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1. INTRODUCTION

Consider the model

x(t) = f(t) + e,s 0<teld (1.1)

where f(t) is a nonrandom function with the form:

(e = u+By(t-tg), 0<t<t, (0 .2)
u + Bz(t- to), tg < t<l.
ty is called the slope change point (of the function f(t)). {eg, O<t<ll
is an independent random process with zero mean function.
In order to estimate and make inference on to, observe x(t) in
equal space, that is, we observe x(%), i=1,2,...,n. For simplicity,

v we write x; and e; for x(%) and e(%), respectively, but we must keep in
mind that x; and e; are dependent on i and n, and €15 ...,€  are indepen-
dent. Generally, u, 82 and B] are unknown. There are many ways to esti-
mate the location of ty- For example, see Hudson (1966), Hinkley (1970) and
Krishnaiah and Miao (1986a, 1986b), but it is more important to make an in-
terval estimate of to- This problem is associated with the distribution of
the estimator to to. Feder (1975) prove& that the LSE (Least Square Esti-
mator)of't0 is asymptoticly normal. Hinkley (1971) proposed an approximate
distribution of the MLE (Maximum Likelihood Estimator) of ty» but it is too
complex. If t; is the jump-point, Csorgo and Horvath (1986) proposed some
asymptotic distributions for some nonparamatric estimators of to.

- Recently, Chen (1987) developed such an estimator of to where distri-
bution is the first type of extrimal distribution. This estimator of t;

0
is proposed first by Yin (1986) to estimate the location of one or more
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change points. Going along with this heuristic method, we give an esti-
mator of t, for models (1.1) and (1.2). 1Its distribution can then be

calculated conveniently.

In Section 2 we treat the case that s +..s € are normal with zero
mean and positive variance oz. In Section 3 we treat the case that
€s...,€ are normal with zero mean, but their common variance is un-
known. When random errors €11 €55 ... are not normal, for example, e; has
moment generating function, or only has finite (2 +&)-th moment, the con-
clusion established in Section 1 is also true. This is discussed in
Section 4. Finally, in Section 5 we discuss the estimation of the slope
change 81-82, under some mild conditions. This estimation is asymptotic-

ally normal,




2. ERROR IS NORMAL WITH A KNOWN VARIANCE

In this section we suppose that {e(t)} is a white noise process
with mean zero and known variance 02. At first we prove a theorem on

which our method is based.
THEOREM 1. Suppose that

xk=a+'a<-8+ek, K=1,...,n, (2.1)

where Eys sees €, ArE i.1.d., €y " N(O,oz). Let m = m be a positive

n
integer such that

2/3;..2/3

n»m>»n’'"log” °n, (2.2)
u
. N
Yereafter, u_» v_ > 0 means lim — = =, gqat
n n N0 Vn
. -
" om [("k-4m+1 teeet Xgm) 0 (gnen ¥ eee F X o)
- (xk-2m+1 toont xk-m) ¥ (xk-mﬂ Foood xk)] i
k = 4m, 4m+1, ..., N, (2.3)
Write
g = max |Y |,
" amecken ®

and

A (x) = (210g(32-5)7"/2

(x+2109(§%-5)+%loglog(§:—1-5)-;—109 w) . (2.4)
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im p(2D = -X

P im P 7;-§_An(x) = exp{-2e "}, ~= < X <=, (2.5)
N [ ad

‘I""

i"'

g:; Proof. Construct a standard Brownian Motion {W(t): t > 0}, such that

5Kk, _ /5 _ k(k#1) .
w(4m) = 4m <X-| +ooo +xk = ka zn 8) /0’ k e 4m’ooo’n. (2.6)

b Based on this W(t), we further construct the Gaussian process Z(t) such
/M that

e

SR

20 2(t) = Llu(t+s) - 20(e+ 1)+ 2u(t+d) - u(e)|, txo. (2.7)
o 5

= It is easy to see that

N Y, = oz(3X - 5), Kk =4m,....n (2.8)
“ . k &m 1} seseglly .
YAEN

p and the covariance function p(t) of Z(t) is

- -

, 5

5 1 - | Il <3

2 ! 5 5

R - gl 72t 235

(g

e o(r) =< 21| - 2 Sl < 2. (2.9)
o 1 15

: 1 -5l 7 <t <5

i}_;’- 0 |<| > 5

e

jif Set

2 . . . 5n _

- &y = sup{|Z(t)|: 0 < t < Im 51,

n, = En - oEn.




It can be proved, similar to Chen's method, that

1im nn/log n=0, a.s. (2.10)
n-o

For the Gaussian process Z(t) with covariance p(t), the conditions of

a theorem of Qualls and Watanable (1972) are satisfied, we get

L2 - . -x
lim P(E, < A (x)) = exp-2¢7"}. (2.11)
But An(k) is a linear function of x, hence for n large,

P(E_ <A (x-|ax])-P(n, > |ax|/VZTGGR) < P(g /o <A, (x)

< P(En _<_An(x+ |Ax|))+ P(nn > |ax|/2 Togn). (2.12)

From (2.10) to (2.12), letting n + =, then ax + 0, we get this theorem.

This theorem represents an asymptotic distribution of statistic g .
n

It suggests a way to test the null hypothesis:

Hg: 6 =0, (2.13)

i.e., there is no slope change point in model (1.1) and (1.2), as follows.
For the chosen level a, 0 < a < 1, solving the equation exp(-Ze-x) =1 - a,

we get x(a) = -log(--]zlog(l -a)) . Set

d= ¢ (ad) = A(x(a). (2.14)

The null hypothesis (2.13) is rejected when and only when
£, > oCn(a,d). (2.15)

Under the hypothesis (2.13), this test has an asymptotic level a as
sample size n tends to infinity.
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Next we also give an estimate of the power By = Bn(Bl’ Bz,o) of this

test. Let r be the integer such that

r r+l
nit<m.
Then
. 3/2
m 2
Yr+2m N( 2n (82'81)’ o )'
Hence,
8 (815 Bps0) 2 P(IY 4o | > o€, (a,d))
3/2
> ¢(m7,'w—|82-81| - C,(a,d)) (2.16)
where
X 2
o(x) = J 1 et /24t
V2n

From this inequality, in order to get a larger Bye M must be given a
larger value. Note that the order of Cn(u,d) is (log %)]/2 for fixed a, so our
test has a larger power when and only when m >> n2/31092/3n. It is very differef
from the case that f(t) is a step function. In our case, the power is
lower. The reason is evident because there exist more estimated parameters.

Now consider the interval estimation of a slope change point. The
existence of t0 may be a fact known in advance, but usually it is evidenced

by the rejection of the null hypothesis. If t0 is evidenced to exist, we
adopt the following rule.

RULE. Find an integer k such that lYk' =g, Take [k:?m %] as the

confidence interval of to.

The length of this interval is %?. Hence, the smaller the value of
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m, the more accurate is the estimate. But, as described by Chen, m cannot
be taken too small so as to get a high confidence coefficient and decrease
the risk of false acceptance of the hypothesis (2.13) if the existence of
t0 is to be decided by the test above. Here we give an estimate of the

confidence coefficient y of this interval as follows.

v (st < )

> P(%kt[ﬁ‘,‘ﬁmﬂlvkl 5°C"(°"d)}”{“r+zm| > ocn(a,d)})

Set
A={ sup |Y | < oC, (a,d)y ,
dm<k<r
B = sup |Y | < oC, (a,d)
r+dm<k<n
By = { sup [Y | < oC (a, "N,
r+ém<k<n
and

C= {I reoml > € (“’d)}

Notice that B] is independent of both A and C, and BC:B], we have

v > P((AUB)C) = P(AC) + P(RBC) = P(C) + P(B) - P(ACY B)

> P(C) + P(B) - P(ACU B,)

> P(C) + P(B) - P(AC) - P(B,) + P(AB,C)

P(C) + P(B) - P(RC) - P(B,) + P(AC)P(B,)
> P(c) - (P(8) - P(B)) - P(R)P(B,),

where D denotes the complementary event of D. Again, using Theorem 1,

we get

......... - w T " -
............




o 2o (———m——-— - cn(a.d)>

:.:c:‘. -x3(a) , -xz(a)
- - <exp{-2e } - exp{-~2e })

.ﬁwﬁ -X](a) , -X3(a)
) -(1 - exp{-2e }><1 - exp{-2e }) (2.17}

where

t' “)

it
Yy Sy 4

- g A
¥

-

1/2
xy(a) = € (a,d)(2 109(%- 5))

>
—
it

-
LA B RE &

TS

- (2 log(3L-5) + 5 log Tog(3-5) - % Tog n), (2.18)

o by

o) 1(

172
xp(a) = € (a,d)(2 10920 - 5))

DRARARS
DR ML ORI
N T T T A

- (2109 - 5) + F10g 10g YD) 5) - J 10g ). (2.09)

o PN

and

x3(°‘) = Cn(c.d)(z 'log(._s(frln-r! ) 7.5))1/2

i - (210g(2EEL - 7.5) + ;—1og1og(5—(4“;"l- 7.5) - 310gn). (2.20)
b._)‘n,: m m
—_ As a rough approximation, if we have no information about to, apply-
K, ing this fact that
W
e
2 P( sup Y, | < oC (a,d)) > P( sup |Y,| < oC (a,d)
i (ké[r,r+4m]| kI =""n ) - (4m<k<n k' =""n )
18 —
o
‘1\'-. L ] - 2.2]
g5
7o we get
o 3/2
o /28,5, 2
s v g - Gled) - o (2.22)
1 "':-'
5
d.. ]

s
r X2
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By those inequalities above, we see that y is larger as B e
ke, ke,
is larger. Note that - T is the absolute of difference between

f(%—-+t0) - f(to) and f(to) -.f(to-%). Now the length of confidence

4m

interval is ) the slope change point to is of practical means only

when %lez-sll is larger than o. Generally, we can assume that
ﬁ%182-81| > M, where M is decided by practical consideration.

Using (2.17) or (2.22), we may give the following important question
an estimation on the integers m and n: form a confidence interval of to
with prescribed length d0 and confidence coefficient 1 ; age To do this,
if there is no information on tO’ we solve this equation by replacing

a and d in (2.22) by a0/2 and dO’

Q(%/Ii" Cn(co/z’ do)) ‘00/2 =1 - 00’

and get
mz aM2(C (an/2,d) +u )2 (2.23)
nt0'"*"0 a0/2 ’ *
and
n=dl, (2.24)
0
h M = m|82'8]|
where M = o ’ u°0/2 is the number such that 1 - °(ua0/2) = aO/Z.

For example, let M = 3, d0 = 0.1 and a, = 0.05. Then

0

ms 18, n= 714,

If we further know that an < to < bn, here a and b are constants known

a priori, then by (2.17) we could solve the equation:
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1

' =X, (a) -x,(a)
o(g-/rﬁ- Cn(a’d0)> - <exp{-2e 3 } - exp{-2e *2 })
- (a) - a
- <’I - exp{-2e " })(l - exp{-2e x3( )}) =1 - age (2.25)

For example, let M = 3, d0 = 0.1, a = ag = 0.05 and a = 0.2, b = 0.8.
Then, .

Cn(0.0S, 0.1) = 4,1217
m®* 15, n * 597,
Based on the results above, we see that if more information

about t0 is known, then not only does it increase the confidence co-

efficient of vy, but also decrease the threshold value of rejecting

the null hypothesis (2.13).

Table: The values of (m,n) when r <ty <i-r,

M=3, @y = 0.05 and d, = 0.1,

0
-
a \ (m,n) 0 0.1 0.15 0.2
0,05 1 20.69, 828 | 14.93, 597 | 14.92, 597
0,025 | 17.85, 714 | 17.70, 708 | 16.18, 647 [ 16.17, 647
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N 3. ERROR IS NORMAL WITH UNKNOWN VARIANCE
X o When 02 is unknown, we can use its estimate, say Sﬁ, Then substitut-
0 o
.:.‘f:f Ing o for o in (2.15) to perform the test, Chen proved the following
! ;‘{il theorem,
\
N THEOREM 2. Under the conditions of Theorem 1, if 6r2‘ is an estimator
_ of 02 satisfying
(W . P
limlcﬁ-ozﬂog n= 0, (3.1)
?" N+
;.~::':
":"’v- "==" means convergence in probability. Then
~j ’1‘12 P(En/an;- An(x)> = exp{-Ze'x}.
=
_-q':'_: Our problem is to find such an estimator satitying (3.1). The LSE of
e
P 02 suggests the form (3.5) given below. We prove this estimator satisfies
\ -
-
5:::3 (3'])0
:.‘;:- Suppose (x], ...,xn) is observed from the model (1.1) and (1.2).
o
i) Then
'}h\ ‘i-n.l
;._;"\v‘: u] + B-I + ei’ 1 = ]’ooo’n]
N
0__‘_ )(i = i-n (3.2)
::? u2+'T82+€1’ i = n]+],ooo,nn
&
Z'_i:: Ny Nyt
oy where we assume that the slop change point t0 falls into [—n-, - ). By
% (1.2), we have ' '
[}
' »
'\. ] <
b luy-uol < l8a- 84l (3.3)
Y.
Y Let
O
":j
$:.)
S
.'&'.1
4
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Then the following result holds:

THEOREM 3. If &1, «.ep €, are 1.1.d., and e, - N(0,0%), set

n
2 _ ¢ - 2 B — 2 3c(e-1) - 2
Sne = Z (xi-x]c) ¥ _z (xi' x2c) T Tl (ch' xlc)
i=1 i=c+1
- -c+ -
- 3 nc-)c(-n] - Q(XRC'XZC)Z' (3.4)
a2 _ 1.2 -
onc - 'ﬁsnc. Cc = m"']’coo.n-mo (305)
Then
- P
| min oﬁc-ozllog n— 0. (3.6)
m<c<n-m

Proof. It is easy to see that the expressions of (3.4) and (3.5) are

the form of LSE of model (3.2) under the assumption that c is the slope

change point. Write

Y-FC = 1 (3.7)

ej = (]"”’])]Xj’ fj = (j"],j-Z, eees 1, 0)])<J

9y = (aeeesd)iyge 8= (s Bpamy 8))° (3.8)

X = (x],...,xn)' and ¢ = (e]....,en)'.
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Then

X = Fn B + ¢
1
and

2 - . _ 1 _" [ ]
S e x(I Fo(FF) Fc)x.

Our Tine to prove this theorem is as follows:

the integer such that Gﬁh = min Bﬁc.
1<c<n
2 2 2
1. If |[h-m| > n/log"n, then S - Snn] >0

2 a2 A2
2, If |h-m| < n/log“n, then |°nc"°nn]']°g

(3.9)

When B] # 82, let h be

in probability.

P

n—*OQ

2 2 P
3. |°nn]"° {Tog n — 0.
_ a2 2 P
When g, = 8,, we have for any ¢, |o_ .-0"[log n — 0. It can be calcu-
lated that
c - i 0
"=
-1 c-1
1 CZ 157 42

- i 0 0

i1 a4
]
= (3.10)
FCFC 0 0 (n-c) J-niﬁi

N,z

i=1

n-c n-c

0 0 Ty Lyl
i=1 n-i=1
:1-_:".:‘{‘.} -‘;-:F:',- .} :‘. ot __..-_‘4 :-‘ .- ."' .‘, :_1‘:_-. ._r_:(- .( .3' .‘_:;:“;:_-'1"( -' :‘ K -(\;I‘-" '4‘ .' < ;&:\;xf::(-.:.‘f e




W)
o
X 2(2c-1) 6n
N 0
N clct c(c+1) 0
) 6n 12n2 0 0
: +
& (Fif )7 = el et
= cc - 0 0 2(2n-2c+1) -6n
- (n-c){n-c-1) (n-c){n-c-1)
i- . 0 0 -6n 12n?
:j (n-c)(n-c-1) (n-c){n-c+1){n-c-T)
o
. 3. ay.N 0 0
el
o . AN AN 0 0
i = . (3.11)
P 0’ 0 0 b]C -bzcn
,u
j,-;; 0 0 “b,n byen
‘-"t
N
W ' L
¥ LI - i 1]
. 38 " 22cfcc ~ f2cqcfe Y w fefer 0
- -1
F(F'F) 'F! = b,.
3 ct'cc’ ¢ VoL Voo v A ' .
* 0, bycen_cn-c ~ P2cIn-ctn-c ~ P2ctn-cIn-c ¥ T In-cIn-c
2 (3.12)
-3
_.;_:; Not loss of generality, we assume that n > ¢ > nye Set k £ ¢ - e
.*::
k
-. 0 -Fen] 0 0
- A 1
:: F _ =F - F = e _ -=f = - - -=q . (3.]3)
_‘: c-n, c N c-n, n - c-n, c-n, n“c-n,
.y k
N1t 0 0 0 “n ®n-c
'\).
%
_ After omitting some 1 and -1, for example, replacing " for n]-]
, or n]+1, we get
Y
™
<
3N
.l
o

e .
.9 4 L)
8, 48 0 Ca g e T Fa Lot o Na e U U 00 r )
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k 2 2
- 4¢c” - 9kc + 6k )e'  6k(c-k
:j( "1'_‘Tlfr'\

C 1

2 2

+ 4k

K (.3 o 3yas :
,E((c 2ke ¢ - 2k )en]+k(3c-2k)fn)

1
[ '] [}
(Fc-Fn]) Fc(FéFc) Fe =

k f, 2 2\, \
- :3—((4c - 9kc + 6k )e! -6(c-k)fn])

1

2
k 2 1 t
- =3 ((2(c-.k) en] - (3c-2k)fn])

k _ '
SEerIegy slenry, ) 0
.k (c(c-k)ze- + k(3c-2k) f! 0
K
- c—3(c(4c-3k)e;:_n] - 6(c-k)f":_n]) 0

2
-r-‘-a-(c(Zc Kleg_, (3c-2k)fc_n]) - Le!

(3.14)
- -1 - ‘
Set G = Fc(FéFc) Fé - Fn](FA]Fn]) ]FA] = (gij) By complex calcula-

tion, we can get

nxm*

n n
2 -1 -1 2
E ; = 80
11§]gﬁe1| < Eizl{tr(Fc(Fch) Fi) + tr(Fnl(F"‘]Fn]) Fr"])}ei = 8%,

(3.15)
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0
2 2_ 2 4 4
:, Eligjgijeie“ = Egij < 2800 . (3.16)
3 rite y' = g (1-F(FF7F “lFL) . From (3.14) and (3.3), we get
)
= —7—k4n3 (8,- 8,07 < v'y < 7—4-3'(4 3(6 -4)? + 100(n-c) 2 (3.17)
e Hence,

4 3

s 3k n
o Var(y'e) = oztr‘ yy'= 02‘1 Y < —'ZT(BZ B )2 ]———Z—OOk (n-c) g (3.18)
-.'J’;.: n

. |
e By (3.8), (3.9) and (3.5)
| 8’2“: Agn] = - 2v'e + €'Ge + v'y. (3.19)
{

; Now we discuss (Sﬁc - 52 ).

nn]

A
'U YRS

Case 1. 8 # By and k = ¢ - ny > —lx . We have

s log n
ol "2 a2 ' e !
o P("nc'c’nn] ii{nl) = P(-2y'e+e'Ge > - '121)
DA '

"ol <Ply'e|l 2 v'v/8) + P(]e'Ge| > 1)

.‘.‘-.';'-'-
LTI

Lol
[ RA

64 ' ' ! . '
f_W Var(y'e) + P(|(tY‘G)|c € 11-91—) + P(Ii;jgijeiejl 3__151)

'(——)?VGP(Y €) +_I_E| ZQH 1' +WE( Z 913 i j)

-
L
N

wod By (3.15)-(3.18),
o
o
"::
c."

d

A
o
LS ‘.‘\
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a2 a2 y'yy . 640 64 2 , 64x2800"
P(onc'c’nn 2o 2Tt
1 Yy Y Y (Y'Y)
2 -2
1280°(8, - 8,) 2.4
< K- 4]3 A 3360004(n—4£3-)(82- B])-4
k n] k n]
n2 -2,n,2
;3-+3000 (62-3) (;3-) 1fk>n]
< 12806%(s, - ;)7 ; )
-2,n",2 .
F"’ 3000 (BZ-B]) (kj-) ’ if kin]
< 1300%(8,, - 8,)"%(10g n)~2 » 0, (3.20)
2 ]

Case 2. By # Bos k=c¢- ny < n/]ogzn. It follows that for any
u>0,

A2 a2 u. YN e un
P(Icnc-onml > Tog n) < P(]e2y'e + €'Gé| > 7Togm

U
< P(]2y’ el > ogn) + P(|e! Ge| > ﬂf)g'?{)
2 4
un t logn

by (3.15)-(3.18).
Besides, note that Z (e X ) is a martingale and A (A' A )']A'

"M "
> 0, so by Marcinkiewicz-Zygmund-Burkholder's martingale 1nequa11ty,

we have, for any 1, 6 and u: 0 < ¢t < §/(145), u > 0.

22 A2 -1
P(Ionm-o | >un™")

1-t 1-1
<P(lee-no?| > Y )+ P( AL (A A )"A' > un >
Mt

1-1
2+8 -(1+ 1- ' '
s uEley| §,-(1+8)(1-1) P(tr(A (A* A )7 ])e e i!é“- )

"M

2
2+6 -(6-(1+8)1) n‘eno
C6,uE|€1| n ¥ u(n]+l)(n n 1) (3.22)

PRIV A RO i, SISFAS ¢ . N
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From Case 1 and Case 2, the theorem is true when B] # 82.

Case 3. By = Boe In this case, for any u > 0,

A2 02 U
P(|o -0 | > )
ne g log n
= ' -1, _u
= p(|x'( Fc(Fch) )x - x'(I-FO(FoFO) FO)XI > Tog "
Set
-1
= []
8'Ft_o(1- FC(FCFC) FL ), 8 FC(FCFC) - Fo(F3F,)
Then
PI62 -85 | > 7o) < P{|2yte] > T} + Pile'6ye) | 2 Ty,
n. N = Yo 1og n log n
But

2, 2
PUl2viel 2 1og) < G0 trlvg)
un

2 . 2
f.—‘—g—gg—% nlogn, g, (n+«) (3.23)

u-n

when n - ¢ 3_\ogzn,

P{e' G W}

=Tes -1 un
< Pltr F(FLF)TIFL + Fo(FOF,) FO'e 2 Tog 7!

log n, n 2 .
=Tun TN (n=c*1) < uTogn 0, (n'> =), (3.24)

When n - ¢ < 1og2n, going along with the same line as Case 2, we can also
get

P(|eGe| > )

log n
2 un un
= PUzgyqeql 2.7 Tog n’ * P{|1§j91jeiej 2 7 Tog 1)

+0, (n-+=), (3.25)
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N By (3.23)-(3.25), we have
D a2 ~2 P

" o =-a. —r 0, asn-+ =,
o~ e "o

Finally, going along with the same line as (3.22), for any u > 0 and
- t such that 0 < ¢ < Tgﬁ“ we have

P52 - o%] > un™)

1-1

1-1
< P(|e'e-n02| iyﬂz——) + P(e'Fo(FbFO)-]Foe > i)

s 1(1+8) 1
-'\~' on_ n—o 2 @
i < x tespr2et 0, (as ne), (3.26)

o ' where Cs is a constant only dependent upon €.

b Thus we complete the proof.
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- 4. WHEN ERROR IS NON-NORMAL

R

'

) When the distribution of random error e(t) is nonnormal, we can use
RN

Ep the theory of strong approximation of partial sums of i.i.d. variables by
'.::3 Brownian Motion Process to give some extensions of Theorem 1 to nonnormal
__ errors.

THEOREM 4. Let €ys €95 ose be i.1.d. random errors, and their common

I moment generating function exists in a small neighborhood of zero, i.e.,

:ﬁ: E exp(te]) <~ for |t| small enough, (4.1)
s

s o

S then the result of Theorem 1 remains valid.

,\ Proof. Put

. - k i
( Sk=Snk= .Z (X‘-'a"ﬁe)/c, k= ],2,.-0,",

» i=]

.’:J:

o then there exists a Brownian motion process {W(t), t > 0} such that

f_::-
1im sup{sup|S, - W(k)|/Tog n} < =, a.s. (4.2)

A N k<n
Ky

;?:':jf based on Komlos-Major-Tusnady (1975, 1976).

- Since

2 Y
o k 1

— = — S5 =25, _+ -

2 3 2/5( k™ Bkem* 2¢an~ Skeam ) »

i~ we have for 4m < k < n,

o | - L (u(k) - 2H(kem) + 2H(K-3m) - W(k-tm)
b o zfri( )
. ~;
O < 5 sup s, - WK)[. (4.3)
o 2/m 4m<k<n

J‘-
ol
DN

.
s."
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\l
&J By (4.2), and noticing that log n | 0 as n + =, we get
N /m
\ Y« |
o lim ( max |— = — (w(k) - 2W(k =m) + 2W(k - 3m) - W(k - 4m))) = 0, a.s.
-2;:: 4m<k<n o 2 '
.:;:
ol (4.4)
)
N From Theorem 1, we get
o5
- lim Pl sup | —— (W(K) - 2H(k - m) + 2H(k - 3m) = W(k - 4m))| < A (x)
o e |4m<k<n! 2/m - n
2 = exp{-2e”%}, (4.5)
N
' where An(x) is defined by (2.5). Thus, (2.6) is also true based on
f’ (4.3)-(4.5). Theorem 4 is proved.
R
( Notice that under the assumption (4.1), the result of Theorem 3 is
'~
P 4
-l also true. We can apply the method of the previous two sections to the
) case where (4.1) is valid.
S Re-examining the condition under which (4.4) is true, we find
f:;: that with the help of another result of Majors (1976), only is it
A
;;'.: necessary that E|e]|2+£s < =, where § > 0. As a result, it is stated as
follows:
::;::
ma THEOREM 5. Let e,,e,, ... be 1.i.d. random errors with finite
vy
) (2 +8)-th moment, where § > 0, and m >> nz/(2+6). Then (2.6) is also
-
:;.j true.
‘\v‘,,'.
)
-.$-x
o
v,
":'J
@
o
“‘-’:
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;": 5. ESTIMATION OF THE SLOPE CHANGE By - B
S
In order to form a point estimation of the slope change By = By
ﬁ the following procedure is available:
-7
s, 1. Find c such that |Y | = g = max 1Yy ls
! 4m<k<n
':F:'
-2 2. Compute
:: é _é‘ = Z 12n n (1' _n+c+1)x.
_ 1 e c(cz-l) i=1 2 i (n-c)((n-c) -l) =c+1 2 L
¥
"-'.ﬁ , ] ,
Sy = -
- (FF) Fexe (5.1)
"E“
&5 The value of E] - §2 is taken as an estimator of (B] - 82). It is a LSE
: of B, and g, when c is the slope change point. Generally, if c is too near
.-i’i 4m or n, it would imply that the slope change point 'c0 is too near O or 1,
";".;':_: and the samples at our disposal are perhaps not enough to give a reasonable
’ - estimate. For an interval estimation of By - Bys We have the following
. asymptotic theorem of 51 - 32.
A
I;'-E:; THEOREM 6, Suppose that t, is the slope change point and E|e]|2+6 <o
0 for some § > %—, and m << n3/%, Then, as n + =,
s n /.-3 3\ e L
Pyt 120
! -‘).
f}‘;‘. where —L means convergence in law.
Vo
2%
s Proof. Without losing generality, we assume ¢ = 1. Take c such that
5 |Y | = max |Y;|. Then, for any 0 <a <1 and a > O,
c J
dm<j<n
S
\ .\:;'_:
o,
W
.
o,
V -, - D N ) o« - P S -‘-_‘ ------ - At ® N q T " ¥ ot 41-11 -,
':',' G s AL R O ; .. .' If»\.'k :.- ‘ﬂ '? ME NN ‘( .. O..l.'i 0.‘ "0 ol.' 'h L0 N AN
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ko
::j C 4m
xj P(ntoicint0+4m) = P(tof_ﬁj_to'FT)
']
) . > P(j_ sup " |YJ| < cn(a,d)lﬂ{ch| > cn(a,d)})
'_:: . n’.[tog t0+°?"°]
.
o =P sup [Y:] <c (ad) P(|Y|>c(a,d).
j am jt="n*", v C n
Y nt g o]
o (5.3)
3 |
) Using Theorem 5 and slightly modifying the argument of Section 2, we
».," ‘ easily prove that
X
o lim P(nty) < c < nty + 4m) = 1, (5.4)
..‘ N
;
_;:; Denote ny = min{e: %3 to, dm < 2 < n - 4m}, Not loss of generality,
E“ assume n; < ¢ < n - 4m. Because El - §2 can be rewritten as
S' a a [} -] [}
P-j B'l - 82 = (0, ], 0’ -])(FCFC) ch
& = (0, 1, 0, ~1)(FLF)TIRL(F, 8 + ) (5.5)
2D , 1
D)
s by (3.7) and (3.8). So it follows that
o
:) Py a |
& (8, -8,) - (B;-8,) = (0, 1, 0, =1)(F(F.) F;(-Fc_n]s +e),  (5.6)
# |
S where Fc-n is defined as (3.13)., It can be calculated that
5 ]
')
s (a, -ka )e'-a £ a, e -a, f. 0
O lc "2¢’™m “2¢'m 1c"k “2¢ k
”..’- . ' ' ' !
: . (naZC-a4ck)em-a4cfm naZCek-a4cfk 0
(FeF ) Fe= 0 0 boe' ob. q ,
- 1c¢8n-c""2¢In-c
¥ 0 0 b,.e' +b, g’
3, “M2¢8n-c"acIn-c
L
o . (5.7)
,::‘

L0 o ! .
BOOOOLOL) Q d v ; I
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s where a, , b. , j = 1,2,4, and € fm’ etc, are defined as (3.8) and

g je? “jc
AR (3.11), and k = ¢

ny. According to (3.3) and (3.13), after replacing

‘,:j Pn - qn] +1 by pn - qn1. where p, q are some integers, we get

A A 'e )y 1E
~Zj IE{(B]-BZ) - (B]-Bz)}| I‘(O-]'O"])(Fch) Fch-n]B'i
S énkn, kz(c+2n])

o 3 (pz'u]) + ——'3_(82'8-'”
\\‘; c C
Ve,

6kn 2 2
1, 3k ak
S 3 |(—-—3—c te3 ) (85-81) | =7 |8,-8415  (5.8)

%
>
n

and

2. Var((f;-8,) = (8,-8,)) = (0,1,0,-1)(FLF ) (FLF )71(0,1,0,-1)"

(0,1,0,-D) (FiF )71(0,1,0,-1)'

¢

g
]

N
» 0
I,

= 12n2<c'1(c2-1)'1 + (n-C)-l((n-C)2-1)-]).
(5.9)

Ye b

PN

Now we verify the three criteria convergenting to standard normal.

."‘.. :‘.l L U- )

e
a2 5

-..‘-\ -

1. From the expressions‘(s.l) and (5.6), we have

Y

2+8

. ¢, 245 245

P

n 248 2+8 2+8
o 2 12n _htctl]
> f=£+]( | 2 = Elei| }

XXX

N \ x
. i
"l

(n-c)[(n-c)*-11"

o < KE|e,|?*¢. W26 -3(246)4(34) | (1 _)-3(2¢6)+(3¢s))

n2+6(c-ﬂ2+5)/2 + (n_c)-3(2+6)72)

YN :_ZK(max(c. n-c'))"sl2 :_ZKC-G/Z 5_2Kt:0'6/2n"5/2 +0, (5.10)

where K is a constant.
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5

':1 2, Since n/4 5> k, we get

N A a :

< |E{(By-8,) - (By-8,)}] a2 -1/2

1im 12 1 2 im &%T |8,-8 |-(12n2c'3)

- florco J/ — = e € 2N

S Var‘{(B]-Bz) = (81'82)}

‘.;:‘
ey 2k 2
el < lim ———7, = 0. (5.11)
A e /3tyn /2
-‘:‘_.

>

i

'{ﬁ 3. It is easy to see that

- 3(-1(.2_1y-1 IR BRI -3 4 -3

:;: 12n <% (c“=1)" "+ (n-c) «n c) 1) ) -+ lZ(tO +(1 to) ). (5.12)
S5

Pl Combining (5.10)-(5.12), we prove this theorem.

I" . N
h:;Q Notice that t0 = (c~-2m)/n is a consistent estimator of ty- (Of course,
4.*:
:?(: only when B] - 82 #0, t0 is well-defined.) In Section 3, we have intro-
&c_ duced a consistent estimator Gn of 0. Substituting EO for t0 and Gn for o,
S

) we can further get this result.

SN

O

D) THEOREM 7. Suppose that the conditions of Theorem 6 are satisfied.
X

’?ﬁ We then have
.N,'_.f

o n_ra-3 s =3)-1a72fs - L (5.13)
.': { 2,.2(;0 +(t't0) ) } {(8]"82)'(3]'82)} _*N(Os])c *
o 12g,
‘ztj as n » =,
&4
'Cokd

A

When B = Bos t0 has no meaning, but the statistic £0 is still well

defined. It is not known whether or not (5.13) is true for By = Bgs and

(5.13) cannot be used to make a test for the hyperthesis By = B, How-

ever, (5.13) can be utilized to form a confidence interval of (31- 32) if

=2

e

we know By 7 8, a priori or the null hypothesis (2.13) is rejected.
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