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N Abstract
W .

; Y A task analysis of linear algebraic equation solving is presented. The problem space 1S shown 10 have
. ::-: an elegant mathemaucal form. Several strategies for searching the problem space are delineated, and
j".-,'_ thewr properties discussed. The forward search strategy, which appears to be the one most commonty
"0 ‘aught :n hign-schoo! textbooks, tends to generate non-optimal solution paths. An operator-subgoaling

search strategy tencs to generate shorter paths. Bundy and Wetham's waterfall loop strategy 1s shown 0
pe a vanant of operator-supgoaling that 13 more amenable for use by humans. This task aralysis
s.ggests that the waterfail i0op strategy may be petter for teaching to nigh-school students than ‘he

‘orward search strategy.
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1. Introduction

This brief note presenté an anaiysis of a smail portion of high school algebra, the solving of linear
eguatons in one variable. The analysis 1s based on the formal properties of the task, rather than data
from numan subjects. Two results are presented. First, the structure of tne task domain 1s uncovered,
and shown to have some elegant properties. Second, there is suggestive evidence that forward search,
which appears to be the strategy most commonly taught in high school algebra, is a less efficient search
strategy ‘han operator subgoaling, a strategy based directed on the structure of the task domain, in that it
:encs 0 generate ‘onger solution paths. This suggests that operator subgoaling may be a better strategy
‘or teacning hign school algebra students. However, operator subgoaling seems {0 reguire more
cogrve resources of the student than forward search. Bundy and Welham's (1981) waterfail loop
srrategy. wrich S a type of operator supgoaling, 'S shown !0 offer recuced requirements ‘or cogrilive

resources. It thus compines the advantages of short solution paths with low cognitive loac

Arougn these results are suggestive, empirical work is needed in order t0 build a case ‘or chanrging
‘e pecagog:cai practices of high school aigebra. A tenuous, but still interesting conjecture is that
‘eacr g stucen's the structure of the solution space, as described herein, may lead them to a better

uncerstanding of the process of solving algebra equations.

2. The problem space of simple algebraic equation solving

Soivirg an a'gebra equation can be viewed as search in a problem space (Newell & Simon, 1972) A
or0o em™ space s defined by a set of states, a set of operators ‘or moving from one state 0 arother. an
~'a stale arc acdescr.pton ‘orthe desrred final state. For aigebra, a state :s just an algebraic ecuaton.
3~C a operaor s ,ust ar algepraic ransformation, such as subtracting a term from both sces of the
=c.a'cn  Tre rmival stale s tte given eguaton, e.g.. 6-3ix+3)+7x = 3-x. A final state 's any eguator
‘~ar~as .storeoccurrerce of trevarane argrevarape S so'alec. inal s. istarcs aore or the et

roemme
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equations. Thus, 1+x = 3 andx+1 = 3 are distincttype 1 states. A type 2 state Is an equivaience class
of type 1 states that can be reached by the algebraic transformations for communtativity, associativity,
arithmetic combination, reversing the sides of an equation, and simplifying a double unary minus. Thus,

the following equations are all in the same type 2 class:

x+1 = 3073
l+x = 30/3
l+x = 10
l+x = —(=10)
10 = l+x

10 = x+l
11-1 = x+l
10071% = x+1

Because there are infirutely roany ways to express numbers as arithmetic expressions, there are infinitely

many type 1 states in a type 2 state.

Type 3 states are defined as the equivalence class of type 2 states under the algebraic transformations
that "do the same thing” to both sides of the equations, such as adding the same term to both sides of the
equation. Such eguivalance classes have an interesting structure. [t1s easiest to discuss it with the aid of

several simple examples.

Figure 1 shows eight type 2 states that constitute a type 3 state. They are arranged in a cube in orcer
0 srow ‘he relationships among them. The edges that are parallel to the horizontal axis are represent
're operatons of muitplying or divicing by a. The vertical axis edges represent multiplying or cividing dy
h. Tre remaining ecges represent muitiplying or dividing by ¢. The diagonals of the cube {not crawr)

corresporg to imverting both sices of the equation.

F gure 2 d:splays arother type 3 state, where the equations are refated by accing anc subtraciung from
poth sides. The edges represent adding and subtracting by. respectively, ¢, » or . The diagonals

represent negating both sides of the equation.

In gereral, ait equations formed from three atomic subexpressions and an invertible birary operator wiil
wrgen~der a ‘ype 3 state that has erther type 2 states arranged in a cube. However, f tne supexpress:.ors

are ~ot a'0™C, DUt are ‘hemselves expressiors, then a type 3 state corsisis of two or —ore cubes tat
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Figure 1: Type 3 state for muitiplication and division

a+da=c Dac-a
i
/ / [
A a=C-D2 ’ C=c 2-a 1'
Lo ! I
R ’ | |
- ‘ ! }
" 1 |
. i | | |
s | l i
o | | |
- x j | !
- 3+0-222 2-C=-13
3 <=2 2= 2.4

Figure 2: Type 3 state ‘or accition arg subtracton
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3/30 =1/(x + 2) ————— 1/30 = 1/3(x + 2)
3 = 30/(x + 2) 1 = 30/3(x + 2)
3(x + 2)/30 = 1 (x + 2)/30 = 1/3
3(x «+ 2) = 30 x + 2 = 30/3
x+2=10 X+2-10=0
x =10 - 2 x-10 = -2
2 =10 - x 2-10 = - x
0=10-2-x 10 =-2-x

Figure 3: Type 3 state for the equation 3(x+1}) = 30
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share vertices. Figure 3 illustrates such a state for the equation 3(x+1) = 30. The upner cube treats the
subexpression (x+1) as afomic, while the bottom cube treats 3/30 as atom:c. The multiplicaton cube
shares the vertex that stands for the equation x+1 = 3/30 with the adcition cupe. In general, there are
three vertices in every cube that can be shared. viz. those where a subexpression that .s treated as
atomic relative to the cube’'s operations appears isolated on one sice of 'he equality. When a
subexpression :s isolated, its operator 1s the top operator on one sice of the ecuatior. and thus can fourd

a new "cdo it 10 both sides” cube.

I~ orinciple. one can add (or muitiply, etc.) any expression 0 both sides of an equation. Thus, addirg
224. 10 both sides of 2(x+1) = 30 is legal. However, most algebra eguations can be solved by applying
D0th-s:0es operators using only subexpressions that appear in the equation. If we restrict the problem
space by only allowirg the both-sides operators to use subexpressions from the equation, then a type 3
s:ate aiways consists of a set of one or more cubes, connected by shared vertices. With this restriction, a
ryce 3 state has he following properties:

e All its corstituent type 2 states are equations with exactly the same atomic terms (i.e.,
mOoauio arthmenc evatuation, which merges number together).

e Ary atom ¢ term can be isclated by operations that stay inside the type 3 state.

Trese oropertes ‘o'ow directly from the fact that each operation neither destroys terms nor creates

'er~s, ard that as operatons are invertible, given that the equations are linear equations.

Trese 'wo propertes ‘ogether imply that if any equation in a type 3 state has a singie occurrence of the

/a~ao'e. *~en ey al ¢o, and furthermore, that one of the type 2 equations has the variable isolated on

(9]

~e sce Of :~e eguaton. Thus, a type 3 state 1s a “final” state if it contains an equation with a single
occurrerce of tre Lurxrown  For example, the eguation 3(x+1) = 30) corresponcs to a final type 3 state:

272 "TC™ S Ces” CCeralons are ail ttat s recuired 10 convert 110 the cesireg ‘orm.

5 Cul me sroperty ~ore generady, all the equations in the type 3 state have he same numper of
sccurrerces 2f me Lr«rowr varap'e. A type 3 state can be assigned a ~eurstc value ecual o the
~.mper 3f occurrencas of tte Lr«rown, and ‘his value can be used ‘o guice the search arorg type 3

3'3'25 2y 2 WaysS CTICs Tg cperators recuce this value Tris strategy s discussed ‘urther beow.

‘C™ € exDress0nS Nan ecLaton S0 Lse some ‘orm ofosiroLion
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: x(a+b) = ¢ & = ax+bx = ¢
t ¢ = (a+b)fx — > ¢ = ax+b/x
n © = ¢ o ¥ = ¢
E: These distribution operations form the type 3 state transitions. Thus, the whole problem space for linear’
:: algebra equation solving can be reduced dramatically to a problem space of type 3 states connected by
,‘ type 3 operators, with the final type 3 state having just a single occurrence of the variable.- This icea
j:f ‘orms the basis of the operator subgoaiing strategy. which is discussed in the next sect.on.
. 3. Two search strategies
‘. This section discusses two search strategies, then compares them. The first strategy derives from :re
probiem space analys:s presented apove. The :dea s 0 search through the type 3 states using a ssmple
: niil climping strategy -- move to an adjacent type 3 state that mimimizes the number of occurrences of the
C_ variable -- then search through the final type 3 state to find a final type 2 state.

, Aitrough this sounds quite simple, :11s complicated by the fact that the combine-term operations, which
B are ne operators used (0 move between type 3 states. require that the terms to be combined are cousirs
‘ ‘N the expression tee. Trat s, when the expression is viewed as an operator tree (see figure 4}, the wo
\ occurrences of the variable must be direct descendents of sibling noges. In the equation Jx+dx+d = 78
~ s possible 0 coallesce the occurrences of the varnable, but in the equation 3x+i(x+1) = 7 it Is rot
> possible apoly the combine-terms operation. Thus the strategy requires operator subgoaling, wherein the
L sciver adopts the rew goal of transforming the equation into a form suitable for applying the comoine-
-: lerm™s operator. In thus case, the subgoal is to transform the subexpression 4(x+1) into a sum with x
'_: contained in ore of s terms. This can be accomplished by applyirg the distribution operator, wrich
-" corresponrcs ‘o a lrarsition between two ac;acent type 3 states, both of which have same reurnst:ic value
'_:; ir some cases. "e subgoal can oe accomolsred by stayirg rsice the tyoe 3 state. as wner yx = "Iy
$ rransformec 0 fx«+ix = T SuCh subgoaiirg can become rather corphcated. Becalse ‘re corrart

::‘ ‘orm of activity s operator suogoanng. this sirategy S namea cperator subgoaling.

As merroreg ear'.er. “ral states can e specified as a conjuncton of 'wo propertes. (1) ‘mere s ore

occurrerce of the vaniable, arc {2} 't occurs soiated on the left or ght sice of the equaton The operator

"The analysis ~an pracaciy be extenced 'o a much iarger class of equations  Bundy and Welhams *G8Y| equation sCiv N3
Yy S '

system ancn w4l De snown later 10 use a special case of this strategy. can scive ratioral polynomials containing tngometrc and

~ypersoic funchons
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Figure 4: Expression tree for the equation 3x+4x+4=7. The "*" means mulitiply.

subgoaling strategy achieves the single-occurrence goal first, then works on the isolation goal. The
searcn strategy that seems o be taught in high school emphasizes the isolation subgoal. In the
:ex:books we have examined, students are taught to clear radicais, fractions, and parentheses first, then
combine terms. (See figure 5 for one popular textbook's description of the strategy it teaches). This
solate-then-combine strategy has the advantage that it is easily implemented as a visually-cued forward
search. The search heuristics are rules such as "If you see some parentheses, then use the distribution
operator t0 remove them.” Because the heuristics are cued by visual features of the equation, they may

De easier 1o remember.

However, the forward search strategy leads to inefficient solutions in some cases:

Forward Search Solution Optimal Soluticn
x+d)y = 30 Jix+2) = 30
Ix+6 = 30 x+2 = 10

3X = 2-1 X = 8

r = 8

Tre opumal sowton path in this case wou'd be generated by the operator subgoaling strateqy The

‘srnarg searcr’s strategy s non-optmal because it moves out of the initial type 3 state, which is also a
‘ra state, and r'o an ac;acert type 3 sitate. which s also a final state. In this case. 1t 1s better t0 stay In !

*~2 rvaltype 3 state. Here are some more cases where the forward search strategy does poorly:




EIP-Q s i s v i

SoLVING AN EQUATION HaviInGg ONE VARIABLE

Clear the equation of fractions. if any, by multiplying both members by the L.C.D. of all

fractions in the equations.

Remove parentheses.

Clear the equation of decimals, if any, by muitiplying both members by the appropriate

power of 10.

It it is a first-degree equation,

4.

Collect all terms containing the
variablie so they are in the left
member. Coilect ail other terms
in the right member.

Simplify both members.

Divide each member by the

coefficient of the variable.

Check your result by replacing the

varnable in the original equation.

it it is a second-degree equation,

4.

Collect the terms so they are in the
left member. The right member

shouid be zero.

Simplity the left member.

Factor the left member.

Set each factor containing the
variable equal to zero and scive
each resulting equation.

Check your results by replacing the

variabie in the original equation.

Figure 5: A procedure from a popular high school textbook,
Welchons et al. (1881), pg. 419.
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‘0
23p=-3 = 14T Removing the parentheses s unnecessary
ey e T) = 3-3D Shortest path 1S to divide by 3b+4
TR+ T9) = 102 Shortest path 1S to divide out the 27 first

We believe that it can be shown that the operator subgoalling strategy always procuces srcrier
so ution paths than forwara search, or a path of equal length. This belief 's based mostly on our ~ad: 'y ‘0

»ra g counterexample. Further work is needed on this important question.

4. Comparing the two strategies

For mum™an sowvers, .t s mportant 0 fing shorter paths, but POt SO M™uCn pecause it saves ' me, Dut
rat~er Decause 1t recuces the chance of error. Experienced solvers maxe most of therr errors guring the
sxeCL’ On 0f operators, as Cpposed o using incorrect or nappropriate operatons {Lews. 1881)  Tre

‘ewer the operalions neecded t0 achieve a solution, the less chance of error.

However shoriness of path :s rct the onrly relevant criterion upon which a search strategy should be
z~osen Tre strategy should be easy ‘0 use and easy !o 'earn. The operator subgoaling strategy may
~C' Te garhcuiarly easy 0 use, because it seems t0 require @ goal stack. That is. the solvers must
-eerrber wnat goal trey were working on so that they can resume working on it when they get done with
e supgoal Tre exira memory 'oad of a maintaining a goal stack may make the operator subgoating
sirategy more a:fficult to use than the forward search strategy. which requires no goal stack because 1is

se.2Cuon 0f operalers s cetermined entirely Dy the current state.

T-e waterfa! loop strategy {Bundy & Welham, 1981) offers the best of both strategies. It s essentaly
ar~ operator subgoaling strategy. which means that it tends to generate optimal solution paths. but it s
—pemented Dy several neurstics that are driven almost entirely by the current state, thus ™ nimizing

sotertal memory \oad. Tre waterfa'l '0op strategy has three "meta” rules:

Isciation: If ‘re equation has ,ust one occurrence of the variaoie, then apply a bot"-sces
operator approprate ‘o the arttmetic operation that s the root of the express:on tree ¢ re
sice of the equation containirg the varaole.

Combination: If the eguation has two occurrences of the varabie (hat are cous.rs in the ree,
‘ren corroine them.

Attraction: If the eguation has muiltiple, non-cousin occurrences of the variable, se'ect wo
'rat are nearest :n the tree, and apply a transformation that wiil make them rearer

Tre frgt gf trese meta-rules that matches the equation s fired. then ‘he 00D repeats or he rnew
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L.

equation. Thats. control falls through to the rule that matches, ren '00ps dack
+ )

B “w

Tre waterfall l00p strategy has the same goal struciure as the operaicr subgoanng siraegy 'sc-ator
arc combination are the !op ievel goais of algebra eguaton solv:ng, ang atracton s a subgoa’ ¢f
~_': compinaton. The waterfall loop aiffers from operator supgoalirg :n rat it Luses ro gcal siack as
:emporary s:ate ‘or 'S processing. It s criven entirely py the appearance of the ecuator. S0 1!00 S a

v sually cued, forward search strategy. But its design makes :t a ‘orm of operator subgoa. rg

Tre waterfall 'oop therefore comoines the pest propertes of poth ‘orward searcn arc operaccr

s.ogoahrg. It tencs o gereralte optimal solution paths, and it)s visually cued. The ci¥erences petweer

©arc the usual procecure taught in schools 1S that its cues concern the number of occurrences of :~e
- varap'e ard :her reiguve positon :n the equation tree. The forwarg search procecure s cuec by :=e
_‘ oreserce of ‘arge ‘eatures. sucn as parentheses and radicals.

e

¢

X Cbviousiy, these comments about ease of use must be viewed as suggestive only. Experimental work,
T

2 Der‘erapiy with DOth expert arg rovices human solvers, is neeaed (o compare the two strategies.

5. Suggestions for further research

This brief note. although sparse on results, opens a number of interesting avenues for research. Two

1
[l ]
At

~ave been mentoned already: a formal demonstration of the optimality of the operator subgoalirg
X sirategy over the forward search strategy, and an empirical demonstration of its superior ease of use.

S ~arly, we reed ‘0 expernmentally compare the learnability of the two strategies.

(.- A poss.bly more :mportant question 1S whether this new view of algebraic equation solving as simp'e

~-chmorg nothe ‘ype 3 problem space allows students 'o truly understand ‘he task coman  Certany.

N

o

wne ‘eel that we uncerstard a'gepraic strateges belter for havirg undersiood the structure of tte prodle™

space Per-aps tmsvew wil~ep e stucer:s as wel

N
2

LI N I

[y
.
e

To DUt the SUGEeston N more COrcrere ‘orm. sLDDOSE Ore Dulit an algebra ecuaron soivirg sysiem

aiorg e res of Agercraarcg ‘Brown. 1883) 'hat used a menu-criven irterface {0 allow ‘te stucer: 0

seec’ 0Derators. wn Cn tme sysie™ wouid ‘ten apply  Algebralard xeeps ‘rack oOf the path the siucert

‘s ows arc ¢.s5o'ays ¢ f tme stucenrt packs uD. then the gisplay 'S a iree, otherwise 11:$ a path. Brown

1 za™s‘mat™s may ‘acitare 'me accu son of iroroved searcr strategies. This claim s corsistent wn

) ‘2searcn oy Argersor atc "5 CC eanues (Arzersgr, Boyle & Yos: "285, Arncerson. Boye & Reser
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“985), which shows that similar displays of solution trees seems !0 help geometry studen's learn
s'rategies for finding proofs in plane geometry. The basic message from both sets of researcrers s 'hat
C spiayng the soluton path in a way that empnasizes its tacit structure neps stucents .ear~ a searcr
srrategy based on that structure  Now, suppose that we cisplayed 'he search of an aigepra s:i.cent 7 a

~arner simiar o the ¢ fé
imifar 10 the cuobes of figures 1. 2 and 3 We conjeciure that (h.s ¢ispiay win "e D S!.Cen's come

‘0 Lrcersiand a'geora sirategy in a new. more berefic:a’ way.
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