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1. INTRODUCTION

Consider the model

x(t) = f(t) + et, 0 < t < 1 (1.1)

where f(t) is a nonrandom function with the form:

f i: + 8l(t-t o ), 0 < t < to
+ a2 (t- t o ), to < t < 1.

to is called the slope change point (of the function f(t)). {et, O<t<l

is an independent random process with zero mean function.

In order to estimate and make inference on to, observe x(t) in

equal space, that is, we observe x(i)s i = 1,2 ...,n. For simplicity,
n

we write xi and ei for x(-) and e(-), respectively, but we must keep inn n
mind that xi and ei are dependent on i and n, and e1 , ...,e n are indepen-

dent. Generally, p, 82 and 81 are unknown. There are many ways to esti-

mate the location of to. For example, see Hudson (1966), Hinkley (1970) and

Krishnaiah and Miao (1986a, 1986b), but it is more important to make an in-

terval estimate of to. This problem is associated with the distribution of

the estimator to to. Feder (1975) proved that the LSE (Least Square Esti-

mator)oft o is asymptoticly normal. Hinkley (1971) proposed an approximate

S,-.distribution of the MLE (Maximum Likelihood Estimator) of to, but it is too

complex. If t0 is the jump-point, Csorgo and Horvath (1986) proposed some

asymptotic distributions for some nonparamatric estimators of t0.

Recently, Chen (1987) developed such an estimator of to where distri-

bution is the first type of extrimal distribution. This estimator of t-

is proposed first by Yin (1986) to estimate the location of one or more

@1L
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change points. Going along with this heuristic method, we give an esti-

mator of t0 for models (1.1) and (1.2). Its distribution can then be

calculated conveniently.

In Section 2 we treat the case that e1  ..,en are normal with zero

2
mean and positive variance a. In Section 3 we treat the case that

e1 , •••,en are normal with zero mean, but their common variance is un-

known. When random errors el, e2 , ... are not normal, for example, ei has

moment generating function, or only has finite (2+6)-th moment, the con-

clusion established in Section 1 is also true. This is discussed in

Section 4. Finally, in Section 5 we discuss the estimation of the slope

change Bl-82 , under some mild conditions. This estimation is asymptotic-

ally normal.

-. 7%
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.* M2. ERROR IS NORMAL WITH A KNOWN VARIANCE

In this section we suppose that {e(t)} is a white noise process

2
with mean zero and known variance a . At first we prove a theorem on

• ,which our method is based.

THEOREM 1. Suppose that

xk =a + n8 +k, k = 1, ...,n. (2.1)

where C,. e are i.i.d., £1 - N(O,a2). Let m = mn be a positive

integer such that

n N m l> n2/3log 2/3n. (2.2)

SYereafter, u x vn > 0 means l im = Setneraferun r vn

,[(k 4m+ .. + + Xk.3m) (xk-+l + + Xk.2m)
' " Y~k 2 rm Xk3~

- (Xk2m+1+.,. + Xk m)+ (Xklm+1 +  +Xk

k = 4m, 4m+l , n. (2.3)

Write

En = max 1Yk
• , 4m<k<n

and

A (x) = 2 5[ :. n g 2F'

(5n2 n-5) +Iog log(§- 5) -!log , (2.4)

( 2Z'4

04
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Then

lim P( < = exp{-2e- , - < x < o. (2.5)

Proof. Construct a standard Brownian Motion {W(t): t > 0}, such that

W(§5k) +000+X ka - k(k+) / k = 4m,,..,n. (2.6)

4m v/ l "x " k 2n '" °

Based on this W(t), we further construct the Gaussian process Z(t) such

that

Z(t) = (t+5) - 2W(t+ 5 + 2W(t W(t , t > 0. (2.7)

It is easy to see that

oZ(§k 5), k = 4m....,n, (2.8)
k 4m

and the covariance function p(T) of Z(t) is

I - ITI ITI < 5

3 I51 5 <5 I I

P(T) - 3-LII - 2 5 < ITI 1 5 (2.9)

T 1 15

0 IrI > 5

Set

= sup{IZ(t)l: 0 < t < 4- 5
= n 4m

n n n

,* V "- .. - . , .. , .. - . - ., -.- . ., : ,_'.' , ... - -"-",<-'-","-.. ' . -. ' .... ' ,',,, - '.,w '
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It can be proved, similar to Chen's method, that

lim nn -on = 0, a.s. (2.10)
fl4.

For the Gaussian process Z(t) with covariance p(T), the conditions of

a theorem of Qualls and Watanable (1972) are satisfied, we get

lim P(Zn -- A n(X = exp{-2e'X}. (2.11)
-n-

But A n(x) is a linear function of x, hence for n large,

,..: p( <_n(X-I~x))- P(nn L>_I x1V I/-l6-) < P(En/a < n(X))

<- ~~P(Zn - n(X Ix +Pn n L_ IAxly2 log n)., 2.2

From (2.10) to (2.12), letting n -.- , then Ax -+ 0, we get this theorem.

This theorem represents an asymptotic distribution of statistic En

It suggests a way to test the null hypothesis:

H0: e = 0, (2.13)

i.e., there is no slope change point in model (1.1) and (1.2), as follows.

For the chosen level a, 0 < a < 1, solving the equation exp(-2e
-x) = 1 - a,k1

we get x(a) = -log(-f1og( -a)). Set

d Am. Cn (a,d) = An(X~a) (2.14)
.n.. d X

The null hypothesis (2.13) is rejected when and only when

";, n • Cn(a'd)" (2.15)

Under the hypothesis (2.13), this test has an asymptotic level a as

sample size n tends to infinity.
0..
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Next we also give an estimate of the power an = n(0I , 02,0) of this

test. Let r be the integer such that

t<r+l
n- n

Then
3/2 )

r+2m ~N- 2 1

Hence,

an(01 2,0) >_ P(IYr+2n I > oCn(a,d))

> 4(2 1-2- alI - Cn(a,d) (2.16)

where
_" :-..~ ~ ~ (x =  I---et2/2d

OW 1 e-2 dct.

From this inequality, in order to get a larger 8n, m must be given a

larger value. Note that the order of C (c,d) is (log a)1/2 for fixed a, so ourn m
test has a larger power when and only when m > n 2/3log 2/3n. It is very difforP

from the case that f(t) is a step function. In our case, the power is
- 'N '

lower. The reason is evident because there exist more estimated parameters.

Now consider the interval estimation of a slope change point. The

existence of t0 may be a fact known in advance, but usually it is evidenced
by the rejection of the null hypothesis. If to is evidenced to exist, we

4adopt the following rule.

RULE. Find an integer k such that lYk' = n Take -, as the

confidence interval of t0

4m
The length of this interval is --- Hence, the smaller the value of*1n
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m, the more accurate is the estimate. But, as described by Chen, m cannot

be taken too small so as to get a high confidence coefficient and decrease

the risk of false acceptance of the hypothesis (2.13) if the existence of

t is to be decided by the test above. Here we give an estimate of the

confidence coefficient y of this interval as follows.

n~ k m _0 -__)

_(1k[r,r+4m] _ ,

Set

p~pA sup IY k 0~~~lr 2I -L> aA=4m<_k<r Y'<°nad}

-'" B = sup IYk < oCn(a,d4k I k <

lr+4m<k<n

. B1 = sup IY (a,d ,

1 r+dm<k<n 'k < OC }

and

. C = fIyr+2ml > OCn(Cid).

Notice that B1 is independent of both A and C, and BcB l, we have

y > P((A UB)C) : P(AC) + P(NBC) : P(C) + P(B) - P(KCU B)

> P(C) + P(B) - P(XCU B)

_ P(C) + P(B) - P(TC) - P(BI) + P(ABIC)

. P(C) + P(B) - P(AC) - P(BI) + P(.AC)P(B1 )

> P(C)-(P(B1 ) - P(B)) - P(T)P(.B )

where D denotes the complementary event of D. Again, using Theorem 1,

,. we get

04
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,, >,. m3/2162, 1 (

- 2no Cn(cid

-~ (p{ex 3(a) - ex{ 22(a)).-,,:., - exp {-2e } -exp {-2e}

- exp{-2e 1il(a - exp{-2e 3) (2.17)

where

"-5r- 1/2

x = x1 (a) = Cn(ad)(?1og(-4m - 5))

2 log(- 5) + og(-5) log ) (2.18)
'~w

x= x 2(a) = C (ad)(21og( -r) 5))1/2

-(21og(5(n-r) 5) + 1oglog(5 (4-r) 5) - 1 (2.19)

4m 4

and

-- 7 ) 1/2
3  x3(a) = Cn(a,d) 2 log( -1.5))

1

- 2 log( 5(-r)~i -7.5) + I log log~~((n-r -7.5) l -og it). (2.,20)

As a rough approximation, if we have no information about tO, apply-

ing this fact that

aJ"P sup < oCn(ad) , P( sup IY < OkI Cn(d))
ki[r,r+4m] 4m<k<n

1 - a, (2.21)

we get

' 3/2102-( ) -

Y > 2n Cn(ad)) a. (2.22)
5" ."

'..,

Oil
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" ':L m~3/2 2 1I
" By those inequalities above, we see that y is larger as 

2
ik-2- .2no

is larger. Note that _ is the absolute of difference between

n n

f( +t) f(to) and f(tO ) -.f(t0 -). Now the length of confidence
n 4m

interval is L , the slope change point to is of practical means only

when TmI2-11 is larger than a. Generally, we can assume that

nI -alI > M, where M is decided by practical consideration.

Using (2.17) or (2.22), we may give the following important question

an estimation on the integers m and n: form a confidence interval of t
0

with prescribed length d0 and confidence coefficient 1 - cO. To do this,

if there is no information on to, we solve this equation by replacing

a and d in (2.22) by a0/2 and do ,

(-ME Cn(O/2,do)) 'ao/2 = 1 -

and get

m 4M_ 2n(aO/2, do) + u /2)2, (2.23)

and
• -i n -"4m

n 00 (2.24)

-- mlB 2-8l I

where M uno 9 u,1 2 is the number such that 1 - o ~u 2) a 0 12.

For example, let M = 3, do = 0.1 and a0 = 0.05. Then

m z 18, n 2 714.

If we further know that an < t0 < bn, here a and b are constants known

a priori, then by (2.17) we could solve the equation:

%% %04t



o(. rm' -Cn( do) (exp{-2e x3 ( xp-2) -2(m)

-- } -x{-e}

00

-- ( "~X(a) 2-3()}

- (1 - exp{-2el ( 1 - exp{-e = 1 - aO. (2.25)

%, '.For example, let M = 3, do = 0.1, a = a0 = 0.05 and a = 0.2, b = 0.8.

Then,

.Cn(0.05, 0.1) = 4.1217

m " 15, n a 597.

Based on the results above, we see that if more information

about t0 is known, then not only does it increase the confidence co-

efficient of y, but also decrease the threshold value of rejecting

the null hypothesis (2.13).

'.

Table: The values of (m,n) when r < to < i - r,

M = 3, aO = 0.05 and d0 = 0.1.

a (n)00.1 0.15 0.2

__0.05 20.69, 828 14.93, 597 14.92, 597

0.025 17.85, 714 17.70, 708 16.18, 647 16.17, 647

':4p
* .-

0.,

,' P*jA - -
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3. ERROR IS NORMAL WITH UNKNOWN VARIANCE

When a2 is unknown, we can use its estimate, say z.^ Then substitut-
ing Whore n (21)tpefrthtetChnpoeteflowg n

. ."ing for a in (2.15) to perform the test, Chen proved the following

theorem.

THEOREM 2. Under the conditions of Theorem 1, if a is an estimator
n

of a2 satisfying

2ml a 2og n 0, (3.1). .,w n

P
S--" means convergence in probability. Then

lim P( n/an- An(x)) : exp{2e-x .

2 Our problem is to find such an estimator satitying (3.1). The LSE of

a suggests the form (3.5) given below. We prove this estimator satisfies

(3.1).

Suppose (xl, .*,xn ) is observed from the model (1.1) and (1.2).

Then

I-n 1
It + F + i n

x Xi :i-nl (3.2)

1I2 + In 02 + =I i n1+1,...,n.

nl n1+1
where we assume that the slop change point t0 falls into [-n--- ). By

(1.2), we have

11I  -121 n 2 - (3.3)

Let

'p.0-'p--
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c- 1
x xix a 11 c C 2m n-c xil1

,c n2.,2Lc -(c-i)x i , E (i-c)x i •

L =I Rc = (n-c)(n-c+l) i=c+1

Then the following result holds:

THEOREM 3. If El, "". En are i.i.d., and e, - N(O, 2 ), set

2  (x -l 2 + n i - )2 _ 3c(c-1) - 2Snc x i clc- " xl c I " c+l (Lc cxl

3(n-c) (n-c+l(R 2.
- ~- Rc- x2c) (3.4)

I " %• - ; 2 1 s 2 ( 3 )= "s =- c = m+l,...,n-m. (3.5)
' ""'nc n nc'

Then

I min -ca log n . (3.6)

m<c<n-m

N, Proof. It is easy to see that the expressions of (3.4) and (3.5) are

the form of LSE of model (3.2) under the assumption that c is the slope

change point. Write

e 0 0n c

0 en 0 e (3.7)
en-c n gn-c

ej = (l ,... ,l)xj  f = (j-l,j-2,...,, 0O)x j

gj = ( 8 = ' u 1 2, 2 (3.8)
'.4

x = (Xl,.*,Xn)' and =

n n
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Then

x F nl0 + (3.9)

and

n /C

~~Our line to prove this theorem is as follows: When 81 t p let h be

the integer such that a2 = min nc"
nh l<c<n nc*

1. If Ih-ml I n/log2n, then S - S2  > 0 in probability.n nr.'. - c nn

2. If Ih-m S n/log n, then 3an nlOg n-'-.2 2 P

a3. I 2  a nnlog n O.

"2 2 P

When 1 = 02, we have for any c, 1anc-O Ilog n O+ 0. It can be calcu-

4. lated that

n II 00

-- 1 c-1

n i= n i=1

6 (3.10)
FF =

.,~ 0 (n-c) "

0 0 11
n=1 n i=l

/"

0 .4 , . . ,.,- . ,, . .,. . ., -, .. . ,. .% .. ' ... . .(, .%,, -" .;, ,,'-



15

2(2c-1 6n00
cTc+1F c(c+l)

6n 12n 2 00
c (c+) IT 0( 0_

(Fl22-c -6n
(Co2n-)nc (n-c)(n-c-IT

0. 0 -6n 12n 2

(n-c)(n-c-1)T (n-c)n-c+l)(n-c--1T)

a C a2cn 0 0

a 2c n a 4cl 0 0

0 0 bi -b n (.1

0 0 -b 2cn b 4cn

*' 

a

I. cc 22

F C. (F'FC )F' 0,a ee afe~ -a2c - b0)
ini-c i-c 2cgn- c 2 - i-Ccg-

'A, 
(3.12)

Not loss of generality, we assume that n > c > n1. Set k : c n n1 0

k

~F -Flec ~ -f -e 9 (3.13)c-n1  C 1 n - c-n c-n n -

0 0 0 k e

After omitting some 1 and -1. for example, replacing n 1 for n1-

or n1 +1, we get

Odl
MW, ,* ~ t .* w
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-_(4c2-9kc +6k )en 6k ff~
-p. C n1

'p,1-((c' -2k c +4kc -2k)e'l + k(3c-2k)f')

nc 1nI
(F-CF n)'F C(Fc'Fc)n ccc ( n k k 2 2,

((4 99~~kc +6k )en -6(c-k)fn 1

k 2 ' 4

;:7(2(c-k )2en (3c-2k)f 1 )

~(c(4c-3k)e'l 6ck~c
C3 c-n1  -n(~~f~

k -3 c(c-k) 2 e' +k(3c-2k)f) 0

nc' c-n1Icn1

- -(c(4c-3k)e' -6(c-k)fc') 0
C 1 1nI n

k ( c( 2 -k~ e - (3 c -2 k )f ' l e\_
-n -n 1c

(3.14)

Set G =F (F'Fc) ,1 _' F (F' F )F'e (gZ ycmlxcluacC n 1 1 n I j (g nxm* ycmlxclua
tion, we can get

n 2 nrF I ,El (Fc~ c t(FcFc) F') + t F(F' F 'F' 2= 2

(3.15)
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El ijgijriej,2 = g <_ 280a4. (3.16)
)-" WritI' - j'Fcjn jI cg j -"

- Write y' "' I- Fc(F'FC)-'F') . From (3.14) and (3.3), we get

S 2k4n . 3k4n k2(n-c)2

1021) < 2' < + 2. 2 82* (3.17)

Hence,

Var(y'e) = o tr yy'= Ik _T (02 1) + 2 1. (3.18)

4 By (3.8), (3.9) and (3.5)

* a2 .2
anc nn= - 2ye + c'GE + y'y. (3.19)

" Now we discuss (A2 _ a2)-'-nc annl

Case 1. 01  02 and k = c  n, n- - We have
log n

2 • )=P(-2-y'¢ + e'Gc -2 1

< P(Iy'EI • y'y/8) + P(I c'GcI L)

<.",64 Var) c) +g_ + 1)2_ Var(-y'E) + P (I(trG) _> + P(
-Y'Y) iL91jF ~

<64 8 n 2 + 64 2Var(yc') + y-- E giE( I 64'~i~•Y."_,Y i l+ ( iji •

By (3.15)-(3.18),

. -1 ' '- a%
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-2 ' 64 64 2 64x280o4
1 Y Y)>-T Yr

i - nc" nnI  >_ 2n)  -_ y y Y + y 2

<K. 122( - 82) - 2  4 n2c 4  -4

2 21

n 2+ 300a 2 (- 81) -)2 - if k>n 1

-. < 128o (a- )2 1fl
n'. 2 -_2n2 2

i :: - 12 (2- 1 - 2

.+ 300o2, B  2 (-)- if k > n
k k -

< 13002 (2- 01) 2(log n)-2  0 O. (3.20)

Case 2. 8 1 , 2 k c - n1 < n/log2n. It follows that for any

u >0,

2~j c a I < P(I'2y'e + cI'S(I ncmI - log n - c 2 lo

P(I2y' l  > 4 i) + P(Ic'Gc _ Un
4 +o n' -4log n

64 lo 2 n O, + 4log n 2 280a4
2 2 yy + un 8a + -2 -4. 0, (3.21)
un T log n

by (3.15)-(3.18).
;.-.,n 2 2(A A )- '

Besides, note that A A
.... , l~l(cia ) is a martingale and An (nln- l

11 1 i . n 1 1n 1
-1 >_ 0, so by Marcinkiewicz-Zygmund-Burkholder's martingale inequality,

we have, for any T, 6 and u: 0 < T < 61(1+6), u > 0.

P( I0m I > un-)

< P(Ic'c- na2 , >, Tn + P 'A (A n'A )-A' unl T)

S2+6 - n(1+6)(1 . + (1 AnT6_, u (A I ') ' 2n -

C Elc1 12+6 n-(6-(1+8) ) + n T.no 2 nl (3.22)_. C6 ,uEl u+1  ) (n1+1)(n-n1+1) 40. (3.22)no
'pp
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From Case I and Case 2, the theorem is true when 1I p82.

Case 3. l  8 a2. In this case, for any u > 0,

• 'L';-' "P(1 2n- '2ol> lo[*U)
n n 0  log n

IP{lx( - F '(FFC)1 F x- x'( I- F (FOF ) xI iog n}"

Set

y6= 'Fco(I - FC(FcFc ) 'IF
c'), Go = Fc(Fcc)-IFc - FO(F6FO)'IF6.

Then

(1.2 u < P{12y-I u un o+ P 'Ge) > un
nPI n -0 log n log n 0 logn

But
-n) 4a210o9 2n

P(12Y6,cl u L_ • tr(y6y)

< 42on l°g2n 0  (n-,- a) (3.23)
u 2.*n

2

2when n - c > log n,
P--' un

P{e'G~oc > ogn

I un

< P{tr(FC(Fc'FcV-'Fc + F0(F6F 0F'FF6)E E > u-n'

<,g n, (nl-,g n)2 (3.24)
- un (c+l)(n-c+l) -.u log n "

When n - c < log n, going along with the same line as Case 2, we can also

get
un

P(Ic'Go0 I ! Un)
2 ~zgi un un___

, I Eg1 IC 21 og n} + Pl I gijiicjl l n}

.0, (n-so'). (3.25)

~ ~ ~ . - Z*:1
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By (3.23)-(3.25), we have

A2 -2 P~

n n 0. an

Finally, going along with the same line as (3.22), for any u > 0 and

T such that 0 < T < + we have

P(I o - 21 >un)

P(IE'c-no2  -g-) + P(c'Fo(FoF 0)1 F > 2

n=i nT(1+6) n T  2
+ - c 2a - 0, (as n- - , (3.26)

s-i" where c6 is a constant only dependent upon c.

Thus we complete the proof.

po-.p

',-

-5

-S'°
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S. e - - ","•i' " ." ", " ", " -. " , , " " , % " -*,"'.' " ' "
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S -4. WHEN ERROR IS NON-NORMAL

When the distribution of random error e(t) is nonnormal, we can use

the theory of strong approximation of partial sums of i.i.d. variables by

Brownian Motion Process to give some extensions of Theorem 1 to nonnormal

errors.

THEOREM 4. Let ele 2, ... be i.i.d. random errors, and their common

moment generating function exists in a small neighborhood of zero, i.e.,

then E exp(te1 ) < Ca for Itl small enough, (4.1)

then the result of Theorem 1 remains valid.

Proof. Put

• k= k = ( i - a ' n kl 1, 2, ... n.
i=lk

then there exists a Brownian motion process {W(t), t > 01 such that

lim sup{supISk - W(k)I/log n} < , a.s. (4.2)

n-. k<n

* based on Komlos-Major-Tusnady (1975, 1976).

Since

Yk + -

7 2 Sk 2S k-3m k-4m )
2b4' -m--.

we have for 4m < k < n,

L& k I (W(k) - 2W(k-m) + 2W(k-3m)- W(k-4m))

).6 sup ISk W(k)j. (4.3)

2v'im 4mckcn

it
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By (4.2), and noticing that lo 0 as n , we get

YrM

lrn max o -- - 0, a.s.
n-..m 4m<k <n 2 A

(4.4)

From Theorem 1, we get

lrn P~ sup (Wk Wk-m 2~ m ~ 4m))I<A(x)
n4_ 14m<k<n 2vrF n

- expf-2e-x }1 (4.5)

0 where A (x) is defined by (2.5). Thus, (2.6) is also true based on
n

(4.3)-(4.5). Theorem 4 is proved.

Notice that under the assumption (4.1), the result of Theorem 3 is

also true. We can apply the method of the previous two sections to the

case where (4.1) is valid.

Re-examining the condition under which (4.4) is true, we find

that with the help of another result of Majors (1976), only is it

necessary that Elel2 < -, where 6 > 0. As a result, it is stated as

follows:

THEOREM 5. Let el,e 2, ... be i.i.d. random errors with finite

(2+6)-th moment, where 6 > 0, and m >> n2/(2+6) Then (2.6) is also

true.

)X o -. . . - - . .- , .' . . . -- . . -,,, . ". ", % . " . . . - - . - . " .. " w # W " -, "" " " "
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5. ESTIMATION OF THE SLOPE CHANGE 1 - 82

.: In order to form a point estimation of the slope change i - 829

the following procedure is available:

1. Find c such that IYcl = &n =4max JYk1

4m<krn

2. Compute

- = 12n c c+l 12n n nclx
c0c -1 02 2 1 2 x- 2_______ X 2~~)1 2I--2-c(c2- (n-c)((n-c)2-l) i=c+i

' = (F'F F F'x. (5.1)
c c

The value of BI - 02 is taken as an estimator of (81 -82). It is a LSE

of 81 and 82 when c is the slope change point. Generally, if c is too near

4m or n, it would imply that the slope change point t0 is too near 0 or 1,

and the samples at our disposal are perhaps not enough to give a reasonable

estimate. For an interval estimation of 81 - 82, we have the following

asymptotic theorem of 0I - 82.

THEOREM 6. Suppose that t0 is the slope change point and El 2+6 <

for some a > , and m *< 3 / 4  Then, as n ,

n;- . 3 +(i-t 3 1  - 2 - ('l 02)) L N(0,1), (5.2)
12o

where - means convergence in law.

Proof. Without losing generality, we assume a = 1. Take c such that

IYCI max jYjl. Then, for any 0 < a < 1 and a > 0,
4m <jcn

O'*l-* *(. ?: b- 
-*rN- .*V% %
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Pin <cnt+Am =c 4m

> P~j sup lYj1 Cn (a,d~nl l>C ad

f. Lt0, t +jmj]5

=P( sup IY i- Cn(a.d)P(IYCI > nad)

(5.3)

Using Theorem 5 and slightly modifying the argument of Section 2, we

easily prove that

lim P(nto:sc < nto + 4m) =1. (5.4)

Denote n1  min{t: .1 to* 4m < I.< n -4m). Not loss of generality,
n -

assume n,< < n -4m. Because 0"~ can be rewritten as

-1 (0. 1, 0 , -1)(F F d 1 F'x1 2 cc

=(0, 1, 0, -1)(F IF )F'(F B )(5.5)c c n +

by (3.7) and (3.8). So it follows that

00- (0l2 (0, 1, 09 -1)(F 'FFcF(-Fcn + ) (5.6)

where F cnIis defined as (3.13). It can be calculated that

alc2ce-2ck 2cfk0

(na ca 4 kOe'- a f' na e'- a f'0
(F F Fcz c c m 4cm 2c k 4cfk

(F' )1  0 0 be

0 0 -be@_~

(5.7)
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where a jc, b. c j = 1,2,4, and e m , f m etc. are defined as (3.8) and

(3.11), and k - c - nl. According to (3.3) and (3.13), after replacing

pn - qn1 ±1 by pn - qn1, where p, q are some integers, we get

-- (l-B2')I = I-(OUlO-1)(Fcc )-lFFc)nl Fi

6nkn I  (c+2n 1)ci 3 %-P2-"l ) + c3  (02-01

6kn 3k2c 4k2"-'. -<l~c- - + '2" I I1 <  - 011,"II  (5.8)
4.,c c c

and
SV (_2 = (O,1,O,-1)(Fc'Fc)'(F'Fc)-(0,1,0,_1) '

AVarf("' 1-2 ~ 'f02' cc c

= (011,0,-1)(FF )' (0,1,0,-1)

= I2n2(c"(c21)-I + (n-c)-1((n-c)2_1)
-]

-.. , (5.9)

Now we verify the three criteria convergenting to standard normal.

1. From the expressions (5.1) and (5.6), we have

-(+)2c 1n 261 CeI 2++
Var(OI1-02)- 1-02 ) C~c 2  i- 1 Ele l +

_n )2+611 2+6 2+61I" :"" ( ' 1 2 n n)~

i. I = I l (n-c )[(n-c ) 2_1 ]

K Ee 1 2+6 n2t6(c-3(2+6)+(3+6) + (n-) -3(2+6)+(3+6)
n 2t6(c 2+1)/2 + (n-c)-'3(2 +6)/Z)

< 2K(max(c, n-c)) "6/2 < 2Kc"6/2 < 2Kt0 612 n"  + 0, (5.10)

where K is a constant.

NQ

@-0 ,- . 'w ,,'. . " e " :, * ",, "." r "" ',, " " " ' ,!,' :,, ' i.:, . .,w
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2. Since n >> k, we qet

IE{(8I- 2) - (01-02)1! 4k2  -I23 /2:llim < 1lira -T 2-01 1.(12n c - )

,a,-"-(,-2- 2k 1

< lim 3/2= 0. (5.11)

757772

3. It is easy to see that

12n 3(c-I(c2"I)'I+ (n-c)-1 ((n-c) 2_1) -1 12(t03 + (-t0)-3). (5.12)

*Combining (5.10)-(5.12), we prove this theorem.

Notice that t = (c-2m)/n is a consistent estimator of t0. (Of course,

only when o1 - 02 0, t0 is well-defined.) In Section 3, we have intro-

duced a consistent estimator an of a. Substituting to for t0 and an for a,

we can further get this result.

THEOREM 7. Suppose that the conditions of Theorem 6 are satisfied.

We then have

n 3 3)11N1/2[(-1. (5.13)

, .. as n -

When 01 = 02. to has no meaning, but the statistic t0 is still well

defined. It is not known whether or not (5.13) is true for a1 = 029 and

(5.13) cannot be used to make a test for the hyperthesis 81 = 82. How-

ever, (5.13) can be utilized to form a confidence interval of (Bl - 2) if

we know 81 02 a priori or the null hypothesis (2.13) is rejected.

0.
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