Ax and A: respectively. The

next result provides an upper bound on the Euclidean norm of the vector Af.

lLemma $.2: Ler Af be defined as in (4.4 Then, we have

par e o = Al (4.5)
:fnllh
where
-~ {
f’ml,‘ammilT,?, b i=1,..,n (4.6)
Furthermore. we have
WD azf < M) = aell ' 4.7
fmm
Wb tagt g Wiw) = pell (4.8)
where D is the diagonal matrix defined by
D =(Z7'X)" (4.9)

Proof: By equation (3.1.a), we have




Y .~ T
o
“~
8]
-"'. - ]3 -
-
p
-r D7 'Ax + DAz = (X2 )”"’(XZ - fie) (4.10)
.-f From (4.2) it follows that
1
"
Z-; (b'ax) (ban 20 (4.11)
A .
:. Using relations (4.10), (4.11) and the definition of the Euclidean norm, we obtain
‘:: ~-1 ki g 9 g ) -~ g o~
L 1D~ 'Ax " + | DAz [P s | D7'Ax [P + 2D 7 'A0) (D Az) + || DA P
s
» =D~'ax + DAz}
N
- I \
N = | (XZ)"(XZe - jie) I
~
: _ g Lt = i)
. e B B -
< W) - je i (4.12)
( fmin
o
\ Inequalities (4.7) and (4.8) follow immediately from (4.12), Also (4.12) implies that
[
: ( o
-~ o~ “' —-— ’ -
WD 'ax | Das < VO —acl (4.13)
l“-"‘, 2f min
o7
“:J
£ On the other hand, using the Cauchy-Schwarz incquality, we obtain
N
.\"'
lafis Y 1 axa:,
::5 1=}
.
- no ~
"-’: = z ! D“_IA'\-’_ b DIIvA:I I
=)
-
e < D7'Ax 1) Da: | (4.14)
My
3 . . | |
4, Relations (4.13) and (4.14) imply inequality (4.5). This completes the proof of the lemma.
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We now state the key result 10 prove the convergence of algorithm 3.1. We first intro-
duce some notation. Given two vectors x€ R” and i € R”, we denote the Euclidean norm
of the vector X~'(x ~ x )by || X — x|, , i.c..

1¢]

4 i'l - xl 2
Wx—xlo= |3 [ ] (4.15)

i=1 x;

The key result is:

Theorem 4.3: Let w = (x, y, z)e W and u > 0 sarisfy

f(w) = pe|l < 6u (4.16)

Lets =(X,7) € R} x R] sarisfy

lx, =%, |

il

. Sy.i=1,..,n 4.17)

|

(2]
!
)

— <y ,i=1,...n (4.18)

)

Let ji > 0 be defined as

f=pt -8 n) (4.19)
Consider the point w = (i, ¥, ) € R"x R"x R" dcfined by

WEw— Aw (4.20)

where Aw = Aw(w, 5, f1). Then the Sfollowing hold:

(@) The point w is in the set W and satisfies

Il - x|I, < 0.28 (4.21)
Iz - z|I, < 0.28 (4.22)
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(b) Ilf (&) — faell < 84

(c) gw)= iT: < Lnj

The proof of theorem 4.3 is exactly the same as for the Linear Programming case and
hence will not be given here (see lemma 4.8 and thcorem 4.1 in section 4 of [12] ). As a

consequence of theorem 4.3, we have the following corollary.
Corollary 4.4: All points w' generated by algorithm 3.1 satisfy
(a)wk is in the set W, for all k = 12.... and

fBxtt! ~ ak . <028

2

|24~ 2F ). <028

(b) I} f(w*) = ue || < 6u*  forallk =1.2,..

AT <1 anpt  forallk =12,

(c) gw*)

where
pf=p(1-6/n) for k=12, ..

Proof: This result follows trivially by arguing inductively and using theorem 4.3. O

We now derive an upper bound on the total number of iterations performed by algo-
rithm 3.1. The following result follows easily from Corollary 4.4 and is proved in section 4

of [12].

Proposition 4.5: The total number of iterations performed by algorithm 3.1 is no greater
than k° = [ log(1.1ne™" u*) Nnis 1 where € > 0 denotes the tolerance for the duality

gap and u’ is the initial penalry parameter.

With respect to the data of problem (P), define
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o
0
b L =1lo (Iargcsr absolute value of the determinant
N g: of any square submatrix of M
Yo
o + logy (max t¢,l) + logy (max b1 )+ log, (m+ n) (4.23)
U J i
N | -
¥ where M is the matrix given by
v )
..I
< Q0 A
) M =
N AT 0 (4.24)
o
‘h'r'
. It is straightforward to verify that the constant L is is less than two times the number of
'_:-.: bits necessary 1o represent the data of problem (P). The following result says that we can
',’k find optimal solutions for problems (P) and (D) in O(n®) arithmetic operations once the
{
duality gap at a point w* generated by algorithm 3.1 becomes sufficiently small.
1'_ Proposition 4.6: Ler w = (x, y, =) be a point in the set W sarisfving
- ~2L
{ e 2 (4.25)
o4 (m + n)-
"o Y
£
'_.‘)' Then we can find a point w* = (x*, v*, =*) in no more than O (n®) arithmetic operations,
Lo
;) such that x* and w* = (x*, ¥*, =*) solve problems (P) and (D) respectively.
'
K }: This result can be proved by slightly modifying the arguments of lemma 2 of [1].
.’_:.I
}.: Using this result, we obtain
1!
N Corollary 4.7: If the initial penalry parameter u® satisfies log u® = O(L) then algorithm
i
; :f::: 3.1 solves problem (P) in at most O(N'nL)y ucrations
A0
Gl
) N hl hl
I Proof: Using the previous proposition, we can set ¢ = 272L/(m + n)° as the tolerance for
.-:::' the duality gap in algorithm 3.1. From proposition 4.5, we immediately conclude the vali-
'::::: dity of this corollary. O
o
!
. In section 5, we will sce that the inittal penalty parameter 4° can be chosen to satisfy
s
.-
j:-; log u® = O(L). One possible choice for the approximanon T = (7. 7) on step 2 of the
9 S
(." .
i.;- algorithm 3.1 is 10 use exact data, that is, 10 set §. on the k™ iteration, equal 1o s*. With
04

Py

&
#

- AN



this choice of 3. we have the following result:

Corollary 4.8: Algorithm 3 1 solves problem (P)in no more than O(n”L) iterations.
Proof: At every ileration, the computational etffort 1s majorized by the calculation of the
inverse of the matrix [A(Z' + X* Q) 'X*AT| which requires O(n®) arithmetic operations.
By corollary 4.7, algonthm 3.1 terminates in al most O(J;L) iterations. These two obser-
vations immediately concludes the proof of the corollary. [

In the next subsection, we present an alternauve choice for the approximation that

mahes possible to reduce the complexity of algorithm 3.1 to O (n*L) arithmetic operations.

4.1. A Good Choice for ¥ and
In this subsection, we show that the complexity of algorithm 3.1 can be reduced to

O(n’L) arithmetic operations. The argumcnts in this subsection are the same as for the
linear programming case presented in section S of [12]. We should point out that this idea
for reduction of the complexity was first presented in Karmarkar [7] and subsequently in
Gonzaga (6] and Vaidya [14]. The reduction basically consists of using a direction that
approximates the "exact” direction calculated from using "exact” data, that is, the current

iterate. In our case, an approximate direction is implicit in the choice of the approximation
5. In this section, we show that by choosing the approximation § conveniently, a reduction

in the average work per iteration is obtained. The choice of the approximation ¥ is made

by an updating scheme as follows (In the procedure below, k stands for the iteration count):
Updating scheme 4.9:
Fork =0, serx :=2x" and? =z
For k >0 do

Fori=1,.. .,ndo
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If one of the following holds

baxl=-7x,
@) —— — >y
X, |
'3 ~
b=
(] ———— 1 >y
Iz,
T - A T .= .k
then set X, 1= x; and 7, = z,.

Some observations are 10 order at this point. In order to calculate the directions Ax

and Ay determined by system (3.1), we nced to calculate the inverse of the matrix
AZ +X0)'XAT=AKX"'Z + 0)'AT (4.26)
where 5 = (T, T) represents the approximation for the current iteration. Let §% and B,

¢enote the approximation § and the matrix given by (4.26) respectively at the k™ iteration

of the algorithm 3.1. Also let D, denote the matrix (Z*)™'X*. We show next that if the

matrix D, differs from the matrix D,_, by exacily / diagonal elements then the computation
of B,”' can be carried out in O (n°l) arithmetic operations by means of / rank-one updates.
Let E=Q +D,_yand F = D, - D,_,. Then we obtain

B, , = AE7'AT (4.27)
and

B, = A(E + F) 'AT (4.28)

Obviously, F is a diagona! matrix. Denote the ;" diagonal element of the matrix F by f,.
By assumption, exactly / diagonal elements f, are non-zero. For simplicity of notation, we
assume that that these elements are the first ! diagonal entries of the matrix F. Then the

matrix F can be writien as
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where u' denotes the n-vector where all componcents are zero except the i” component
which equals one. Let E, be defined as

E,=E

E =E,_ +fuww) | j=1..1 (4.29)

Note that E, = E + F. We observe that the matrices E,, E,, ... ,E; are positive definite,
and hence invertible matrices. Applying the well known Shermann-Morrison formula of

Lincar Algebra to the matrix E, as given in cxpression (4.29), we obtain for j =1, ..., [

0 f ) |
E'=E7\ - S = E W) E

1+ fj(u’)TEj’_',u’

Recursively, we can obtain E,”! as follows.

!
E'=E;" - Zg, vieT (4.30)
1=
where the scalars g, and the n-vectors v' .1 =1, ...,/ are generated by the following itera-

tive procedure.

Procedure 4.11: Given E]' then,

Fori=1.,..1do

7

1+ f/(u’)TE,'_',u’

*n
~
I

-1 ]
=E _\u

-
~
|

El'= EI'_‘I - g vl ()T

Since E; = E + F and using expressions (4.27), (4.28) and (4.30), we obtain

{
B, = B,_, - Y g,(Av)Av) (4.31)
J=1

._r,‘— U T U i
»



We can also use the same process described above 1o find the inverse of the matrix B,

using expression (4.31) and the matrix B‘_'| already calculated in the prev s iteration of

the algorithm. We note that the procedure above involves O (n?1) arithmetic operations.
Next we provide an upper bound on the number of diagonal element changes that
occurs on the matrix Z 7'X during K steps of algorithm 3.1. Note that the i"* diagonal ele-

ment of the matrix (Z ~'X) changes only when inequality (a) or (b) of the updating scheme

4.9 is satisfied.

The following result can be proved by using the arguments in section S of [6]).

Proposition 4.12: Ler (v")'.‘: be a sequence of n-vectors with all components positive and
P k=0 q p

sausfying

““k+l_ ‘.l‘”r‘sp , k 0,1, ... . K -1

. L. ~k K .
where p is a positive constant less than one. Define the sequence (V') _o recursively as

follows. Set ¥° ;= v’ and for k 2 1 andi =1, ... ,n let
. ) Ivf - F,k"l
v, if —- >y
A:k'l
) (O
~k .
¥, =
~ k-1 »
v, otherwise

where vy is a positive constant less than one. Let VX be the set of indices k defined as

K vt - 7,50 "
Vi=gki —— G —>ry.1sksK
¥,

and let IV,KI denote its cardinality, that is, the number of times the it

component of the

sequence ('\"‘)ﬁn changes. Then the following inequality holds
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b,
:_*.'_ il",xl < _ pK‘\[;
';:‘- As a consequence of this result, we have the following corollary.
L
‘::: Corollary 4.13: Ler (.x‘)f=(, and (:")fz(, be the sequences generated by algorithm 3.1 and
A
::::' consider the approximation S = (X, 7) dcfined as in the updating scheme 4.9, Consider the
following o sets:
~
4
i | xf -7, |
N S‘K=4k; ——— >y, 1€k €K
X, |
’--
.- T,"-*L,—If S— >y, 1<k <K
o 7,
{
A
J--
::: Then the following inequalitics hold.
o
..: n
/ Y 15X < a.5Vnk
& ‘. i=|
s
) '{ - K [
YTk <as5vnk
) v 1=
f'_'..- Proof: This result follows immediately by using relations (4.21), (4.22) and proposition
5
::: 4.12. C
- Thus, the total number of rank-one updates that occurs during K steps of algorithm 3.1
:i::'- is on the order of O(&rr—:K). As a consequence of this result, we have :
,:l". Corollary 4.14: Algorithm 3.1 coupled with the updating scheme 4.9 solves problem (P) n
- no more than O (n'L) arithmetic operations.
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Proof: From corollary 4.7, we know that algorithm 3.1 finds an optimal solution of problem

(P)in O(~/;L) werations. Corollary 4.13 imphes that the total number of rank-one updates
ary P

is then of the order of O(nl). Since each rank-one update involves O(nz) arithmetic

operations, the total number of anithmetic operations is then of the order of O(n’L). This

completes the proof of the corollary. C

S. Initialization of the Algorithm

In this secuon, we show how to imnahze algornithm 3.1, in order to solve any convex
Quadratic Programming problem. The approach is to use a transformed problem equivalent
o ongal one that saushics the mmnal condivon (3.3). Therefore, by solving the
transformed problem, we are able 10 obtain a solution for the original problem. We also
show that the "size” of the trunsformed problem is of the same order of the "size" of the
original problem, where by “size”. we mcan the constant L defined in relation (4.23). This
fact implies that, with respect to the data of the original problem, the complexity obtained
in section 4 ts stll vahid.

Consider the convex quadratic programming problem

(P) min ¢T3 + _3 QX

where A is an mx7A matrix which has full row rank, () is an 7 x# positive semi-definite
matrix and b, ¢ are vectors of length m and # respectively. We assume that the entries of

the vectors b and T and the entries of the matrices A and 0 are integral. Let
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[ = log (Iarge’.‘,l absolute value of the determinant
- of any square submautrix of M

+ log, (max 17 1) + log, ( max bl y+log: (/m + 7 )
] i

where M oas the (m+7) x (m+7n) matnx dethined as

o A"
A 0 !

The Karush-Kuhn-Tucker necessary and sutficient condition for ¥ € R™ to be a solution of

(P ) is that there exists a vector ¥ € R” such that T and ¥ satisfy

t+Q0v~a'vz2o0

i}
n

2
adi
1
ol

$.1

bl
[\
]

[X}]
~
1
I
o

which can be rewTitten as

CNQ
|

)' = _;7- (5.2.a)

bad]
v
o

(5.2.b)

d
-~
LET
I
<

(5.2.0)

A well known result from Lincar Complementary theory is that if the system (5.2) has some
solution then it has a solution which is a veriex of the polyhedron given by (5.2.a) and
(5.2.b). The following lemma 1s a well known result whose proof follows from an immedi-

ate application of Cramer's rule.

Lemma 5.1: Lert & = (X, §, T) be a vertex of the polvhedron given by (5.2.aj and (5.2.b).

Then the coordinates of & are rational numbers with numerator and denominator less than
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or equal to 13

We observe that any solution (X, ¥) of system (5.1) is an optimal solution of the dual

of problem (P ), which is the problem given by

(5) max —é?TQ’f+

>
~
.

]
e
+
kY]

Nq
'~
A
~

where ¥ is an 7i-vector and ¥ is an mi-vector. Let n =7 +2and m = /i + 1. Let A = 2°¢
and K > C bc a large constant which will be specified more precisely later. Consider the

transformed problem as follows.

(P) min 7 + ~x70 % %,

N '

st. AT+ (5 - Axe).?,, =b

'Y + X, +AY, = nA

where ¥ = (X, ..., i’,,_z)T is an (n-2)-vector and X, _; and X, are scalars. The dual prob-

lem corresponding to problem ( P ) is given by

(D) max - - v O ¥ y + (nA)y,
-0 v +AF 45, <7
Yym<O

(b - AAe)'F+5, <K
where ¥ = (¥,, ..., '5’,,_|)T is an (m-1)-vector, ¥, is a scalar and ¥ is an (n-2)-vector.
These problems can be recast in the notation of problems (P) and (D) of section 2 as fol-
lows. Let x= (X, %o ) €R”, y=G.5.) €eR” and v=(7,%,_,.7) eR"

J'f}.f"".' N, -}-,‘-\\\\ \-F\‘
NN, 9 'l',.’-('(dv;.fx'-‘(' ) '-(" |. 0 ‘W"v'
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X
28 Define b € R™, c€ R" and A € R™*” as follows.
- .- (7 z (o | A0 Bk 1
" = = = 3
N ni =% Tl J 3-3)
.‘,, Let Q0 € R"*" denote the block diagonal matrix as follows.
¥ ~
= Q = diag(Q.0.0) (5.4)
-
’ With these notations. we can then rewrile problems (P) and (D) as in section 2. We refer
“_j'-: to these two formats interchangeably.
In the following., we adopt the convention to denote the optimal value of a quadratic
] programming problem (P) as val(P) and the value of the objective function of (P) at a
\‘.
)
..:‘; feasible point x as valp(x). We now present the relationship between the optimal solutions
A
*‘
"‘-j of the transformed problem (P), and its dual (D), with the optimal solutions of the original
{ . problem (F), and its dual (D), respectively. Before stating the relation, we make the fol-
:.:: lowing observation. If problem (P) has an optimal solution then, by the observations
<
~" preceding lemma 5.1, a pair (¥, ¥,) musl cxist which solves the system (5.2) and which is
) a vertex of the polyhedron defined by relations (5.2.2) and (5.2.b). The pair (¥, ¥,) is
".}
_\ considered in the following result.
- ~
‘f Lemma 5.2: Assume that problem (P) has an optmal solution and let (x,.5,) be as
" -
_.':-: above. Assume that the cost cocfficient K in the cost vector of problem (P) satisfies
.'.\
%, -
o K> - 24e)5, (5.5)
. Then the following statements hold.
-'.:: (1) The common optimal value of problems (P) and (D) is equal to the common optimal
ey - ~
Ja value of problems (P ) and (D).
UK
:::-; (2)If x = (x;. ..., x,,)T and (v, ¥) = ((vy. ... . \-,,)T. (Vi oo ya)T) are optimal solutions of
b5
:‘~. problems (P) and (D) respectivelv, then x,=0 and y,=0. Moreover,
@
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N
¥ J‘:
;!!., X=(x, .., x,,_;)T and (v, y)=((vy, ..., v,,_z)T, 01 s Ymo)) are optimal solutions
P of (P) and (D).
e
e
o
, .::.; Proof: We first prove (1). Consider the vectors x_ € R" and y, € R™ defined as follows.
} -‘.’::
u) T
o x, = (. na-e57,0)
::: . ;T
:‘:_:’ )’,. = (Y‘ M 0)
‘ Expression (5.5) and lemma 5.1 imply that x_ and (x,, y,) are feasible solutions of prob-
:j?-f.j lems (P) and (D) respectively. Thus, we have
o val(P) = valg(X ) = valp(x,) 2 val(P) (5.6)
. |
by - and
o
&
A
, val(D) = valp(X .. ¥ ) = valp(x,. y,) < val(D) 5.7
Since val(D) = val(P) and va1(5) = vaI(i;), relations (5.6) and (5.7) then immediately
X
.:, imply (1). Moreover, x, and (x. y,) are optimal solutions for (P) and (D) respectively.
We now prove (2). Since x_ and (v, y) form a pair of primal and dual optimal solu-
,‘:. tions for problems (P) and (D) respectively, they must satisfy the complementary slackness
:-C::.:‘.: condition (c.f. proposition 2.2 of section 2). In particular, we have
b~
s (=¥m) (nA=eT% ) = 0 (5.8)
St
:::::', But lemma 5.1 implies that e’X, < A = (n=2)A < nA. Therefore, (5.8) implies that
-~ "
¥m = 0. But this implies that (¥, 7) is feasible to (D) and that valp(v, y) = valy(¥, ¥).
."_f:".‘_ Statement (1) above then implies that (¥, ¥) is optimal for (D).
e
\:: Arguing with the pair x and (x,, y,) in a similar way, we conclude that x, = 0 and
523
o that ¥ is optimal for (ﬁ). This proves (2). O
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;'.:.: :
:':‘»' Lemma 5.3: Assume that problem (P) has an optimal solution and let (X, ¥,) beas in
_ : lemma 5.2. Then K = 21 satisfies relarion (5.5).
\j:x
s ~
e Proof: This lemma follows straightforwardly from the definition of L and from lemma 5.1.
“.‘_;.
) C
.)-’_': -
_j’_’-? In view of lemma 5.3, from now on, we let K = 23, Consider the constant L defined
i
e as in relation (4.23) and (4.24). The following observations are easily shown.
o (1) From the definition of Q. A, b and ¢ given by expressions (5.3) and (5.4), it immedi-
A
e ately follows that
o
N
Y L=t
o
'.I . . .
- (2) The largest absolute valuc of the determinant of any square submatrix of A is at most
)
3 _
s (m + 7)23t.
( i -
3 (3) max Ib,) < n2f and max Ic,i < 2%
S i=l,...m j=l...n
j:j:: (4) Statements (2) and (3) implies that L < oL .
: We now verify that problem (P) satisfies assumption 2.1 of section 2. Assumption (¢)
T
ot -
';:-,.‘? is obviously satisfied since A was assumed to have full row rank. We verify assumptions
'r"' (a) and (b) jointly by exhibiting a point w® = (x°, y°, z°) which is in the set W defined in
,.~:. section 2 and satisfying the criterion of closeness (3.3). Let x° = (4,...., 4, T e R". Let
"".i
¥y
¥ "j Q,. j = 1....n denote the j" row of the matrix Q and let y° = (0, ..., 0, -u°2)T e R™
|~ L
2 where u° satisfies
i\ -(: i
'-‘:: ’I-l— T .02 T .0\2 * ‘
- . Z'(A.(‘l + 20,7 + (¢, + 0, x°)
\ :»_.: o5 pJ= -
". ” H =2 0 (59)
.":_1 .
w".:; Let z° € R" denote the slack vector ¢ + Qx” — A" y" for the dual (D) corresponding to the
S
Lo pair v = x° and y = y°. Since ATy = p°a (1, ..., 1,A)7 € R", it is easy to verify that
D)
04
s
i .
Lo :
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N
-h -..

.

“:E:: - :_ ¥ T oy
N >(5,75)% = wO = (e, + AQTX 4 (e, + 0,7k

’: I:
'.j::"' and hence that the criterion of closeness (3.3) is satisfied due to expression (5.9). Since
'.~:J
Z:::j logA = L <L, itis straightforward to verify that the logarithm of right hand side of (5.9)
\

o is on the order of O(L). Therefore u® can be chosen to satisfy log u° = O(L). By the
'::::: convergence results of section 4 and 5, it follows that problems (P) and (D) can be solved
; L‘}._

o in at most O(n’L) arithmetic operations. Finally, the main result of this section is as fol-

25 lows.

:::::: Proposition 5.4: Problem (P) can be solved in at most O (7°L ) arithmetic operations.
b~

"W

' Proof: Applying algorithm 3.1 to problem (P), we obtain vectors x = (x;, ..., x,) and
r_ﬁ:::'.: ¥y =(yy, ..., Y such that x and (x, y) are optimal solutions for problems (P) and (D)

::,'_'.j: respectively. Consider the following two possible cases.

._ (i) If x, = 0 and y,, = O then problem (P), and consequently (D), has an optimal solution.
o Indeed, if we let ¥ = (x;, ..., X,_2)" and ¥ = (y;, ... . ¥m_)7 then ¥ and (%, 7) are feasi-
‘; ble solutions for (P) and (D) respectively. Statement (2) of lemma 5.2 then implies that ¥
O and (X, ¥) are optimal solutions for (ﬁ) and (D) respectively.

R

‘ o (@ii) If either x, # 0 or y, # 0 then lemma 5.2 implies that (P) is either unbounded or
[} -}\

'f' ;,_; infeasible. In this case we solve the LP problem obtained by replacing the objective func-
-7 .

R tion of problem (P) by the linear function Kx,. If the resulting optimal solution of this
'.j:;fj problem satisties x, = 0 then (P ) is unbounded. Otherwise, (P ) is infeasible.

.\.h"

e By corollary 4.14, the computation above can be carried out in at most O(n*L) arithmetic
’ operations. Since i =n-2and L € 9L . the total number of arithmetic operations is on
“ .

e the order of O(7ri"L). O
"-:::
o
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G 6. Remarks
. The following observations are in order:
o
vy
e (1) The purpose of this paper is to present a theoretical result. Thus in order to simplify the
= purpo pape P phily
L) 4."
oy
't " presentation, we constructed fi = u(l —~ 8 /J;). Obviously, one can use i which is less
'.:'_::: than or equal than the above one, but still satisfying (b) of theorem 4.3 and relations (4.21)
::j-'.: and (4.22). In this way, onc can accelerate the convergence of the algorithm.
1
. (2) Additional improvements in actual implementation, which are possible, such as more
._ Jjudicious selection of 6, & and ¥, together with actual test results, are the subject of a forth-
~T
'-'C':-\. coming paper.
N
[
@ (3) With the necessary modifications, the results of this paper are also valid in the case that
the matrix @ is only assumed 1o bc positive semi-definite on the affine space
\ { x| Ax = b }. All the duality results remain truc if we add the constraint Ax = b 1o the
e
(, - dual probiem (D). The formulas for the dircctions Ax and Ay given in section 3 do not
::::: necessarily hold in this case. We leave it to the reader to carry out the necessary
2% modifications. Finally, we note that the convergence results of section 4 follow without any
[
_3 modifications.
e i | | o
.r:'.- (4) It is well known that a Linear Complementarity problem with positive semi-definite
o
e
:&;ﬁ matrix can be reduced to an equivalent convex Quadratic Programming problem and vice-
- versa ( ¢.f. [11} ). Thus, the algorithm presented in this paper can be used to solve Linear
.-_.:.t
- Complementarity problems with positive semi-definite matrices. At the time of writing this
o
i: paper, we werce informed of a recent paper by Kojima et. al. [10] which present an algo-
_ rithm for solving Linear Complementarity problems with positive semi-definite matrices.
s
: :: They obtained the same complexity as the one achicved in this paper.
'. L]
e
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