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The approximation of solutions of elliptic problems of order 2¢ over two-dimensional
polygonal domains by the p-version of the finite element method is investigated. Op-
timal rates of convergence are established for the case when elements possessing C*~!
continuity are used.
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.;‘_..;;: L. Introduction
1#
2:5:: “The finite element method has three versions: the h-version, the p-version and the
:Sr';fz‘l h-p version. In the h-version, increased accuracy is achieved by decreasing the mesh
A size h while keeping p, the degree of elements used fixed (usually p = 1,2,3). In the
A p-version, a fixed mesh is used while the degrees p of elements are either uniformly or
;:‘ sclectively increased to achieve accuracy. The h-p version is a combination of both.
e The standard h-version has been thoroughly investigated and many commercial
:"". and research programs are available. In particular, the solution of elliptic problems
“of order 27 using elements that are C¢ ' continuous has been analyzed and optimal
;..:',:. \,_convergence rates established (see, for eg. |8] and the references therein).
:.::" "~—The p- and h-p verqmnq are recent developments. There is only one commercial P
::::: (mlo the system PROBF. %Nm'ﬁr Tech~StL6wnis) “and the first papers discussing Y
] theoretical aspects appeared only in 19815(|6],]2]). For an account of today’s state of P
£ the art, see [1]. See also [3], [4], (5], |9], [10], [12] [13].
‘,'G In [6], a second-order mad~i elliptic problem was considered over a bounded, two-
K0S dimensional polygonal domain. It was shown that if C? elements belonging to H}
: were nsed, then the rate of convergence was optimal up to an arbitrarily small ¢ > 0,
Eh
e lelle < Cle)p™ ™ D )ull (1.1)
$ 'j The dependence upon ¢ was removed in |3] to yield an optimal convergence rate for
z " (" elements, namely
AV
ks lells < o~ Dl (12)
;;:‘ Several higher order problems occur in engineering however, like problems of plates
‘::' and shells ([19], [20]) for which elements possessing a greater amount of continuity
‘;:"a than " elements are required. To this end, the results of |6] were extended in [16]
::i,lg to (*' clements to obtain the following rate of convergence:
——
:i: el ~ Cle)p 2 Ju| s (1.3)
,‘ Uinfortunately, for the case where the solution lies in H*n 12, the proof in [16] is
et predicated on an interpolation assumption (|16}, eq (2.37)) without which (1.3) does
e not hold. This assumption is stated by us in Section 4, Remark 4.2. Moreover, the
gt proof of [16] indicates that the term C(¢) can grow quickly with ¢ -» 0. Nevertheless,
:é computational experience indicates that (1.3) holds without the term e. '
2‘;‘. " In 19}, an alternate approach is used to show that for C* ! elements, £ > 1,
s
' lellwe = C)p D lull (1.4)
:i' The proof of (1.4) does not specifically deal with the case of boundary conditions.
:l' Y In order to extend (1.4) to conforming (/"' elements with ¢ 1 vanishing normal
.:lq
‘l:g?.
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W derivatives on the boundary, an assumption similar to the one in |16} is used implicitly

)

in the proof of [9], Theorem 3.4.

%
:‘%‘é In this paper, we investigate the approximation of functions in H* 1 Hf by the
[

p-version, using polynomials in C/"tn HE For k > 2€ - ;, we obtain the optimal
approximation result

Nellr < Cp=t* Oju]l e (1.5)

K In proving (1.5). we do nol use the interpolation assumption used in [9], [16]. The
', nse of this assumption, however, allows us to extend (1.5) to the case £ < k < 2¢ - %
R In the case for which the solution exhibits singular behaviour of the type u =~ r”

>

W%y ((r.0) being polar coordinates) and the vertex of the elements is at the origin, we
‘W oblain the optimal estimate

4 el < Cp 2ot (1.6)
,E; ’ This improves upon the rate of convergence found in [16] (and [9]-[10]) which is
> optimal up to an arbitrarily small ¢ > 0.
:::. In Section 2, we describe the notation used and our model problem. Section 3
! deals with approximation properties of polynomials on the square. In Section 4, we
. analyze the rate of approximation for functions in I1* N 1§ and prove (1.5). Section
f.." 5 deals with the case when the solution exhibits singular behaviour and proves (1.6).
:'.:. In Section 6, we summarize our results and briefly address some generalizations.
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2. Preliminaries

1. Notation

Let 1#? be the usual Euclidean space with = = (z;,7;) € R%. 2 C R? will denote a
bounded polygonal domain with vertices 4;, ¢ =0,1,...,M, Ay = Ap and with
boundary I' — 2: , 'y where I'; are open straight lines with end pomts Ai-1, Ai. The
internai angle between I, and iy will be denoted by w;,, t=1,... M, 0<w <

The case w; = 27 resulls in a slit domain for which the boundary is two-sided (in
an obvious sense). ,

By 1.2(Q7) = H"(1) and H*(1),k > 0 we denote the standard Sobolev spaces
(with index 2). Also, I1X(f1) denotes the subspace of functions with k — 1 vanishing
normal derivatives on I'. For k > 0 not an integer, we define H*(02), H¥(N1) as the
usual interpolation spaces (by the I(-method, see (7]):

HYN Q) (@), ' (),

where £ 40 -k, 0< 0 <1, q=2. Fork > 1, wedefine H¥**(N) = H***(N) n

Hx(12). We will also deal with the Sol)olov spaces [IY(I), H*(I), I = (a,b) which

are defined for k integer in an analogous way. The spaces I1*(07), HX(Q), H*(T}),

ete. are Hilbert spaces and their inner products will be denoted by (-, ) g (q). etc.
Forx ~ 0, we let

R(e) - {{ry.x2) | 7] - &, ]72] < &} (2.1)

Hipp(R(<)) < HY(R(k)) will denote the space of all periodic functions with period
2k

Bv P,f(ﬂ), respectively Tp'(R(K,)). we denote the space of all algebraic, respec-
tively trigonometric (with period 2x), polynomials of total degree at most p on 0,
respectively R(x). By PX(51), respectively T?(R(x)), we denote the space of all alge-
braic, respectively trigonometric polynomials of degree at most. p in each variable on
{1, respectively R(x). We also define P(T,),  P.(I) (I = (a,h)) to be the space of
all algebraic polynomials of degree at most. p on 'y, respectively .

Let 1 0N 0, where 12, are (open) triangles or parallelograms. We shall assume
that 1, 1 9Y, — ¢ for i # 7 and 2, N (1, is either the empty set or an entire side or a
vertex commmon to {1, and §1;. We will assume that all vertices of {2 are the vertices
of c<ome (1,. {1, will be called elements.

et @ (L) v ( L,)and T {(ry,7) | |®y] < 1, 1 < x5 < 7,} denote the
standard square and standard triangle respectively. Let F; be an affine mapping with
Jacobian having positive determinant which maps {1, onto @ if {1, is a parallelogram
and onto T°if 1, is a triangle. Let now S,(1) « L*(11) denote the set of functions
u such that if vy denotes the restriction of u to Q, then ug o(F) ' ¢ P:(Q) if 12,

O N B v UL
et ”- SO DU ‘A‘r'u\e‘“s‘.‘n' W "ﬁ:“ it '*‘ A "* ity f"ur




o is a parallelogram and ug o(F,) ' ¢ P'!('l') if £); is a triangle. We will then write
e ug, © Po(Q) and u < S,(1). Furtherinore, we denote for ¢ > 1 integer,

Sr(0) = H'(52) n S,(Nn)

S

oSH(AY) - ST N HN)

L e

It is possible to show that ST Y (1)) and Sy ¢ n’,ﬁ""(ﬁ). where C(({1) is the
space of all functions with £ continuous derivatives on {1 and (,',(,')(S_I) < C(f1) the
KD subspace of functions with compact support on .

n

.ﬁ Forr - (ry,ra). O ryiry - Jr| = ry 4 r, and u a function defined on 1, D(My
K.y will denote the derivative

-

Irl
'@ DUy — (?,." _.
. A\ dry

2.2. The Model Problem and its Properties

A Let I be an operator defined on H2'(Q1),¢ .~ 1 by

o » AT P) " . ;

e Lu (YA W (D) 'A" 'ul. Auy - Y (1)Y A (2.2)

E" > 3-0

"|

::1 l.et :" denote diflerentiation with respect to the outward normal to 2 on I'. Then
R

)' we will consider the following model problem

oW

l“: Lu=F on 1 (2.3)

4':.0
y P u

g “T 0 oen T ro01,.. 01 (2.4)

dn’

::;l'. Note that (2.4) is equivalent. to

K+

S Dy —0 on T O<|r| . 0-1

The model problem (2.2)-(2.4) is a classical case of an elliptic equation over a non-
.;.. smooth domain. The properties of such problems have been well studied (sce (17],
:::n [18] and the references therein).
"
)

We assume here that the solution of (2.2)-(2.4) can be written in the following
) farm:

M
:: vy ;;::.gl (2.5)

A

I3 : -
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o where
n:,‘o' .

:::2‘ wy € HE(Q) N 1rt(n)

t“;v!‘

} .
. i N Sl TPL i

13'&5'* ufl — Re {21 Cltog v ¢l1(0) ! l(r,)} e 1l(n) (2.6)

ti" 4+ 1=

Qe . . . . . ‘

':ﬁ;: with R.o(alj'l) w1, R.e(nﬂ-’},) > R,e(ag-"), 'yl-'l > 0 real, ¢‘[f'l(0'-) and x!l(r;) are real
Pl ('™ (or sufficiently smooth) functions, x"'(ri) =1for0 < r; < pll < %, x""(r.-) =0
. for r; ~ 2pll. By (ri,0:) we have denoted the polar coordinates with the origin at

::} . the vertex A; of the polygon 1. The partition (2.5) is typical for problem (2.2)-(2.4),
o8y . H vy e . . .

:;E: with the functions u,g' describing the singular behaviour of the solution caused by the

'.:, : corners of §1. For details and proofs of the partition, we refer to [17], [18].

2l It may be noted that we have only dealt here with essential homogeneous boundary

conditions. Instead of (2.4), we may specify natural boundary conditions as well
oL which may be inhomogencous), consisting of normal derivatives of order £ < r <
>, g
i 2f 1. Our results remain valid for the case when different types of conditions are

R specified on different portions of I'. In section 6 we shall comment on this and other

o o

e generalizations of our results.

Al

:): 2.3. The p-version of the Finite Element Method

Ludd

0 i: Problen (2.2)-(2.4) may be put into the following equivalent. variational form: Find

i w e 15(8) satisfying

J
O
:;."i;: B(u,v) = / FudQl forallv € H{(N) (2.7)
s ]
<y h

:::0' where 13(-, ). the bilinear form defined on H’(f1) x H*(f1) associated with the operator
ol L is equal to (-,") ge(qn) so that
.

. Blu,1) > lulyna) (2.8)

iy

,:.;: ‘ holds for any w € H'(9).

::‘;:' The p-version of the finite element method consists now of finding u, € nS;(ﬂ)
=~ such that
! . v

. ‘-, -

q B(my,,v) = /;! Fudfl forallv € OS;(Q) (2.9)

’o,..l By the results of [8], for p - 4¢ 3, ,,.S',f consists only of the function 0. Hence,
N nsing (2.8), (2.9) gives us a unique u, 7 0 for all p > 4¢ 3.

Tyl
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3. Approximation Properties of P,(1)

it

.\

:’ﬁ‘-‘ .ot @ be the standard square with sides v, ¢ — 1,2,3,4 and diagonal ~5 corre-
xff-% sponding to r; = 7,. Let T be the standard triangle enclosed by sides «;,v; and
) s

ot i

;S::: Lemuna 3.1 Let S - Q or T. Then there erists a family of operators {Il,},p =
:"'l 12,0, Tl H%(S) - Py(S), such that for any v € H*(S),

::'vf Jor k>0, 0<gq<k:

e v Tullpes) < Cp (k_v)”"”u*(.q (3.1)
oy .

f&; for r = (ry.ry), k> |r| t %, 0<s<k |r|- %, 1= 1,2,...,5,

) r 3 (k-] et
ey “I)( )(1I ]l,‘u)”".h.) < (,p (k -Irl 2)|'ll,”"k(5) (32)
;fp" Jorr - (reorg), k>|r|+1, xeS,

L D" T ()] < Cp * T P ullugs) (3.3)
(g
" Y where the constant C is independent of u and p and where we denote P,(S) — P2(Q)
o Jor 8§ Q and F,(S) - P’!(T)Afor S~ T.
‘:J Morcover, ff u e P,(S), then 1l u = u.
& J

,"{ Proof : Let d > 1. Then S ¢« R(d) (see (2.1)). Since S is a Lipschitz domain there
l exists an extension operator T mapping H*(S) into H¥(R(2d)) such that

e '

;‘ Tu—=0 on R(2d) - R(2d) (3.4)
Y J.‘:

) - ]
:f:,‘n' N Tullperiea) = Cliwllnxs (3.5)
i where € is independent of 1. A concrete construction of T may be found in [21].
%’ Let & be the one-to-one mapping of R(3) onto R(2d):

a M R(2d) > = = (xy,72) = ${€) — (2dsin &, 2dsin &)

[l

. with (&.&) ~ & (7). Fuarther, we let

¥

CatA ) i 3 . x

% P b RGA) ¢ R()

>

[ J" where ¢ ' denotes the inverse mapping of ¢.

fet v - Tuand

P

L)

q". V(&) ~ v(d(€)). (3.6)




7
Because of (3.5), we easily see that
supp V(§)C R (3.7)
In addition, it can be readily seen that
(a) V(&) is a periodic function with period 27
(b) V satisfies
WV (N nereen < Clivilavriay < Cllilinys) (3.8)
and hence V € HEp(R(7)).
(c) V(&) is a symmetric function with respect to the lines ¢ = :t%, t=1,2.
Let us expand the function V in terms of ils Fourier Series
o °° s
V(En&) = 30 30 a0t (3.9)
1700 f=-00
For any p > 1, we define V,, = ﬁ,, V by
r.r o
AR a;eVEHa)  for 5o (3.10a)
j=-pt=—p
Vil &) = D0 a8t for S =T (3.10b)
i1+ <p
Obvionsly, V, € T,(R(n)).
We have
~ R 1
HVMH(R(K)) ~ L '"-J'l’.lz((] +it "’2)’)2’c (3.11)
7.f

where =z has the usual meaning of equivalency. (3.11) yields immediately for0 < ¢ < k

IV Villwareeny = Cp * IV iy
-~ op * ")H"“n*(s) (3.12)

nsing (3.8b) with € independent of u.
In what follows, we asstime S - Q. The case S == T follows similarly.

Let 3,, 7 = 1....,4 be the sides of R(n) and let. &, - é, he one of the sides. Then

forr (ryorg), 0= fr]- k1,

»

.'n’ ‘ . ‘ y "._l
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bisplg<p  Bi<pit>p  lil>plti>p

- Z (i]-)rlh!illeijfl i E (ij~)r|l).|i2]cdjf, b Z (ZJ)” h‘[’:'ile.‘jsl (313)

17l>p lil<p li[>p

hOL where, for |7} > p

" : |(1’~j)r|b[jl|'2 - J"Zrl( Z: ”7(1.]'56“62)2

: fet<p

W <D0 lagl)?

\

i

fej<p
£V & 2y ra - . - B -
23 < PR a0 4 54 ) (Do (1 4T ) )
S lg<r lt<r
'.:;‘ C -2r 2r7||A

A

ko i (14 72)k
R where we denote
B -
o - 2 2 k
:.‘ A= Y el P (14 72+ )R (3.14)
Ly - ro
\). Clonsider now the function
o ﬂ :'.211
) f=) =, £2)b
¢
! for v - 0. We have for y ~ 0
Q! 27‘2“ 1
b "(r) k- p)r?.
{: f( ) (l b Z)kllll ( l) ]
::' Henee, for k > pand 22 ~ " f(1) is a decreasing function of . Moreover, when
A \ ko &
1 0, f(x) is decreasing for all # - 0. Hence, there exists a constant C = '(k, )
" such that for |7] ~p, k ~p,
-‘: 2 L 171
v 7 ¢
P> e T rh (3.15)
"% (1177 (11 p?)
B so that taking g ry, for k -~ 1y,
Y
Wi
N oy "
y G M A,y 2 (3.16)

'l‘- 4
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For || -

)b < P (3D € ag)?
lef>p
S A (e )
e]>p
o dx

> (2T A -

< Cp AJ/;+112(k~rg)

< C‘Ajp—(2k~2|r]—l) (3.17)

i
)
Analogously, for {j| > p,

provided k& ~ ry 4

N 2
) o) < g (Z ”’lﬂﬂl)

le]>p
60 Zr; 2rq
:/: / .’E d.’l:
r-+1 ] + 7 }' ,r2)
[s.0]
< o /
per (14 52 +T2)k rira
< C,Ajp~(2k 2|r|-1) (3.18)

provided k = |r| 4 }. Tlence, using (3.13)-(3.18), we see that for i = 1,2,3,4

1DV Vs < €] I Y R 3 ]

l51>p l7l<p lil>p
' oo
. - — I N
< Cp R 374,
Jj= -0

< cp MM D)l

provided k = {r| + % From this, it follows easily that for s > 0, s integer,
r - A —r| - !
N DV Vg < Cp *olre2)

provided k =~ |r| s ;
Now we estimate [[D(V V) ly(5,)- For 0 </ |r] - k - ;

(3.19)
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By the Schwarz inequality,
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where N(p.q). the number of terms in the sum, is obviously < 2p, so that
(1] o (v, (2K -2r]-1
Iq ~ (/p 'l )
For p? - q?, we have
at = (1O < 2(5% + 82)
so that
(:v 2r, + )'Zr, 2ry
(1 %)
< Clg| 2y
< (7p~(2k~2h| 1)
provided k ~ |r]. Tlence,
[N < ca,p (26210 (3.21)
Similarly,
|CIEE < ¢ A p-2k-20-1) (3.22)
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provided k > |r| + ;
Il g% ~ p?, then

7 2rl(72r3
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(/vlqlr (2’( 2[T|~'l) + Cvp--(Zk 2|r| 'l)

S (}p~(2k-2|r[~l)

f CP (2k--2)r)-1)

N

provided k > |r| + 1. Hence

|CPI? < CAp CF 2D (3.23)
Combining (3.20)-(3.23), we obtain

1DV - Vo )llog, < Cpo 3% 2=

which leads to (3.19) for As.
We now estimate [DUN(V -V )(z)]. BecauseV -V, € {I,’iER(R(n)), we can assume

without loss of generality that (&, é&2) € 4, given by & = &. Then once again we have
(3.13) and for e > 0

(X l(z‘.z')"h',«'ll)2 % (}: |(ig)(r ! 3 "’b&"l’) ( 3y ’11}2() (3.24a)

rl>p Jsl>p l3]>p

Taking ¢ =i + 14 ¢in (3.15), we obtain analogously to (3.16)
|J'(" t ;u)bg_lllz < CA;p (2k-2(r[-2-2¢)
provided k > ry - 7 - ¢, so that (3.24a) yields

(x l(z’j)”b',»"l)

Iil>p

A

(/-.p_z(k—-irkl)”,,,”;”m). (3.24b)

Moreover, using (3.17), we see that

( 3 l(f.z')"b'f‘x) ( 5 f(z‘.r‘)"bl"f’) P

lit<p [i]<p

< Cp M D2 o) (3.25)
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l7]>p fil>p i5l>p
:4"::! < C ( Z A]_p»'(2k 2|r|- 2—2«_)) p 2¢
17l>p
< ep M i g (3.26)

W provided k > |r| + | + €, where we have used (3.18) with r; = ry + % + €. Combining
& g (3.24b)-(3.26), we get for k > |r| + 1,

o 1DV V@) < Cp D e (3.27)

i Because of (3.8¢), V(¢ (7)) & Pp(Q). Further, ¢ is a regular mapping of R(d)
*-3 on Q. (d - 7) and $(%) > . Hence, for k,q,s integers, (3.1) follows immediately
o from (3.12), (3.2) from (3.19) and (3.23) and (3.3) from (3.27). Using a standard

A interpolation argument, (3.1)-(3.3) will hold for non-integral values of k,q and s as
fa )
: well.
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Nre The following one-dimensional result is from [5].
)

‘ Lenmuna 3.2 Let I — (—1,1) and v & H*(I), k > 1. Then there exists a polynomial
2 e P > 2k hotl
::;::: o0 Pu(D). p > 2k 1, such that

\% 20401 —u(41) d-00, k-1 (3.28)
oy
Do and for s = 0,1,2,..., k

::‘n I zpllirey = Cp ™ Ml (3.29)

where ¢ depends on k but not on u and p.
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e 4. The Approximation of Functions in I/*((2)

AN In this section, we will analyw the rate of approximation in the H’(f1) norm of v

i:.ﬁ',‘ by a piecewise polynomial in oS (ﬂ) for the case when v € H*(2) N H{(0) ie when

) nL' 0 in (2.5). The main result we obtain is the following.

. Theorem 4.1 Let ¢ be an integer, £ > 1. Let v € H* Q)N (D), k > 2¢ 1.
' Then there exists a sequence {u,}, p > 4¢ - 3 salisfying u, ¢ (,S () and

or up

-0 r=01,....4--1 on T (4.1)

Wy aon’

s e wpllgray < Cp Ml (e (4.2)

ey where the constant C' depends upon the partition of 1, k and € but 1s independent of
u and p.

( We first. prove the folowing lemmas.

Lemma 4.1 Let 1 = (--1,1). Given an integer t > 1, there erisls a sequence of
polynomi s {x}} = {X;-‘}, p>2 1, r-0,0,...,t 1,in P,(I) satisfying

e R N d

A . .
PO-1) = 1 4f =71 j-0,0,...t-1; r=0,1,...,t -1,

(I;;Tf
0 of 3 #r
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”\;‘H”-(”'»(,'p. 3 8 ().I....J l, 7'3_70",,..,' 'l, (4.4)
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where the constant (! depends on t but 1s independent of p, r and s.

-
%

e Proof: We first define, for p -2t 1, functions ¢ given by

1
L CE I PSRN PR (4.5)

r.y

\ where the constants (77 are given by

- T for 0~ 1-r 1

L ) ("" "v), for r-di-t- |

(4.6)
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ICPP] < Kptr (4.7)
By (4.5), for any integer 0 < m < ¢ - 1,
mj)".' - (--,,)"‘L("p g. i 1 ip-plztl)
dTm =N
-1 ‘
} 772(—-p)m”| L(/"r,pl.(z + ])a T plztl) Foeeennn
=1
RA aptl(@ 4 1) me plzil)
...... 4. ("P 4.8
+ ,;jt (t - m)! (4.8)
so that
™ b7 A [ - 3
H ; ~|hrwn K'E,l’ CT’I(/. (x4 1) ”e‘zﬂ’*”dz)
- 1
-2

Now for p sufliciently large,

/-H(.T i [).'e—-2P(r+l)d1_ < k'p-»(!-l-n)
-1

Hence, using (4.7),

m(/)r : - ’fl‘l“‘l mo-j g-r -1 44y
g Wiy < BCYTS T pmodpirpmaits
3701

. el
< I‘pmri

This shows that for any s ~0,1,...,¢ - 1,

r A .--r—!
Noplle(ny < Cp* 7 s

d» } satisfy (4.4) with x;, replaced by #;. We now show that with our choice of

7T {#r} also satisly (4.3a). By (4.8), we havo for0<m<t -1

’I"'d)r yy: 777'
A:"p e __7’_(,_ 1) - i ( )J(vfh
Using (4.5), we get.
AT 0O for m-r |

I for m -1

o, oy

. O .p < - ¢ i
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M Also, for r <. m <t ~ 1, we have

““.
"“‘ m-r ( J _ '
3 s (B LV

i=o (m—r )l

W~ since the term inside the brackets is the binomial expansion of (1 -~ 1)™"".

AN In order to obtain a function satisfying (4.3b) as well, we let U7 — ¢7¢) where
L Yoo C™(1) is a sinooth cut-ofl function satisfying

—
IA
N

e ) = 1 for 1<z,

W 1
B . -
':.I' = 0 for 3

<z <.

Then it may be easily verified that U] satisfies (4.3)-(4.4). We now use Lemma 3.2

to approximate U/ by a polynomial z7 in P (1), p > 2t - 1, satisfying (3.28)-(3.29).

o (3.2R) implies then that z] satisfies (4.3). Also, using (3.29) and the fact that U;
o satisfies (4.4), we have

C’P'(k“’)”U; L)
(:p--(k—‘s)pk— r-— '2
2 < opt

e WUy — zpllmeqny

A

z
\

D) so that by the triangle inequality , z; satisfies (4.4). Taking x} = z; yields the lemma.
(]
£,

el Letima 4.2 Let v(x) be a funclion defined on I satisfying

‘ d*v
\iz d};’(])"fo s=—=0,1,...,r -1 (4.9)

A Then

v(r) ,
-—- e n . (,'
L “ B ')rllll (1 -

S (T

follreq (4.10)

AN Proof: Let f(€) be a function defined on {0,00) such that f - 0 for r ~ 2. Define

. R o Lte o (111

Then by [15], page 245, No. (9.9.5), we have
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Egc /‘,2 (f'f(,g))zf’f < /ﬂz(f(f))’df (4.12)

. Now, take

R 16 e,

L

") Then, substituting in (4.11), integrating by parts r times and using (4.9), we see that

1.(8) = Co(1 )

so that (4.12) becomes

. [0, Naewe o o)

o Substituting 1 - & = r gives (4.10).
>5 0
A
1€
Ny
" Proof of Theorem 4.1
. Let Q. 1 = 1,2...., N be the elements of the partition of 2. We first construct
: the functions z:,'.', 1,ul'l as in Lemma 3.1. The lemma is applicable because a
:_» linear transformation maps the parallelograin or triangular element onto the standard
’ ] square or triangle, preserving the polynomials. Hence for ¢ > 1 integer, k > €,
c
l‘
‘ 1| o (ke
J 2y ~ Cp % Mullso, (4.13)
N
’:t:: Our first step is to add a function y},‘l ¢ Po(f},).p>4f- 3to z,l,"l, so that the function
::: Tif' .':,[,"], ! y,[," satisfies (3.1}, (3.2) and
p.'.
+ .l
DU D"y for 0 < fr| 20 2 (4.14)
"y . .
dy at the vertices of (1,. Let us first assume that {1, is a parallelogram, which we may
N take to he the standard square Q@ without loss of generality. Let
W)
.!,
jb L ) (VR TOR T (1.15)
o where v (ry.ry). Define the function
¢ )
-.‘.
N ' {rl . r v .
) ", L oI ()G () (4.16)
o e el 20 2

_ Hereo Ayt L2areasin Lemma 4.0, with ¢ 20 1 so that y7r o PL(]),
j p W 3. This implies that we may construct wy + P (Q) provided p - 4f 3. We
o see then that with & - 20 1,

P v ar

. . » . 5 i R R P S N ) » .
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||"’|||n'(n.) ~ IIZ: , }7: (|"(')”|X,'.' ”n"(l)”X?”n'z(l)
0<ir|<2¢ 2 &+
< ¢ Z Z p kil e x—éplr"’z‘%”u”}“(n_)
0<|r|<2¢-2 &4 25t
< Cp %N gea, (4.17)

where we have used (3.3) with & > |r| + 1 ie k£ > 2¢ — | and (4.4). Moreover, on the
side 'y = {(r.-1) | - 1 < = - 1}, we have by (3.3) and Lemma 4.1, for 5 = (51, J2),
s ~Ointeger, 0 < |j| 4+ s~ 20- 2,k >20 -1,

- djlx'l diaxrz
DO lley = 3 la |S A
l 0<frl<2r- 2 dzy' dzy l

- djlx'l
- > [alre2)) | R 7T
O<ry 4j3<20 2 dr)
< Cp (k r1-752 ")p”‘“ r ;”u

R

”H*(n.)
v%)u“'“n*{n.) (4.18)

(1.18) will also be true for the side I'y = {(—1,y) | -1 < y < 1} and will hold trivially
on the other two sides of @, where w; — 0. We can repeat this construction for each
of the four nodes of @ to ohtain w,, j = 1,2,3,4. Then defining yL"l = Yioyw,, we
see that :»:,‘_‘l zw, } y},“ satisfies (3.1), (3.2) and (4.14).

For 11, a triangle, we assume that 1, is the rotated standard triangle 7 with
vertices (1, 1), Py(1, 1) and P5( -1,1). Define a{”) asin (4.15). Let p > 10¢ - 6
sothat p |(p 2¢ 1 1)/2] > 4f - 3 and define wﬁ"'"’ € P,(T) by

- Cp

",l(l“'“) . ”(n'”)xg(-rl)\'2(77)(11 ¥ 12)21”1( 72) 2041 (410)

with v} \":'2' ' Then we see that for 0 - Irl <20 2, k >1,

,)(')"r(‘”'“) 0 on ,)2 .
f v (g . rl o« L
IR BTN lpeqey =~ Cp th i ’)“"”n'(n,)
for ' Py Py or Py Py s O integer, |r| + s - 20 2 and

D™ ) e cp W,

{0}

' |
ey i gany ('p Ml revion

et \ f
0 ‘ ¥ ! AKX
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We now define w!”) recursively for |r| > 0. Let
A = DMwiM (1, ), (4.20)

1"((,',_‘) will be non-zero only when r, > m,, 1 -- 1,2. Now defining for 0 < |j] <2f 2

/ -~ ; .
(a0 AN T e e ) (d2)
||~ |5t
n<m, <y, {(1-1.2)

(with \;; - \,’;"2'”1), we see that I)(')ng)( -1, -1) = 0 whenever r; < 3 (+ = 1,2) and

DI, ) - (ﬂ(’) X |mi<lj] /?f,{)) for r = j. Hence, for p > 10€ - 6,

nN<m, <j; (i“l.?)
wy Y m(lj) e Pu(f1) (4.22)
[sl<22 -1

satisfies, for O << |r| 4 s <20 - 2,k > 20 -1,

Dy (-1, 1) = ol (4.23a)

Dy 0 on PPy (4.23h)
lollniay = Cp ™ Nllpsa, (4.23¢)
WD i llggeqey ~ Cp 'Irl"fl’)”“”m(n.) (4.23d)

where 1" - Py or PP, For4f - 3 <. p < 100 6, we may still construct a w,
satisfving (4.23a.b) using the results in |&]. Then, by suitably adjusting the constant
€ in (1.23¢c.d) it is seen tht wy ¢ P (Q,) satisfying (4.23) may be constructed for any
P "3,

A similar construction as that of w; may be used to obtain functions w, and ur,

associated with the nodes P and Py respectively, after first mapping 1, in a suitable
way onto the smr!rlard triangle 7. Then we take yL" - ):;‘ﬁ, w;.

Let now v 1, 016), and Ay  A; be the end points of v, Now l)")zrl,Jl 7 I)("zl,"’l
on . Denote the “jumps”™ of z, on y by

{r) Y r m .
e (rou) DUNEDE Y for (riy) oy (1.21)

Y

!

Then, hecause I)(":,(,’I(A,) IV (A,) I)"’:,’,""(A,). we have 1:75:,3(/\.) = O for
v 12,00 e 200 2 and also, by (3.2), (1.18) and (1.23d),
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(k -Ir| ¢

r f ! p
leda ey =~ Cp (Il i, 4 eligan)) (1.25)

for0  frf vt <20 1,k ~20- L

Let. now F; be the affine transformation satisfying F;(Q,;) = S, where § = Q =
{(&.n) | 1€l ~ 1, In| << 1}, the standard square, if {1} is a parallelogram and $ = T =
{(&n) 1 1&l < 1. 1 <y < - £}, the rotated standard triangle, if 02, is a triangle.
Let 5 be mapped by I onto the side I'y = {(&, ~1) | [€] < 1} of S. Let n = n(¢,7)
denote the outward unit normal to S along 35 and let n be its image on 311, under
F, ' so that 3'{ laq, 3£ las whenever f(z,y) = f(&,m). Define, for (r,y) € v,5 > 0
integer,

3 (2,y) — sz (2D - 2l 4.26
ﬂjm(r‘y) aﬁ,(zp zp )’7 ( ))

Then, if 4, — ﬁ;moF] ! we see that for (z,y) € v, (& 1) = Fj(z,y),

By (€) = (&, 1) = Bl ). (4.27)

Nowy ;;]’m are obviously linear combinations of those w;:,? defined by (4.24) which
satisfy {rl -~ s. Hence, it can be deduced from (4.25) and (4.27) that for 0 < s { t <
20 1k 20 L,

(k-2 lf%)

135w llmeeyy = Cp (lellren,) + lellxa,,)) (4.28)

Moreover, since for {r] < 2f - 2, I)(')zL" - I)("z,',"" at the end points of v, we have
for ¢ 1,200 2 s,

(11) -0 (4.29)
For 1, a parallelogram, define

-

/
Gml{&m) XA (EA(n)

DA
with \/ \,';' " Then using (1.3). (4.29) and (1.28), we see that
’).. m 0 a
¢, 3., on Iy for 0 s 1. (1.30a)
dn’ J

DV 0 en JS Uy for Oc (r]- 0t (4.30b)
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) [
lemllunsy = € ) S Byl mean
(TR X4 a0
~ ’l k ¢ o1 ¢ 1
o Yp et 2p" 2 lull e
ti <t 20
< Cp Nl (4.30c)

where we have taken k ~ 27 1.
We now show the existence of a ¢, satisfying (4.30) in the case {1, is a triangle.
By (1.29), we see that

Brm(€) = (6 1P 1(€) (4.31)
where 47, is a polynomial in £. We define, for 0 < s < € -- 1, a polynomial ¢ by
y ! . ) *
¢m(&m) — (¢ "‘]‘);(ﬁ,“m(f) 1 ()X (m) (€4 1) (4.32a)
with
: 'Aﬂl a'(;m
TRGED SR} (1.325)

an*

10

where ;" Pand for s 0,7/, (€) - 0. We now define

(2 |
Cm D K- (4.33)

a0

Then, using, (1.29) and (4.32), it may be verified that ¢;,, satisfies (4.30a) and (4.30b).
We now show that (4.30c) is also satisfied. To this end, we first show that 7}, has a
similar decomposition as does /3;, in (4.31). Using (4.32) with s = 0,

o n(ONONE D )
ym (€ - 1)
an that for0 - s- ( [
a° (, B (E)O(6 1) (¢ s 1)
7 )y -7 4.34
o’ (& " (¢ - 1) ( )
Using (1.31) with s 0, this yields
A

o (€. 1) (&€ DY 19N, 0 s L (4.35)

.....

] . 3 ‘p" -* » g : /
e “n ‘!' l 0, i' "' " ‘0. " ' [y ." l"# U h"k"' td <l i-.'.'a'-h‘b:.!:l ?9:" 4 !ld * l.n’l. ‘ .l ] 2'-'& wg o * s 2 !' Q'B x,k "' ." ¢ "' i t
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::,:;: Assume now that for ¢ <1 |, A

o (')’C;m ¢ . 20—a-1 4t -
:'Q' o (&) = (€= (Gt (4.36)

for some polynomial ¢!. Then, by (4.32), (4.31), (4.36),

L)

o EalEm) = (€ 1) BEXAm)(E+ n)
i

o

for some polynomial ¢(€). Ilence, forr < s < € — 1,

(N ('), :G m

Y e

dr;' (31]*’“‘ (&,-1)
o5 = (€ 1) (€) (4.37)

for some polynomial ¢'. (4.35)-(4.37) imply, by induction, that (4.36) holds for all
N t 0.1,...,f- 1. From this, we see

(& 1 = (£~1)"‘“"¢(5)dl’<? &+ n)

= (€)= (- 1)%714,(6) (4.38)
. for some polynomial ¢,(€).
Al Now by the definition (4.32a) of ¢/, we have

.. N N C A AN G ey A
o \ ”“]m”"’(ﬁ) ~ Z‘ ”('}6’—1(’)_1"‘? (é l) déh (ﬂjm(f) o ij(f)) (in;"Xr(n)””"(S)

R Y4

e Sinceon S =T

s e (e g\ C
~y ( 0 nf | < IRy
e aEh a2 \ € 1 ¢ 1jare

we see

[} . ' - ' d’f‘
)‘:- o ”ij ”H'(.") < O }_‘ ” (; l”‘”’ df'-‘
‘il Py iyt S ) -

d’
-~ B ' Mg 4.39
{z{ H(h’,‘x,,nn (1) ( )

(ﬂ,"m(f) T,"m(E))iln"(r.)

(et Using {4.31) and {4.38), we see that

d [ d"
det (fffi‘ (/’f;m r)"m)) (1) -0 for t -0,0,...,20 1 s ¥4

X o Henee, nsing Lemma 4.2, for £ 0, | 5 1 {5,
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We now show that forv = 0,....6 -1, s < ¢ -1, r </,

.'cl . N
I I Ly < Cp~ ™ 7 D) ey, (4.41)

First, we see that using (4.34), (4.31), Lemma 4.2, and (4.28), (4.41) is satisfied for
1 =~ 0. Next, assume that (4.41) holds for all ¢+ < n — 1. Then, we have, using (4.32)

A o C s
BEED) = (O - @) )
C ”n- ]anc m
so that
G, 7 w0 o

m < -t L 4 ™ | b
g ey = [ll(£ Sl _Z,II e (r.)]

ol gnet
< [Hﬁ,mlln rhen(ry) l| *“"Wllnw- "(r.)]

= ﬂ

(where we have used (4.31), (4.37) and Lemma 4.2]

< gp o 2)||"||hrk(n)

by (4.2R) and our hypothesis. Hence, by inductien, (4.41) holds for all
1 - 0.1,...,¢ 1. This shows that

e | gy (4.42)

so that, using (4.39), (4.40), (4.28) and (4.42) with Lemma 4.1, we sce

”T;m”H iy = Cp

. ~ ™ — ° - 1~l -‘-»l
||<J'm”11'(s) ~ G }_‘ (r (ko= fy ot ’)||"||n*(n))(7"‘ 2)

r|| IYRY,
- Cp )||”“n*(n)
Using (1.33), the same estimate holds for ¢,,,, so that (4.30c) is proven.
Henee for any ~ (1, 11 N, we have constructed a polynomial ¢ satisfving
(1.30). Defining ¢,m ¢molj, we see that ”Cj,””"l‘n’) also satisfies the bound in

---------- _-.’w".--.-'. AR CER AN LA o AT
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:;_! (-1.30c). Moreover, by (4.30a.,b), replacing z,[,’l by z,[,fl - g:jm on {1; achieves the required
b ¢! ' continuity across v without altering the jumps in 2, on the other sides of 311,.
Al Repeating this process for each v in the triangulation, we obtain a u, -- 2z, € C!* V(1)
by satisfying (1.2). The essential boundary conditions (4.1) on I' may be imposed on u,
v by the same method. This completes the proof of the theorem.

o

2 0

\-_\I

o

Ny Remark 4.1 The function u, constructed by us belongs to QS:;'M for some n depend-
e ing on £. By suitably changing the constant in (4.2), we obtain u, € OS,'; such that
oy (4.1)-(1.2) still hold.

NI

-..' \-“

A Remark 4.2 For @ < k < 2¢ - ;, Theorem 4.1 still holds provided we assume that
Y u ¢ ® instead of H*(Q1) N (1), where @ is defined by interpolation using the
Wl I{-method,

@ !
-7 ' ¢

s b = (17(2) N Ho(9), T5(02))eco (4.43)
= Here, r =~ 20 - Land (H"(N),H’(N))s2 = 1*(Q). The proof is similar to that of
S Theorem 4.2 in |3] and is omitted here. Generally, however, the restriction k > 26 — %
{ is not a severe one, particularly in the tight of results in the next section where corner
o singularities are treated,

2 '_-;: As mmentioned in the introduction, the results corresponding to Theorem 4.1 in |9],
’;':j{: [16] are based on the assumption that u € ®, which is not the usual result predicted
:‘ o by elliptic regularity theory.

Theorem 4.1 and Remark 4.2 lead to the following estimate for the rate of con-
vergence of the p-version of the finite element method.

%

X %
T

SR

Theorem 4.2 Let w e H*(Q)NITEQ), k > €, be the solution of (2.2)-(2.4). Assume
further that for £ ~ k < 2f ~ ;, u & & defined by (4.43). Let v, be the finite element

3 solution based on the p-version salisfying (2.9). Then
3 -.-"-
oW ]

.. v (k=0)
o ||1[, - 1I.,,||”r(n) < Cp ( “H.“”lv(n) (444)
e where (" is a constant independent of p,u but depending on the partition of §1.

- P’roof . The proof follows from Theorem 4.1 and the fact that

Nty

e PO _

- ”‘H, 11.’,”"1(”) ~ Clu Z,,”"/(n)

o

’ .
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5. The Approximation of Singular Functions

In the previous section, we analyzed the approximation of functions which were known
to be in IT*() N HE(Y), k ~ 26 1. In this section, we analyze functions of the type
(2.6), which have a singularity at a corner of the domain.

5.1. An Approximation Result

Let @ = (-1,1) x (-1,1) as beflore. Let #; = x; 1 1,7 = 1,2 and let (r,0) be
the polar coordinates with origin (--1,1); r* = #? 4 73, 8 — arctan (7,/#;). For
K ~ 1,0 p< 1, define

S — {re)] i:?, < Ty < KTy}

Sto— Sen{x |t 2 < p?}

Q. = {r]0<F <a,0<F,<a}, 0<a<l (5.1)
Q" = {r|F>b T >b0NQ, 0<b<]

R, ~ S.NnQ Re = S.N Qs

Let kg >k > 1. Iig. 5.1 shows the domains under consideration

(",l) (l'l)

7 R,
X .= K. X
2" 0% Rk
-~ : ~ P
X2 K)(l Sk

%2.%2=p2
Xl + XZ —P \ v
e - — K XZ = xl
s a s s s
L
IR 555%
) S
it / I
;
v ‘ e N PR
EVW s o"2 "l

(-1;-1) (1,-1)

Figure 5.1
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SN " ~ =~ Nl ~ ! 2¢
P i) = (B1 - wa) (kdy - 2)' = 4(0) (5.23)
-
L Obviously, ¢4(0) is an analytic function in @ and £ is a polynomial which satisfies
<)
bi DR =0  0<|kl<€-1, 1i-1,2 (5.2b)
.I‘-a
f,:-’ where Ly and Ly are the lines 7y = k&, and 7 = %,/ respectively.
Aot Let,for Reev > ¢ -1, v >0 real,
e u(xy,72) = Re {r"|logr|"x(r)¢(6)} (5.3)
‘-:_\:: where ®(6), x(r) are sufliciently smooth real (c.g., ™) functions and
.x:
'f::
o { n
: x(r) — 1 for 0<r<
o
55 2p 1
‘A = 0 for —-<r, 0<p< -
\_) 3 p 2
':-: is a function defined on . We shall assume that u satisfies (5.2b) on I, L, and has
: support in IZ,,. Then we see that
-"v
"3 W(F1.39) - E(F1, Fo)ua(Fy, 72) (5.4a)
»;:
:-,,' where
:), wo(71,72) ~ Re{r™ ¥|logr|"x(r)¥(0)} (5.4b)

with W(#) a smooth {e.g., C™) function.

LI

N The main approximation result, we prove is
4
,‘u:‘
“" Theorem 5.1 Let u be given by (5.3). Then there exists z, € P, (Q) such that for
, “ 0 |kl F 1, I)(")z-,, = 0 on the lines Lyt — 1,2 and for k, > K,
P :
.. - . ' i 2 1
o IR% .«.,,H,,,(,}K") = C|logp|Tp YBeo ) (5.5)
,}"-, -
"t where (! 4s a constant independent of p.
X ./- . . . .
- We will require a series of lemmas to prove Theorem 5.1.
_,.::j Let w(r),0 - r = oo be a €™ function satislving
-~
L
b

wlr) 0 for 0<r |

1 for 2<71 - oo

- N
!"".. - \ \ .y

a4, 4:_‘-'&.“‘\1_‘;",“-\ SRS . < _r-" ', .(_I: o
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i
! For anv A ~ 0, define

e Y
% wh(r) - w( ) (5.6)

Then we decompose uqg by

1

\

:‘. Up = U | w (5.7)
“g )

where
v whig (5.8a)

w = (1 - w®)u, (5.8b)

It can be readily seen that

o v=0 for 0<r <A

o, w0 for r > 24,

Lemma 5.1 Given k- (ky, ky), there erists a constant C(k) such that for 7 =
AN (Tler) € ]"Ku

o |D® < C(k)|log Al7(1 t ;)% 21K on R,
X -0 on SA
D) where & Re (o).

Proof: For o real the lemma follows by taking a = o - 2/ 4 2 in Lemma 5.1 of [3].

The result for e complex follows easily.

:’lp 1

é ) In what follows, we will assume that » satisfies (5.9) and not the explicit form
(5.4b). (5.8a).

fi . et

“ - 17(.T|..772) - ):}:(lwl’.(.’r|)l)j(.7'2) (ril())
. (=0 =0
: :-:: where P(x,) - Pre,0,3), 8 - ; are Jacobi polynomials of index /7 which will he
N determined later. Then
:‘:.; o _ SRNNET : ) - 2
% a,  CCE L)1) (g, w) () Py(w) (0 #1) (10 23) drydxy (5.11)
T
o
g
@
W
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where (', (", are hounded from above and below independently of 7, ;7 but depending
on d (see {11], p. &1, formula 7.391.1). Deline

(ry,72) LL(IU Pi(ry) (5.12)

1-0)—0
b,(r2) }_:n,,l’,(frg), (5.13a)
J"n
b (r,) Ln,ll (75) (5.13b)
with
h(ry) - (11 I)/ (ry.72)(1 .rf)ﬂ/’,(:r,)rlﬁ. (5.14)
It can be readily seen that
N Z:h,(;rz)l),(.'rl) (-r)lur)a)
t- 0
,,\
v Y W) ) (5.15b)
Iet
"‘
V(. 72) Lh,(:rz)l’,(;r,) (5.16)
=N
then

o (v ) b (e v) o, oy (5.17)

The following lemma follows tmmediately by taking o - 20 ¢ 2 in Lemma 5.3
and H.1 of [3].

Lemn 5.2 Let oo m o 80 2002 0. Then

2 4
IVYY’ : \ . . 1)
A ,,"(",T”lf Clo 1) log A1 1 m)® ™05 (5.18a)
Ty
ml . (! v - "
‘d ),(‘rz)" ||ni!,zl‘ (11 rg)* ™" 2y (5.18h)
dry (v 1 l)?

, = e Pop A A ‘ N
T TR IV, 0 . 60 3¢ rhehi by Totiag
Bt SO OGOt ALK L ottt S TN A AU NS ARG F halovept Capoa!
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et us now analyze p, ¢y, v, given in (5.17). We have
& I
pp(:rleZ) o L[hl(:r?) br, ('T?)II)'('rl)
<o that for kb (k. ka),
P dk')
g - " (k)
I)(k)[’p _ Z‘ d k-; (h h[’])(,rz)’)| (.’I")
[ Ir,
Now, for f ~ 0 integer, we have by [5], formula A.2.15
1 :
Pz, 3,3) — 25(2/3 Fit 1) (20400 0P (2,310 6,3 1 t)
Hence, for O =.m + ky < p 1,
o
/1] - / (/ (I)(k)p,,(”r,,.’rz))z(l - .'T?)ﬁ‘h({.rl(l .Tg)ﬂ’kzd.'rz
/” 7,»‘ 1 ( d*: ([ bllv))( ))2(1 2)””’({
o by bz T "dr
k t A -2 2 2
! k. dry’?
2
, " 2k, 1 R R >(k2) Ak,
( L’ ' Y oa, P (r) | (1 1))
[ ptl
I ~
('Xf"' 2: .,I
t 1 7 pid
( \’" 2k g: al (j 4 m it ky)!
P = S5 om k)Y
L vrf kg :
2m L ’Zkl ' / (' vnO[\Tz)) (I 'Tg)ﬂ‘"”"zdf? (5'())
g ) M (f.‘r.: :
Using (5.11). we see that the support of h(ry) les in /1 [ 1+ Asinfla, 0] where
tanf, ' Henee from (5.18b) and (5.19), for o m 4 ’,; 20 : -0,
¢ r n '/mikgb 2
! h"" .2‘, LA sind, (I.r;"'*" ( 2) :
Cllog A2 "L L, ,/" 2 2040 kyy !
",l |' oom b 3'3(’:
prm .2'. LA ann, r( ) "
("I”EAI'I' v m 2@ Af ko (A
pim ki (5.202)
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v for the case ky ~ 1, provided 26 m + 28 A0 ky | ; < 0. For the case k; -- ), we
¢ » . m - .
R use (5.1%a) instead of (5.18b) to bound “ 253 and obtain

:T-_, °

\' Tlog A

\ { 0 [ 5 .
9 Ay RO AT mizn 4 ki) (5.20h)
“ I)2m t

.;- provided 26 m v 23 W ky L -0.
/ _: Similarly, we estimate the term 1)“‘)(7,, with O mtky- pit1,m > k. We have
o .

! f’p(fl»ifz) L I’.(-Tz)”.(fl)

. t-pid

I:.-

'-:: vl ot )
. n, / (/ (I)“‘)n,,)z(l :rf)ﬁ""(lfl)(l .r%)”"”d:rz
Y“ ! !

s H gk o [ ! 7\A 4k
& (. L R i (72) (1 7)) "dr,

".: ! t-ptl d:r2-
‘:' « UL n'"’h(T ) ? (r + m)!

N ’ / X ( |;‘ : . (1 .rg)ﬁ”"d.rz

' ,)Z(m k) b, T\ dfz2 ,(' 7”)!
. 2
\ (' /‘l/.l (’)"""?11)

» 1 ) a0 23 Rede, (521
h: p'l(m STy ((().T;"(').T;? ( 1) |( 2) ( )
o

“oy Since the support of v lies in I, S2, we can use Lemma 5.1 and obtain with
» ‘ C

L Ig 1 (‘ | J'z\). [ K(.(‘ .Tg)’

J "

Y
';:: Cllog AP [0 .

2 I, | / /(1 P )P kg 2 e g day
'.: ])2('" o) 1+ Asinb, " Iy
. 12
i\, Cllog AT /” (0 .r2)2'-' mr2A 42 h”d:rg
])2{'" ki) 1+ Aanf,

y . 2

..-: ( !I()g AI v 25 mi20 4f ko2 c 22
2m ki) (5.22)
- P

'4, provided that 26 m + 20 AL ke i 2 - 0. Hence, we obtain the following lemma.
: Lemma 5.3 Let p, and o, be as defined in (5.17). Then for 0 - m t £~ p ) | and
o 0- o |
’&J

P

e i ' '|lo A27 - 3

_ / / (I)(Hf’r)z(' .rf)”""(] .T%)""‘*’d;r,d;rQ . l 'gzi'.’| 2% mE2A- AL ka3t
Y .‘ . ' . ‘ ,’ m ]

-

3 (5.23)
X

$I
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where ky max{1,ky} andt - 1 if ky =0, t - 0 otherwise, promded that & m |

3
i

2 2005 0and 26 - m |2, 'M"g/()

) log A|*

B 20 m 20 Al k2
2km k
p( 1)

R
/ / \ (I)m"r)z(l T%)mk'(l T;)ﬂ'hd;r,drg “

|

(h.24)

provided that 200 o 4 203 - AF + 2 < 0. The constant (' vs andependent of k. A, p but
depends on o, 3, v, m f.

Let % be as in (5.1) and define
R RO

Ao for f(ryorg). (ryory) ¢ Q and A - }, define

falry, r2) fr 28,7, 2A), (v..17) c Q¥
. (5.25)
0 (x1.72) ¢ @ - Q
Lemma 5.4 Let {(ry.12) be given by (5.2a) and let 0 < A < ;. Then, on RZ,
DW ey m) = (1 21 2d) (5.26)

Jor any ity -0 satisfying 1y 4 ta - 20 |k|.

Proof : The proof is essentially the same as that of Lemma 5.6 in [3] and is omitted
here.

I

Lemma 5.5 Let » sahisfy (5.9) and v, be grven by (5.12). Then for A -

I €a(r "r)“n'ms“)' llogp|'p LAY (5.27)

where (' 1s a constant independent of p.

Proof : We first estimate [[€ap,llyr(na ) where p, (and o,) are as in (5.17). To this

end, fet ns estimate Dy = [[(DUEA) (D™ p )1 urs y with [r] + |s| - . Using (5.26).
we have for any 11,1 ~Owith ity ) 1y 20 |r|

v [ o e s,
Let us choose ty,1; so that 2(, Vs, -~ 20 1 1.2. Assume 3~ 2f, so that

3 2, 1 s, - 0. Then, because on Hi\",

-l.

- 0 L0 s S !
) ',& "'/ W 'n"‘ e A S \' “ .‘4’.‘" ““" N l.‘ l’“.‘ £. ‘l‘a |’|' “‘l‘\. '..""1'!'5.@ 0.‘"“‘ ‘.‘I‘.‘.,""‘" .'!o’.i.'?'o.?.g."h". " !'.l‘! ;L Nt M ILh P " “'
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we get nsing, Lemma 5.3

L]

; ) IR AR I LI B - L

: I); ' ('/ / ( A 2: ‘e A "?- b (1)(')/),,)2({3',(/3'2
N L \ A AR AR U2t
B - . .

Y . ( ll()gA ! 29 m -10% '.‘|r' |-“¢

,)'2m 24, 41

. where ¢ max{l.s;} andt 1if s, 0,1 0 otherwise, provided that & m |
N L2 : S 0and 20 m ot 23 - AF ; < 0. Choosing m large enough and A = p 2,
: We pret

. 434 2m 205 34 4|r|i2]s] 2t
2 . ' 29 . o

% D "jlog pl pim 2

N 2y, A tA(lr] ey 4

N Cllogpl*'p ¥

) , ; R

- Cllogpl?rp 1D

We may similarly show that for jr| + |s} - 0.

- 2 I . 2 ' 29, 4(a £11
. D} D Ea) (D )] ra )« Cllogp|p MY
This proves the lemma.
(1

N
4
E . . . . R :

. For the case that & ~ 1. & not an integer, let k& — [&] be the largest integer less
; than o For g an integer, 0 - q - k. we denote by vl?l the gth derivative of v along
) the direction 7, where 0 is the nnit vector along the line r, r,. Then vl will
P, catisfy (5.9) in Lemma 5.1 with & replaced by &« ¢ ~ 0. Hence, using Lemma 5.5,
"\ we pget
L)
" | . [ . 23 g i1 .
:‘ Hf.;("m ",‘.' H:H'(H:\“)' Cllogp|™p tra ) (5.2R)
r Let o be defined by (5.6) and w? be its translation given by (5.25). Then (see (5.7))
L4

v

j Una U(]Au)g { "”A(I LL)}t

b va b owp (5.29)
~ Sinee w o N(K,). then upy < H'(R,,) and hence

4

y Eara ua(l wi) e HI(RED)

o

J

4

'

k)
L)

9,

"y .70 7 P T Bt Jh b
RO O Do *Mjﬁ
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B Lennmua 5.6 Let N p 7 A 2020 Then for k 1al. & - 1 non integer
~
' k
o ~ |A| s . " .
: ey MO " "H)Hn'(n;‘;‘; Cllog pl'p 200 00 (5.30)
A8 WS\"'A”H'(R}) © Chlogpi'p 2 ro) (5.31)
v !
N where ¢ as mdependent of p. N,
b
D Proof - By Tavior's theorem and Lemma 5.1, for any (ry,13) ¢ Rf“, and s - (sy,8;)
. . ,A
N D'y L( D" et ()]
\' [ -
. ‘ ko kit
-:. A '|(;,,l 1r~) DS (ry 0.1, 0)]
N CARYE )T Y R Hag A
o
f)
", where 0 - 0 - 22, Hence, using Lemma 5.4, we get for A~ p 2 |r| + |s| - € and
~ T IP TS
-:: r
‘““‘(f.\)”"]("l\ L( ) . "I l)“' AR2))
L 0 :
o R O R NG U

I(L\

i .
A g A [ (1 e e
A

e\

~

s CAZ g A1ZT A0 R

f‘\

ya
b g plitp A )
i I the above inequality, we used the obvious fact that o k- 0. We may bound
N the other terms in (5.30) analogonsly.

] Let ns now prove (5.31). Let W {(r.@)j0 - r - 25,0 8- 7} Then it may
‘- he ween that

- Hf.\”%\”ﬂ'«/a,}”) “E”'Hn'(l\‘l
»

N, : -

'’ Ueing (5 2a) we have

N

14

o ‘

N "’E(r-/))l, (gt

- 1 ar! |

:"

I"
~:. Ao by {5 H'))_ (5.3,

|c

"y

T x
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“n p
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X P (r.0)
du{r, .
N P b Cllogr]™r™ ¥ % forr - 2A
-, (ir"
0 forr ~2A (5.32)
y For A p Zandt v« ¢, we therefore got
N e, Y9N (At
| [] - , ;Z(K) , rdrdﬂ
drt Ore " Yo Ja ar! dre
/m 2y 402125 AL 2441
) - O log r|“7r*" " “Hdr
: :  logr|
" ("‘ ,OgAIQ’yL/\Z(& fit)
X o Cllogpltrp 45 1N
where we have nused the fact that & ~ ¢ 1. The other terms in (5.31) can be treated
- similarly. This completes the proof of Lemma 5.6.
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: We now prove our main result.,
)
) Proof of Theorem 5.1
j let 7o ry 2A09 - 1.2 and let S, be the translation of S, obtained by this
3 transformation. Let
g . .
h k_ Ar
: e = Ea(D( 1) ol
. i—0 2.
: where k1) Then 2,4 © Poi2o(@) and for |r] < ¢ -1, DUzr2 = 0 on the sides
A of S, Maoreover
. .
. - A'
» wa o ralliees) 1€alina (1) 1., ) lnirs,)
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q
where we have used (5.28), (5.30) and (5.31). We now translate back to S, and
? suttably adjost the constant €7 in (5.5) to get the theorem.
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Remark 5.1 We have proven a slightly stronger result than Theorem 5.1. I s
<uflicient to assume that v and u defined by (5.8a), (5.8b) sati.fy (5.9) and (5.32)
respectively.

Remark 5.2 For the case that Reo is an integer and v — 0, 1« will be arbitrarily
smooth. Henee, the above result is too pessimistic and the results from Section 4 will
apply.

Remark 5.3 From the proof, it may be seen that the internal angle w; between

and 5, could equal 27, ie.. we may also consider the slit domain.

5.2. Approximation over the domain {2

We now return to the problem of approximation of the functions u.l;] given by (2.6).
Let the vertex A, of {1 be at the origin 0. Let the part of Q2 containing the elements
with vertices at 0 be as shown as in Fig. 5.2. We assume tht we have only triangular

elements. The case when elements are parallelograms does not change the argument.

Figure 5.2

Let 0 0 108 0, BB, Let the line OB, have the coordinate 8,, j -
booooom b Denote D, {r b ety 22 e} and assume that 1D .0 po 1.
We then obtain the following theorem.
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K-
3 Theorem 5.2 Let u be the function given by (5.8) with p <. pop, p sufficiently
2, small. Then there erists z, € H'(Q) satisfymg z, € Po(T), 1= 1,....m; Dz, 0
- on OB OBy and 1 for 0 <2 |r| <<€ | and
3
‘e
3 Il Zr“"'(ﬂ) < Cllogp|"p 2(Roa-f11) (5.33)
_.f where ' 1s independent of p.
s .
K The proof of the above theorem is very similar to that of [3], Theorem 5.2 and
¥ only a brief outline is given here. Fssentially, we first consider the case for which
DE@B,) - 0for g = 1,..om 1,0 < |r] < £--1. We may then map S =
> {{r.0)10, = 0 - 0,,,} onto I, by a lincar mapping T and consider the image u of u
on T, - T(T;). Let n, be a polynomial function of degree < ¢ satisfying Dy =0
:;: for 0 < r < ¢ -1 on T(B;B;y). Then, after suitably extending # outside R,,
the function 1/n, satisfies the conditions mentioned in Remark 5.1 to Theorem 5.1.

2 Henee, we may approximate 1,/n; by a function z, satisfying (5.33) on 7; and hence

‘ 20y oz, satisfies (5.33) too, proving the result for this case.

'_-.; IFor the case when I)("n] =0forj # 10,0 <r < -1, the triangles T}, 4, T},
7 are mapped together into R, and the argument repeated. The details may be found
¢ in [3].
\
v

’ Remark 5.4 The function we constructed was in P, (7). By suitably changing
0 the constant in (5.33), we may obtain a function in P, (7).

")

v Remark 5.5 (5.33) obviously yields the estimate
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6. The Rate of Convergence of the p-version of the Finite
Element Method

We now summarize our results from Sections 4 and 5 and briefly remark on some
generalizations.

The following theorem follows immediately from Theorem 4.2 and Theorem 5.2.

Theorem 6.1 Let u be the solution of problem (2.2)-(2.4). Assume that u can be

written in the form (2.5), (£.6) and in addition, that for € < k < 20 - %, ned
defined by (4.43). Let u, be the finite element solution as described in Section 2.9

with triangular or parallelogram elements. Then

e = wpllirey < Cp *|logp|“ R (6.1)

where, letting o' = min Re ry[,q,
t

o rniin(k (,2(Re oAl ey 1)) = min(k — £, 2(a’ - £+ 1)) (6.2)

vo= max{'ygj] : Re rrl," =a'} if p=2(" -€41)
= 0 otherwise (6.3)
, < i
Rl ey Z,|('}I| (6.4)
)

Remark 6.1 Theorem 6.1 has been stated only for the model problem (2.2)-(2.4).
It is obvions, however, that the theorem holds for any elliptic problem or order 2¢
if the solution has the form (2.5), (2.6) or when (2.6) is different but has the same
character concerning the growth of its derivatives. Moreover, as mentioned in Section
2.1, more general boundary conditions may be also be treated.

Remark 6.2 We assumed that polynomials of the same degree are used over each

element. Our results and proofs may be modified in an obvious way when different
degrees are used over different elements.

Acknowledgemment. The author wishes to thank Professor Tvo Babuska for his
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