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ABSTRACT

The Kalman Filter is a widely used procedure in tracking algorithms. When
normality assumptions are violated, the Kalman Filter performance tends to degrade.

In this thesis a new procedure is introduced for accommodating non-normal properties

of measurement error distributions. The procedure is developed for the multi-observer

situation. Simulation experiment results are presented and numerical comparisons are

made between the Kalman Filter performance and that of the new procedure.
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I. INTRODUCTION

Tracking algorithms are widely used in modern technology. Perhaps the

most commoniv used algorithm is the Kalman Filter (KF) ,cf. [Ref. II and [Ref. 21
which :s based on the fbilowing assumptions:

a) The target movement model is "nown. and has normally distributed
21uctuations.

) -e sensors "racking the target provide unbiased. normally distributcd
measurements of current target "'position".

If the assumptions are satisfied. KF is the best algorithm possibie. In practice.

however. the normality assumption may not be justified. and the KF performance :s
egra eu. A number )f modikations of the KF have beer, :nade by difTerent authors

based either on heuristics. anaivtic derivations, or both in order to improve K.

performance in different situations ict' [Ref. 31 and [Ref. l .

In this thesis a tracking procedure is developed for the following one-dimentional

basic (and classical) model:

a) 0? =O 4- +n.1; gn4- "-N(O,z 2 ); n=0.1,2,....C
b ). -n l~ i = 0 n --+  6 -' ; 6 n l j t ( ,f a .) ; j = 1 ,2 ,3 .... m n n = 0 .1 ,. .... :C

where

. is the ".aet osition after time sten n

-is -ne :neasuremeni "arget "-os ion'" obr.ained by sensor ; at time ste

:n the :nouiei the :araet aeriorms a random .vaik with normally distr:buted steps ,iti

mean zero and known variance r, and the jh sensor's measurement errors are

unbiase nd t-distrbutd .v:ith known parameters Lf i where a. is -,ie degrees ot
0 Ind rT is caie 7araineer .,tere ire ;n scnsors.

."s mdact :ieiates tne :Iassical K? issulrnucirs )1 i lowinc : 1ic-n-.iiu
outler-r,n e) measurement errors. This modei is designed ibr the situation vre n .s

smail, and it isn't possibe to make use of the central limit t!horem effect.
The mathematical tractabiity of the model is complicated by the fact that there

's rto sLnlrie anaivz~c 1orm, an estimate o location at" the tar2et, Wt St-ICct

measuremient errors.

10



In Chapter II two possible ways to derive the classical KF equations are given.
These derivations will help to motivate the procedure suggested in Chapter III. Some
practical considerations regarding the implementation of the procedure will be given in
Chapter III as well.

In Chapter IV the simulation experiment implementing the procedure derived in
Chapter III is described and numerical performance comparisons of :he KF and 'he
new procedure are -resented.

Chapter V contains final remarks about the new filter and :"iurzher -ornics :or
.uture .eveiovment.

.-. pendix A contains tabulated resuits 3f" simulation expenrment.
Appendix B contains details on simulation experiment implementaton.
Appendix C contains graphical presentation of the results from Anpendix A.
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11. KALNIAN FILTER

:nu: 'r ,iie isicai Kalmnan Jiiter is that Jie tareet moves according

* ~.20t2 ~A ~ :oriii IILribiite itn SIZes. 111 lil:eaSUreme:It errors are

* -.: .i trcz tcrnaive wasto ohtain the K: 1 eu.itionis:
.2....8 ,i .rLCa8(ui :csiiintion aprroacii.

-........ ~ ~ ~ , ::J~j a ):iea. i~et aio proacn.

-t -,i..., 'n l:c :nciii square %31 estimation, ci rut 10 0

n a~as~~cr'- o0 :ne iirst twvo methods wlil iad us to the procedure

MAXt 1IL'M LIKELIHOOD

esrat o, aiter- time step a and C1 be its variance. Since is

S.. .AI~r~~lta xirh i-ean 0and variance C? [the conditional likelihood of

1~;2 21)

'In the K F catse normality is p-resecrved at eachi estimation step as can be easily

~~ALA



Finding the maximum for this likelihood is equivalent to finding minimum of the

exponent.

Le.

(22
rn (0 " - y )2

min( , )=Q(01l (2.2)

A
(dropping the first subscript on the s and Using v or a compact notation).

Expanding the squares we obtain

Q(, _ 20 (- _ , T. 2.3)
j=O j J

.This simple qiuadratic expression is minimiied by !ctting

•- +I 2(K. 1) ,n =u , ~
A-" v- C1 + L -1U

n + m + n"_

S=2 Tiu

Since (KI) is a linear equation we may immediately obtain the variance of the
K.I)~ ~ ~ inato imeitl

V wemay; _
estimate.

Va " _

" -t A ,.n 2 ,U

S= 3 ,j=0I.} 1=0

A7 2

E7uations (,.I and (K.2) are .he only ones needed to mplement the KF.

B. NIIN IU-I VARIANCE

'' ) =0 and v y . j, ..... n ; it is desired to ,et an unbiased

minimum variance estimate (U N \I: T of + I

" Sincev .1.', arc all unbiased estimates of 0n 1'+ an, linear combination
•~~~~~ - } =(t '0-"1 ,;i-- -- (rn) -.. . (2.4)

cnstrailed by 7"= 1 will also he an unbiased estimate of0+

13
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Since

Var(lI) = 0
2 v0 + a1

2 v1 +... + am 2vrn (2.5)

finding the U NIVE is equivalent to solving the following problem:

"-" rain V = (tl: f '~ " -.+( + 2v". 2 6
SS.T1L. o . ! ...-- u I

Given a Lagrange muliplier , 2c Lagrangin equation may b%- expressed as:
'l) " + (2.7)

.Xi'tor taking partiai derivatives and setting them equal to zero the resulting system

of m+ 2 lincar equations is:

(2.8)

n -

Multiplying each equation by the corresponding 1,(2 ) and adding all the equations

ogethcer results in:

.\ (2.9)

Iubszuion :hen :eus :o

1

S-i2.10)

-

b'S
2t

:'-- [

.5...... . . . ,- . , ,.. - .. _.. , .,. - . , - - . - - "- - :- --. ,., 'v v ;'""-. .,''' ,. .



So, once again the final equations are cquations (K.1) and (K.2)

in y

A

K. 1) OI+ 1=0 j

*1n

U

XK.2) =min V = n

j=O

Note that the mini'mum variance, approach does not requ1ire normality assumptions.

:)LI :tcrnaiity. assunipnuonS :naKc : quivalcnt to the muaximnumi likclihood anrproach.

5515



111. W-FILTER

Now to return to the basic Model, target motion is a random wvalk with normal

stenl size. ut the mn sensors ha\ e independent Student-t ,hstrIbu,,cJ -neasuremntE

rrrxi 11rs.

vic mean ardoarane ,,I:

A. TH ES

1t T:e Crsuiteriaounrcduei rdcn ubae prxiaeynra
AA

11tr iste i meL and arinance,(~.Isi the toam ielho aunpof- s usved or?

ar h n e.~.iasted orhsms: pinw ed ocntuc n

AA

itse oin t:e suntio ;Croluei th e cod'io1 01eiio of0 ivn

*' b i~" .J r*) ,.r le i a m , , i

0 1 M CY'7 . eo d

: )-!vaSc R !. - 1 7 r a i na acid'ols a

!11 1: m w,:I l tudtoll th glo al 11,1ima!)C tall anj13.
. ijin) '3. i lieio dt u poti.O o l ro iet1o mt l eifo h

baI oc -uhe Iei

.,. J. 16

&v-a
1%09.J.-



[o deal with these problems use the following (smoothing) approach will be

used: instead of choosing .+ I to maximize the probability of having Opt 1 in an

infinitesimal probability element dO around 6 + the estimator will be chosen
so as to maximize the probability of having 0 in in interval

A

, [0 .-- 0.0 + w ], the later interval having I tinite (usuailv non-zero) predetermined

,enelth 2,. In other words the concern is not having an estimate exactly "oin tile spot"

ibut rati ,aving It within distance w from true value of0 -

in mathematical terms the approach wiil be to lind the solution ro te

4,1'Wl 13 1 a I

0* In the equation (W.l.a) .v is serving as a tuning parameter and has the

#. following e!T-ct on the solution:

.. When w=0 soiving the equation (11'.la) is equivalent to finding maximum
.ikciood point.

When w>0) and finite, equation ( W.l.a) tends to down-weight skinny peaks
: ,orc than Fat ones.

When v is large enough. equation (.l.a) will have a unique 2 solution.
Ilowever it is generally neither required nor opi:iial to use very large
'fues "or ;.

A
S .Vhen v approuc-es nfinitv. anv value ai 0 ,.iii arisi\ the. 'uation.

* .e , uca a .:suig a :on-ero . as a udtion:u at' lcl rice, ill ,orne 2racticai'j, *

etoat:cns. ;c irrenc )l a large trac:-ing error may derLrae scnisor ncriorioance ;or

.conLecatIve mcasUrcncnts. (Such sensor dependence on trackingi perolrmance ;s not

rc L:,Lti :n -he modei.,

. The Solution Technique

... 'in, a -oit ion :or W -1uation 1 .l.a directly nn* ; ..es :n xitLaustive .;earcIJ.* a..

v". ." t n 'umerWiai I atc 'r:i 'on; not a ',erv cxcitin g prospec.t at ir.,t ie ht. I lowcvcr it has

the advantace aicornaimic siimplicit and guaranteed global liaxiia.

:Since tile likelihood function is positive and asimptotically approaches zero
when 0, + approalhcs - C this statement can be easily proved.

17
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a. Analytic/iterative approach

Alternatively, we may try to find an analytic solution to the equation

(W.L.a) by taking the derivative of I(O + j) with respect to 0,1 and setting it equal

to zero.

dO ) 2 . ,d)
e

t=

UU

A

2

Y.  ] 2

. After se:ting the derivative equai to zero and perFbrning cancc.kItions

A 2

2 C

'=1

'1 31

Is'3.3'

1 -~. - " 1

2 i

:€ .. ' ' -

-., 'u -



Next, taking logs of both sides of this equation rcsults in:

A 2 '

'Kt - i3.4)

A
( W

Multiplying through - 1), e.\pandin'g -,he Aquarcs. and milling out thie common

denomninator of' the IcL'ariim iVes:

-2 _ 2 A n 4n

II ~ ~ - d -I)ln(d,- -0 Il ~nd o

_C1 - 7
,i1 -1 __

(3.5)

12 2 A 2  A A A
9 '9 -20 w-29) v-20 9 0"

I, " - d -l'in(d, I-v j -w-0, 1 2 Ind a2

S "'= j=

(Wilctriw-, terms and :~r~ eiii cs to

An

L4 " t1 r, I b) IS t!J3 fr-v ore-odto b oa ar o

e".- t i .- - t , n

"+ " " "' - ),

11 .. - i IS U Z. :- " 1 - 1d t,n o 'C - v - - 0 ) r ull " +

- . - Ar 5

"&" " -. i J - v -,.-t-..-.. , ,," ,

Bquaior U.I . ist~etrst order condtitionl 1o: a iocal mnit~u;n tor

,, l. Ba 'ri2.i .rs a ::'.: a :u ur,2 '..'." to Jt~ck :ic !ir~t "~~~~c w in

+A
" d~~t pot, rr 0:- is ro eC~ :1 tile irciti.Q d bult., nl .kcN equwal ; u, t a It p"ulidt 0 +. -,

and , - i'-

p+l

I 9

.1 q



When w approaches zero, equation (11. Lb) approaches the form:

A A 2 'n(d i+1) (y - +e
= + (C +t 2 ' Nnlj n (3.7)

Filhe raiet-rnost term ts -he iirst der:%ative with respect to 4,,- of the !og-arthmie

T~i ~s~ h :ist-d, conuition iar i naixii-uin 1ikchhoiod parameter value.

SIiCL __ -; n ears :i :ic iotzaritiiinic termi o[ .I.', eun to

is dilj'culit :o Solve _ irctLv One sciuuti procedure is to Lise I.IL'in a recursiv'c
A

nianner to obtain T he cmnriricai C XPerletice With this approach Indicates that

J8,.c)Ss Sv . elat1 Civ ui~e rcct Arrici:Oil 01 eUuati IO F. lb does 11ot COavere& in

.. Zrei.'ua/ uLwiwlaion aIppi-oach

*~~~ I'ta i.i~ c ite~tj ,teratuve procecjui , -hie sinirie exhaustive

~ca~r~~r..2redcsc:h Ibclo'.v. he use..

TC 1:!er 1 0 -)ici.sill rcaisolaahe canidatI'e plits I-or 0 .It is

~;~'~.hi t-:..iae*T~Hi. t a 1 11tc nlumlber cCI rolints (Sav 211) fhor [the

'AA

i,* -ulp' betJ'I itr.. ol i...av~ia he %cry ' Loge a:*'. t e eciniate inu rach

-,. % . r;\21 . .. tD~ .'. a r ''' :i ..~2



Trherefore, the safest procedure for finding the solution of equation

- It". L a) is exhaustive search over the Interval T with numierical Integral evaluation.

This is the proceduire used in thce simulation studies reported in the next Chapter. In

the Simulation, Search and itcrievalution were perl .ornicd in a sinule DO- LOOP

Scc A rpenidix B Cor Jetaiis on mpic.11.'taltion). The %Vinul na ws Ot written will)

conlrwutw noal t11CI1CILcw; 111 11uii1J, :tevCrthCiCSS theI computaIon1al burdenI Jid not -eacil

an ana ~tabeQv'~i.

B. V'ARIANCE OF0 1 -
!:I. a iLracr o~ he !liter -,(-11L mice 0 lias been *ahtaincd, J s tecessary -.o

compL nze as v'anCe C,, , .SILL e cu natIOnI iV. l.a) is im1pliC~t 111d eq uati on (W.L.5i

'S not inerthre S 11o natural naio,-,% to cquation (£.2).

1. Linearization approach

cn : o.sirie rnr-OUc., '0 .- Iictil ticth variance at-is to 2lprox1Inate

ca na at ia n I .'u widh a Imear cau nabtannd 'J% a Iirst onuer Taylor 2N pansiori .)t

EneCC:-:',t ISu zenaounld U,-ach J. :-',IIkeil1in Lin rearraning

'rsr~Its InI thle Fa1,wing ar'2ra: !.ntion to cquation (iF 1.

*,
*Wlc~k K9k.t

i1 -1 - s, .



Empirical evidence indicates that in practice this approach performs very

badly, giving values for Cn which arc far too small. The C.~ depends only on n and

converges to a vailue for large it.

2. Mliimization approach

I iv~ne~c~o~d he abiove .Iinearization aprcacil, a JiVzetone Is

:nrdicd he -bclo --sinuoia .a ticli n.iblat

in~ ~ ~~~~~~~~U th ,s 1 IcK- ti 1S1)- opck a *ierr untiit ication . avirte mininiai

ariance a;tud remain . onsitent A'!',1 illaXInIumLI 11keihod ~itei.In trie ',F case

~.rs ~r~itelcnro :al Wr>iJS. fLcC .:nerilich stc~v obiuineJ I.- :in ,nl tie

N. ;itltl o it .it!" tcn IL La) -. :!I ;}il'r I'rutn *,he niini ,iI ar incc ctt inate. Wkit n

* 2! :'.. : St il s t -IrI I %n :m iiu i .a rice ln ihina ici a on st ratnec

ils inc--al :s2~t .11 '0. tObtain an estimate ;I' .criance C we have

-c 5oive ,he titowii-uL constrained imnnilzaltioll problem:

1hle svclbciclu tn aEt Noulid be

+c3 14
N~ .vc1re

N1. sil ~ , otl

)r 313

-I2



and 0= Let k, and kbe Lagrange multipliers. 'lhe Lagrangian formulation
is then:

QQ=~ 
2

V - X( v y- ^a) -\( N. a-I ) (315)
- J 

1  
F 1/

j=O 1=O j 0

Takin2 ":irtial dcrm uvos %vith respect to(,idt bti*i NI!11o,'1.

,1InC-ar c-qu.atons ozt , - 3 unknownis gives:

-pU

- u 2 0 3),S

u j

23



After changing signs a systcm of two linear equations fbllows:

Ai. . XI / ' + k2B = 20
3 -. (3.19)

X.IB+k 2 C=2

where

~Vj 'V ,) "'

'20C - 2B
- C(3.20)S AC- B2

2A - 2[ B' ' \' AC-B 2 (3.21)

'1AC- 3 2

Substitution vields

2v 0 , 2,1.... m) (3 2 2)
2 L'

53,23)

-.- or expiici::.

-n 1
,c =) , :i323)

24 j 0 /

.

9,.' \X rte "i: ,t :;c , cjC;1) :nfl tcr :q 21 ':i :21 " i: J:'; , . * . - ,I '.IIlCI !S , ... ,

iii :mprcK-ic c', er, t.
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Since the I lessian matrix

*2v 0  0 ... 0

0 2vI ... 0

-s postilve dm~nitc v. > 0: IFor all ;,, he solution is a lobal niimurl~n.

hc jiuiai 'U Lrat1;ji :or -tic variance t.:siniate :S:

1=0 ==0 J7) j

\ '! Ie u'-:U tiC rs I 1.Z a rid !V t: Ontain al.1l that IS :lCLCSSarV !o Miniement the,

C. THE WF PROCEDURE

1. Find 0 min 01uu:I , 0- ,n* x ,* ~
-'r.;. Iaetil eac resoilution R kdpnin on T-= *.0 )

3.Set Lup the grid V. ith reCsolution R over the interval I V.0 w)

E,, vaIuite tihe likelihood !'unction at cacti grid point.

.Fill' thie 0,1' bv picking che "best~ grid poit solution j' cq oution LIV. a' in
:111t1":11 T il,- il ') f 2k I ad, t a -11 I Akelihoou : tllict,0on %,IILS o ntcera i

D. PRACTICAL CONS I DERATIONS
A . 61~e or .S uc; ric tea a inime:itrig -lie 'Al nroCedUre on a Jiuitai

i. Grit] setup

i hec e\Ilau~tivc Search o'. e- the inter .al T O 3 ivb efre

o'ra -Ite2:e uimber ol* roints to be cLL1Cu or U,1vu a Pvcreneied search

25
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The First approach is wasteful when T is small and the second approach is
wasteful when T is large. Thus, it would seem reasonable to specify both a desired

resolution and an upper bound on the maximum numbcr of points to be checked,II X'.v'cn -,--1,=n constant over timce.
V. rv dense o);se-vations

In Ic --asc -oenT -er short teemay be two comn;lc'atIC1s:

0!1 v_ :\te'.zah:e r9
"' ns C'-' c~rn -.0. ... - .2ot he crcon~

r. -I:o -j evn :hcsc '?rciiens e "o i 0 111, :nodili Cai:0on !s Suzieest'ec

9.-s c'J n tons: : s verv iliort say less than 3 ::mes rcsoiutIo!

ero snalW .tumuers

i~ n ~S .r th-e :1ffleuucd Cuncu:cn take-s vr:low '.aiues. Toavi

m.~lv:uiziniv 1t 'o% a .-arge constant. The constant that %vas usedU1 ii e

m..e rciii-caton -vas rnplemented to avoid arithmetic .vitn *;r': suna

~'i1~r -: te exncnent of the likelihood function first term was less than !()of.

:..c~oc ~uc:onvasse c Li qual 7-r The meaning of tIe rncuuIICatton

:s >a:- rocei ure considers any tagt step 'aru,.r tan
; zitardvain to be a rac:icaiiv an imosbestep. (One m-ust, be carei'ui

.. 2tttO~~catotsa roe trce jumps ire possible. as couid Occur § 'the nc:
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IV. SIMULATION RESULTS

A. SIMULATION DESCRITON

Asimulation experiment was erformed on an IBMI 3013 and -381 at the Nava
* -. Postgraduate Sc'iool. The oro~raxri ng 1anauaue used was FOR\TP.AN-7-. ,.rid

sin2!e -oreclsion %vas .ised. Normal Ind Chi-square random numbers wverc ieneruzeo

with lhe a"Id of ",[SL- 'brarv routines. Student-c random numbers -vere ieneracu

_orm :,ormal .ard _--.quare -ardom -ariabies with avorooriate 6corces ;)I !IeCuIOr

(see [Re' 51 ). Tracl~ung error statistics were computed using the HISTGP subroutine

from the NONINISL tibrary at NPS. Figures were generated using an [BMJ

21exlnent rannc 7ac~ta~e. 15R F S TA T.

zor 2acn qimuiation re:oiication the trac,'ing sequence wvas per:.-rmed for ~(
steps 1--. z - 1 0.i0). Thne -lumber of replications wvas 1000 in ail c:ases.

T1,e KF and ,-F orocedures with different values for -.0 were carried out uising

:he samle 7andom numbers. Wthnormally distributed target steps and Student-c
distributed measuremen rt errrs,

*Siat'strcs WerC c ole ct ed on tracking errors 0 - 0 for

Thec simulation w.as performed for 6 cases:

- Case i -one observer. a,

- Ca se 2 -wvo o-bservers. ry, = ,

o J~e -thre ctw;crv'.es. 1,'T cr=

- Ca-se 6 -five obszrvers. (Y. =T a3 is. 14

in all cases -he-casurement -rrrs of the observers have the Student:-c distribnution
T,: :ere ".. .oitucaet c a arget 'is normauv sr:uci

te ~e. vn .annzr :c~atnn .in iil -uses :h-e 'A'1 erocedurc waus rhrc

l'rvje .... Exciudina case I, the desired arid resolution, D.R. wavs cnosen -o

be 0. 1. In c:ase 1, the .4esired resoiution was equal to 0.05. Case I is most susceptible
to prcbiemrs resuirtn2 trcm a -er- ; hort interval T described in the proviOLus chapter.

thai ac e nurtoer or grid poinits on the interval T wvas limrited b y upper boound

o f 50. See Appendix B for details on resolution and grid setup.)
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After fixing a grid, the likelihood function was evaluated at each grid point over

the interval of length T + 2m. The integral was approximated by the sum of 2k + 1

values of the likelihood function with k being the largest integer not exceeding wv R.

B. WF PERFORMIANCE

Fi.cures r. tro uch C.6 display comparisons of the standard d eviations ii

,he trackinz errcr. 9, 9, - _ :r the KF and the WF for cases :nhrouco '

respec~ively. In ail thie .cases, the \VF performance is considerably better znan the 1KF

-, -oerxormrnace. See .-\nendix A "or :abutateu resuits.

,.ures C.7 ,nd C-.S dispiav 'VF trackimz -rror standard Aleviations w,.ith different
\values of -.. The optirnai .v is sorn-ewnvere in "tie vicinity of I or 2. bout sensliVIty1 to tue1

e-xact value of -, is low. See AppendixK A for exact numbers.

C. SENSITIVITY ANALYSIS

Z' or ;ensitivity anaivsis purposes. the rracking sequence wvas pernorm-ed ,n ai

case with :he same steps and mneasuremrents. 'out, the WF procedure used,- :he loiloxvine1-

* (wvrong, assumptions:

- .= 0.5- or a.= 1. 5 instead of a.= 1.0 or a.= 3.0 (underesimatina the
mieasurement vaniance- by a factor of'-I

- d:= 6 instead of d.= 3 (undecrestimating the measurement variance by a factor
df 2)

=I 0. inta ofa udrsiaigte target step size vartance by a iactor

UAdditional runs were nerformed when target step size was a Stude-nt-t

cisnoucuvariaoile hnavin2 3 eresof freedom and variance cqual to i.

n 'C :es-,:-un k*V~ed~=Ad:e --esirca 7 reotno va c- a

. :u..luniber Dr' -oInts :i n :nteirvai vas 2)

Figures~~~~ C.ono~ .4dslyW errmance ine sensit:viT-ani

ccnditL;Cns or :ases --ISue ' ,)C. reocivei Cearh: th VF ntrocedur.- is .er* roitu SZ

.UI "ac rcsuits -resented .n terms otr samnipe standarn e'atonls,..~ square
roots 3~:; Ut:." iL :'LI-S nsuats ;C popUlutron vanianccs. Means are -ot p r s Inte
since,. n .I cases icr b-oth li ters. m~ean error values wcre vr:sotail. T NIS SkuuLare
R~ 3 Rots Cr MC a SN Iir S, U. aues -vere arso compLue in the ;Iiulatin. In ail rUns
.ins -ec-ec ite vast :."oiv rni ,'I runs) RNI S aiues xveri2 we rc sliu-ht~v smiailer :u
the standa.rd deviation0rs VaIIlues d .ue to divi sion by N in RNIS computation and "divis"01n

by N- I in standard deviations computation).



with respect to measurement error parameter estimation and less robust with respect

to major alternations in target movement model. See Appendix A for tabulated

results.

The strange behavior of the standard deviation plot with t-distributed target

step sizes Is exr'iaineu o the :'oilowing2 nhenomena: in :er rare ._:Ises 'mien-,e

-estimate 01 and act ual are oIt 0 are extremely distant (the. ta rget m, Kes

nuge sten . 'A'1F starts -o >gcr he incongn measuremients. -her.;g n-, .

ouLt!uers Ind sti*ckS -o tu ,e oid -stimate. ,in 'uh~raun s -n117ng~eau: u

'A~~~l ZC 2a arqe na' s71 :e ~ -.oi L~~ toil tn

disre-.ardi~ng_ observations and the estimate si fts towvard the actual target oton

The 'as modi111cation described in the pre-ious Chapter was haarmfll ;In -his

stua, ic r.

Su c: iindesircuo )ehavicr may Oe :re )ve h ,ad '1oC Idsmer : o -!,e "VF

~rocdur. ior examoe afe dee-ng a steau increase in C we :nav artbitrar: Ret

* qeuai :o a iarge number and -ecalcuiate ithe :asc estimate. This kind )f ad'Justmenti

mar e -rpe hen actuallv imniemrin i WF if ther- is concern about -the normaiiiv

Of target step size. None of these adjustments were :Imlemented in the sirnulation

experment itisariiated that if an outlier-productive model of the aret motion

we-,- ised, the cetnoted would be autrematicafir re-duccd, )ut to date no

* nvestrgation 11a s been, made.

Another comoparison was made betwexen -he WF and KF Procedures o

-''- erfcrnfinz a simuttion exoerment wvith r-or!maily ii:str:'buted measurement rr.

Ace sinu~a::,on -.as -erirarnte'ad .r 2'ases !a-,a. Aae a- a corres.,Tr)no -1 ' :1SCS-.

:r:ance_ is -ust--ru rors :n"ne 'riginai :ascs. Q~cei aztn -tie sU usc-t
and cheleired resauon va s set -o 0. 1 withi i maximum num~ber ,,f 'noits :n ",e

nrtcva al

:uantue~unrr2 aL F aver i;n cases I .. See :\nij A\ r ta',,uiae em

In ir-;e r t o see h ow muchi measurement error assu;miuons maryevoltd

nevra-mre ru.ns er ac sn the Cacr itiuinS'a- vi~ 1 .I.

:r :1 r,~ r .esucte. 21. C. C ',Iate C J o mJjd I arc 0



parameter a). In general the tracking was steady. However in very extreme cases,
when the interval T was extremely long and the old estimate on~ was not one of it's
endpoints (actual resolution in such cases became extremely large), WF produced
an unreasonable estimate and did not recover from the huge error.

-, 0 'rcon"e ." orcLICrn. :wvo aiterations %vere made to :-e -;Iu atuon
mrn intentamo n:

- ~ ~ lax 220 ~or:oer rcmrcs :o -t~c as set

:n. ,e :asc -'nien ail .Irid. -rints on "ie nrerv.al T 2,orrcsrondedi -o *!,,

S'e :ro"nu: :--n:.:COa1 -.3~co vas 'e r z.ua -jt2-fl,2C .2 20

-~~~~~e . 12 ~ * .. ~ ,'

.\:ar r~a~na:hsc wo :itratcn. ± r~s 'arereeateu. The trac:ki Was 'toa&:
no rec L rhes The. -esuits irc :a, -iatc'J :n Ap~pendix A ona ma' -e

oaonzr::n.Su~ua:onrus rae a.~ev,,-ih 5 Jitercnt -'airs c-as :'r

%ltc:7es and o~ne :,)r masuremet --ers) for 1.2.3 ana 5 Identical obsec-:'-.m

'XT '( ~ ~= 2.T : resuh:s ,,re J5lsiaved n F.iare CA - Cenerall. axnu

* ~ ~~~ -e:'ven --een airs -ri ;eaaes n ot -.ee he ;rabit ewe eaao

-.me stens o a s~naeese.

3.O



4i

V. FINAL DISCUSSION

The "7F -,rocedJure has a .,ery enCrai nature. It mnav be arilied -ietl o

any type )f rreasu- -rnent error distribution. The distrIbution of' measuremrent, error
mut av :mt vrinc and k-nown dens ieven i tao uiar form). The \FI' ttor

,erforman,,:z %ith exotic distributions. ua' ri~iht or wron2 Jisiri~butional

~ssumraons. eejS 70 -e investioareo.

T .r'pv -I"., '.VF -.rocadcure -o -nouecs .with non-normai toren tc ize ee

must be an ellicnt wvay to evaiuate the conditional likelihood Cunction. or eise

additionai assumptions have to bLe :nade regarding distribution of the e-stimate 0,

befe nd _ii'ter movement of "ie -arzet.)

Vhen -ion'ed :o :noueis wxih normaly distributed -nez surernent errors

and normaily diistrib uted tare itep sizes), the 'WF procedure an 'vivi is~

* theoret:callv identicai -o -,he KF proc2edure. In practice. however. the're night be some

differ-ence pn erx'orrance c.ue to inte resolution.

WF hias a built-in runina parameter: the value of w. The optimal value for .v is

definitely not zero. bout the sensitivity of the procedure to the exact vaiue- of w is lo..

The best values of w seem to be :n the ranze 2r 2i. -where -, :s the stanu-arui -eviatior.

of -he targerl step size.

instead of using .v as a statto ,uning paramreter wvhere it is kept constant. wv mia,

be computed dynamiucaly. basci :n *he :.atest observamtons. For wxmne ;= T

2O-lstraineU -o nv ' i mu - nu :e jsuai -rccedure C~r :rti ;e~un ce :\cren-_:%'

obtainca . vicll constant .- . Dv.anucv x esuits were n0t renrcsenteu :,- m!e -rev:ous

Chapter;.

\n.oiie- -nodiilca-ion to~ ':r:oe :1i -t an 'oe usi:e ) v ar'e-ational -easons.

oucttr.~ 2 a' b aconot aniv as oar ,c WlV ircdre u s par:

- .anyv "zood" procedur 1rcfvn 0 _ and lookine for C

:5Optimal rule f'or dynamic w calculation may be discovered by further research.

3 1



The most noticable difference between the KF and the WF with respect to Cn

estimation is that in the KF case Cn depends only on n, converging to some value as n

increases, and in the WF case C, is more dynamic, depending on the actual

measurement values. The dynamic behavior of C, reflects the variable amounts of

.:-"0711n:ornazcn received -.t each :vneasureme:t sten. This phenomenon lives in side

rnerr.mance measure )n how well :he :liter is doin,. None of the cases checked bv

:':n-aJ-on, _ .eurei 2_rr.ct:%,e ic,:ns duc 'o aonormal (C ehavior ' steuu,,;

ncreasC ,2r -rI'Curs excert ' hen target step sizes were Student-! uitr~rutet.

•"-! :'tcd "~' .... .".........:cn, atiue: caicu aed 'f he WT7 "roce dure :nicates t:it

..- " . ,s t rc <om '.vnat larger nan "he ac:uai variances f " l--

errorS. [ may ccrjec:ured that :here is room for improvement n the WF

(ocedure.On "he a.aer and. ,orcng C close to its true value (known from .revious

- .... : ... ", 'r,:d s ,:aod bu' aot sinericr -esu:ts to those obtained :: -he reeiar
,,..-:- v~~lv. , ....... .,aam: )n ; .2."' Tis .;ulacsts :',at :no W F terocedure ,s :a~riv r-ocusm

-x:ch re-ec: o modes: aes n he L. computation process. (A constant value :or

rix._ ,, ,seci-f -nere :s sutlic:en kncwled,.e of the environment, ie. tne C vaiues

*- . ::a, sacu:d te otuuteu ire a.,r'roximatelv known and no larze jumps in Cl values are

axtendino :tLe WF procedure to the multidimensional case does not seem :o

,c,,r ...t. l-.a) ma, be reniaced by an inte2rai over a :-

ic a.... -o eauation a. ray be obtained bn m-n iizmn

C , I .... ,n...t :I Covartance matrix. However. the :omputationai aurden ,t

e iv _,,::.on ,t r' , tne '-2i:ersonai case and rmninmizgn2 the ietcrinant

v ,t, ,,. "3 :c , . :n: : :he \\ F rc lit::. :,I '0

° -:. . ....... ... 2... . [ -O - ' ., . : "lar

A ~ ~ Ac 11;i:111"c Matrtx.

o-" ...

¢i..

le ',. % "

Icy% .%

ii->. 371



APPENDIX A

TABULATED RESULTS

* *.,.is .A ,enix contains -anl)cs -C trackingoe~rror itandard dJeuations.

tables are organizod 'v bservers cori.:,uration.

I-, Te 1: e h 'er'

_2:rs. )nc )i mumr :s *:tncs ;.css *"cua2 : ,u:e :c.

~.Tabl 5: e iv ientical ob~ervers.

6. Ta~ole 6: FVr-e oer;s.:oof whom Is 3' times less accurate than 'the atIhers.
T e olow*r.~ ntto s :u:r spec ini :arge, 'ter~ izc mui 'ncalrct'.:

vN - normai .in mean 1) and varancev

-. Student- *.ith d ;egrces ot' f'reedom and scale oarameer (T
When two -)eis -3f 'oser-vers are involved. -lie oararnetc-s are given or tl~e -note

acc:ur.e ^Ines.

All cases above the double Hrne use preciselytesae tretsep n

measure-ment arrcr,;: ani: the 'I Lers ar Ifret

- . F':ter. notatlons:

* - ~KFKalman tie sn corrcc, ;'aance

F V-itcr --, i ( -ind correct varance

_-~ .;~ T rv::* ii~ n nd -is surninc q:ne Ica-e 1 S-.nT
Ir'Jc aran Ccr (" ar lacn ;"r,

~ aa ~ ',.,r:~an m.e true aiue m i

17 2'.. va: n -I -"C Crc ie 1C

3 3
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TABLE I

ONE OBSERVER

T easr. FILTER -ck L,,

. ... "V " =, :, ?, : ,- -

* * . . . .. .

. " , . .-- - , . . . ,_

- A 1 -!

-. . '

-"* .\BL,- '.* ' •

I,. -

4......

-- . ........ 2 b .



r.'...TABLE 3
.'.',',THREE IDENTICAL OBSERVERS

\I. t " .'Vt \1ea~ur. F!IIFIR Track Lenezth

,""*;7? -, I - - ll{
-% -, _ .....

- - - j- .

- - ' . 2. . 'I, " -'-" . . . " , I

"' . < '- -\ - -- ) ' , . ) -1 1 1 ." I .- )'

. * . -. ~ 7-

RIL BSI 1 LR.B\Z -i\L 'VRi

* * :,'* :.v-\ :r.\IS W Rac Ent
- -•7. 1 -U ) S .. ....

.- - ,' - - -',; I_" "' - - -I )

-. ' .,. ". " . , 
-  

-I ,). , \ , .'-I .II

*. - - ! = ) ) , .L _ I) '; ' -'0 J. ' ( - ,

. .. - - ' ' ' , . ' , * ,, , .i'

-4.

-'--

04

I . -* . . . -- * -- , .--



-0-

,,%4- TABLE 5
FIVE IDENTICAL OBSERVERS

'4A,

i.Ivnnr .MIeasur. FILTER Track Len.rlhs~~ep Error 1 25 0 -" {

IZ 1)

,,',;" ,4,," -: 'K , . , .. 1 5 , I 1 , : ,

". '. I..-l,' ,' , °" ' ' ',1 ,

T-- T7'

17 -ac'--' cn-'I

-. - V-'-, 1.5')~ I)6 , 52 .

-'. TAB E A

-. :a,:.Lrrcr 125 ,) -;I)
--. - - , : F -

T---o

436

-% "

'.. %

-> '. TABE i

FIEOBEVRS WOTMS.OS

.Lz%',%rc"L~'~2f

urTr X".1J

':-4 i, -,i- --. 2 -2- .. • _ . -. v .. .. .-.. . -... . ..- .- -4---.' . .- .:. .- 2 -..- "



APPENDIX B

DETAILS ON IMPLEMENTATION

Tn is.A1'nenc_ x :hie :m~re~ton ot 'Me imuatlon exp~eriment is liscussed.

There ar . man-vu~rn 'AvaVs *:o .'mr.erenc u'e WF nrocedure. ) in -)articuiar *he

;z'.niemcntcu.:.cn .i:,.c :r cun inic Learcn- 'or maxiai niegrai over ntervai *-vith

1.l: G2M, SETUI

I, DR- e Je, ir d c s cu t:on ~uua: DIR 11,,

- \EA -no:nxinainu~:er -'on: * ~ara oualTIM[A

~~ -' ~max -'~

A\ft-r tn in T. *he lesire d rnmber ct searc" -cints. I s computed: T TD R, -

If'n> NN!"%AX. thlen n is set to be ea ual r) 'I NAX.

In :he next step. hue 2ctuai resolution R -.s orniputed: R = T n

* -fer P. zn R. :he .umber of -olitS on :nt.-:,vai. .z s compruted: k R;. !If v i

Computed dynarricaiLy ,ts vaiue aycriane).
No ne Zrid ,s ,ixed 70hv oa ubr ~n-2 oaiv Rcoco2~t

Ad Vn-, : cins ,i .-,Tervai .z.scif onei ,n xIcn onOl
ac .\fl()O~uL:U lIeS _.r c i.c .,,or eaa r:u :1~too oc

trra: P 2 <ame -arcir -n-at 2 -e:Upints .rnc-r :n -le re~numoier .

A mr,2r e2concimca.r %va co < n .,r) rnu, ;ruj e as Fea ',

omt otn :nu. .c "ec~ou.O....C S

,rnlerenta n tie iniu aton - reiment.
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2.SEARCH FOR MNAXIMNAL INTEGRAL

Once all likelihood values are stored in the array, the search for the maximal

integral was implemented in the following way.

Initiation step: compute sum oF first 2K+ I values fromn the arrav. This sum is

Mne one~a apicunto cors:ndi ois s :n ir~z cam; iuute j

~earcncon: ivance Dfl 2, arra 7:cn :e auoinz -i new .icrnent to 2 ur

,nd naracii : je ai est -_w :e qe% .,1n ~s ar,-,r -~n he 'arq es: arnonz -lie

- x ans. _-ad .' ar-'ncn ai int a.s :nL -est caLndcac : "icr a rcf.Orci aic

:\1er n- 1, rrtins:e nroc ,dure 2ives :he best canidLate amon,-, -!,e -i- Ir

coints on intervai T Ind ..e corresnonding 1ntcgrai %,ie~

-i~s :rcenna~nar-'rcacn .vas aawscn jSin~ jeaue i :o2ritjnLic

A:CUf e nu :ra:a .\L numnbersr tv:::at:ou c

NCIM -C er7'r .,.Is :s nt :ea r _rcnn in : rescnt :LiseC

* ~ uut~an incsubtractlons s not a %-:e ac nuirrer.

* * i :e inrerest ~s .n z.ne gr:u -rcn. nct "Inc L;arrcsnoncing .nte,_rai j.

il -n cosc cases %va-n1. nc~ errr 1,s 'eesn.:~ est -an eurifVA:
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APPENDIX C

COLLECTION OF FIGURES

in this Acrendix sevenite Figures presenting the WF performancecmard

with the KE perfcrmnance) are coilected.
* F -eures C.tAroc Co ,resent WT vs KE cornmarnson "or cases I throuch5

_esnecttvelv. \VF :nerfornnancc gsi~ven torvalues of' x=0.1,1.3. The cases
-oirresnoni :o :'oiowinu, oserver conite-urattons:

* Orne oser'er

- Wo rnenticai observers

-Three ide-ntiCal obser-vers

-Three Dbservers. one .-, whom 3 times less accurate than the 3thers

)() Tve el"erveS. two ~fVaom 3 tmes iess accurate -tuan :1)e )[ner-s

* .curs C T c* ars-et W aefomance with -,vh 'ifercnt -:aiues of

- Ejeure C. -cases 1.2.3

- -iure C. - ases .t

-iures C.) :hro-ueh C. -'resent sensitivity of 'XV Fprormancc .vith resrect to
nod'e; violations. Fiuurcs C.)- through C. 14 corresiond to case 1 :hrough case 6

* _ieres C.15 and C.16 present comparison of WF and KF -erformances for
*nor-maii% cis-rnbutedi measurement errors. Comparison presentedi "or cases la-oa.

Ca se s la-6a ccrres-oond to cases 1-6, but have normraly distributed
... ecisurentnt -rro " zh the samie variance as Studicni-t di'stributed eMrrS :n

- Fxiure 7.t res-ents cases *ia-1a

* FcueC.1 Iisriavs va1ri aiji tv of the. simulation usinz different seeds. Fivec
-I' : se-eeS irc a-d. .r~bt ~s a resented " rcae .2..
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