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The numerical and analytical study of bifurcation and multicellular
flow instability due to natural convection between narrow horizontal

isothermal cylindrical annuli at high Rayleigh numbers
Daniel Bartholemew Fant

Under the supervision of Joseph M. Prusa
From the Department of Mechanical Engineering
Iowa State University

~ This -research-effort deals with a numerical and analytical study

of multicellular flow instability due to natural convection between
narrow horizontal isothermal cylindrical annuli.

Buoyancy-induced steady or unsteady flow fields between the annuli
are determined using the Boussinesq approximated two-dimensional {2-D)
Navier-Stokes equations and the viscous-dissipation neglected thermal-
energy equation. The vorticity;stream function formulation of the
Navier~Stokes equations is adopted.

Both thermal and hydrodynamic instabilities are explored. An

asymptotic expansion theory is applied to the Navier-Stokes equations in

the double-1imit of Rayleigh number approaching infinity and gap width
approaching zero. This doqb1e-1imiting condition reduces the governing

equations to a set of Cartesian-like boundary-layer equations. These

Pr -« and Pr - 0. The former limit yields an energy equation which
retains the nonlinear convective terms, while the vorticity equation
reduces to a Stokes-flow equation, signifying the potential for thermal

instability. In the latter limit, the nonlinear terms in the vorticity
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equations are further simplified by considering the extreme limits of "~——E{—_~_
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equation remain, while the energy equation collapses to a one-dimensional
conduction equation, signifying the potential for hydrodynamic
instability.

Thermal instability of air near the top portions of narrow annuli
is considered for various size small gap widths. For these narrow gaps,
the Rayleigh numbers corresponding to the onset of steady multicellular
flow are predicted. Numerical solutions of the 2-D Navier-Stokes
equations also yield hysteresis behavior for the two-to-six and two-to-
four cellular states, with respect to diameter ratios of 1.100 and 1.200.
In contrast, an unsteady hydrodynamic multicellular instability is
experienced near the vertical sections of narrow annuli when the Pr - 0
boundary-layer equations are solved numerically. |

In addition, analytical steady-state perturbative solutions to the
boundary-layer equations are obtained. These results compare favorably
to related numerical solutions of both the Navier-Stokes and the Pr - 0
simplified equations.

In a1l cases, finite-differenced solutions to the governing
equations are obtained using a stable second-order, fully-implicit

time-accurate Gauss-Seidel iterative procedure.
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NOMENCLATURE

Inner cylinder radius

Quter cylinder radius

Specific heat

Unit vector in radial direction
Unit vector in angular direction

%, dimensionless stream function in Navier-Stokes
equations

Dimensionless stream function in finite-Pr boundary-
layer equations

g, acceleration of gravity
Heat transfer coefficient
Variable radial increments
Thermal conductivity
Variable angular increments

Equivalent thermal conductivity (actual heat flux
divided by conductive heat flux)

Pressure

Local heat flux

%53, dimensionless radial coordinate

-

t , dimensioniess time in Navier-Stokes equations

— o <
S

Ra t, dimensionless scaled time in finite-Pr
boundary-layer equations

1/2

(Ra t, dimensionless scaled time in zero-Pr

Pr
boundary-layer equations
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u u(y) = —T 3> dimensionless radial velocity in a¥
G(r + 'G-) i

e
Navier-Stokes equations ;ﬁt
u Dimensionless radial velocity in finite-Pr boundary-
layer equations W%

-4y _ 1 3f . . . . A
v v(;)—) YT dimensionless angular velocity in
Navier-Stokes equations o

w
~ Wl
v Dimensionless angular velocity in finite-Pr boundary- ﬁ:;
layer equations -
A
W W (3—), dimensionless vorticity in Navier-Stokes ::::
N
equations 2

~ 0
W Dimensionless vorticity in finite-Pr boundary-layer -~
equations ..
Y
Al,A2,...,H4 Coefficients in asymptotic expansion solution S
F Dimensionless stream function in zero-Pr boundary- t}‘,
layer equations by

F Dimensional body force term i-f
o s

- ‘r
G 933, dimensionless gap number in Navier-Stokes ._'::'.
equations 3,'.\
é Ra]/4 G, dimensioniess scaled gap number in finite-Pr .__\
boundary-layer equations N

=\

. 2 1/8 =
G (5?) G, dimensionless scaled gap number in zero-Pr .
e

boundary-layer equations

o

g8a>(T.-T ) N

Gr, Gra — Grashof number N
v

g

w*

3 A

QB(b'a) (T1-T0) . -'

Gr » Grashof number based on gap width A
b-a \)2 Ny
o8
H he/hy» radial increment ratio _,\
X )

K kf/kb’ angular increment ratio h
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N

N
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Ty »Frr

Ra

Rarp

14

Number of nodes in radial direction

Number of nodes in angular direction
qa/{k(Ti-To)}, Tocal Nusselt number

Mean Nusselt number

tn 2y

, conductive Nusselt number
Dummy variables
v/o, Prandtl number

r-a/8, stretched inner radial coordinate

98a3(T1-T0)
TS Rayleigh number

Rayleigh number characterizing the onset of
multicellular transition

gB(b-a)3(Ti-T0)

- , Rayleigh number based on gap width

Source term in numerical method

T-T

T——:~%—, dimensionless temperature in Navier-Stokes
i 0
equations

Dimensionless temperature in finite-Pr boundary-
layer equations

Inner cylinder temperature
Quter cylinder temperature

Dimensionless vorticity in zero-Pr boundary-layer
equations

Total time derivative
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Greek symbols
o EE“ thermal diffusivity "
F
B Coefficient of thermal expansion A
’
§ Boundary-layer thickness
€ Convergence criterion, or dimensionless eccentricity *
variable ;
Y I3  dimensionless local shear-stress P
Y Dimensionless average shear-stress :
X Parameter in finite-difference equations a
u Dynamic viscosity, or parameter in finite-difference !
equation g
v %, momentum diffusivity 9
7 ¥, dimensionless angular coordinate ‘
0 Density by
T Local shear-stress, or time increment in numerical 3
method 3
) Arbitrary dependent variable 3
T Parameter in finite-difference equations \
Q], Q2 Relaxation parameters in numerical method
v Gradient differential operator .
v1,v2,v Parameters in finite-difference equations N
Vz,vg Second-order differential operators R
N
N
F
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Superscripts

m

n

Subscripts
BL

C

J

0
0,1,,,8,10,12
0,1,2,3,4
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ix

Iteration number

Time level

Boundary-layer

Inviscid-core

Radial position, or heated inner cylinder surface
Angular position

Cooled outer cylinder surface

Node position in computational molecule

Order of expansion term in asymptotic analysis
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1. INTRODUCTION

From a practical standpoint, the study of natural convec:
between horizontal isothermal concentric cylinders has a wice .az-
of technological applications, ranging from nuclear reactors anc
thermal storage systems to cooling of electronic components, a r ra+-
fuselage insulation, underground electrical transmission lines arc ever

the flow in the cooling passages of turbine blades (Tsui and Tremblay,

1984).

However, in a different perspective, the work set forth in this
research effort was undertaken to gain a more practical understanding
of the effects of nonlinearity with regard to natural convective flow
instabilities. Still not well understood is the influence of Prandtl
number variations on the nonlinear processes involved in triggering
either thermal or hydrodynamic types of instabilities. Also of
relevance is the aspect of nonuniqueness, which allows the possibility
of hysteresis behavior associated with thermal-convective
instabilities. These important issues and concerns are addressed and
studied in this thesis.

In light of the above, the work in this thesis is separated into
three main areas.

First, a stable second-order finite-difference solution to the
2-D Navier-Stokes equations is implemented in order to investigate

possible hysteresis behavior in relation to multicellular thermal

instability near the top of narrow horizontal annuli for air.

Se e ., - vy v e .
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The second area of work involves an asymptotic expansion theory
applied to the 2-D Navier-Stokes equations in the double-limit of
Rayleigh number approaching infinity and gap width approaching zero.
In this double-limit, the Navier-Stokes equations are reduced to
Cartesian-1ike boundary-layer equations. Analytical steady-state
solutions to these simplified equations are also obtained, and the
results are compared to related 2-D Navier-Stokes numerical data.
Moreover, in order to obtain further insight into the nonlinearity
associated with extreme Prandtl number variations, limiting boundary-
Tayer equations for Pr - 0 and Pr + « are derived.

Thirdly, the Pr - 0 simplified boundary-layer equations are
solved numerically to investigate the full effects of nonlinearity,
which were believed to cause an unsteady hydrodynamic multicellular
instability between the vertical portions of narrow horizontal annuli.

Before delving into deep analysis and discussion of these topics,
an intensive literature review and derivation of the applicable
governing equations are presented in Chapters 2 and 3, respectively.
Finally, the key results and conclusions of this work are given in

Chapters 6 and 7.
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2. LITERATURE REVIEW

Natural convection phenomena between horizontal isothermal
concentric cylinders have been scrutinized experimentally, analytically,
and numerically throughout the past few decades. In the 1960s, most
work was experimental in nature. In the '70s and '80s, many numerical
studies dominated the literature due to the advent of the modern computer.
Analytical studies, in general, have been much more limited.

This thesis concentrates on the high Rayleigh number/small-gap
flow regime. It has been found that while numerical studies in the low
to moderate Rayleigh number range are quite abundant and agree rather
favorably with related experimental work, the numerical work in the
high Rayleigh number multicellular flow regime (usually associated with
narrow gaps) has been much less exhaustive. This is due to the fact
that many computational schemes either could not resolve the transition
to the laminar multicellular flow field, or they became unstable just
prior to it. Analytical approaches, especially with regard to the
high Rayleigh number/small-gap flow regime, have been virtually
unexplored.

To better understand how the various studies were conducted and
evolved, this literature survey will be essentially divided into three
main categories; namely, the analytical analyses, the experimental
approaches, and the numerical studies. In addition, three sections will

be included near the end of this chapter to further support some of the

assumptions and findings relevant to this present study. These




& ahalatan e P han )6 a0 ot Bat Lt 4ot 4o e 0 ald ata" . i el . ¥, . Y )

N
4 .
J
N\
W
sections will touch upon variable fluid property effects, flow
.t
bifurcation, and natural convective flow between vertical slots. >
r
Although many of the reviews will relate to the pretransition, non- 2‘
>
multicellular flow studies, their inclusion is necessary to fully
appreciate some of the follow-up work described in this thesis. ﬁ:
.
The basic flow field normally encountered between horizontal o
e
isothermal concentric cylinders (see Figure 6.3a) is the bicellular s
kidney-shaped pattern that results strictly from buoyancy effects: <
density differences occur due to the inner cylinder being hotter than i
s
the outer one. The lighter, hotter fluid begins to rise in a boundary- i
layer manner near the warmer inner cylinder while ascending more %ﬁ
o
uniformly in the inviscid core region near the center of the annulus. ,’.‘E
'
-
Finally, it separates and impinges upon the top of the outer cylinder k.
s
via the thermal plume. The cooler, more dense fluid, then, descends Z§
X . . 3
along the outer cylinder and regains its upward cyclic ascent near the o
e,
lower portion of the annulus. A similar kidney-shaped flow pattern will =
8
also occur when the inner cylinder is cooled and the outer one heated. ¢
s
Other interesting flow patterns are possible and will be discussed in :ﬁ
the sections that follow. Symbols will be either directly defined or f
their meaning may be found in the Nomenclature. i,
‘-
™
™
2.1. Analytical Studies .
Eight analytical studies pertaining to natural convective flow X
N
between horizontal concentric cylinders were found in the literature L
search. Of the eight, seven involved perturbation methods and only "
Y
A
R
'_:\.
N T A o e e s A e P A L L T R R A R N A AT A I P TR o




one dealt with linearized stability theory. All but one related to the
relatively small Rayleigh number domain.

Mack and Bishop (1968) used a Rayleigh number power series
expansion to obtain a steady-state solution for natural convection
between 2-D horizontal isothermai cylinders. The dimensionless
vorticity-transport and energy equations were assumed to govern the flow
field in this analysis. They exsanded temperature (T) and the stream

function (¥) in the following mar1er:

—
'

z

. AJTj(r,e) (2.1a)
J_

z
j=1

<
1]

A‘jwj(r,e) (2.1b)

where A signified the Rayleigh number and 8 the angular coordinate.
The first term in their expansion represented the creeping-flow
solution and was in agreement with that obtained by Crawford and
Lemlich (1962). The expansions for temperature and stream function
were carried out to three terms. It was estimated that for Pr ~ 1,
the convection terms were negligible in comparison to the conduction
terms for Rayleigh numbers ranging up to approximately 104 and R (the
radius ratio) in the range of 1.15 to 4.15. Vertical symmetry was
assumed, and for Pr > 1, the flow resulted in the single-cell kidney-

shaped pattern for moderate Rayleigh numbers. But for A ~ O (104

), the
second and third terms in the stream function expansion started to

outgrow the first term, so any resulting flow patterns were deemed

---------------------
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invalid. For the case of Pr = .02 (liquid mercury), A = 300 and

R =2.0, a mlticellular flow was reported. Two weak secondary cells
formed at the top and bottom, while a stronger primary cell formed near
the center of the annulus. At the time though, experimental results for
the larger gap low-Prandtl number range were unavailable; hence, their
multicellular flow pattern could not be fully supported. Note that a
similar perturbation analysis was performed for spherical annuli in
Mack and Hardee (1968). Their flow field patterns were very similar
to those obtained in the concentric cylinder geometry.

Rotem (1972) studied the conjugate problem of conduction within
the inner cylinder coupled with convective motion in the gap. Through
a trial-and-error procedure, he was able to obtain the following

expansions for stream function and temperature:

3 28 2,0 . 342 3b
¥ =6 Y, *+ G wz +Pr G wz +G ¢3 + Pr G WB
sprf 6N e L (1 r<R) (2.2a)
_ a 2-b 273
T="To + RATI + RAGTZ + RATZ + RAGT3 + ... (2.2b)

where G was the Grashof number based on (R-1), RA represented the
Rayleigh number, and R the outer-to-inner radius ratio. The first term
in these expansions corresponded to the creeping-flow solution.

Rotem (1972) carried out the stream function expansion to two terms

and calculated three terms for the temperature perturbation expansion.
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Through his results, Rotem (1972) confirmed the basic single-cell
solution and reinforced the idea that one should be careful in reporting
counter-rotating cells with an asymptotic method, since this usually
signifies that the expansions are starting to diverge. He did not
investigate the extreme Prandtl number cases, but he did express the
fact that further transformations were needed to eliminate Pr as an
independent parameter and render the equations free from singularities
in the limits of Pr - 0 and Pr » ». Such has been obtained, for
example, in his analysis on natural convection above unconfined
horizontal surfaces (Rotem and Claassen, 1969).

Hodnett (1973) used a perturbation method to analyze the same
problem as Mack and Bishop (1968), except that his analysis was in
terms of primitive variables. He extended his work in order to determine
how large R could be, at a given value of Grashof number, for the
problem to remain conduction dominated. He found that convection was

negligible only when R satisified
RS an”T R = o[ (e6) "] (2.3)

where G represented his Grashof number and ¢ was given by

while G signified a natural convective type Reynolds number.

--------
»
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Huetz and Petit (1974) performed a theoretical study of free

convection in a horizontal annulus for low values of Grashof number.
Their governing equations were written in the same form as Mack and
Bishop (1968), and vertical symmetry was also assumed. They expanded
stream function and temperature in a power series with respect to
Grashof number (Gr), where Gr was based on the inner cylinder radius.
Two case studies were investigated. Case I related to a constant heat
flux imposed on the inner wall and constant temperature on the outer
wall, and vice-versa for case II. For Pr ~ 1, only monocellular flow
was obtained in both cases I and II, regardiess of the radius ratio for
Grashof numbers less than 1,000. However, for Pr = .02, R = 2.0, and
Gr = 15,000 (or Ra = 300), a multicellular flow was observed. Secondary
cells formed at the top and bottom of the annulus with the primary cell
in the center, but the secondary cells did not appear simultaneously.
In case II, the bottom cell appeared first, and in case I, the upper
cell appeared first. Thus, the results of this study further support
the multicellular flow recognized by Mack and Bishop (1968).

Custer and Shaughnessy (1977a) investigated natural convection
within a horizontal annuli for very low Prandtl numbers by solving the
dimensionless thermal energy and vorticity equations with a double
perturbation expansion in powers of Grashof and Prandtl numbers. The

stream function and temperature expansions were written as:

Pro Gr_ ¥ (r,3) (2.43)




v v -

=] <@ . k
T(re) = =z Priar T, (r8) . (2.4b)
' =0 k=0 0J

For a fairly large gap of R = 5 and Pr - 0, they reported that the
center eddy fell downward as the Grashof number increased, which was
contrary to the behavior of fluids for Pr > .7. For this same size
gap, at Grro = 12,000, they observed the formation of a weak eddy near
the top of the inner cylinder. For R = 2, at Grro = 120,000, two weak
eddies formed near the top and bottom of the annulus while the
stronger kidney-shaped one remained in the center. Vertical symmetry
was again assumed for this problem. These conclusions also help to
confirm the multicellular flow pattern observed by Mack and Bishop
(1968). Custer and Shaughnessy also stressed that only numerical
solutions to the full nonlinear equations, or experiments, could
actually establish the true existence of this multicellular flow field.
Custer and Shaughnessy (1977b) continued to study the problem
described in the above review. In this analysis, the dependent

variables in the governing equations were represented by the following

partial spectral expansions:

wir,n) = = fn(r) sin ne (2.5a)
n=1
T{r,a) = ¢ gn(r) cos n& . (2.5b)
n=0
PN N N P e e e e L e e IRTRrT Y
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The use of these expansions resulted in ordinary differential equations
governing fn(r) and gn(r). The equations were solved numerically and
their results were based on the series being truncated after three
terms. For Pr = .01 and Ra < 50 (or Gr < 5,000), they obtained the
following correlation for their heat transfer data (note that Ra and Gr

were based on the inner cylinder radius):

2.014
keq a

1+5x10°8R

at R = 2.00, (2.6a)

K 1+1x10% Ra!-93

at R eq ,

4.00, (2.6b)
where geq signifies the average equivalent thermal conductivity and
represents the actual mean heat flux divided by the heat flux for pure
conduction. For a radius ratio of 1.1, they found that Eeq was equal
to 1 out to a Grashof number of approximately 106. Also, for all the
cases studied, only the single-cell flow field resulted in the vertical
half of the annulus.

Walton (1980) utilized a multiple-scales linearized stability
theory to study the instability of natural convective flow between
narrow cylindrical annuli. First, he represented the basic flow by

expanding the stream function (V) and temperature (T) in terms of the

dimensioniess gap width, «:

)+ e2(0,,T,) (2.7a)

(0,7) = (¥,T) + (9,7 2T,

1

--------



1 N
R
o~
where
ry = " I
e=—F— and e<<1 . (2.7b) I
i \
\J
He then let V' and T' represent small perturbations to ¥ and T given L
in Eq. (2.7a). By using the dimensionless forms of the vorticity and t:
)
energy equations, he was able to consider the stability of the basic f\
&
flow to small disturbances, via linearized stability theory. He K
r,
determined that the convective flow became unstable at a critical value -
of the Rayleigh number, R, (associated with a particular wavenumber) ;
given by: A
>
R=RC+ER]+.-.. (2-8) ;:
where, for Pr = .7, Rc = 1707.762 and R] = 258.4. Thus, as e +~ 0, :i
R - 1707.762. According to his results, the narrow-gap annulus 3
collapsed to the horizontal flat plate Bénard problem as the gap width E'
tended to zero. Hence, for Pr ~ 1, a thermal-type instability should
arise near the top of the annulus.

Jischke and Farshchi (1980) studied the boundary-layer regime for N
laminar free convection between 2-D horizontal annuli at the large 5.
Rayleigh number 1imit. They divided the flow field into five %.

9
physically distinct regions, valid for the high Rayleigh number NS
Timiting condition. They assumed a stagnant regime for the bottom part ;

'.
of the annulus; a boundary-layer type behavior near the inner and p

1
outer cylinders; an inviscid core region in the center portion of the Ry

-~

F

F

’

f

3
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annulus; plus a thermal plume section along the vertical line of
symmetry above the inner cylinder, where the inner boundary-layer joins
up with the outer boundary-layer. Their governing equations were
written in terms of primitive variables, and they employed a zeroth-order
asymptotic expansion to represent the velocity and temperature fields
8 within the annulus. For the boundary-layer regime, they assumed (from
free convective boundary-layer studies of a single horizontal cylinder)
that the velocity and temperature fields would scale as:
1/4

~ Ra + ..
u UO

V~v + ..
0

T~ TO + ... (2.9)

' where u signified the radial velocity and, v, the tangential velocity
component. Their simplified equations, resulting from the Ra - «
1imit, were solved by means of an integral method in the limit of

v Pr - », They compared their heat transfer results to those of Kuehn

and Goldstein (1976a) for a radius ratio of R = 2.6, Pr = .706 and

Ra = 4.7 x 10%. Qualitatively, their basic flow field and results were
very similar, but significant deviation was apparent in their plots of
the variation of local Nusselt number with angular position on the
inner cylinder. Their best agreement was achieved near the top of the
;. inner cylinder, at 6 = 180°. They seemed to have captured the

essential features of the flow field in their boundary-layer analysis,
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although only bicellular-type flows were studied. The authors of this

article did not investigate the narrow-gap limit of their Ra -

equations.

2.2. Experimental Studies

Most of the articles in this section relate to natural convection
between either concentric cylinders or spheres. Various flow patterns
have been investigated in the experimental work, ranging from the
multicellular flow prevalent in the narrow gaps to the unsteady type
flows originating in the larger gaps. Studies include both 2-D and 3-D
phenomena over a range of fluids such as air, water, liquid mercury, oil
and glycerin.

Liu et al. (1962) studied natural convection heat transfer for air,
water and silicone 0il (0.7 < Pr < 3,500) between horizontal
cylindrical annuli. They considered five different geometries with
radius ratios of R = 1.154, 1.5, 2.5, 3.75 and 7.5. For the larger
radius ratios, all three fluids experienced a slow sideways oscillation
near the top of the cylinders as the Rayleigh number (Rab-a) exceeded
some limiting value, and this valu-. decreased with gap size. For the
smaller gap, R = 1.154, a multicellular type flow (near the top) was
observed for air and silicone o0il, at Rab_a of approximately 2,000
and 18,000, respectively. A kidney-shaped fiow pattern was maintained
below the counter-rotating cells that formed near the top of the

annulus. They speculated that for gaps smaller than R = 1.154, the

Bénard critical Rayleigh number (Rab_a ~ 1700) would be approached.
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Y
Bishop et al. (1964) investigated natural convective heat transfer o
between concentric spheres. They examined two radius ratios, R = 3.14 »
and R = 1.19. For the larger gap, only the kidney-shaped flow pattern, 5
similar to that seen for concentric cylinders, was observed. No ;.
sideways oscillations were noticed. But in the smaller gap, R = 1.19, ::
two counter-rotating cells appeared near the top at a Rab_a of about E
3,600. However, due to the spherical geometry, the two secondary cells 7
almost immediately began to coalesce into an elongated shape and soon i
became indistinguishable. Although the geometries are different, g'
the multicellular flow observed in the narrow spherical annuli supports b;
the same type of flow seen by Liu et al. (1962) in the narrow Sj
cylindrical annuli. E

Grigull and Hauf (1966) used a Mach-Zehnder interferometer to '
measure the temperature field between horizontal cylindrical annuli }.
filled with air. From these measurements, they were able to obtain the Ej
Tocal Nusselt numbers for a particular gap size and Grashof number. They 5
discussed three different regimes of convective flow: 15
1. A 2-D pseudo-conductive regime for Grb_a < 2,400. Here, 5
conduction effects were dominant, although some convective -

motion was evident.

2. A transitional regime with 3-D convective motion, for f
2,400 E-Grb—a < 30,000. For the intermediate-size gaps, 5
(1.2 < R < 2.0), the flow field transitioned to a form of ?
3-D vortices in unsteady oscillatory motion. ;-

’
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3. A 2-D fully-developed laminar convective motion regime

for 30,000 < Gr < 716,000. The 2-D motion was considered

b-a
steady for the larger gap widths in this particular range of
Grashof numbers. They did notice that as Grashof number
increased, the centers of the kidney-shaped cells moved
closer to the upper portion of the annulus.

Vivid flow pictures (observed by cigarette smoke) were included for all

three convective flow regimes.

Bishop et al. (1966) extended their study of 1964 (Bishop et al.,

1964) to include the effects of various radius ratios, ranging from

R=1.19 to R =3.14. 1In their experiments, they confirmed the

occurrence of counter-rotating cells previously observed in the smallest

gap width, R = 1.19. For the relatively narrow gaps (slightly greater
than R = 1.19) in the high Grashof number range, they observed a
boundary-layer type flow near the walls of the annulus, coupled with a
slower, more uniform type of fluid motion near the center. Also, from
their measured heat-transfer data for four different radius ratios,
they obtained two Nusselt-Grashof number correlations that fit their
data to within 15.5 percent.

Lis (1966) studied the flow behavior in simple and obstructed
annuli using the Schileren technique with both sulphur hexafluoride
and nitrogen as the working fluid. The six axial spacers used in the
obstructed annuli provided for enhanced heat transfer effects (compared
to the simple annuli) due to more efficient mixing near the upper parts

of the annulus. Also, for 2 < R < 4, the flow pattern became unstable
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at the higher Rayleigh numbers and random oscillations developed near
the top of the gap (for the unobstructed annuli).

Bishop and Carley (1966) performed photographic studies of natural
convective air patterns between concentric cylinders. They observed an

oscillatory flow for R = 3.69, that started at Ra * 270,000 (a much

b-a
larger value than that indicated by Liu et al. (1962) for the same size
gap). They also tried to reproduce the multicellular flow field
observed by Liu et al. (1962) for the small gap, R = 1.154. They used
a gap width of .688 inches, and for Rayleigh numbers (Rab_a) up to
20,000, no type of multicellular flow occurred. Either the gap size
was too large, or a much higher Rayleigh number was needed to observe
the cells with their particular apparatus.

Bishop et al. (1968) re-examined experimentally, for air, the
oscillatory flow in the larger size cylindrical annuli. For gap widths
of R =3.70, 2.46 and 1.846, they observed that the oscillations
started at Rayleigh numbers (Rab_a) of approximately 240,000, 150,000
and 35,000, respectively. Using the data from these three gaps, they
obtained empirical correlations for the period, wavelength and
amplitude of the oscillations.

Powe et al. (1969) experimentally studied the natural convective
flow of air between burizontal concentric cylinders for various radius
ratios. They characterized the flow into three basic regimes:

I. 2-D multicellular flow for R < 1.2,

IT. 3-D spiral flow for 1.2 < R < 1.7, and

[1I. 2-D/3-D oscillatory flow for R > 1.7.
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Regimes II and IIl were unsteady. The multicellular flow field in
Regime I remained steady for a small number of cells, but as the
Rayleigh number increased and the chain of cells near the top stopped
forming, slight oscillations about the vertical center-line occurred.

Yin et al. (1973) experimentally investigated the natural
convective flow patterns between isothermal concentric spheres for air
and water. For air, with R = 1.4 and Ra,_, = 5930, they observed two
steady counter-rotating cells near the top of the annulus. With the
larger gaps (R = 2.17 and 1.78), for both air and water, the familiar
kidney-shaped pattern resulted for relatively small Rayleigh numbers.
But as Rayleigh number increased, an unsteady flow behavior was
initiated.

Kuehn and Goldstein (1976a) studied the natural convective flow of
air and water between isothermal concentric cylinders both
experimentally and numerically. A Mach-Zehnder interferometer was used
to obtain temperature profiles for both air and water with an annulus
of R = 2.6. Heat transfer correlations were found by using a least-

squares regression analysis. For air,

.272 4

- . 4

keq .159 Rab_a , 2.1 x 10" < Rab_a < 9.6 x 10 (2.10)
and for water,

- .238 4 5

keq = ,234 Rab_a , 2.3 x 10" <« Rab_a < 9.8 x 10 (2.11)

v .

% 5 1

- Ty %

N

NP PO

- -
. "

s TS e

kT DR % N B R I



e

18

At similar Rayleigh numbers, the temperature distributions for air and
water were essentially the same. The flow field remained steady and
symmetric for all Rayleigh numbers investigated at R = 2.6. There was
no sign of any type of multicellular flow behavior.

Kuehn and Goldstein (1978) studied the effects of eccentricity and
Rayleigh number on natural convection heat transfer between horizontal
annuli filled with pressurized nitrogen. A Mach-Zehnder interferometer
was again used to obtain interferograms of the working fluid. For an
eccentric geometry of eV/L 5_%—(meaning the inner cylinder is set
above the concentric center), the overall heat transfer rates were
within ten percent of that for concentric cylinders at the same Rayleigh
number. But local changes in the heat transfer rates were significant
where the cylinder walls were nearly touching. When the inner cylinder
was closest to the bottom of the outer cylinder (eV/L = -.623), an
unsteady thermal plume behavior was witnessed, with the flow eventually
transitioning to turbulence upon further increase in Rayleigh number.

Warrington and Powe (1985) experimentally examined natural
convection between concentrically located isothermal spherical,
cylindrical and cubical inner bodies, surrounded by a cubical
enclosure. To within 15 percent of their experimental data, mean
Nusselt number correlations were obtained for all three
configurations. In comparison to heat transfer data from spherical
annuli, they found that cubical enclosures with a spherical inner
body yielded larger Nusselt numbers for a given Rayleigh number

and aspect ratio. Also, for the higher Rayleigh numbers, a
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multicellular flow field was encountered for the cubical enclosures

with cylindrical inner bodies.

2.2.1. Heat transfer correlations

Some basic correlations are presented in McAdams (1954) for
natural convection from single horizontal cylinders. He observed that
the heat transfer data for single cylinders should approach that
obtained with concentric cylinders in the limit as R + ». McAdams
also presented expressions for natural convective heat transfer between
horizontal and vertical enclosed air spaces. All of his correlations
took on the form Nu = a(Ra)b, where b was typically 1/4 for laminar
flows and 1/3 for turbulent-type flows.

Itoh et al. (1970) proposed a new method for correlating heat
transfer coefficients for natural convection between horizontal
cylindrical annuli. They claimed that heat transfer coefficients (ﬁi’

ﬁo) are well correlated by the mean Nusselt number, Nu, and the mean

Grashof number, Grm, defined as follows:

ﬁi-[riln(ro/ri)] _ ﬁo-[roln(ro/ri)]

Nu = Q ” (2.12)
8(T, - T (Ar)an(r /r)13
o= 98(Ty - T,)[( r%ro) n(ry/ri)] (2.13)

v

With these definitions, any resulting heat transfer data (for laminar

flow) could be represented by

Nu = ¢y Gr 1/4 (2.14a)

5y

'n >

L " a
v - - 3

‘u‘_p?f {4 & e e % S SN N

AT g R

P

-
=

2N

FNIPY Vs e AT g

LN Y Y Yy
et

Ll

XA



ol

o
I'

N,

‘ot

ol

20

where ¢y is a constant value.

Powe (1974) examined heat transfer correlations given by Liu et al.
(1962) and Scanlan et al. (1970) to determine the bounding effects of
heat loss by free convection from concentric cylinders and spheres,
respectively. For various Rayleigh numbers, he calculated limiting
bands at which the empirical equations were valid. Beyond these limits,
the equations either collapsed to the conduction solution for small gap
widths, or to natural convective flow of a single cylinder (or sphere)
exposed to an infinite atmosphere, for the larger gap sizes.

Raithby and Hollands (1975) proposed a heat transfer correlation
for isothermal concentric cylinders. Based on their experimental data

for air, water and silicon o0il, they obtained the following correlation

(valid for the convection-dominated flow regime):

ieq = .386 [Pr/(.861 + Pr)]"/4 Racc”“ (2.14b)

where
R Len (D°/D")]4 R (2.14¢)
a = a . C

and b-a = annulus gap-width. They mentioned that the correlation
worsened as the annular gap spacing increased, but appeared to be

highly satisfactory for the relatively narrow and intermediate size

gaps.
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Kuehn and Goldstein (1976b) obtained correlating equations for
heat transfer between horizontal concentric cylinders. For R = 2.6
and .01 < Pr < 1,000, the following expression (for the mean inner-
diameter Nusselt number) represented their heat transfer data to

within 2 percent:

2
. =
D;
2
1+ 1781 (359,375,757 12,5 73057775
[(.518 Ray/ *[1+(=322)%/5375/12) 15, ga}/3)15)
1
Ln
2
] -
UL(—2—2)/3+(.587 Ra[‘)/4)5/3]3/575+(.1 Ra[‘)“)“}‘“5
- J-e 0 0
(2.15)
where
-5
G=[(1+2'f’7) (.4 + 2.6 pr-7)"2771/5
r

and RaD s RaD signify the Rayleigh numbers evaluated at the inner
i 0

and outer cylinder diameters. They also discussed that as the diameter
of the outer cylinder increased, the heat transfer approached that of

a single horizontal cylinder. They found that to have heat transfer
within 5 percent of a free cylinder required Do/Di > 360 at

Ra, =10

7 -1
Dj and Do/Di > 700 for RaDi .
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Boyd (1981) used a unified theory to correlate steady laminar
natural convection heat transfer between horizontal annuli. His
correlations were successfully extended to annuli with irregular
boundaries. For isothermal concentric cylinders, he suggested the

following relationship for the mean Nusselt number based on the gap

width, A:
— n* _1/4
NuA = C4 Pro Ra (2.16)
where
* _ -1/3
n = C5 + C6 Pr
and C4, C5 and C6 were constants that depended on related heat transfer

data. These constants were evaluated using data from Keuhn and

Goldstein (1976a). The result is given by

* o.1/8

Nu, = .79 Pr" Ra (2.17)
where

n* = .00663 - .0351 pr /3
According to Boyd, this expression was valid for 10] < Ra < 107,
.706 < Pr < 3100, and .125 5_%— < 2.0; where %— represented the aspect

i i
ratio for the annulus.
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2.3. Numerical Studies

As previously mentioned, most of the numerical studies for
natural convection between horizontal annuli pertain to the bicellular
solutions associated with the low to moderate Rayleigh numbers.
Although the reviews in this section will be rather concise, particular
attention will focus on the finite-differencing methods used, especially
with regard to the numerical representation of the nonlinear convective
terms.

Crawford and Lemlich (1962) studied natural convection of air
between horizontal cylindrical annuli. They numerically examined three
different radius ratios, R = 2, 8, and 57, and confined their study
to extremely low Grashof numbers, the so-called creeping flow solution.
In their numerical method, conventional central-differencing was used
throughout, and the stream function and temperature were calculated
using a Gauss-Seidel iterative procedure. Vertical symmetry was
assumed and their results revealed the characteristic kidney-shaped
circulation pattern.

Abbott (1964) discussed a numerical method for solving the same
problem as Crawford and Lemlich (1962), except for very narrow annuli.
He studied four types of narrow gaps, R = 1.0256, 1.0170, 1.0084 and
1.0040. Abbott began his solution process by first obtaining solutions
to the conduction-dominated energy equation and the creeping-flow
(negligible convective acceleration terms) momentum equation. He then
used these results to approximate the convective terms in the full set

of governing equations. Thus, by Tinearizing the equations in terms
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of the unknowns, he was able to obtain successive approximations to the
nonlinear terms. He solved for the unknown temperatures and stream
functions by using a matrix inversion technique. His results represent
only slight convective perturbations to the creeping-flow solution.
For all cases, he obtained the basic kidney-shaped flow pattern.
Powe et al. (1971) obtained the first semblance of a secondary
air flow captured numerically in narrow horizontal annuli. They assumed
vertical symmetry and used a complete central-difference representation
for the nonlinear convective terms in the governing energy and
vorticity-transport equations. Their equations were formulated for
the steady-state case. Moreover, their numerical solutions could only
capture the flow field up to the point where the stream function changed
its sign (signifying counter-rotating flow). After this point, their
code would no ionger converge. Thus, they could not fully resolve the
multicellular flow field for the narrow gaps, but they were able to
make estimates of the transitional Rayleigh numbers. Using this
approach, they estimated a transitional Rayleigh number of
Ra = 452,000 for R = 1.2. Their mean Nusselt numbers were not at all
affected by the appearance of these unresolved secondary flows.
Charrier-Motjtabi et al. (1979) used an ADI scheme to numerically
solve for the natural convective flow field between horizontal annuli.
Coupled with the energy equation, they used the stream function-
vorticity approach to analyze the flow. Also, a fictitious time was
defined so as to more readily achieve the steady-state condition. They

did not mention what type of finite-differencing was employed for the
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nonlinear convective terms. For the narrow gap of R = 1.2 and Rayleigh
numbers up to Ra = 875,000, no multicellular flow field was observed
for air. However, for Pr = .02 and R = 2.0, they obtained a
multicellular flow similar to that described by Mack and Bishop (1968).

Astill et al. (1979) obtained numerical solutions for natural
convection in concentric spherical annuli. They considered fluids with
Prandt1l numbers between .7 and 5.00, and radius ratios from 1.03 to
2.00. Pure central-differencing was used to obtain approximations to
the steady-state stream function and energy equations. The system of
equations was solved using a Gauss-Seidel iterative procedure with
under-relaxation, and vertical symmetry was again assumed. They mainly
observed the typical kidney-shaped pattern for all fluids and gaps
studied. However, for air and R = 1.1 and 1.2, they resolved a second
vortex formation occurring at Rab_a = 25,000 and 8,000, respectively.
These counter-rotating cells were seen experimentally by Bishop et al.
(1964), but at a much lower Rayleigh number for R = 1.2.

1. (1979) also performed a numerical study of

Caltagirone et
natural convection between spherical annuli filled with air. They
used an ADI scheme to solve for the stream function, temperature and
vorticity fields. They considered vertical symmetry and radius ratios
between 1.15 and 3.00. Using "zero" initial conditions, only
bicellular solutions were found for Rayleigh numbers up to 105. But

upon using an initial temperature distribution of the form

T« a sin (wr) cos (bs8) (2.18)
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(where 'a' was an amplitude value and 'b' a characteristic wavenumber),

the converged flow field for R = 2 and Ra = 50,000 experienced a
counter-rotating cell near the top of the half-annulus. Associated
with this secondary flow was a rise in the mean Nusselt number.

But, this multicellular flow field was probably unrealistic, since
this type of flow has only been observed experimentally for the very
narrow spherical annuli, R < 1.4.

Kuehn and Goldstein (1980b) studied the effects of Prandtl number
and diameter ratio on natural convection between horizontal cylindrical
annuli. They employed an explicit finite-difference scheme to solve
the energy, stream function and vorticity equations for steady laminar
flow. They used a hybrid technique for the nonlinear terms, which
switched from central to upwind differencing when the mesh Reynolds
number constraint was exceeded. For large Prandtl numbers, a fully-
developed boundary-layer with an impinging thermal plume resulted,
whereas, as Pr - 0, the temperature distribution approached the pure
conduction limit. Also, the mean Nusselt number asymptotically
approached the single horizontal cylinder value as R - =, The authors
derived a correlation valid for laminar flow over .001 < Pr < 1,000

and 1.0 < R < = (although the correlation fit best for Pr = .7):
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.518 RaM/ % [1 + (=339

D1 Pr

1715
15 Nul])5 ) (2.19¢)

Teony

where RaD and RaD are the same as those described in Eq. (2.15).
i 0

Over their range of data, they reported a maximum deviation of 13

percent occurring for Prandtl numbers near .02.

Projahn et al. (1981) solved the energy and the vorticity-stream

function equations numerically by using a strongly implicit method as

described by Weinstein et al. (1970). The convective terms were written
in divergence form and were differenced using a corrected upwind scheme
obtained from Jacobs (1973). In their analysis of natural convection
between concentric and eccentric cylinders, they reported that for a

negative (downward) vertical displacement of the inner cylinder, the
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mean Nusselt number was always greater than that in the concentric case.
Also, for Pr = .7 and R = 2.6, they obtained a counter-rotating cell
near Ra = 12,000, but attributed this cell formation to their
assumption of symmetrical boundary conditions.

Ingham (1981) solved a set of equations similar to that described

1. (1981), but Ingham's equations were formulated in a

by Projahn et

more general fashion to account for either the concentric spherical or
cylindrical geometry. He assumed steady-state and vertical symmetry
and used central-differencing throughout, except for the nonlinear
terms where he employed a cleverly weighted second-order upwind-
differencing scheme. He tested for steady multicellular flows by
considering a spherical radius ratio of R = 1.19 with Pr = .7, and

for a range of values of Ra up to 2.5 x 107

, he did not obtain any sign
of a multicellular structure.

Farouk and Guceri (1982) were the first to study turbulent natural
convection numerically between 2-D horizontal concentric cylinders.
They used a k - € turbulence model and obtained steady-state results
that were in good agreement with experimental data. Aill of their
test cases pertained to R = 2.6 with vertical symmetry assumed, and
they considered Rayleigh numbers (based on gap width) up to 106 - 107.

Cho et al. (1982) studied the natural convection of air in
eccentric horizontal isothermal cylindrical annuli. They solved the
problem using bipolar coordinates with the assumption of vertical

symmetry. Central-differencing was employed for all the derivatives,

including the nonlinear terms. They numerically investigated a
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radius ratio of R = 2.6 with varying degrees of eccentricity, for 2
Raleigh numbers (based on gap width) less than 5.0 x 10%, Their %
numerical results agreed rather well with experimentally obtained k
interferograms. It was observed that the average heat transfer ;f
increased as the inner cylinder moved downward along the vertical 3‘
center-Tine. -
-
Prusa and Yao (1983) numerically examined natural convection E:
between eccentric horizontal cylinders, similar to that described in =
the above with Cho et al. (1982). However, they employed a unique Ei
radial transformation method that allowed them to study various :
eccentricities while avoiding any type of singular behavior in the ii
limit of zero eccentricity. They also developed a convenient variable ﬁ:
mesh routine which provided the flexibility of concentrating grid %\
nodes within the boundary-layer and thermal plume regions. Central- .&
differencing was used throughout, along with a stable corrected second- gf
order central difference scheme to represent the nonlinear terms. They 5i
obtained very good agreement with experimental and analytical data, and fg
confirmed the fact that the overall heat transfer could be reduced or 3
enhanced with respect to the upward or downward shift of the inner
cylinder about the vertical center-line. In addition, they appeared to ?
be the first to determine the critical eccentricity associated with -3
minimum heat transfer for various Grashof numbers. }f

Chandrashekar et al. (1984) studied natural convective flow of a

Boussinesq heat-generating fluid between two horizontal concentric

cylinders. They investigated the effects of two driving mechanisms - -
¥
R
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an externally imposed temperature gradient across the annulus, coupled
with a uniform internal heat generation. The parameter that
represented the ratio of the internal heating to the applied temperature
difference was denoted by S, where the S = 0 limit corresponded to
the isothermal concentric cylinder case. They assumed vertical
symmetry and marched numerically in time to achieve the steady-state
condition. The governing equations were solved with an ADI scheme on
a uniform mesh, and central-differencing was used throughout. They
found that as S increased from zero, a transition took place (for
Pr = .7) from a unicellular to a bicellular circulation in each half-
cavity. For this transition, the critical value of S depended on both
the Rayleigh number and the radius ratio.

Tsui and Tremblay (1984) used an unsteady code to obtain steady-
Q state solutions for natural convective air flow between horizontal
? annuli. They employed an ADI scheme to solve the energy and

vorticity-stream function equations. They assumed vertical symmetry

. and used a relatively coarse mesh of 16 radial nodes together with
21 angular nodes. For moderate size Rayleigh numbers, they achieved
steady-state results for three radius ratios, R = 1.2, 1.5 and 2.0.
In all of these cases, they obtained the steady-state kidney-shaped
flow pattern.

Lee (1984) studied laminar convection of air between concentric
! and eccentric heated rotating cylinders. His numerical method
involved a mesh transformation technique coupled with the introduction

of false transient time terms that facilitated steady-state solutions
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to the problem. He studied a radius ratio of 2.6 at different Rayleigh
numbers, Reynolds numbers, and eccentricities. His governing equations
were solved with an ADI method and all spatial derivatives were
approximated by second-order central-differences. Second-order
upwind-differencing was used on the convective terms. For Ra = 25,000,
he obtained a multicellular type flow when the inner cylinder was
shifted upward next to the outer cylinder (e = 2/3). When the inner
cylinder was rotated, various patterns of skewed cells resulted.

Rao et al. (1985) investigated natural convective flow patterns in
horizontal cylindrical annuli. They appear to be the first group of
researchers that fully resolved numerically the counter-rotating
cells for air, which are experienced at high Rayleigh numbers in the
narrow type gaps. An unsteady formulation of the (2-D) energy and
vorticity-stream function equations was used, and they solved the
equations using an ADI scheme with central-differencing throughout.

For R = 1.175 and a Rayleigh number (Ra) of approximately 750,000,
they obtained two counter-rotating cells near the top of the half-
annulus. They reported a jump in the steady-state mean Nusselt number
when the flow made the transition from unicellular to multicellular
flow. Numerically, they could not resolve any type of oscillatory
flow for the larger gap widths, but they did experimentally verify
the 3-D spiral flow associated with the intermediate size gaps.
Hessami et al. (1985) studied natural convection in a wide

horizontal annulus with a radius ratio of R = 11.4. They obtained
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experimental and numerical data for air, glycerin and liquid mercury

6

in the ranges of .023 < Pr < 10,000 and .03 < Gr, <3 x 10°. The

D;
influence of variable versus constant fluid properties was also
explored numerically.

Experimentally, they observed the regular kidney-shaped pattern
for air, and a multiceliular fiow pattern for the liquid mercury case,
similar to that described by Mack and Bishop (1968). Numerically, they
assumed vertical symmetry and used a basic central-differencing scheme,
except for the convective terms which were discretized by using a
hybrid-differencing technique developed by Spalding (1972). This
hybrid scheme collapsed to first-order accuracy upon exceeding the mesh
Reynolds number constraint. Globally, the heat transfer computations
for air, mercury and glycerin did not change with variation of fluid
properties. However, local estimates of the Nusselt number did
exhibit significant discrepancy for glycerin between the constant and
variable fluid property cases.

0zoe et al. (1985) performed a 3-D numerical analysis of natural
convection in a spherical annulus for Pr = 1 and Ra = 500. 8y
imposing a sinusoidal temperature field on the outer cylinder, they

were able to obtain both symmetrical and unsymmetrical cell formation.

They solved the governing equations with an ADI scheme, using

central-difference approximations at all points.
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2.4. Variable Fluid Properties
Since the mathematical model in this thesis is based upon the

Boussinesq approximation, the effects of variable fluid properties and

Py

viscous dissipation on laminar natural convective flows should be
addressed. The reviews in this section will consider some of these

~ effects with regard to various surface geometries.

Sparrow and Gregg (1958) analyzed the influence to variable fluid
properties on an isothermal vertical flat plate. They reported that
Y laminar free convection heat transfer under variable property conditions
could be accurately computed by using constant property results when
evaluated at an adequate reference temperature, Tr' For air and

liquid mercury, the film temperature, Tf, given by

Te = (T, +T.)/2 (2.20)

was valid for most applications. However, specific reference

temperature relations were derived and are listed below.

P, For gases:

‘ T - T - . T - .

, p =Ty 38O, -T) (2.21a)

"

¢ . -

* and for Tiquid mercury:

: T.=T,-.3(T,-T) . (2.21b)
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Gebhart (1962) considered the effects of viscous dissipation on
natural convective heat transfer for vertical surfaces subject to both
isothermal and uniform-flux surface conditions. For such fluids as
liquid sodium, gases and water, the standard practice of neglecting
viscous dissipation for natural convective type flows was quite valid,
especially in the laminar regime. But, he found that important viscous
dissipation could result when the flow made the transition to
turbulence. Also, he discussed the fact that significant viscous
dissipation might occur for laminar flows subject to large
decelerations or high rotative speeds.

Gray and Giorgini (1976) determined that for gases and most
liquids, in geometries such as vertical plates and horizontal cylinders,
the strict Boussinesq approximation was valid for Rayleigh numbers

(based on the fluid layer depth) up to 10]7

, nearly 13 decades above
the transition point for turbulence (provided %9 << 1).

Clausing and Kempka (1981) experimentally investigated natural
convective heat transfer from a vertical isothermal heated surface to
gaseous nitrogen. They found that variable properties caused
virtually no influence in heat transfer rates in the laminar regime,
whereas dramatic increases were seen in the turbulent regime.

Hessami et al. (1984) studied the effects of variable fluid
properties on natural convective heat transfer between horizontal
concentric cylinders, for R = 2.6. They concluded that for air,
the constant fluid property assumption was quite valid (for Rayleigh
%)

numbers based on gap up to 9 x 107), and could probably be extended to
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all gases. In contrast, for glycerin, significant differences in the

temperature field resulted between the constant and variable fluid

property assumptions, although average values of the Nusselt number

were very similar.

Mahony et al. (1985) investigated variable property effects on

the laminar natural convection of air between horizontal cylindrical

annuli. They numerically computed velocity and temperature profiles

for R = 1.5, 2.28, 2.6 and 5.0, with Rayleigh numbers based on gap

width up to 1.8 x 105. They claimed that the Boussinesq approximation

was valid for a temperature difference ratio, eo, of less than .2,

where 60 was given as

(2.22)

But for all the numerical studies discussed in the previous section,

60 was smaller than .1; hence any related heat transfer results were

not affected by the constant property assumption. They also mentioned

that since relatively low velocities are encountered in laminar

natural convection, the variable property assumption should usually

prove of 1ittle influence on calculated heat transfer rates.

2.5. Flow Bifurcation

Due to the tendency of multicellular flow to occur between narrow

horizontal concentric cylinders at high Rayleigh numbers, flow

bifurcation with related hysteresis behavior is definitely possible.
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This section will briefly touch upon some articles that aid in the
description of nonuniqueness and the bifurcation phenomena associated

with various flows. i

Coles (1965) experimentally studied flow transition between

vertical concentric rotating cylinders. The so-called Taylor

instability resulted when the inner cylinder achieved some critical

PR A RS

speed. At certain speeds, Coles was able to observe both singly and

r

doubly-periodic type motion. 1In this paper, Coles claims that “the
property of nonuniqueness is most vividly demonstrated by the 5
existence of a number of hysteresis loops, in which the flow changes

from one state to another and back again as the speed of the inner

cylinder is slowly increased and then decreased." He mentions that this

same kind of behavior is possible with the cellular convection patterns

that occur between horizontal heated surfaces.

In Benjamin (1978), some of the basic theory associated with

bifurcation phenomena in steady flows is described. First, he points g
out that an instability phenomenon probably exists if a precise |
critical value of some parameter can be related to the onset of :
cellular motion. Then, a secondary mode of motion is usually realized

after the primary flow becomes unstable due to some type of disruptive y
instability. He also stated that the Rayleigh number (in the Bénard
problem) played a role similar to that corresponding to the Reynolds
number in the Taylor problem.

Benjamin and Mullin (1982) observed fifteen different kinds of

steady multicellular flow produced in a Taylor apparatus with the -
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outer wall stationary. They discussed various forms of bifurcation
that might result due to sudden changes in the flow field induced by
variations in the Reynolds number. And, they noted that depending on
the particular cellular mode initiated at the outset, many different
paths to turbulence could be followed.
Nandakumar and Masliyah (1982) investigated the occurrence of dual

solutions in curved ducts through a numerical solution of the Navier-
Stokes equations in a bipolar-toroidal coordinate system. The Dean

number was the critical parameter used in this study, and was given by:

On = Re/RC”2 (2.23)

where Re represented the Reynolds number and Rc the dimensionless radius

of curvature of the duct. In addition to the Dean number, the shape of
the duct was also varied systematically in order to study the
bifurcation of a two-vortex solution into a two and four-vortex
solution. They found that flow bifurcation was possible irrespective
of the shape of the tube, but it was much easier to obtain a dual
solution when the outer surface of the duct was nearly flat.

Cliffe (1983) numerically studied the flow in a Taylor apparatus
where the length of the annulus was shortened so that only one or
two Taylor cells would result. He solved the Navier-Stokes equations
with a finite-element method and then, applied the methods of
bifurcation theory (see Keller, 1977) to obtain multiple solutions of

the equations as the Reynolds number and aspect ratio varied. At a
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Reynolds number of 175, he obtained three distinct flows: a stable

, two-cell flow, an unstable asymmetric flow, and a stable single-cell
flow. His numerical method was able to resolve the extremely delicate
hysteresis effect, and he claimed that his method was powerful enough

- to capture the more complicated flows observed in the Taylor experiment

for moderate aspect ratios.

Nandakumar et al. (1985) studied laminar mixed-convective flow in

-

horizontal ducts of rectangular, circular and semicircular cross-sections.

In all cases, dual solutions of two and four-vortex patterns were

L I N S

observed. The governing equations, subject to the Boussinesq
approximation and an axially uniform heat-flux condition, were solved
numerically with central-differencing used for both the diffusive and
convective terms. For the case of the rectangular duct with a 21 x 21
uniform grid, flow hysteresis with respect to both average Nusselt
{5 number and friction-factor occurred when the flow made the transition
' from a two to a four-vortex steady solution. The fluid in this case
was air, Pr = .73,

Kolodner et al. (1986) experimentally studied the flow patterns
associated with Rayleigh-Bénard convection in rectangular containers
having an intermediate aspect ratioc of about 10 to 5, for Prandt]l

numbers between 2 and 20. In their experiments, they observed 2-D

skewed-varicose and knot type instabilities, which were found to

trigger successive transitions between time-independent flow patterns.

In the larger Rayleigh number regime, for Pr < 10, the flow

instabilities appeared to have an intrinsic oscillatory-like time
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dependence.

Also related to flow bifurcation is the phenomena of strange N
attractors. In some systems that experience a bifurcation by way of
a flow instability, an ordered route to chaos has been reported (see
Ruelle and Takens, 1971; Newhouse et al., 1978; Giglio et al., 1981;
Brandstdter et al., 1983; Grebogi et al., 1983; and Guckenheimer,
1986). A typical sequence of events is as follows. First, the system
behaves in a time-periodic manner after the onset of the initial
instability. Then, upon further increase of a system parameter (such
as Reynolds or Rayleigh number), a cycle of periodic-doubling is
usually observed, until finally, chaotic behavior sets in via small-
scale spectral-broadening.

Some of these strange but ordered characteristics seem to have
been numerically predicted in this present study. A description of
the numerical technique and related results will be given in v

Chapters 5 and 6, respectively.

2.6. Natural Convection in Vertical Slots
Based upon the work set forth in this thesis, it appears that a -
multicellular instability may occur in the vertical sections of very .

narrow horizontal cylindrical annuli. Because of this 1ikelihood,

several papers dealing with laminar natural convection in vertical v
slots will be reviewed in order to shed more light on the -~
manifestation of this unique type of hydrodynamic instability. ’

............
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Elder (1965) performed an experimental study of natural convection

Ay 3

for a liquid (Pr = 1,000) in a vertical slot with isothermal walls

(the Teft wall being hottest). Unicellular flows resulted when the

Rayleigh number based on gap width was less than ]05. But for the 2

larger aspect ratio (narrow gap) slots, with Rayleigh numbers slightly o
greater than 105, a steady 'cats-eye' patterned secondary flow became ﬁl
superimposed on the basic unicellular flow. And, upon further

increasing Rayleigh number to above 106, Elder (1965) reported the

emergence of a tertiary flow with counter-rotating type cells.

R

Elder (1966) numerically solved the same problem as described a
above, except in this case, he considered only the moderate-size ?:
vertical slots. He was able to duplicate the basic flow field E
obtained in his experiments, but was not able to resolve the secondary .
flow that was present in his previous work. Elder mentioned that the Ei
nonlinear terms began to dominate the motion as Rayleigh number §;
increased, and he was able to numerically show the development of the 5'
boundary-layers and the fully-developed boundary-layer flow. 5
Vest and Arpaci (1969) analytically investigated the stability §

of natural convection in a narrow vertical slot. By using linearized "
hydrodynamic stability theory, they were able to obtain a neutral E‘
stability curve for the conduction-dominated flow regime. For .01 < Pr E;
< 10, the variation of the critical Grashof number was found to be less 4
than .7 percent. Hence, for Prandtl numbers in this range, they 3
determined a single critical Grashof number of 7,880 at a wavenumber 2;

of 2.65. Also, their analytically obtained stream function plots for

...........

------------------------------
........
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the secondary flow qualitatively agreed with related flow pictures
obtained experimentally.

Thomas and Vahl Davis (1970) numerically studied natural convection
between vertical cylindrical annuli, with the inner cylinder being at
a higher temperature than the outer. (Note that a similar study with
more basic results can be found in Vahl Davis and Thomas, 1969.)

They solved the unsteady vorticity and energy equations using an ADI
scheme. For an aspect ratio of H = 25 (length of annulus to gap
width), and a Rayleigh number of 22,500 (based on gap width), they
observed an unsteady type of multicellular flow for Pr = 1.0. This
phenomena was similar to that reported by Elder (1965), except that
Elder's secondary flow maintait.cd the steady-state condition.

Korpela et al. (1973) used linear stability theory to examine
the stability of the conduction regime for natural convection in a
vertical slot. For Pr < 12.7, they claimed that the instability set
in as horizontal cells. They observed a critical Grashof number of
7,932, at a wavenumber of 2.65, for Pr = 0. This particular type of
instability was thought to be hydrodynamic in origin, resulting from
the vorticity distribution of the base flow.

Korpela (1974) studied a problem similar to that described above,
except in this case, he assumed that the narrow slot was maintained
at an angle § with the vertical. For Pr < 12.7, he found that the
instability set in as transverse travelling waves for small angles of
inclination, and that longitudinal cells formed as &§ reached a certain

value. In the range of .24 < Pr < 12.7, he determined that the
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instability would lead to horizontal cells for angles close to the
vertical, whereas longitudinal cells would result as the slot was
further inclined. For Pr < .24, he claimed that only horizontal
cells were possible and that the stability of the flow was mainly a
function of Pr tan §.

Pepper and Harris (1977) numerically obtained 2-D natural
convective flow patterns in rectangular and annular vertical cavities.
The energy and vorticity equations were written in divergence form and
were solved using central-differencing with a strongly implicit
proc-= .re. Ffor the rectangular slot with an aspect ratio of 10, for
Pr = 1,000, they obtained a weak multicellular flow pattern at a
Rayleigh number (based on gap width) of approximately 5 x 105.

Seki et al. (1978) performed an in-depth experimental analysis of
natural convection in narrow vertical rectangular cavities. They
considered transformer oil, water and glycerin as the working fluids.
A1l three fluids yielded a multicellular type of secondary flow at a
certain Rayleigh number, RaH, based on the height of the slot. For
01l, as the temperature differeice was increased, they noticed a
tertiary flow with counter-rotating cells, until finally, the flow
near the upper region of the hot wall became unsteady and turbulent.
For the o0il, for an aspect ratio of 15, the secondary motion

8

began at Ra, = 6 x 10 and the transition to turbulence took place at

H
about RaH = 1.5 x 1010. They concluded that the flow field more easily
shifted from laminar to transitional flow as the Prandt]l number

decreased and the cavity width increased. Another interesting
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description of these secondary and tertiary motions can be found in
Vahl Davis and Mallinson (1975).

Using linear theory, Choi and Korpela (1980) studied the stability
of the conduction regime for natural convection in a vertical annulus.
They found that for all Prandtl numbers, the instability set in as
an upward travelling wave. Hence, stationary cells were no longer
possible as with the vertical slot geometry. For low Prandtl numbers,
the larger the curvature, the more stable the flow, while the reverse
was true for the higher Prandtl number fluids. From experimental data,
the measured wavelength of the cells was in good agreement with their
linear analysis.

Orszag and Kells (1980) studied the role of two- and three-
dimensional finite-amplitude disturbances in the breakdown of plane
Poiseuille and plane Couette flows. To determine the evolution of
these disturbances, they solved the 3-D time-dependent Navier-Stokes
equations using spectral methods with Fourier and Chebyshev polynomiatl
series. They claimed that the 3-D finite-amplitude effects produced
strong inflexional velocity profiles that eventually caused the
transition to turbulence; whereas the 2-D disturbances proved to be
much less destabilizing, and seemed powerless for Reynoids numbers
below 3,000. The contour velocity plots due to the 3-D disturbances
evolved into a 'cats-eye' pattern very similar to that observed by
Lee and Korpela (1983) and Elder {1965) in their study of multicellular

natural convective flow in a vertical slot.
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Lee and Kourpela (1983) succeeded in numerically resolving
multicellular natural convective flow in narrow vertical slots. They
! attribited their success to the 4th-order differencing method of
Arakawa (1966), which was used in approximating the nonlinear
convective terms. The important buoyancy term for the vertical slot

b geometry was represented by the single component, 3T/5x, in the

vorticity-transport equation. This resembled the buoyancy term
obtained in the boundary-layer equations of Chapter 4 of this thesis,
where the term reduced to simply 3T/3r at ¥ = 90° (see Figure 3.1 and
Eq. (4.25b)). They were able to obtain steady multicellular flow for
Prandt1l numbers ranging from zero to 1,000. However, as the Prandtl
number increased, the aspect ratio (H) had to be increased
significantly in order to trigger the multicells. For Pr = 0, and

H = 15, they obtained a secondary-flow transition to six cells at a
Grashof number (based on gap width) of 8,000. This number agreed
quite well with their analytical prediction of 7,932 derived in
Korpela et al. (1973). The six cells formed in the vertical slot
appeared fairly constant in strength. They were not sure whether a
further transition to periodic flow was possible for this 2-D flow or
whether the next physically important structure was a 3-D steady or

periodic-type flow.

2.7. Concluding Remarks

This literature review discusses the various assumptions and

solution methods employed by researchers in studying natural convection
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between horizontal concentric cylinders. Some contradictory =
conclusions and results have been highlighted. Of particular ;5
importance, experimenters have verified that for air at high Rayleigh E
numbers, a multicellular flow is possible near the top of narrow -
horizontal cylindrical annuii. However, not all numerical investigators :
confirmed this fact. It seemed that the transition to multicells could é
not be captured due to either first-order upwind differencing of the ’3
convective terms, or a lack of numerical stability experienced when K
approaching high Rayleigh numbers. Thus, it appears that at least g
second-order accuracy is a prerequisite for resolving this multicellular *
type of instability. In addition, for this geometry there appears l;
to be a void in the research regarding the possibility of related EZ
hysteresis behavior associated with the transition to multicells. .
Also from this literature review, it can be seen that the z
potential multicellular flow in the vertical portions of narrow E;
horizontal annuli, as described in this research effort, has not been -
examined. .
-
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3. MATHEMATICAL ANALYSIS

In this study, the Boussinesq approximated Navier-Stokes equations
and the viscous-dissipation neglected thermal-energy equation will be
used to determine the buoyancy-induced steady or unsteady flow fields
between horizontal isothermal concentric cylinders. The Boussinesq
approximation states that density perturbations are only felt in the
body force terms and can be neglected in the acceleration and viscous
components. Furthermore, the vorticity-stream function formulation of
the Navier-Stokes equations will be adopted. Using this approach
completely eliminates the pressure gradient terms and automatically
satisfies the conservation of mass principle. An added advantage is
that stream function and vorticity contours are well-suited for

visualizing and analyzing the flow.

3.1. The Physical Model

a. The model is unsteady and two-dimensional (see Figure 3.1).

b. Initially, the fluid is at rest.

c. The cylinders are assumed horizontal and isothermal, with the
inner cylinder temperature exceeding the outer.

d. Laminar fluid motion is induced by buoyancy effects. The
fluid is Newtonian.

e. All material properties are assumed constant. Density
variations are allowed to occur via the Boussinesq

approximation.

--------
------------




: 360° 0°

Figure 3.1. 2-D concentric cylinder geometry
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3.2. The Complete Set of Governing Equations
Before formally deriving the dimensional and nondimensional forms
of the governing equations, the complete system of equations will be
given below. This is done to provide for easy access when the equations
are numerically solved or referred to in subsequent chapters of this
thesis. The dimensionless system of coupled partial differential
equations is

Thermal-energy:

2
2 3T 1,-1 ,8f 3T 3f 3T, _ 1 37T
gt rrg Gray e TP {ar
2
1,-1 3T 1,-2 37T (3.7a)
tlrrg yprlrrg o
v
Vorticity:
2 W 1,-1 ,of ow _ 3f aw
Pri6®sg+(r+g) Grgy -3y ar)!
2 2
3w 1,-1 aw 1,-2 3w
=Pr{E&5+(r+x) =+ (r+z) =1}
ar2 G or G awz
+ G(Ra) (sin y 3L+ <02 ¥ 231, (3.1b)
roray)
G
Stream function:
3%¢ 1,-1 of 1,-2 3%F _ .2
__2.+(r+€) §F+(r+— ——2—=Gw , (3.1¢c)
ar Y
while the related boundary conditions are
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at r = 0 (inner cylinder):
T=1
2
1 °f
w = ———
&2 or
f=0 (3.1d)

at r = 1 (outer cylinder):

T=20
Lo 19
&2 or2
f=0. (3.7e)

The derivation and explanation of important terms and symbols, together
with the boundary and initial conditions, follow in the next two

sections.

3.3. The Dimensional Formulation

3.3.1. Governing equations in primitive variables

Four governing equations are needed in order to describe the
transport of mass, momentum and energy between the horizontal
concentric cylinder geometry. These equations are written in terms of
primitive variables using polar coordinates (;,@) (see Figure 3.1).

The bar over the variable signifies a dimensional quantity. The radial

and angular coordinates are given by r and @, respectively. f is the
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::
temperature and t denotes time. The radial velocity is represented by =
u and the angular or tangential velocity is given by v. P is the Q
-~
pressure term, while v and o are the momentum and thermal diffusivities, i
respectively. Lastly, p is the density and Fis the body force term =
in the equations of motion. The 2-D governing equations in primitive '
variables are
Equation of continuity: ’
3
U, u, 15V :
R L (3.2a) .
r r rw p
Equations of motion: =
Du vo _ -13p. 2% W2 3V, :
= -—= =2+ y(Vu - - :5-—:) + Fr (3.2b) -4
Dt r ar r ro oy :
R R R R (3.2¢) :
ot r pr ay r r- 9 -
Equation of thermal-energy:
T .21 (3.2d)
Dt
where D/DE, the substanti