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FOREWORD

A second order Godunov scheme is described for steady supersonic flow.
This scheme, which marches the solution in space, is cast in a finite volume
formulation and uses a mesh generated by a multiple zone procedure. Second
order accuracy is obtained by computing local slopes and adding a predictor
step. Both an approximate and a linearized version of the Riemann problem can
be used to increase efficiency. The bow shock is fit using the information
contained within the Riemann problem. The scheme is applied to both body
alone and finned configurations for which experimental data is available.
Reasonable agreement is obtained between experiment and calculation without
the use of artificial viscosity or special procedures. This work was
supported by Naval Surface Weapons Center Independent Research, Naval Sea
Systems Command and Naval Air Systems Command. The project monitors were Dale
Hutchins (AIR-310-C) and Lionel Pasiuk (SEA-62R41).
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SECTION 1

INTRODUCTION

The hyperbolic nature of the Euler equations in supersonic flow permits a
solution by spatial marching. Here an initially known flow field on a
crossflow plane near the missile nose is marched down the missile length. For
a sharp tipped missile the initial flow field can be constructed from a
conical solution while a blunt body solver must be used in the case of a blunt
shape. The computation terminates when the base of the missile is reached or
when subsonic regions are encountered.

This report describes the application of a second order Godunov method to
tactical missile shapes (i.e., bodies with thin, low aspect ratio lifting
surfaces). The grid is generated using a multiple zone method that divides
the crossflow plane up into several quadrilateral zones. The body, fin, and
tracked bow shock surfaces must lie on the zone edges. A typical zone
structure for a body-wing missile is illustrated in Figure I while the
quadrilateral zone geometry is shown in Figure 2. The numerical method is
cast in control volume form and consists of a predictor and corrector step.
The predictor step advances the primitive variables using Euler's equations in
non-conservation form. Derivatives are computed using a limited central
differencing procedure. The corrector step modifies Godunov's method by
assuming linear property variations within each control volume.

The multiple zone computational procedure has been previously applied to
missiles using a MacCormack type scheme with characteristic boundary
conditions. ,' At wing edges and surface discontinuities, these boundary
conditions are appended with special procedures which apply oblique shocks or
expansions as appropriate. These methods have been successfully applied to

* missiles, but lack robustness. In simple cases (e.g., a tangent ogive at low
incidence), accurate, efficient solutions are achieved. However, for more
complicated shapes the user must adjust the artificial viscosity levels and
special procedures. A first ordsr Godunov method has also been developed
using the multiple zone approach which is extremely robust and devoid of
special procedures. In regions where shocks occur these results are
comparable to those obtained by the MacCormack scheme. However, on smooth
bodies, accurate prediction of surface pressures can only be obtained with
extremely fine meshes. This general recipe for constructing a second order
accurate Godunov scheme was suggested in Reference 4. It has been applied to
unsteady, compressible flow in References 5, 6 and 7 and to steady supersonic
flow in References 8 and 9.

The second order Godunov scheme presented in this paper is imbedded in a
multiple zone framework which features the division of the computational
domain into quadrilateral zones of the type shown in Figure 2. The edges of

04
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adjacent zones spacially coincide with one another and do not overlap. The
quadrilateral zone must be consistent with the following constraints (see
Figure 3 for zone numbering convention):

1. Edge 2 can only abut to edge 4. Edges I and 3 cannot abut to

other edges.

2. Surfaces and symmetry planes must lie on zone edges.

3. Bow shocks which are to be fitted must lie on edge 3.

The geometry of the zone edges can be defined using either cylindrical or
cartesian coordinates. These constraints are sufficiently loose to allow a
large number of different internal or external flows to be handled. This
includes body-wing-tail missiles, wings alone and.inlet flows. Geometries
including features such as detached inlets or a tail located on a wing require
abutting edges I and 3, as well as 2 and 4. These types of shapes cannot be
handled by the present second order Godunov code. Reference 2 describes a
MacCormack based multiple zone method for computing such flows.

A user guide for the method described in this report is provided in
Reference 9.

a,
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SECTION 2

THE RIEMANN PROBLEM

In steady supersonic flow the Riemann problem represents the confluence
of two, two-dimensional supersonic streams, as is illustrated in Figure 4. At
tne point of stream intersection, shocks and/or expansion fans form, turning
both streams to a common direction. The appropriate direction is the one
producing the same pressure in both streams. The two final streams need not
feature the same density or velocity and a slip line usually forms between
them. Solutions are self-similar in z and feature constant properties along
any line passing through the point of initial stream intersection.

Figure 3 depicts the Riemann problem formed by the intersection of two
streams with properties (p+, p +, u+, w+) and (p-, p-, u-, w-). Upward
deflection of the (+) stream is described by the shock relations and leads to
an increase in pressure while downward deflection is associated with an
expansion and leads to a decrease in pressure. On the other hand, upward
deflection of the (-) stream leads to an expansion and downward deflection to
a shock. To solve the Riemann problem, it is necessary to determine the final
flow direction, which produces the same final pressure in both streams. The
shock and expansion equations define the relation between the two initial flow
directions, 6 and pressure, p , and final pressure and direction, p, S.
These can be ritten expressing 6 as a function of S+, p,, and p:

2 Fp (2 YM 2._.+1) - (Y+1)p ]1/2
6f = t tan- -{'- , - .- lf :shock (1)f _YM±+ +.-f - Y+I)PI.+(Y-l)p ± f>p.

5 f =6 + t V(M+) ; NMf) :expansion (2)
-. Pf < p+

Y-1

where: Mf 2 P" (1 + (y-1 ) 1- 1/2lI~( -1re (p 1

I II 2_.1) 1/2 - /
(M= tan1C1. . tan - tan -1]

C ir- )]/2

3
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Here the upper and lower signs are associated with the (+) and (-) stream
respectively. The resulting (p - 6) curves for the + and - streams are
graphed in Figure 4. The solution to the Riemann problem corresponds to the
intersection of the two illustrated curves.

2.1 COMPLETE SOLUTION

The non-linearity of Eqs. (1) - (2) precludes a closed form solution.
Instead, an iterative procedure is used which proceeds from step n to n+1 as
fol 1 ows:

1. At the start of iteration step n+1, two points are known on both

the + and - (p-6) curves: (p n), (p+, n 1

the lines passing through the two known points on each curve are
determi ned.

2. The intersection of the two lines is determined and p is taken to
be the pressure at the point of intersection.

l3u + and 6 are determined by evaluating Eqs. (1) and (2) using the

value of p determined in step 2.

4. If 16+-6-1 < 10O3 , the iteration is terminated.

To start the iteration:

p 0 a ± 1 (3)
P± P± ± ± P± PL(

Here PL is the linearized pressure solution discussed in the next section.

61 are determined by evaluating Eqs. (1) and (2) using PL"

The Godunov procedure, which is described in Section 3.2, requires
knowledge of the flow properties associated with a specific direction, a . As
indicated in Figure 3, three different regions, (R±, F, E) are featured 8n the
expansion

side of a slip line and two (R+, S) on the shock side. If a lies in R+, the

initial conditions provide the needed properties. For 8 lying in S or E, the
variables p, 5 are determined by the Riemann solution and the density is
computed using the oblique shock relations:

(y+1)M si n2 s

__ t ± (4)
P 2Z
t (y-1)M sin 6 +2

4
04%#
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where: sin 2es : [(y+1) 2 + (y-l)]/(2yM2) (5)P_ -

In region E, the isentropic relations provide the correct density. However,
the shock relation is less expensive to apply and yields the required
accuracy. When 6 lies in F, the flow direction S along 6 is given by:
=11

S = 6 ; sin-1(I.} (6)
M

Here M* is the Mach number along the direction 6. Using. Eq. (2):

6 t . v(M+) e 6 ± v(M*) ; sin 1 {(1-} (7)
' - M

and solving for M yields: (8)

2 1/2 + v(M+) t (5+-e)1

M [1 + 7 2 tan{ _ .C

Witn M known, the remaining properties along 6 follow immediately from the
isentropic relations.

The angle between the shock and the slip line, 0 , is given in Eq. (5),
while the angle between the slip line and the head an8 tail characteristics of

V ,the expansion fan are the characteristic angles, based on the Mach number
upstream and downstream of the fan respectively.

2.2 APPROXIMATE SOLUTIONS

Approximate, closed form solutions to the Riemann problem can be obtained
in cases featuring similar + and - states. This often circumvents the need to

*t use an iterative method. To develop approximate solutions, the shock
relation, Eq. (1), is expanded in the following Taylor series:

p = p- ±k (5-) + k(2 (- 2 ± k3 (6-6+)3 + o[(6-6s ] (9)

where: k = /(M2_-1)1 / 2

k2 5 [ t ]

* 5
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P -yM2 2 2
k _ _ -(y+1) M8  (7 + 12Y -3y) M6

4 4 M2 + 2
+ a+(y+1)M - M +

The Prandtl-Meyer expansion series is identical to the above through second
order. The third order terms, for y=1.4, are typically within 10% of each
other, and Eq. (9) will be used to represent both shocks and expansions.
Retaining only linear terms and requiring that the final upper and lower
stream pressures be equal yields the linear solution:

kl+ {[p-p+] + k. [6-6+]1}

PL P + (kl+ + K1 -)

(10)

{(p_-p+) + kI (6-6+)}

5L :+ (k1 + K1 )

This estimate can be improved by considering the second order term in Eq.
(6). Let SQ be the quadratic solution and write:

" Q L5_ =( - + ( " . + AL (11)

Substitutiig the above into Eq. (9), and dropping the A Q2 term results in:

P P L + k2+ AL 2 + ASQ[±k1+ + 2k2+ AL + (12)± +L+ + 4

4 Equating the upper and lower stream pressures yields:

(k" A 2 k AL 2 )/(2k 6L - 2k2  + k1  +k1 ) (13)• . aQ ( 2 - a L  k2+aL ) 22a 22 .a_ kl 1

The final pressure can be evaluated to second or third order using Eq. 9.

Properties along a direction 8 are evaluated using the same procedure
* discussed in the preceding section, except in the linear case. Here the

Riemann solution is assumed to contain two distinct regions separated by lines
• .along which flow properties are discontinuous, as is illustrated in Figure

5. In particular, it is assumed that expansion fans are infinitely thin.

The efficiency of the Riemann problem strongly impacts that of the
Godunov procedure. To minimize the computational resources devoted to the

* :Riemann problem, the approximate solution is calculated as follows:
pI ,

6

Op* ~
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1. The linear pressure and flow direction are determined from Eq. 7.

2. If max (16L-6+I, 16L-6_1) < .02, the linear solution is used as the

final Riemann solution.

3. If max (IdL-6+, 16L-6_1) > .02, the quadratic solution is evaluated

from Eq. 13.

4. If .02 < max (16q- 6I, 16q-6_1) < .06, the pressure, Pq, is evaluated

using first and second order terms of Eq. 9. Slightly different pq
values are obtained from the upper and lower streams. The final
pressure is an average of Pq .

5. If .06 < max (6q-6,+, I sq- 6) < .10, the first, second and third

order terms of Eq. 9 are used to calculate pressure, oc* PC+ and Pc-

are averaged to determine the final pressure.

6. If max (J6q-6+I, 16q-6_1) > .10, the iterative procedure outlined in

the last section is applied.

2.3 APPROXIMATE PROBLEM

An alternative to obtain4ng an approximate solution to the supersonic
Riemann problem is to define an approximate Riemann problem which can be
readily solved. Following the general approach outlined by Davis for
conservation laws, a simplified Riemann problem for supersonic flow can be
constructed.7 It features a single set of intermediate properties separating

the two initial states as is shown in Figure 6. The slopes, a and a-, of the
two surfaces across which flow properties are discontinuous, are defined as
follows:

a min(X- , X_), a- max(X 4 , X) (14)

* where: the subscript refers- to the root
the superscript refers to the + or - stream

X t wutaVu2+w2-a2 (15)"w2 a2(5

The parameters a are easily computed and ensure that the complete Riemann

problem wave speeds are faster than a and slower than a+. This assures that
the entropy condition is sjtjfld ana that the method converges to the
correct physical solution.",±u,L

The intermediate state, denoted by a superscript asterisk, is calculated
by balancing mass and momentum fluxes through the dashed control volumes of
Figure 6. A quadratic equation must be solved to determine the primitive

047
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variables p, P, u, w. However, the information necessary for the Godunov
scheme is simply the fluxes normal to some direction, e, as shown in Figure 6:

P v n

F = v n w +p cose (16)

p Vn u +p sine

Here vn* is the velocity normal to the a = constant plane. F can be computed

directly without the need to determine thd primitive variables. To accomplish
this, conservation is satisfied for the two dotted control volumes shown in
Figure 7. This yields the following vector equation:

a * ++ - F" F upper control volume
osa cos (

-a -U =-a-U + Fos F lower control volume
+ +

where: a = a - tane

a = a - tanO

Solving for F produces:

F* . aa +(U+ -U)cos + a+F"- aF +  (18)
(a+ - a-)

When applying the approximate Riemann solution to the Godunov scheme, it
is necessary to determine F along some arbitrary direction e.

If a- < tane < a , the above flux definition is the appropriate one. However,

for tan " > a or tanO < a, th' F+ and F- fluxes, respectively, must be
used. This can be accomplished using the above formula if a+ and a- are
redefined as follows:

+
a - max(a + - tane, 0)

(19)
a min(a - tane, 0)

8
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SECTION 3

NUMERICAL METHOD

3.1 ZONE DESCRIPTION

In the crossflow planes z = constant, zones are generalized
quadrilaterals as shown in Figure 2. Each zone is described with respect
to (s, T, v) coordinates, which either represent cylindrical (r, *, z) or
cartesian (x, y, z) coordinates (see Figure 7). Cylindrical coordinates
facilitate treatment of wing-body configurations, while cartesian coordinates
can be applied to wing alone cases. The numbering system used to designate
the edges and corners of a zone are indicated in Figure 2. The locations of
edges I and 3 are defined by the functions b(T, v), while the coordinates of
edges 2 and 4 are defined by I(s, v), and a(s, v), respectively.
When (s, T, v) represent cylindrical cdordinates, the bow shock may be fitted,
but it must be located on edge 3.

The mesh in each zone is defined by the transformation TI • T2, where T1,:
C , n, ) (s, T, v) and T2 (s, r, v) + (x, y, z). T2 is given by:

x = s cos (T)
y = s sin (T) cylindrical coordinates
Z V

(20)
X :S

y = cartesian coordinates
z= V

while T1 is defined as:

s - b(-r', c) + [c(T", ) b(T', ;)]f E)
, = a(S', ) + E(S", ) - a(s', C)]g(n) (21)

where

- ' = 4 ( C) + ( TI ( ) - T ( 4))g (n )

-,, -, _3( ;) + (.r2(;) - -r3(;))g(n)

S' = s4 (;) + (s3 (;) - S4( )f(E)

S" = Sl(C) + (s2( - Sl())f(E)

9
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and (si, -T1 ), i = 1, 2, 3, 4 are the coordinates of the corners. Here f and g

are mesh clustering functions with f(0) : g(0) = 0 and f(l) = g(l) = 1. The
computational domain for each zone is bounded by 0 < E 1, 0 4 n 4 1, and

)0.

In each crossflow plane, the metric quantities, E YEytE 0n l 1

must be evaluated at cell centers. These parameters are used in the predictor
step and to compute the step size. This is accomplished analytically as

follows:

E= (r -nS - snx/ ;r nx = (-T~sx + srx/ x = vX

E= (T n s y- s nT y)j;ny = (-r SY + SET~ y = Vy (22)
yZ = (sny- - ny ' y/ = (TEsC )j = z

where: j* = s ETn- SnTE

The x, y, z derivatives of s, T, v are given in cylindrical and cartesian

coordinates by:

-x =cos(-r), sy = sn(tr), sz =
-y= cos(-r)/s, TX -sin(T)/s, TZ = 0 cylindrical coordinates (23a)

V x= V =0, V =1

5x = 1 s5 =5s 0

*Ty = 1 , T = TZ= 0 cartesian coordinates (23b)

Vz = 1,x = Vy Z0

0The derivatives of s, -r, with respect to E, n, C, are evaluated
analytically. The expressions for these quantities involve corner values of
s Pand T P. which can be computed using the formulas given below:

*n i =(blv+b T*)/ (.-b rTs); +* s (i~bv)/(1-b TY5  corner 1

S (C (c+C~ti)(~ 4~;T 4 ~ )/(1-c +0C 's ) corner 2

(24)

53 =(c +c T~a)/(1-craS T 3 (a , + a ScV)/(l-cTas) corner 3

54 =(bV + b T a)1(1 -bras) -r4 (b V+ a b V)/(I - b Ta S corner 4

10
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Using the corner values of s and -r ,derivatives of s', s", ' and -r" can be
computed as follows:

a = (s53 - s 4)f'(&) ; slot = (s 2 - W g

si = -54 fl ) + 53 fW~; sc= si f~t + S2 fW~

n n (25)
r' = 0 Tag 0

T =T 4 g(n) + T, g(n) Tg= 'T3 g(n) + 'T2 g(n)

'T In = (j'r1 - T 4)g'(ni) Zg (T 2 - T 3)g'(n)

where: fE =dfM g) = dg(,) =1-f( ), g~)= 1-g(O)

The general formulas for the transformation quantities then follow:

= (c-b)f'( )

s; (bT ar ;+b )f( ) +(C TT" C+ C f( MO

r~ V t ~ V(26)

.01 'rs,;(n) + *ss g(n)

T (-cy) g' (n)

T ~~ Zg( )g(n) + (*SI' s" + )9n

Additional mesh-related information required by the Godunov procedur-e is
the area of each cell in the crossflow plane (A1j), and vectors normal (n) to
the sides of the control volume (see Figure 8). These quantities are computed
as follows:

A IV. x V(27a)
ii 1V64  V5 11

ni+1/2,j 7 1 24 31 )(2b

Here, Vi, = (xi - xj Y.i - y3, Z.i - Y,) where the subscripts refer to the

corner numbers, which for cell (ij) and edge (i + .112, j), are defined in
Figure 8. If the edge corners are not in a plane, In lies in an area weighted
average normal direction to the edge (see Reference 12). Note that the
magnitude of the normal vector is the side area.

11
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3.2 SECOND ORDER GODUNOY SCHEME

Using the notation and coordinates of Figure 8, control volume mass and
momentum conservation equations are given by:

-.n+1 -*n -

1i 1j 1i' +1/2,j + i-112,j j ,j+1/2 + i ,j-112 (28)

where:

[P'2 p1 F [V1

on,. = A' Pwu u3L F puV + nxp

~' ij pV + ~,p i+1/2,j

'I = n 1 1 ,j(u ' v . + / ,

Here U is the flux in the z direction which passes through the shaded cell
ends (see Figure 8) while the F's are the fluxes associ ated with the remaining
cell edges. Eqs. (28) are closed using the constant total enthalpy condition
and the perfect gas equation of state which yield the constraint:

2 + 1 W2 + V2 +W =H(9

In non-conservation form, Eqs. (28) becomes:

L! v[ U + v n V+ (Expp n )1

Vy U V+( YPE+ ln (30)
13 1

W z LH 1- wH 2 + P/PJ

= +- CwP E- H1  + pa H2 - wP - zp
(w -a

where:

+ e yu + v + zw

V=nxu + nv + n zw

P =( u(P + n xpn) + V( yp + n yPrn)

12
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H a a2{xU + Ey VE + EzW + nxUn + nyV n + nzw n)

H2 = OwE + Vw n

The solution to a supersonic flow field can be marched in the z direction
using Eq. (28). The complete second order Godunov method evaluates the F
fluxes and completes a marching step as follows:

1. Derivatives of p, p, u, v, w are computed using a limiter. To
illustrate the limiter, consider the derivative which is calculated
as follows:

0 ~ [ if (Pi+l,j " Pij)(Pi,j " Pi-ij) o 0

" 1(F)min IPi+1,j "Pi-Ij1 KIPi -Pi,jl, KIPi j  - Pi+1j e

4P , { (31)

where: F = sign(Pi+l,j - Pi,j)

Here K is an adjustable constant, which is normally set to unity at
interior points.

2. The metrics x , , , are calculated at each cell center in the

computation using Eqs. 22.

3. The step size, Az, is determined from the (CFL) condition which is
described below and discussed in Appendix A.

4. The predictor values, p, p, u, v, ; are calculated at z + Az/2 using
the derivatives determined in step 1 and the metrics from step 2
applied to Eq. (30).

5. The coordinates of the control volume corners are determined from
Eqs. (21), and the vectors normal to cell edges are computed using
Eq. (27b).

6. Properties adjacent to cell edges at z + Az/2 are calculated using
the cell center predicted values from step 4 and the derivatives
from step 1. This produces two sets of properties associated with
each cell edge; one for each of the adjacent cells. For example,
the two pressures on the lower edges of cell (i, j) in Figure 8 are:

i from cell (i, j)P~j" " i,j (32)

Pi-lij -I 'i- j from cell (i-I, j)

13
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7. A Riemann problem is constructed at each cell edge using the two
sets of properties determined in step 6. The two dimensions
associated with the Riemann problem are defined by plane R which
contains the cell edge normal vector and is aligned with the z
axis. The two initial states consist of (p, , vn, w), at the two

adjacent cells, where vn = (nx, ny) • (u, v)/j(nx, ny ). Also

computed for each initial state is

vt = (-ny, nx) • (u, v)/I(nx, ny )I which is the velocity component

tangent to the cell edge trace in the z = zn plane.

8. The Riemann problem associated with each cell edge is solved using
the techniques described in Section 2.2.

9. The angular orientation of the cell edge in plane R is calculated
with respect to edge (i+1/2,j). This orientation is:

e = tan - nz i+1/2,j -- 2 (33)(n2 +-n2 )xi+1/2,j i+1/2,j

10. Cell edge properties are constructed using the Riemann solution
along direction 0, and by specifying vt. In terms of the properties
provided by the Riemann solution, p., pe, q, 66, the cell edge

prooerties, denoted by a subscript e, are given by:

Pe =P

Pe : e

ue = (qsinanx - vtny)/Inx, nyI (34)

Ve = (qosin~ny + vtnx)/Inxnyl

We = q cosd

.In the above, q and 6 are the velocity magnitude and flow
direction. vt is selected by noting the relative sizes

0. of e and 6f, the Riemann slip line direction. The following

algorithm is used:

v 1 vt  if e ) 6f

vti+1/2,j = (35)

vti,j if a < 6f

14
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11. Using p el Pe' u et Vef e , for each of the four cell edges, fluxes

are evaluated and the flow field is advanced using Eqs. (28).

12. The computational step is completed by calculating cell end areas at
z + Az using Eqs. (27a) and decoding to determine the primitive
variables as follows:

u. .j (u 3/u1).. '

13 = (U 4/u 1) i1

w Y [u2] Eli - Y2- (36
(Y+1) Lu,j Y2 X1 (6

where: X= (2H u2 -_U u _ U2 u20 1 3 4 2 i j

Pi (u 2 - wui 1 j/Al 'j

Il u1. / I(w, ,A,1

In the above, p is positive provided that X > 1.

The step size Ac is chosen using the CFL condition, which requires that
the following condition be satisfied at every point:

2 -a2 )n(7

SCI2 C +a4 {c 3 6Z+C 4 +C 5 6/Z (7

where: cl la 2C w-Ul

2 z

c 3 - (w~z U ) 2+ (W2- a 2)(Ex 2+

C4 (wnz- V) 2+ (W -_a 2(r 2+n 2

c 5 = 21(w&Z-U)(wn z V) + (W -_a 2)(i, x~nyn )I

0 15
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The second order Godunov scheme is modified when the approximate Riemann
problem is used. Steps 7 and 8 are removed while the fluxes, determined in
steps 10 and 11, are computed by the three-dimensional version of Eq. (18):

a-a+(U+-+")U (n,n ), y , + a4--a-F
F .(38)

(a+-a)

Here, F*, T-, F* are the total flux through the control volume edges (i.e.,
the fluxes of Eq. 18 multiplied by the edge areas). However, U+ , U- are still
the end-area flux per unit area.

3.3 BOUNDARY CONDITIONS

Five types of boundary conditions can be applied along zone edges. These
are listed in Table I along with the edges on which each can occur.

The INTERIOR boundary condition allows interior cells of adjacent zones
to interface. The second order Godunov scheme outlined in the previous
section is applied. Here it is presumed that the mesh is continuous across
zone boundaries. Failure to use a continuous mesh will result in loss of
second order accuracy.

The SYMMETRY boundary condition permits the modeling of symmetry planes
and consists of a second order Godunov scheme operating on an automatically
constructed mirror image state.

Ambient condidtions are automatically applied to boundary cells at which
the FREESTREAM condition is invoked. This procedure advances the solution as
if a surface were adjacent to the boundary cell. However, at the end of the
computational step, computed properties are over-written by ambient ones.

The SURFACE boundary conditions allow a surface to be simulated. At
cells adjacent to a surface, the second order Godunov scheme must be
modified. The derivatives normal to the surface are calculated using a one-

* sided difference. Also, the flux passing through the cell edge adjacent to
the surface must be computed to reflect the tangent flow boundary condition.

The slopes normal to the surface are determined using the following one-
sided difference limiter:

0 if (p -i+ .-Pi(pi j-Pi-l,j < 0

otherwise (39)F'MIN
Z E-1.5p1  j + 2p2,j - "5P3,j' (P3,j "P2,j )

K'(P2,j - Pt,j )]

where: F' sign(P3,j -P2,j)
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In smooth regions of the flow field, K' is set to 2 while near fin leading
edge, a K' value of zero is used.

The flux on the cell edge adjacent to the wall is evaluated using the
procedure:

1. Following the predictor step, properties at cell edges adjacent to
the walls are computed by extrapolating predicted p, p, u, v, w to
tne wall using the cell slope normal to the wall.

2. The velocity vector determined in step 1 is turned through either a
shock or expansion in plane R. The appropriate turn aligns the
velocity with the wall.

3. The wall is a steamline and the flux at the wall reduces to:

~nz p
:FI/2, j = nxP

6- nyp

The wall flux is evaluated using the pressure determined in step 2.

Qn edges 2 and 4, fin surfaces may form or disappear as the solution is
,arcned down the length of the missile. Here it is possible for only part of
a cell to be covered by a surface, as is illustrated in Figure 9. Such cell
edges are divided into an interio.r and a surface part. Separate flux values
are constructed for each and sunmed tc, determine the total flux passing
tnrouyn the cell edge. The procedure for calculating the interior and surface
fluxes follows from the surface and interior flux algorithms discussed
above. To implement tnese schemes, it is necessary to construct vectors
normal to the interior and surface portion of the cell edges. The magnitude
of tne surface normals is equal to the areas of the interior and surface
portions of the cell edge, respectively. An estimate of the areas of the
surface and interior portions of the cell edge is determined by dividing the
cell edge into six sections as shown in Figure 9. The total and surface areas
are calculated from:

m 6

Atot = Z (Ro 0 RI )At i  (total area)
.1 i

(40)

Asurf 6 (surface area)

2 maxC(RTI - RB O]A ii=l i

1704
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where: AL Al6 = Az/12, a. = Az/6, i =2, 3, 4, 5

R r~ + j=21 ) (r2  1

R1  r + j= 1  (r
I1 7 T17 r3  r 4)

R = min(p (z), R )T.i e 0  0.i

R = max(p (z)

Se0 (z) = outer fin tip radial location

Pei(Z) = inner fin tip radial location

r= radius at corner i (see Figure 9 for numbering convention).

The vectors normal to the surface., nurf and interior, n-, parts of the cell

edge then follow from:-ur

SA Asurf n1 (41a)nsurf to

n I =n ~nsurf (4 lb)

where:
edge 2

[-sin-r/s + FrcosT, cos-r/s -sinTTS, T,,] cylindrical (42a)

0.. surf

~~Ys1-V cartesi an

18
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edge 4

[-sinT/s + a cosT, cosT/s - sinT , a] cylindrical (42b)

surf =

("[-as, 1, -a ] cartesian

Here T and a are evaluated at [zj, 11R + R)] where J is first segment for

which rnax(R - R , 0) > e and R - R - R + R > E, where E is a small
T J B 0 1 11 T i B~ > 'weeii ml

number.

The geometry of edge 3 can be computed to fit the domain of dependence of
the solution when cylindrical coordinates are used. To invoke this procedure,
t ne SHOCK boundary conditions are applied. The geometry of edge 3 is
determined using the information contained within the solution of the Riemann
Proolem constructed on plane R. The two initial states for this problem are
the free-stream and the abutting cell edge properties. The cell edge
properties are obtained by extrapolating the center properties to the edge
using differences normal to edge 3. The Riemann problem solution features a
direction, as' which separates tne free-stream conditions from other states.

Tnis angle marks the domain of dependence of the numerical solution in plane
R. Since plane R contains the cell edge normal, 5, the vector (nx, n ) is
also in R. A vector directed along the 6 direction is thus:

ns (n /+ x y1_ (n i + n j) - tanO sk (43)
S (nxZ +ny27 x- y

Tran-forming to polar coordinates yields:

n [(n cos+ny sin )" + (-sinon +cos~n )] -tanGs6 (44)
s (ne +n /Z enxC°Sny r)ey r

x y

Noting that:

n er - (45)

and comparing to the above yields:

tanes(n2 2 )1/2

= t x y (46)
Ln xcosp + n ySinoJ

19 'A
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The procedure for comp uting the geometry of edge 3 is as follows:

Following the First Step of Main Algorithm

1. Compute c7 Jsing Eq. (46) evaluated with n and n from the previous
step. CeTI edye properties are based on t e cell center properties of
the previous step, and the differences from step I of the second order
Godunov algorithm.

Following the Predictor (Step 4 of Main Algorithm)

2. Re-evaluate cz from Eq. (46) using predictor properties.

3. Advance the snock location using the cz value determined in-step 2 bymeans of: cn+1 = cn + (Cz+C €0)AZ (47)

41. Update c values using a central difference.

The algorithm used to advance the cell adjacent to tne edge of the domain
of dependence is altered in two respects. The derivatives in a direction
normal to tne edge 3 are computed in a manner analogous to that of Eq. 39,
with K' = 2. The flux passing through the cell edge adjacent to the free
stream is determined by a Riemann problem featuring free-stream properties and
aDutting cell ed1e properties as the two initial states.

3.- SEPARATION MODELING

At incidences greater than a few degrees, the viscous flow about a
missile body will separate and roll up to form leeside vortices. Inviscid
calculations instead feature a strong crossflow shock which may generate
sufficient vorticity to form leeside vortices. However, the strength of these
vortices is much smaller than that of measured vortices. Also, the predicted
inviscid pressure distribution differs markedly from the measured one.
Several different methods have been proposed to model viscous crossflow

* separation. 1 ,13 The first of these alters the surface velocity direction near
.* the estimated separation line, which is determined empirically. The second

metnod limits the crossflow velocity to a certain maximum value. Both
. techniques destroy the crossflow shock and produce strong leeside vortices.
*. However, modeling the separation line, which is the most physically realistic

procedure, yields erratic pressure values near the separation line.

The ZEUS codl implements the crossflow limiting approach. The crossflow
plane velocity, u + v2 , prior to decoding, is reduced to the followingm, maximum Macn number:

c MC = (a)1/2 (r/b) 2  
(48)

Here b is tne local body radius, a is the angle of attack and r is the radial
coordinate. The decode procedure, applied after the limiting process,
enforces the correct stagnation enthalpy constraint. The above procedure has
only een applied to turbulent flow, hence the absence of a Reynolds numoer
deoendency.

2
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SECTION 4

RESULTS

The second order Godunov method has been applied to body alone as well as
winged configurations. In all cases the missile nose was taken as sharp and
the initial data plane was defined a short distance from the nose tip using
the approximate conical flow field generator of Reference 9. The solution was
advanced at 90% of the CFL step size and it was not necessary to apply either
special differencing or artificial viscosity. The constant K in the limiter
Eq. 31 was set to unity. Along edges 1 and 3, K' of Eq. 39 was set at 2,
while on eayes 2 and 4 it was set to 0. All of the results shown employ the
approximate Riemann solver of Section 2.2. These results are nearly identical
to those obtained using the approximate Riemann problem of Section 2.3.

Figures 10 and 11 illustrate the calculated surface pressure and
crossflow plane velocities on a tangent ogive at a station 6.5 calibers from
the nose tip. Both clipped and unclipped results are shown along with the
measurea surface pressure distribution.14 Application of clipping destroys
tne crossflow shock, introduces a large leeside vortex, and brings the
calculated leeside surface pressure into better agreement with experiment. On
the windward side, the unclipped surface pressure results are closer to
experiment.

Calculated surface pressures are shown in Figure 12 for a cruciform delta
configuration in the plus roll orientation. Experimental data are from
Reference 15 and were measured at a Mach number of 3.7, an incidence of 7.8° ,
and Reynolds number based on diameter of 1.8(105). For these conditions,
attached shocks or expansions occurred at the fin leading edges. The
calculation was started near the nose tip using a (18x24) mesh and run to a
position slightly forward of the wing. The final section containing the fins

*. extended from z = 80 to 102 and was run using a (36x36) mesh. The calculated
surface pressure agrees well with experiment over most of the fin surface.
The crossflow velocity vectors and pressure contours at an axial station near
the fin mid-cord are given in Figures 13. Shocks can be seen attached to the
fin edges.

0/I Calculations have been performed on the two swept wing configurations
shown in Figure 14. These bodies were tested at an incidence of 60 and Mach
numbers of 2.5 and 4.5.16 An (18x18) mesh was applied forward of the wing and
a (36x36) mesh was used for the remainder of the body. Calculated and
measured wing surface pressures are shown in Figure 14 and agree well in most
cases. However, near the wing leading edge, computed values are larger than
measured ones. Figure 15 provides measured and calculated surface pressure on
the windward side and leeward side of the body. Calculated surface pressures
yenerally agree well with experiment; however, discrepancies occur on the aft
end of the body at Mach 4.5. On the windward side, the pressure rise due to

21
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the presence of the wings is computed to occur downstream of the measured one,
while on the leeside, predicted pressures exceed experimental values.
However, these calculated results are in excellent agreement with those
computed in Reference 17 and thus, these discrepancies are likely due to
viscous effects. The crossflow pressure contours are shown in Figure 16 at an
axial station upstream of the wing tip at Mach 2.5 and 4.5 for the thick wing
case. A detached shock is visible below both wings and at the higher Mach
numoer it is positioned closer to the wing surface. This produces the strong
wing surface pressure gradients which are visible at this Mach number in
Figure 14. At Mach 4.5, the Mach number normal to the leading edge is
supersonic, but it is not large enough to produce an attached shock which
could turn flow onto the plane of the lower wing surface.

The wing-body-tail configuration of Reference 18 is shown in Figure 17.
It features a nighly swept wing with subsonic leading edge normal Mach
number. A (36x36) mesh is applied over the complete model and both a
deflected and undeflected horizontal tail configuration are considered. The
computed normal force coefficient and center of pressure are given in Figure
17, with and without fin deflection, and agree well with experiment. The
computed crossflow field at axial stations near the wing trailing edge and the
middle of the tail are shown in Figure 18. Figure 19 features a contour plot
of total pressure loss at these same axial stations.

,I /,
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SECTION 5

CONCLUDING COMMENTS

A second order Godunov method for tactical missiles in supersonic flow
has been developed and applied to several different configurations. This
scheme uses a multiple zone approach to generate a grid for finned tactical
missile shapes. It is cast in a finite volume framework and fits the bow
shock using the information contained in the Riemann problem. Results have
been applied to several different missiles, with and without fins, and
satisfactory agreement has been obtained with measurement. It was not
necessary in any of these cases to use special procedures or artificial
viscosity.

The merits of the second order Godunov scheme can be illustrated by
comparing it to the MacCormack finite difference methods of References 1 and 2
(i.e., the SWINT and MUSE codes). All of these methods use a similar multiple
zone mesh and calculations have been carried out on many of the-shapes
presented in this report. The principal advantage of the Godunov scheme
discussed in this report is robustness. This allows complicated cases to be
computed without user intervention or the application of special procedures.
For example, computation of the wing-body-tail configuration shown in Figure
17, using the methods of References I or 2 requires fine tuning of the
artificial viscosity level as well as careful selection of the fin
differencing options. The second order Godunov method handled this
configuration without user intervention or the application of special
procedures. In the case of a tangent ogive at incidence (e.g., Figure 10), as
the mesh is refined, the MacCormack schemes will fail unless artificial
viscosity is added. The Godunov scheme sharply resolves the crossflow shock
using a fine mesh and needs no special attention.

A disadvantage of the Godunov method is its computational cost which is
on the order of 50% greater than the MacCormack methods. This problem can be
reduced by using the approximate Riemann problem. Computations applying the
approximate Riemann problem are 30% faster than those completed with the full
problem, while the results are nearly identical to those achieved with the

* complete Riemann problem.

I2/
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TABLE 1. TYPES OF BOUNDARY CONDITIONS

TYPE PURPOSE EDGES ON WHICH
ALLOWED

INTERI1OR PROVIDE FOR INTERFACING 2, 4
OF ADJACENT ZONES

S YMMETR Y SIMULATE A SYMMETRY PLANE 2 OF ZONE 1
4 OF ZONE MAX*

Fr<EESTREAM IMPOSE FREESTREAM CONDITIONS ALL

AT ENID OF EACH STEP

ZJ~FACE SIMULATE A SOLID SURFACEAL

SHGCK< TRACK DOMA"I OF DEPENDENCE 3

* IAX -LARGEST ZONE NUMBER
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APPENDIX A

THE CFL CONDITION

The (CFL) condition requires that the domain of dependence of the
numerical scheme contains the domain of dependence of the governing Partial
Differential Equations, in this case the Euler equations. The domain of
dependence of the Euler equations for some point P lies within the Mach cone
witn vertex at P. In the z = constant plane containing P, the domain of
dependence is a point. Selecting z = constant planes which are at increasing
distances from P, the size of the domain of dependence increases, as is
illustrated in Figure A-1. The CFL condition prohibits step sizes in which
-ie Mach cone covers any area outside of the finite difference stencil. The
finite difference stencil is the area enclosed by lines connecting adjacent
points wnose information is used to advance properties at point P.

The trace of the i4ach cone in a z = constant plane is illustrated in
Figure A-2a. The shaded area represents the finite difference stencil of the
io.er order Godunov scheme. This stencil increases in size for the higher
order scheme. :owever, near shocks and other steep gradients, the second
orier scheme degenerates to first order, and the CFL step size calculation
must :e based on the more restrictive first order domain of dependence.

Computation of the maximum allowable step size is more easily
accomplished in computational coordinates where the grid is rectangular, as
snown in Figure A-2b. As can be seen from this figure, the dimensions of the
MIach cone cannot exceed 11, 1., 13, 14, in the R1, n2 ' n3 ' n4 directions
respectively. Here Z values c[re:

Zi 2 Ann 4 i 1 1, 2, 3, 4 (A-I)

where: A. = mesh spacing
An n mesh spacing
- sign applied to i = 2,3

while the n vectors are:
* n, = (An, a n1

n2 = (-an,A{, n2 ) (A-2)

n3  = (-An, -Ag, n3

A-I
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n n-

'he ; component of each vector will be determined below by considering the
lefinition of tie Mach cone. Satisfaction of these four constraints assures
that the CFL condition is met.

Satisfying the CFL condition requires determination of the maximum
dimension of the Mach cone on a plane I = I in some direction, n. As an
example, consider direction R, and define plane S with normal nl' to be
Stangent to t Me Mach cone. On the = I plane the point of tagency between
S and the Mach cone is point T with cooidinates (KIIQ+Ep , K2 "Q+np , IQ)
as shown in Figure A-3. Here (Pp, r' p) are the coordinates of point P,

(K1 , K2) are constants and AIQ Q -p The Mach cone and plane S are

tangent along a line TP with direction: (K1 Q, K2 AQ. AIQ).

The minimum distance between the projection of P and S on plane
i Qrepresents the maximum dimension, dl, of the Mach cone in
.iec on n ' is computed as follows:

-' (nI  ,n l , O) [n .... K-Il+n 1 K 2]A Q

.I' ,2+n 211/2 (A-3)
;n +n n n

* Since n1 is perpendicular to the Mach cone and the vector TP:
(K,' K'KAQ, A ) lies on the surface of the Mach cone. Then:1 IQ 2 Q le

",'I "(KIaIQ, K 2AQ' AQ) = 0 => n, K1 + n1 K2 I  (A-4)

and substituting Eq. (A-4) into Eq. (A-3) yields:

S -ni AQ

d" (A-5)1 (n 2+nI

To satisfy the CFL condition

6 d11 4 1Z11. (A-6)

Substit:iting the definition of i, di from Eqs. (A-2) 3nd (A-5) respectively
into Eq. (A-6) yields:

S1 A-2
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To complete the calculation of the CFL condition based on direction n
it is necessary to determine values of nl n and n which are consiste

with the definition of the Mach cone. In (x, y, z) space, the mach number
normal to tne Mach cone surface is unity. Thus if 51 is to be normal to toe
Nacn cone, it must satisfy the condition:

(I )2 _ a2Hl 12 = 0 (A-8)

This condition can be transformed to computational space (, n, ) using the
chain rule applied to the components of n1 '

n, = nj x + nI nx~ n1  +n nx 1

n y = n1y + n1 ny

1 z + I 1z + ni

Suostit-icin,] tne above into Eq. A-3 yields:

'-L + n 7n] 2 + a2n2  + 2n1 a2 Ln n1  ] - Un, V+nI ]2 0 (A-9)

where: U = 7

V = 7n

17= Xt+ Yj. + j

7n = nxi + nyj ' nzk

The and n components of vector n have previously been specified
as An and A&, respectively. Substituting these values into the above, yields
a quadratic equation for the ; component. Solving for n /A& produces:

nI

15(a2z2 wu) + (a2 n wV)j + a{(Ww -U)2 + 62(W nzV)2

+ (w2 -a 2 )[ 2 ( x2y + (nx 2+ny2)] + 26[(w -U)(W z-V)

+ (w2 a2 )(n ( 1 1/2 /(w2 a 2

A-3
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where: 3 an/ t

Here the positive root is taken and the absolute value of the quantity outside
the radical is used to assure that the largest possible magnitude for nI has
.een obtained.

To determine tne maximum possible step size, the above calculation must
be repeated for the remaining three directions. The resulting expression for
tne OFL condition is as follows:

(q 2  - a 2 )n
5 1 + C 2 + [al{c 3 62 + c 4 

+ C5a]1/2

where: cl = a2jzwUt

c2 = Ia2nzwVl

C3  = '," -U) 2  + (w 2 -a 2 )(i, 2 +i 2)

(w nz-V) 2 + (w2 -a 2 )(n 2+n 2)

I, 5 =  21(WEz-U)(wnz-V) + ("q2 -a 2)rnx +nyT y

- TI

,0

A-4
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-

MAXIMUM ALLOWABLE STEP SIZE

STEP SIZE TOO LARGE

FIGURE A-1. PERMISSIBLE STEP SIZE BASED ON THE CFL CONDITION
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