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ON THE ASYMPTOTIC JOINT DISTRIBUTIONS OF THE EIGENVALUES
OF RANDOM MATRICES WHICH ARISE UNDER COMPONENTS
OF COVARIANCE MODEL

Z. D. Bai, P. R. Krishnatah and L. C. Zhao

1. INTRODUCTION
Consider the following components of covariance model

g9 = u% 9y * &4y (1.1)
for .1-1.2......»1 and i=1,2,...,k, where 5‘3: pxl, is the j-th observation
of the i-th group, u isanunknown general mean vector, a; 1s the random
effect vector of the i-th group, and 43 is the error vector. It is
assumed that g;s are 11d., ¢4's are 1id., g;s and g44's are independent,
and that |

Eley) = Elgyy) 500

Blogey) = ¥o Elzypeyg) = 5 > 0, (1.2)
Elaya)? ¢ Eley)? < =,
where Y is a pxp non-negative definite matrix. In contrast to the MANOVA

model with the non-rendom effects, which is called the model I, the mode!
(1.1) is also called the model! II, If m o=l ... m =, the model

is balanced, otherwise unbalanced.

Recently, the components of covariance mode! has received considerable
attention in literature. Its importance not only consists in the
generality of the model, but also 1ts connection to 1inear structural




relationship models and the signal processing. For a discussion on
applications in linear structural relafions, we refer to Anderson (1984)
whereas we refer to Zhao, Krishnaiah and Bai (1986b) for applications
in signal processing.

Many papers were dévoted to the balanced components of covariance
models. Anderson, Anderson and Olkin (1986) studied the maximum 1ikelihood
estimators (MLE) of us ¥ and Zy under the condition that ¥ > 0 and is of

a maximum rank, and obtained the 1ikelihood ratio criterion (LRC) for
testing the rank hypothesis on v. Some of these have been obtained by
Theobald (1975), and Schott and Saw (1984). Rao (1983) considered some
test procedures for testing relationships between two covariance matrices
and these procedures are useful in finding the rank of the component of
covariance. Some results for the case of unrestricted covariance matrix
were announced by Anderson (1984), where an extensive 1ist of references
is given., Some authors put the determination of the rank of Yiin the
framework of model selection; some references of this aspect are given in
Zhao, Krishnaiah and Bai (1986 a, 1986 b). In these two papers, they
also proposed some procedures to determine the multiplicities of the

efgenvalues of the matrix wz{l or v,

For the unbalanced components of covariance model, Bai, Krishnaiah
and Zhao (1987) proposed some consistent procedures for the determination
of the rank q of the random effect covariance matrix ¥. One important case
under consideration {is that I is arbitrary definite matrix and
0<q<p. Itis assumed that

l < "'1 i". i.lgz.ooo. (1.3)

and that




KN <y <1, (1.4)
k
where N = Zi . ms M and y are constants, M an integer. We shall keep
this assumption. in this paper,
Write
My K
X 'jzlfij/mi' X -izlmiZ}/"o (1.5)

and

T PR RV Y
1%,k jzl X572 K435

K
Wy = ] m (X -Xa)(Xs-X,)". (1.6)

i=l

"2 and "1 are called the between groups and within group sums of squares

and cross products matrices respectively, It is easily seen that

1 1 ] N1 &2
Rk EOG) = By gr EOR) = Ty ¢ goyll-g ) my)r.

We define
t,sz, + 8y (1.7)
2 17K .
1 = = =
which equals I:TE(HZ) when m =m = ..=me.
In the above literatures, eigenstructure method occupies an important
position, Especially, the study for the eigenstructure of the random matrix
F%T HZ(N%F Hl)'l is of theoretical and practical interest. In this paper,

we shall seek for the 1imiting joint distribution of its eigenvalues.




For the_model‘l; the joint distributions or asymptotic joint distri-
butions of the multivariate analysis of variance (MANOVA) matrices have been
found by some authors. Fisher (1939), Hsu (1939) and Roy (1939) have
independently derived the joint distribution of the eigenvalues of the
MANOVA matrix in the central case. Hsu (1941) derived the above distribu-
tion in the noncentral case when the sample size tends to infinity and the
underlying distribution is multivariate normal. Bai, Krishnaiah and Liang
(1984) extended this result to the case when the underlying distribution
is not necessarily multivariate normal. In proving these results, they
all assumed that the ratios of the sample sizes of the groups to the total
sample size tend to constants in the limiting case, whereas the number of the

groups is fixed. On the contrary, in order to seek for the limiting distri-
N-K, -1
bution of the eigenvalues of 1:§w2w1 in the model II, we need to assume that

the number k of the groups tends to infinity.

The balanced and unbalanced cases are discussed in Sections: 2 and

section 3 respectively.




2. THE BALANCED CASE

In this section, we seek for the asymptotic'joint distribution of the
eigenvalues of the matrix~%§%ﬂzwil for the balanced case. Here we assume
that k -~ » and

mo=m=...=m=m> 2. (2.1)

This problem can be reduced to the problem of seeking for the asymptotic

joint distribution of the eigenvalues of SZSII, where

"
Sy = 3 vy, (2.2)
1 ng 3y ~iei?
_1
'TZ (2.3)

and Y1 YZ"“’ Yn,? Zl....,Z are independent pxl vectors, Yl"“’Ynl have
a common distribution, so do Zl”"’Zn’ satisfying the following conditions:
Yy =B =0
EY,Y; =2, > 0, ELZ =1,20, (2.4)
fn)? <o EGZ)P <
Without loss of generality, we can assume that I, = Ip and £, = diag
[Al,....k Jwith 3 > o0 20 > 0, where 2y > ... 2 ), are eigenvalues

-1
of 22 1.
Write
Ai bl Eh’ if ‘.ah"l+l"..’ah. h=1’2’... ’H'
where 1 > 85 > eee> £y 20, 3570, B, =2, .+,

H.p.u1+oo.+uno




Assume that n, varies as n and lim n/n; = ez, 0 < ez‘< o , Let
1 Moo 1

o{") 3_...3.¢£") denote the eigenvalues of SZSII. We are interested in

the asymptotic joint distribution of ;g"), i=1,2,...,P, Where
(n) . (n)
g < "i(¢-i ‘3\1)-

We need the following lemmas:

LEMMA 2.1. Let Zn’ n=0,1,2,..., be a sequence of random p-vectors with
Xn > Xo in distribution. Then there exists a probability space (Q,F,P)
on which we can define a sequence of random vectors gn’ n=0,1,2,..., Such

that
1. X, and Xn are identically distributed.

L&»&mmm.

The above lemma is given in Skorokhod (1956).

LEMMA 2.2, Let gn(x) be a sequence of K-degree polynomials with

roots X§").....X£") for each n, and let g(x) be a k-degree polynomial with

roots xl,....xk?k < K. If gn(x) + g(x) as n + =, then after suitable
rearrangement of x{"),...,xﬁn), we have xgn)-»xj, j=l,...,k and
|x:(jn)| nd “’ j=k+1’.Oo’Ko

For a proof, we refer to Bai (1984),

2 -2 -1

Put n = G nB; with g, » 1. The eigenvalues of 5251 are the roots
of the determinant equation

det (S,-95,) = 0. (2.5)




n
1
(n)y . e Y =i '
(u ) (Sl 21) /;;1 izl(!i!i IP)’
= i) = RS =L T (2,20 - diaghags...an])
L N L i
Then (2.5) becomes

1 n
det (— V -—= U _-D) = 0, (2.6)
(/ﬁ "mn

where D= [(6-5))0uy

.(¢'EH)IUH
By the central 1imit theorem and Lemma 2.1, we can assume that
U, > U 4 (uij)’ afs.
A . (2.7)
V>V E (Vij)’ a.s.
satisfying the following conditions:
(1) fug4, 1< sJdzprand {viyn 1< < Jj < p} are two p(p+1)/2
dim.normal vectors independent each other.
(2) Ui5 = Yjis V45 = V5 for all 1, j.
(3) Euij = Evij = 0 for all i, j.
() covlvyyavss) = £, zij2 - 1L 2isisp,
_ 2, 2
and
cov(v1

Ve o) = E2us Zys Zos Zys
112> 3132) 14,714,713, ™13,

cov(u Ug o ) = EY . Yoo Yoo
11i2’ jljz 111 112 lj1 ljz’




ifl<i,<i,z<0p,s 1 5_j1 5j2 < p and at least one of the strict

inequalities il < iz and jl < j2 holds. Here Yli and 211 are the i-th

'?25 components of the vectors Y, and Z,, respectively.
O .
Ry Split the matrices U,, V., U and V into blocks as follows
oy
A = (ulm = (v{m) = =
\::: Un (Uhg )’ Vn (_th ) U= (Uhg)’ V= (th):
“"‘. h’g = 1,2’..-,",
;g% where Uﬁg), Vég), Uhg’ th have order ”h""g’ h,g = 1,...,H.
.s’f.'!
'$;§ Take the variable transformation ¢ = g+ z/v/n., Multiply by n1/4
f,f the first u; rows and the first ) columns of the determinant on the left
4 . | .
f?? hand side of (2.6), (2.6) can be rewritten as
.*.‘JL.}‘
A fn(C) =0, (2.8)
Ig%; where fn(c) is a polynomial in ¢ with degree p, and
el
e
gt tim f () = f(g) =
N>

o V117951012l
S i ~
. (2:9)
'!:' = de- .
—_— (gy-gp) Iy
.!E:.'! d
‘:,:c?'
wﬂ; After the variable transformation, the p roots of (2.6) (i.e., (2.8))
] & .
o ) n) _ ‘o

: can be written as ;g?) = Jﬁ(¢§")-gl). Since £im ¢$ ) = A 1=h2,000,0,
i we have gim z{™ = -a, =2, + 1,...,p.
i il 1
o N+




By Lemma 2.2,

eim '™ =, isl,2,....0 (2.10)
n-m il 1’ &9 ] 1.

where Tyseeesty are the roots of
1
det (Vll-eglull-clul) = 0, | (2.11)
Similarly, we can prove that the joint distribution of ;g"),..,;(") tends

P

to that of Lyseeesly 85 M, where Cah-1+1 i'cah-1+2 2oeea2r, are the

P h
roots of

det (vhh-eihuhh-CIuh) = 0" h=1’2’ooo’H (2.12)

Thus, we have proved the following

THEOREM 2.1. Let 51,52 be defined by (2.2) and (2.3) respectively and

let ¢§")....,¢é") be the eigenvalues of 5251'1. Write ;g")

= /i(¢$")-xi), i=1,2,...,p. Suppose that Yl,....Y ’21""’Zn are

"

independent and Yl,....! have a common distribution, so do Zl....l ’

nl ~7n
] ] . [}
where EY; = EZ; = 0, EY,Y; = 1, EZ,2) = diag [hpseeeipds E(Y Y < =, E(22))Pcn,

and that £im 2 = e2 > 0. Then the joint distribution of cg"),...,cén)

n-mnl

tends to that of z;,...,Z.s Where ¢ > ..o > L. are the roots of the
1 ah_l'.’l -— — ah

P

determinant equation

and

th = (qij)Q 1vj’ah_1+1n-uah' h=1,2,...,H,

satisfying




10

(1) Qg5 = 954 for each (i,J).

J J
(2) {qij’ ah_1+1 <iziza, h=1,2,...,H} has a joint normal

distribution,
(3) Eqij = 0 for each (i,j),

Cov(q”,qjj) = EY%iY%j + ezghagEziizfj - ghgg(l+ez).
it g +lcica, a g +lcca, 1<h<g<H,
and

2; £ E2.. 2

Cov(q: : »9 ) =EY,. Y Y,. Y + 98¢, € . ,:2:;: ,
1112 jlj2 li1 112 lj1 l:j2 h~g 111 112 Ijl l.j2

if ah_1+1 iil iiz_f-ah’ ag_1+1 _f_jl _<_J2 _<_ag, l1<h<g<Hand
at least one of the inequalities il < iz, jl < j2 holds.

Note that (2.13) is equivalent to (2.12) by the independence between
U and V, and Theorem 2.1 holds evidently.
THEOREM 2.2. Besides the assumptions of Theorem 2.1, we assume that

2.2 .y ey .

2 92 _ 92 52 _

and
0

E = E2

"1, Y11, 15, "y, 7 e P fag B,
for all 11, 12. jl’ 32 satisfying that g t1ls 11 5_12 <3,
a5y * 1<J;2dp2a, 1<h<g<Hand that at least one of

iy < 155 §; < J, holds. Then the Timiting vectors (Tysecestyy)oeees

(caH 1+1.....cp) are independent each other,

THEOREM 2.3. Under the assumptions of Theorem 2.2 and that




11

B, = 3, €23, = 3, i=1,....p, the joint distribution of

oM o Mg ) (20108008, Pty 1#11e 0o 8y ah=1,2,.00 M tends to 8

limiting distribution with density

n D(n seepN )
h=l ah-1+1' ’ ah ’

where D(xl....,xu) is given by

u -1 u
R (AR E RS LR

¢>113_X2>..->x>"'-

- - v

(Refer to Bai, Krishnaiah and Liang, (1984)).
To prove this theorem, it is enough to notice that [2(14-62)]"1/2 O

is a (real) central Gaussian matrix of order up*u, and that D(xl.....xu)
is the joint density of the eigenvalues vy 2 .. 2V, of a central Gaussian

matrix of order uxu., For the definition of Gaussian matrix, refer to

Zhao, Krishnaiah and Bai(1987).
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3. THE UNBALANCED CASE
In this section, we study the asymptotic joint distribution of the

eigenvalues of {{1""2"{‘ defined by (1.6). For simplicity, we assume that
a; and €45 in (1.1) are distributed as px1 normal vectors for each
(1,§), and that
a;'s are 1id., e;Js are i1d., a;'s and e;JS are
independent, E(;'l) = E(fll) = 0, and (3:1)
Blayzy) =v o Eleyueyy) = 3, > 0.

Besides, we assume that

k 2

o Sl o(-;;-_). e > 0, a constant, (3.2)

] &
.E 121.$ . nz + 0(-12). 1 :" _‘_"o 1'1..-..k| (3.3)

m and M are constants.

Let 6§k) 2 eee 2 ng)o '1 2 eee _’_*p and Xik) 2 0o 2 x;k) denote

the eigenvalues of él“z(tl'iul)-l' vzil and zzt;l respectively, where

- N, . -2
=L +¢Y I, * (140" )y +°y-"|l;‘)v.
Without loss of generality, we can assume that

tl = Ip and ¥ = diag t*lno-tﬁp]-

Write
Agk) P Cgk)' *i.*h' 1f ‘.‘h-lfl'.....h. '\'1.2.....".
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'hen ;l > ;2 > see 2 ;H :0. C’(‘k) = 1 *%;h' h.IQZOoooQH

The eigenvalues of 'F-'I-T”z(ﬂé'liul)-l are the roots of the determinant
equation
det (glpi, - gipdy) = 0. (3.4)
Put N-k = e'zksf. then By ™ 1+ o(-:}-k_) as ko=,

Write
= ("15)) m(wl -1 )o

vk = (vgg))- /F(muz - zz) - ""-(T(%T“z - diag [xg").....xg“’f
Then (3.4) becomes
°
“W#V.~i§ﬂ-bd'°- (3.5)

where
Dy (0-€§k))lu

(0-c""))l

By the central limit theorem and Lesma 2.1, we can assume that
uk -\ ‘ (“13). a.8.
4 (3.6)
Vk -y (v“). a.s.
where u“ and vis are all normal variables for all 1,j, and, U and V are
independent. Besides, if we split the matrices uk. 'k' Uand V into the
following blocks
e (ulk) o (v(K) - -
TR P AR R N (W P R T
h,g = 1,2,...,M,

w




with ug‘). vg). Upgs Vpg De1Ng of order uxu

g’ theﬂ Uhh. th, h'l.z.....“.

are independent and, /—;- Uy, 2nd (2m2;: + 4(e'z+1);h + 2)-112 Vin®
h=1,2,...,H, are all central Gaussian matrices.

tet ¢{%) = A(s{® - A{K)), 121,2,....p. Using the argument used in
the section 6, we can prove that the joint distribution of c{").....cg"’

>

tends to that of Tyseeest +1 :'c’h-l*z 2 z tay

-+, Wh
p as k-=, where c‘h-l

are the roots of
det(vhh'ﬁﬁhuhh-cluh) = 0. h‘l.Z.o.n.H. (3.7)

where

gy =1+ (140705, hal,2,... M,

Now [2n7vl + a(e241)y, + 2 + 26, 171/2(v - oc U), he1,2,... H, are

fndependent central Gaussian matrices. So we have the following

THEOREM 3.1, Suppose that a4 and €43 in (1.1) are both px1 normal

vectors for each (1,j), and (3.1)-(3.3) are satisfied. Put

N T NIV SPT RTHprye

1-‘h.1+1..oo..h. h-10200000H0
where & * 1+ (1+e'z);b. Then, the joint distribution of n{k).....n;k)

tends to a 1imiting distribution with density
H
hf.ll D( n‘h-l’l seoe o'\.h) »

where D(xl.....xu) has given in Theorem 2.3.
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