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v ABSTRACT

e The Kalman Filter is a widely used procedure in tracking algorithms. When
one normality assumptions are violated, the Kalman Filter performance tends to degrade.
\ In this thesis a new procedure is intrcduced for accommodating non-normal properties
B of measurement error distributions. The procedure is developed for the multi-observer
- situation. Simulation experiment results are presented and numerical comparisons are

Y made between the Kalman Filter performance and that of the new procedure.
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I. INTRODUCTION

Tracking aigorithms are widely used in modern technology. Perhaps :the
most cocmmonly used algorithm is the Kalman Filter (KF) icf. [Refl 1] and [Ref 2])
vhich is based on e foilowing assumptions:

1) The target movement model is known. and nas normally distributed
luctuations.

5y The sensors cracking the targe! provide unbiased, normally distributed
measurements of current target “position’.

[f the assumprions are sausfied, KF is the best algorithm possibie. In practice.
lowever, the normaiity assumption may not oe justified. and the KF performance s
jegraded. A number Jr modifications of the XF have been made by different authors
dased eitner on neuristics, anaivuc derivations, or totih in order io improve KNI
performance in Jdifferent situations i¢i. [Refl 3} and [Ref. 4] ).

In this thesis a tracking procedure is developed for the following one-dimentional

basic (and classical) model:

) = . ~ N\ 2y, = b ]
a) en""l Bn + &L €+~ N0T%),  n=012,.%0
v = 3 . -~ . = 9 = i X
b)) yasy, 0, ,+96 _ L o, . e j=123,.m n=0.12..

- 9"._1 1s the target positicn after rime step #

- ... 1s the measurcment Ot carget “nositon” obratned by sensor  at time step

Y]

1= ..
:n the mouel the tarzet performs a random waik with normaily distributed steps with
mean zero and known variance =, and the j‘h Sensor’s measurement errors are
anoiased ind t-distributed wwith Xnown parameters .60 where 4, s the Jegrees of

—~
i

reedom and 6 s thie ccaie nmaramerer of the '-distribuubn: Iere re 1 Sensors.
215 medel creiates e cwssical KIToassumptens v aflowing  thick-iaiied
routiler-prone) measurement errors. s modei is designed (or the situation “wiere » s
small. and it 1sn't possibie to make use of the central limit theorem effect.

The mathematical ractabiiicy of the model is complicated by the fact that there
'3 no simple analytic jorm for an estimate of location of the target with Student-t

measurement errors.




oy In Chapter I two possible ways to derive the classical KF equations are given.
Va8 .. . . .

O3y These derivations will help to motivate the procedure suggested in Chapter 11I. Some
W i o

::fg. practical considerations regarding the implementation of the procedure wiil be given in
' Chapter 11 as well.

o , 4 : . . . . _
¢ § In Chapter [V the simulation experiment implementing the procedure derived ‘n
o

'\.d Chapter III is described and numerical performance comparisons of the KF and the
0y i new procedure are dresented.

‘v) Chapter V contains rinal remarks about the new tilter and urther "ODICS or
oy ‘uture Jevelopment.
‘)'\: APPEndix A contains tapulated resuits of simuiauon experiment.
L ’
he Appendix B contains details on simuiation experiment implementation.

. Appendix C contains graphical presentation of the results rom Aopendix A.
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N II. KALMAN FILTER
,:\.‘.
o Che Nasic moaet Cor the cassical Kahman iiiter is that the target moves according
o p oM VAR A sormaliv antmbuted  step sizes. [he measurement errors are
o) Loond staisticay anaependent from target fpositon’, Lo
ok
b - Yo_oo=0 - . Com INOTT =020 0
-.-"N ~ = — 3 N oy ) = AT = 9
. -~ v D S ’../~'\'”"/" J=123..m n=91.2..0
ot crooc2hires aternative wavs to obtain the KU cuuations:
s A LLAUDRLIN Galithood estumation approacii
::-_l- - S9UTIALLNUD LLrinee unowsed ostinaton approach.
ots i stion SFhe mean sguare ol estimation ciror (8 = 6 i,
~ faensien and svnergism of the irst two methods will fcad us to the procedure
- seeTioea o Cnarter (L
o v. MAXIMUM LIKELIHOOD
hd A
Dot e the estumate o' 8 after time step # and € be its variance. Since 6,1 1s
Biettoe intrrbuted with mican 8,1 and vanance €, the conditional likelihood of
A .
G~ coen)ond oo o 1s:
= : S l t "
A ) 3
] =3 T v -4 ”
e 1 P T+l
oo T
R l¢) : , = ) * —{ 2 ’ 2.1
D~ Srei, “1=an .
st
- @ S A
ot - T TT=E g = .. o
N
v
"-'.-.
- Tn the KF ¢ carved i e ne o e
o n the KB case normality is preserved at cach estimation step as can be easily
oy verihied.
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. Finding the maximum for this likelihood is equivalent to finding minimum of the
- exponent.
Y n 1.c.

a5

m (61+1-y1)“ N
. o i = 9
min( S j=q8,.) 2.2)

A .
(dropping the first subscript on the » . ’s and using _','U=!)q for a compact notation).
Lxpanding the squares we obtain

s

.

m m :
Qe =0’ Nllag NS 2.3)
v

<
«
¥

R o

&,
»
D>

»

LAY

(K.1) 6 =i . =

n+l

7L,

B F i g
s ”
L

ne

Since (K.1) is a linear equation we may immediately obtain the variance of the
o estimate.

3

a
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- Eaquanons (X 1y and (K.2) are the only ones aceded to imiplement the KF.
[ ¢

R 8. MINIMUM VARIANCE

A
Given ,"0=0,, and y=y o J=l..m; it is desired to get an unbiased
: s ’ b
minimum variance estimate (UMVE) of 0

-?‘

n+1-

té
Lol

Since g ey, ATC all unbiased estimates of 0,14, [+ any lincar combination

. .‘
e

L
]
N

= e i ;- ' b
1 Uy T F Ty, (2.4)
constrained by Za/= I will also be an unbiased estimate °f°n+1 .
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Since

= v 2 2
Var(Il)=a, vy + @ v, + ... +a, v,

ot (2.5)

n *
finding the UMVE is cquivalent to solving the following problem:

N o : v_ : : :‘, : 2
- mint —(1” '.n-v-ul " *-...+um Vm (2.6
2.6)

A\ ST u“*ulw—...*am:l

) Given a Lagrange multiplier A, the Lagrangian equation may be expressed as:

) -
—-— -~ - — ¥ — s d= -—
T TY T A, T Tt 1. (

,.([)=(1 :'.‘ ~Q :‘J
0 in "

0 1"

o
~1
—

,'.:.. After taking partiai denvatives and sctting them equal to zero the resulting system
of r+ 2 lincar cquations 1s:
—_— ;\ = {)

Al Ty
'U()'T)

: 2, — A=)
o ppp = a=t

5 v —A=0
mm

-a,~a, ~-.—¢ ==L

. Multiplying each equation by the corresponding L(Zv/) and adding all the cquations

i together results in:

b}
XY
Pl
[3M]

A = 2.9)

K
L] ,l

3

Subsounon then eaus o
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So, once again the [inal cquations are ¢quations (K.1) and (K.2)

AL

.
-

e

[}

S |\‘<

! (K.1) B
‘l.i . - e H

X
.
S~
il s
\C '-—-

—

K.2) C =minV

"

m
S L
_ .

=0j

-~

Ay Note that the minimum variance approach does not require normality assumptions.
£

Hut aormality assumptions make ¢ equivalent to the maximum iikehhood approach.
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1. W-FILTER

Now to return to the basic model, target motion is a randem walk with normal

The hasic moded:

) = . N0 p=0 0 W
a0 . T €0 ~NOTY n=0ll

SRR 0, Oppyp O

. -~ tf . = AR =1 : “‘m
Py t(dj,o'/). J=b0L225 o n=0,1.2,
[t o5 sssumed that our procedure is producing unbiased approximately normaily
N
JMTIDULed csumates. s means that after time step a, 8 oy approvimatety normaliy
Jdistributed wvith mean 07 and varlance Cn. This is the same assumpuon as used by

A
(Rett 3] and [Rett 4], Buased on this assumption we need to construct 0".7,‘ and C, o -

A. THEBESTHO, .,
. The Criterion
A
Bused on the assumption above, the conditional [ikelihood of 6, . given 8,

has the fornu

7‘__,.;,...\‘ = 1om

A 2
9 -9
1 2=l '
R ) ,
N B m od )
¢ ¢ . - = ’ “ .1
"1°‘.'J1"‘1~i,1" aegm 77 ﬂ 4 ! 3.
7=l

2 >

-1+( :"n«r-lJ-an-l )

L
a dw

.

VRCTS 17 s S0me SONStant derending on the Legress-or-rotdon durameier oot the

r

sehrels CathoUZn (LS DOSMDIE 10 00K 100 The manimii arelilicvn fom lahing
dhat anproach has the {ollowing two interreluted potentiai problems. st there may
be muitple focal maxima present. In an extreme case there may be as many as m+ |
foca!l miaima, 1See [Rett 4] lor focal muxima condittons anafvas when 1= 1) Second.
mothe muitple masina situaton, the global maxima may be tll and skinny. not
Luving much hkelihood to support it. One would not like to commit all belief on the

basis of such evidence.
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N
1.7 .
1 M
Gty
¥y . P . . . .
10 [o dcal with these problems use the following (smoothing) approach will be
\ . . . . vy . .
e uscd: instead of choosing 6n+l to maximize the probability of having 9"+l in an
i
UG e , e A . .
u'y infinitesimal probability element d0 around 0n+l , the estimutor 6"+1 will be chosen
- sO as  to maximize the robabiiity  of having O i an  interval
’|. t - P = el |
) A A . . .. ‘ :
KL 0 ., —wh L, +w] the later interval having 4 finite (usuaily non-zero) predetermined
e 1 n+ | < -
.-::: wnath 2w In other words the concern is not having an estimute exactiv “on the spot”
h :
) \ . . . . . - .
o out rather aaving it within distance wirom true value ot 0_x -
J In mathematical terms the approach wiil be to iind the soiution ro the
. cyuaticn:
; 9’1+1+w A
’ maxl® _) = max{ que_!,_y_”U,...,ynﬂ‘m)d(
AN ‘Wlal 9,,,.1"“’
R 8 0
::‘t: n+1 1+l
'
::"\
0"'\
o _ , , . .
@ In the equation (J.1.a) w is serving as a tuning parameter and has the
. following e!Tect on the solution:
e - When w=0 soiving the equation (i}".1.a) is equivalent to finding maximum
Tt iKelinood point.
AR
e { AE) ad - . . . .
et - When w>0 and finite, cquation (H'.1.q) tends to down-weight skinny peaks
n ' siore than fat ones.
o . . : . . I .
AN - When wois large cnough, equation (31" 1.¢) will have a unique~ solution.
N .. T = . ) .
s [However it is generally neither required nor opuamal to use verv large
Do g ) ) g
0 vaiues for w.
)X A )
- When wapproaches infinity, any value of 91;_] will sunsiv the cquuton.
Tl . . . ‘ . .
Por She o ded 2 sIng 2 50N-7ero s Gds aaditionial denai sinee, in some pracucai
' ° : !
'{: sitdatiens, securrenes o alarge tracking error mav degraae sensor performance sor
130 . . .
oAt consecutive measurements.  (Such sensor dependence on tracking perlormunce is not
) setiectad in the model )
N
ond N e et .
-, 2. The Selution Technique
P ’.
g Sinding g sofution sor 2auaton Wb directly nvolves an exnausuve search
o v . ) , ,
K Wit numerical ntegrauen; not 4 overy exciing prospect wt iirst sight. However 1t has
o the advantage of alyontimic simplicity and guaranteed global raaxima.
o
A
.r:J
&y P S o . . - .
s “Since the likehihood function is positive and asymptotically approaches zero
ed when @ 4| approaches £ 30 this statement can be casily proved.
b
o 17
~.$¢'
R
e
d. .
2N
4
o

o




o oy 0
P R I RV

XXX

7’ £,
..Ll

.o’.'

l' .'
» "‘ J\ ’.‘i )

e

L4

RSN
ad

:.'n‘

tnb;‘q

e | OnOn 2 2 D)
1 0" » l‘ P 0’0‘!”'0.~ L3 "«t'l.t'l,p’l_’!.l!u_ q

Analyticfiterative approach
Alternatively,
(}¥.1.a) by taking the derivative of /(8, N

we may try to find an analytic solution to

with respect to 0, | and sctting it eyual

to Zero.
A2
191"[-”_"4'
e ) 2ot m ad)
-1 2t -
e gl 1
T+l = '
. S —
RN W T+ { 1 i
1+ ! ) —
g d
’ (3.2)
A2
x‘eni-l-‘”-e-:’
2 c - ™ ‘-1d,)
2 1 . [] A
i -1
i=1 " .
- 9
ynHJ-b-w Bn‘l !
1+ ) —l
g, / d
After setting the Jerivative equai to Zero and perfornmung canceilations
A an 2
l(Bn‘l‘w—e'x)
T2 2 m
C +:
e " * H ! =
L~
}:[ s
?
v, e B 2
» ] "
’ '3 3
fé‘ -vu—a 1,
1 n+1 1
i 2
s o I :
o [t
= “ : -
'nolv-'v-‘)ﬂvl_. ! b
|1‘ } o
L a. d
4 7
1S

the cquation

.;,::I')‘\\XU-J\ I;W$rfa



»

° ghly QRN

WA A

AN
A

Ny

o

)
v 4
'y ’-"n_ g
: A [ N

o

..

TGO
R
PP

X

AR St S
IR
AARIUR

x

|

P

..
SRR
|

el d

Next, taking logs of both sides of this equation results in:

8 )2 m § 2
ll n*l+w_ n) le+l' ‘y"l*“j—w n+l 1
- - nfl -1 =
2 2 - 2 t J 1
- C -~ /=[ K }
n i3.4)
A N Y " K
19 -w—‘3 - n d -1 f s ) ‘-w-e 1
1+1 1 < . 1=y 1=
) 3 -2 ini 1= ';"
- C - ;=1 - N ()_: (r

Multiplving througn ov ¢ = 1), expanding the squares, und pulling out the common

denominator of the lcgarithm gives:

.A2 Al ‘\2 A -\ ’\ -
3 +w +8°-0 w-20 w-28_ 9 m n _
-1 ] n=-1 n LI ] - 2 A 2 ? , 2
- d ~linld o~y —w-18 [ Ind g~ =
2 ~— ) S “nrly 1+l — L
C -1 =1 1=l
n .
(3.5}
A A A A A A
32 +w-9l-28  w-20 w-20 5 - ) PO )
1+ 1 1 1 1 - . 2 2 2
- N d = lilnid o~y +~w=-0 'I-Tlndd
C : -— S Tl -l -— ol
hs 't = =
LTt =1 J
Collecung terms and rearrangig leuds to
A ! 2
10w i g n g~ - v -w =
- B N - .- .
.~ . LT oaan Ky ; 9 2
£ - o= iy 1=y - =1 -
1 vy, -
And inait,
. \ .
. . i -7 m NS I -w -1 -
s N ’ : . 1= 1.
BT 3 =3 - N L o=-in -
T 1 at ~— 2 A ?
g /‘:I i J -y ' *—w—f’ L)
iy Tty 1+

Equation i LAY a8 the fiest order condition {or a jocal maximum for

cquaticn L. Bt peraps 2 more naturad wav o to chedk e inst order conditions

A , - , . A
atpoint O 1s 1o sez it e lineliiiood tuncuion takes equai vauues at pomt 8 L = w
T .
and U, L+
19
e e e RGBT e AT AT AT NN e L e e e S e e ot et
wle -’J'.'.,'" .")\. e VY b >, A DA R A AP Sy f RN, 4
AN Tl TN R s D A A B J




ap dae Bas m S Ba Ach AL ol o s e e o ti. A o,

When w approaches zero, equation (IV.1.b) approaches the form:

m (d+1)y 8 .0
=8 rc +DY L (3.7)
1 n _=1dj0 2

8
n+ 2

A
J?(yq_“—e )

1+ 1

( The ngnt-most term s the rirst Jerivatuve with respect (o 61*1 of rhe logarithmic
ranction.!
This oy esactdv the ddrsteorder conuition for 2 maximum  likelinood paramerer value.

Since 6 anpears nohie logarithmie term o LAY, couauon (H.1.H)

ts dulicuit o solve direetly. One sciuton procedure 1s to use 1oy In a recursive
A
!

manner (0 obtain The empincal expenience with this approach indicates that

n—
aniess a3 relatively Lirge, dirccet appucauon of euuation (1.1 Joes not canvcrgcj in
ST Juses.
0. Inregral evaiuation approach
dnatedd o dsing 2 sopmsuated terative procedure, the simple exhausuve
seareh arocedure desertbed below vl e used.
Deine

A
{ = ) e

)xmn " ”'0-7‘”:"1.2' ‘n*‘l.'r:) (3.8)
O'““ =l G ey )

N
Ihe mren 2l l"=10,m” B onciudes gl reasonabie candidate points for 9, It is

-l'

poss Bl 1o orvaiudte cauaton b b ey st g Limte number ol powits (say 29 ftom the

S T Lot nith e omton cogrured, and taae the one wath siallest
o
Wl cuualnn oo s L sunare i

T DTV Do TionLnd LU Teanpo uintnoche mumimiim ssctdden 3leguaton

S a0ut Lol ZuaralIve el oCa nadnand. cloweser noomie of the snunuiations
Tl ororiurmicd DoOrShved ansilirt o nnesy there weere many cases when the
AL e HeUT s wrge Tl penyT ana -ovas st dhas zenerads aappens
Ll e Seonennent T S S N G U3 P T S R SR S A B § g
Srowiinny o dwred N saalialiob SlonIsl or o LZBer srelr densauses

ard o zenerat wnd he more ditwealn 1o soive beoause ol

ceal tiasiraa and st spotsT an tie shelihood tuncuon.

SR TJurnps” between iterations may be very large and the estimate mayv reach

totahn vnicasotiable waluces.

20
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Therefore, the safest

procedure for

finding the solution of equation
(IV.1.a) is exhaustive search over the interval T with numerical integral evaluation.

This is the procedure used in the simulation studies reported in the next Chapter. In
the simulation, search and integrai

-

evaluation were pertormed in a single DO-LOOP
{See Appendix B for details on impicmentation). The sinulation was not written with
computcuonal efliciency in nmund, aevertheless the computatoaal burden did not reach

a4 unuceeptuble wet

A
B. VARIANCE OF 0__

)
' oorder o Keer cthe fiter scing onee 8 has been obtamned, it s necessary to

compuie s variance C,r,_l . Since cquation ik l.a) is iphicit and  equation (H.1.5)
is not linear, there s no natural inalogy to cquation (A.2).
t. Linearization approach
e possitie Lrproach o |\I

sddeunlate the vanance ot s 1O approximate

-1

equation Ly with 2 lineur cauction obtaned by a irst order Tayvlor 2xpansion of
o A . :
the loganthimue erms around U, _ . =5 Jor cach 4.

Taly

werms resuits mothe foilowing aprroimation 1o cyuauon (i Loy

Cuanceiling  and rearranging

m
A A -
W1 o) 8  =KkYF i - ky )
n| 7 n -— ey
=1
vilere
{ -1
b= - 3N
I T
n
K =1 -1C - & (3.10)
n —_
s=1
A ’l;
C =K U~ <N ko 311
T 1 1 — i
=1
21
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S Empirical evidence indicates that in practice this approach performs very

> badly. giving values for C, which are far too small. The C depends only on n and
B converges to a vaiue for large n.

\: 2. Minimization approach .
E 3_: . The ldea

) [Having rejected the above lnearizauion approach, a diilerent one s 1
:.’ .ntroduced oy the wilowing motvauon.

;' The "best” cstumuace, ‘l\)!__._ , 1S some comoination ,1'610',1* [ o g

N [n the case of the RNI7 iU is mossdie to pick 2 .dnedr combmation Laving nunimai

‘. varance  snd remaun consistent vitn maxunum lkehhood  citenas Inothe WFE case

! (s consistencey o longer hoids, since generaily  the estimate obtuined by rinding the

t‘ seiwtion to the cyuatuon Ly il dudler rom the mimnuin - anancee estinate. But in

:: “ars ocuse Uy osull possipie dnd o mmumum varnance finear ombination constrained

= Ts oty the Uhest” aready xnowny calue :’orﬁ

Dl O

Phis means Shat oo ocrder 10 obtum an esumate ol vanance (""*—l we have

0 soive the toilowing constrained nuninuzation problenu

» The svmboeie tormuiation "vouid be

g S = ,‘:'.' TR e

' nun Ly Ty T T 312

. (3.12)
. A A
. : , .

5.0 A, -,y T ) = ;

> 5.1 1J0'1 (11. =L a-n’-z“l.fn 0.'"1

- a,~u, ~.ta =1
A . } | m
b where

-..;
‘. + .
) b= Co-0 (3 13)

) 1

NJ

g {

N . o =i on 31y
'\.' = Vanmy = —

- T 1 =2

g ’

oo Tovmaula derivation

k-~ = L0 o mnnmisauon s necessary and e oronfem as o imaue
o e

o4

‘ﬂ- v - . - . v : . VA
Ky DT A0S IR TR L sutenpt vl e wopped. wnd ety = !)1
~. L]
o ‘
-J'-.‘

-

d

F A

X
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and 9=6n+1 . Letd and A, be Lagrange multipliers. The Lagrangian formulation
is then:

m m m \
- N L2, _ (‘: _8) _ (‘T _ ) a
L= 0a% A\ Say-8)-afYa-1 (3.15)
;=0 =0 1=0

Taking partial derrvauves with respect to o wnd A, A to obtain a syetem of =13

, -

dnear equations with = 3 unknowns gives:

Syl T oAy T f:=¢)
:"I'J - }...‘ }.‘\ = 1)
ARt PR v - 3 = | (IR S
A hv -3 ) |
m
n A
\ a _‘, :t)
J:()
n
N d,=l
4'=') !

Muluplving cach cne of the first m =1 equaticns by the corresponding |+ and adding

all together resuits .

" .
LN L= e 31T

:n)'

Since Sa =1.

Multipiving cach ane Stohe Hrst o= 1 equattons by correspending v o the =2 nd

v

uansn v = 2 ond adaing b tegether sroguees:
A
m o7 m oy A
_\ = AN 2= 99 (3.13)
l— 2=,
=0y J=90"
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Alter changing signs a system of two linear equations {ollows:

A A+h,B=20
M B+A,C=2

where
oy m G
1= N 2 g= N 2 c=S —
im0’ j=0 ;=0

Appiving Cramer € rule gives
A ~
28C - 28

AC - B*

24 - 20B
© AC-3°

Substitution vields

\[‘v/-—.\,
a = it y=0,1.2,..,m)
! 2v
J
or expiienly
)
n . - ' n o oy” m oy
,}-\_.__‘__ _ (:"___";"\‘_
. — —_ _,
=0 =) :!\L'; =7
:1 = Al A
‘ m oy-m 1 mn oy -
o TN (N J))
A= = —
’=|) JJ=‘) J /=() J
Nate “hat rhe Jenonunaior S Uil 0 Sero o nse L, =L, = L =) .

:mprebatic event.

‘,(‘(‘"'J‘J‘

LAl 250 A .lr

WP W W IR NN W W W W Tw

(3.19)

i3.21)

3.23)

1S g e
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Since the Hessian matrix

2v0 0
0 zvl
0 0 . Qv
424

s posiuve dedipite (v > 00 tor all ), the solution is a global minimum.

The

e

Now

Wi

Anal 2uuanon Jor The variance osiumate iy

cmoyt o | , Moy :}_’- m Ll 1y m y': Al Y,

: . A &) -
R YR SR vyj{gv__r_.)__(v__eT_
1-1 — L a— — a— - —, - —_u
l/=0LJ;=‘)U1 1=‘)U oy=0 j=0Y y=0Y ;=07 1=0"y

e eauations i) and 9V 2) contwn. xil that s necessary to mmpiement the

cocedure.

THE WF PROCEDURE

. . '\ A N
L. Find®_, =nuub o LD L) 0,0 = a8, oo L= [ )
A T¢ tive rerial corred roe \ I M= i
20 DX the actual search resoluton R (depending on T=0 .8 1),
3. Set up the grid with resolution R over the interval (0 =w. 0 +w).
LLirk=w R
< Evajuate tm itkelihoced funcuon at cach gnd pomt.
by F nd thc 9 L= by picking the “best™ grid point solution 0" equation (.14} in
nterval T umw sumy of 2k =1 adjacent likelihood runction vidues tor integrai
arprovimation.
oo Lonendin 3otor dotuils on oampiementauont,
). Smpute T v egaation T 2
D. PRACTICAL CONSIDERATIONS
Aaumoer of issues refated o onnpiemenung the VI procedure onoa Jdigitad
Sirnier e asted Sclows These conwacraticns vere used an oot sunulaton deserived i

i

TR oaoNT fodrter.

ower

i. Grid setup

Ihe exhaustive scarch over the mterval T=| J may be performed
min’ lnd‘

a nre-spediiied numbper of pomnts to be checaed or using a pre-specinied search

resolutien

tw
h

™
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The first approach is wasteful when T is small and the second approach is
wastetul when T is large. Thus, it would seem reasonable to specify both a desired
resolution and an upper bound on the maximum number of points to be checked,
which remain constant Jver time.
Verv dense unservations

In the case when T s very short there mayv be two compliications:
A

' N Ve P R R N & Ny YT ey e Cor e !
! ECQUSE D Tedlunon ~rebiems 9 . mav take cuact value ot )v]m T QW”
: . s ) . R Y
' - N oy N b B S S ~ R - - 1,
LoTAIS Case rguaticon a2 mav loree . eaual to the corresponding
LS ot sunt
> Somounal o tv o I ein e cadues very siose togeuier v e
CUTLISW g Liviuienr v Tere
noorder 1o orevent these nreblems the roillowing medifcation is suggesied
- N e HEM N - Soaare. . T e v . s g P 2 N et .
W was lsed e sgnudanons: 1o s verv short rsav less than 3 times resolution)
A
\r;-) Sh TRa Attt ey Ty ~p T N § CAaryvestira (O 1¢ Y KT
L2090 o 2@ acuai to nudromnt or ©oand compute C o ising K2
- * N I3 L ~

“Ters small” qumboers

uncueon  takes very low values. Teo zvoid

A
e
1
3
3
17
*
-1
U<
[
~
e
)
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Lndernow., simply muitipty it ov a large constant. The constant that was used in the

Jue moere meditication vas .mplemented 10 aveld anthmetic wwith very  smatl
numbpers, I the expenent of the likeithood function first term was less than — oo,
e LRennccd duncuon was set 10 beocqual zero. The meaning of the modificarion
s “aat the  procedure considers anv target  step arger than

-

~ xostandard Jeviaticn) to pe a practically an impossible step. (One must be caretui
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IV. SIMULATION RESULTS

-;;Y'r

?.jf?. A.  SIMULATION DESCRIITION
E* A simulation experiment was performed on an [BM 3033 and 4381 at the Naval
::‘:' Postgraduate School. The programming language used ‘vas FORTRAN-77. and
__ single precision was tused. Normai and Chi-sauare random numbers “vere zeneraied
S,. with the 2id of [MSL  brary rouunes. Student-t random numbers vere zenerated
,.::::: from uzormal and hi-square random variables with appropriate ucgrees of .reecom
o (see [Rer. 2] ). Tracking error statisucs were computed using the HISTGP subroutine
‘ from the NONIMSL librarv at NPS. Figures were generated using an [BM
o
‘-';'_:j axperimental grapnics tackage, GRAFSTAT.
Sor :ach simulation repiication the tracking sequence was periormed for 100
:Z-‘Z: steps L rie. = [ =1 2...100) The aumber of replications was 1000 in ail cases.
;—-3 The XF and VI procedures (with ditferent values for w) were carried out using
'- \ the same random numbers. (With normally distributed target steps and Student-t
'_.;:: distributed measurement errors). A
Statisuics were  collected  on  tracking  errors O, _ =0 _ for
a+1=12530.73.1u0.
, The simulation was performed for 6 cases:
;:Z::_’ - Case | -one cbserver, 6, =1
-'-"4 - Case 2 -two sbservers, 6, =5.=|
’. - cave 3 -threg soservers. 7.=5.=0,= |
:‘ - lase - -ihree ooservers. 3o=g.=10 3y=3
-f.:::: - (Case 3 -ilve Yoservers, 6. = 5.=6,=6.=6.=1
:',:" - Case 6 -{ive observers. 6, =64,= 6=l 6,=6,=3
‘;' {0 ail cases the measurement 2rrors OF the observers have the Student-t distribution
f"\ withoe= 0 legrees opoteedom nd cale 6. and the target as normativ distributed
:’ sep sides. vin stanars feviatien =1 [n al :ases the WF procedure vas Jericrmec
150 for vaiues w=0.1.2.2. Cxcluding case 1, the desired grid resolution, DR, was chosen 0
50 oe 0.1. [n case 1, the desired resoiution was equal to 0.05. Case | is most susceptible
.ZZZ::‘ 10 probiems resuiting {rem a very short interval T described in the previous chapter.
:f::jij {0 ail cases the number of grid potnts on the interval T was imited by upper dound
X of 30. (See Appendix B for details on resolution and grid setup.)
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After fixing a grid, the likelihood function was evaluated at each grid point over
the interval of length T+2w. The integral was approximated by the sum of 2k+1
values of the likelihood function with k being the largest integer not exceeding ' R.

B. WF PERFORMANCE
1

Figures .1 through C.0 display comparisons ot the standard Jdeviations™ of
. A ~ - 1 -~ ~ . N .
the tracking error. 9, _, —9,_ . . Jor the XF und the W[ for cases ! through n.

-y

respeciiveiv. In ail the cases. the WF nerformance 1s considerably better than the XT
performance. See Appendix A for taoulated resuits.

gures C.7 and C.8 displav *VI rracking »rror standard Jeviations with Jifferent
values of w. The opumali w is somewhere in the vicinity of 1 or 2, but seasitivity o the

SXact vaiue of w is low. See Appendix A for 2xact aumbers.

C. SENSITIVITY ANALYSIS

Tor sensiuvity anaivsis purpoeses, the tracking sequence 'was periormed 2n 2ach
case with the same :teps and measurements, out the WF procedure use< the {oilcwing
{(Wrong; assumpuons:

- 6,=03 or ¢=15 mstead of ¢,=1.0 or ¢,=30 {(underesumating the
measurement variance bv a factor of ™)

- =0 instead of 4;=3 (underestimating the measurement variance dy a factor

- t=0.J instead of T=1 (underestimating the target step size variance bv a iactor

Additional runs were nrerformed when target step size was a Student-t
Jistributed variable having 2 degrees of freedom and variance equal to i.

: riteieme v - TUTTT el = Y g - r e oo
NoLlosensinvity uns tae TVE gsed w= D and che desired rosolution vas gudl Co

abaumeer of ~omes Gn che nterval Tovas I

Figures C.v :hrouga Cui4 display WE perrormance under seasitcvity anuivsis

cenditicns (or cases ! tirough o, respectively. Clearly the "W »rocedure s very reiust

AL the resuits aresented in terms of samipie standard deviations, Le. @ square
TOOLs Oi the waniascd stmales ot population variances. Moans are not presented
since, n ail cases for »oth filters. mean error values were verw smail. RMS isguare
Roots o Mean Squure error) values were also computed in the simulation. In ail runs
inspecied e vast mugonty irom 2l runsy RMS values were were slightly smaller than
the standurd deviatons vajues (due to division oy N in RMS computation and divisici
by N — 1 in standard deviations computation).

28
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with respect to measurement error parameter estimation and less robust with respect
to major alternations in target movement model. See Appendix A for tabulated
results.

The strange behavior of the standard deviation plot with t-distributed target
step sizes s expiained oy the foilowing phenomena: ‘n verv rare cases wiea he

astimate @,Z and actual target posiuon 91*—1 are extremelv distant (the target mases a
huge stemy, WFE starts o “ignere” the incoming measurements, rezarding chem o
outliers 1ad sticks to tlie old esumate. In such <iuation, € s increasing teadiiv hur
aowly ov 1T ocach ume step - Jue o the vrong carger modedh  Miter come me
wRlCh MUy 2e o omany oas 30 ume stepss, C ) hecomes verw urge ad VE O tons

disregarding observatons and the estimate shifts toward the actual rarget nosition.

.
-
3
re
—
=
.
1%

(The last modilication described n the previous Chapter was harmiu
situatcn..

Such undesired sehavior mav 2e trearted By oad aoc¢ wdjustments 0 che WE
procedurs. ror exampie. after deteciing a steadv increase in C, We may arbirary set
C, 2qual 0 a large number and recaiculate the last esumate. This Kind of adjustment
may be proper when actually impiementing WT 'f there is concern abcut the ncrmaiity
of target step size. None of these adjusiments were implemented in the simulation
experiment. It is anticipated that if an outlier-productive mode! of the target motion
were used. the effect noted would be automaticaliv reduced. »ut to date a0
investigation has been made.

Another companson was made between the WF and KF procedures “v
Derfornung a simuiation experiment with normaily distributed measurement errors,
Thg simulation was cerrormed or cases la-oa, CI4ses  lu-od correspend D oases -o,
el vy normaily dstributes measurcment  rrors aaving che o ame
vanancs s c-distribured errors i tne dnginal cases. nce agan che VE used w=
and the Jesired resoiunion was set 10 0.1 with 1 maximum aumber of noints n the
oires 200D nu oo sy e comnanson o VE ind T srocegures
ST Ly Lleed s iGNl DAl ac advantiue ob s oover TV caser (deon e
Do cuses L-ol See Appendit N fer tavulated resuuts,

[n order to see now much measuremeni rror assumpuons mav he violated.
severa, more runs were made  using the Cauchv distripution Stadent-t with 1 4.0,

e . - . . P A B s DR L RO R g e i
L0 Ceneriing measurement errars oV E oassumed 3 dih o and the correct seennd
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parameter 6). In general the tracking was steady. However in very extreme cases,
when the interval T was extremely long and the old estimate 6n was not one of it’s
endpoints (actual resolution in such cases became extremely large), WF produced
an unreasonabie estimate and did not recover from the huge error.

vercome e predbiem. wo alterations were made o fne amulauen

S 3

‘mmw‘ ataton:

- tlle Maximunm number 9f pones o check was set o SO0,

- onote case when all gorid ~omrs on the aterval T corresponded o the nreornd
SAVINE L VLS UL TO A Law W 2STIALC XAs cet TD e eguar T r;, CThe s
rlmate. D¢ cnginal o ompiemenanon  creduced r)‘wl oroin oumale nouch
Sa¥es.ooSee AToencin Jooor 1 SQUier iPProuch OV dlenng Ing s2tun.

Alfter muking these wo aiterations. the runs were repeated. The tracking was cteady

with nc special provlems. The resuits are tazuiated ‘n Appendix A :nd mav =e

SCASLGCTSL VT ICOd.
ATaegTed numrer 00 edn was onesen to terrorml oo imuted variasniioy
~ . P . . .
“smenstraieon. Symuanon suns cvere made with 3 duferent nairs of ceeds ane or

larget <eps and one or measurement errers) for 1.2.3 ang 3 identcal observers ancg
WE using w=2 The resuls ire Jdisplaved in Figure C.{7. Generailr. 'r;zri.:b:iirj:
tevwesn liffersnt ~wirs or seeds Joes not exceed che variabiiity sevsveen serarate

Iime stess (or a single seed.

-~
.
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V. FINAL DISCUSSION

The WT procedure has 1 very general nature. [t mayv de appiled directly o
anv type of measur-ment error distribution. The distribution of measurement error
must nave 'nite vanance and xnown Jensity reven in tazular formy. The WFE tijter
cerformanc:  with exotic  distributions, using right or wrong Jistributional
issumpricns. needs t0 oe invesugated.

7o woplv the VE orocedure "o models with non-normay farget (eo size taere
must be an etficient wayv to evaiuate the conditional ikelihoed tuncuon. or eise
additional assumptions have to e made regarding distribution of the estimate ?a
Sefere and arter mevement of the arget.)

‘Vhen ippied o models with normaily  distnouted measursment errors
rand normally distrituted target step sizes), the WF procedure rwith any sy s
theoreticauly identicai 2o the KF procedure. [n practice. however, there nught be some

difference in performance due o finite resolution.

WF has a built-in tuning parameter: the value of w. The optimal value for w is
definiteiv not zero. but the sensitivity of the procedure to the exact vaiug of w is low.
The best values of w seem 1o de In the range 17, 2T, where t s the stangard deviation
of the target step size.

instead of using w as a static wuning parameter where it 1s K€pt constant, w mav
be compured dvnamicaily., hased on the latest observations. For :xample, w=T =
constrained 10 w0l nd w < < and che usual crocedure orond setun cscg Arpenain
FouLCsd erv 21o0d eSS LOF il cases. UL vas A0U UDeTOrT Lo N resudls
optained ~1th constant w. - Dvnanuc woresulls vere not raoresented 1 othe orevicus
Chapteri

Another modilicanon 1o me 2niored, i it can pe justiied DV operauonal reasons.

Nouse or Loaon-svmmelnc ntert o nosuuston T La L memornmung ntegraton
WO Lower it ) & v and Srper oo 30—,

Cauaticn (672 may be useg act oniv as part of WE  procedure. but as part 0
A
any “gcod” procedure speciving 8, and looking tor C

11 = n=1"

“Optimal rule for dynamic w calculation may be discovered by further research.
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The most noticable difference between the KF and the WF with respect to C,
estimation is that in the KF case C, depends oaly on 7, converging to some value as n
increases, and in the WF case C_ is more dynamic, depending on the actual
measurement values. The dynamic behavior of C_ reflects the variable amounts of
Aormation received it 2ach measurement swen. This phenomenon zives n “inside”
nerivrmance measure d>n how well the illter is Joing. None of the cases checked bv
amulation required correcuve ienons Jue 0 aonormal €, tepavior ne. steauv
NCTeAsS Or LArge umish, aXcent 'vhen targer sied sizes were Student-t distriduted.

A mured nspzouien oF O talues cajeuiated by the W srocedure inaieates e
ne O, aaes comnuied e semewnat larger hen the sctual varances b iraciing
errers. [t mav copjectured thar there is room for improvement n the WE
rrocedure. On the other hand. orcing €, close to its true value (known trom previous
cmuianins ~roduces good WUt 2ot supericr resuits 1o those obtained nothe reguiar
WAV, LN 2usdtion a2 TS sugeests wat che WE oorocedure sy rooust
with resrect 10 modest cnanges nothe O computauon process. (A constant value tor
Comav 2e used i tpere s sutllcient knowiedge of the environment, Le. the C, vaiues

hat showd oe obtuned are appreximately xnown and no large jumps in € values are

Cxiending the WF preocedure to the muluidimensional case does not seem 10

3
Q
A

se conceptual oropiems. Eauatien H Lay mav be replaced by an integral over 1 x-
Jimensional reetangies Thae analiy to egquation ¢J1.2) mav be obtained bHv minimuzing
the determunant ot che covanance matrix. However, the computaticnai burden ot

SCIVIAZ HIUGLan f o o0 0 TAC K-SIMISnSiond Cise and munimizing -he deternunant

Dt AT A U TR S ooy mniement che W oroceuure o tne
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APPENDIX A
TABULATED RESULTS

Thais Appendix  contains  cables  of tracking error standard deviations. e
tables 2re organized v abservers conriguration.
I, Tabie I: ©ne soserver.

2. Tabie 20 Two dentical dbservers.

10 Tavwe T Thiree cdeonucal ypservers,
<. Do =0 Three Hpservers. one o0 vnom s ToTimes eSS aocurats chan cne uners.
3. Table 30 Five ‘dentical opservers.

6. Table & Five observers. vwvo of whom is 3 uimes less accurate than the ~thers.

Tae collowing notation s Ised [Cr speciiving turger -ten siZe and measurement
2rror disirnuiions:

e Niv.normal Sth mean O and varnance v

®  d.s; - Student-t with d degrees of freedom and scale parameter 6= 5
When wo tnes oi ooservers are involved, the parameters are given for the more
accurate ones.

All cases abtove the double iine use preciselv the same target steps and

measurement 2rrers: 3nlv the flters are Jitferent.
Fiter notauons:

- KF Kalman filter using correct vanance

- VE w= “Vaiditer using 3 4.0, =1 ind correct variance

- VFe=o 7 ‘Nedlter asing Y L0 v=1and assumung che scae 3one T s .8

TUNRr LD Ne TTUC DuInniellr ¢ T ach shserver
- e= L lu UUeglter Loing = LAnd ssUmung Cnal e stuaent-nolegrees of

14
TTLCm Are l4oTatiler than e true vatde ord

T = 0 - e Ciea e e g ey s -

- NTwv=1, . - TeT S ICTrrect nweasurement taramelers Uld o eesgrming one
TANGAT L L2viALen N T CArger e ase oy ST oLtaer oaan oo
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R : APPENDIX B
o DETAILS ON IMPLEMENTATION

- In this AppenciX e impementaticn of the simuiation experiment ;s Jiscussed.
AN tThere are manyv Jitierent wavs w© imp.ement ne WF procedure.) in -articular the
_-::: mpiementation Of e Irid Cetup ind  sedrch or masamal ntegral aver satervai with

4 N o .
. \ad R 84 B .
) wnoth 2o vl Be exnmiained.

-
N L GRID SETUN
3 ”
... T A0 parameters eNciuding o Lontror Tne gnd seun:
s OR - e lesirad cesciution usuwidy DR =101
~e | SNOMAN - qhe mavimal cumser U ot co vearch s usually NNMAX =T
LN -
oo The Drvt-ter oo dngintervai T="3 ) vhere
[ = \ Tin ax
N -3 =o)L
AR ! P e e
Py
- B mmaxd o (et 1!

After finding T. the desired number of cearch -oints, 2 is computed: n=:7 DRy~ 1.
[fn>NMAX, then n1s set to de equal 10 NMAXN.

[n the next step. the actual resotution R s computed: R=T 2.

Arter fxing R, the aumper of points on interval +, X, is computed: k=0 R} (If
computed dynamicaliy its value may change!l.

New ae Ind tsoilxed o have total numper 3y a-~2k-1 equailv R epaces pomnts

AAVINT o= 1 coants o owaterval |oself oone snocacn endl.

Y1

The LKSURCOU [uncuon dlues are wvaluaied or aen Ind ot dng fored noan

TTAT. {0 T0e same drcer that jhe Inid ToInts Armear on the reai number linet,

A mers 2concucii WAy t0 set un the grid veuld he as teldows:

’”. — . Ve e - ~ . . - .. i
,,,,, - - - »1 Yy T v - H . . PR

- cIONT valdate ne INCHII00U uUnelion ae e 2naeooints Moaterval . 0 Aag
Vo

e AU CCd o TaNIUIVe T Ol MNUS, YTOCCLU LN Lesermoey ove. L Tae auhninoodg s
C

> mUENTIALT Uudl v e Or W0 muooinis, en nprnnale che correepoading
“n.“ - PR,

o Sesertation, reLompule Tl . nd renelal Thie rocldure. SO0 VAN MM
.‘.:» . i eva - . g
i mpementia in e simuiaton Xpernment. .
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af 2.  SEARCH FOR MAXIMAL INTEGRAL
(s
h ) . . . .

s Once all likelihood values are stored in the array, the search for the maximal
)

2 L I was impl d in the following way

NN integral was implemented in the following wayv.

‘I

[nitiation steo: compute sum of first 2k + 1 values from the arrav. This sum is
e integrai apprexamation corresponding o G,ﬂ;n. TalS s the st candiddte or
. ni

—-—1

Searci .00P: AGVANCE 2N The 1rrav 2uc Tme adding 1oew 2iement to e sum
ind subrracting the sidest one. I -he new .um s .arger than che lurgest among “he
2id ones, cake the corresronding  IrId DOING Gs e test candidate 5o .ar and record the
JATZest Sum.

After n—1 repeutions the procedure gives the pest candidate among the 11— 1 ind
somnts on wnterval 1 «and the corresponding .ntegral vaue!.

ThIS impiemenianon 107react vas Ciaosen naInly o seccuse d1 s Lgoriihinuc
smploit. Adding nd osuetracany RSAL numbers reretfively nugnt nircuuce
some roung-cif error. TS 1S ST 2 feul Drenieim 1N present case necause:

* 3y 2ddILons 1nd sudLracions 3 N0L 4 verv irge numoer.
¢ Thenterest ;s :n the grid DOINL ACT (e COrrgsPONCing (Ntegral Yiiue.
o [n close cases when round-orl 2rror i reversing, the ‘est fan ' Te <ure anvway
Jgcause Jliinite reseiuien.
l‘_.
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APPENDIX C
COLLECTION OF FIGURES

in this Aprendix seventeen Figures presenting the WF pertormance (compared
with the xF pert’crmancc) are coilected.
rough C.o present WF vs

o Fizures C It ~F comparison for cases | through »

espectivels \F tericrmance s given for values of w=9,1,23. The cases
-OITres onu 23 ol O\Hng yDserver <on igurauons:

- One coserver
- TWwo ldentical observers

- Three 1denrtical observers

- Three observers, one 2 'vaom 3 times less accurate than the sthers
- “ive tdenuical coservers
- Jive spservers, TwWe o vinom 3 simes i@ss accurate Lian che athers
e gures C.7oand C.3 present W performance with with different vaiues of w

o

- cases 1.2,

Figure C.7
. Figure C.3 - cases 430

e rigures C.9 through C.id oresent sensitivity of WF performance with respect 2o
mode!l violations. Figures C.2 through C.14 correspond to case ! through case 6
respeclivelv.

* Tigures C.15 and C.16 present comparison of WF and KF performances ‘or

nermaily distriputed measurement errors. Comparison preseated for cases la-oa.
Cases  la-fa  correspood 1o cases 1-6. but have normailv distributed
measurement 2rrors vith che same variance as Student-t Jdistripbuted errors ‘n
arinnal cases.

- origure 002 arerents Laves d-td

- Froure .06

o figure C.17 displavs varianiity

rs

Tresents cases -a-0a

of the simulation using different seeds. Five

-

Stsesds are used. umabdiny s presented for cases 1,255
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