D-A186 433  STRONG REPRESENTATION OF WEAK_ COMVERGEMCE(U) NORTH
RROLINR UNIV AT CHAPEL HILL DEPT OF S
T AL JUN 87 TR-186 AFOSR-TR- 87 135
UNCLARSSIFIED F49620 85 C-8144 F/6 1273 NL




N

N
AN ;

~

-
PFa)
>

\ ~
\."Q:;

-

SN TN
TN
h\ .'-thi. |

LY
Iy

\.?‘1‘.
@
iy

L)

LR
. Al o
W

1.6

i

CUNTLEP L D A

O
43
LR

AN
kA
N

]
o
v

NSTONAL mURESY T

MICROCOPY RESOLUTION TEST CHART
4
:‘.
S )

_ e E

ol 'Qh'::'r ;
@




AD-A186 433 mmrre LK HIE 25 |

Fb ‘r [DOCUMENTATION PAGE

1a IEPORT SECURITY CLASSIFICATY

UNCLASSIFIED )
jed o S TiO T I v : 3. DISTRIBUTION/AVAILABILITY OF REPORT
rggeen Ty ceassimeanion <o TRQE UCT 0 21887 | A ; . -
v ‘ \. poroved for public release; Cistribution
2b. DECLASSIFICATION/OOWNGRA EDULE Unlimited
-
4 PEARCAMING ORGANIZATION REPORT NUMBERI - 5. MONITORING ORGANIZATION REPORT NUMBER!S)
Technical Report No. 186 AFOSR-TR. 87-183 54
68 NAME OF PERFORMING ORGANIZATION  $Bb, DFFICE SYMBOL |7a. NAME OF MONITORING ORGANIZATION #
i «If appitcable) .
University of North Carolina AFQSR/NM
6c. ADORESS (City, State and 7ZIP Code; 7o. ADPRE§S (City, State and ZIP Code;
Statistics Dept. Bu1]¢1ng 410 .
Ohillips Hall 039-A Bolling AFB, DC 20332-6448
Chapel Hill, NC 27514
8a. NAME OF FUNDING/SPONSQORING 8b. OFFICE SYMBOL 9. PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER
ORGANIZATION' {If cpplicable)
eplesti F49620 85 C 0144
AFQOSR MM
8¢c. ADDRESS /City, State and ZIP Code) 10. SOURCE OF FUNDING NOS.
Building 410, PROGRAM PROJECT TASK WORK UNIT
Bolling AFB, DC 20332-6448 ELEMENT NO. No. No. No.
i 22 ‘?3,
11, TITLE (Inciude Securtty Clasaification) 6 ¢ ] ] 02F L"O4 A— ¢
Strong Representation of Weak Convergence '
12, PERSONAL AUTHORIS)
Bai, Z.D., Liang, W.Q. and Vervaat, W.
13a. TYPE OF REPORT 13b. TIME COVERED 14. OATE OF REPORT (Yr, Mo., Day: 15. PAGE COUNT
preprint FROM 9/8 o 9/87 June 1987 5

16. SUPPLEMENTARY NOTATION

Y " Yo

S

17. COSATI COQES 18. SUBJECT TERMS (Continue on reverse if necessary and identify by bloch number)
ceto | croue | sus. GR, Keywords and phrases: Skorohod's representation theorem
strong representation of weak convergence.

19. ABSTRACT (Continue on reverse if necessary and identify by block number) . ! . R
The following result is proved. If S' is a separable metric space for ns<w ,¢

Sn+SrD is measurable for n <o, Xn is an S -valued random variable for n<® and ¢ (X )
in S , then there exist S -valued random varlables X such that Xn=an for n<e and
*,) (X )+\( Wpl Cond1t1ons on Sn and d)n are presented that allow a construction in the

4 context of Polish spaces.

20. OISTRIBUTION/AVAILABILITY OF ABSTRALT 21. ABSTRACT SECURITY CLASSIFICATION
UNCLASSIFIEC/UNLIMITED X8 SAME AS rer. J oticusers O UNCLASSIFIED
22s. NAME OF RESPONSIBLE INDIVIDUAL 22b. TELEPHONE NUMBER :,L":) 22c. OFFICE SYMBOL

(Include Ares Code). T 1 AFOSR/N“

L Pecayraviter (NG Crowlcy 919-962-2387 <35

00 FORM 1473 83 APR EDITION OF 1 JAN 731S OBSOLETE. UN(‘LAQSIJ-'IED

- RN 1 ) g = -
""""' e, /' -"'_’z .' DRI .’Q’J ) ./ f‘ '-q"' ) -“.."_4' ..'(.‘\"’ .-Q gy ‘,./: P’y 4' S
- o' % ] » h N B

‘«.-L-MM




L AN XS SERNL AMEAR. s e sAd i 00 ai-aie i aacuEA AN i e A i e A et gt Lest St e aan g o Ty yvyvyvre. \v":'v.—n"..vv-!

l"l '.." l-

' [ A
~ @ .
. -

.\%
2 AFOSR-TR. g7 . ) 3.,

L CENTER FOR STOCHASTIC PROCESSES

X Department of Statistics
University of North Carolina
Chapel Hill, North Carolina

STRONG REPRESENTATION OF WEAK CONVERGENCE
by
Z.D. Bai

W.Q. Liang

; and
j R W. Vervaat

f 5 7
. e,

Technical Report No. 186

.. .-

XYY
" ar

Ay Ay N 5 8

June 1987

A

............
e et e e
-------

. .
TS
N




PR

-

~
ot
"~
e ]
N

kY

Y

“ o A,

-J‘-

7,

!

PN PN

ar

-

P
L 4

1@

s

"
.

"

-
13

'1

4
Pl S

AR

i
»

b

ey

A

(4

2o

P R v R e

-

STRONG REPRESENTATION OF WEAK CONVERGENCE

Z.D. BAI”

Center for Multivariate Analvsis, SIS Thackeray Hall, University of Pitsburgh. Picsburgh, PA 15260, USA

W.Q. LIANG™

Center tor Muluvariate Analvsis, 315 Thackeray Hall, University of Pitsburgh, Piusburgh, PA 15260, USA

Wim VERVAAT®

Department of Mathemaucs. Catholic University, Toernooiveld S, 6525 ED Nijmegen, The Netherlands

The following result s proved. It 8, is a separable metric space for n < <, ¢ 0§, — 5, s measurable forn < =, X, v an S, -
valued andom vanable tor nos = and ¢ (X, ) —, X, an §, . then there exist §,-valued random variables X)) such that
X

Polish spaces

=g X, torn € cand ¢ (V7)) — X7 wpl. Condiions on S, and ¢ , are presented that allow a construction in the context ot

”
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Skorohod's representation theorem « strong representation of weak convergence

- Thas rescarch has been supported by the Air Foree Ofice of Scientitic Rescarch Grant Noo FAUa20-85.C-0008

++ Rescarch completed duning a visit to the Center for Stochastic Processes, University ot North Carolinag and sapported by the

Air Force Othice ot Saentine Rescarch Grant Noo F4U620.83-C-0144

In this paper we prose the following variant of Skorohod's representation theorem for weak conver-
gence. Eqguahty i distribution s denoted by =, | convergencee in distribution by — ;.

Theorem 1. [let S, for n = 1.2, % be u separable metric space and let ¢, for n — 1.2, bhe u

measurable function from S, o N, X, iy an 8, -valued random varable for no= 1207 and
q (X)) =y X, in S, then there exint S, -valued random vartables X forn = 1.2 detined on one

probabiity space and such that X) =, X, S, forn = 120 Ccand ¢ ANy < XD wplan S,




2 Z.D. Bai, W.Q. Liang. W. Vervaat
")
":.,.: When 8, = 8 (separable) and ¢, = idy for all n. then the above theorem specializes o Dudley’s
. (1968) varant of Skorohod's representation theorem.  In Skorohod’s (1956) original version S was
required to be complete as well. See Wichura (1970) and Blackwell & Dubins (1983) for further
extensions. Our proot of the present theorem amounts to the construction of a special metric space T
e to which Dudley’s theorem can be applied.
3 Theorem 1 turns out to be usetul in many instances. 1t is applied in Bai (1984). Bai & Yin (1986)
and Yin (1984). The need for these applications led the first two authors t the present rescarch.
Here s the simplest example ot a theorem that can be proved by Theorem 1. but not by the
theorem of Skorohod-Dudley s orignal torm. 1t s Theorem 4.1 of Billingsley (1968}, restricted to
*: separable metne spaces
Theorem 2. [1' S o w sepurable metric space with wmetric 0. (X, Y,) are S -valued random variables for
o 2 and N s an Sevadued random variable such that X, —; X in S and o(X, . Y,) =, 0in R,
e Yoo« N S
_:;-.' Proof. By Billimgslev (1968, Th4.4) we have (X, 0(X,.Y, ) —, (X.0)in S xR, Apply Theorem |
withS - S <R.S. = 8.\ replaced by (X, Yy and ¢ ) = (voo(e ) all forn < =0 5
'. Proof of Theorem 1. Al statements mvolving a1 are supposed to hold for i = 1,200 7 unless restricted
o exphicith s it statements without expheit tendeney hold as - — = Let T be the disjoint union of all
S. dets =12 o be detined by sy = ity € S, Sety L= ady and define ¢ 0 T 8,
Py g tu) o g L) Let o, be the metric of 8,0 Let ¢, be positive for n < =, decreasing to O as
noow ocoand set e, o= 00 We now detine what 18 going to be the metric on 7
'l oo aleay b sy = os v,
(h A O L Ha(x) # s(v).
Let us hrst venfy that & s indeed o metric, Obsioushv . d(x vy = d(va)and oy ) =0 Hd(vy) =
. N then v(vy =sthvand o fev) = osox = v The trangle mequality can be venbed separately tor
,';_:- hath terms on the right-hand side of (1) We note the following properties of o -convergence:
- () = w.onS A8,
--.:J
Da M va, e S, then o(v.x ) —ask — 2 i o, 0x) = Dand o (g () g (v ) = Das k —
It tollows that the o, -topology in 8, 18 coarser than or cqual to the trace m S, of the d-topology an T
which s homeomorphic via S, 3 x =+ (1. (1)) to the trace in the graph ot ¢, of the product
topology 1in 8, « S, The tast topology 18 separable. and sois the trace of the & -topology i cach S,
Consequently . 0 s separable.
) (41 8, 18 d-open forn < 7.
PV
::-'f- (1M x, e S, forcachn < ». theny, ~vifve S oand g (y) » i S,
N
o Hasing established that 7 with 0 is o separable metne space. we may apply Dudley's theorem to
I valued random variables, However, there s one more barner to take. We want to adenuly S, -
. valued random variables with T-valued random vanables having range e S, Inothe hist appearance
.r;: random vartables must he S -measurable. where =, s the Borel field in S, generated by o0 I the
7
-P:a
Yo
L |
W




oA Strong representation of weak convergence ' 3
-:"_: second appearance they must be 7, -measurable, where 07, s the trace in S, ot 70 the Borel teld o I
:f':: generated by O So we must prove N, = )
i From the scecond clause in {3) it tollows that ~, < 7, . For the converse inclusion we must do g
b Iittle more. First note that <7 s already generated by the open d-balls in 77, since o s separable. This
_'::-' can be phrased equivalently by stating that .7 15 the smallest o -tield in 77 which makes the tunctions
{::: A v ) measurable tor alt v e T Consequently, 7, s the smallest o-ticld i 8, which makes the
7 tunctions (). resticted o 8, 0 measurable tor all v oo 70 Fist suppose o = - Fhen
». . v ) = o (g ) v tora e Tov e S.oowhich, as a function of v s obvious !y < -measurable
.: So gz N Constdering (1) tor v e T oas a function of v e 8, we observe that o, (v s > -
::"_ measurabte. and that o g (v).q ) is ~ -measurable as composition ot the ~,  ~ -measutable
:..:-', tunction ¢ . and the ~ o -measurable function o (¢ (x).1).
" We now write down the scheme of implications that proves the theotem. We are gnen S, -valued
7 random varnables X, such that
'- (t) ¢ AN, e XL S
:u The major point. to be proved below . is that this implies
.: {7y N, - Nooon [
- By Dudley’s theorem there are T-valued random vanables ¥, . detined on one probabibiiv space. such
:-'_'_z that Y, =, X, in T und Y, — Y, wpl in 7. By (4) we have S, ¢ 7 tor cach n. so there invoa
o measurable tunction 7,0 7 — 5, such that the restriction of 4, 1o S, s the sdennity map on S, take g,
. to be the wdentity map on S, and constant on T8, Set X, o= 1, Y, Then X7 has range m S, L and
n Xo =Y, wplan ' sinee P[Y, eS8, ] =PlX,es, ] =1 From X; =Y, wpl aund ¥, =, X, n [ n
\ follows that X7 =, X, i I'. AS X, has range in 5, thisimplies X7 =, X, n 8, From X = Y,
:;: wplan [ oand Y, -« Y wplan T owe obtain X, -+ X7 wplan 70 AS X, has range in S, . this implies
o by (3)

¢ (LX) — X7 wpl in§,.

We have arrved at all conclusions ot the theorem
It remains to prove the imphcation (6) > (7). We will interpret (6) and (7) by convergence of

probuabihity distributions on continuity sets. so we must compare the boundaries under o, and 6. By (2)

wye hase for 4 = T
(N} SRS BN T S FUR 0 AR D N (R B
[et Bixed = Ivel o(va) < ¢ and set
(Y, oo B v e ety e o PIY Le SuB v o
-‘ and let 1 cansist of the umons of hmtely many clements of ©0 By Bilhingsles (1905, Corollary 2 on
( p 15y atas suficient for (7) that
::i,_- (1th PlY,eA] -+ PlX.eA] torad el
o It Btexaede Cwith sly) < = then Blvaey - S s PLY, e Blvag] o Ouanless e - svy 1 B

e Uwith v € S, . then




4 ' 2.D. Bai, W.Q. Liang, W. Vervaat

(X, e Blx.o)] =[ox. g (X, <e-¢,] =[¢g.(X,)eBx.e—¢,)nS,].

SO
1hn ly »(X,) e Bloe)n S| < limnf{X, € B(x.#)] < hmsup[X, € B(y.¢)]
< ¢ (X,)eBlre)nS, |

By (6). (8) and (Y) the outmost stdes of (1) have equal probabilities.  Combining the previous
observations tor separate B(x.e) € ¥ we arrive at (11) with 4 e ‘U instead of B(v.¢) € V. again with
cqual probabilities for the outmost sides. This proves (10). hence (7). The proof of the theorem is

complete

Remarks. In general the space 7718 not complete under o even af all 8, are under 0, To sec this,
consider the case that all v, (n < =) lie in 8, for one fixed m. Then (x,) is o-Cauchy if
( CouMe s o4, <o -Cauchy s I the Tatter holds, then ((x,, .y ,,(x,))) converges in 8§, xS, ,
but ot necessarily i graph ¢, . unless the latter 1s closed. This combined with the observation that

A -Cauchy sequences (x,),. . with x,, € S, converge if §, is ¢ ~complete leads us to the following result,

Fheorem 3. [er S, be separable and o, -complete for each n. Then T is d-complete if graphy , is

cdoned i S, < 8, for each n.

[t v well-known that graph ¢, s closed if ¢, 1s continuous. and that ¢ ,, s continuous if graphyg , is
closed and 8. s compact. Using the fact that a subset of a Polish space 1s Polish iff it is G4 (Dugundji

(1966, Th.XIV . 5.3)). we arrive at the following vanation on Theorem 3.
Theovem 3. [t S, be Polish for each n. Then T is Polish of graph g ,, is GGy in S, xS, for each n.

For results on real functions with Gy graphs, see van Rooi) & Schikhof (1982, Exerc. 11.Y.Z).
Functions of the tirst class of Baire (pointwise hmits of continuous functions) have G, graphs. F,

araphs are also (5

Acknowledgment. Thomas M. Liggett has contributed to our discussions about this proot
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