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\/ §1. Introduction ,

It is our belief that a thorough understanding of the mathematical underpinnings of clasticity
is crucial to its analytical and numerical implementation. For example, in the analysis of rotating
structures, if one anempts to couple geometrically inexact models, obtained by linearization or other )
approximatons to rotating rigid bodies, one can easily get serious artificial "softening” effects that
can significantly alter r..merical results; see Simo and Vu-Quoc [1986<] for a discussion (compare
equations (J) ahd (5) of that paper). In this paper, we consider gedmcuically exact models, such as
the Kirchhoff-Love-Reissner-Antman mode! for rods and its counterpart for plates and shells.
These models take into account shear and torsion as well as the usual bending effects in traditional
rod and plate models. Our purpose is to systematically develop the Hamiltonian structure for the
dynamics of these models in the convective representation. The convective representation is chosen
for its éomputational convenience and for our planned coupling of these models to the dynamics of
rigid body motion, as in Krishnaprasad and Marsden (190/051’.

One of the topics that is of importance in the foundations of elasticity is a geomerric
formulation of the equations in Hamiltonian form. Jhis form is extremely useful in the dynamical
analysis of systems; for example in the study of nonlipear stability (sce Holm, Marsden, Ratiu, and
Weinstein [1985], Krishnaprasad [1985], and Lewis, Marsden, and Ratiu [1986a)), in bifurcation
theory (see Golubitsky and Stewart [1986] and Lcwis\Marsden and Ratiu [1986b]) and in the
study of chaotic solutions (see Holmes and Marsden [1983] and Guckenheimer and Holmes
{1983]). Our own motivation is to provide additional insighf{or work on rotating structures using
geometrically exact models (see Krishnaprasad and Marsden {1986] and Krishnaprasad, Marsden,
and Simo [1987)). These motivations are of course in addition m\thc fact that these Hamiltonian
structures are of intrinsic interest in themselves for the mathematical *sundations of elasticity
theory. ~

The Hamiltonian structure for the material (or Lagrangian) representation of elasticity is given
in terms of canonically conjugate variables - namely the placement field and its conjugate
momentum, the momentum density. This is a fairly standard result that is given in for example,
Marsden and Hughes [1983, Chapter S). The relation beween this and other structures in spatial
and body representations is an important development that goes back to Amold [1966] and was
developed by Marsden and Weinstein [1974, 1982], and others. A non canonical Hamiltonian
structure for elasticity that is partially a spatial representation is given in Holm and Kuperschmit

g [1983], and a Hamiltonian structure for isotropic elasticity in spatial representation is given in

:j.. Marsden, Ratiu, and Weinstein [1984a,b]. We concentrate in this paper on the conveciive (
52\3 representation and also develop a Hamiltonian formalism for rods and plates. This is done for
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S1. Inrroduction 3

several reasons. First of all, no assumption of isotropy is re.ired. Second, the convective
representation is convenient for the analysis of coupled ngid body - beam and plate structures.

Finally, the convective representation is very convenient for numerical computations for r
geometrically exact models (see Simo and Vu-Quoc [1986a.b]). A geomeuric setting that is useful

for undersianding the gencral relation between the material, inverse material, spatial, and convective
representations is given in Holm, Marsden, and Ratu [1986].

As we have mentioned, the noncanonical brackets found in this paper are obtained by the I
general methods of reduction from the canonical structure in material representation, as in Amcld
{1966] and Marsden and Weinstein [1982]. When these procedures are done for fixed boundary
problems, onc obtains Lic-Poisson brackets associated with the dual of a Lie algebra of a
semi-direct product. (See Marsden, Weinstein, Ratiu, Schmit, and Spencer [1983) for a general
introduction to this geometric theory.) These sorts of brackets appear for example in the equations
for compressible fluids and MHD (see Marsden [1982], Holm and Kuperschmit (1983] and
Marsden, Radu, and Weinstein {1984a,b)). The geometric reason for this is that when one starts
with a configuration space that is a group G, and one reduces the phase space T*G by a subgroup
G, that is the isotropy subgroup for a representation of G on a vector space V, then the resulting
space is essentially the dual of the Lie algebra of the semi-direct product G ® V. (This result, due
to Ratiu, Guillemin and Sternberg, is proved in a sharpened version in Marsden, Ratiu, and
Weinstein [1984a] to which we refer for the original references). When free boundaries are present,
however, the brackets are only partally of the Lie-Poisson type. The geometric setting for these is
the "gauged Lie-Poisson™ context of Montgomery, Marsden, and Ratiu [1984]. This was applied to
free boundary fluid problems in Lewis, Marsden, Montgomery, and Ratiu [1986). In this paper,
we shall not require the fairly sophisticated context of the gauged Lie-Poisson structures, but rather
we shall obtain the results by a direct calculation. However, we do note that when no boundaries
are present, the Poisson brackets we get for three dimensional elasticity do reduce to Lie-Poisson
brackets for a semidirect product. For rods and plates, the brackets also reduce to the Lie-Poisson
type in the cases that the configuration space reduces to & group; for example this happens for .
torsional motion of a rod.

The geometric point of view adopted in this paper has proven particularly useful in the ;
numerical suiution of initial boundary value problems. For the geometrically exact rod model, foryy
instance, exact update procedures for the configuration, stress resultants and stress couples can bc
developed by employing discrete algorithmic counterparts of the exponential map and parallel u °
transport (see Simo & Vu-Quoc (1986a,b]). This results in algorithms that exactly preserve the
fundamental physical requirement of material frame indifference. Similarly, for three dimensional;:;-—-——'
nonlinear viscoelastic solids, by exploiting the convective representation, one can develop 1;;, Codes

uncondionally stable and second order accurate algorithms which exactly preserve covariance of thei1 and/or |
Special
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R AC N ACNAENNE NN



ol Sl el G el A
R A S G b ARty A o LA AL AR AA RS AL S 4 ki

S 1. Introduction 4

continuum formulation (see Simo {1986]). Thus, these algorithms go beyond the notion of
incremental objectivity, as proposed by Hughes and Winget [1980]). Finally, we believe that the
Hamiltonian swructures developed in this paper will play a central role in future developement,
design, and stability analysis of time-stepping integration algorithms for nonlinear elastodynamics
which ensure not only conservation of energy, (as in Chorin et. al. {1978] or Hughes, Liu &
Caughy {1980]), but exactly preserve other fundamental integrals of motion such as global angular
momentum.

Acknowledgements. We thank David Fox, Darryl Holm, Tom Hughes, Debbie Lewis,
Tudor Ratiu, and Loc Vu-Quoc for their comments and joint discussions.




§2. Summary of Three Dimensional Elasticity

@

$ We summarize the notation to be used in the description of three dimensional
o elastodynamics, following 1o a large extent the uscage of Marsden and Hughes [1983).

:S

" The Configuration Space

. Let (B, G) and (S, @) be two smooth Riemannian manifolds carrying metrics G and @
,:: respectively. Typically we have B C Sand in fact § = R3, Euclidean three-space with the

:‘EZ standard Euclidean metric. One refers to B as the reference configuration with points
\ , denoted by X e B, and one speaks of S as the ambient space in which the body B moves.

; Points in S are denoted X € S. We shall consider coordinate charts XA : B— R and X2 :
;:j S — R s0 that the local coordinates of the points X and X are denoted

, XA = RA(X), foo- XeB and X2 = xAx), for xe S .1
f:j The configuration space ( is the set of (orientation preserving) embeddings @ : B — §:
_: we write

-;:

C = Emb(B,S) (2.2)

and call the set P(B} the current confuguration. It is known that, when suitably tcpologized,
C is a smooth infinite dimensional manifold (see Abraham, Marsden, and Ratiu [1983], Ebin and
Marsden {1970] and references therein).

The tangent space to C at a configuration § is given by

Y NN

5

?.

.* ToC = { V:TB— TS5 | V(X) € Tg(y)S forall X e B} 2.3)
g. Kinematics

b

A motion is a curve of configurations; we let (Pt be the configuration at time t and write

5 9:(X) = P(X.t). Given a motion @, we define the following quantities:
-;3 (i) material velocity : V, € T%C given by

..‘

L2
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§2. Summary of 3-d Ela.mciry' 6 ‘

Vi(X) := _gt— P(X. t) (2.42)

(i) spatial velocity : V; € X(P4(B)) [the space of vector fields on P9(B)] is
defined by

Vt H Vt L4 (Pf‘ (2.4b) (4
(iii) convective velocity : Vy € X (B) is defined by
vt : (p;(vt) = T‘pf‘ *V,° ‘pg s T‘Pt-1 b vt (2.4¢)

The deformation gradient, denoted F, is defined to be the tangent map of ¢, we write
Fy = T¢,. In coordinates,

o2
F2, = .
AT axA

Proposition 2.1. The convected velocity is minus the sparial velocity of the inverse
motion P~V : S — B e,
-1
o9,

Vi=- &

* ¢, Q.5)
Proof. Applying the chain rule to the identity X =z §-V(P(X, t).,t) gives

a9}
3t

-1
.¢t ’T(pt 'Vt =0

and so the result follows by noting that ¥, = T9,"Y e v, » §,. m

The Metric and Convected Metric Tensors

(e

The convected metric tensor is defined by the pull-back relation:

C, = ¥:(g). (2.62)

.........



v

-
J&3

X

- 2 i -
SR

A wnw«mmmwvﬂm““mmmm
.

S2. Swnmary of 3-d Elasticity

One refers o Cy as the right Cauchy-Green tensor. In coordinates,
Cap = F2aFP50,p°9. (2.6b)

Associated with the convected metric C; we define a symmetric Levi-Cevita connection V
10 be the connection of the metric Cy; i.e. by the standard relation for the Christoffel symbols:

(Vpto)B = VAWS , o IpBVAWD 2.72)

where
rADB H CBEFAD.E (2.7b)

and

17 9Cac Cpc  9Cpp
Fage = —;[ TR ] (2.7¢)
aXx X ax
For the case of Euclidean space one has the formula
32@3
Fpp® = ————(F-1)B (2.8)

(See Marsden and Hughes [1983], p. 31.)

Acceleration Vectors

In addition, associated with the motion ), , we define the material acceleration A,
and the spatial acceleration 8, by the expressions

A, = 82¢,/73t2 = 3V, /3t and 8,z Ay P (29)

e The convected acceleration A, is defined by the pull-back relation
7 .
v.
- A, =9, (a,) (2.10)
-
4
;E;.': X ‘l\‘:x"-" .""i"" TR T D L
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S2. Swnmary of 3-d Elasticity

Proposition 2.2. The convected velocity and acceleration are related by the formula

* VoW

In coordinates, A is given by

A =dVA/8t « VCIA L4 TpAVCD (2.11b)

Proof. Recall (Marsden and Hughes [1983] p. 33) that the spatial velocity and accelerations are
related by

Ty Ve -

Now pull back the relation (2.12) by @,; one gets

Pr(Vy, V) = Vnp'tvt‘ptvt = Vp U

and by the Lie derivative formula (Marsden and Hughes [1983], §1.6),

oV, d .y . . 9V OV |
5t e @i =y W (5 ) =0l () e .

Adding (2.12) and (2.13) gives 2.11). B

The Stress Tensor and Covariance

We assume the existence of a stored energy function W : Mg x Cx My — R, where
M is the space of Riemannian metrics on S, and My is the space of Ricmannian metrics on

B, of the form

W = W(g. F.G) (2.14) 3

where W depends only on the point values of @, F. and G. This is in keeping with the

N T T N o
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S2. Swnmary of 3-d Elasticity 9

classical assumption that the stored energy function in an elastic material depends on the
configuration § only locally through the point values of the deformation gradient F (see Marsden
and Hughes [1983), §§3.2 and 3.3). The dependence of the stored energy W on the metric tensor
g is essential to introduce the notion of covariance. Consider an arbitrary superposed spatial
diffeomorphism T| : § — S: then we say that W is covariant if

W(g. F,G)en, = W(n «g. TN °F.G) (2.14)

This assumption implies that w depends only on the point values of the Cauchy-Green tensor C.
That is, there is a function of the point values of metrics on B, which we shall denote by W such
that

Wwl(g. F.6) = W(C.6) (2.15)

Let G be the Cauchy stress tensor and let T = Jac(P)o, (where Jac({) is the
Jacobian determinant of ), be the Kirchhoff stress tensor. Finally, the symmetric
Piola-Kirchhoff stress tensor is defined by the pull-back relation

S = ¢P*(T) = Jac(P)P*(o) (2.16)

We then have the constiutive relations

dW(g. F,B) ) oW(C.6)
———a-g-——- and S= 2p,d3—c———-— R 2.17)

T = 20,
where p . is the density in the reference configuration. The relation (2.174) is referred to as the
spatial Doyle-Ericksen formula (see Marsden and Hughes [1983] S3.3. and, for the material
counterpart, Simo and Marsden [1984)). In terms of the Lagrangian strain tensor E = (C
- G)/2. and the Eulerian strain tensor @ = Pu(E) = (g -~ b=1)/2, where b-' =
P« (G) is the Finger deformation tensor, formulae (2.17) read

v . p SOFS) s L, aw&.s) 218

Note that the dependence of W on the material metric tenso G has been explicitly assumed in
equation (2.14) but that G is treated as a parameter as far as the covariance assumption is
concerned.
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§2. Summary of 3-d Elasticity 10

Next, we consider the invariance group of W on the left and on the right. We observe that
the form of the stored energy function W = W(gQ, F, G) is left invariant under the action of the
group Diff() of all diffecomorphisms of S onto S. Indeed, this follows directly from the
covariance assumption. Thus, we regard the function W(C. G) as being obtained by left
reduction from the function W. This relation is key to the derivation of the Hamiltonian structure
in the convective representation and will be explored in detail in the next section.

The Convective Hamiltonian

We conclude this section with a discussion of the Hamiltonian in the convected picture. In
the Hamiltonian formalism for the material picture, the kinetic and potential energy are
expressed in the variables on TG i.e., in the variables @ € C, and its conjugate momentum
H¢ € T°C, which is related to the material velocity by the coordinate formula

Mya(X) = gap(XIVE(X)p X)) d3X 2.19)

so that ”«p is a one form density covering . We obtain the expressions for the kinetic
energy in the convective representation by simply changing variables as follows. The square length
of the material velocity is given by

V002 = VAXOVE(X)gap(x)  (where X = 94(X))

H FaAFbB'VA'VBgab(X)
: CpgVADR. (2.20)
Introducing the inner product
W, W) = [ p CapVAVBaX @21)
B

on the space of convective velocity fields, the kinetic energy may be written as

1
K = ;JQP,«V‘V"O»U’X

- '; ORT) 2.22)



e AR LA WA

NN L

FAE IS I .
A L P P P TR YT

§2. Swnmary of 3-d Elasticity U

This kinetic energy induces a function on the cotangent bundle in a standard manner. The
corresponding momentum induced by this kinetic energy via the Legendre transform is given by

M = p_Dbddx (2.23)

where B denotes the index lowering operation so that pb is given in coordinates by 'VA z
Cap?®. and d3X is the coordinate volume element on ‘B. Similarly, following standard notation
(see, for example, Abraham, Marsden, and Ratiu [1983]), the index raising operation is denoted by
# 5o that M¥ is given in coordinates by MA = CAB:MB. where CAB denotes the inverse matrix
to C,p- Substirution of (2.23) into (2.22) gives

1 1
K = - I — My MCABgIX 2.24
2 B Pret A% ( )

Note that K is now a function of M and C alone. We also note that the kinetic energy is just one
half the square length of the momentum density in the metric on the space of convective momentum
densites that is induced by (2.21). Thus the total Hamiltonian is given by the expression

1 1

HM.C,G) = - — M, M,CABGIX w(c, 6) ¢’ .
( ) > J'ﬂ P aMg J‘ﬁ Preg W( ) ¢°X (2.25)

We think of this form of the energy as being the energy induced on the original space of ¢, M,
g's after quotienting by the group of spatial diffeomorphisms Dif{(S) (and again G enters
parametrically). This idea is central to the reduction procedure that will be explained in the next
section.

Convected Equations of Motion
The convected equations are obtained by either pulling back the equations of motion in spatial

coordinates or by a coordinate calculation of 9 /3¢, etc. From balance of linear momentum, one
gets the following:

M = CDiv S+ [VVITM A 2.262)

whereas balance of angular momentum yields the standard symmetry condition § = S7. Finally

rhddind Al o




§2. Summary of 3-d Elasticity 2

one gets the additional relation:
(o Le (226b)
Here, L) C denotes the Lie derivative along the flow of the convected velocity field V.

Equation (2.26b) follows directly from the relation between flows and Lie derivatives and the .
relation Cy = 9" (). Another argument is as follows. Recalling (2.4¢) and (2.6a), we have

LyC =Lge)9*(C) = 97( Lyg) @27

Since L, g = 2d, where d is the rate of deformation tensor, (2.26b) follows from (2.27) by
recalling the well known relation

C = 2¢y(d).

It is equations (2.26a) and (2.26b) that we shall show are Hamiltonian in the next section.

...........................
........
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§3. Hamiltonian Structure of Three Dimensional
Elasticity in the Convective Representation

In this section we show that the equations of elastodynamics in the convective representation
are Hamiltonian relative to a non-canonical Poisson structure on the space of pairs (M, C),
where M is the convective momentum density and € is the Cauchy-Green tensor, as in the
preceeding section. This means that the equations of elastodynamics are equivalent to this

condition: for any function f(™, C), |

f = {1 H} (3.0

where H is the Hamiltonian, given by equation (2.25). The bracket ( } satisfies the usual
conditions for a Poisson bracket, including Jacobi's identity (see, for example, Marsden et al.
[1983] for some generalities).

The bracket (,} appearing in (3.1) will be obtained by reducing the canonical
bracketon T'C by the group of spatial isometries of the metric § on S . Equivalently, as
in Marsden, Ratiu, and Weinstein [1984a,b}, we can add the metric @ as a parameter and reduce
TCx M '5) by the left action of Diff(S$). This reduction procedure will be explicitly
explained by direct caiculation in what follows. Before reading this section, the reader may find it
helpful to first review the paralle] case of rigid body dynamics in §4.

The Canonical Bracket on the Material Phase Space

We start with the canonical tracket on T'C. the space of deformations ¢ and their
canonically conjugate momenta H\V‘ the material momentum densities. Nowlet { and g be
functions of the pairs (M., C) . Define the new functdons { ,g on T°c by

» T(P. Mg) = 1(9*Mg. 9°9) (3.2)
¢

b where

b

’ P*Mg =2 M = (TP)T o My (3.3)

Here, (TQ)T = FT is the tanspose of the deformation gradient and

C
R - . % .
L e e e A e e e
L T N
e L e, et R Tl R UL T




§3. Hamilonian Structure for 3-d Elasticity 7
9°g = C =FTF (3.4)
as before. In coordinates, (3.3) reads ¢
MA(X) = FRA(XIM,(X) (3.3)
and
Cag(X) = F2A(X)FPa(X)gyp(x), (3.4) ‘

where X = P(X) . Wedefine @ ina similar way. Now we form the canonical bracket on
T*C

T T - §7. 69 89 . 3
{T.9}) = IB 59 Mg 59 SM‘p)dx (3.5)

where §1/8¢ is the functional derivative. (This Poisson bracket is written asif ¢ and My
were independent variables; this requires a little caution since T*C isnot simply a product space.
However, it is well known how to deal with this situation; see Abraham and Marsden [1978] and
Marsden and Hughes [1983]). The bracket (3.5) is now to be expanded using the chain rule and
the result expressed in terms of f, @, M, and C. This will produce the desired reduced
bracket. General reduction theory (Marsden et al. [1983], Marsden and Ratiu [1986] and
references therein) shows that the elastodynamic equations, which are Hamiltonian on T*C (or
Lagrangianon T(), reduce to Hamiltonian equations (3.1) on our convective phase space 2.
the space of (M,C) 's.

Before proceeding with this calculation, we make some additional remarks. First, if C were
a group, we would expect the reduced bracket to be of a special type, namely a Lie-Poisson bracket
on the dual of the Lic algebra of a semi-direct product; see Marsden, Ratiu, and Weinstein
[1984a,b]. We shall see analogues of such a structure here. Because the boundary of B can
move, C is nota group and indeed our bracket differs from a semi-direct product Lie-Poisson
bracket only in boundary integral terms. For another bracket in sparial representation, see Lewis,
Marsden, Montgomery, and Ratiu {1986]; see also Holm, Marsden, and Ratiu [1986].) The
boundary conditions here can either be displacement, traction, or a combination. In the former
case werestrict C , which imposes corresponding restrictions on V¥ and M,; specifically,
if aporionof OB isfixed, M will vanish on that portion. For traction boundary conditions
we add a comresponding boundary term to the Hamiltonian (as in Marsden and Hughes [1983), for
example). These boundary terms are to be taken into account in the calculation of functional
derivatives, as in Lewis, Marsden, Montgomery, and Ratiu [1986]). '

A second remark is this. The bracket in purely spatial terms seems to be possible only for
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§3. Hamilonian Structure for 3-d Elasticity IS

isotropic elasticity; see Marsden, Ratiu, and Weinstein [1984a,b]. No such restriction is needed
for the convective representation. The reason for this discrepancy is simply that material frame
indifference gives us a covariance symmetry with which to reduce by Diff(S) . The
corresponding reduction by Diff(B) requires isotropy of the material.

A third remark is that given a dynamic solution M.(X, t), C(X, t), the original motion
P(X, t) can be reconstructed by constructing V' using (2.23) and then solving the ordinary
differential equation for Proposition 2.1:

ﬂ%t;i)- = Vx, 1), t) (3.62)
and letting
¢ = Y (3.6b)

This is a special case of the general reconstruction procedure that is used in reduction theory. (See
Abraham and Marsden [1978]).
The reduced Poisson structure is given in the following theorem. The notaton is as follows:
(i) 81/8M is the vector field on ‘B such that for all variations §™ (which are also a
one form density, like M),
&f

= Lim. [ oM
DI-§™M := —= (™M« esM, C)| 0 ° Im 3 M d°X.  (3.7a)

(i) 81/8C ‘s the symmetric two tensor (indices up) density on B such that

. d . . B e gl
Df.8C := e f(™M.C ESC)I 0 = JQ iC 8C d°X (3.7b)

for all variations 8C (which is a symmetric two tensor, with indices down, on B.)

(iii) DIV(-) denotes the divergence relative 1o the coordinate chant {XA} with associated
(reference configuration) metric G,g(X), whereas Divg(:) denotes the divergence operator
relative to the convected metric C,g(X). In addition, covariant differentiation relative to the
convected metric C,g is denoted in the remainder of this section simply by V' or in coordinates
with a vertical bar; for instance, DiveV = 'V‘IA = tr{VV].

Let us denote by [-A the skew-symmetric part of a second rank tensor [-] . Then we
define the convected vorticity W by

L A A

L I SN LA . Y
(™ - L ~ e tat
\A}-A}.A P AN N .\i\i\ “at et \'d



\.

“
L
»
N
N
*
N
N
k
.
)
3
:'

-.‘ .“

AR

:"f :

WMWY

§3. Hamiltonian Structure for 3-d Elasticity I6

%w:H : [VMPH ., forallvectors H e RS . (3.8)

Theorem 3.1 The reduced Poisson bracketon P is given by

(e} =-f {w ]

oﬂ.[ch( -5;1- Dw( )

oC:[Divc(2—-g% e -g;% - pive(2 -g%)a —6‘3’-"]} d3x
(3.92)
= o . os ] ¢’
SRETCRTENSERT RN
‘IQ‘:‘[LM ({—8 'LSg(:_é)]dax
Y B
c‘[‘gcg“(i%"‘)' %(%%-N)]M (3.9b)

where N is the owward unit normal on OB, L is the Lie derivative (recall that §g/8C is a two
tensor density with indices up), and where [ ,]denotes the usual Lie bracket of vector fields.

Note that for displacement boundary conditions, (81/8M)'N = O, and so the two
boundary terms in (3.9b) disappear, resulting in a Lie- Poisson bracket for the semi-direct product
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X(B) ® (2-iensor densidies).
We turn now to the proof of the theorem. For simplicity of notation, we just write { for T.

Lemma 32. The following formulae hold:

8 of of
= = -q..Fb.12 . MA 1.10
592 Gab A[ ECAB 3% ]|B (3.10a)

&f of
-8-”—‘ Fe A GMA . (3.10b)

Proof. The second formula follows at once from the chain rule. To prove the first one we
proceed as follows. Denotingby -, -) the standard L,-pairing, we have

of a
FaAqu 9 * 3= 89, M,] av

8 .
({‘B;.S‘P> J [2

L gavF A[2 ac v M <o ]W av (3.11)

where use has been made of the reladon

s (FOCM = (F)C,CeaM = gopFou™ . (3.12)

Next, recall thatif P and S are related through P®A = F3,SBA | then one has
DIVP = TQeDive$ . (3.13)

Using the divergence theorem (and assuming §¢9® iszeroon 8B ) we have

af of
800) + | -geftalz = 2 2] serav
(3.14)

-,

oy o Ty e Y
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Hence
% Lb’ m*e 37 . 3.15)
which completes the proof. B
Making use of this proposition, and the identity CABlB = 0, we have
d
() -], 2 (o2 2] - Badle] Vo
(3.16)
Thus
{t.¢} = j {- [ eowc(z - g;t ® Dive(2 %%)]:c

[D Vc( ) Divc( 'g_gr'f) _g_;T] .mb

dg of of
[ ® 3 " o

621] VM) ex . e

Since © : A= 8 :[AJA forany A e GL(R3) (see equation (3.8)), and 6 e so(3),
(the skew symmetric 3 x 3 matrices), we have

of af ]

A [, 99
o 1 3n (V2. =3

VM [age =

= U[-éa—:? x —g—’?—t-] (3.18)

where *: RY — s0(3) is the usual isomorphism (recalled explicitly in section 4).

----------

- .
.......

L

OO " " "

PPN A

srl
s



-,:I §$3. Hamilonian Structure for 3-d Elasticity 19
-

Substituting (3.18) into (3.17) gives (3.92). Formula (3.9b) is obtained from (3.9a) by
integration by parts (the divergence theorem). B

LR

Corollary 3.3. Hamilton's equations § = {1, H} are equivalent 10 the convected equarions

PrelV + VD) = DiveS (3.192)

Iy !a ‘-l .‘l ’J ,l- o~

(or M = CDiv S - VDT (3.192))

and

€ - LyC (3.19b)

*"4\.*.".".‘1

This follows, as was remarked earlier, by the general theory of reduction. It also can be
checked by a direct calculaton.

* .‘4.‘-;
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S4. The Rotation Group and Kigid Body Dynamics

In what follows we summarize some basic notation and elementary properties of the rotation
group needed for subsequent developments. For a more detailed account we refer the reader to
standard textbooks, such as Abraham and Marsden [1982, S4.1] and Choquet and DeWitt-Morente
{1982, pp. 181-194]. We then review the Hamiltonian structure of rigid body dynamics.

The Rotation Group and its Lie Algebra

Following standard usage, we denote by SO(3) the Lie group of proper orthogonal
transformatons, i.e.,

SO(3) := {A :R¥—R3 |Aislinear, ATA = I ,anddetA = 1}; (1)

SO(3) is a compact subgroup of the general linear group GL(3) . Iis Lie algebrais so(3)
13 (5 : RS —R3 Ié is lincarand @ + 67 = 0}, the set of all skew-symmetric tensors.
The notation is as follows: In coordinates, relative to an orthonormal basis {e,} in R3Y, we
write © = é‘le‘ ® e/, © = @'e,, and, in marrix notation,

o -e° e? e!
[é‘]] = e 0 -e'| ., {o = e? (4.2
-82 ¢ o e’

Recall that $0(3) and R3 are related through the isomorphism  ~ : RY — s0(3)
. defined by therelaton 8h = @ x h, forany h € RY. Here, 8 € RY is the axial
vectorof @ € $0(3) ., and = denotes the ordinary vector product. Physically, A €
SO(3) represents a finite rotation while infinitesimal rotations are linearized rotations about the
identity. Geometrically, one speaks of $0(3) as the tangent space of SO(3) at the identity |
& SO(3) . and employs the notion s0(3) = T,;SO(3) .

Left and Right Representations of the Tangent Space to SO(3)

Givenany A € SO(3) . elements @, of the angent space TASO(3) atapoint
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§S4 The rotarion group and rigid body dynamics 2]

A € SO(3) are represented in two aliemative forms:

(i) Left invariant vector fields defined by the relation 6 A= TL Aé . where 8 ¢
s0(3) . and Lp : SO(3) — SO(3) denotes left translation; ie, LoAy := AA, .
A simple calculation yields 2] AS AS . Accordingly, we have the following identification of
TASO(3):

TASO(3) = {éA := A6 l forany 8 e so(3)} . (4.32)

Geometrically, an element é/\ € T,SO(3) corresponds to a finite rotation
superimposed onto an infinitesimal rotation 6 e so(3).

(ii) Right invariant vector fields. The characterization is identical to that in (i), with left
translations replaced by right translations Rp : SO(3) — SO(3) definedas RyA; =
A A . Thisleads to the representation

- -

TASO(3) := (B, := 8A l forany © e so(3)) . (4.3b)

Geometrically, an element 6/\ € TpSO(3) represents an infinitesimal rotation
superimposed onto a finite rotation represented by A . Following the general conventions we
use in elasticity, left invariant vector fields atapoint A are denoted by upper case letters; i.c.,
éA . Wethinkof & e so(3), withaxial vector © € R3 , asamarerial object with
coordinates ©! relative to a material basis {E,} . In the context of rigid body dynamics one
often speaks of body representations and body coordinates relative to the body frame {t,}
defined by t, := AE, . On the ot er hand, right invariant vector fields atapoint A are
denoted by lower case letters; i.c., 8, . One thinksof 6 € $0(3), with axial vector © €
RY, asa spatial object and coordinates ©! relative to a spatially fixed basis {e‘} .In
the context of rigid body mechanics one speaks of the spatial representation .

The Dual of the Lie Algebra

We also recall that s0(3)° , the cotangent space at the identity | € SO(3) . is
isomorphic 10 [R3, =) and 10 50(3) via the dot product; that is, we also identify elements of
$0(3)° with skew symmetric matrices and use the map * and the pairing given by

lagla o giegis ot T
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c $

- 1 :

mw) = 3 nw = nw ., 4.4) .

"

- A

where 11:W = trace [MTTW), and we have used the notation A:B = Al;B;J forany A.B

€ GL(3). Thus, the duality pairing ¢ 3
Couod T;SO(3) x TASO(3) — R (4.52) 4

is defined by :“f
M Wp> = Ltrace [MAWA] = L Mpw :

A WA2 = o Ce LliaWA]l = 2 AT WA (4.5b) \,.

Note that this duality pairing is lef? invarignt in the sense that Tj‘;:
- 1 TATA 1 - -

(Ma Wpd = gtrace [TATAR] & 2. W - AW (4.5¢)
The Exposential Map I
e

Finally, we recall that the straightline € ~ €6 € T,SO(3) , for € > 0, is mapped by -

the exponenrial map onto the curve -;
R k ot

e expled) = [ X -:—,é“ ] e so3). (4.6) =

20 :

Note that for the case of © € s0(3) one has the following explicit formula often credited 5
to Rodrigues (Goldstein [1980, p. 165)): S
. . 5%

sy . 1, Sinje) s 1 sin¥(]e}s2) 4, N
exp (6] = I ol 6. - Je}/2)2 é Z%) 21

This formula is of fundamental imponance in the numerical solution of initial boundary value (I
problems for finite strain rods (Simo and Vu-Quoc [1986a)). Ky
Let us now recall the Hamiltonian structure of rigid body dynamics in body (= convective) .'::-_.-




TTEoOsS-STE Smagw "“‘"“mewmm.mmmwm
; ;

S4 The rotation group and rigid body dynamics 3

representation.  This is done purely for the reader's convenience to see the parallel with the
developments in the preceding and subsequent sections. It is also useful to keep this parallel in
mind for the problem of coupled dynamics (Krishnaprasad, Marsden, and Simo [1986)). For
further details on rigid body dynamics in this context, see Marsden, Ratiu, and Weinstein [1984b).

The configuration space is € = SO(3) , and the Hamilonian H : T*SO(3) — R
is given by !
m-o'm. (4.8)

e
"
|-

Here, 1 is the inertia dyadic defined in terms of the Lagrangian coordinates X = (X!, X2,
X3) as

I := _[ o) [ Ix]21-xex ] ax. @9)
Q
and TV is the dbody momentum defined as

.V
m:=1[AT A] . (4.10)

We observe that H is invariant under spanal isometries ; that is, invariant under the left action of

SO(3) . Reduction by this symmetry amounts to considering functions { : T*SO(3) — R

of the form
f(A. ﬂA) : T(ATnA) = (M . 4.11)
The canonical bracketon T*SO(3) is given in terms of the duality pairing { -, +) :
KSO(3) x TASO(3) — R defined by (4.5) as
1 [ of 39 99 of
. z - ——— - —_— 4
O {f-g} 2 [<6A ’ aﬁA> ( oA ' aﬁ )] (4.12)
- A
, : The Lie-Poisson bracket on the reduced space P = T*SO(3)/S0(3) is obtained with the aid
S of the results given below
:: Proposition 4.1. The following formulae hold

v
T T T .
e, »

-«
L I )

2
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of 1 af 1"
I | of ¢
sk =g Aln-SE 4.13)
— A
d of '
—— = A [ —] . (4.14) ‘

where f(ﬂ) 2 Tn)

Proof. To prove (4.13), observe that for any 8A € T, SO(3) we have the left representation
S8A = A88, where §6 € s0(3). Thus, by the chain rule and the left invariance of the
duality pairing we have

of IR
—'SA s e T
- SRR

('—ﬁ' 6 1)

- = aﬁ , 86 )

Since of € s0(3), itfollows that
on

af 1 X
(-a—A—.sA) E[ﬂ.—e-ﬁ-]. §6 )

So that, on setting (1) = T(T) and recalling the Lie bracket relation

AB - B8A : [AxB]",

L4
t

4
o

we obtain

of of 1°
(o A= Almagm ] sn.

and result (4.13) follows. An analogous calculation holds for the formula (4.14).8

“'}". e “v S ) YRS P T T i U .
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§4 The rotation group and rigid body dynar -ics 25

Subsdtution of (4.13) and (4.14) into (4.12), and use of standard vector product identities
yields the result

o7 ~
(f.g} = '"'[—ﬁf' * %,%] - (4.16)

which is the standard Lie-Poisson bracket for rigid body dynamics. The equation f={f, H} is
then easily checked to be equivalent to Euler’s equation for rigid body dynamics: TT = Q x TT,
where @ = ATA s the body angular velocity.

AT A NN N L
NN NI,
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§5.Geometrically Exact Finite Strain Rod

The static version of the rod model summarized below goes back essentially to Reissner
[1973] who modified the classical Kirchhoff - Love model (see Love [1944]) to account for shear
deformation. An equivalent model, formulated as a constrained director theory - the so-called
special theory of Cosserat rods - is due to Antman {1974] - sce also Antman and Jordan [1975),
Antman and Kenny [1981], and Antman [1984] for some applications. The dynamic version along
with the parametrization discussed below is given in Simo [1985]. For completeness, a brief
account is outlined next.

The Configuration Space

From a physical standpoint, the configurations of a rod deforming in the ambient space R°
may be defined by specifying : (i) The position of its line of centroids by means of the map § :
[0, L] — R3, and (ii) The orientation of cross sections at points S € [0, L). This can be
done using the orientation of a moving basis (t,(S) l [ = 1,2,3] artatched to the cross section
relative to a fixed frame  (E, l 1 21,2,3), referred to as a material frame in what follows.
The moving basis is described by means of an onthogonal transformation A : [0, L] — SO(3)
such that t{(S) = A(S)E,.

If we view the rod as having a finite cross section given by a compactset 2 C R2
with a smooth boundary 952, then the placement of the rod in its reference configuration is
determined by a map $4(S) = (Pg(S), Ag(S)) in such a way that the corresponding set
ocupied by the rod is given by

2
B: {X e R}| X = 9q(S) + Zl E=Ao(S)E,. where (E1.£2S) e @ x [0, L]}
=

(5.12)
Without loss of generality we can assume that ﬁ(Po'(S)u = 1, so that L is the length of the
reference line of centroids. Typically, one chooses Ag(S) so that T(S) := Ag(S)E, is the
Frenet frame associated with the curve @g; that is,

Ts:= 9o Tya= 9o /90| oand  Tpi= TyxT, (5.1b)

According to these ideas, we take for our configuration space the set

--------------
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85 Geomerrically exact finite strain rod s

C= (¢ = (9. A) | (0, L] — R3 = SO(3) ) (5.2)

For simplicity, we shall assume that § and A satisfy pure displacement boundary conditions

in what follows; i.e., § |5 = oL and AIS = 0,1 are prescribed. Hence, the tangent space at
the identity configuration is given by

Tidenu'ty c

0

= ((69. §6): [0, L] — RS x so(3) | §9(s = oL

and §8 |5 . g = O). (5.3)

Left and right invariant tangent vector fields at a configuration ¢ € Care defined below in the
standard fashion by employing left and right translations. Finally, associated to any configuration
¢ € C one defines its arc-length by the mapping

Sel0,L]~s=5(S):= Ios “ -—g—z(v({) “ d€, (5.4)

The arc length may be used to parametrize points on the center line of the current configuration. For
the convective description, this is not necessary, but it is convenient in the spatial description. We
shall tacitly assume that the rod does not self-intersect; that is, that on the image of the above
mapping, ther is a well defined smooth inverse mapping X + S, where X is a point in the
image of ®. The image curve is parametrized by the arc length and so we will regard the role of X
as being played by S in what follows.

Motions and Velocity Fields

A motion is a curve of configurations t € [0,T] ~ & = (P,.A}) € C for some time

interval [0,T]. Associated with a motion, one has the material velocity field V¢(S.t)
defined by

Vo(S.t) := a%‘ ®(S.1) := (P,(S. t). A(S, 1) (5.4)

Thus at any time t, the material velocity is an element of T4C, the tangent space 1o Cat the
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S5 Geomerrically exact finite strain rod 28

configuration ¢ at time t. The spatial velocity field Vo(s,t) is defined by
ve(s.t):= (§(S, 1), A(S, t)), (5.5b) c

where, as above, S = S(S.t) is the arc length in the current configuration. Finally, the
convected velocity field V,(S.t) is defined by the expression

Vo(S.t) iz ([AS.D]TH(S, 1), [AO]TA(S. 1) .50
Since A(S, t) e SO(3), we can write
A(S. t)= A(S. t) W(S, t) = w(s, t) A(S, t) (5.6)

where W(S, t) € so(3) and W(s, t) € so(3) . Accordingly, the convected and spatia
velocity fields can be expressed as

Ve(S.t) = ([AS.0]T ¢S, 1), W(S. 1))
and Ve(s.t) =(P(S. ), W(s, t)) .7
Remark. One can easily check that the components of the spatial velocity in the moving frame
lt,(S)} are equal to the components of the convected velocity in the inertial frame {E|). We also
remark that the material velocity field V¢ may be viewed cither as a left extension of the convected
velocity field D 4 or as a right extension of the spatial velocity ficld V.

Strain Measures.

As in the three dimensional theory, one defines the (one-dimensional) deformation gradient
as

&'(S.1) := (P'(S.1), A'(S.1)), where () :=3/0S (5.8)

_' Similarly, in parallel with the definition of velocity fields, starting from the (Lagrangian)
deformation gradient ®'(S,t) one defines convected and spatial strains according to

-
2l BaCmlaia AL A
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85 Geomerrically exact finite strain rod 29

convected material spatial
r(s.t) := [A(S.]T9" (S.t)  @(S.1) F(s.t) := AP(S.t)/3s

0(s.1) := [A(S.D]TA(S.t)  A(S.Y) W(s.t) := [QA(S.1)/3sIAT(S.1)

where S = S(S. t). We again note that the components of the convected strains in the material
frame (E,} coincide with the components of the spatial strains in the moving frame (t,(S))upto
a factor (because of the arc length parametrization that may be used in the spatial description.) The
above expressions can be derived from the three dimensional theory by a duality argument
employing the formula for the stress power given in the remark below.

The Equations of Motion in Spatial Description

Associated with the motion t+ &, € C, one assumes the existence of smooth vector fields
n(s.t), m(s,t). and a scalar field p(s,t) interpreted respectively as the contact resultant force,
contact resultant couple, and density per unit of current length. These fields satisfy the following
spatial local form of the equations of motion:

. ' o1y Op .
. 1 - .
pelo) 55 =0 .
on —

pAV = 55 ° n (5.10)

pLﬁW‘WIjW]:-—aé'-Eozlnoa

In these equations, we use the following notation:

- _ 9, 9 95 b

- ot ds ot v

denotes the material time derivative, and T, M are the body force and torque per unit of current 5

length s = S(S, t). The role of the Jacobian is played by J = 3579S; )(s.t) is the time ’
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§S Geomerrically exact finite strain rod k1)

dependent inertia dyadic of the cross section given , reladve to the moving frame (t}} by
Ji=Bt, 0ty c a5ty @t (5.11)
where J™® and J33in (5.11) and A in (5.10) are inertia constants associated with the reference
cross section. (Typically J*P:= fq £.Lp dQ. ot.B = 1.2, and A :=z Jg dQ, where
€4, &2 are coordinates in the reference configuration defined by (5.1).)
Equations (5.10) are the local statement in the spatial description of balance of mass, balance of

linear momentum and balance of angular momentum, respectively. We refer to Antman
{1972),[1976] for a derivation of analogous equations from the three dimensional theory.

Equations of Motion in the Convective Description
In the convective description, the balance laws are expressed directly in the inertial frame (E,).

To this end one defines vector fields N(S,t), M(S,t), and p,_(S) as pull-backs of their spatia’
counterparts by means of the relations

N(S.t) := [A(S.)]T "n(s.t),
M(S.t) := [A(S.1)]7 ‘m(s.1), (5.12)

p_(S) := J(S. t)p(s.t)

where S = S(S, t) and J(S.t) = 9s(S, t)/8S . Omiting explicit indication of the
arguments, by malking use of the relation

am _ .

and the analogous expression connecting Nand N, a straight forward calculation then yields the
following statements of balance of mass, linear and angular momentum:

us

at ° O

oN

ApdV + WxV)z: —=+QuN-N

(5.14)
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M
0

where V' = ATY is the convective velocity and J := ATjA is the rime independent ineria
dyadic.

pn,[J\.h'OW-JW]z +OQxMeTxNeM

w

Remark: Within the context of the three dimensional theory, N, and M are defined as the
resultant force and the resultant torque relative to the line of centroids of the distribution of stress
acting on a cross section. The definition of & and @ is unique in the sense that the stress power is

given by
P - 2. mw’ - g M6
Jouo PF O es = f 0 ingTemel as Jo 1+ M1 6
(5.15a)
Here, P is the first Piola-Kirchhoff stress tensor, F is the deformation gradient of the
configuration given by
2
® = P(S.t) « X Eot,(S.1), and V' -w=x (515
oz

is the co-rotated rate measuring the rate of change relative to the moving frame.

Appropriate stress measures conjugate to the Lagrangian strains (§°, A’) may also be obtained
by either (i) left extension of the spatial stress measure (n.m) or (ii) right extension of the
convected stress measures {N,M). For instance, the latier extension takes the form

Npo:= AN and M, = AN (5.16)

Obviously, such an extension preserves the stress power. @

Constitutive Equations

In view of the expression (5.15) for the stress power, one characterizes (isothermal)
hyperelastic response by assuming the existence of a free energy function Y(S,¥,@,A) such thar

AY(S.¥.0.A)

n=: FY.3 .

(5.17)
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AY(S.¥7.w.A)

oW
By postulating that these equations are frame indifferent; i,e.,covariant under the left action of the
Euclidean group of spatial isometries, a further reduction is obtained as follows. Let t — Q(t) ¢
SO(3) be an arbitrary superposed rigid body rotation, and let ®,* := ( Q(1)9, Q(1)A) € .
Denoting by (*)* objects associated with &4 *, one has the relations

and m:=

¥ =Q()y, n*=0Q(t)n
®* = Q(t)w, m* = Q(t)m (5.18)
vy =y

Thus, by choosing @ = AT, and since Y*(S, Q¥, Qw, QA) = Y(S, ¥, @, A), it
follows that the only possible form compatible with frame indifference and locality (see, for
example, Marsden and Hughes [1983)) is given by

_ 3v(s.I.0) _dw(s.r.a)
N = s and M= s (5.19)

Example. An example of a constitutive equation consistent with the above invariance
requirements and useful in computaton (see for example, Simo and Vu-Quoc {1986b]) is furnished
by the uncoupled linear systems :

N=C\I -TI9); M= cylQ - QY (5.20)
where Cy, and Cy are symmetric positive definite and constant, %= ApTgp' and Q0 =

AgTAg'. This ensures that the reference configuration ®4(S) := (Pg(S), Ag(S)) is stress
free. Linear constitutive models of the type (5.20) are analogous to the Saint Venant-Kirchhoff

E mode] of three dimensional elasticity and are typically restricted to small strains due to the behavior
E of Y. We refer to Ciarlet (1986, Chapter 4] for a summary of appropriate growth conditions of .
-

>

Hamiltonian in the convective description

:

; One defines convected linear and angular momenta according to the following expressions

)

B R R R R R AR b
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M= p AV and T := p_JW (5.21)

Thus, in the absence of body forces and couples, and assuming for simplicity pure displacement
boundary conditons, the Hamiltonian is given by

H(T, ©): (M. M) =

J (A P2 « T po M)
0

L
. j y(s. T, Q)dS (5.22)
0

In the next section we shall consider the Hamiltonian structure of this rod mode! on the reduced
space P= T*(/S0O(3).

Y B el Tt Pt . .
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§6. The Hamiltonian Structure for the Geometrically
Exact Rod Model in the Convective Picture ’

In this section we shall derive the Poisson structure which makes the equations for a
geometrically exact rod model Hamiltonian. To do this we shall proceed in a way that is similar 10
that in three dimensional elasticity and the free rigid body, namely, we shall reduce the canonical ¢
bracket in matenial representation by means of spatial isometries. To carry this out, begin by
recalling that the configuration space for the rod model is given by

c={¢ | ¢ :(9.A):[0.L]— R3 x50(3) } 6.1)
The tangent space to C at a configuration ¢ is given by
TeC= { Vo | Vo = (Vg. Wp) : [OL] — R3x ToSO(3) }  (62)
and the cotangent space is given by
ToCz { Mg = (My. 1) : [0.L] — R3 x TRS0(3) } (6.3)
Now introduce the duality pairing

(o) T.C" T;C—-—’ R

defined as follows:
1 -
¢ V.. H.) s IOL [ "¢V¢ i ; ﬂA.WA] as (6.4)

Recall that the reason for the factor 172 is that according to (4.4) and (4.5),
ﬂA:WA H 2 n-w (6.5)

-
Next, we tumn our artention to the formulation of the canonical Hamiltonian structureon 7 C.
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The Canonical Bracket

We consider functions f, g : T..C — R 50 that the canonical Poisson bracket is given
by

{1.g} := 5r1.> < 5"0 : 6.6)

Explicidy, one has the expression

L8t sg &g
(f. g] 'Jo 59 EMy 59 sM‘,]"S

v [LT 8T &g
* - H dS . 6.7
J A S, mA ] ©-7)

As in section 3, we remark that the Poisson bracket (6.7) is written as if the vanables
(9.My) and (A, i A) were both independent. This however, requires some caution since T°C
is not simply a produxt space. Again, we refer to Abraham and Marsden [1978).

Reduced (Poisson) Bracket

In the present context, reduction by material frame indifference amounts to considering
functions { : T C — R whichare SO(3) invariant; these are of the following form:

(0: Mg) = 1((9. A): (Mg, N4)
= T(AT9. ATA): (ATMy. ATRY)) | (6.8)

where (-)’ = d(-)/dS. Inwoducing the notation

I = AT¢ ]
®
6 = ATA ?
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M o= ATMg ©2)
N o= AT,
which is consistent with the left representation of T.C we may rewrite equation (6.8) as
(9. A (Mg. TA)) = T(T. G): (M. 1)
= T(r.a:m™.m) . (6.10)

One now obtains a reduced bracket in terms of the variables ((T', Q); (*, M) by
transforming the canonical bracket with the aid of the chain rule. The key result is contained in the
following:

Proposition 6.1. We have the following formulae:

3 of 1°
e "[‘aﬁ] : (6.11a)
81 AN of
o -A[(_e_r +0x5x] (6.11b)
5T of
Wy A (6.11¢)
1 aT aT ,oT af
CIRRPNLEE TSN LIY ¢ REEE- 1R

6.11d)

Proof. The first three formulae above follow directly from the chain rule. To prove the last one,
we proceed as follows. Making use of the chain rule we have

81 (Y T saTe . L[ 8T GGATA- - ATsA:
A.8A>-_[°{ o saTe e purl S GATA - ATeA)]

- .
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3 a7 e i
. PY 1 . SATQ « ~1tr ﬁ SATnA}dS 6.12)
N
x L of 31 1 . AT
: TsA: . .26 %L
3 J ATeare SLome 3L ;0 S-]es
: Loy T\ . ,n oT
" - = §A: A——) « AT — as ., 6.13
- Io 7 o L ) o ] ©19
. where we have used skew-symmetry of 6_1765, integration by parts, and the relation A’ =
n A Q . Wenow observe that since §A € TASO(3) one has the left representation SA =
> A88, where §8 e s0(3) and so we may rewrite (6.13) as
2L 5A) =ILsé=[reeTon®£-ﬁiT—
- §A 0 ol oM 66
- 14 Of 1,87,
--N - - ds . 6.14
b AR Y1 ] @19
However, since §6 € s0(3), we have
A-A
::' 6 :A = 86 [ 5 ] (6.15)
- forany A € GL(R3). In addition, we recall the identity
[aeb-b®al = -[axbl”, abeR’, (6.16)
along with the relaton
(AB-6A) = [AxB)" , A, Beso(3) . (6.17)
X Therefore, since 31738 = [87/90]", we have
2

PO PR N 2K PR P AR T R D R R A S S e e,
bl \ WA M DPW ‘ " \ d S .' PO A A S W R AR R AN S S RS .‘: g'_..-'._-’._-'._ ---- REPIEAY S
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§f 1 of af
5x BA) - J LR T UL
1 at\ ‘IA
e —~TI x ds ,
2 oM ao)] (6.18)

and replacing §6 by ATSA. the result follows. B

Using the formulae in Proposition 6.1 and employing the notaton (f, g} = (T, g}¢ .
(f. 9)o where

21 of dg
{f. g}p := J SA o, &\ 'aﬂA )ds . (6.192)
- of dg  df

we have

L ’ -~ -~ '
gl = - [T [ 3-(5L) e

a7 37 89
j o [3F 5 -ot" an]"s'

In addition, since A : 872 = A - B,

{1.9)A:=

L
-Io(;.n..g%.n.é%(-.r.-gj Q x ‘57 T)] egds

Ly 39 a9 ag 99 (dgy ] of
SACLER TETE TEEE SLIF ¢ DB
(6.21)
so that
\"."1'\ ‘:I'."::I:I:v;‘ ''''''' \,\.;\ Vi e A e e P ;J,_._‘,\ S ‘. NP T e
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L of a3 3T \' 99 (93" of
o == G (55) - - GD &

33 _ 33

S G UE P €22
9g og _ of

+ Q- (eo ST "80 ~ 57)

3
‘r(er g' 3F en)]"s

Thus, we have proved the following

Theorem 6.2. The reduced Poisson bracketon P =T*(C/SO(3) is given by

a
L aTy\y 973 dgy of
T8 = 'Jo {(ET) 'eygt’(er) M
(canonical) 3 (6%«5) . } s
|
' 5 0§  oT
(irzeraction ) ‘L -I;{Q-[—g—;xe—ar—gi- %Q_, g—]} ds
[ L a7
- IO n [-é—ﬁ- x 612] ds
9T 99 989 _ of
I {a- [ 3 s " am
(Lie-Poisson for a 1 [ aT a9 g . 99 g, of
semi-direct product ) +T. 3T 3“ " 3T —aﬂ
a7 ag ag eT
| g sl ey,

-3 CR- S
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Note that the first integral gives the canonical term in the variables ((I", Q); (M., T the
second integral gives interaction terms ; and the last two integrals are the Lie-Poisson terms .

Corollary 6.3. Hamilton's equations { = { 1. H) with Hamiltonian given by equation (5.22)
and the Poisson bracke: given by (6.23) are equivalent to the following convected equations of
motion

M = N+QxN-WxM
M =M+QxMeTxN-WxTI (6.24)
I' =V +QxV -WxT
O = W+0OxW
where
N = %% and H=%% =

The last two equations in (6.24) can be checked by a direct calculation from the kinematic
reladons in secton 5. The first two equations in (6.24) coincide with (5.14).

In summary, we have found the reduced space P« T*C/SO(3) to be the space of the
convected variables ((I", Q); (M, T0)) with the Poisson bracket given by (6.23). This reduced
bracket has been obtained from the canonical bracket in material representation by reduction. As
with three dimensional elasticity, if the motion on the reduced space is known, then the original
motion in the material description can be reconstructed by solving the following system

3N 39
—e—t--AW -3-{-1\1)

Remark. The Hamiltonian formulation can be of assistance in the establishment of conservation

laws, in addition to being useful for stability and bifurcation studies. For example, suppose that the
rod has an isotropic cross section, so that the inertia dyadic J has two equal eigenvalues, just as in
the case of the Lagrange top. Then there is a material symmetry group acting: it is the group S!
acting on the righr . Namely, let the symmetry group S? consist of rowations about the symmetry
axis, say U. The group action is then given by the following action of R € $': @, and Mg
unchanged, and (A, T5) = (AR, f1,R). Here the momentum map corresponding to this
action gives the conserved quantty
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§7. Geometrically Exact Plate Model
In this section we summanze the basic equations goserning the goemetncally exact plate
model. First, we introduce some necessary notaton
Notation
In the geometric description of the configuranons of a plate, the unit sphere
s2 .= {teRY||t]:=1) .
plays a central role. Givenany te S2, the tangent space at t is
7,2 = (v,eRY | v,-t=0) . (7.1b)
Thus, Tts't’ can be identified with R2. In addition to S2 one introduces the following subset
of SO(3) which enables one to establish a link between the plate and rod formulations.
Let E € R3 be a fixed but otherwise arbitrary vector. Define Sg to be the set of rotations
A € SO(3) whose rotation axis ¥ € R3 isnormal 10 E; ie.,

Sg := (A e s0O(3) i Y e RY satsfies AY =Y and ¥ "E = 0}. (7.2)

The set SE is closely related to S, as the following (well-known) result shows.

Proposition 7.1. Givenany t € S there is one and only one element Ay € Sg such that

t H AtE . (733)
Infact, S and Sg are diffeomorphic.
Proof. Given t € S define the orthonormal set {E,} by

Es




§7. Geomerrically Exact Plate Model 43

; E; = E3=E

It follows that E3 = t - (E - t)E. Clearly, {E;} is uniquely defined for t = E. Let © :=
cos (E - t) anddefine Ay € SO(3) by

:‘ A = £1®F, * COs ©(E; ® E; + E3 ® Ej)
: +sin©(E;, ® E; - E3 ® E,) .

4 Hence, A, € Sg. Uniqueness follows from the construction. B

The geometric interpretation of this proposition should be clear. It constructs A, by rotating
E to t inthe plane they span, through the angle ©.

The tangent space to Sg at the idendity is given by
% T/Sg := {6 € so(3) I e-E=z=0} . (7.3b)
Finally, the tangent space T5Sg at A e S is obtained by using either left or right tranlsations
. in SO(3). For instance, for left invariant vector fields we have
TASg = (éA := AO I forany 6 e TiSg. and A e Sg). (7.3¢)
.
' An analogous characterization holds for right invariant fields.
Kinematic description of the plate
We consider the kinematic description of a plate with thickness h > 0. Essendally, no
’ conceptual modification is required for the more general case of a shell. Let {E(X?), 1=1,2,3]
2 be a fixed orthonormal basis for RS, with Ey = E. Anypoint X € R? may be expressed as
X = X0+ 8E, where X0 = X°*E_, L£eR. (7 .4a)
> From the point of view of the three dimensional theory, the reference configuration of the plate is
- these: B C RY given by
r.
BN A R D A R B O R N N S R R :\J
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B := {x=x°o£E|x°eQ and £ e -%%]} (7.4b)

where Q C R? is a given region in the plane. One refers to (X0« EE I X% e 30 and ¢
€ [- h/2, h/2] } asthe edge of the plate, and to Q as its mid-plane . The basic kinematic
assumption is that any admissible configuration @ : B — RS of the body is characterized as

x = P00 = 9xO B, Ee[-2.%] . osa
where @ : Q — R maps the mid-planc onto P(Q) € R3, and t is a unit vector artached
to the point P(X®) € R3, not necessarily normal to Q(Q), which is referred to as direcfor or
Jider direction. The fact that t need not be normal takes into account possible shear
deformations.

Note that the mapping X? € Q — t(X0) ¢ S2 assigns to points X9, vectors t in the
unit sphere (at P(X9)). By Proposition 7.1, the unit vector t at @(X%) can be obtained from
E uniquely through arotation A(X?) € Sg with rotation axis normal to E.

Configuration space

The kinematic assumption (7.3) embodies two essential ingredients: (i) Points X% e Q in
the midplane are mapped onto points X € R3 through the mapping @ : Q — R3; and (ii) unir
vectors E € S2 antached to points X% € Q are mapped into unit vectors t(X%) € S2 10
points P(X?) € R by rotations A : Q — Sg vith rotation axis normal to E. According
to this view, two abstract characterizations of the set C of possible configurations of the plate are
possible:

(a) Director point of view:

c:= {Fa@t)|9:0=R andt:0—s?} . Qe

The tangent space T C at a configuration ® € Cis defined as

Tec = {67 a (5¢.5t) | 69 : @ — R and 8t : 0 — T,52}.
(7.6b)
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() Consirained frame point of view. Equivalently, as a result of Proposition 7.1, the
configuration space C may be defined as

C := {4>-((P./\)|<P:Q—~R3 mdA:Q—OSE} . (173
According to this view, the tangent space is
TeC = {60 = (89, 8A) | 89 : @ — R3 and 8A : Q — T5S¢}. 0

Points of view (a) and (b), although equivalent, lead to different forms of the equations of
motion. Starting with the classical paper of Ericksen and Truesdell [1958), a substantial body of
contemporary work, see, e.g., Antman [1976,1978], Green, Naghdi, and Wainwright [1965], and
Naghdi (1972, 1980] has been typically concerned with the director point of view (a). Here, on the
other hand, we take a different approach and adopt the constrained frame point of view (b) as a
starting point. Our motivation for this lies in the strucure of the equations of motion and the
Poisson bracket in approach (b) and which are essentially identical to that of the geometrically exact
rod model considered in Sections S and 6. The form of the Poisson bracket corresponding to
approach (b), in the convected description, is obtained by a reduction process that amounts to
enforcing explicitly the additional (symmetry) condition that the rotation fields must lie in the subset
Sg C SO(3).

Motion and velocity fields

A motion is a curve of configurations t € [0, T] — &, = (§,, A;) € C for some
time interval [0, T] € R,. Associated with the motion, one has the material velocity field
VQ(XO. t) defined as usual as

Ve(XO. 1) 1= S 0(X0 1) m (9(X0), AX?)) . (.85

Thus the material velocity is 8 mappting t + V0 € Ty C where ToC isthe tangent space
t

at configuration ®. In addition we define the convected velocity field U o(X9, t) e
X(Q) asin section 5, by the expression

------

-----------

AT

TR 2R R R N o N

» 4 s 0 e @
1) o

‘S"".. w

»

.y
N

A % e

. P
R | UK

Cr Y g

R )



§7. Geomerrically Exact Plaie Model %

V(X0 t) = ([AIXO, ]TP,XO, 1), [A(XO, )TA(XO, 1)) . (7.8b)

C
Here, X(Q) denotes the space of smooth fields De:0 — RI x T;Sg. Since A(XO, t)
€ Sg. we have AXO, t) = A(XO, t)W(XO, t) where W(XPO, t) e T{Sg. Thus, the
convected velocity field can be expressed as R

Ve(X0, 1) = (L, WXXO, 1) (7.8¢)

where
PIX0, 1) := [AIXC, £))TV(XO, t) ,  W(XO, t) := (X0, t)

Note that the material velocity field Vg is the left extension of the convected veclocity field
V4. Similarly, one could define a spatial field Vg whose second factor w(X09, t) is defined as

wiX0, t) = A(XO, tYA(XO, tNT . (7.84)
Then, W: Qx[0.T] — TSy is interpreted as a spatial angular velocity , where
TSy := {6 e so(3) | t - © = 0} isthetangentspace at t = AE.
Strain measures

As in the geometrically exact rod model outlined in Section 5, starting from the Lagrangian
deformation gradient °.a(x°' t), (ot = 1, 2).0ne defines convected strains according to the

expressions
Convected Material Spatal
T (X0.4) := AT (X0, 1) ¢ (X0 1) . =9,
M
| o(x0. 1) = [ATA (x%. )" A0 1) o, = [AAT]

We note that the above expressions can also be derived from the three dimensional theory by a
duality argument employing equivalence of the stress power. This is discussed briefly in a remark
below (see equation (7.15).
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Stress resultants and stress couples;
equations of motion in spatial description

Associated with the motion t ~ &, € C, one assumes the existence of smooth vector
fields N (X0, t), m(X%, 1), (ot = 1, 2), and p_{X?, t) interpreted as internal resultant
force, internal resultant torque, and density per unit of area. These fields satisfy the following
spanial local form of the equations of motion

Moot * n

PtV
(7.10)

Moo ® P ® Ny m PreKW

where T, M are the applied body force and torque, and P, h, P K are intertia coefficients.
Typically, for constant thickness plates, p K = p,dh’/l 2. Note that W°t = O, thatis W €
T;S¢ for each X0 e Q and t € [0, T]. Equations (7.10) are the local statement in the spatial
description of balance of linear momentum and balance of angular momentum, respectvely. We
refer to Libai and Simmonds [1983] for a derivation of thgse equations from the three dimensional
theory.

Remark. From the point of view of the three-dimensional theory, the right-hand-side of (7.10)
agrees with the standard definition of linear and angular momentum per unit of reference surface
relative to the mid-plane. To see this, consider configurations (ﬁ : B— RY of the form § :=
¢ « EAE, where & € [- h/2, h/2]. The angular momentum TU relative to the mid-plane
is then given by

h/2
J 7@ -0 e

-h/2

A

_[ "2 pLAE x (§ + AE) d¢

-h/2
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: - i AlE = WE] = Prft AlE = (W x E))
2 12
P’ Puh®
= AW = W, (1.11)

where we have used the fact that We T|SE sothat W-E=0. B

Convective equations of motion

An alternative form of the balance laws, which is particularly convenient in computational
applications, is obtained from the convective description. As far as we are aware, this form of the
equations has not been stated explicity in the literature. As in the rod model discussed previously,
the basic idea is to pull-back the spatial balance laws (7.10) with the orthogonal transformation A
: Q — Sg. Accordingly, one defines vector fields N(X9, t), M(X?, t) by the expressions

N(X%, t) := ATn(XO%, ¢t) , M(X9, t) := ATm(XO, t) . (7.12)

By making use of the relation
md.b s A{Hd.b . Qa x Md] . 7.13)

and the analogous expression relating N and N, a straightforward calculation yields the
following statements of linear and angular momentum:

PulV « Wx D)z N+ QyxNy s N. (7.14a)

PufWz M e Q xM +T xN,+ M. (7.14b)

Remark . Within the context of the three dimensional theory, N, and M represent resultant
forces and resultant torques relative to the mid-surface of the distribution of stress acting on
sections Sy As in the rod model discussed above, ¥, W, and T, Q_ are uniquely
determined in the sense that the stress power is given by

'''''''''
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J nna P FdQdd

2°2

IQ [re a: s m, - 5,] a0

(7.15)

IQ [N,-rdond-b,]oo .

where P is the first Piola-Kirchoff suess tensor, F the deformation gradient of the configuration
@ = PIXO, t) « EL(XO, 1), and ()Y = () - W x (') isa co-rotated rate. m

Further reduction of the convective equations of motion

In contast with the rod model considered in Section 5, the convective equations of motion
(7.14) are amenable to further reducton. The reason for this additonal reduction -- which can be
carried out either in the spatial or in the convective descriptions -- is that only Sg C SO(3)
enters in the configuration space of the plate, not the entire SO(3) as in the rod model.

Proceeding in the convected descripton, to carry out the reduction of equations (7.14) we
first note that since Q. ﬂa € T,Sg.itfollowsthat Q ~E =M E = O andso Q_
M, isparallelto E. We exploit this fact by introducing the decomposition

Ny = NJ+QE ., T, = T0+=E. (7.16)

A sraightforward calculation then yields

ry=N, = I2«N2.(F 8 =E)o, - (N2xE)=, ,
7.17)
a,xN, = 0,xN2. (0, ~E), .
Making use of (7.16) and (7.17), balance of angular momentum (7.14b) now reduces to
Qy*xMy+ TG NG = 0, (7.18a)

Myo o+ (TxE)o, - (NRE)S, M O = p xW. Gasn)

The structure of equations (7.18) suggests the inroduction of the following notation:

il e
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¢
Ry - O, xE o, = ExQY%,
Wl :: WxE or W = ExW%, (1.19)
MO = M_xE M, = ExMJ.
.

In addition, we denote by Pg := | - E ® E the onthogal projection parallel to E. Since W x
V =z (E x W) x D, the convected acceleration may be expressed as

AT

[00 . 'Vw°] . [ V- WO v°]s . (7.202)
where
VO = PV, and ¥ := E-V . (7.20b)

We then have the following five equations of balance of momentum in the convected representation:

Ngd‘odbd’io' pnfh[oo‘wo] ’
Oua- 0% NS+ T = pp[i-wo-v0] . (o

Mool.d - Tg0o * NJEg MO - PreKW O .

Remark. Interpretation of W %nd Qg. The equations of motion (7.21) along with
conditions (7.18a) are in fact the convected form of the equations of motion corresponding to a
direcior descriprion of the plate, as in (7.6a,b). The vector field WO is the convected director
velocity as the following identity shows:

ATt = ATAE = WE = WxE =: WO

An entirely analogous interpretation holds for Q?,. |
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Constitutive equations

In view of expression (7.15) for the stress power, one characterizes (isothermal) hyperelastic
response by assuming the existence of a free energy function of the form

VX0, To = )

As in the rod model considered in Section 5, this form of the free energy in the convective
description arises naturally by postulating invariance under left action of the Euclidean group; i.c.,
matenal frame indifference. We then have the equations

av(x° rd. =0 °)

N°°, = (7.22a)
av(x%ro= 0ot
MO : ( < °°‘ °‘) , (7.22b)
99,
av(xoro = 0
0, = ( ;-"-a = °‘) . (7.22¢)

We note that equation (7.18a), arising from balance of angular momentum about E can be
expressed as

Q% xMS+TIxNZ=0.

From this condition one obtains the following restriction on the constitutive equations (7.22):

av(xorl=, 0f) co, av(x°. 18, =,. 02)

of
o ar

Qg «
(7.23)

Condition (7.23) is analogous to the symmetry of the Cauchy and second Piola-Kirchoff stress
tensor in three dimensional continuum mechanics, which in tum results from balance of angular
momentum.
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Hamiltonian in the convective picture .

One defines the convected linear and angular momenta by the expressions

M = MOeME = p AV VE]

C
m := p KW (7.24)
m := MMxE s p KWO .
Thus, in absence of body forces and assuming for simplicity homogeneous Dirichlet boundary
conditions, the Hamiltonian is given by i
1 s
W [ e [l 2]« Coumrtfmefe} aa
(7 25)
. _[Q v(x° rl=_.09d
Convective Equations of Motion in Director Notation .
For completeness we record below the field equations governing the proposed plate mode! in A
director notation. As in Section 7.2, let {Ej} be the standard basis in R3, with E3 = E, {X_} e
covering Q C R2, and X3 = & € [-h/2, h/2). Define 2
M° .- MU®E,. N0 .- NO®E,, @ - of,, .
(7.26) h
._1
Wo.: 0deE,, ® .- TI@E,. X = = E,. R
The momentum equations (7.21) may then be recast in the following form:
0 0 -— .
orvR - W&.N° = p hVO. YW,
0 0 — .
Div@ -W R« Q = p V- W -V, (7.27)

N N N T VO TN e e ™ N . " e . . e Mmoot a e, . .
oo Py fsl'\f.'f'-. \(.'..\,\, ¢ '-'\J' '.('.. \J. ~.-'_‘..-_l_ R -_,.\..‘ .‘....._ DR '..“..".‘. - ..-. EREAN .“_.-' &, _._'..-' EAFAERE N ) _-\ AN »
WY A RaBalhX A 2ol s 3 N = A > o
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v’ - 8°Q - N°X . T = p_xwo .

This director form of the equations is particularly convenient for the treatment of constitutive
equations, as the following example illustrates.

Example A particular class of constitutive equations satisfying the invariance requirement (7.23)
may be constructed by an argument that mimics that of the three dimensional theory. First, we
assume the following more restrictive condition that implies (7.23):

dxM? =0, and T xN%:0. (7.28)

(a) Constiturive equations for Ng‘. Assume that Nod depends only on T,

Define the following stress tensors:
0 0,-1 0 0 0,40
- (@) n, T -n@®) . (7.29)
Then, condition (7.28), is equivalent to the symmerry of £° ana T° : that is,
0 9 . 0 Oy 0 Oyt
T'xN2:0 o $ :(H) o T : (T) (7.30)

. . 0 0
To complete the development, we define strain tensors conjugate to & and T by

e’ (@) -] B - [1-@)7e ]

(7.31)
A direct calculation shows that these tensors satisfy the stress power relation
o .0 o 0 b 0
Ny T =% :€ =T .5 . (7.32)
Accordingly, we define consttutive equations of the form
- 0 — 0
, dV(X0, @) o V(XS B
4 " . ﬂ - 0 . (733)
3¢ ok

--------------------------------
-----------------

1y
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The net result is an uncoupled set of constitutive equations that sansfy at thc outset restriction
(7.23). In particular, one may consider a linear relation between 5 and e

(b) Constiturive equations for Hg,. It is possible to construct an uncoupled equation for

Hg of the form (7.22b) satisfying at the outset the restriction (7.28)4.In particular, this relation

can be linear.

4~‘.'.",'-\'h'.'.5.'.\ \ \ \ \J.\‘.

-~ -
\\\



BRRRR RS et b ng o) 0 NN

$8. The Hamiltonian Structure for the
Geometrically Exact Plate Model

In this secton we develop the Hamiltonian structure for the plate model in the convective
representation with govemning equations summarized in the previous section . We show that these
equations are Hamiltonian relative to a non-canonical Poisson structure in the space P of convected
variables

{(ro,. =, Q%) (M0 a1 }.

The First Reduced Bracket

Our derivadon of the corresponding Poisson bracket follows the same reduction scheme
employed both in three dimendional elasticity and in our treatment of geometrically exact rods, and
can be outlined as follows. We start with the canonical Hamiltonian structure on the cotangent
bundle of the configuration space, T°C, and the corresponding canonical bracket. From this
bracket one obtains by left reduction by SO(3); i.e., by material frame indiference, a Poisson
bracket for the plate model, which is the counterpart of the Poisson bracket derived for the rod
model. An imponant difference, however, is that one can further reduce this bracket by enforcing
the condition that only a part of SO(3), namely Sg C SO(3), enters in the configuration space.
This additional reduction is the result of an extra symmetry of the Hamiltonian, which is now
invariant with respect to rotations about the axis t. Physically , this symmetry corresponds to the
" fact that no inertia and no stiffness is associated with rotations about the director t.
> The bracket in terms of the variables {(T, Q). (M., T1)} is derived from the canonica)
bracket in material variables in the same way as for the rod model. This bracket is as follows:

-~

: A& ,—,-.%—( =), 3

(7. g )
L <,>¢,-33,}m

(canonical)
L (8‘18)

N W

" x i

(interaction)

L
Sowmpmnny
D’ﬁ
0
9.
——
0'
3
Ql
lD
\-—J
e d

. (8.1b)
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5
N
é
N a7 3 3g _ of
: ‘IQ {Qd'[and o S To ani ] .
: oT  9dg dg _ of
N o * T [ar 3 -~ 9T an]
N (Lie-Poisson for
a semi-direct 1 o7 a3 39 a7
product) t-lereoat - s sl e
» of 39
-IQ n-[ 5T * 5 ] a0 8.1¢)
’ L
The Further Reduced Bracket
The further reduction is acomplished by using the change of variables in (7.19) given by
r, =r% <=k M =M0. E (8.2a)
o, =E xQf, Mm=ExT0O (8.2b)
Since £ e T;Sg and fle T{Sg. we have the constraints
: Mm-E=0 and Q E=0, (8.3)
and therefore
: m-( %;(I « 38)-o0 8.4)
N and
oT 9% |
Q.. —_—nx —) =0 (8.5)
« (ag; * &)
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From (8.2a) and the chain rule, we get

ala
=
2

"
wloa
Lev B Bl
o
3

+
m
o
n-

(8.6)

where T is a function of {(F, Q). (M., TT) ), as in the bracket above, and { is a function of

the variables ((r°,. =" Qod). ( MO, af, %) Jwhich are related o the preceding variables
through equations (8.2). Similarly one has

9 . 33
.a—n—o = i x E 8.7
and
of af of
_— T — ¢« E — (8.8
oM M0 M )

Substitution of (8.4) - (8.8) into (8.1) gives the following bracket:

Theorem 8.1. The reduced bracket on the space P of the variables
{(r9,. =y Q%) (M9 a9 }

is given by

{tg)=

Y ag  af
J‘Q{ Qo"‘ ) [ a0 a:g.d ) or0 B’:—.d]

Qo[af 9g _ 9dg ef]
* Qo L3, M ST, 37

(interaction) 1 + IO of 99__ 39 o ]

o’ 9, aMm® O« ond
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- of
—ot * [ aM°

SCNE

oM

(Lie Poisson for a

1} e

L of
semidirect -
[ 3o en° ° en°

product)

‘[Q { eQ° °‘ an° (6Q° )den°

(canonical) af

aro) (),
(L@ S e

e 9=, ™

6n° oro, 6n°

As for the rod model discussed in Sections S and 6, from the expression (7.25) for the
}amiltonian and the bracket (8.9), we have the following:

Corollary 8.2. Hamilion's equations in the form f={1,H),wherel isanarbirrary
function on the phase space given by theorem 8.1, with the bracket given by equation (8.9) and
Hamiltonian given by equation (725) are equivalent 1o the following convective equations of

o Qod. Nod . wO.nO

. .'.\\'.‘-_1,'-,-
SR A RS AR SR A



$8 Hamiltonian structure for the plate model %

Bz V,+WOT -Q0 -po (8.10)
10, =V° - W= .« Q0w

Ao - wo

of of

where we have set N°d= 64’/61"00‘. Q. = 9Y/9=  and Mod = GW/GQOO‘.

The first three of these equations of motion have been derived already (see 7.21). The second
group of three equations can be directly checked using the kinematic relations given in section

7.The corollary then follows by the general principles of reduction, but may also be verified by a
direct computation.

Conclusions

In this paper we have presented a systematic development of the Hamiltonian structure for
geometrically exact nonlinear elasticity, including solids, rods, and plates. We have emphasised the
convective representation since it is numerically convenient and it is useful for the coupling with
rigid body dynamics to obtain models for rigid bodies with flexible attatchments. In particular, our
formulation of the geometrically exact plate model in the convected representation constitutes the
natural counterpart of the classical Kirchhoff-Love and Reissner-Antman models for rods. The
derivation of the Poisson structure follows the same lines as earlier works of Marsden, Ratiu,
Weinstein and their coworkers, namely it is obtained by reduction from canonical brackets in the
material (or Lagrangian) representation by reduction,; ie, by the elimination of rotational symmetry
(material frame indifference), and by introducing the Cauchy-Green tensor as & dynamical variable.
This approach is consistent with the covariance investigations of nonlinear elasticity by Hughes,
Marsden, and Simo. In a future work we shall use the Hamiltonian structures for geometrically
exact rods and plates to study the nonlinear stability of rigid bodies with flexible attatchments,
following the ideas of Krishnaprasad and Marsden.

It is clear from the literature and related work that these methods are much more significant
and widely applicable than the results given here may directly indicate. For example, the attention to
the proper geometry and the nonlinear context that is typified by the present investigation, is of
benefit for numerical work, as has been demonstrated by Simo and VuQuoc. Also, other models
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can be investigated; for example, it is clear from the literature (Iwinski and Turski, Marsden and
Weinstein) that one can also include electromagnetic effects into the same formalism.
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