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% STRONG REPRESENTATION OF WEAK CONVERGENCE

Z.D BAI*

(enter tor M4lrivariate AnPal% si.. 515 lTrwackra'. Hll. ('niversiti, of Pittsburgh. Pitshurgh, PA 15260. UNA

W.OQ LANG*

1.~ en Ie r f, r M' tlit ariate A ,iaIt.n 5/5 r-h. 1atkrav Hall, LUniierr iti o-f Pitts.burgh. Piltsbury'h. PA 15260, 1USA

Wi m 'E R\'AAVT

D)epartmnt ,.I MtSatheruatit . C atholic Lnirersitv, Toernoojreld 5. 6525 ED) .itegeti. The .\eth,'rlanid~

1hc folos ing rCSuLt is prosed, it S, is a separable metric space for of ,i S.q ,, S, is measurable for ui < ~ Xis an S,, -

%alued andom %ariahic to pi and it'', , in S, . then there exist 5,, -valued random sariables , such that

X,, -, k',, tor of and toX, X: pl. Conditions on S,, and 9 are presented that allow% a construction in the contet t

P'olish vpaccs

.9 '15~~ %1 IO S bjet( CIa.,,ii,aliwi Prim a r W1310II

Iskor,.hods, reptesentation thcoreml strong represcnt.:tion of A.eak consergcic

I hbis rcsc,irch has hecti supported h\ thc Air I-,irce Ofiec of Scientific Rcscarch (iratit No I-492I.S-(-lNWiS

-Re..c~ir~h completed ,lUringV a sisit to, the ( enter tot Stochastic Processes,. t'mnisers it oForth Carolint ind tipportcd h% the

Air I ,r,:k Ilce M S<cntitic Rescairch C irant No.Fihl.~((lt

In t his paper %e prox e the tolloxi ng iriant of Skorohod's representation theoreni tor \%ca~k com".er-

gence Fqualit in distribution is denoted hi, =,j convergence in distribution by -,j

Theorem 1.a e S, 1fur it . 2. h e af %eparable mtvirwt space, and let q , Ir 'r P1 2... het a

,niiatirahle fut4,'(m from~ S%,, ittft ., ,. I X,, tri an S%,, -t a/ued random taittable fotr it 1,.' and

q , V, ) -- ,, A', in S~ , . then fltere exkI st S,, -va It d rantlp Ifwtt rta hh Iv , for- it - 1. 'idened for one
;irtbahtlt space andI N It( 11tat X,, X, tin S, Im r it 1 2. ' anid it X.; I X vii frit S

N. e 5. N. W s.4 '.
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2 Z.D. Bai, W.Q Liang, W. Vervaat

,\Vhcn S., ." (separable) and q ,, = id, for all n. then the above theorem specializes to DLudley's

046,) %arrant of Skorohod\, representation theorem. In Skorohod's (1956) original version S was

required to be complete as ,cll. See Wichura 19701) and Blackwell & Dubins (1983) for further

Se\tnsllns. Our proot -t the present theorem allmounts to the construction of a special metric space 7

'-. to which 1)udle\ 5 theorem can be applied.

-heorem I turns out to he useful in man instances. It is applied in Bai (1984). Bai & Yin (1986)

*-" and Yin I 1L)'N4). The need lor tiese applications led the first two authors t, the present research.

IHere i-, the simplest c\amp'lc ot a theorem that can be proved by Theorem 1. hut not by the

theorem ot Skorohod-l)udle\ In its orimal, form. It is Theorem 4.1 of Billingslev (1968). restricted to

s.arahle metric spacc

Ihetortem 2. It .S t, a \,paab,/c tirtmc a t i etrit' . .', . Y, ) are S'--valued radoin variahh's fir"

Pt - I. 2. ,111d A a t ?alJ d r ,l I arlabh ON that A", -,j A in S and tp (AX, ,, ) -,Ij in R.

* t,'"i } . \ V t

Proof. l HBlhlnaLslc ,( '. Ih.4.4l x'e haxe (X,, .y(A,.Y,,)) , (A'.0) in S x R. Apply Theorem I

-*. x,,tth .i h S R. S,, - A,. rXpcplaced M (A,, \ ) and 9 I.x.v) = (.k o(x.')). all for t < -

Proof o t I heortem I. \l statements in\ l1\ i111 it 1re supposed to hold fort 1= 1. 2..... - unless restricted

.\plcitl\ limit statement,, \,ithout c\phcit tendenc\ hold as it . Let T be the disjoint union of all

., let . / - 1.2. . < h detinCd , (I ) X 1 it .A S,, Set ,: id, and define q ' "-- S.

hx \ ) x . let U tc the nctric oI S,, . Let ,, he positive tor it < Y,. decreasing to ( as

ni -. and set , \\e nov. detine w hat is going to he the metric ot 1:
-. Il ,310,,. = A it IA). I\ ) v I

Let us tirst .erit\ that 1 is indeed A netric. ()bxioti,] b( ( V) = (v. A) ani ( .I .t I f. A it . --

i. thel 0 k I - S(\ 'I tl I- ,,(a ,d ) = 11. so A I Ihe triangle nequalitLLlx1, can be critied separatel-. tor

both terms on the right-hand side ot I I ) Nc titl the toli hming properties of S -conxersencc:

2 i) S ,~ on . ,. .5
-0I I

1 ) t . . .,. then S( •'-.r 1 I a,,k [i ' i (-),,(A .v l M.1 l id o ,0 , (0.)./ ,,.',,) --, (I .sk

It tollox',s tha tlhe t ,,-tOpol oL. in .. i,, coarser tham or equal to th.etace In. S,, of the i6-topohjg, in I

*. - vhrch is homennic o rphic \ia S,. A - (t. . ,,x )) to tile trace it the graph ot q ,, ot the prodU.t

topobl ov' in S, , S , The last topolog i,, separable. and so is the trace ot the o -topolo inl each S,,

-"t." ( incqu'Itl,.. Is i, separalhe.

i .S,, is 5 -open for n <

- i It %, .S, for each P i ' then k,, f E 't M ndi .,X, X) Il S

Ilaing established that I \kith o is a separable netrL space.. vx e nia\ ,ppl, I )udle',K t heCtlie to

l- ,alucd random \ariables. Iloxcxer. there i, one more hatici t take Wex t ,l to idertit

x alued random xariahlcs with /-xalued random ,,ariihlcs ha\l l rane Itt .S,, In tile first appeaitilnce

random i ,,arrables must he .Mi - lttcsuta le. Ix ,h e ., is the iirel h d tn 5., L't_neraled 11\ 1),,. It the

'I, * *....

.. . .. . . . . . . . .. . . . . . . . . . .
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Strong representation of weak convergence 3

second appearance thc miust be *-T,, -melasurable. ss here .-T, is the trace in ii, oft -T, the Borel field in I

generated b SO %% musLIt pro\. s ,,
F-rom the second Clause in (3) it follo\%s t hat s,, c- F, or thle conserse 1Cilusion1 \I C l111ist dot .

little more. First note that -T is alread\ generated b\ the open o~ -bialls in V. since o) is scpar-Aible I his

can be phrased oequi\ alentl\ b\ stating~ that .- is the smallest (y -field in 'I s\hich nakses thle I unetli ins

0 t Ax measurable tor all .% E 1' (ionseclucrtli, . ;' is the smallest o -field ii S% ,~ \hich ma~kes thle

utio1Fns M.(A. ). restricted to S,, . MeaSU rahle for all A I first S11ppi0" 11n lie ii

0 (s x ) (( ( x ) . t t or .%A e F. v - S. \N hich . as at function of is oh\ o'! -niae tbic

*So C,.,.(onsidering If f or A I as, a function of % E %,, %%c obse,,rxe that i ,t is

mecasurablec, and that (? (ij (x) ij ,If is ;, mesral s composition oft the N,~ -lnieviutaifle

* ITInCtiOn i . nd thle . me1asurable function 1) (qi ( .

* . ~We noxx ms ite doss in t lie scheme of implications that pi os e the t hecm \e iii We it i en \,.a ned

random %iables A,. SuIch that

IThe major point, to) be pros ed heloss . is that this iniplies

* A,. N in I

Bi, [)Litle.%*, theorem there are I -\aluied randomor %ariables Y,, k inedlL on1 oneC probahilti% Nspace. suchI

*1that Y.. .,.\X, in F and Y,, Y, k.s~p1 in I . B\ (4) \,%e hase S,, - fobr eachi ii . so there is a

nicasuraible function i,:I -~..such that the restriction oft 1, ito N,, is the tdentit\ miap on A take 1,:

ito be thle identit\ miap on S,, and constant onl 1 S,, .Set AN,, = 1,, Y,, . 'Ihen A,; has range in S5,: . and

.; ,,spl in I'. since Pl Y,, SA,I = P[.\,, E S,,I I I. From AX,; = Y,, Ap1 and Y,, -,i A,, in I it

folssthat .XJ* Xv', in F... A,; has range in S,,.- this implies A, =j ,\N,, in S5,, From N,* Y,

sp1In I ndYI s l in F \xc obtain V, ,% ~pl in I. As XA; has range in S5,, . this implies

X"f, I V"P in S.

\Ne has e arrisd at Aill Con1CIUsionsl of thle theorem

It remainms ito pro\se thle imiplication I )~(7). We "ill interpret (0) and (7) h\ consergenice of

-probabilit\ distributions on COntinuit1 sets, so) \%ce must compare theC boun11daries, Under o and 0 B\ (i 2)

%k C 11sc ha: for A1 I

Let B( i~ t E5I() I o and set

and let U consist of the unions, of hils mails e~lments of V, B-% Billingsle\ (190)S. ( oiollais 2 onl

p 1 ) it is sufficient for (7) that

(I) PJXy r AI -- PI' f: AI for A f1

If t (' k t %k ith s ( t '< then Bl x.i ) A,, s PIN k ft.1 )1 uliess ii k~ It BI % 8 .1

EV sit h v e S5 then

%0%4
.............----.- ~~~~ % .* .. *.* *. ** .~



4 Z.D. Bai, W.O Lang, W Vervaat

[ ,, E = [,2 ,..x .q ,,('X,,) < -- ,, = [,,, (X,) E B(,r-,,s,,) s,.

so

E) B ,. )n S,] c lim nf., E B x t. )I c hl msupI\, E j(x,.
"Q I ,(.A',,) E 1i(. f, n-S,,]

B, (0). (S) and (g ) the outmost sides of (11) have equal probabilities. Combining the previous

ob,,cr ations tor separate B(x .t ) E V we arrive at (11) with A E '11 instead of B(x .t ) E V. again with

equal probabllitic,, for the outmost sides. This proves (10). hence (7). The proof of the theorem is

,"coniplete

Remarks. In generad the pace T is not complete under ). even if all S,, are under t, "1o see this.

consledcr the case that all v,, (in < x') lie in S,,, for one fixed m. Then (x,, ) is -Cauchy if

t ( I (.. ... M _ , ,, 'I -() auc h . If the latter holds, then ((x,, ,,,, ) ))converges in S, x S,,

-".1" but 01ot nccessaril% in graph q ,,, unless the latter is closed. This combined with the observation that

- ..- ,') -(.auch, scqucncc, ., w,. with x, E S, converge if S, is o ,-complete leads us to the following result.

0-O lheorem 3. Let N,, he separah/e and -lcompl'te for each n. Then T is 6 -complete if graph q is

"l '~ed in 5,, S , tr euch i.

It IS .Cll-kno1( n that graph q ,, is closed if q ,, is continuous, and that q ,, is continuous if graph q ,, is

-clsed and S, is compact. Using the fact that a subset of a Polish space is Polish it it is ( (Dugundji

I g t), -1 h XIV ;-.3)), we arrive at the following variation on Theorem 3.

"heocefn 4. lct S,, be !'olih 10r each n. ihen T i.% Poh.ih if graph q i.s (;,s in S,, X S fo(r each n

Fh-r rc,,ult, on real function' ,with (, graphs, see van Rooij & Schikhof (1982 , Exerc. II.Y.Z).

*' I-un.ti mn, (,t the tir,,t clas,, of Baire (pointwise limits of continuous functions) ha e (G, graphs. F,,

. er,tph. ire al,, ,

Acknoiledgment. Ihomas NI. Liggett has contributed to our discussions about this proof
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