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" BOUNDARY STABILIZATION OF THIN ELASTIC P!AJES’T
I* .
) John E. Lagnese
R-TR. -
Department of Mathemtics‘pos 8% 1 5 6 2
- Georgetown University
\\ . Washington, DC 20057

. N/

& 1. Introduction. In this paper we shall consider the question of

i uniform stabilization of thin, elastic plates through the action of forces

h‘ and moments on the edge of the plate ( or on a part of the edge of the

3 plate). Two particular plate models will be considered: The classical
fourth order Kirchhoff model, but incorporating rotational inertia, and the

A "sixth order” Nindlin-Timoshenko model. The difference in the two models,

from a physical point of view, is that the M-T model incorporates
transverse shear effects while the Kirchhoff model does not. Actually, the
M-T model is a hyperbolic system of three coupled second order partial
differential equations in two independent variables. The unknowns.rdenoted
by w, w?lwygre the vertical component w of displacement and angles vy, ;
which are measures of the amount of transverse shear. The three equations
are coupled through terms which are multiples of a factor K called the
coefficient of elasticity in shear It is well known that, as K-, the
limit of w:wK is formally a soluti;n of the fourth order Kirchhoff plate
equation (2.1) below (see Remark 2.1 Below. The manner in which certain
conservative M-T systems converge to t ; corresponding Kirchhoff systems

\
has been made precise in J. LAGNESE-J.L.\LIONS [10, Chapter II].)

For the M-T model, it will be shown that one can find simple. natural
|
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feedback laws for the edge forces and moments which leud to an expltctt,

uniform decay rate «w=w(K) for solutions to the closed-loop system (under
some geometric conditions on the shape of the plate). It will be seen,
however, that w(K)-0 as K-». On the other hand, we can show that, as K-,
the limit of w=w exists and is the solution to a dissipative closed-loop
Kirchhoff system. One may then prove directly that the limit system
likewise has a uniform decay rate m“. Thus we have the puzzling situation
that the limit of the decay rate w(K) is not the decay rate w“ for the
limit system.

A related paradox was encountered in [10] in connection with exact
boundary controllability of the M-T model. There it was shown that
solutions of the M-T model are exactly controllable in a finite time
TO=TO(K). where TO(K)—im as K-». Nevertheless, the limit of the M-T system
is a Kirchhoff system which can be shown to be exactly controllable in a
finite time T;. It should be remarked, however, that these anomolies may be
a result of the methods employed rather that anything intrinsic to the
models themselves.

For related work on uniform boundary stabilization of (mainly)
hyperbolic equations we refer to G. CHEN [1,2], V. KOMORNIK-E. ZUAZUA [6].
J. LAGNESE [7,8.9]. 1. LASIECKA-R TRIGGIANI [11], and J.L. LIONS [12]. For
results on stabilization of beam problems with end damping, see G. CHEN et
al [3.4] and J.U. KIM and Y. RENARDY [5].

2. Nodels to be Considered. Consider a homogeneous, isotropic, thin
plate of uniform thickness h. Points within the body will be represented by

rectangular coordinates (x,y.w). It is assumed that the plate has a middle

surface midway between its faces which, in equilibrium, occupies the region

e
S
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1 of the plane w=0. We denote by w(x,y.t) the w-component of the
displacement vector at time t of the point which, when the plate is in
equilibrium, has coordinates (x,y,0).

It is customary in thin plate theory to assume that the transverse
normal stress oy is negligable compared to the other stresses. It is
further assumed that all components of displacement are "sufficiently
small” to justify linearization. (The reader may consult any number of
works for details of the linear theory of elastic plates. A particularly
accessible source is the book of K WASHIZU [13]. Heuristic derivations of a
number of plate models, both linear and nonlinear, may be found in Chapter
I of [10].)

The Kirchhoff model results if one further assumes that the linear
filiments of the plate initially perpendicualr to the middle surface remain
strajght and perpendicular to the deformed middle surface and undergo
neither contraction nor extension. (Thus transverse shear is neglected.)

These assumpticns lead to the following partial differential equation for

w(x,y.t):
h3 2
(2.1) phw" - 11’—2— AW" + DA“w = 0 in Ox(0.®),
where ' = g?, A is the ordinary Laplacian in (x,y) variables, p is the

surface density per unit area and D:Eh3/l2(1-u2) is called the modulus of

flexural rigidity (here assumed to be constant. u is Poisson’s ratio and
satisfies Ou<1/2. and E is Young's modulus.

We assume that the (piecewise-smooth) boundary I'=30 consists of two
disjoint parts: r=r0ur1 with Fi¢¢ and Fl relatively open in I'. We denot. by
v the unit normal to ' pointing towards the exterior of 1, and we set

O_T x(0,®), 3 _rlx(O.w). The boundary conditions to be considered are

'''''''' T e T T T T T S "‘.r "N
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(2.2) ws= g%»z o on 20.
(2.3) D[Aw + (l-u)Blw] =v, on 21.
3
94w - _ph_ O
(2.4) D[EF— + (1 p)Bzw] 15 3, = Vg oOn 21.
where
2 2
Blw = 2v102wxy - vl'yy Vo¥ o

B2w = g;{(v? - Dg)'xy + vlv2('yy - wxx)]
and where T=(—v2.vl) is a unit tangent vector. We have used (and will
continue to use) the notation wxzaw/ax. wxy=a2w/axay. etc.

The boundary conditions (2.2) are the so-called geometric boundary
conditions and mean that the plate is clamped along To. Conditions (2.3)
and (2.4) are the natural, or mechanical boundary conditions. Condition
(2.3) corresponds to bending about the axis formed by the tangent to I',
while (2.4) incorporates both shear force in the w direction and twisting
around the normal to I'. vy and v, are the control variables through which
the system is to be stabilized. Of course, to uniquely determine the
motion, initial conditions
(2.5) w(0) =v°, w'(0) =w inn
must also be specified.

The Mindlin-Timoshenko model arises if the Kirchhoff hypothesis is
weakened by removing the assumption that the filiments of the plate remain
perpendicular to the deformed middle surface, but retain the assumption
that these filiments remain straight and undergo no strain in deformation.
It is a system for three functions w, ¥, ¢ where w has the same meaning as
before, ¢ % —(wx+$). ¢ = -(wy+;) and where ;. ; represent angles of

rotation of the cross sections x=const., y=const. containing the filiment

which, when the plate is in equilibrium, is perpendicular to the middle

surface at the point (x.,y,0). The system is the following:
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. 3
i ph o 1u 1w =
] (2.6) 5 ¥ - Dy ¢ 5 Yyy * 2 Oyl * K(¥ 4w ) =0,
& ph’ 1p 1
v (2.7) 1o ¢ " Dlet et T V) Kl v) =0.
(2.8) phw = K[(v+w ), + (9w )) ] = O
:: in x(0,»). The geometric boundary conditfons for (2.6)-(2.8) are
N
L (2.9) ¥y=¢=w=0 on3,
| while the mechantical boundary conditions, applied on 21. are
-)': 1_
7 (2.10) D[vy¥, * uvje, + —2E(wy+ 0, )v5] = V..
1..
(2.11) Dlvge, + Hug¥, + SH¥+ @, )v] = v,
‘; (2.12) K[wD o+ vzv] = Vg
v where v=(vl.v2). Conditions (2.10) and (2.11) correspond to twisting
g: moments while (2.12) corresponds to shear force in the w-direction. The
ﬁj vi's are the control variables.
The inttial data for (2.6)-(2.12) are
N ¥(0) = ¥°. v'(0) = ¢!
> (2.13)  #(0) =¢°. ¥ (0) =¥,
:' w(0) = 'o' w' (0) = wl in 0.
N
‘9 The constant K which appears in the above equations satisfies K/h =
kE/2(14u). K/h is called the coefficient of elasticity in shear; k>0 is the
- shear correction coefficient. In Section 4 we shall study the convergence
..
v of the system (2.6)-(2.13) as K.
- Remark 2.1. Equations (2.6)-(2.8) may be formally uncoupled (see,
i e.g.. [10, Chapter I]) to yield the following equation for the vertical
Ca
- displacement w:
' gn’ 2, , phfn
! oo v 2wt - el
: (2.14) phw 19 Aw”" + DA"w + K [12 w DAw ] = 0.
)
0 Thus (2.1) is the formal limit of (2.14) as K.
l‘
3. Uniform Stabilization of the Mindlin-Timoshenko Model. Let ¢, ¢,
ﬂ: w be a solution to (2.6)-(2.12). The strain energy at time t corresponding
l'
N 5
)
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.
; to this solution is given by
e (3.1) ?(t) = %rf} (D[wi + v? + &way + 1_;11(4,{, vx)2]
' + K[(v + wx)2 + (o4 'y)zl)dxdy.
‘ and the kinetic energy is
-
f.' (3.2) A(t)= ghé [w'2 + }1-'—2-(‘4"2+ ¢'2)]dxdy.
4 The total energy E(t) is defined to be
i E(t) = 9(t) + X(¢).
: We wish to determine feedback controls v, in (2.10)-(2.12) such that the
e resulting closed-loop system is uniformly asymptotically stable, {.e.,
E (3.3) E(t) < Ce “'E(0)
o for some positive constant w.
- In order to determine candidates for stabilizing feedbacks we
2 differentiate E(t) in t. We obtain
* E'(t) =/J (v1¢' + v2¢' + v3w')dr.
.. r,
; Therefore the feedbacks
.5 (3.4) v, = —klw'. Vo = -k2¢'. vy = -k3w'

with kiZO introduce dissipation into the system in the sense that E(t) is
é} nonincreasing. Actually, we can prove that if kiGLQ(Fl) satisfies
2 ki(x.y)2ko>0 a.e. on Fl. 1=1,2,3, then under some geometric conditions on I'
- we do, in fact, have (3.3). However, the required geometric conditions
é force foﬂf1=¢ if T is smooth and thus exclude simply connected regions
:: with smooth boundaries if ri¢¢. i=1,2, (which we explicitly assumed.
F. However, see Remark 3.3 below concerning the assumed regularity of
? . solutions.)
‘E In order to weaken the geometric restrictions and, simultaneously, to
- obtain explicit expressions for C, w (in terms of the parameters of the

6
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system (2.6)-(2.8) and the geometry of I'), we alter the feedbacks (3.4) in

a way which incorporates the geometric features of I'. (This idea was first

introduced in [6] in connection with stabilization of solutions of wave

equations.) To this end, let us set
m(X) = X - Xo

where X=(x,y). Xo=(x .yo). Xo a fixed point of R2. We assume that Xo may be

chosen such that

(3.5) mew 2 0 on rl,

(3.6) mv (O on Tb.

We then define feedbacks by setting

(3.7) vy = -(m'v)klw'. vy = -(m°v)k2¢'. vy = —(m°v)k3w'

where kieL“(rl). k,(x.y)2k,>0 a.e. on T}, 1=1,2,3. We then have

THEOREM 1. Assume that To, rl satisfy (3.5), (3.6) and that the controls

vy in (2.10)-(2.11) are given by (3.7). Let the initial data (2.13) satisfy
. % e H' (@), ¥°= ¢°= ¥= O on T,
ool wle 1L3(n).

Then there exists a constant w=w(K) (whose explicitform ts given in (3.8),

(3.11) below) such that

§ E(s)ds < L E(0).
o w

(-] (-]
J E(s)ds < e 'S E(s)ds, t > 0.
t 0
COROLLARY. Under the conditions of Theorem 1, we have
E(t) < e ¥ ) 1.

Remark. 3.1. The controls vy of (3.7) satisfy vi€ L2(21). and the

problem (2.6)-(2.13). (3.7) is well-posed in the space (H. (2))>x(L%(2))>,
0

where

e (B) = {#: 9€H' (D). v = 0 on Ty).
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Proof of Theorem !. The proof is very lengthy and technical and wil]
only be sketched here. Complete details will be published elsewhere.

For 0<e<1, define

Fe(t) = Yl(t) + (1—5)Y2(t) + eYs(t)

where
he, | ne, . o
Y (¢) = ph[TE(w (t) .mewy(t)) + J5(e (t).m-ve(t)) + (v (ti-m'VV(t))]-
3
Y, (t) = %%—[(¢'(t)-w(t)) + (w'(t)-v(t))]-
Y5(t) = ph(w'(t).w(t))

and where
(;."I:) = {2 ;(X.y)‘:l(x.y)dxdy.
Also, for 6>0, define
Ee,b(t) = E(t) + 6Fe(t).
Since IFe(t)|$CE(t) with C tndependent of e and K (provided K2K >0). we
have Ee'b(t)ZO provided 6C<1. One can prove the following (and this is the

key point): There are positive constants c, AO and Al (which will be made

explicit below) such that, if we choose

1 2ec
(3.8) 0(6(2(1—”0\0—). 0<C6« E—m.
then
d
(3.9) '&TEe.b(t) ¢ -6eE(t), t20.

The constants c, AO' Al are defined as follows.

€ = max sup ki(x.y).
i Fl

In order to define AO and Al' we introduce the notation (which will also be

used in Section 4)

2,2, 1 2
ao(#-9) = DI [ + vy + St 0 )7 ¢ 2m e Jdxdy,
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‘rl(“’-?-') = ]{ -’”(D[",zg + *5 * l_}(*y* ’x)2 * z”"x"y] *
1
KL(v + m )%+ (o + w)Tpr,

b(v.e.w) = [ m-v(k1w2 + k2¢2 + k3w2)dr.
r
1

Then ko and A, are defined by the inequalities (which incorporate the

1
geometry of )
T + $*)ady S Mgao(¥9). Wvetiy (1)

(this last inequality is not true if To=¢).
1
b(m-vy,mevo.m-vw) < N [aj(v.e) + ar1(¢.w.W)]. Vw.w.weﬂro(ﬂ)ﬂﬂz(ﬂ)-
The conclusions of Theorem 1 are obtained from (3.9) as follows. Let

p>0, multiply (3.9) by e-ﬁt and integrate in t from t to «. After an

integration by parts we obtain (since Ee 5(t)20)

(3.10) 5 ePE(s)as ¢ Lo ePiE ¢ et gy,
d .
Define
ed
(3.11) v =2

and let BlO in (3.10). The result is
> 1
J E(s)ds ¢ ;-E(t). t 2 0.
t

The last estimate implies the conclusions of Theorem 1.

The Corollary to Theorem 1 is a consequence of the inequality

(3.12) TE(t+7) ¢ J E(s)ds ¢ = e “E(0). V¥r0.
t

In fact, from (3.12) we obtain

wT
E(t+1) ¢ 5; cuw(tsT)

The factor e sur has its minimum at 7=1/w and. for this value of 7, we

obtain the estimate of the Corollary.

Remark 3.2. From (3.8) and {3.11) it follows that w=w(K)-0 as K-,
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Remark 3.3. The proof of Theorem ] requires that solutions be
classical, {.e., Hz(ﬂ). However, there is a difficulty due to the
possibility of singularities at points of foﬂfl. which may preclude the
existence of classical solutions. Such singularities can occur regardless E
of the regularity of the initial data. Thus, while Theorem 1 is certainly y
valid {f foﬂfl=¢. it i{s proved in the opposite case only if one has a
priori knowledge of the assumed regularity.
4. Limiting Behavior as K #+ ®. We introduce H=L2(Q) with the E
standard scalar product, and
V= {¢: veH'(R). ¢ = 0 on I}
We further define
ao(w.w;'.;) = D[(wx.@x) + (¢y.;y) + u(wx.;y) +
u(wy.\;x) + l—éﬂ(wy* 'Px-‘]")ﬁ ;x)]-
al(w.w.v:a.;.;) = (%wx.iﬁ;x) + (wwy.;h*;y). :
B(V. 0. Wid. 0. W) = ! men(k W + kype + kgww)dr,
1
aa - h2 - h2 - ~
c(v.e. W ¥, 9, W) = ph[ﬁ(%\#) + Tg(\o.«p) + (w.w)].
The solution to the boundary value problem (2.6)-(2.13), (3.7) may be
defined via the varjational formulation :
(4.1) %—t-cw'.w'.\v':@.;.;) + 80(4’.0::1'.;) + Kal(w.w.w;@.;.;) +
(v e’ W id.o.w) = 0. Vo, weV,
(4.2) v.¢.w€C([0.T]:V)., ¥ ' .¢ .w'€C([O0,T]:H).
(4.3) [('“'”)“11”*":1- [(m-v)kzl"«»'lzl. [(m-v)k3]"w'lilc 12(5)).
(4.4) ¥(0) = ¥°. #(0) = ¢°. w(0) = w°.
v (0) = v v (0) = ¢l wi(0) = W,
If we assume that
(4.5) v2.o%.wl€ Vv, ol wle H, '
;
.
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it may be shown that the problem (4.1)-(4.4) 1s well set We denc'e 1

solution by wk. % K in order to emphasize the dependence or. kK We roe
wish to study the behavior of WK' v "k Bs K-+ To do so. we adap' '

technique of [10, Chapter II] to the present problem

We choose ¥y, ¢. w equal to WK(t), wK(t). -K(t), respec tivey 1

(4.1) and integrate in t from O to t. (This {s formal but may. for exam

be justified by using a Galerkin approximation to *k $io i ) The res
is
(4.6) c(¥(1) o (1) (1)) + (¥ (1) .o (1)) +
: 2 2 2
Ka, (v (t) .o () w (1)) + é _; mev(k b+ Ky S 0 bw e
1

- C(Wl.¢l.'1) . aO(“Jo'wo) . Kal(\“"o.wo‘wo)

In order to get something out of (4.6) we make the assumptior (-

addition to (4.5)) that

(4.7) al(wo.wo.vo) =0,
i.e.,
1
Pl H (), WO i (n)
0 0
WO'P' :O, @0'4 '0:0
y
where
hf(ﬂ):(; weH2(0). w=w =0 onT |
0 L @]

In addition, we assume that
'1€V.
Remark 4 1. A physical motivation for assumption (4 7) is as
follows. The strain energy associated with a solution w of the Kirchhoff

model (2.1)-(2.5) is given by

(4.8) $(1) = %(J;D['ix w2 s 2(1-u)w’2(y]dxdy4

It is seen that (4.8) is formally obtained by setting w:—wx and ¢:7wy in

11
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o,
I
!l
ﬂ the expression (3.1) for the strain energy associated with the M-T model.
D)
: Thus, hypothesis (4.7) may be interpreted as the requirement that the
initial stratn energy be consistent with the Kirchhoff model.
- Assuming (4.7), we obtain from (4.6) that
»
(4.9) V¢ 9, are bounded in L7(0.T:V),
%
¥+ ¥ Wg are bounded in L"(0.T:H),
)
N % ., % %,
2 [(mev)k, g, [(mev)kyT 0. [(mew)igTwy
- are bounded in L%(0.T:L%(T)).
(4.10) ‘R(*x* o) \R(wK-* wa)
3 are bounded in L”(0.T:H).
‘2 From (4.9). (4.10) follows that we also have
% w
o Yix Ky are bounded in L (O.T:H).
y Therefore. we may choose a subsequence, still denoted by ¢K' P Yk such
W]
' that
w » ®
(4.11) wk. % "k v. ¢. w weak in L (0, T:V).
._ (4.12) Vi P T Ve W weak” in L (0.T:H),
©
L4 (4.13) (WK+ 'Kx)' (¢K+ wa) - 0 strongly in L (0,T;H),
_ (4.14) [(m)k, P = [(mew)k, %" weakly 1n L2(O.T;L2(T1)).
5
-, (4.15) [(m0)kyT 0 = [(mev)kyT%e’ weakly tn L2(0.T:L%(T,)).
‘.l
e % . % . 2 2
: (4.16) [(m°u)k3] w2 [(m*v)k3] w' weakly in L(0,T;L (Fl)).
From (4.11).(4.13) 1t follows that
? (4.17) ¥+ w. = 0, ¢ + 'y = 0,
¥ \ . . .
o (4.18) v o+ w. = 0. ¢+ 'y = 0.
4 Therefore
{
g (4.19) wel”(0.T:H2 (0)). w'eL(0.T:HL ().
ﬁ o 0
‘r, We also obtain from the limiting process that
™. w(0) = w°, w' (0)= wl.
M 12
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‘y. ~ ~ ~
Next, in (4.1) we choose 'GHIE () and ¥, ¢ according to
0
¥ = -'x. ¢ = “y.
. We obtain the equation
\ ) d . , , ~ ~ ~ - ~
. 4.20 = (V. e, W i-w_ W W) + a (¥, "W ,-w ) +
o (4.20) ac ¥ f " e "y OAKI:Axy)A
’ . N . - - -
) b(WK.wK.wK. v wy.w) =0, Vw€H?O(Q).
> Using (4.11)-(4.16) we may pass to the limit (in the sense of
aY
N distributions) in (4.20). Let us write out the limit equation, using
Ay
N (4.17). (4.18). We obtain
‘, d ~ h3 ~
] (4.21) gileh(w'.w) + %—(vw'.vw)] +
: D£ ['xxwxx + Y Myy + u(wxxwyy + wyy"xx) + 2(l—u)wxywxy]dxdy +
' { mev(kwow + k2wy'y + kyw'w)dl’ = 0, Vw€H?O(Q),
: 1
: (4.22) w(0) = wleHZ (). w'(0) = w'eH! (D).
0 0
But (4.21), (4.22), (4.19) has a unique solution and are exactly the
i variational formulation of the boundary value problem
I'
3
“
> (4.23) phw - BB v + DA% = 0 1n Ox(0.T).
aw
3 (4.24) w= = 0 on 20.
(4.25) D[Aw + (l-u)Blw] = —(m~p)(klvlw; + k2v2w§) on Il.
n 3
- 94w - _ph . -
N (4.26) D[av + (1 u)Bzw] o 30 = (m v)k3w
a . .
X 5;{m-v(-k1v2wx + k2vl'y)] on 2.
< (4.27) w(0) = w°, w'(0) = w' in 0.
L=
Remark 4.2. 1t may be shown by methods similar to those of Section 3
r. that the problem (4.23)-(4.27) is uniformly asymptotically stable. Thus
2 this problem has a positive energy decay rate w- which is not the limit of
w(K) as K-» (defined in (3.8). (3.11)).
N Remark 4.3. If k1=k2=k~. the right sides of (4 25), (4.26) reduce 10
-
. 13
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(4.28) ~(mev)k -

and

(4.29) (mev)ige' = S (meo)i” 223

respectively. When the inertia term -(ph3/12)Aw" in (4.23) (and the

corresponding term in {(4.26)) are absent, uniform asymptotic stability was

proved in [9] using the feedbacks defined in (4.28), (4.29) with k' '=0.
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