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Introduction

The investigation of functional limit theorems for
processes with paths in D[0,1) (functions continuous to
the right and with left limits to the left) was started by
Skorohod (1956). 1In that paper, Skorohod introduced four
topologies in D{0,1), <called Jl'JZ'Ml'MZ'

The four topologies differ in the way converging
sequences of functions £ (deterministic functions) are
required to approach their limit £f in the neighborhood of
a jump of f£. We indicate now roughly what these ways of
approaching a jump are.

In the case of the Jl topology, fn have to have one
jump only (which will approximate in location and height the

jump of ).

D L T e

In the case of the M2 topology, fn are allowed to

jump several times through intermediary values falling roughly

in between the left and right limits of f£.

- ————— e -

In the case of the M1 topology, several jumps are allcwed,

but they have to go roughly in the same direction, like stairs

{which get "compressed" into a single jump of f).
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's; Jl convergence 1is thus appropriate only when one jumg

]

o of the limit comes out of a single jump in f,. This turned
I out to be the case for the normalized sums of 1i.i.d. random
o

- variables in the D(a)- domain of attraction, with 0 < a < 2
3o in this case, as shown by Skorohod (1957), weak Jl

iﬁ: convergence holds.

i

o We will show, however, that in the case of normalized
()

sums of moving averages of 1i.i.d's in D(a), with at least

two non zero coefficients, weak Jl convergence does not hold
;f‘ (with only one non zero coefficient it does hold, by Skorohod's
result). The reason is that in this case, one jump of the

limit comes out of "stairs" with at least two steps. If we

assume also c; 2 0, then we can prove, however, that weak
-, Ml convergence holds (since the steps will go then in the same

direction).
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1. Statement of Results:

We now introduce some notation and state the main
results:

Let X be an i.i.d. sequence belonging to D(a),
0 < a < 2. We assume also EXi = 0 when 1 < a < 2,

Let c¢.,, i € 2, be a seguence such that there exists

1

v, v < a, so that
(1.1) z 1ci[\’ <,
i

(1.1) ensures that the moving averages:

(1.2) Y =

are well defined in L’ sense (and in fact also in a.,s. sense,
cf. Kawata (1972), Theorems 12.11.2, 12.10.4).
Let a, be constants such that
(nt]

(1.3) z X. / a
i=1 1

f.d.d.
n —_— Xa(t) i

where X (t) is a Levy oa-stable process, and f.d.d.,

denotes convergence of the finite-~dimensional distributions.

In the sequel, we assume also that v 1in 1.1 satisfies
v £ 1, In this case, Davis and Resnick (1984), and Astrauskas
(1983) have shown that the normalized sums of Yi are

attracted to a Levy a-stable process as well, namely:

Theorem 1 (Davis and Resnick (1984), Theorem 4.1, Astrauskas
(1982), Theorem 1li: When Zlcil < w,

[nt]
(1.4) z Y./a_ ————> (I c.) X (t)
: 1 n . ‘

::.r:‘.-:'.';‘::;.':. N
e W
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agg holds, where a_ and X (t) are the same as in the case of

N

o independent summands (1.3).

98 Can the f.d.d. convergence in (l.4) be replaced by weak
B

'fﬁ convergence in D[0,1l) with respect to one of the Skorohod
D" O

'jﬁ topologies? We show that weak Jl convergence can not hold,

if the moving coverage has at least 2 non zero coefficients.

-
S Theorem 2: Suppose that o #0 and c;, # 0 for some
A 0
s iy # 0. Suppose also ¢; =0 for i <0 and i > K, for
- some finite K. Then, convergence in (l1.4) does not hold in
4 g.’-
g
A w(J,) sense.
.r.::
v Remark: 1) The assumption that only finitely many ci's
. .
-i\ are different from 0 could probably be removed.
S
»(@ 2) When only one coefficient <y is non zero (when the
ix: summands are independent), w(Jl) convergence does hold, by
O Skorohod (1957).
'H? However, under some extra assumptions, weak Ml convergence
D!
-
o’ holds.
o Theorem 3: Suppose that c, 2 0, and that either
A
o a) «sx<l
ik;% or
-LQ\ b) « > 1, and (T.C.) holds
-
-} .
:3: then, weak Ml convergence holds in (1.4).
f&: Note: (T.C.) is a weak technical condition on the sequence
SR Civ which could probably be removed, and will be specified below.
D '-:.:-
S As far as M, convergence, we make a
R+
=
LA Conjecture: If c¢c. =0 for 1 < 0, and [or every K,
R 2 - —_—
Al
o K -
e 0< Z ¢./ < c. s1,
[ . 1 . 1
N i=1 i=1
o I
.
RS
he “




then weak M convergence in (l1.4) holds.

2

We will give now a heuristic explanation of our results,

First, let us assume Yi are finite moving averages:

. Heuristically, most of the segquence Xi nt
- ’

= Xi/an =~ 0

o (is negligible), except for a sequence of "big values",

X. ’:i geee X, , which are spread apart:

It follows that most of Y, : = Y,/a are also
i,n i’ "n

negligible; however, a big value Xi produces K+1 big

values in the seqguence Yi n’

lO+k,n

Thus, the Yi n Sequence increases by "stairs", coverin:

[4

> 0 on the x axis, and thus converging to a single ijurr
n the limit. From the heuristics given in the Introduction,

we see that:

If the stairs have at least two steps, we can't have Jl
convergence (Theorem 2),

If the stairs go the same directiion, we have Ml convergence
< (Theorem 3).

- If the stairs fall in between the lowest level and the

.
A highest one, we might have M convergence (Conjecture).

4 2
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Y Additional Remarks:

-\q

Lo s .
Yy 1, Some conditions on the c; are necessary, if we are
S to get any weak Skorohod convergence at all. Indeed, consider
1 RS
’ﬂi the example:
"

e

52 g =1l, ¢y =-1, ¢ =0 for k #0, 1.
,fb Here,

?ﬁi [nt]

= v*me ~ % f.aa.
n i=1 a

e n

S

-_‘.-.‘

s

iy but f.d.d. convergence cannot be replaced by weak convergence
\';\
S in any of the four topologies, because, as is widely known,
b sup X /a converges in distribution to a non-zero limit,
'\.)‘- 0 l [nt] n
ARKY stg

.'-." . 3 . .
‘n;» and sup i1s a continuous functional in all the four Skorohod
. Osts<l
‘ topologies.

g

:{ﬁ 2. On the other hand, if we make the strong assumptions
ﬁjﬁ c, = 0, Xi 2 0, (these assumptions are compatible with

i) [nt]
T) a2 < 1), then since z Yi/an has monotone path, weak Ml
)4:‘:. l=l

_iﬁ convergence holds automatically. Thus, in this case, with no
i?i work, we get weak convergence in Ml sense.

B We describe now the condition (T.C.) of Theorem 3 (which
::%_ is necessary only for o > 1). For a' > 1 2 v, let:

- - - ot

- (1.5) s(a%c.) = (Zlc. 1Y) (Z]e. D)

i . 1 . 1
ity i i

o
o~ a!
- Note that if 1 = v, then s(a'%c.) = (Z|ci|) .
':J': 1

%“
~ra
;:‘{ Let

a

A
l.'

- (l.6a) ci>m = {Ci for (i| > m

0 otherwise
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(1.6b) c.SM <, - c,0m
i i i
The condition on ci is:
(T.C.) lim s(a=-n,c.”™) (1n n)i***0
n—»co

for some n>0 small enough.
(T.C.) 1is satisfied in lots of cases of interest, like
> , )
for example when s(a-n,c. n) is dominated by a regularly

varying sequernce with strictly negative exponent. We will

show in fact:

Lemma l: a) If there exists v < 1 as required
(i.e., satisfying Z]cilv < o, v < qa), and c, 1is a monotone
sequence, then (T.C.) holds.
s

b) 1If ;Ici] < =, but ;lci

1 1

= ®, Y vt l,

then (T.C.) might not hold, even if c is a monotone seguence.
The paper is organized as follows: 1in Section 2 we state
the main steps leading to the proof of Theorem 3, and prove

Theorem 3. All the other proofs are contained in Section 3.

2. Proof of Theorem 3: Let:

(2.1) J(xy,%,,%5) = min {lx2 - xll, Ix3 - xzi}
(2.2) M(xl,xz,x3) = the distance from X, to [xl,x3]
) 0 if X, € [xl,x3]
J(xl,xz,x3) otherwise

Let now H stand for either J or M, and introduce
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the oscillation of a function Z(t) by:

(2.3) wi(z) = sup  H(Z(a),z(t),z(b))
- O<t-as<d/2
O<b-t<3/2

For a definition of the Skorohod topologies, and their
analyvsis, see Skorohod (1956).

Here we will need only a corollary of his Theorem 3.2.1:

Proposition l: (Skorohod (1956)): Let z,(t) be

processes in D[0,l1] whose finite dimensional distributions
converge to those of a process 2Z(t). Let H stand for either

J or M. Then, weak Hl convergence holds iff for every

(2.4) lim Iim P{wi(z ) > 2} = 0
¢~0 noe >on

Theorem 3 will be established by showing that in the
case H =M, (2.4) holds. This is accomplished by considering
first the case of finite moving averages, and, in the case of
irfinite moving averages, by truncation,

Let:

(2.5) Z (t) = i Y./an

By using the technigue of Billingsley applied to the case
of the M~topology (see Avram and Tagqu (1986)), it is enough to

establish estimates uniform in n for:

(2.6)

R O T} L I .
[T T NN W I RPN W o PN VTSN I ‘L-" st ;_4..(4",.{'_‘.1;'

-L‘¢I_1L..
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Proposition 2: If ¢, 20, and c, = 0 when i1l > K,

1

for some finite ¥, then, for n > 0 and small enough, and
for n satisfying:

(2-n) /(1420
(2.7) n “ > K,

there exist a constant L independent of n, so that:

a)

2 (a+n) 1+2n

(2.8) P{Mn(a,t,b) > ¢} < Le~ (b-a)

b) Furthermore, there exists a constant k indepencent
of n so that

T(Z ) > e} s Lke”2 (8PN 427
£ %n

(2.9) P{w

Convention: Here and from now on, a "constant" will mean
a guantity which might depend on the distribution of the
seguence Zn' and on 2 and n, but not on ¢,c£,a,b or n.
Note: 1) Part b) is an immediate corollary of Part a)
and Theorem 1 of Avram and Taggu (1986).

2) As a corollary of Skorohod's proposition,

Theorem 1 and Proposition 2, it follows that Theorem 3 holds
when Yi are finite moving averages.

In the general case, we will decompose Yi. We use the

following notation:

Let Kn be a seguence converging to =,

<K_ c; if i, < R

(2.1%a) cy =
0 otherwise

and

>K sK_ 0 if 1] s K
(2.10b) c. M=o, - c; =

1 1 C. 1f ‘ll > K .

1 n
SKn )Kn

We let Y. , Y. te the moving averages with
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e sKn >Kn
o coefficients = Sy respectively, and their sums ug

:;“t:

oo sKn >Kn
N to [nt] will be Zn (t), Zn (t).
A sKn
T Zn are sums of finite moving averages, to which
-_‘:u' > K
_\“n_' . . . : 1
ARt Proposition 2 applies, while 2 " are sums of moving averases
- ...1 d n -
) with "small" coefficients. They will be handled kv the use =¥
:-n:- ;
b the following:
o Proposition 3: Let 2 be defined as in 2.5, with Y,
s . ' ) o (n)

defined as in (l.2), but with sequences of coefficients c,
: -‘1"“ .
L replacing the fixed sequence <¢.. For n > 0 small enough,
. ;._:T‘ ‘ .
:{?Z there exist then constants L', k', independent of n,
B <
- ' [od -
] such that:
-

a)
(2.11) PilZ (t,) = 2 (£ ] > er s L'e” O (b L )s(amm, Ty
: ) n 2 n “1°! b 2- %1 - 1 C. '
ﬁkb where
" ! al .
T Zic, if o' <1
-.’.-_‘ J l
O
(2.12) s(alc.): =
U
(Cle [y (zle, D* 7Y dif at > 1 2
T . by . B
YR 1 1
LA
TS
At b)
4
0 P { sup lzn(t)l > €
- Ost<l
RO = (a+n) (n)
o L'k'c “s(a-n,c. ) if w1
.\':".
o <
S = (u+r
P L'k'e ("+‘)(ln n)l+a+ns(” l,(:(n)) if o > 1.
-,;—?.
:; ; Proof of Theorem 3: We look for a seguence Kn small
ohd enough [satisfying (2.7)] so that Proposition 2 can be applied
. <K
Zﬂ; to the process Z_ ", but big enough so that the estimate of
g
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>K
P{ sup IZnI n(t)l > c} given in Proposition 3b), namely
O<t<l >K

s(a=-n,c. M) if a g1
(2.13) e : = Leaen >Kn

(lnzn) s{a=-n,c. Y,if « > 1

) _ . 1/6

tends to 0, as n =+ =, An adequate sequence is Kn =n .

This Kn satisfies (2.7) since for n small enough
nl/6 n(1/2-n)/l+a-n

< . When a < 1 en tends to 0, since

Kn *> ®. On the other hand, if o > 1, by assumption (T.C.)

of Theorem 3,

an 1+a+
(2.14) lim s(a-n,c. ) (1In Kn) -y
n-+wc
2K
= % lim s({a-n,c. ™) (1in n)l+a+n
n-»m

and thus the estimate e, tends to 0. Now it remains only

<K >K ¢
and  sup |Zn "oy s oL
O<tx<l

to note that if w. (2

W
oM
-

M,
then W;lzn) < €.

19

Thus
<K >K
P{wf(zn) > e} < P{w?(zn my o> %} + P{ sup |2 Moy | o %]
~ O<tsl
-2 {a+n) - (a+n)
€ 2n v (E
< Lk(f) $ + L'k (2) e
(by Propositions 2,3).
Hence,
~2(a+n)
. — M . 3 2n _
lim 1lim P{ wé(zn) > e} < lim Lk(f) ¢ =0

¢+0 n-= &-+0

Hence, by Theorem 1 and the Proposition of Skorohod (1956),

Theorem 3 holds.
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3. AUXILIARY RESULTS AND PROOQFS

page 12

Proof of Theorem 2, Assume for convenience that
€y > 0 and |c,| > c,. Let
A = {3 k,ke {(1-K, .n+K}) such that X > & }
n,e k,n co
(1) _ _ )
A“,t {3 kl,kze(l K, ..n+K}, k1 t J kz such that:
€ 3
Xe n>e ¥ ol > —5—— and |k - k,| ¢ x}.
1 0 2
2z |c,f
i=0
we have A!') c A . onone hana, v ¢, 1im P(A_ ) ¢ 0.
n,e , € n,e
N
(It is well known that w - lim Max xk n # 0, in fact

n-o 1<k<n

the limiting distribution of Xk n

hand, since k can take at most

1

is known.) On the other

n + 2K wvalues, k2 can

take at most K wvalues (or conversely), we have

(1) €
P(A. /) ¢ 2(n+2K)K P{ka'nl > %

This tends to 0 as n -+ « because

the definition of an, one has

€

= and from
xk,n xk/an

P{]Xk'n] > a} = 0(2), v a.

Therefore

Ti= (1)
(3.1) lim P(An'e - An,
N

Note, now, that

(A, - ALll) tmplies that {wf/n'n(zn) > e/z}.
Indeed, let i, be such that
xi. = 1?i?n xi.
On An,c - A(Tz we have
X €
Y1, o 7 % Xi,n *Jil °*1,-3.0 > 7

e) > 0.




Similarly, on An,e - An,e we have:
K
Y = c, X + Z c, X
i.,+1.,n 1 71,-3.n §=0 J Ti,+41-3.,n
j=21
'CII c _ € 5 €
o 0 Tign ]
: and thus:
® (1)
P € €
,?. A e ~ Ay ¢ Aimplies that {iYi. nl 2 7,|Y1‘ +1°0 > > }
J €
which in turn implies {wl/n,n(zn) > ?}'
It follows from (3.1, then, that
> J ¢
3 ;i: P{wl/n,n(zn) > I} > 0.

and thus we cannot have

- J €
lim 1lim P{w (Z_) > } = 0,
8540 Noxw é.,n 'n 2

1

Remark: If in the preceeding proof all the c1 are

€ €
non-negative, then Yi. n> % Y1,+1,n > % though the two

2: which is necessary for J convergence. ]

consecutive changes of Zn are big in absolute value,
they "go" in the same direction and thus produce zero M1

- oscillation.

=~ - : 1
ol From now on, we will assume w.l.o.g. that . <y 1
N 1
{and thus [ cC 1, and c. < 1).
1 i
Pronf nf Lemra 1: Choose -0 so that: + s 1 o =
tren,

BRGNS
) ‘.J‘.-I;';..I"I..f A

SR
R R R
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Thus, s{a - n, c.”") 1is bounded by a negative

power of n, and (T.C.) 1is satisfied.

b) Consider the following

counter example

ci = 1 , 0 <8 ¢ 1 +

|1](ea]s]) *P

Here, z c
|1]2n

2]

Thus, I |c
i

Then, if 4 - ~ > 1, we have:

1| <o, but I |ci|1-q =, ¥Vnp > 0.

’n a-n 1
s{a -np, c.”7) = ( Z c,) = 0( ).
l1[2n * (en myP @M

To satisfy (T.C.), we have to find, then, n > 0, such
that pg(a - ) > 1 +a + n; that is, né+n < 2 a = (1 + ).

This is possible 1ff pa - (1 + a) > 0, 1i1.e., 1iff

A > 1 + é. Since g < 1 + %, (T.C.) cannot be

satisfied. D

We turn now to some auxiliary results. The first 1is

a classical result, often used when dealing with r.v.'s in D(~).

Lemma 2: Let X, = X./a_, where X. is an i.i.d.
_ i,n 1" n i
seuence in D(+), where either: 0 < . < 1, or
1 t 2 and E xi = 0, and where a, are the normalization
constants in the C.L.T Let b ' <1, n,i=1,2,...
i,n !
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and let < > 0, Then, if n > 0 1is small enough, there
exists a constant M depending on the distribution of %

but not on m or ¢, such that

Sup k =(a+") m .

-~ : i B = - A=

(3.2) Y lek. PoC . . | 2 ¢} <« M = Z |b. i ,
<ksm j=1 i,n7i,n n j=1 1D

for all m, even m = =,

Procf of Lemma 2. If o« < 1, we let

b
'
[}

X 1 (X

i,n i,n i,nl
>

xi’n = xi,n 1 (Ixi,n| > 1)

A
[
hd

Let 7 > 0 be such that a -7 > 0, a + n <1, and

consider
(3.3) P{ sup ? b 1 s 6} <
. 1<kem |i=7 1D i,n = 2( -
m
P { r b L%, 2 ‘} ¢
i,n i,n Y
i=1
€, . -(a-n) n >, . a-
¢ (%) E(Z b, ) |x, “NH*77 g
i=1 ' ‘
¢ ttemn) By Jemn gly >lamg
i=1 i,n i,n
Similarly,
(3.4) P{ sup : b1 Xi ¢ ) %} <
1<kem [i=1 +/0 4D
< (e) (a+n) Elx < |a+n ;:n b a+n
= 2 i,n 4=1] 4/n ’
Let
M' = sup {n E|X n>|°-”} V sup {n E|X 5|a+”}.
n , | n ..n

Since M' <« » [see Astrauskas (1983), Lemma 1], we see

that (2.2), (3.4) imply (3.2), with M - 22730

’

whether m is finite or not.
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When a > 1, 1let n be such that a - n > 1, and
let
(3.5) ii,ns =xi,nS - E xi,nS
X o = X, o0 +E xi'nf
Thus, E(ii’ns) = 0, and since E xi,n = 0, wWe have

= >
E(xi,n ) = 0 also

We will show that (3,3),(3.4) hold again, with

= > = < > <
xi.n ,x‘,‘,n replacing xi,n ,xi'n . Note first that
k _ < k _
1:1 bi,nxi,n- and i:I bi,nxi,n are martingales (as

varies).

Using the maximal ineguality:

P{ sup |S

| 2 A} ¢ A-pE]S |p.
1<k<m m

n

which holds for p > 1, and Sn a martingale [see
Shiryaev (1979), page 464)], and the Bahr-Essen inequality

(Lemma 1 of the previous chapter), we have:

(3.2") P ( sup ? b X 21 $)
1ckem| 1=1 i,n 74i,n <2
m
(a-n) pr -n
< () E} £ b, X o
i=1
T A a=n glx, >|e°n
£ 3) i,n i,n '
i=1
and, similarly,
Yo :.'::-,;u;;.f'-}"l :-:::'-:_'f":—;‘_'w'::-_';:'":r':‘*‘::f:;j."};:t'~;’L:";i":C"::L::".~'.""."':':'-"’;‘ ™

k

LAY .
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N

.::: k - ¢ €

o (3.4") P{ sup I b X >
- 1ckim|i=1 i,n 7i,n 2

e

3

(S -(a+n) m a+n _ ¢ a+n

N < r b, o E|X, .

- 1 = 1 ’ ’

\

'~ Since, by Jensen's inequality,

™ ¢ ¢ e+ a+n-1 ¢ a+n ¢ (a+n

Elxi'n E X, \ ¢ 2 (Elxi'n\ + |E Xi,n\ )

:; a+n < ,a+n

i < 2 E[Xy o7 | '

and similarly,

BlX, - E X |97 ¢ 277 gyx. > 1277,

- we see that:

~ . o = ¢ a4+ < > a-n a+n .,

- M" = sup (nE|X1'n| }) V sup (nEIXi,nl } < 2 M' < w

n n

- and hence (3.3'),(3.4') imply again (3.2).

o When a = 1, we use a "mixed" proof: We define

-

"- — —-—

9 X € ,X,”_ as in (3.5). (This time, it is not necessary
':‘ i ,n 1 n

¥
Ft = > k

“ that E X, o, =0 Then, we majorate sup Z by

2 , 1¢kem|i=1 37

< m

S > s >

‘ xi’n ., by 121 bi,n xi,n . 1like in the case «a < 1,
v k - <

- and apply to P { sup z b1 n xi- > %) the maximal

S 1I<ksmji=1 ! N

s inequality, as in the case a > 1.
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The case m = o

in (3.3"),(3.4"').

By Lemma 2,

follows trivially by letting

I c. .¥%. | > ¢}
1 j 1=-3J 2,n
> ¢}
),
-3 _
L cilu L
1-3

m

-

o0

We show now that this guantity grows at most linearly in

n, when Vv g 1.

Lemma 3: If + < 1 , then, for every o 2 v we have:
() .
D (c.) s ns(x,c.)
n
PBroof of Lemma 3 a) If a ¢ 1,
(@) © |n-i a © n-i a © a
Dn (c.) = Z z cj < 2z z c =n I c
{jz=- J:—i {i=-e J=—i J j=—& j
If a > 1,
a
o n-1 @« L n-i
pi¢l(e.) = R T B le,D 0z Cx Jep”
{=—o j=-1 szn {=~oo J:-i J
o _ L)
<z e ])a v (n 2 Jc )U) = ns(a,c.).
j:-u J Js—oo J
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:ﬁ Proof of Pronosition 2:
AN [nt,]-3
e B bz (e -z (e > e =Bl k. (- (n)

v Ynt T2 n 1"/ I= - “5,n ", - Ci ‘

AN 3 1=[ntl]-3

._‘-

Mo =(a+7) (a=n) (n)

= - ] o

~ < = )[ntz]—[ntl](c’ ) (By Lemma 2)

.

5

! (an (nt_]-[(nt.]

' <M T )s(x-ﬂ,cfn)) . 2 - L (By Lemma 2)
*: < 2M :_(1+q)s(4—r,cfn)) (t,-t.)

N 2 71

.

*-n

’ b} In the case u < 1, we can take absolute values:

:\: . n-i1i
- P. sup ]Zn(t)i >z} < P1Z L——L ( Z Jc.!) =z &}

o O<stsl en j=1-1 J

\w'.

- = {a+m)

. v < {(a=1) ,+ _(n)

g‘ < = D (e D (By Lemma 2)

M
S -(ua+n (
- <y e (7 s(;—”,c.n)) (By Lemma 3)

;: When 2 » 1, it follows from part a) that
{ PJ (t,,t,t)) > < (See 2.6)

v 177772

- < Pz (t) -2z (t)! > o}

o n n 1

o

.- -(a+7) (n)

- T - -
:j < L. (t2 tl) s (u co ')
;2 By the classical bisection methocd used for example 1n
-
:é Billirngsley (1968), Ex. 12.5 (see also Avram and Taggu (19:€),
f“ Proposition la), if we let:

N I (ty,t,): = sup J_(t.,t,t.) ,

R n 1’772 s n 1

A [«

X telty, t,]

:: tren

. = (+7) oo ny . i
7. Pun(tl,tz) 2 < Lk (tz-tl) s(a=-",c.”")(1ln n ,
.'-,:.

:: ard since
- Prosup Z_{t) » «; < P 2 (1] 5+ PJ (0,1 > 50,

t U B

N
§: the result follows.
4,
s,
ot

®
o,

’l

-~
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C
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\
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Proof of Proposition 2a. We assume w.l.n.g. I C

Expression (2.8) is obvious if [nal = [nt] or

{nb] = [nt]. Hence, we assume that [nt}] - [(nal] > 1,
{nb] - [nt] > 1, and note, then, that b - a % . Let

t1 be such that ([nt] - [nt1] 2 1. Then,

% [nt]-1
2 (t)y -2 (t.) = Z X z c =
n n' 1 iz imn k=[nt1]-1+1 k
{nt]-K [nt]+K
z e + z e
i=[nt1]—K+1 i=(nt]-K+1
[nt]-1
( ¢, = 0 for |i| > K and thus z Cp = O if
(nt,)-i+1
1
i < [nt,]-K+l,0or { > [nt]+K )Letting now
[nt)-K K
S, {t,) = z X z C, .,
17 1=[nt1]—K+1 i.n k=[nt1]-i+1 k
§ = (x[nt]-K+1,n’ ot x[nt]+K,n)'

(1) [nt]+K
bl(tl) = {b1 (tl)} )
- i=[nt]-K+1

(1)

with b1 given by
[nt]-1
bt (e ) = I e,
[nt11-1+1
we have
(3.6) Z_(t) - 2 (t;) =S, (t;) + b (t)) X,

where the dot denotes a scalar product.
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P Similarly, if [nt2] - [nt] 2 1, then

?;

i [nt)+K [nt,1+K

CATA {(3.7) Z (t,) - Z (t) = z e+ z

_ﬁ n' 2 n i=[{nt ]-K+1 i=[nt]+K+1

.
v

‘

n

Pz(tz) . § + Sz(tz).

e where

e )

e [nt2]+K [ntz] i

e s, (t,) = z X z ,

W, 27720 yoint]+k+1 P g=—k
o

) and
e
\".‘.
"r!::: [nt]+K

Q! bylty) = {béi)‘tz’}

- - i=[nt]-K+1
o with
{ (1) [ntz]—i

- b2 (tz) = z Cy

- k=(nt]-1i+1

’;5; The decompositions (3.6),(3.7) are such that ¥, Sl(tl)
e and Sz(tz) are independent.
; ) Since oscillations of type M are zero when they go
- in the same direction, we have
93
s M
T P {"[a.t,b]‘zn’ 2 ‘}
- < P{ sup S.(t,)+b.(t, )-X > ¢, inf S (¢t Y+b_ (t,)- X ¢ -e}
2sn J act. ¢t YRS S TS B, tet.<b 2' "2 T2ttt L

. 1 2

J':'-
RO

P + P{ inf S.,(t.,)+b_(t )X ¢ -¢, sup S_ (t,.)+b_(t_ ) ‘X 2 e}.
$;: astISb A AU T B tstzsb 2° 72" J2° 20 L

-
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We shall estimate each term separately, and since the
proofs are similar, we consider only the first term.

Consider the following events:

€
S, = { sup S, (t.) 2 }
1 act. <t 1'71 K
1l
€
S, = { inf S.(t,) ¢ - }
2 et <b 2' "2 2
2
€
X, = { sup b,(t,) X > }
1 agt gt <1' 71 - )

[y
3
h
o
o
N

r X
1728
1
R

S~

[nt] - K +1,...[nt] + K

>
[ W'
"
E
[ W
3
A
@ »
~
\W—’
[
I

E = sup S_(t_ )+b_(t.)-X > e, inf S, (t. )+b_ (t.) X ¢« -e\
act ¢t ¥ 1 -1l - tgt,¢b 2 2 -2 2 -7
1- - r2°
Then
E C(SIU Xl) n (52 ] Xz)

and hence

P(E) ¢ P(SI)P(SZ) + P(SI)P(Xz)

+ P(SZ)P(XI) + P(X1 n X2 ).

We explain now the idea of the proof: each of P(Sl).

P(S,), P(Xl), P(X,) ought to be s 0 (t t,), by

2 T M1
Prorosition 3a, and thus their products will be O(t2 - tl) ,
whicr erables one to use the "bisection” method (see Billirzsleoyw

; . 3 £ E 2~y N
(19¢8), Thecrerm 12.1). The only term which may cause difficu.ties

is P(X. r X.). However, we expect all the components of I,

1 “2
ligibl d since the coefiicisnts o
E‘?'::Q}t at most 1, te be nej.ilglole, an sinc I Py
- ~"."."-‘ ',":‘ D e D P RPN B O T N I A APl ~' GRS S :ﬂ" TN '.‘-‘ {‘-
- ﬁ"' q'*‘- ~"¢'< -(-u-. -. ."-f- B ﬂ
) - ] - . -
hEu.'hA.M._'!m,u.‘ 2 > Ah.l\ .‘(Ln"\l.}ﬁ I'. \J(:‘A:' n)‘f.}"g '(L‘fdJA“A. :"yd.
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non-negative, we cannot have at the same time

= . _E; A h
El(tl) . 5 > 5 Ez(tz) z < 5, and so the
N event X1 n X2 should be negligible. (It is possible to
5: see here why Jl convergence may not work. If

€ €
[by(ty) - f] > =, ‘then we can also have [Pz(tz) - X[ >
and thus if we attempt to compute the probability that the

) J1 oscillation is bigger than e, we would get that

€ ¢
P{?l(tl) ‘X| > %, |by(t,) - X| > 7} is the dominant term,
and thus merely O(t2 - tl).)

Note, now, that

¢
e - -(a+n)
Cy € Mfe
P(A1") = P {'xi,n' > B‘K} < 3[%%]
(Apply Lemma 2 with bi n = 1, m=1.)

- [nt]+K c

. Next, note that N Ai c X/, since then

= i=[nt]-K+1

_ (1) ¢ ¢ ¢
» Iy (ty) - Xj < PPy i g
X c

. Hence X, < U (Ai)

. b

. i

. and

€
(3.8a) P(X,) ¢ 2K P {|xi,n| > 'EK}
-(a+n) v, —(a+n) 1+a+n
¢ 2K g[‘é—xl = Me K .

- n
'%. Similarly,

- y . _(a+n)  1+a+n
; (2.8b) P(X,) ¢ =& K .
o n
ATl
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S We now show that P(X NX,) 4s small. Note first that
.~_-\.:' .
N (3.9) n A NA’ NnX NnX, 6 o=
T 42y 1 i, 1 2
‘..:‘.' 0
Indeed, supose xi > 0. Then the L.H.S. of (3.9)1is
o
Cj contained in n Ai n Ai N xl, and if that event is not
o i#io o
N empty, there is a t, such that
’
B - )
€ o) (1)
-= > b, (t,) - X =00 (t,)X + Z b (t,)X
‘:RZ 2 -2 72 - 2 n 2 io,n i*io 2 2’74 ,n
2o (1)
L o € _ i
AN > b, (t))sx i
JEA
L )
K (io)
- contradicting b2 (tz) 2> 0. A similar argument holds if
'_:._ Xi <0
AR (o]
(_‘ Thus 1if XN X2 occurs, it is not possible that
;{f exactly one Af occurs. It is also easy to check that
iih some Ai must occur. Therefore, Ai must occur for at
least two different i's. Hence
-\.':-.
X3 P(X, N X,) ¢ I P[A‘; A Ai ]
-~ i=#1 o 1
. o "1
¢ k2 (p[as))?
. K2 ! . -{a+n),2
- n| 8K
cnye ~2(a+n)
- (3.29) = wrg2lirammie -
A n
7
S
o
=
S
S
0q
’-‘"!
AN
AR R SRR e e N : N e . h

- -r -"'\-.;:-‘M‘L 4
AaNah e,




We now turn to S and S and show that

:& 1 2
u (3.11a) P(S,) ¢ M e T(¥7) e ay
= and
. (3.11b) P(s,) ¢ Me (8% (o)
ﬁ; where M is again a generic constant.
. Let
.
.- M [nt)-K
he S, = max z X n
L (na]-K+1<1l¢<[nt]-K {i=1 !
i
) m .
§ 82 = min z x1 .
- [nt]+K+1¢e<[nbl+K 4=[nt]+K+1 ~'D7
i Note that
! K [nt]-K
o (3.12a) S . (t,) = z c z X
-t Pl kek+1-((nt)-(nt,]) ¥ i=[nt J-ke1 PP
"
4 K
a' M M
< [ Ic ]s 1 ¢ s 1

o -x K1 "My 1Moy
- 1 1
Qf and, similary,
> [nt,]-[nt]-K-1 [nt,]-k
o (3.12b) S (t,) = z c z X
- 22 k=-K K y=[nt)+k+1 P
N

. K m m
= > [ Z c ]S 1,..m > §,1,.m
{2 k=-K k|{“2 (52<0) 2 (52<0)
EE Applying Lemma 2, with bi,n =1, m= {nt] - (na),
= and m = [nb] - [nt], respectively, we get
b
o
5"

e
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P[Sl(tl) > %]

"
0
——
wn
= X
v
nof »
[Ep—

¢ wfy) T ms o)

e]-(a+n)

5 (t_a)l

and similarly,

=(a+n)
‘] (b-t).

€
P[Sz(tz) < - 5] < 2M[7

This establishes (3.1lla) and (3.11lb).
Putting together (3.8),(3.10),(3.11) and

introducing a new constant L, we get

- l+a+n 2(1+a+n)
P(E) ¢ Le 2(a'm){(b—a)2+2(b-a)x — + X 5 }
n

Now % < b - a (otherwise the oscillations are zero),

(1/72-0)/(1+a+q)

b ~a <1 and n > K. Therefore,

glee+n 1 (1/2)+n
< 1775 < (b-a) .
n n 7
Since b - a ¢ 1, we get
P(E) ¢

L c‘“""’”[(b-a)2 + 2(b-a)3/%* (b—a)1+2"}

AL e 2(aM) gg)i¥2T
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