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ﬁ A second order Godunov scheme is described for steady supersonic flow.

N This scheme, which marches the solution in space, is cast in a finite volume
formulation and uses a mesh generated by a multiple zone procedure. Second

5 order accuracy is obtained by computing local slopes and adding a predictor

53 step. Both an approximate and a linearized version of the Riemann problem can

ey be used to increase efficiency. The bow shock is fit using the information

t% contained within the Riemann problem. The scheme is applied to both body

% alone and finned configurations for which experimental data is available.
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SECTION 1
INTRODUCTION

The hyperbolic nature of the Euler equations in supersonic flow permits a
solution by spatial marching. Here an initially known flow field on a
crossflow plane near the missile nose is marched down the missile length. For
a sharp tipped missile the initial flow field can be constructed from a
conical solution while a blunt body solver must be used in the case of a blunt
shape. The computation terminates when the base of the missile is reached or
when subsonic regions are encountered. .-

This report describes the application of a second order Godunov method to
tactical missile shapes (i.e., bodies with thin, low aspect ratio lifting
surfaces). The grid is generated using a multiple zone method that divides
the crossflow plane up into several quadrilateral zones. The body, fin, and
tracked bow shock surfaces must lie on the zone edges. A typical zone
structure for a body-wing missile is illustrated in Figqure 1 while the
quadrilateral zone geometry-is shown in Figure 2. The numerical method is
cast in control volume form and consists of a predictor and corrector step.
The predictor step advances the primitive variables using Euler's equations in
non-conservation form. Derivatives are computed using a limited central
differencing procedure. The corrector step modifies Godunov's method by
assuming linear property variations within each control volume.

The multiple zone computational procedure has been previously applied to
missiles uslng a MacCormack type scheme with characteristic boundary
conditions.**¢ At wing edges and surface discontinuities, these boundary
conditions are appended with special procedures which apply oblique shocks or
expansions as appropriate. These methods have been successfully applied to
missiles, but lack robustness. In simple cases (e.g., a tangent ogive at low
incidence), accurate, efficient solutions are achieved. However, for more
complicated shapes the user must adjust the artificial viscosity levels and
special procedures. A first ordgr Godunov method has also been developed
using the multiple zone approach” which is extremely robust and devoid of
special procedures. I[n regions where shocks occur these results are
comparable to those obtained by the MacCormack scheme. However, on smooth
bodies, accurate prediction of surface pressures can only be obtained with
extremely fine meshes. This general recipe for constructing a second order
accurate Godunov scheme was suggested in Reference 4. It has been applied to
unsteady, compressible flow in References 5, 6 and 7 and to steady supersonic
flow in References 8 and 9.

The second order Godunov scheme presented in this paper is imbedded in a
multiple zone framework which features the division of the computational
domain into quadrilateral zones of the type shown in Figure 2. The edges of
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adjacent zones spacially coincide with one another and do not overlap. The
quadrilateral zone must be consistent with the following constraints (see
Figure 3 for zone numbering convention):

1. Edge 2 can only abut to edge 4. Edges 1 and 3 cannot abut to |
other edges.

2. Surfaces and symmetry planes must lie on zone edges.
3. Bow shocks which are to be fitted must lie on edge 3.

The geometry of the zone edges can be defined using either cylindrical or
cartesian coordinates. These constraints are sufficiently loose to allow a
large number of different internal or external flows to be handled. This
includes body-wing-tail missiles, wings alone and.inlet flows. Geometries
including features such as detached inlets or a tail located on a wing require
abutting edges 1 and 3, as well as 2 and 4. These types of shapes cannot be
handled by the present second order Godunov code. Reference 2 describes a
MacCormack based multiple zone method for computing such flows.

A user guide for the method described in this report is provided in
Reference 9.
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kﬁ} _ In steady supersonic flow the Riemann problem represents the confluence

Sy of two, two-dimensional supersonic streams, as is illustrated in Figure 4. At
tne point of stream intersection, shocks and/or expansion fans form, turning

%sy both streams to a common direction. The appropriate direction is the one

b producing the same pressure in both streams. The two final streams need not

k) N feature the same density or velocity and a slip line usually forms between

ot them, Solutions are self-similar in z and feature constant properties along

Qi any line passing through the point of jnitial stream intersection.

o Figure 3 depicts the Riemann problem formed by the intersection of two

Rt streams with properties (py, 0 4+, U4, Wi) and  (p-, p-, u-, w-). Upward

e e deflection of the (+) stream is described by the shock relations and leads to

55 an increase in pressure while downward deflection is associated with an

g expansion and leads to a decrease in pressure. On the other hand, upward

deflection of the (-) stream leads to an expansion and downward deflection to

{a’ a shock. To solve the Riemann problem, it is necessary to determine the final
\ flow direction, which produces the same final pressure in both streams. The
‘ot shock and expansion equations define the relation between the two initial flow
o directions, §_and pressure, p, , and final pressure and direction, p, .
:ga These can be aritten expressind &8 as a function of 6+, Pys and p:
B 2 2 1/2
e . (pe-p,) p (2M “-y+1) - (y+l)p
o 6o = 8 ¢ tan"td |o ot } E A - f :shock (1)
B = < = - .
o
:;f 8¢ = &, £ v(M,) F v(M) :expansion (2)
iQa: - - - Pf < P+
P
‘e
.' ) v-1
ot 172
®x 2 Py Y (vy=1),, 2
h : = —_ -
-ER- where: M. T?rTTt(pf) (1 + __2—-Mt ) - 1]
nt
K 2 1/2
:ipg (M) = C tan'lﬂimsél)] - tan'lf:Mz-l]l/2
&

.‘ C o= [(xlgjl/z

i)
Wy "
?‘ lt"l.'.
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R
B
o Here the upper and lower signs are associated with the (+) and (-) stream
i respectively. The resulting (p ~ &) curves for the + and - streams are
graphed in Figure 4. The solution to the Riemann problem corresponds to the
e intersection of the two illustrated curves.
B
K 2.1 COMPLETE SOLUTION
‘!‘n
" The non-linearity of Eqs. (1) - (2) precludes a closed form solution.
ﬁ Instead, an iterative procedure is used which proceeds from step n to n+l as
& follows:
2
R 1. At the start of iteration step n+l, two points are known on both
R
the + and - (p-¢) curves: (p", s"), (p '1, 6"'1). The equations for
‘i. t t P t
b the lines passing through the two known points on each curve are
%h determined.
)
. 2. The intersection of the two lines is determined and p is taken to
be the pressure at the point of intersection,
p "
£
:ﬂ 3. &, and §_ are determined by evaluating Eqs. (1) and (2) using the
B’ value of p determined in step 2. '
Ry
- 4. If |s,-6_] < 1073, the iteration is terminated.
(Y0
:ﬁ, To start the iteration:
L\
(X3
e 0. 0. 1.
ﬁ:. Pt Dt s Gt Gt s pt P - (3)
(—_':.
:‘) Here p is the linearized pressure solution discussed in the next section.
9
di are determined by evaluating Eqs. (1) and (2) using P.
g <
f, The Godunov procedure, which is described in Section 3.2, requires
g knowledge of the flow properties associated with a spacific direction, 8. As
N indicated in Figure 3, three different regions, (Rt’ F, E) are featured 3n the
e expansion
N
;;. side of a slip line and two (R,, S) on the shock side. If © lies in R, the
1 )
; initial conditions provide the needed properties. For 6 lying in S or E, the
M variables p, § are determined by the Riemann solution and the density is
N computed using the oblique shock relations:
i.
"
‘;'v 2 ”
i3 h*UMéineS
I~ °_ . : (4)
= Py (y-1)Msin®e_ +2
(S + S
o - t
;)
'ﬂ'
¥ 4
L Y

YNNI e L Y

R xRN .3
T S e a EGTH R
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i wnere: sin“sg = [(v+1) & + (v-1)1/ (2w)) (5)

£ £

--,
X ]
x
- s
- 8

In region E, the isentropic relations provide the correct density. However,
g the shock relation is less expensive to apply and yields the required
' accuracy. When 8 lies in F, the flow direction § along 6 is given by:

~

oy

S

"R §=107 sin'lﬁi,} (6)
KA : M

o'l

L Here M* is the Mach number along the direction 8. Using Eq. (2):

oy £ w(M) = 8+ v(M) Tsintil (7)
ey t t M
'\

L=
N and solving for M" yields: (8)

*

5% M o=1[1+ EQ tanz{
25 ¢

/2 + v(M+) + (5+-9)}]1/2

PR * L. . . .
dith M kxnown, the remaining properties along & follow immediately from the
isentropic relations. )

- The angle between the shock and the slip line, 8_ , is given in Eq. (%),
A7 while the angle between the slip line and the head and tail characteristics of
%:r the expansion fan are the characteristic angles, based on the Mach number

1 g upstream and downstream of the fan respectively.

(. 2.2 APPROXIMATE SOLUTIONS

Sy Approximate, closed form solutions to the Riemann problem can be obtained
W in cases featuring similar + and - states. This often circumvents the need to
® use an jterative method. To develop approximate solutions, the shock

o™ relation, Eg. (1), is expanded in the following Taylor series:

) p = putky (828) +k, (82507 1 ky (6-6,)% + 0[(5-6,)"] (9)
b r - t - - -

1/2

o ) - 2/ (M.
ag where: k1 ptYMt/(Mt 1)

™
»...
"’
~
~N
[}
o

,:.':. ,
*‘ o‘..:{.l:t‘,.n,. '

R A A (ARGt
[ NidX) > 4!
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\ 2
A S O VY IR R Vo i Ve .
. 3, T | T 73 N
[} - (Mt“l)
i)
Lf
0 3 4 2 .2
b ‘ *1 (Y+1)Mt Mt * 3

The Prandtl-Meyer expansion series is identical to the above through second

. order. The third order terms, for y=1.4, are typically within 10% of each
” other, and Eq. (9) will be used to represent both shocks and expansions.
iQ Retaining only linear terms and requiring that the final upper and 1lower

stream pressures be equal yields the linear solution:
k1+{[p_-p+] +ky Le-8. ]

p. =P_+

L T+ (TEEETDE
1, 1
» (10)
I Up_-p,) + ky (6_-8,)}
§ = 5_+ -
o L + Ky %7
+

! This estimate can be improved by considering the second order term in Eq.
P (5], Let oQ be the quadratic solution and write:
- 6 = 8 = (GQ - 6) *+ (5 - 5t) = 86g + Ath (11)
& Substituting the above into Eq. (9), and dropping the AGQZ term results in:
' 2
A -
: p=p +k, 8 + A8 [+k, + 2k, a6 ] (12)
o L, e, % gtk v e %
J.
4 tquating the upper and lower stream pressures yields:
'.' = [ 2 2
- AGQ (KZ-A%- k2+A<SL+ )/(2k2+A5L+ - 2k2-A6L- + kl+ + kl_) (13) )
= The final pressure can be evaluated to second or third order using Eq. 9.
-@
d Properties along a direction 6 are evaluated using the same procedure

discussed in the preceding section, except in the linear case. Here the

Riemann solution is assumed to contain two distinct regions separated by lines
’ along which flow properties are discontinuous, as is illustrated in Figure

5. In particular, it is assumed that expansion fans are infinitely thin.
- The efficiency of the Riemann problem strongly impacts that of the
- Godunov procedure. To minimize the computational resources devoted to the
‘J: Riemann problem, the approximate solution is calculated as follows:
B » 6
e

¥

kS

- SPGPNON
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1.  The linear pressure and flow direction are determined from Eq. 7.

2. If max ()& -6,.], |8, -6_]) < .02, the linear solution is used as the
final Riemann solution.

3. If max (IGL-6+|, IGL-G_I) > .02, the quadratic solution is evaluated
from Eq. 13.

4, If .02 < max (|5q'5+|» ‘5q°5-|) < .06, the pressure, pg, is evaluated

using first and second order terms of Eq. 9. Slightly different p
values are obtained from the upper and lower streams. The final
pressure is an average of pqt.

q

5. If .06 < max (laq-5+|, Isq-s_l) < .10, the first, second and third
order terms of Eq. 9 are used to calculate pressure, 0.. pc+ and p¢
are averaged to determine the final pressure.

6. If max (|6q-6+|, ldq-s_l) > .10, the iterative procedure outlined in
the last section is applied.

2.3 APPROXIMATE PROBLEM

An alternative to obtaining an approximate solution to the supersonic
Riemann problem is to define an approximate Riemann problem which can be
readily solved. Following the general approach outlined by Davis for
conservation71aws, a simplified Riemann problem for supersonic flow can be
constructed. It features a single set of intermediate properties separating

the two initial states as is shown in Figure 6. The slopes, a’ and a~, of the

two surfaces across which flow properties are discontinuous, are defined as
follows:
-+ .
at = min(a *

c A7), 2 = max(aY, A7) (14)

where: the subscript refers-to the root
the superscript refers to the + or - stream

t. wutéVL2+w2ea2

(15)
t W2 - a2

A

The parameters a, are easily computed and ensure that the complete Riemann

probiem wave speeds are faster than 5_ and slower than a_. This assures that
the entropy condition is sstiafiid and that the method converges to the
correct physical solution,’**>

The intermediate state, denoted by a superscript asterisk, is calculated

by balancing mass and momentum fluxes through the dashed control volumes of
Figure 6. A quadratic equation must be solved to determine the primitive

7

RO GRS AR ANILAR LR KN KD AL CMAE BRSSO RA AR
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variables p, o, u, w. However, the information necessary for the Godunov
scheme is simply the fluxes normal to some direction, 8, as shown in Figure 6:

"D*V* T

=i
u

©

<

* *
n W *p cos® (16)

* % *.
p Vv, U +p sineg .

L .

-®
Here v,* is the velocity normal to the 8 = constant plane. Focan be computed

directly without the need to determine the& primitive variables. To accomplish
this, conservation is satisfied for the two dotted control volumes shown in
Figure 7. This yields the following vector equation:

+ *
+F o+ 4+ F F
alU =aul - o8 t =T upper control volume (17)
. P TRRPR TR F . —E:— lower contral volume
COsS8 Co0s»®
where: a* = a’ - tane
a~ = a - tane
W
Solving for F produces:
Fx o 28 (Ut - U )cose + a'F~ - a7F" (18)

(a¥ - a7)

When applying the approximate Riemann solution to the Godunov scheme, it
is necessary to determine F along some arbitrary direction é.

If a~ < tand < a+, the above flux definition is the appropriate one. However,
for tané > a+ or tand < a~, th~ F* and F~ fluxes, respectively, must be

used. This can be accomplished using the above formula if a* and a" are
redefined as follows:

at = max(a+ - tane, 0)
a~ = min(a” - tane, 0)

8
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B SECTION 3
J
33; NUMERICAL METHOD
Rt
§ 3.1 ZONE DESCRIPTION
AN
. In the crossfiow planes z = constant, zones are generalized
;s& quadrilaterals as shown in Figure 2. Each zone is described with respect -
3 to (s, t, v) coordinates, which either represent cylindrical (r, ¢, z) or
£ cartesian (x, y, z) coordinates (see Figure 7). Cylindrical coordinates
'hp facilitate treatment of wing-body configurations, while cartesian coordinates
St can be applied to wing alone cases. The numbering system used to designate
o tne edges and corners of a zone are indicated in Figure 2. The locations of
ol edges 1 and 3 are defined by the functions b(t, v), while the coordinates of
,&§ edges 2 and 4 are defined by ¥(s, v), and o(s, v), respectively.
-Qb Wwhen (s, T, v) represent cylindrical coordinates, the bow shock may be fitted,
A but it must be located on edge 3.
"
" The mesh in each zone is defined by the transformation Tl « T2, where Tl:
%s tg, n, ) » (s, t, v) and T2 (s, 1, v) » (x, y, 2). T2 is given by:
e
2 x =5 cos (1)
j:k y =5 sin (1) cylindrical coordinates
D 2=
- (20)
N , X =5
y& y=r1 cartesian coordinates
::" Z =V
f,':n
« : while Ty is defined as:
e :
g s = b(t', &) + [c(r", g) - b(r', 5)IF(g)
oY T=a(s', g) + [W(S" g) = als', g)la(n) (21)
§3: v=e_z
, ' where
v';. l
;? o= t(e) *+ (7y(5) - 14(2))g(n)
L "
3? ™ = 13(8) *+ (15(5) - 13(3))g(n)
s s' = s4(8) * (s3(8) - 54(2))F(8)
l;.‘
s s" = 51(8) + (sp(8) - sq(g))f(8)
i

<
i 9
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and (Si’ Ti), i=1, 2, 3, 4 are the coordinates of the corners. Here f and g

are mesh clustering functions with f(0) = g(0) = 0 and f(1) = g(1) = 1. The
computational domain for each zone is bounded by 0 < £ <1, 0 < n<1, and
z » 0.

In each crossflow plane, the metric quantities, &2 gy, Ez’ “x’“y’ ny»
must be evaluated at cell centers. These parameters are used in the predictor
step and to compute the step size. This is accomplished analytically as

follows:

= (18, = syt /3 s ony = (resy +spn )/d 5 g = vy

= - i - =z (= 3 . = 2
Ey (rnsy snty)/% ; ny ( TESy + Sgty?J : ;y vy (22)
£, = (SnTC - THSC)/J 3N, = (T€S§- SETC)/J ; 5, =V,

where: j = s_1 = snrE

The x, y, z derivatives of s, t, v are given in cylindrical and cartesian
coordinates by:

Sy = cos(t), sy = sin{(t), 5, = 0

T, = cos(t)/s, T, = -sin(1)/s, 1, =0 cylindrical coordinates (23a)
\)xz\)y=0’\)z=1

s, =1, sy =5, = 0

ry =1, T =T, 0 cartesian coordinates (23b)
v. =1, v =v =0

The derivatives of s, t, with respect to &, n, z, are evaluated
analytically. The expressions for these quantities involve corner values of
s and v, which can be computed using the formulas given below:

0 P
1, ” (bytb ¥ )/ (L-b o) a, (b *+cb )/ (1-b ) corner 1
52; = (cyre v )/ (1-c ) TZC = (b v )/ (1-c v,) corner 2
(24)
53; = (¢, + c o)/ (l-ca.) ; r3; = (o, + o, )/(l-c o)  corner 3
s4c = (bv + brav)/(l 'brcs) : 14; = (bv + csbv)/(l - bras) corner 4

RRCOBORIANACO0RLS
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Using the corner values of scand T derivatives of s', s", t' and t" can be
computed as follows:

S'e = (54 - 5,)f" (&) ; s"E = (s2 - sl)f'(s)

s'. = s4c?(€) * s3cf(s); s, =5y f(8) + sch(s)

¢ g
s' =0 ;o s" =0
n n (25)
T £ =0 ; T £ =0
v =19(n) + 1 og(n); 1 =1, g(n) +1,9(n)
4 4C '1; o 3C '2;
v -rdetn) 5 = (1, - 1) (n)
where: - -
fre) = AL gi(e) = L8 F(g) - 1-7(e), 9(8) = 1-g(8)
The general formulas for the transformation quantities then follow:
sg = (c-b)f'(¢)
Sp = bTr'nﬁ(E) + cTt"nf(E)
S, = (brr|;+ bv)f(s)-r(crr"c + cv)f(s)' (26)
=

A
"

L= ($=0)g' (n)

~
n

¢ = (ogst L+ o)gln) + (bs" + v)g(n)

Additional mesh-related information required by the Godunov procedure is
the area of each cell in the crossflow plane (A;.), and vectors normal (n) to

the sides of the control volume (see Figure 8). IThese quantities are computed
as follows:

.1

Aig =7 Vea * Va1l (27a)
- _ 1

"ie1/2,5 =7 (Vo X V31) (275)

Here, V » 2y - Z;), where the subscripts refer to the

ijs(xi-xj’yi-y 3

J
corner numbers, which for cell (i,j) and edge (i + 1/2, j), are defined in
Figure 8. If the edge corners are not in a plane, n lies in an area weighted

average normal direction to the edge (see Reference 12). Note that the
magnitude of the normal vector is the side area.

11

oy . SOOAE S AADRAS N
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,gé 3.2 SECOND ORDER GODUNQV SCHEME
Using the notation and coordinates of Figure 8, control volume mass and
momentum conservation equations are given by:
, T+l _ o = ] r -
R Y T ey T Rieyey c g2 T F
Wy where:

i,§-1/2 (28)

v n n MW+ p 2 iV + n,p

A 0. . = A, .| owu F. . = ouV + n_p

" i,3 i,] i+1/2,] X

b pwv u4 pvV + nyp

:&t 1,] 1,] 1+1/2,]

u
[
(98]

0 V=M, Ve Wiy,

My Here U is the flux in the z direction which passes through the shaded cell

o ends (see Figure 8) while the F's are the fluxes associated with the remaining
cell edges. Egs. (28) are closed using the constant total enthalpy condition

L and the perfect gas equation of state which yield the constraint:

1 g T?gTT + % (u2 Ve wz) = H, (29)

[n non-conservation form, Egs. (28) becomes:

J Cv U+ v Y+ (Ep+nop )
e v R8T e Yo ] (30)
. WL [e]

1
< = W == [H) - wH, + P/o]

N (W =-a )

- 1 2, - .
F’c = m E'WHl + pa HZ wP] EZpE “an

5 where:
B 0= gu+cgve+eu
? " 7= nou + jyv + nw

ya

ke P = u( Expg + nxpn) + v(gypg + nypn)

" 12
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)
!,_Pi

*vg
A H1=a2{sua+5yvs+szw + U+ nvoE oW
e Hy = UWE + an

ﬁ
P
Oy
s\; ~ The solution to a supersonic flow field can be marched in the z direction
N using Eq. (28). The complete second order Godunov method evaluates the F
oy fluxes and completes a marching step as follows:
g? . 1. Derivatives of p, o, U, v, w are computed using a limiter. To
o illustrate the Timiter, consider the derivative which is calculated
hﬁ as follows:
0 1 Pisg,g - Pi, ) PEL = Piag,g) <0
o otherwise
) -
s 3p . ) (F)min [Pis1,5 = Pi- l,J. K|p. - ]y KIPe - Py
?!{‘ 1_5“"] AE Z I 1+1;J :J‘ I 1,] 1+1yJ| (31)
5";‘
'E where: F = sign(pi+1,j - Py ,j)
W
o Here K is an adjustable constant, which is normally set to unity at
2 interior points.

/.
é‘ 2. The metrics Ex’ Ey’ sz, are calculated at each cell center in the
b computation using Egqs. 22.
A). 3. The step size, Az, is determined from the (CFL) condition which is
ﬁk described below and discussed in Appendix A.
o - - - .
A 4. The predictor values, p, p, U, Vv, w are calculated at z + Az/2 using
i?‘ the derivatives determined in step 1 and the metrics from step 2
- applied to Eq. (30).
i?' . 5. The coordinates of the control volume corners are determined from
2¢£ : Egqs. (21), and the vectors normal to cell edges are computed using
f Eq. (27b).
\"
:; , 6. Properties adjacent to cell edges at z + Az/2 are calculated using
,,: the cell center predicted values from step 4 and the derivatives

) from step 1. This produces two sets of properties associated with
‘Cj each cell edge; one for each of the adjacent cells. For example,
é; the two pressures on the lower edges of cell (i, j) in Figure 8 are:
Jind i- 2,%%‘ from cell (i, j)
M (32)
¥
i¥ Pi-1,j ‘E.E%] i-1,j from cell (i-1, j)

13
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: >, 7. A Riemann problem is constructed at each cell edge using the two
;5% sets of properties determined in step 6. The two dimensions
associated with the Riemann problem are defined by plane R which
o contains the cell edge normal vector and is aligned with the z
:&% axis. The two initial states consist of (p, , Vo w), at the two
& . = .
go: adjacent cells, where v, = (n, ny) (u, v)/](nx, ny)l. Also
R computed for each initial state is
)
oy Vg = (-ny, ny) « (u, v)/l(nx, ny)l wnich is the velocity component
;: tangent to the cell edge trace in the z = z" plane.
c':‘!
ﬂg 8. The Riemann problem associated with each cell edge is solved using
¥ the techniques described in Section 2.2.
r(' 9. The angular orientation of the c211 edge in plane R is calculated
.:3 with respect to edge (i+1/2,j). This orientation is:
b .-
> e, .
¥y -
i 8 = tan~! [ - i+1/2,) 1;2 (33)
: (n2x + n? )
_ 1+1/2,] Yi+1/2,]
% -
.*: 13. Cell edge properties are constructed using the Riemann solution
%:y along direction 8, and by specifying vy. In terms of the properties
' provided by the Riemann solution, Pg» Pgr dgs Sgs the cell edge
:ﬁ). properties, denoted by a subscript e, are given by:
e
‘ »
Sir: -
a pe = pe
2 e * %
A .
k ) Ug = (qesmsnx - Vt"y)/|"x’”y| (38)
‘: v, = (qgsinén, + v.n )/|n_,n |
e e 9e y t"x x*y
[ ] 2
R Wo = qgC0S$
‘n
152
‘x% In the above, q and & are the velocity magnitude and flow
” . direction. vy is selected by noting the relative sizes
i)
O of 8 and &, the Riemann slip line direction. The following
ﬁ?ﬁ algorithm is used:
LSO
L) .
f Ve ' if o > sf
s i+1,]
s Ve = (35)
i+1/2,]
W] .
R VEi,j if 9 < &f
itd
o9,
¢
el 14
oq

¥ »;
e
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s
| : 11. Using Pas Pas Yas Vas Wos for each of the four cell edges, fluxes
N are evaluated and the flow field is advanced using Eqs. (28).
'~':' . 12. The computational step is completed by calculating cell end areas at
‘_i.’ z + 8z using Eqs. (27a) and decoding to determine the primitive
Mty variables as follows:
[
%' S =
0 4,57 M
i )
Vi,g T el

:;:;;"
K R X2l 4172 " (36)
g “i5 T | T (
' ’
., ) - 2 _ .2 _ 2,2
Y where: x = [(ZHou1 u3 u4)/u2]1. R
o -
g Pi,j 7 (2 = wuy)y 5/Ay

Py = U Sy Ay 5)

o ’ i, ’ ’

o
: In the above, p is positive provided that x > 1.

&'
;'L:. The step size Ag is chosen using the CFL condition, which requires that
) the following condition be satisfied at every point:
Y
'::.. (w2 - aZ)An
o ae = T2 172 (37)
::::.' 6c1+c2+[a {cq8 +c4+c56}]

Ao

[ ] 2 -

T where: ¢, = |a g, - wU |

S
b = |22 N

)' : C2 'a nz - WVI
b - =2 2 2 2,2
et ¢y = (wh, = )"+ (w" - a") (g, "6 ")
o3
el . =2 2 2., 2.2
‘:::q cq = (wn,=V)" + (w™-a")(n, ny )
" cg = 2| (we,-U) (wn, V) + (wP-a?)(neg en )|

9 5 ‘ z z X X y'y
1
R § = (4n/4g)

D) OISO OS]
W I:‘,. DO el Wit 0 33“.‘ s“!!;"&.‘):‘!h“'.@:’:f “e( "
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The second order Godunov scheme is modified when the approximate Riemann
problem is used. Steps 7 and 3 are removed while the fluxes, determined in
steps 10 and 11, are computed by the three-dimensional version of Eq. (18):

- = -
L D)) - ST (38)
(@ -a")

Here, F*, F;, F* are the total flux through the control volume edges (i.e.,
the fluxes of Eq. 18 multiplied by the edge areas). However, U*, U~ are still
the end-area flux per unit area.

3.3 BOUNDARY CONDITIONS

Five types of boundary conditions can be applied along zone edges. These
are listed in Table 1 along with the edges on which each can occur.

The INTERIOR boundary condition allows interior cells of adjacent zones
to interface. The second order Godunov scheme outlined in the previous
section is applied. Here it is presumed that the mesh is continuous across
zone boundaries. Failure to use a continuous mesh will result in loss of
second order accuracy.

The SYMMETRY boundary condition permits the modeling of symmetry planes
and consists of a second order Godunov scheme operating on an automatically
constructed mirror image state.

Ambient condidtions are automatically applied to boundary cells at which
the FREESTREAM condition is invoked. This procedure advances the solution as
if a surface were adjacent to the boundary cell. However, at the end of the
computational step, computed properties are over-written by ambient ones.

The SURFACE boundary conditions allow a surface to be simulated. At
cells adjacent to a surface, the second order Godunov scheme must te
modified. The derivatives normal to the surface are calculated using a one-
sided difference. Also, the flux passing through the cell edge adjacent to
the surface must be computed to reflect the tangent flow boundary condition.

The slopes normal to the surface are determined using the following one-
sided difference limiter:
0 0Py P 5 Py 3 Pig ) <O

%% . otherwise (39)

5015t Wy g 3Py KiPy 5 R )

K (pZ,J - pl,J)]

where: F' = sign(p3 5 - pp j)

A T e e Lt e e e L T e e ey AR e T T AT .,-.; R N VAT Gt A Y, A .Y
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i
R
{5 In smooth regions of the flow field, K' is set to 2 while near fin leading
i edge, a K' value of zero is used.
N The flux on the cell edge adjacent to the wall is evaluated using the
" procedure:
"
R 1. Following the predictor step, properties at cell edges adjacent to
ﬁ?, the walls are computed by extrapolating predicted p, o, u, v, W tO
) tne wall using the cell slope normal to the wall.
1'% ) .
’i{ 2. The velocity vector determined in step 1 is turned through either a
WY shock or expansion in plane R. The appropriate turn aligns the
& velocity with the wall.
LS
3. The wall is a steamline and the flux at the wall reduces to:

L)
8
o 0
&R F "%

- 1/2 J = X

N ’
Py » nyp
"\: The wall flux is evaluated using the pressure determined in step 2.
"

:j Un edges 2 and 4, fin surfaces may form or disappear as the solution is
o~ narcned down the length of the missile. Here it is possible for only part of
" a cell to be covered by a surface, as is illustrated in Figure 9. Such cell
. adyes are divided into an interior and a surface part. Separate flux values
o are constructed for each and summed tc determine the total flux passing
Bt througn the cell edge. The procedure for calculating the interior and surface
K fluxes follows from the surface and interior flux algorithms discussed
hv above. To implement these schemes, it is necessary to construct vectors
0 normal to the interior and surface portion of the cell edges. The magnitude
3. of tne surface normals is equal to the areas of the interior and surface
o portions of the cell edge, respectively. An estimate of the areas of the
. . - y 3 K3 > 3 -

R surface and interior portions of the cell edge is determined by dividing the

N cell edge into six sections as shown in Figure 9. The total and surface areas
EQ are calculated from: .

[ ) 6

P -
-5 Aror = Z (Ry . Ry )ae, (total area)
"ot i=1 i i (40)
o
2
o

®: =
o Agurf 6 (surface area)

b 7 max[ (R, =R, ), 0Jas,

< i=1 Ty 8 1

e
&
5

~

?
e
' 17

o
W
P
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N

ﬁld where: All = Als = Az2/12, Ali az/6, i =2, 3, 4, 5

b o]
—
[
3
— o
3
——
o

-
o]
u
3
o
>
—
©
]
—
~N
—
-
o
—
S

outer fin tip radial location

s .
he)
m
—
~N
1]

inner fin tip radial location

~ s
4
©
—
N
~—
1]

ce r; = radius at corner i (see Figure 9 for numbering convention).

Vhi The vectors normal to the surface, HSurf’ and interior, ﬁI, parts of the cell
'Yﬁ edge tnen follow from:

LX)
J. i LA Msurt A (41a)
surf " T2 Teor. A

" Msurf .

il np = n (41b)

s where:

RiY dge 2
,g“. edg

R A [-sint/s + ¥ cosT, cost/s - sinrvs, Wv] cylindrical (423)

L
L]
=1

, surf
o’l‘ ' g 3
el C ¥, 1 - L cartesian

- el men s ALYy -l'n; (04 X} it '
s M ) . N Ka'kd i d ey
l.,@k’ O by Y i Wty ,’n_’fg‘u?‘_‘éf"azvti‘.f“-s»'*‘ e ‘i"‘-‘t'i“ﬁ",!t‘ DO

ORI 0 ’,
[ 3=%)
"6 < LU

% RXINCEMN 2, LA
T e e T T L T G R 'u',t
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‘l
i
X edge 4
|
\ [-sint/s + g €OST, COST/S - sinrg , °v] cylindrical (42b)
K. =y
. surf =
- [-cs, 1, '°u] cartesian
N Here ¥ and o are evaluated at [zJ, %(RT + RBJ)J where J is first segment for
which max{(R, - R, , 0) > eandR. -R, -R. + R, > g, where ¢ is a small
NN o0 Ly Ty By
number,
‘Q The geometry of edge 3 can be computed to fit the domain of dependence of
N the solution when cylindrical coordinates are used. To invoke this procedure,
0 the SHUCK boundary conditions are applied. The geometry of edge 3 is
N, determined using the information contained within the solution of the Riemann
f Problem constructed on plane R. The two initial states for this problem are
- the free-stream and the abutting cell edge properties. The cell edge
” wroperties are obtained by extrapolating the center properties to the edge
¢ usinyg differences normal to edge 3. The Riemann problem solution features a
3 dairection, 3 which separates tne free-stream conditions from other states.
0]
' Tnis angle marks the domain of dependence of the numerica1 solution in plane
R. Since plane R contains the cell edge normal, 0, the vector (ny, ny) is
" 11350 in R. A vector girected along the e d1rect1on is thus:
.
: Ay = =7y (00 +n3) - tansk (43)
(n +n,) Y
.5 Transforming to polar coordinates yields:
[}
= 1 .= e = 1 -
ng (n2+nZ)I72 [(nxcos¢+nys1n¢)er + s1n¢nx+cos¢ny)e¢] taneseZ (44)
4 Xy
)
N
; Noting that:
. <,
! g 8 "T 8 " %% (45)
L
K™ and comparing to the above yields:
tanes(ni +n§ )1/2
=2 4
b €z *TAcose *nsine] (46)
X y
r]
A )
b
y 19
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d The procedure for computing the geometry of edge 3 is as follows:
Following the First Step of Main Algorithm

1. Compute ¢, using Eg. (46) evaluated with n, and n, from the previous
Jﬁ step. %1 edye properties are based on tﬁe cellycenter properties of
: the prev1ous step, and the differences from step 1 of the second order
‘ Godunov algorithm.

B

:3 Following the Predictor (Step 4 of Main Algorithm)

¢

s 2. Re-evaluate ¢, from Eq. (46) using predictor properties.

. 3. Advance the snhock location using the ¢, value determined in.step 2 by
~ means of: el .

N c = ¢+ (c_+c Az 47
N (e % ) (47)
N 4. Update c, values using a central difference.

2, The algoritnhm used to advance the cell adjacent to the edge of the domain
Uy 5T dependence is altered in two respects. The derivatives in a direction

W normal to tne edge 3 are computed in a manner analogous to that of Eq. 39,

» witn K' = 2, The flux passing through the cell edge adjacent to the free

& stream is determined by a Riemann problem featuring free-stream properties ana’

: aosutting cell edye properties as the two initial states.

3

" 3.4 SEPARATION MODELING

" At incidences greater than a few degrees, the viscous flow about a

missile body will separate and roll up to form leeside vortices. Inviscid

£ calculations instead feature a strong crossflow shock which may generate

_: sufficient vorticity to form leeside vortices. However, the strength of these
" vortices is much smaller than that of measured vortices. Also, the predicted
: inviscid pressure distribution differs markedly from the measured one.

N» Several d1ffer§nt methods have been proposed to model viscous crossflow

@ separation.! The first of these alters the surface velocity direction near
3 the estimated separation line, which is determined empirically. The second

2 metnod limits the crossflow velocity to a certain maximum value. Both J
- techniques destroy the crossflow shock and produce strong leeside vortices.

o However, modeling the separation line, which is the most physically realistic

L procedure, yieids erratic pressure values near the separation line.

e

f: The ZEUS COdS 1mp1ements the crossflow limiting approach. The crossflow
- plane velocity, + 2 , prior to decoding, is reduced to the following

o maximum Mach number: 1/2 2

“ Moo= (@)Y 2(r/b) (48)
o CR

. Here b is tne local body radius, a is the angle of attack and r is the radial

» coordinate., The decode procedure, applied after the limiting process,

o enforces the carrect stagnation enthalpy constraint. The above procedure has
o only been applied to turbulent flow, hence the absence of a Reynolds number

- dependency.

o
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SECTION 4
RESULTS

The second order Godunov method has been applied to body alone as well as
winged configurations. In all cases the missile nose was taken as sharp and
the initial data plane was defined a short distance from the nose tip using
the approximate conical flow field generator of Reference 9. The solution was
advanced at 90% of the CFL step size and it was not necessary to apply either
special differencing or artificial viscosity. The constant K in the limiter
Eg. 31 was set to unity. Along edges 1 and 3, K' of Eq. 39 was set at 2,
wnile on edyes 2 and 4 it was set to 0. All of the results shown employ the
approximate Riemann solver of Section 2.2. These results are nearly identical
to those obtained using the approximate Riemann problem of Section 2.3.

Figures 10 and 11 illustrate the calculated surface pressure and
crossflow plane velocities on a tangent ogive at a station 6.5 calibers from
the nose tip. Both clipped and unclipped results are shown along with the
measured surface pressure distribution.l% Application of clipping destroys
tne crossflow shock, introduces a large leeside vortex, and brings the
calculated leeside surface pressure into better agreement with experiment. On
the windward side, the unclipped surface pressure results are closer to
experiment.

Calculated surface pressures are shown in Figure 12 for a cruciform delta
configuration in the plus roll orientation. Experimental data are from
Reference 15 and were measured at a Mach number of 3.7, an incidence of 7.8°,
and Reynolds number based on diameter of 1.8(105). For these conditions,
attached shocks or expansions occurred at the fin leading edges. The
calculation was started near the nose tip using a (18x24) mesh and run to a
position slightly forward of the wing. The final section containing the fins
extended from z = 80 to 102 and was run using a (36x36) mesh. The calculated
surface pressure agrees well with experiment over most of the fin surface.
The crossflow velocity vectors and pressure contours at an axjal station near
the fin mid-cord are given in Figures 13. Shocks can be seen attached to the
fin edges.

Calculations have been performed on the two swept wing configurations
shown in Figure 14, Thise bodies were tested at an incidence of 6° and Mach
numbers of 2.5 and 4.5.16 An (18x18) mesh was applied forward of the wing and
a (36x36) mesh was used for the remainder of the body. Calculated and
measured wing surface pressures are shown in Figure 14 and agree well in most
cases. However, near the wing leading edge, computed values are larger than
measured ones. Figure 15 provides measured and calculated surface pressure on
the windward side and leeward side of the body. Calculated surface pressures
generally agree well with experiment; however, discrepancies occur on the aft
end of the body at Mach 4.5. On the windward side, the pressure rise due to
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the presence of the wings is computed to occur downstream of the measured one,
while on the leeside, predicted pressures exceed experimental values.

However, these calculated results are in excellent agreement with those
computed in Reference 17 and thus, these discrepancies are likely due to
viscous effects. The crossflow pressure contours are shown in Figure 16 at an
ixial station upstream of the wing tip at Mach 2.5 and 4.5 for the thick wing
case. A detached shock is visible below both wings and at the higher iMach
numoer it is positioned closer to the wing surface. This produces the strong
wing surface pressure gradients which are visible at this Mach number in
Figure 14. At Mach 4.5, the Mach number normal to the leading edge is
supersonic, but it is not large enough to produce an attached shock which
could turn flow onto the plane of the lower wing surface.

The wing~body-tail configuration of Reference 18 is shown in Figure 17.
It features a nighly swept wing with subsonic leading edge normal Mach
number. A (36x36) mesh is applied over the complete model and both a
deflected and undeflected horizontal tail configuration are considered. The
computed normal force coefficient and center of pressure are given in Figure
17, with and without fin deflection, and agree well with experiment. The
computed crossflow field at axial stations near the wing trailing edge and the
middle of the tail are shown in Figure 18. Figure 19 features a contour plot
of total pressure loss at these same axial stations.
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SECTION 5
CONCLUDING COMMENTS

A second order Godunov method for tactical missiles in supersonic flow
has been developed and applied to several different configurations. This
scheme uses a multiple zone approach to generate a grid for finned tactical
missile shapes. It is cast in a finite volume framework and fits the bow
shock using the information contained in the Riemann problem. Results have
been applied to several different missiles, with and without fins, and
satisfactory agreement has been obtained with measurement. It was not
necessary in any of these cases to use special procedures or artificial
viscosity.

The merits of the second order Godunov scheme can be illustrated by
comparing it to the MacCormack finite difference methods of References 1 and 2
(i.e., the SWINT and MUSE codes). All of these methods use a similar multiple
zone mesh and calculations have been carried out on many of the-shapes
presented in this report. The principal advantage of the Godunov scheme
discussed in this report is robustness. This allows complicated cases to be
computed without user intervention or the application of special procedures.
For example, computation of the wing-body-tail conf1gurat1on shown in Figure
17, using the methods of References 1 or 2 requires fine tuning of the
artificial viscosity level as well as careful selection of the fin
differencing options. The second order Godunov method handled this
configuration without user intervention or the application of special
procedures. In the case of a tangent ogive at incidence (e.g., Figure 10), as
the mesh is refined, the MacCormack schemes will fail unless artificial
viscosity is added. The Godunov scheme sharply resolves the crossflow shock
using a fine mesh and needs no special attention.

A disadvantage of the Godunov method is its computational cost which is
on the order of 50% greater than the MacCormack methods. This problem can be
reduced by using the approximate Riemann problem. Computations applying the
approximate Riemann problem are 30% faster than those completed with the full
problem, while the results are nearly identical to those achieved with the
complete Riemann problem,
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” SEGMENT 1
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N TABLE 1. TYPES OF BOUNDARY CONDITIONS

o TYPE PURPOSE EDGES ON WHICH
i —_— —_— ALLOWED

tsd: INTERIOR PROVIDE FOR INTERFACING 2, 4
. OF ADJACENT ZONES .

vl SYMMETRY SIMULATE A SYMMETRY PLANE 2 OF ZONE 1
g 4 OF ZUNE MAX*

&hb' FREESTREAM [MPOSE FREESTREAM CONDITIONS ALL
NN AT END OF EACH STEP

et SURFACE SIMULATE A SOLID SURFACE ALL

K2 SHUCK TRACK DOMAIN OF DEPENDENCE 3

* MAL - LARGEST ZONE NUMBER
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APPENDIX A

THE CFL CONDITION

The (CFL) condition requires that the domain of dependence of the
numerical scheme contains the domain of dependence of the governing Partial
Differential Equations, in this case the Euler equations. The domain of
dependence of the Euler equations for some point P lies within the Mach cone
with vertex at P, In the z = constant plane containing P, the domain of
dependence is a point. Selecting z = constant planes which are at increasing
distances from P, the size of the domain of dependence increases, as is
illustrated in Figure A-l. The CFL condition prohibits step sizes in which
Zae Mach cone covers any area outside of the finite difference stencil. The
finite diffarence stencil is the area enclosed by lines connecting adjacent
points wnose information is used to advance properties at point P,

The trace of the Mach cone in a z = constant plane is illustrated 1in
Figure A-23, The shaded area represents the finite difference stencil of the
iower order Godunov scheme. This stencil increases in size for the higher
order scheme. However, near shocks and other steep gradients, the second
order scheme degenerates to first order, and the CFL step size calculation
must >e based on the more restrictive first order domain of dependence.

Computation of the maximum allowable step size is more easily
accomplished in computational coordinates where the grid is rectangular, as
shown in rigure A-2b. As can be seen from this f1gure _the dimensions of the

Mach cone cannot exceed 1 l,, 13, 14, in the ”1’ s N3 Ny directions
respectively. Here 2 values are:

= . AL = AE An . )
[2,] =+ (£5%0,0) B 1, 2, 3, & (A-1)

= £ mesh spacing
An = n  mesh spacing
sign applied to i = 2,3

while the n vectors are:

n = (an, ag, nl)

4
n, = (-an,A¢, nzr) (A-2)
ny = (-4an, -AE, n3 )

A-1
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a:
. ng = (4n;-ag, n4r)
:-.
= e 7 component of each vector will be determined below by considering the
o definition of the Mach cone. Satisfaction of these four constraints assures
oy that the CFL condition is met.
L
“ Satisfying the CFL condition requires determination of the maximum

i dimension of the Mach cone on a plane g = g, in some direction, n. As an

" axample, consider direction N, and define p?ane S with normal n,, to be

;; tangent to the Mach cone. On'the ¢ = g, plane, the point of ta*gency between
R S and the Mach cone is point T with coordinates (KlAg3+gp, K2AQ3+np, ;Q)

as shown in Figure A-3. Here (ap, np, ;p) are the coordinates of point P,

3t (K1, Kp) are constants and bgg = %q - Spe The Mach cone and plane S are
‘s tangent along a line TP with direction: (KlAQJ, KZAQJ. A;Q).
o The minimum distance between the projection of P and S on plane
: 7= :Q reprasents tne maximum dimension, dy, of the Mach cone in
£ adiraction ﬁl. It is computed as follows:
N’
::. ’ (nlr,nln’ 0) [nl;K1+nan2]AcQ
. d. = - e [K. Az, K An,, Az, ) = —=— (A-3)
<3 S o v A S A L PO JU S V.
1. 1 1 i
;v - e n E n
';‘ Since n, is perpendicular to the Mach cone and the vector TP:
e (X, A3+, KoAC,, AZ4) lies on the surface of the Mach cone. Then:
p 177 277 Q
; Ao (Klg%J’ KzAcQ, ACQ) =0 = nlsKl + nanZ = -nlc (A-4)
.jf and substituting Eq. (A-4) into Eq. (A-3) yields:
. ‘ -
5 ny CACQ
- d = (n. Z+n 2)1/2 (A-5)
o 1, 71
2 3 n
s* . - .
b To satisfy the CFL condition
-@
o ldq | < |2y]- (A-6)
; A
.f‘ Substituting the definition of 2 d1 from Eqs. (A-2) and (A-5) respectively
G into Eg. (A-A) yields:

- - e -
-

| az <f“Ln1 | (A-7)
g
()

@ A-2
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et To complete the calculation of the CFL condition based on direction A,,

° it 1s necessary to determine values of oM and Ny which are consiste&t

4 E n
%;5 Aith the definition of the Mach cone. In (x, y, z) space, the Mach number
™

yoy nornal to the Mach cone surface is unity. Thus if ﬁl is to be normal to the
5 Mach cone, it must satisfy the condition:

. (Ay- 9% - 2?1712 = 0 (A-8)

:‘} This condition can be transformed to computat1ona1 space (£, n, z) using the
2 chain rule applied to the components of 1,

1 7n]2 + aznf + an a [nl oy ] - [nl U+n1 V+nl w]z = 0 (A-9)
2 Z n g C g n g n g

TE o

b3
=
1]
)
4]
(e
1}
L3

Jn e

L e

e . .+
o NS NG Y Ny Y Nk

%
A
<<
W

Ne]]

o

=~
<3

™
n

;?, ‘ The & and n components of vector N, have previously been specified

'JQ as 4n and Ag, respectively. Subst}tuting these values into the above, yields
Aoy a2 quadratic equation for the g component. Solving for Ny /Ag produces:

@ n 4
ey 1 5

2 2 2 2
ko = |5(a g,-wU) + (a nz-wv)l +al(wg,-U)" + 8 (wa-V)

2

B  (WP-a®)8 (508 ) ¢ (n,Ben 2)] + 260 (we,U) (wn, V)

L)
‘c': ¥
L - )
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o

l"

I wnere: 3 = iAn/Aal

!"

S Here the positive root is taken and the absolute value of tne quantity outside

- the radical is used to assure that the largest possible magnitude for N nas
: neen obtained. g

+&g8)

N . . . . :

Y To determine the maximum possible step size, the above calculation must

“: Se repeated for the remaining three directions. The resulting expression for

tne CFL condition is as follows:

N,
r’ v o< (w2 - 32)an
Wy, == "
o ) + ¢y + [a%{cy8? +c,+c6]1/2
)
where: ¢y = ’azaz-wul
- cy = |a2nz-wv|
o = Iz )2 2_:2V(r 247 2
.. Cs S U)¢ + (we-a )(Qx +5y )
.l'
cy = (wnz—‘-l)2 + (wz-az)(nx2+ny2)
[}
o = 2l (we,=U) {wn,=Y) + (wz-az)(nxixﬂ“nyij)?
8
> 5 = an/ag

Y e \. R Ny .
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FIGURE A-1. PERMISSIBLE STEP SIZE BASED ON THE CFL CONDITION
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