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ABSTRACT

The approximation of solutions of elliptic problems of order 2 over two-dimensional
polygonal domains by the p-version of the finite element method is investigated. Op-
timal rates of convergence are established for the case when elements possessing C" 1

continuity are used.
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L. Introduction

Theif finitev element. method has three versions: the h-.'ersion, the p-version and the
h-p r'erslion. In the h-version, increased accuracy is achieved Iby decreasing the mesh
size h~ while keeping p, the degree of elements used fixed (usually p =1, 2, 3). In the
p-version, a fixed mesh is ursed while the degrees p of elements are either uniformly or
selectively inceased to achieve accuracy. The h-p version is a combination of both.

The standard h-version has been thorouighly investigated and mnany commercial
and research tprograns .are~ayailable. )In particular, the solution of elliptic problems
of ordier 2f uising elements that are (t continuous has been analyzed and optimal

*convergence rates established (see, for eg. 181 and the references therein).
'I'hie p- and] h-p versions are recent developments. There is only one commercial

code, the system PROBE INf~fir TrIIh-IA&L6) 'and thc first papers discussing
thecoretical aspects appeared only in 1981612) .o anacutotd~tt~
the art., see 111 See also 1.31, 141, 151 19I, 1101, 11211[131.

III [G1. a, second-order mod-l elliptic problem was considered over a. bounded, two-
dimensional polygonal (domain. It wa~s shown that, if C' elements belonging to [In
wvere uised, then the rat~e of convergence wa~s optimal iip to an arbitrarily small IF > 0,

Thel dependence uipon was removed in III Ito yield an optimal convergence rate for

11,411 -_ P 1111 (1.2)
Several higher order problemns occur in engineering however, like problems of plates

;1nd4 shells (I M]J, [201) for which elements possessing a greater amount of continuity
iha n C"'' elemnents are requiiredl. To this end(1, the results of 161 were extended in 1161
to (l elements to obtain the following rate of convergence:

I1C1lI, (O(c k -2)4f l111,11110 (1.3)
rUfor irnatel , for the case where the solution lies in ,jkn Uj , the proof in 1161 is

1prvdricated on an intecrpolat ion assumption (1161, eq (2.37)) without which (1.3) does
riot hold. This assumption is stated] by us in Section 4, Remark 4.2. Moreover, the
proof of 1161 indicates that, the term C(F) can grow quirkly with ( r 0. Nevertheless,
(0! ml idila tiona I experience indicates that. (1 .3) holds without the term ~

fI 19i, an alternatfe approach is used Ito show that, for C elements, t > t,

il'<1 CN() ) (, ' 1~'lh,11 (1.4)
'l'l proof of (IA1) does not, specifically deal with the case of bouindary conditions.
InI order to extend (1 .1) tin conformning C'-~ elements with f I vatnishing normal

... ... D
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len ivatfives on the boinda ry, an assuimp~tion similar 1,o the one in] 1161 is used implicitly
ii, the ),roof or 191, Theorem 3.4.

In this paper, we investigate the approximnation of function-, in ,1 k (I it by the

p-version, using polynomial.- in C l I 11. For k > 2f 1 we obtain the optimal
approximation result,

In proving (1.5), we do not, use the interpolation assumption used] it] 19i, 1161. The

;ISP Of t-his assumption, however, allows uts to extend (1.5) to the case f < k .< 2P - '
In the case for which the soluttion exhibits singular behaviour of the type v czr

((r. ) being polar coordinates) and the vertex Of the elemnents is at the origin, we

obt~aini the optimal estimate

Tlhis improves upon the rate of convergence found in 116)] (and 191-1101) which is
optimial lip t,o an arbitrarily sm-all (> (0.

In Section 2, we describe the notation used and our model problem. Section 31
dvals witli approximation properties of polynomials on the squiare. In Section 4, we
analyze the rate of approxim'ation for funICtionIs in It' n Ht~ an(I prove (1.5). Section
5 deals with the case when the solution exhibits singular behaviour and proves (1.6).
Iun Section 6, we summarize our results and briefly address some generalizations.
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2. Preliminaries

2.1. Notatin

1bet. 112 be thev usual Euclidlean space with r - (xl,,r2) Cz R'. [2 C R2 will denote a
bounded polygonal domain with vertices Ail I = 0, 1,..-,, A 0A AM% andl with
1)otndary F Vj I where Ili are open straight lines with end points Ai-1, A,. The
iiternal angle b~etween li and F'j4 will be denoted by wi, i* 1, . .. , M, 0 < wi <
2ir. Tlhe case w, =~ 27r results in a slit domain for which the boundary is two-sided (in
all obivious sense).

By' 1,2(Q) =- 1([2f) and f1k(Q),k > 0 we denote the standard Sobolev spaces
(%%It ii index 2). Also, 1I1(Q) denotes the subspace of functions with k - 1 vanishing
niormial derivatives on 1'. For k > 0 not an integer, we define ff'([I), II(fl) as the
iiual interpolation space.- (by the K-method, see 171):

where ( 1 0 - k, 0 <0 .,-1, q - 2. For kc > 1, we (leine 114 0 (nl) 1 Jkf(fl) n
I~().We will also deal with the Sobolev spaces H*(F) 1 j), 1 (a, b) which

ar eined for Ak integer in an analogous way. The spaces 11'(nl), HW(f), I1k(r,),
etc. are Hlilbert spaces and their inner producrts will be denoted by (, etc.

For K 10, we let

Rlfr) {(.rI,.Tr2) I 11 -, K, 1-21 -. Kj (2.1)

uA,,(RI(K) v ()) will denote the space of all periodic fiinctions with period

11%, P,'(fl), respectively 7,1(R(K)), we denote the space of all algebraic, respec-
ivelyN trigonotric-i (with period 2K), polynomnials of total degree at most, p on D,

respectively I?(K). fly P'(Q), respectively T 2 (I(K.)), we denote thre space of all alge-
braic, respectively trigonometric polynomials of degree at, most. p in each variable on
12, resopectively [?(K). We also define Pr(F',), Pr(1) (1 (a, h)) to be the space of
all a lgeb~raic polynomialIs of degree at, mnost. p on 1's, re.pect~ively I.

Iet 12 it N 11, where 12, are (open) triangles or parallelograms. We shall assuime
Ilat I I IU f, 0 for I 1 j and] 11, r I f~ is either the emnpty set or an entire side or a

Cete ommron to QU and 11) We will assumne that. all vertices of [I are the vertices
Of come UPg 2, will Ibe ca lied elements.

Let Q ( 1, 1) -( 1, 1) and 7' {(xI,X2) I lI -T i 1, 1 -. T2 - .r1 ) denote the
.1 anrlard squiare and standard triangle respectively. Let, V, be an afine mapping with
.1a oh ja i hravi ng positive deteriinan t whIiich maps 11, onto 9 if fl, is a parallelogram
anrd onto 7I' if Q, is a triangle. Let, now S()( L2(fl) denote the set, of functions
?I sulCh that, if nfl olenotes the restrict ion of u t~o U, then ufj o(FI' ) (- p (9) if 11,
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is a parallelogram an(l ,,,,o(I0;) ' P () if 0i, is a triangle. We will then write
Il), (1,) and ,, ,S',(Q). F'irt.herinore, we denote for f > I integer,

.s"pl(n}) -: ifI(f 1)r( 1 , (f )

,'( ) -;(fl) n II'(f)

It is pssible to show that S,,. , )(fl) aid S ' ( 0 (), where 0(f'([) is the
;Jl(' of all fi uct-ions with f continuois derivatives on 0! and ( 9n()(fl) (- C((fl) the
'ii bspare of filict ionls with compact, slipport on f.

Fo r r - (rr1 ), 0 -, r , r2). Irl : r, I r 2 and U a function defined on [I, D()u
will elote the derivative

2.2. The Model Prohlem and it. Properties

Let I, be an operator defined on 1121(fl),f - I by

IF
LI ( I)'A,, ( I)' III' 'u ... Al, it - ..( )' 'A u. (2.2)

Iet ' denotei differential.ion with respelt. to the on tward normal to [ on 1'. Then
wv will (oinsider the following model prolermi

bit - F on fl (2.3)

d,,t 0 of , r -- 0 0,1,.... . - 1 (2.4)

Note that. (2.4) is equivalent to

!)(r) -0 on 1 0 . fI I

''hI(e model problem (2.2)-(2.1) is a classical case of an elliptic eqiation over a non-
.M01 iooh doma.in. ihe properties of such problems have been well stdlied (see 1171,
II, ;111(1 the references thervin).

\e assu ie here that, Lhe solution of (2.2)-(2.4) can he written in the following

Af
I i, ,,,1 (2.5)

I. I

*4



whle re

ll Re { jC1411 log ri Nir O''O),1'( C- (2.6)

W~it-1h Re(01-il) P - IRe(a'' 1) > Re(crl.), >.~' 0 real, -O~i(Oj) and Xt'I(ri) are real
(C" (or sufficiently smooth) functions, XH(rj) I~ for 0 < ri < piH < 1, ylN(rj) =0
for r, '- 2p[']. fly (ri,Oi) we have denoted the polar coordinates with the origin at
the vertex Ai of the polygon [I. The partition (2.5) is typical for problem (2.2)-(2.4),
with the functions it1 describing the singular behaviour of the solution caused by the
corners of S1. For details and proofs of the partition, we refer to [171, 1181.

It, may be noted that we have only dealt here with essential homogeneous boundary
COfllitiufls. Instead of (2.1), we may specify natural boundary conditions as well

Y~.(which i-ayv be inhomogeneous), consisting of normal derivatives of order I < r <
21 1 . Our results remain valid for the case when different types of conditions are
sp)ecifiedl on dlifferent, portions of 1'. In section 6 we shall comment on this and other
generalizations of ouir results.

2.3. The p-versioni of the Finiite Elemnent Method

P'roblemn (2.2)-(2.4) may be put into 'the following equivalent variational form: Find
it I1 (t]) satisfying

B (it,v) j Evdil for allIy E [o(1)(2.7)

where R(., -), thep bilinear form defined on HI(Ql) x H'(fl) associated with the operator
I, is equ1al1 to (. i'mso that

!?(u it I 1H(n) (2.8)

holds for any it c 1l'(f).
T[he p-version of the Finite element met-hod consists now of finding it, C- SPO

siI-hl that,

fliuri) 9 vFM for alltc C 0S(n1)(2)
By the resiults of 191, for p V I 3, 0,S consists only of the function 0. Hence,

using (2.9), (2.9) gives us a uiniquie u, / 0 for all p > V.f 3.

SX
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3. Approximation Properties of P,(Q)

Let. Q fe the standard square with sides -1, i -- 1,2,3,4 and] diagonal -Y6 corre-

sponding t.o r - .T2. Let 7' be the standard triangle enclosed by sides 7YWY2 and

-Ts.

Lemna 3.1 Let S - Q or 7'. Then there erists a family of operators {1A,},p 

1,2, ... , At,: ilk(S) - Pp(S), such that for any u E 1lk(S),

for k>O, O< k:

Hi lA HIq()KC pI"I~~S (3.1)
p (k +1(3.2)

for r = (r,,r 2 ), k Irl , ( -s I r I ': i 1,2 ...

I l)(r) fi(, vt 4 (k - rl- Ii t!l (s (3.2)

fo -(,, 2 ,ov r t1 y*5

,here the ronstant C' Is independent of it and p and where we denote Pp (S) - P2(9)

for ,H and Pr,(S) - P,'(7) for S - 7'.

Alorrr r. if I P ,,(5'), then fl,,, - it,.

Proof: Let. d > 1. Then q (- I(d) (see (2.1)). Since S is a, Lipschitz domain there

exisk an extension operator T mapping 11'(S) into Hk(R(2d)) such that

T -i 0 on , (2d) - R( d) (3.4)

T III, (,(2d)) - ( 1111111 (1.5()

whore C is independent, of u. A concrete construction of T may be found in [211.

Let ( be the one-to-one mapping ofr R?() onto /?(2d):

l?(2d) r = (x,x 2) ->h~ -(2dsin 1, 2dsin 2)

witIn SiS2) - F !? ).Fu rther, wve let,

I? I I 'j?(3 d)j 1?(~2 2

whnerev d0 denotes the inverse mapping of 0.

Le. 7 Tt and

i V( * ) * 'M -- " (. (.* V*



7

Because of (3.5), we easily see that

supp V(s) C R (3.7)

In addition, it can be readily seen that

(a) V( ) is a periodic function with period 27r

(b) V satisfies

I~v )l,,(..) C II,,lI,,k(,,(2d)) C ill,,111,,(s) (3.8)

and hence V PE((r)

(c) V( ) is a symmetric function with respect to the lines 2. i

Let. us expand the function V in terms of its Fourier Series

v(, z-, -z a ,,'(i ) (3.9)

For any p _ I, we define V,, =1 l, V by

P 
p

VP(,, 2) -- E E >1 e Ei(±fI+t 2) for S Q (3.10a)
2=i' =--P

P (), -2) > aje'(jeI,' for S = 7. (3.1Ob)

()l,,io sl', e p ( I?(7r)).

We have

Illll;,U,(,)_ Z 1 ,((I e , f2) ) (3.11)

w'hre c has the usual meaningoferpiivalency. (3.11) yields immediat.ely for ) < q < k

IIV G~t,,.,, (,l! : C P (k )lV llc (l

- (:p kA lllf,(S) (3.12)

usirg (3.8b) with C' independent of u.

In what follows, we assume S - Q. The case S 7' follows similarly.
1,(,lt,, I 1-I . 4 he the sides of I?('r) ani let 2 he one of the sides. Then

r P (r, . r2 ), 0 Irl k I
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', =~~~~~1) ( - Vp !6 }' _ })(i2)i)'j~' +

111r'.<i, WIi l ell>r ljl>i'lfl>p

i •j) l ( bjl.e (3.13)
ljl>, Ijl<p Ijl> '

where, for Iii > p:

111 2,( > (r a eiE2)
2

2 rp 2 -( i Ia,,I) 2

i . 'p -( E__ Ijl'(-2r( 2 j2 + e2))( __ (+ +. 2 + e2)-k)

ltl<i, It!':-

c i 
2

r, p
2

r2 1 A

wherp we denotke

A, Ja 121,,l1( ' + r 2)k .  (3.14)

(',)n-ider now the function

f() T2)k

for .r - . We have for p - 0

f'(x) 2. 2p1" (k p) 1

I ilene, for k - ji and r 2 - f(x) is a decreasing function of r. Moreover, when
/, 0, f(.T) is decreasing for all r - 0. Hlence, there exists a. constant. C - (k'(k, p)

,och that, for I.i - p, k - p1,

.1 201C'fp 
2

" (;

1 ((2)k (I. p,
2 )

so that I akihig It r, for k r1,

I ('Y' - CA,; (- 21 1) (3.16)

A.



For 1),

ItI>p
• -, p21r A

Jl °  dx
" A I -2

CAjp- (2k - 21r1-1)  (3.17)

provided k N r2 - 2

Analogously, for JA >,

-q

4 / 2

I( bl-r1hl12 K 2r, r2 jaj

r0 1 rX2r2

CA f + J2 2)kdx

< CAj f+dx
fi (1 ±,2 ± X2)k 

-r -r2

< C Ajp -(2k -21ri-1) ( .8

provided k Irl lence, using (3.13)-(3.18), we see that for i= 1,2,3,4

1,)(r).j,, V,2 < c I 'b.1 22 + ir b'F'.12 + y "1121

I _ I Il b'
IjI~p jl-<pIiI>p

~< Cp-2(+--IVl-) >i A1
00

, ( ' 2(k- I 11.IIu , +<112

provitded k -Irl ! . From this, it, follows easily that for > > 0, s integer,

I~n~l~v v,.ll,-i+l < or, -II-" ;ll,,.l,,to I (3.19)

,€ provided k I-rl

N( ,'

N,,, w+e,,,mat IIZ+(v v,,)l,,t+ . or ¢ It "k -



>1 C ~ q 131 C3)~e'q (3.20)

where

"7 ~ 1)r, (za,ep

(21 >3 ()T(jy 0

jfqz
j f I'L'

By the Schwarz inequality,

- ( 22, -2 ~ 2

_af~ 2k2i~q ,2) k)

Aq qI'

wvhere

A q - >2 Ini12( 1 -2 1 (2 k

~[i > (q - )2r1(2r2(I -2 (.2)-k

2 2,-( >2 ((I2 r (2r,)(2r2(I 2 (2

For~~Li q2 I?'tisg'



f (I 2 N()kN (p q)

where N(p, q), the numrber of terrns in the sum, is obviously < 2p, so that

q[11 < Cp- (2k 21rl-1)

For p1 -> q2 , we have

q 2 / )2 < 2(j2 , e2)

so tha,

I'1 <- ............ ... .....2 N (p,q)

C - -(2k-2H 1)

provided k r Ir. THence,

j(' 112 :-( ,Aqii 2frl -, (3.21)

SiIIilarly- ,

1I,,2112  C Aqp - (2k- 2rI- 1)  (3.22)

' Fina lly,

IC-11 CAq 1i21
q

JF1>1q (I + 2 4)

< Cp (2k- 2I i1)

04



1r2

I p r o v i d e d l I r - I r l 1 2 *

-, fq 2 2 then

112) q I -- t . - - ( 
p  (2k -J J - 1)

lii >p.I'I -P q21I 21,l: (I-4 P) f- 2(t t )k l -Ja,

I 9-sq 2

(Jfqj (2k 211 I) 4-C p (2k 21r1 -1)

< (p-(2k- 2 lrI- )

provided k Irl + 1. tlence

I C13112 < CAqp (2k 2 1,) (3.23)

.5 (CoriCobining (3.20)-(3.23), we obtain

IY'C*(V -Vr)ll.f,,(i) < (p(2k- 2i1r-l)

which leads to (3.19) for r,.
w e flow estina te I(r)(V -- V )(x)I. Because V - V, & ff .,p(J(i)), we can assue

withot loss of generality that, (a,, ,,) - i given by T2 = .hen once again we have
(3.13) and for c > 0

211(if'buI)2 > ~i)rI~ bl1 2 iI2 (3.2 4a.)

"l'alkingp -- r, - i f in (3.15), we obtain a nalogotsly to (3.16)
(r C1A1 (2k--21rI-2- 2f)

provided k r,--I- r, so thal. (3.24a) yields

~2
I(. -j. / 2( -j I 1 j,,j

'" I Cp Itl (). (3.24b)

Moreover, using (3.17), we see thai

2

( 1 (i)r'hb 2 l(iJ)7'b'2,12) p

d ., p I I

< ~OM ni-( '-)ll,+l(sz
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p~rovidled k > r2 2. Also,

<K ((I: Ajp' (2k 21rl 2-V) p2

< ~ ~ 1 ifp -2k-r I)I~~(Q) (3.26)

provided k -> I - + E, where we have use( (3.18) with r= r, ± -+ - . Combining
(:.241b)-(3.26), we get for k I"1 I 1,

I I(V P )( )l < 1 1- III l (Q) (3.27)

il,,a,,.s of (3.8r). Vp(O '(Y,)) ( Pp(Q). Further, qS is a regular mapping of R(d)
1o Q. (d - ) and (k),) -y,. THence, for k,q,s integers, (3.1) follows immediately

from, (3.12), (3.2) from (3.19) and (3.23) and (3.3) from (3.27). Using a standard

interpolation argument, (3.1)-(3.3) will hold for non-integral values of k, q and s as
well.

Li

The following one-diiTnensional result is from [51.
lviifnra 3.2 Let I --- (-- 1, 1) and it [Hk(1), k > 1. Then there exists a polynomial

zr 'P,,(!), p >2k 1. such that

ZI(, i)(I 1) - ,,00( f ) 1 - 0,1_ k.. - 1 (3.28)

mi-d for q 0, 1, 2. k

lilt. z,,ll,,-(,! < C ( k .lll . (3.29)

irhvr'C (" dpends on k bit not on it and p.
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4. The Approximation of Functions in ltk(p)

In this section, we will analyze the rate of approximation in the H'(11) norm of u
hy a piecewise polynomial in oSf(12) for the case when ,a E ljk(f) ri //'([I) ic when

IU, 0 in (2.5). The main result, we obtain is the following.

Theorem 4.1 Let f be an iteger, P > 1. Let u E 1lk(fl) n Ilt(fn), k > 2 -- .

The, there exists a sequence {U}, p > 4V -- 3 satisfying up C 0 Sf(fl) and

0 r 0 , j... ,-- I on 1' (4.1)
j)r

II.t ",.ll,,'(11 I-  (kt f) Hllu l,,11 ,,) (4.2)

,,here the constant C depends upon the partition of fl, k and P but is independent of
ri ad p.

We first prove the folowing lemmas.

lvo;mna 4.1 Let I - (--1,1). Given an integer t ;, 1, there exists a sequence of

,{} {x}' p> 2f 1 r -0,1,..,t 1, in Pr() satisfying

d.r, ) -- , -, j - O ,. . - ; , -O , . ,t , (4.3a)

0 if j/r

d. , ( t ) - 0 . - , ,.. ,t ; r - 0,1 ... t - 1, (4.3b)

dri

!l ,11,,-(, P" . 1. I ..... ; r -on,...,t 1, (4.4)

i,hrrr the ronstant C depends. on t but is independent of p, r and S.

Proof: We first d(efine, for p - 2t 1, functions qp; given by

) I) P,(,7 I (4.5)

,wlierr, lhr onntaris (,, , are given hy

0 for 0 i r I

v' _ for r i. - 1 (4.6)

, ,%
g55 t~~\ 5 i ~ ,... .... ~~*:.
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1lience,

Ic" < 10'i- (4.7)
Iy (.1.5), for any integer 0 < m t -t 1,

d~rm

d r (T -

so that.

H~~ ) I() K ~ >c~2(i ,)e 2p(rf
m - ((, 1(x I)e dx

J-, i-

Now for 1p sufficiently large,

(t* -2,piJ I)d% Kp (1

H Ile,-ce, using (4.7),

dmq 01W'(I . I-

sot t-j

< ip 2

Thls shows that for any s - 0,1,., 1 1,

110 III1 I < (,pP.- -

V.~ stif 4.)wthy epael yd.We flow show that with our choice ofcr. f} 6 lo satisfy (4..3a). fly (4.8), we have for 0 < m. <-+

,jrn oIr .. n l

1l'sip (41.5), we get.

A 0 for . r

rfor 7 r.



_Also, for r - f in, t - 1, we have

Am. .,_o r (in - )! 0

since the term inside the brackets is the binornial expansion of (1 I)1-7
It order to obtain a function satisfying (4.3b) as well, we let U. 5 - ¢ where

0 ("(I) is a smooth cut-off function satisfying

1
( -= I for -I <z<-

2

= 0 for <x<1.
2 -

Then it, may be easily verified that [j7 satisfies (4.3)-(4.4). We now use Lemma 3.2
to approximate U, by a polynomial z in P, (I), p > 2t - 1, satisfying (3.28)-(3.29).
(3.28) implies then that zr satisfies (4.3). Also, using (3.29) and the fact that
satisfies (4I.4), we have

II , l e -- rZ tI I .(,) < C -p -(k - )llU , ( I)

C . (p- (k -.,) pk-, 2-

so ,tha. by the triangle inequality , zr satisfies (4.4). Taking X4 z,, yields the lermma.

L,,,emma 4.2 Let ,,(r) be a funclion defined on I satisflyrn.g

--- (1) = 0 s ,1. r (4.9)
dt'

I 'roo(f: L et f ( ) be a fmriiction definted on fl, oc) suich thiit. f 0 for xr 2. D~efi ne

f, V~) I [E 1)" f (f)mt(.1
IF(r)-

= C'dii

.I" herI~ 1 ae25 o q95 ehv

,,w
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f2 (f ) d f (f (f())2d (4.12)

Now, take

Then, su)stituting in (1.11), integrating by parts r times and using (4.9), we see that

so that (1.12) becomes

/(

Substituting I- x gives (4.10).

Proof of Theore" 4. 1
Le ,. r - 1,2 .. ,N he the elenents of the partition of 0. We first construct.

tihe functions ns 1 fil,,. I' as in Lemma 3.1. The lemma is applicable because a
linear transformation niaps the parallelogram or triangular element onto the standard

square or triangle, preserving the polynomials. Hence for e -_ I integer, k '> f,

Oir first step is to add a fnction y[,1r Pp(H,), p-> 4 3 to z1-.l so that the function

_ .. ,, satisfies (3.1), (3.2) and
af, ) J{I )(7)I

u071 for 0 <. rl "2F 2 (4.14)

af, fth vertices of fl,. Let us first assume that, 01, is a parallelogram, which we may
take t( he the standard square Q withiout loss of gererality. Let

wvhre r (r, r 2 ). )efine the funcion

! ~~~ ~ V 0(r) N ,'1 ' (.rj),)'2 (.r 2)  (.6

(,- ,I 2f 2

lere, '' \r , 1,2 are as in Lemma 1.1, with I 2' I, so that , (

"2 r It 3. "i'ris irn plies that wve may corustruct. wi P,.(9) provided p 'if 3. We
,we then that with k - 2f' I,

11. ", I I. I - - . I ', . '



O<Il<k21 2 t, 4 '2_

< c P IP+ 7, 2 -r 2 IIIII&(l.
o<IrI!;2t-2 f,4t 2 51!

KCp 11(-t 1111111k(0o, (4.17)

w,,here we have used (3.3) with k > Irj t- I ie k -, 2f - I and1 (4.4). Moreover, on the
side F, - {(a-. 1) 1 1 - x - 1 ), we have by (3.3) and Lemma 4. 1, for j (Jj)

. 0-( integer, 0 .1 sj -. i2e - 2, k -> 2f - 1,

II ~~~1 -- - -P- -- ( 1)I.(r,) ~ (i '~'d2r

(1<lrl<2f- 2 dxi' dX!12

(i<,rj.j 2 <2f 2 1 . iI 1w n

C (k jiA -- !)fu fl) (4.18)

(.11) w~ill also be true for the side 1'2 {(-1 .y) I - I < y < I I and will hold trivially
on t lie other two sides of Q, where w1, -- 0. We can repeat this construction for each
of I lie four nodes of Q to obtain tv,, 77 1,2,3,4. Then defining y~,k1  t v,, we
see t hal 1, zr,, ~ 1 N satisfies (3.1), (3.2) and (4.14).

For 11, a t rianigle, we assumie that, 11, is the rotated standard triangle T with
vertices PI( 1, 1), 1'2(1, 1) anitd P3 1, 1). fleinte o~r .. in1 (4. 15). Let p > I Of 6
so t hat jI I(p 2f I 1)/21 V$ 3 anrd define iu' (() r Pp (T) by

(fl. ~ ~ ~ ~X) ()o x(')x 2- 1( -.2) 2eff 4.

w~itl 111.21 1. rhern we see that, for 0 I < 2$ 2, k - 1,

,11(1 ytiI) 0 oil 2 P3,

hun H 11 11,,a(Ii)
fo r I' I P2 or P, I'.-, 0~C integer, Irl 2f 2 and

(n,) ' k 1 
N11 

o I.



We now define u,(,) recursively for Irl > 0. Let.

3( Ir ) ,?"( 1, 1). (4.20)

,.,w) will be noT,-zero only whetn r, ,, - 1,2. Now defining for 0- I 2 2

I,,) o< 1i2ol,'- (, 2)- (4.2)

(w it , ,. 2 -1 We See that. 1)() ,, )( - 1 I) 0 whenever r, "i (i = 1, 2) and

S)k ,,,( I,0- 1) /1,) for r H . tence, for p > 10f - 6,

,,,, - y ,, ( )(4.22)
111<2f - I

satisfies, for 0 < I"1I .K 21 - 2, k > 2( 1,

I ),,,,w1 ( - 1,--I) = ,r) (4.23a)

0("i,, 0 on P2 P3 (4.231)

OVIIIII ) - C p (k If l.) 1 ,.'0 (4.23c)

%vhere F P, '2 or 'P,. For 4 f 3 -- p - lOf 6, we may still construct a iv,
4;tisfving (I.23a,b) ising the resultts in 191. Then, by siitably adjusting the constant

' in (1.23c,d) it is seen Ift ht t), (il,)sat.isfying (4.23) may lbe constructed for any
p If 3.

.A si oilar constructioi as that of i, niav be used to obtain flIuctions I12 and u,.4

, ;,,o at ed with the nodes P2 and I respectively, after first. mapping fl, in a suitable
WN'v (,rit() fle strandard triangle T. Then we ltake YI' I I ll

let now Q - , atnd A1 . A2 be tle end points of -y. Now l)(r)zI I1 . Djtr I 1

iI , . 1Il)e ot hl e "ifiIl)Sp " orf 'r oil ' hy

1" I ,'. e' else D( )zl ?I(A,) 1)t")i (A,) 0 tr zI (' ' we .have t,(r (A, ) 0 for
1.2;(0 Irl 2" 2 and also., v (3.2). (1. 1,) and ( 1.23d).

S ,
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r,,,, ,' lu'h -(i f f, 21(1 lllln ,,, IIl. , .) (4.25)
f r, 0 Ir 1 I < . 2 f 1 , k : - 2 f .

let, now F be the atfine transformation satisfying Fj(Ql,) S, where S -- Q
1,) 1, Jill1 }, the standard square, if Qj is a parallelogram and S T

{(,+,,;) I I 1 1 , '1 - }. the rotated standard triangle, if fQ, is a triangle.
Let -y be inapped b.y /F, onto the side 1', {( , 1) 1 ) < i} of S. Let n = "(1, 1)
dretnote the outward unit. normal to S along aS and let ii be its image on ai under

. o that ,, I., :+ , whenever f(x,.y) - f( ,,I). )efine, for (x,y) E -ys -> 0
ni eger,

(zi /i-'" ((4.26..),

Then, ifri; -l ip,"o ' we see that. for/ x, ) , -) F,(x, y),
/3,) = lV(xy). (4.27)

Now 11p,, are obviouslY linear combinations of thoe iv(') defined by (4.24) which
-;;I*i*f- r s. Hence, it. canl be deduced from (4.25) and (4.27) that. for 0 1 1 < -K

2( t, k - 2( 2,

:'7.II/;.+l,, iv,11,131 C p . + (ill, ll,l nf] iF l l,, c ,l (4.28)

\ho-rove~ r, smine for Irl - 2f . 2, 1r)M ! -jj O Y'"' at, the end points of -Y, we have
for 1 2'.(.2 2 .,

1) ( 0 (4.29)

i,r l) a parailelograni, define

'I'

,ih , , '. T rhe , ir,, (1.3). (.4.29) aId ( .29), w ,e that

j m i I o, I', fo r -• . ' Iq. (4t.30a)

I '",,, 0 on 1. U, for 0 tl . ' 1 (4.30h)

,6
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t 1 2 ". -

fI I f2' 

' I

C p ( 'k )Ilull,,(n) (4.30c)

where we have taken k 2f !2"

We now show Ihv existence of a (, satisfying (4.30) in the case 0j is a triangle.
BlY ( 1.29,), wev see, that.

/';m() -v I . ¢ () (4.31)

wi-re v,, is a polynomial in . We define, for 0 < s < -- 1, a polynomial q*"m by

- -(i.1  
r# ) ( 4 .3 2 a )

¢,.(,,M (4.32b)s.,(wit h

IzI( ) di1 % l.(43b

where , and fror 0, rlm(£) -- 0. We now define

'I

(4.33)
,! (I

TheNi, using, (1.29) and (4.32), it, may be verified that (,, satisfies (4.30a) and (4.30b).

We now show that, (4,30c) is also satisfied. To this end, we first, show that r-,, has a

similar decomposition as does /;,,, in (4.31). Using (4.32) with s 0,

(I flns., ).,,(I) '

<"(6 . . . V( i ) .....thai For 01 -" . '; I ,

) I).. (4.34)

S'<.irg (1.3l) wih ,1 0, this yields

<J'"';"( ," I) 1 )2 '' ' ) 0 - 1. (4.35)
(hl

*w! .i.
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Assume flow that, for t z I,

1., ¢ "1 --n= ( - )2-- q!( ) - (4.36)
a ?"

for some polynomial '. Then, by (4.32), (4.31), (4.36),

71,(,) 0" (i OM x)-- ' ( 1(7) ( + ,

fo r so m e po ly no m ial ( l ence, fo r i < s < , - ,

W fs-oi (4.37).- ,)

for sorne p)olynomlial 0'. (4.3-5)-(4.37) imply, by ind(iictiofl, that (4.36) holds for all

1 0.1, 1. From this, we see

)21- , 1) (4.38)

for somne polynomial ,(').

Now by the definition (4.32a) of c,,, we have

1"

Since on S 7'

<

J ' lii ,ug{(1.21) arid (4.28), w\e see that
.1W'

d' f4d".39

, (1(; 0) or f 0,1,...,2( 1 .

V' 1hnflenc, using Lemma 4.2, for 1 ' (! /'2 I3,
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W'e now show that for -1' 0,. I, < C - I r < C,

, I II l,- V j) - (p k (ll ). (4 .4 1)

First, we see that using (4.34), (4.31), Lemma 4.2, and (4.28), (4.41) is satisfied for

i 0. Next, assume that (4.41) holds for all i K n - 1. Then, we have, using (4.32)

(.i),"-t1 _ -( -)

CJ ill M.

so that,

I 

I 

1

I( o
l

r h e , yn, (4.1) n

0. I ,;- .C I. - T i so 1 a .t)

i=O ( - n Ol

Sot(whtee we hn ()ed (4.4), (4.37) and Le.2) 4.2)
:- c p (k . r-~ l ll ,.

iuby (,4.28) and our hypothesis. Hence, by inducthf ,in, (4.41) holds for all

(1.30. I 1..i i. This shows that

@(k

pl 2 .u.nl,,-n) (4.42)

so , using (4.39), (4.40), (4.28) and (4.42) with Lemma 4.1, we see

"i' It' iflg ( 1.33), t~he same Pstitnait, holds for ¢ ,,so that, (4.30c) is proven.

flon,'e for any fl (I Q.,, we have constructed a. polynomnial ¢.i, satisfy ing

1I.30). D~efining ( ,,ol", we see thatI .1.,, also satisfies lthe bound in
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(.1.30c). Moreover, by (4.30a,b), replacing zll Iy zl o,, fH, achieves the required1% 1, .

(",, 1 continuity across -y without. altering the jumps in z. on the other sides of On],

.4 FRepeat.ing this process for each I' in the triangulation, we obtain a li "- Zr C (;(t(Si)

satisfying (4.2). The essential boundary conditions (4.1) on I' may be imposed on t
hy the same method. This completes the proof of the theorem.

Reiiark 4.1 The fnction up constructed by us belongs to (5S4n for some n depend-

ing on f. By suitably changing the constant in (4.2), we obtain it, E: n5' such that,
(41.1 )-(,A.2) still hold.

Reituiark 4.2 For f , k <1 2P Theorem 4.1 still holds provided we assume that
I, ( O4, instead of J1k(Q) !I (fl), where 4) is defined by interpolation using the
/(K-miethod,

0'

,. (IUr(n) n () (4.43)

hfere, r > 2f and (ll()f, !/'(Q))0, 2 =Ii"(0). The proof is similar to that of
Theorern 4.2 in 131 and is omitted here. Generally. however, the restriction k > 2P

2
is 1nt a severe one, parikillarly in he light of results in the next section where corner

* singularities are treated.
'.As ,. TnVrtioined in the introduction, the results corresponding to Theorem 4.1 in [91,

1161 are based on the assumption that i e 4), which is not the usua.l result predicted
by elliptic regularity theory.

Tlheorem 4.1 and Remark 4.2 lead to the following estimate for the rate of con-
vergence of the p-version of the finite element, method.

Thmorerii 4.2 Let W. t(P) o In H(), k > f, be the solton of (2.2)-(2-.4). Assume
f rther that for t k < 2F ' u e: 4 defined by (4.43). Let 11 be the finite element
soltion based on. the p-tyersion satisfying (2.9). Then

<I1, ,, 11,'(0) <  (p - 1 1,tl,,l,(n) (4.44)

.here (C is a ronstiant independent of p, it bit depending on, tle parttilion of 12.

I4 1'roof: 'ThIe proof follows from Theoroim 4.1 and the fact. that,

-II, ,11,,,( ) <_ ll, Zpf1,,(n)

for 'Ii 7 (SP

r I

21'

4-.

. -ll A -
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5. The Approximation of Singular Functions

In Hie previous section, we analyzed the approximation of ftin'tions which were known
- I o be i n 11!(Q) i 11f 1), k '- 2f 2 In thii section, we analyze functions of the lype

(2.G), which have a singularity at, a corner of the domain.

5.1. An Approximation Result

Let Q ( .1,1) x (- 1,1) as before. Let, : xi 4 1, i 1,2 and let (r,O) he
the polar coordinates with origin ( -1,1); r2  -- I- - +2 0 = a.rctan ( 2 /-i). For

1,0 - - 1, define

*S'K1 __ {.rI.~~ K- I~
S S n. 1 .2 .1j2 < p2 }

K > 1K 2lQ ? 'f .T I- 1 - > b, T --> b) ( i , 0 b < 1

Let K,- s "K I. Fig. 5.1 shows the domains tinder consideration

2 (-=,K (XI)

-2 S k

.
~(0,0)

3'2.. =

2 K - -KoX 2  X

'a-I-I (1 ,-I)

Figure 5.1

aA
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Let

J.iJ2 -tV ,21' i,) fk o (.5.2a)

S)lviously, 0](0) is an analytic function in 0 and e is a polynomial which satisfies

(k), I,.= 0 0 K Ikl -, e - 1, j 1,2 (5.2h)

where 1,1 and L2 are the lines .. j 7= .iK2 and .l = i 2 /v respectively.
L, et., for le v I f' 1, I > 0 real,

,(.i.,, 2 ) = Re {r'1 log l"X,(r)0(0)} (5.3)

where 4(0), y(r) are sufliciently smooth real (e.g., G') functions and

x(r) I 1 for 0 < r < .

0 for 2,< 1

3 2

i, a tFict ion defiied on 9. We shall assume that, u satisfies (5.2h) on LI, L 2 and has
slippolr it) ?l, Then we see thai,

, (Is, x) - , (5 , .r,,),,,(.r, ,.Y ) (5 .4a)

"where

, .T- ) - e {r '2t  log r x(r) ,(0)) (.5.41))

with 1 k(o0) a siool h (e.g., (- ) function.
The main approximation result, we prove is

Theorem 5.1 Let It be gi',en by (5..?). Then there e.isqts z, C- P,(Q) such that for
. [kj f 1, 1)(k), ( 0 oni the lnes L,, i - 1,2 and for #c, > K.,

U Ie' 1 z fI,(i,) . l -(- log P! P 2(H ry P-1) (5.5)

,cherr C Is a constmnt independent of p.

We will req(iiirv a series of lenmas to prove Theoren 5.1
L,et .,(r),0 r - - he a (C ' fuinction satisfying

w(r) 0 for 0-<r< I

I for 2 <- r <c-

.4
Si 2 2rr . ,,Z ".-.,.. .. •,,. , '. . '- ". ¢":'", . 2 €:eJ:2,. -2,., ,'''•* 2'".'., '., ',.g42e: or
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lor anv A - 0, define

r
LeA (r) -- 1 (5.6)

Then we decompose Un b y

Un V 1 1, (5.7)

where

,, - ^., (r. 8 )

,,i ,, (1 - A),u (,5.8b)

V' A

It can be readily seen that

1 () for 0 r < A

uy -- 0 for r - 2A.

LTemma 5.1 Aive, k - (kIk 2), there exitsts a constant C(k) such that for 3-

(0r,r 2) ( /?,,,

v, (;(k)l log Al(i [ r2)' 2 -I1 on l,
() o,,,n (5.9)

uIvh re (V Ie (a).

/Proof: For ,y real the lemma follows by taking e -- o, - 2P 4 2 in Lemma 5.1 of [31.
The resultf for a complex follows easily.

[j

II what, follows, we will assume that, v satisfies (5.9) and not the explicit, form
(5.1h). (5.8a).

l ,ef.

v~~xI~~x.2 ) 'aP , -

. ~ where 1),(.r,) / (:r,, 0, i3), /3 are .Jarohi polynomials of index 13 which will he
2

del ,rmined later. Then

I/ / ,,(:rl, 2 )I'(r), (.T2 )(I .r2),I(l 2)d.1- r 1.r.T (5.11)a,, <,'(,'(, I).;I*) I

* ,
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Iw here ( , (' are bounded from above and below independently of i, jb).t depending

MI 3 (see 111, 1. 811, formula, 7.391.1). Define
"; , I,

a,) ,'(I I A)(x2 ) (5.12)

b,: ,(.X ) (1),,, (7p-.), (r,. 13a)
)--nl

,,
b"l (r 2) a, > , (. 2 ) (.5.1 b)

f1-

b,(.r 2) 0,(, v I)/ '(.r,..r 2 )(1 0 r~),, (r,)d.,. (.5.14)

It can be readilv seen hat

I ( T

I'

1,,,' X /,r(J-2) 1, (. (5.1,5b)

x.r 2) b. ,(.T2 )/' (.r,) (I.16)
t -li

i~0r 01 ,,, ',,,1 'r 'r,,,) - 17, pr,(.7

Tlhe, follow.ing ]elltia follows ilmmfediately by taking r, 0, 2P 2 in letnm na 5.3

a l 5.1 of 131.

LemmIha;1 5.2 Let 0, m 1 2 2( 1 1 . I/i

1. 2 m 4(I'" ,,(.T2)) ,Ilg~I( .r),. ,, ,,, (5Ia

d "I, (. ) I C og A If -( 4'2 , )2

2 Yi
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Let 'is now aii al /7C( , J !'r t,, given in (5.17). We have

,,P,,(. r,, 2) - 15,(-T2) b"'I(.r2)1, (.r,)
1-0

that for k (ki, k2),

+. =~ k- (5, hil"') (.T,) r :,
",i-id

Nov, for t -0 integer, we have by [51, formula A.2.1.5

5'

' "~13 l t( j', if)- 2(2/3 1- 1 I ) .. (2/3 -1 1 ) ,,(.T, ji j ~ I )
-. t

lH en ce, fo~r 0 In i - k2 < p ) I

I*It

... J i , 1I'

.'I f I ' 'j

,.'-,If -t (.r2)/?f kd( 1 .- )" ' d. 2

2~k I dk' P~2( 2 ( 2)i kr

I I f i2I

It'

k,,' I (' I
p2' , (. ? k2)!.l

,- P k / l I "I 1 2 k, X 2 ( 1 T )' ,d
1 r. I Lr2

t',ir4i (5.1 I), we see t hat thV slih;plort of h,(r?) li,, 111 I I A sin OO where

an ,, Ience, fro n (5.191b) and (5.19). for i ?? 2 1 0,
2 4

*,," 2 2 t

2k I

'#"(1 ,'g 12l r .2 k , 1 4,
p_ 2 k1  'I A , 4.r 2  &r 2

(' log AI2  r [,,( I. I (

t I "oI i N

C2lo 2kA A 2,, 21if , (;,.,20a)
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for t lie case k " I. provided 26 m 1 20i 4 k2  0 0. For the case k, - 0,we
• 2

use (-.1 Ma) instead of (5.181h) to boun,,d '.,' and obtai,,

'I log Ai -, A2,i in 2 4, , I (5.20b)

provided 2(A m 2I V If k2  o 0.

Sirrilarly, we estimat.e the term j)k) 0 wit 1 0 - f k 2  )p , . We have

r 2 2 )1'1 kh2v1

- - J: ,1'~( 2 "(- ) ( (I T-r2 I k'd-

2k I 22I

;,,, , (,(2) ) 2 ) P " d. k,
7)2("71 I-r / 1 ( k2? 2 "(i ??)

p2! + . • I dYI .22( ~ Ail . 1 2( . 2)1'k . 52

p( /,) */ T ( T -T 2

Siice thle support of i, lies in R, ,', we can use Lemma 5.1 and obtain witi
L: I + '.(I X2), Kfl 1 , -,, r.2)1

log AL )2' ptk) 2/1T )34k
2 .. J /(I I )ddTpT(,, f I +A~m ,"

( og A 2 f (i .r2 ) 2 , mi /21 4P k2 ldr2

72 - ) 1 AAil,,A

S12'... AI2 "A 1 2 , 4V k2 4 2 (5.22)

-S.

provided that 2(' m 1 23 If k2  2 - 0. lTence, we obtain tile following lelma.

Le: Ii, ;i 5.3 LH pr nod CT1, hc as (IrfJitid m (.5. 17). lh hn for 0 i n f -p 1 I and

- (k)71 k ("log A12

T2 / () .)I k3drd 2  - q 2 1? 4 f k 2 4 '1;
, ,-,, 4, ,(5.23)

4'
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,,h!ere k, max{i 1 , k ) and f -- 1 if kl = 0, f 0 ofhervise, provided tMat ,,1

' 0 and 2V n. 1 2, V 1- 02 2

/) 2 2 /1 1 , kl( T2)/31~d CI I o AI2 1 2 V ,421 41 2
1 p2(irl 11)

(5.24)
pyovidrd taf 2A m 2 -I r 2 .K 0. The ro Intf C is indrpendet of k, A. p but

d r p, ' d. o . 3. ), -y m, f.

1,et Q'A he as in (5.1) arid define

I? !, r1 R ,92A

\k o, for f(.r, ,.r 2 ), (.r,, .r ) Q aId A define
4

f (Ir, -r2 ) f(r1 22%, .X2  2A), (r.: r 2 ) ( I A

0 (x,, )c ( 9 Q21" (5.25)

Lem,,,,a 5.4 ket (.,,.:r2) be .i'"en by (5.Pa) and let 0 A A < .Then, onR

i l) ,(r-,, -2)1 '((I x() (Y'(1 .T2) - (5.26)

for (m , 1,2,, 0 sai. 1 , f , , - 2f' IJk .

Proof The l proof is essei1t ally tHeP samV as that. of LCMITIa 5.6 in [31 and is omitlted

here.

Lermma 5.5 /,e v qat.qisfy (5.9) (id ?,,, be qimen by (5.12). Then for A -- p 2

IV,,+(,'' ,. :logp p e 1 1) (5.27)

where C' *s a conq~ant I.depende. of p.

Proof: \V first est.imate Ij AP,I,,,(?1, .. where p,, (and (7i,,) are as in (5.17). To this

end, let, iis estimnate 1)V II(DCA)(r)D'WP1)(l,.' (, with Irl II f'. Using (5.26).

we have for any 11,f2 () with Il i 1 t 2  2( Ir]

/ / " .r "'i rz)f2! p )d"tdr111 ~ ~ ~ ~ ~ ~ ~ ~ l)2 ) .p ( .T)1( _,.,l)(.)p,,) (d~rId.T

Ile' - I'I r1 OO, 11,/'2 so Hm ha. 2 , 2 2 1' 1,2. Assmeii /3 2f, so lihat,

11 2t, I q, - 0. Then, because onl
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I0.r
2A

%%v ge'l i,-ing L.em mra 5).3

/~! o .' ( '( r2 )0~ 4 P

A 4 21,, All 214.2

loiig A 2" *4~2.

,,',her, ." t lax{ I, .O, } andI I if s 0 0, t 0 otherwise, provided that, FYI I

* 0 and 20, m 23 1f 0. (Choosing Ii large enotigh and A 'p
1 2

4.i202an 4 27 3241r1 4 21pi 2t
14 2 ' log 1) 2, P

vo j 1 y,2, 41

CI lo g,1,,,v ,.- . 4 1 2
i <'l~ hlg pI'"p 4(

'
r 

' + I)

m av <imilarlv ;Iho\% that for ir-1 I.r l

T i . l, ro .',"'. the lirtla.

lor the <aqv that (v - I n not an integer, let. k - [0 be the largest int.eger less

than 'i For q an integer, () q ' k, we denote by v'll he qt.h derivative of v, along

Ihe ,irr toui i, where np is the unit vector along lhe line ,rl X2- Then ti M  will

.tidv ( M.1) in L,emma 5.1 with (V replaced by (-V q - 0. lence, using Lemma .5..5,

",,( i,' ,;I A, log 71 ,p ,,, (5.2 )

lt h~e dlefinied, y (5.6) arnd A he ils translation given by (5.25). Then (see (5).7))

A WA)
?')A 1 AA I 11 ()A (5A)

n,.1'( I>(I. t)enI~(1.," 1()a

d

I

1"

%?Ai1



I,'llilil 5.6 Lct A ) A 2\ 2A. 'hr.i for k 1W , ( ' I , mi rteqer

l ., lCA, )'l ,K d o 2(. 1) (5.3)

t,b r rr F ? Is idC p i d r I f of 1),A

/)roff 1Iv "avlor's theorem and I,emma 5.I, for any (.r1 ,r 2 ) I?A,, and .q (,S2

'i.. kl (. A(I ' .11 (,,,r
v"' .

" 'A ij(-, ). ~ '(')(rg 0,. . 2  O)]

k 'T(I .r,)' 21  J.I k I log A

\,r' (I- 10i 2A. lhence. using Lnemma 5.1, we get. for A -p'2 rj I . -I ( and

" i 2(

ff (I .rll I jog 'l lg 12,,,11 TI 4 .') 21 2k 2

?,?
A( ' g A lo 2  (1 )2(v k I '

2A

C ( " , 4( w Pil
1

Itn Ol, ablovl " Inveyaliv. we i ed the ohviolis fact that (V k 0. We may bound
- I It,' If Iir'lcr terms in (5.30) analogmi'lY.

l 't ,," now prove (7).31). Lel K {(K,0)l - r - 2A. O- 0 -0}. Then it may
I 1 . 4 Il I lial

,r'

I ..... I, 2; ) lm ). 3u,

% 0



3.1

dri'(r. 0) I ogrj'ri 2f frr

0) for r - 2A (5.32)

F()r A p ;111(1 s C.we thlerefore get

fII log r 2I V~ V2,7, V 2.1 ldr

(,log LN 
2 -,LN

2 (&: 1 1+)

(,, l(og p12-) 1((, 11 )

wvhere Nve have lisp(]I the fact that. (- -- 1. The other termis in (.5.31 ) can be treate(
simil art V. ThIiis comnpletes f.lie proof of ,ern ma 5.6.

Wenow prove mir main result.

Prool~f of iheorrm 5. I

L et .5, ., 2A, 1 1,2 and let. b e tOle translation of S, oIbt,ajned by thmis

(I3 la'ora lol Iy M

h rrrv A- T?. henr ,Pr,4 2?(Q) an] for Irl < f - 1)(r)z"A 0 on the sides
- of M Noreover

kk

I-0

h Ierf %%v lime lised( (7,2,R), (5.30) and (ri.31). We not% translate back to , arid]
~t~hx;idrImt Owm corpctart C in (57)to get tOw theorem.

IO
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R? ei ma rk 5.1 We have proven a slightlv stronger result , Chan Theorem 5.1. It, is

.-Mli(i(,Ot to a ',i,,O that i, a,,( , defined hy (5.9a), (5.9h) sati.fy (5.9) and (5.32)
[ '.'-." res 1)e'el i e .

Remark 5.2 For the case that He o is an integer and I - 0, u. will be arbitrarily
ioft h. Fience. the above res uIt. is too pessinist.ic and the results from Section 4 will

).

Pel a nrk 5.3 From the proof, it. may be seen that the internal angle w, between -Y,
; ,t -,,F , I coild equal 27, i.e., we may also consider the slit, domain.

-'. 5.2. Approxiinition over the doinahii 1

We iiow retiurn to the problem of approximation of the functions u2. given by (2.6).
let the vertex A, of Ql be at. the origin 0. Let the part of 1l containing the elements

with ,.ertices at 0 be as shown as in Fig. 5.2. We assume tht. we have only triangular
element. The case when elements are parallelograms does not. change the argument.

,-.5

T,. T2

TM 7 Tr" BM-

BM Bm

Figure 5.2

let ? 1 .I II" i'" , , .Let he line 0I1, have the coordinate 0,, .1

1 i. m 1. e, ,le )", {.r I r' ' p• d as ume tha 1),,,. QF, 0 - ,, 1.
(\' 1 the )t ain I lie followinlg I11forenl.
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'FLieoremn 5.2 Let i be the function .oi'en by (5.-9.) with p p p , It sufliriettl.
SMll. h',en there exists zr r- II'(12) saiftfyinq z P, ,(7), i 1... I,; -- 0

om () 1.?10I?,, aid 1' for 0 frl < I and

II ~ C ZrIl(I)~ ~ og I> Ii-.e I (5.33)

where (C is independct of p.

The jproof.of the above theorem is very similar to that of [31, Theorem 5.2 and
only a brief outline is given here. Essentially, we first. consider the case for which
Sl)f(o,) - 0 r .- 1, .... m f 1, 0 < rl < f -- 1. We may then map S -
.(r. 0) 0) 0 - 01i! I onto H, by a linear mapping T arid consider the image ,- of it

o" , 7- T(7j). Let ?7 Ie a polynomial function of degree < ( satisfying D ))Tj - 0
for 0 r I C I on T(Bfl) , 4 ). Then, after suitably extending i outside R ,
the funuction l'/713 satisfies the conditions mentioned in Remark 5.1 to Theorem 5.1.
Ieuce, we may approximate i i,/, l)y a function zP satisfying (5.33) on T", and hence

rl -, 11 1 satisfies (5.33) too, proving the result for this case.
l"o(r the case whe l)(r),, = 0 for j $ , 0 < r < f - 1, the triangles Tj,, -, 7'

are rlap)ld together into R, and tHie argument repeated. The details may be found
, [: I.

., II numrk 5.4 The function we constructed wvas in F,(7T). By suitably changing
lithe constaint, in (5.33), we may ot.ain a fiinction in PP(M).

Remxark 5.5 (5.33) obviously yields the estimate

for 0 A

"eIP' I
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6. The Rate of Convergence of the p-version of the Finite

Elenient Method

\Ve now summarize our results from Sections 4 and 5 and briefly remark on some

ernera iza tion s.
The followinig theorem follows inmediately from Theorem 4.2 and Theorem 5.2.

rheorviri 6.1 Lt / be the sotlo? of problem (P.2)-(2.4). Assume that ,, can be
,rittn in the form, (2..), (..6) and i, addition, that for P -: k <- 21' ,

2'
defined hy (4-.43). Let u,, be the finite elemen, t solution as described in Secti'on 2..
?rwh triangular or parallelogram elements. Then,

it - ,1,mf) K("p "I logpI' 1? (6.1)
S.. ,",*, ,.,,'hrbrr, 1rtti,.q a ' - miin lRe (Y[Ii1,

!-.5.,3
nlin(k P,2(Re olil  f-t 1)) min(k - f., 2(o' -f 4 1)) (6.2)

, ,ax-y' : Re aJl'i r'} if p, = 2((Y'-- e -I)

0 otherwise (6.3)

..-.? l -- in,,11,> V! il (6.4)

lRemark I.1 Theorem 6.1 has been stated only for the model problem (2.2)-(2.4).
It is ot)vions, however, that the theorem holds for any elliptic problem or order 2(
if the solution has the form (2.5), (2.6) or when (2.6) is different but has the same
character concerning the growth of its derivatives. Moreover, as mentioned in Section

2.1, more general boundary conditions may 1)e also he treated.

Reumark 6.2 We assumed that polynomT~ials of the same degree are used over each
"lriome nt. Our resimIts and proofs may le modified in an obvious way when different,

deg'es are used over different. elements.

Ackniowldgemrmnt.. The aumthor wishes to thank Professor Nvo Ha huska for his
n)ii;)v v almable suiggestions concerning this work.
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