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-7 This paper proved that multivariate ARMA modelnte jdentifiable.

Some properties of Multivariate ARMA modeliwere given.
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1 Introduction .
First we impose the condition: !
Two matrix coefficient polynomials .

P q
A(z) = ZAkzk and B(z) = ZBsz "
k=0 j=0 '
(where Ak’ BJ are r x r matrices) are said to have no

common left divisors, if matrix coefficient polynomial

har " o~y

t
D(z) = Z Dizi is such that
i=0 v

A(z) = D(z)Al(z) and B(z) = D(z)Bl(z)

then det(D(z)) is a constant.

A multivariate stationary process xt = (xl(t),xz(t),-”.xr(t))T

is said to follow a multivariate ARMA model if it can be expressed

A -

in the form

P q '
Zt\kxt_k = ZBJCt_J, t =0, £+ 1, £ 2,+°- (1.1)
k=0 j=0

T
where Ct = (el(t), ez(t),~--,cr(t)) , T =0, £ 1, £ 2,00 is a t

multivariate white noise process. Ec, = 0, Ectcz =5, gI- N,
AO,AI,---,AP,BO,BI,---,Bq are r x r real matrices, Ay = I.

Bo is positive definite and

P q
a. A(z) = z Akzk and B(z) = ZBJZJ have no common
k=0 j=0
left divisors.

b. det(A(z)) » 0, |z] s 1; det(B(z)) » 0, |z]| < 1.

In this case (xt) is said to be a multivariate ARMA series

tiony
multivariate ARMA series is said to be a multivariate AR(MA) "::11"_;%‘_%053.

or y
Speoial
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‘v"‘.I?‘.O.‘,t",h’..!',"t'l‘l ,‘.\'m l,y"u".o'm‘t,.\'c. "y !_.'I‘. X3 .'\c OO, .“,'.l ad e 0 1) A ) ')' .

WAL AN
o3 0 .!0. L N

N
4 | w X



series if q = 0 (p=0).

Let B be the backward shift operator, we can express ARMA model
(1.1) in the form 3

A(B)X_ = B(B)e,, t = 0, £1, +2,°" " (1.2) Y

One of the basic problem associated with the multivariate ARMA
models is the identification of the structure of (1.1), given the 2

covariance function of (X by identification we mean here the

Ny
following problem: given that (X

ot

t} conforms to some multi-

variate ARMA model of unspecified orders can we determine the

]
LN 2 . o0 "
values of p and q and the matrices Al’AZ' k.Bo 1 .Bq

uniquely from the covariances of (xt) [1]. In the case of r = 1},

.,A ,B

A -y

it is known that we can determine the values p,q and

AI.A2,°--.A , BO,B *++,B uniquely from the covariance function

) o 1’ q
of (xt). So univariate ARMA model is identifiable. 0
]
It is easy to see that multivariate ARMA model is not identifiable. )
Suppose that, in model (1.1), det(A(z)) and det(B{(z)) are all
nonzero constant, then the following three models
4
A(B)xt = B(B)ct &
X, = A"1(B)B(B) .
t ) £y :
-1 \
B (B)A(B)xt =c, t=0,+1,m2, )
.v
have the same stationary solution. F
3
3
In fact, corresponding to a given covariance structure of a multi- N
N
variate ARMA series there will be an "equivalent class" of models, A
and the problem of identifiability then becomes one of devising @
3 .
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set of rules which select a unique representative model from each
equivalent class. Without the solution of this problem, it will
be difficult to consider the estimation problem of multivariate
ARMA models. This problem has been studied principally by

Hannan [2,3], but so far no result is satisfiable, because the set
of rules given is not easy to verify. A reasonable and simple

rule on the unique representative model is given by this paper.

2. Basic Theorenms

A multivariate stationary process (X is said to follow a

t)
generalized multivariate ARMA model if it can be expressed in the

form

P q
ZAkxt_k = ZBJet_J, t =0, t1, £2,0°-. (2.1)
k=0 j=0

where ct = (cl(t),ez(t),---,cr(t))T is multivariate white noise

T
process: zet =0, Ectcs = 5t.sI' AO,AI,Az,--',Ap, 80'31""°’Bq
are r x r real matrices. Ao = I, Bo is positive definite.
Let
P X q ;
Alz) = ZAkz . B(z) = ZBJZ .
k=0 j=0
Theoren 2.1
If det(A(z)) » O, |z|=1, then model (2.1) has unique
stationary solution.
Proot: Let us use the same signs given by Rozanov [4]. Write
4
T T l's'. AR .‘l‘n‘ ) 0‘- Rl s X .l by o KRR A SN (e 2ol SRRSO
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[ b, (k) ]
B, = | 2% | . k=120, (2.2)
. br(k) p
define
€o(by(k)) =by(k)e, , 1 =1,2,°°°,r (2.3)

E &oib,(Kk))

s 1) = | BlofP2l®)) 1w w0,1,2,000 4. (2.4)

E\&o(by(k))
where E1 is the spectral operator.

1, -1

Since all the elements of A (e ') are continuous in A € [-w,n].

We can define

q n
X, = Z [ A" l(e 11)ilt-k)A ds, (1). (2.8)
k=0 -n

t =0, t1,°°*.

k=0 j=Q0 -n -n

9 9 . i

- N ,-1, -2 i(t-s)} -1, -12  i(k-3) ]
z L'.Lj A (e )e dSk(l).j A (e )e Cls:’(l)J
k=0 =0 -n -n

,,,,,
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------

It follows that (xt) is a r-variate stationary process with

zero mean, and

’ P P g ”
‘ ZAkxt_k Z z | AkA"l(e'“)e“t‘k"“dsj(x)

3' k’o k’O J=O -
g a P
X - Z I zAke—ikl A-l(e-‘u)e“t-:”ldsj(l)
o J=0 -n k=0
!‘.
N q
n

x = z J e“t’J“dsJ(x)
:: j=0 -n
b
li q
| = Z By -y
" =0
M
; It (Yt) is also a stationary solution of model (2.1), write
A
. BIYI(O)
¢ Z(r) = 31?2(0) (2.6)
: :
) EAYr(O)
| v,
ﬁ where (Yl(t),Yz(t). ,Yr(t)) Yt’
1]
? For any t

n P
3 | ZAJe“t'J“dgn)
" -n j=0
p
" - ZAJYt"J
" =0
) q
: LT
R Jj=0
K)
»
: 6
"
o
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q
"
=I Ze“t"’ndsj(l).
- j=0

[+
- - - - -1
Let A 1(e il) = :E: vme AmA be series expansion of A 1(e 1 ).
ns-~-wo

then every elements of Vm tends to zero by negative exponential

ratio as |m| — o [5]. So, it follows that
T i T o_1, -1 d 1(t-9)n
Yt=I er®ar (1) =IA (e )Ze ds, (1)
J
-n -N j=0
= xt. t =0, £1, £2,°°°,

Corollary 2.1. If det(A(z)) » O, |z|-1, the unique stationary

solution of (2.1) is in the form

®»
X, = ZAmat_m . (2.8)
m=-®

where Am are r x r real matrices determined by

[\
A l(z)B(z) = Z A 2z®. ros|z|sr (2.9)
m? ° I 2 \c.
m=—o
with r, < 1, r2 > 1,
@®
Proot: Suppose that A-l(z) = Z /\mzlll , x:'1.<,|z|sr2 according
m=-o
to (2.9).
Ap = ivm_JsJ (2.10)
0
since
®
m
A(z) Z V‘z = I (2.11)
m=-
80
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P
Y Ay = 8.uT (2.12)
k=0

Every elements of Vm tends to zero by negative exponential
ratio, so does that of A , as |m| — ®, and it follows that

{X given by (2.8) is a stationary process with zero mean, andé

p P ®
Z“kxt-k = Z"k Z Aot t-k-m

k=0 k=0 m=-o

P ® q
Z " z ZVD—JBJC t-k-m

k=0 m=-o© j=0

) ® q
ZAk Z ZV -k—jBJCt--

k=0 m=-® j=0

}q: i [i“n"-—n:—:]":‘ t-m

¢}

J=0 m=-o‘k=0
qd

=Yg, -
=0

Corollary 2.2. If det(A(z)) » O, when |z|=1, then
a. the unique stationary solution of (2.1) is in the form
®
xt = ZAmet_m (2.13)
m=0
if and only if every elements of A-l(z)B(z) is
holomorphic function of 2z in the field of (z,|z|<1).

If det(A(z)) and det (B(z)) have no common divisor,

R ¥ y LI SRS RN P % % 5y ) B P U R Pt "D - Py
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the condition is equivalent to that all the raots of i)

det(A(z)) are outside the unit circle. o

b. the unique stationary solution of (2.1) is in the form '§
M '§

- 3 N A,

xt ZA_{ t-m (2.14)

M=~ \

~I

if and only if every elements of z ®A l(z)B(z) is ;

Py

holomorphic function of 2z 4in the field of (z,|z|>1 N
including the infinite point}). If det(A(z)) and &
det(B(z)) have no common divisors, the condition is N,

]

equivalent to that all roots of det(A(z)) are '
inside the unit circle. ;‘

N

c. the unique stationary solution of (2.1) is in the form 3
® "

X, = ZA-ct_n (2.15) 3

n=-® .'\'

if and only if all the elements of A—l(z)B(z) are "M

holomorphic functions of 2z in the field of

AN

(z.r,s|z|sr,}) where r <1,r,>1. If det(A(z)) and "

det (B(z)) have no common divisors, the condition |is f

P

equivalent to that all roots of det(A(z)) scatter poth -

»

outside and ineide the unit circle. E‘

1

'|

(The proof is erased, because it is a problem of .'.:'.

.,
algebra) )

"

Corollary 2.3 Under the same condition of Theorem 2.1, model b;
T

(2.1) g4d@l and model :ﬁ
~

9 J'

e
¢
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s ¢
Z S Y, = z ¥y tR0,21,02,000 (2.16)
k=0 §=0

(where §°,§1,~--,is,il,iz,---,it are r x r real matrices.

s
$,=I, ¥, 1is positive definite, det[:z:szk} » 0, |z]|=1)
k=0

have same stationary solution if and only 1if

A l(z)B(z) = # Y (z)e(2)., |z|s1 (2.17)
where s P
$(z) = Z ;kzk, ¥(z) = z 'I'sz
k=0 j=0

Proof is erased.

Theorem 2.2 If multivariate stationary process (X follows

¢!
multivariate ARMA model (1.1), then the white noise process

{& is the innovation process of (xt) (6], and B BT is

t) 00

the one step prediction error matrix, i.e.

1/2
Bo = {(xt - ProJHx(t—l)xt'xt - Projux(t_l)xt} (2.18)

-1
€, = By [xt - ProJHx(t—l)xt] (2.19)

where Hx(t—l) is the Hilbert space extended by (xt_l,

xt—z'...}'

Proof: A(z) 1s holomorphic inside the unit circle, the

stationary solution of (1.1) 1is in the form

®

X, = ZAn I"e“t_m)ldEleo

m=0 -n

10

POUDC R AR AR,

......



-1, _-ir -1 -1A nitl

"0
-n
" - - - - - - [ ] -
(X, %g) = 7] a7 te M yme™ My e BT Tt T e
-n

where A* denotes the conjugate transpose matrix of A. It

follows that the spectral density matrix function of (xt} is

£(A) = %; a e Mpe My (a (e ) B(e ) {2.20)
®»
Let C(e *) = a™1(e7iM)p(e™ 1} --Z,\m e 1B (2.21)
=0
CyrCqrttcy be the Wold coefficient matrices of {Xt) and
[+ ]
r(z) = chzj, |z|s1 (2.22)
J=0
then £(1) = %-7; rie ™ r* e ). (63 (2.23)

Now what we need to do is to prove C(z) =T (z). According to

(2.21), (2.23) and [6], we only need to prove
L ]
r(o)yr (o) = c(o)c (o) {2.24)
si * * (6]
nce r(o)r (o) = c(oj)c (o) (2.25)

det(C(z)), det(r(z)) are all the maximum function in the Hr/?

space [7.8] with the same boundary value on the unit circle, so
» »
det(l' (0)I (0) = det(C(O)C (O0) (2.26)
If V 1is an invertible matrix such that

* * . .
vr(o)r (o)v =1 =2 VC(O)C (0)V (2.27)

11

» PR - g T R T a R ARy .M P LN W R LIS P 1N ) 2 IR TN Y '
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and U is a unitary matrix such that

* * * *
I =yu =2 UvVC(O)C (O)V U = . (2.28)

we know O s Ai s 1, according to (2.26), we have likz-v-kr = 1,

and 11312=---=kr=1, therefore
r(o)r*(o) = c(o)c’ (o).
It follows that

c(z) =T(z), |z| s 1.

Let {:n} be the innovation process of (X _} with Eznz; = I.

t

[\ @
X, = chzt_J = ZAJzt_J t=0,:1,£2,°°"
J=0 J=C

be the Wold decomposition of (xt), using Ctlﬂx(t—l),

-1
ttsAo (xt-Projnx(t_l)xt), it follows that

-1

and therefore

Ct =(t , t=0,+1,22,°°°.
B A =1 B =A_, B.B> = A A"
ecause 0 = ’ 80 o o: 0°0 oo

Corollary 2.4. Let stationary series xt-(xl(t),xz(t),---.xr(t))T

follows multivariate ARMA model (1.1), stationary series

Yt =(Y(t),Y2(t)---,Yr(t)) follows multivariate ARMA model

s e

N I

./_;!kyt-k A " 3% ey (2.29)
k=0 j-o

then

T T
z(xtx') = B(YtYs), for all t,s=0,+1,+2,

12
N

3
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::

if and only if y:

K

-1 -1 N

A " (z)B(z) = & "(z)¥(z) |z|s1 {2.30) .

[

s 4 y

k 3j s

where ¢(z) = z{»kz . ¥(2) = Zijz . :.:

j=0 k=0 o

Proof: If A-l(z)B(z) - Q-l(z)i(z), then (xt), (Yt) have the ‘A
Iy,

same spectral density matrix function (2.20), and therefore, w4

\

(xt),(Yt) have the same covariance structure. -

-

It {xt). {Yt) have same covariance structure, they §

have same Wold coefficients matrices €y:C,:Cps°°°, and s0 oy

X

L4 ] .

-1 -1 J o

A "(z)B(z) = & “(z)¥(z) =T (z) = Cyz-. |z|s1. !

j=0 X

y

3. Identifiability of Multivariate ARMA models »
Theorem 3.1 Assume stationary series xt = (xl(t).xz(t),---,xr(t)' N
follows multivariate ARMA model (1.2) and where det(A(z)) &

\

and det(B(z)) have no common divisors, then if
det(Ap) = 0 (or det(Bq)-O) (3.1)

We can determine the values of p, q and the matrices

AO,AI.--'.Ap,Bo,Bl,---,Bq uniguely from the covariance

structure of {xt).

: BRI

Proof: Assume that xt follows another multivariate ARMA model

T

s L Bty

N,

Dt = Dt +3.2) 3

J=0 J=0 {

with det(%(z)) and det(¥(z)) have no common divisors and a
]

nv
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. ;
L A.y.\l‘.‘.‘;tl'qw‘ﬁ'a

det(fs) ¥ 0 (or det(?c) p 0).

Using Corollary 2.4, we have

1(z)B(z) = # 1(z)¥(z) , |z|s1. (3.3)

Let ;(z) and g(z) be the adjoint matrices of A(z) and
B(z) respectively then we have

g% $(z)A(z) = ¥(z)B(z) [z|s1

where b(z) = det(B(z)), a(z) = det(A(z)). Since a(z),b(z)

have no common divisor, it follows that
atz7 #(2)A(2) = D(=z)
must be a matrix coefficient polynomial and
#(z) = D(z)A(2) |z]s1 (3.4)
¥(2) = D(z)B(z) jz|<1 (3.5)

Note, ¢&(z), ¥(z) have no common left divisor, so

det(D(z)) = constant.

Write D(z) = Z Dkzk, then det(D ) =0, if m: 1.
k=1
Using (3.4), det(¢s)ﬂ0, det(Ap) = 0, (or using (3.5),

det(il), det(Bq)-O), we have m=0, so
D(z) = Do is a constant matrix.

From 60 = Ao = I, we have D° = I, therefore

¢(z) = A(z), ¥(z) = B(z).

A familiar result about multivariate AR.MA model follows

directly from Theorem 3.1. Multivariate AR.MA model are all

identifiable.

14

T T T AT A T AT n " a0} O W T VX Xe
i‘l' ‘. "" ‘.Lﬂ"‘ .,'I‘..l.c'l..'.“... 0"...5.‘. n'l l.. -“0 i.c !" O" n " l! o 0’ W \ > " ~

OO "

* \t v,\v,w.,

- =

el

Ky

o«
.



Definition:

A stationary series X, = (xl(t).xz(t).---.xr(t))' is

t
said to follow a multivariate ARMA(LC) model, if it can be
expressed in the form
k q
Yok, = Y e (5.6)
k=0 i=0
where

T
a) €y = (Cl(t),ez(t),---,er(t)) is a multivariate

T
white noise process. Ezt = 0, Extcs = Gg.tl.

¢ o @ j

b) a,,a,, a, are real constant, ag =1, Z a,z 0,
3=0

for |z|s1. 30'81'°"'Bq are r x r real matrices. B, 1is

positive definite, det(B(z)) » 0. |z|«<1.

q
B(z) = ZBJZJ = (bik(z))rxr
=1

c) The set of polynomials (a(z),bik(z).i.k-1.2---r)

have no common divisors.

It can be seen that the values of multivariate ARMA(LC)
models are not more complex than that of multivariate ARMA models.

But we can prove the following result.

Theorem 3.2 1. Any multivariate stationary series that follows
some multivariate ARMA model will follow some multivariate
ARMA(LC) model.

2. Multivariate ARMA(LC) model 1is identifiable.

Proof 1. Assume that xt follows multivariate ARMA model (1.2).

Let a(z) = det(A(z)), B (z) = Alz)B(z) = (4 where

1j)rxr

- ‘
- -

o -
i Ik W

7 g B
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A(z) 1is the adjoint matrix of A(z). Using Corollary 2.3 we

have that xt can be expressed in the form N
»

a(B)xt = BI(B)»:t (3.7) N

-

where B is the backward shift operator.

Assume f(z) is the maximum divisor of

g

{a(z), dij(z)‘ i,3=1,2,++-,r) s
then y
a(z) = a (z)f(z) e
dij(z) = Cu"”"’ i,3=1,¢--,r ;

and
(‘1(2)' cij(z): i,3=1,2,°++,r) have no common divisors. -
Let }
C(z) = ("-31:,(2))!.,‘r o)

it follows that xt follows ARMA(LC) model

ll(B)Xt = C(B)ct N

Assume xt is a multivariate stationary series that

follows ARMA(LC) model

<,

a(a)xt = B(B)ct 2

and O(B)xt - 'P(B)!t f
According to Corollary 2.4 A
a l(z)B(z) = e Hz)0(z), |z|<1 (3.8) 3

r

so ¢(z)B(z) = a(z)¥(z), |z|s1 (3.8) e
Assume g(z) 1is the maximum divisor of the polynomials a(z) )
'

and ¢(z), and ﬁ
¢(z) = g(z)e,(2) 5

3

N
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)

a(z) = q(z)a1(z). g(0) =1 (3.9)
then, Ol(z)B(z) = al(z)i(z)

and 01(2) is a common divisor of the set of polynomials of

¥(2). Therefore

1
B(z) = a (z)[ !(z)] = a (z)¥, (2)
1 ¢lzz$ 1 1
From (3.9), we see

al(z) = 1, and ol(z) = 1 all the sanme,

therefore
a(z) = ¢(2)

B(z) = ¥(2)

This paper was written during the stochastic process seminar
in the department of mathematics, Peking University. I would like
to thank my teach professor Ching Tse-Pei, colleagues and friends

who helped me during this seainar.
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