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A USER'S GUIDE POR BIE3D - A BOUNDARY INTEGRAL EQUATION COMPUTER
PROGRAM FOR THREE-DIMENSIONAL ELASTOSTATIC ANALYSIS

by
K. W, Man

This Msmorandum describes a three-~dimensionsl numerical stress-analysis
computer program which originated at the Department of Mechanical Engineering,
Imperial College, University of London. It is based on the Boundary Integral
Bquation (BIE) method and it is used to carry out stress anslysis of three-
dimsnsional components of complex geometry. Stress intensity factors can be
derived for the case where the component is cracked. The body is assumed to
have linear elastic i{sotropic properties. The condition of plane strain is
assumed at all points slong the crack front except where it intersects the free
surface, vhere plane stress assumptions are made. The program is writtem in
standard FORTRAN and it is now operational on the Materials and Structures
departmental VAX computer.

Step=by~step instructions have been presented together with examples
illustrating the input and output formats.

Validation and accuracy checks of the computer program have been made by
solving two bench mark problems where the BIE solutions are compared with knowm

sccurate solutions. | Acoession For
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1 INTRODUCTION

This Memorandum describes a computer program BIE3D, which is used for solving three-
dimensional elastostatics preblems using the Boundary Integral Equation (BIE) method.
This progras may be used as a sumerical tool for the stress analysis of thrse-dimensional
cracked components in linear slastic fsotropic bodies.

The fundamsntals of the Boundary Integral Equatisn method have been described

. extensively elsewhere (see for instance Banerjee and umm.u') and will not be

Tepsated here. The boundary surface of the body is divided fnto emall regions called
elemsnts; in this progras BIEID, {soparsmetric quadrilatersl elememts with eight-nodes
are used. The distribution of surface geometry, and the wnknown displacements and trac-
tiocns, sre axpressed fa terms of quadratic shepe functions of local coordinates. After
the displacements and stresses have been calculated, the basic concepts of linear elastic
fracture mechanics are used to determine the stress intensity factors.

The oruiul computer program vhich was duﬂ.qnd in the Mechanical Engineering
Departusnt at Imperisl College, University of uadu bas been modified and sdopted into
the Materials sad Structures depertmsutal VAX computer. This Memorandum describes its
use and lays down the procedures for data preparation and input.

Ia ovder to relieve the work losd for large problems and eliwinate humen errors
during the process of data preparation, s three-dimensionsal mesh-genaration program has
been daveloped ia collaboration with Southampton University’, and sdopted as & data
preparation tool: it is presented hers as an option to the users. Por the purpose of
obtainiag a three-dimensionsl representation of the genersted mesh & three-dimensional
grephics plotting program has Seen daveloped at BAR, so that the discretisation data can
be checked visuslly ia terms of elemsut topology and nodal coordinstes before use. The
plottiag program is written in BASIC and it runs inceractively on s Bewlett Packard
WP26477 grephics terminal.

The organisstion of the BIESD program as well as the function of each subprogram
ia BIEZID is briefly descrided ia section 2.

In sectiom 3, the technique of wodelling s problem, the element design and sub-
divisions are described {n detail. Also described im section 3 are the guide-lines for
the preparation of am iaput data file. In order to mske this preparation as siwple as
possible, the cowputer programs for the mssh-geperation ssd grsphics plotting have been
briefly described ia section 3.4 and {1llustrated vith examplas ia section S. The full
descripeions of these utility programs is described oluuhm’.

The technique of determining the stress imtensicy fsct/rs is coutained ia
section 4, wding & esutre-cracked specimen as as eszample. The BIE results are compared
vith the values obcained by Wevmen® using the boundary collecation method. Ia order to
estimate the aceurscy of the BIZ3D cemputer program the stress oonosntretion factors for 3
s flac plats vith s central mormal hole have been ealculated for cesmperisom with known
sccurate solutions. :
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2 A _TEERE-DIMEWSIONAL BIE COMPUTER PROGRAM FOR AN ELASTIC BODY

3IEI {is a computer program for the snalysis of elastic behaviour of a three-
dimsnsional body using the method of Bousdary Integrs! Equatices. It {s writtem {n stand-
ard FORTRAN. The body is assumed to have isotropic propertiss. In order to use this
computer program, the surface of the three-dimsasional body must be discretised and divided
into s smll mumber of eight-node quadrilateral elements. Both the geometry saad the vari~
ations of the boundary displacemsnts and tractions over these elements are approximately
zepresented by quadratic shape fumctioms. ’

With these appromimations, the gemeral integral equaticn csn be written as a set of
simlcanscus, limesr, algebraic equatiocns vhich are solved subject to the bowmdary con-
dicions (eithet displacemsnt or stress) of the problem. Displacemeats ssé tractions of
the surface nodal points sre produced, from which the stresses at the surface nodes and
the displacemsnts and ths stresses at any required internal points cam be ¢alculated.
Detailed descriptions of the BIE3D method snd the numericsl fermmlation used {n the
analysis may be found in Ref 2.

The computer program BIEK3D has been written in standard FORTRAN lsnguage and it is
divided into a main program and s totsl of 24 subprograms. The order of the subprograms
are listed below together with & brief description of each function:

(1) FRMIRX- TPorms the matrix and the second mesber by BIE method (fs right-hand side
of BIX equations). :

(2) MESE-  Reads & mesh of eight-node quadrilstersl elements.
(3) MESHBOUT- Writes out the mash data.
(4) Pute elemsnut node sumbers and sodal coordimates ia arrays.

ARRAY-
(5) TRANS- Transforms cylimdrical or spherical system of coordinates to cartesian
system.

(6) wcs~- Input, process and output of the boundary conditious.
(7) SHAPS~ Calculates shape functions and their derivatives.

(8) Cslculates linear shape functions and their derivatives.
()]

LINEAR-

JACOBI- Evaluates the Jacobisn and the components of the wait vector sormsl.
(10) TRIANG- Cslculates the Jacobian for the case where the first argumeat of the

KERNEL~

TR

kernels is a node of the elemsnt.

(43} Calculates kernels U and T .

(12) Careies out the mumerical imcegration of kermel yroducts to form the
matrix and second member where the first argument is mot a mode of the

sleusut,

(13) 1TSS~  Carries ocut the integration of the kermel products where the first argu-
st i{s a node of the elemsnt.

(14) DPMATR- Applies the boundary conditions te form the matrix anéd the second member.
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(1)

Solves the lisesr equations by the BIE formulation. This version treats
ous loed case only.

Cutputs the nedal 4displacements snd the tractioms.

Calculates stresses at surface medes.

Transforms streseas {a the local system of coordinates to the global systes.
Calculates the priacipal stresses at the aodes.

Reads the coordinates of the fatermal poiats.

Calculates the strain smergy of the elastic body.

Calculatss the squivalemt modal ferces of the prescribed uniform stresses.

(v6)
an
18)
(19)
(20)
(21)
22)
(23)
n)

Calculates end sutputs the displacemsnts and stresses at internal poiats.
Calculates the kernels for iamtersal peints.

("]
E

This section descrides the eperatiag isstructicns for the BIXID program. Descrip-
ticas of the results produced for a swccessfully executed problem are described -{n

Appeadix D.
3.1 Ibdel of lems

Tor all BIR methods medelling of problems slweys starts by discretizing the outside
surface vhich is known as the bowndary comtour of the domsin. Tho boundary costour of &
three~dimsnsionsl body is represented by surface clemants. The type of elemsnt used {n
the program at presest is restricted to sm eight-mcde isoparsmetric quadrilateral surface
clomsut, 89 showm ia Fig 1. The paramstric vepresentstion of the elemsnts ensble curva--
tures te be sadelled vhere the goemetry of the surfaces is defimed ia terms of quadratic
oshape functions of the iatrissis ceerdinates of the elemsmt.

The msadelling toshnique is weually eimple, but a decision must be made oo how many
surface clemsats are sseded ts vepresent say perticular problem to the desired asccurscy.
This is nermslly dictated by the cemplexity of the structural shape to be modelled. The
scourecy of the results tends teo impreve as the sumber of elemsnts used in the modelling
of the preblem imeresses, but the computing tims snd cost incresses too. Thersfors the
uoer st otrike a balemce betwesn these facters. Altheugh the modelling of & probles
is relatively sisple and straightforvard some rules must be observed f{a order to preserve
the compatibility of the slemsnt nodes between elements.

Theve gre culy & fov zules which seed to be sbeerved vhen modelling the surface of
a three~dimsasional bedy sat thess are descrided below:

(a) eompatidility of clemsut mnedes for all the elemsnts must be preserved;

) & sembering convention must be sbserved vhen numbering the surface slements.
The eight-nede quadrilsateral alesant must be defined by a clockwise traverse around
the elomsnt as vieved on the ocutside surface;




(c) the eight-node quadrilatersl elemsut must have four sideai although the sides
20ed mot to be equal ia length, they nsed to be continuous aad smooth so that they
can be fitted accuratsly with the quadratic shape functicm. '

3.2 Rlement subdivision

Any eight-node quadrilateral elemert may be subdivided into a mumber of smaller
elements. Por example, & large square elemant can be split iato two balves by drawing a
line through the middle as shown in Fig 2, but in doing so we need to introduce a total
of five extra nodal points in order to restore the compatibdility of two eight-node
elemsats as shown in Fig 3. Purther modes msy have to be introduced in sdjacent elements.
Tor example, in the modelling of a three-dimsnsional body, such as the cubs in Fig 4a,
the subdivision of cne of the elementes on one side of the cube causes incompatibility of
nodsl points with the elements adjacent to it. Purther additiomal modal points, im all
8 total of 12 as shown in Pig 4b, mst be introduced in order to restore the compatidility
of sodes. Generally, element subdivision or a refined mssh will improve the accuracy of
the results but the process of elemeat subdivision also rapidly increases the umber of
elemsuts for a three-dimensional body. The extra elemsnts created incresse the amount
of isput data and the computational time required. Bowever careful mssh design and the
use of arbitrarily shaped sight-node elements can iwprove the modelling efficiency.
Purther isprovemsat {n the formulations of the shape functiocn would sllow trisngular
elemsnts to be used and would provide even greater otﬁciney in terms of mash design; a
special algorichm {s asceded for this and it is being developed jointly with Southampton
Uaiversicy.

3.3 DBascription of the inpys dats

Por sach problem, the program reads in a sumber of sets of data im the order showm
below, the physical usits for which must be a self-comsistent set. Apart from the IITLE
and the specification of the coordimate systes, all isput data may be eatered ia the fora
of free-format. The best way to ses hov this works is to follow sn example which may be
found ia section 5.1 and the correspondiag iaput data file is listed ia Appendixz A with
dascriptions. It should be soted that mot all imput data defined below may be present
for s givea problem.

A. Probles title
®* Bater problem title; it can be 80 characters leag.

8. Quadrature formuls dats

** Zacer the order of Caussisn quadrature formsls weed for the sumerical integracion over
quadrilateral clemsats and the corvespending Coussisn abscissas sad coefficiemts.
(Fote: The Geussian sbecissae snd its coefficients are used in the Gaussion quadracure
formulas to evaluate various iategrals over elemsnts and cells {n BIE. A shert summery
of these values is listed in Appendix B or a comprehensive set of the cesfficients
usy be found ia Ref 10. As a guide line fourth- or sinth-order of Gaussism quadrature
fs sufficiont for mesc cases. 1If in doudt, the safest way to get information ou the
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stability of the vesults is to mske sevaral runs with different orders of Gu;lhn
quadrature.)

C. Material properties

% Enter the Young's modulus and Poisson's ratio of the elastic body.

D. Geomstric mesh data
#& Enter the total number of surface nodal points, the total aumber of surface elements,
the mash data output control parameter (fe § or 1) vhere,

¢ : mesh data output suppressed

1 : sesh data prianted out
and the maximum physical dimsnsion of the domain (distance between the two furthest
spart boundary elemsuts); this value ueed caly be estimated to a round figure.
(Wote: Problems requiring total number of nodsl points, NNP<332 and total number of
slements, NEL<11§ cen be trested without changing the dimensions of the srrays in the
progras.) ‘

E. Bodal coordinates imput

#% Encer the type of system of coordinates used,
exawple
SYS=CAR - c:uuh-n coordinate system

SYS=CYL - Cylindrical coordinate system
SYS=$PR - Spherical coordinate systea

#% guter the nodal poiat nusbers with the corresponding coordinates in accordsnce with
the following table:

Y - X | ) |z
‘ Cartesian x y
Cylisdrical polar s
Spherieal 4 [] ¢

where the sngles ¢ and ¢ are the usual coordinate sagles, and are msasured in
degrees. 1In this Mesorsndum examples are given usiag Cartesian coordinstes only.

7. Blement data

#% gater the elemsnt susbers snd the elemant node wumbers of the right-node quadrilateral
elemsnt. (The coordimates corresponding to the node numbers ware previously defined
ia B above.)

G. Pusber of {nternsl poiats

% Zacer the total musber of internal poiat solutions required; these usually are the
points of iacerest, inside the boundary of the body, where stresses, displacemsats
and tractions are required. If no internal solutiom is required then serv musc be
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eatered instead and skip to H. Por son-zero wvalues, the coordinates of each interior
point are to be entared. The format of the coordinate system for the intermal points
mst be the same as for the surface poiats.

®. Boundary conditions data
Tor data iaput purpose, the boundary comditions are of three types; displacemsnt
constraints, node coustraints and applied uniform stresses over certain elements.

% Eater the total mumber of elemsuts with displacement beundary conditioms.
(Bote: Maxisum number of displacement boundary conditions must be less than 110 if
the dimensions of the arrays in the program are mot to be changed.)

#% Enter the total numher of point constraints where tractions are zaro.
(Note: Point constraints are often used im BIE3D to fix the rigid body motion of a
body in & chosen direction as in the example in section 5.2. Bowever, the user should
ensure when choosing the points of coastraint for this purpose that they will nmot
cause any undesirable effects to the final calculated solutious. The maximum number
of point constraints must be less than 3§ if the dimemsions of the arrays in the
program are not to be changed.)

#% Enter the total number of sets of applied uniform stresses.
If there are one or more elemsnts constrained then for each elemsnt involved:

#% Enter the constrained element nusber, the direction in which the element is
constrained (1, 2 or 3), vhere

1 : prescribed displacemsnt components in the X-direction
2 : prescribed displacement eoﬁmnn in the Y-direction
3 : prescribed displacemsnt components in the Z-direction

and enter the prascribed displacemsnt components.
(Mote: The ordering of the elements is arbitrary.)

If there are one or more node constraints, for each node:

#* fater the constrained nodal point oumber and enter the direction of comstraint
(1, 2 or 3), vhers

1 pnler_ib«l displacement components in the X-direction
2 : prescribed displacement components in the Y-direction
3 : prescribed displacemant components in the Z-direction

(Bote: The ordering of the nodes {s arbitrary.)
If chere are one or more sets of uniform applied stresses, for each set:

% Eater the total mumber of elements subjected to the uaiform applied stresses
and specify the magnitude of the stress fields in Pxx, Pyy, P2z, Pxy, Pxz and Pyz.
(Note: A comdination of these stress fields may be specified so that the simulated
losd csa be characterized.) . ¢

%
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#** Zater the total number of elemsats which are not orthogonal to, but share nodes
with, those elements acted on by these stresses.
(Note: The maximum ousber of elemsnts subjected to the uniform applied stresses
must be less than t4§ {f the dimensions of the arrays im the program are not to be
changed. )

** Iater the slemsat numsber of the elemsnts that are gubjected to the above sat of
uniform loads.

3.4 Mash-generation program snd graphic pletting computer program

Although the isput is much simpler for the boundary elemsat msthod tham for the
finite slement method, most of this advsntage would be lost if the coordinates of each
measb-point snd the comnectivity of each element had to be imput separately. Therafores,
in order to make the process of creating a data file as simple as possidle, s three~
dimsnsional sash-generation program has been developed and installed in the Materials and
Structures departmental VAX computer. The prograsm not only saves time but also eliminates
many of the human errors which may occur during ssnual prepsration of the coordinates and
element topologies. The mesh-generation program is called MESH3D. It is based on suto~
matic element subdivision of a.few large blocks which are defined as input data; each
block is then subdivided into elements according to the subdivisions which are provided
a8 loput dats. MESHID will calculate all che nodsl coordinstes for all ‘the subdivided
elements. The nodal point mumbering convention (clockwise or anticlockwise), generated
for the mash, will be the same as the ioput data numbering convention. At preseat, the
mashes calculated by the MESHID sre in Cartesisa coordinates only.

After s mesh has been gensrated by the MESHID, it can be visually checked by plot-
ting out the mesh on s graphics display screen or on paper. The plotting of the mesh is
essential part of the mssh-gensration procedure becsuse the only way to check the
topology of the mesh quickly snd sccurately is by visual inspection of a three-dimsmsionsal
view of the mesh; the large volume snd the three-dimsnsional complexity of the mesh data
often make it virtuslly impossible to chack numsrically.

A full rcpore’ and a comprehensive user's guide for both the mash~generation program
and the graphic plotting progrss have been prepared at the sams tims ss the present Techni-
cal Memorandum. Decails of the basis of the mssh-generation procedurs, subdivision pro-
cess and the connectivity.of individusl blocks are explained with examples. Ia that
report, the operations of the graphic plotting pregram and daca headling are slsc explained
wicth exsmples.

4  NMERICAL EVALUATION OF THE STRESS INTENSITY FACTOR

The behaviour of s fatigus crack ins a given material is controlled by the paramster
called the stress intemsity factor, K, vhich is a msasure of the severity of the stress
field at the crack tip. The stress iatemsity factor LY uvnder Mode I condicions {s s
function of the loading and the geometry of the crack and the body. The sumsrical evalu=
stiom of crack front stress intensity factors using the BIE method involves two phases:

SEALBRRA o < ik - >
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(a) carrying out a stress snalysis of a cracked body using a boundary element mesh,
and

(d) development of techniques for the determinmation of the stress intensity factors
after all the displacements and tractions are calculated for all the elements.

It should be noted that in the present progrem (BIE3D) only those crack problems
symmetric about the plane of the crack and under Mode I loading can be analysed; advant-
sge {s taken of the symmetry about the crack plane, thus reducing the physical problem
size to be analysed. In the modelling of the physical problem, the crack plane is
represented as a boundary with sppropriate boundary conditions. The crack face is
normally free of constraints, but stress comstraints may be applied if required. Zero
normsl displacements are prescribed ca the plane abead of the crack.

Various techniques for determining ‘1 from the boundary integral results can bde
used dut in the prasent study only the 'displacement method' will be used; it is explained
in the following section.

4.1 The displacement method .

Yor a general thres~dimensional crack, the stress intensity factor will vary with
the position aloag the crack fromt. Yor an infinite thres-dimensional body the relation-
ship betveen K and displacement in & plane perpendicular to the crack front is the sams
a8 in the two-dimensional plane strain case. It is therefore assumed that the relation-
ship between K and displacement im the plane perpendicular to the crack front is given
by the two~dimensional plane strain equations if the plane is within the body. For a
surface plane it is assumed that the relationship is given by the plane stress equationms.
These procedurss have been discusséd by Cruse®.

The two-dimensional displacemsnt field [u1 .uzl » 88 shown in Fig 5, at a distance
r from the crack tip under Mode I condition is defined n’:

u, “ eo.%[l-|¢2lh2§]
- ra ﬁ * see g m
u, lh%[!oi-zeolzg-

vhare suffix 1 and 2 refer to the direction x and y respectively, u {s the shear
modulus, and

(3 - 4v) for plane strain

3=V

rE) for plans stress

vhere v is Polsson's ratio. Por points along a radial line normal the crack froat and
ia the plane of the crack, the displacement normal to the crack face ({¢ ¢ = v in
Pig 3) is:

ornt oW Yy
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vhere r {is the distance from the erack front, and E' is the material stiffness, equal

to the Young's modulus, E , for plane stress conditions and equal to !/(l-vz) for
plane strain.

If the computed valus of “2 at radial distance r from the crack fromt is VvV,
. «
the correasponding value of Ky o say K, is obtained from (3), ¢

g -5 ®

The above equation (3) is strictly valid enly in the limit when r approaches
zero. Thus, values of l; are obtained using (4) from the computed displacementa V
at a series of nodal points along a radial line on the crack face and extrapolated to
t = ¢ to yield the crack front stress intensity facter l: . The computed values V
in regions very close to the crack fromnt are, however, less religble and it is tharefore
necessary to extrapolate from relatively large values of r . This imaccuracy is clearly
shown in the worked example described in sectiom 5.2 (Fig 13) vhers l: is plotted
agsinst (r/C) , and where C 1is the crack length. The constant slope portion of the
curve is extrapolated to r=¢ .

The extrapolation msthod or the displacement msthod sbove does not contain any
special provision in the numerical formulation for the r’ dependence of the displace-
ment or the r} singularity in tractiom at the crack front. Although the boundary
integral equation method gives good resolution of the solution parameters, & relatively
fine grid around the crack froat is still necessary in order to obtain reasonably accurate
values of x‘ by these extrapolation methods. To overcome this major disadvantage, it is
possible for the users to esploy the 'quarter point elements' st ~he crack fromt in the
mash design. The basic concept underlying the quarter point slement is that the require-
ment for the r* dependence of the displacement near the crack front in the 8-node
quadrilateral slemsnts can be schieved by placing the mid-side nodes of the elements
either side of the crack fromt at the quarter point instead of the mid-point. The pos-
itioning of nodes for quarter point elements is {llustrated disgrammatically in Pig 6.

It is importsnt to note that this procedure doas not require special shape functioms in
the isoparametric coordinate space and thersfore does not require any different computer
subprogram. The resolution and accuracy of the solutiom parameters near the crack tip can
be improved further still by the application of the 'Singularity Elements' ahead of the
erack front in the nuserical formulation of the fracture problem.

4.2 The 'Singularity Elements'

: § The specis) 'Singularity Elements', which exhibic the stress (strain) and traction

;. - singularities occurring at the crack fromt, have been used in tvo-dimensional problems.

; 2 They require less mesh refinemant around the crack=tip region than the extrapolation

i E method, described earlier, to cbtain accurate values of the stress intensity factors.

|
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This concept has been introduced from the finite element method and extended to the
boundary integrsl equation method with the isoparametric formulation. The basic concept
underlying the singularity is that there is a requirement for an r'* singularity in
tractions which can be achieved by imposing a shape function in the numerical formulation
to characterize this t-! behaviour near the crack tip. The special formulation needs
to be contained in & computer subprogram. Rowever, singularity elements in tractions
have been formulated in two dimensions mly’ and no three-dimensional procedures are yet
available. ’

5 TEST CASES

This section contains two worked examples which will be used to illustrate the
three-dimensional boundary element prograa (BIE3D) and how it can be used to calculate
stress ooncentration factors and stress intensity factors.

In order to show the method of data preparation and the format layout of an input
dats file, the input data file of example (1) is shown in Appendix A and the correspond-
ing output dats file is shown in Appendix B.

The BIE solutions are compared with known accurate solutions.
S.1 Determination of stress gomoentration factors

A thick flat plate with a circular hole normal to the plate surface, as showm in
Pig 7,is a classical stress comcentration probles and well documentéd in the engineering
field. Many accurate numerical solutions for this specimen are readily available for
comparison of results. Therefore it will be used here as a test case for the BIE3D
computer program.

Por simplicity, only a quarter of the flat plate will be modelled by making full
use of the symmetry about the x- and y-axes. The three-dimensional mesh representation
of the quarter plate consists of a totsl of 52 quadrilateral surface elements and a total
of 158 nodal points. The oumbering system of the mesh for the surface elements and the
nodal points is shown in Figs 8 and 9 respectively. The corresponding input data file
(FP.DAT) is listed in Appendix A. This input dats file msy be esither typed in by the
user following the steps described in section 3.3 or it can be generated using the mesh-
generation program MESHID as briefly mentioned in section 3.4; as a demonstration, the
corresponding MESH3D input dats file is shown here in Appendix C. By comparing the two
tiles in Appendix A and Appendix C it can be saen that a large saving in terms of data
preparation is possible. A user's guide for the preparation of a MESH3ID input data file
has been prepared in the form of a Technical Huoundua’.

Pinally, the commands required to submit the file (FP.DAT) for the BIE3D execution
Tun are as shown:

orne o ogry

$ASSIGN FP.DAT FORMIS (assigned to logical unit S)
$SASSIGN FP.RES ProRIB6 © (assigned to logical unit 6)
$RUN BIEID

vhere FP.RES {s the output file of the results, as shown in Appendix B; iz contains the
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displacements, the tractions and the stresses for all the nodes and sll the internal
points (if specified) of the quarter flat plate. In this probles, the maxigum stresses
are tensile in the direction of the applied stress and occur at the sides of the hole on
the net section. The stress concentration factor can be defined as k, - oylo .

In order to demonstrate the variation of stresses through the thicknass of the
specimen the stresses aloug one side of the bole are plotted from one side of the surface
to the other as shown in Fig 10. The maximum stress ooncentration factor occurs at the
uid-plane having a value of 3.26, decreasing'to 3.01 at the free surface. Also in Pig 10
are the solutions obtained by Stermbarg and sqdwnky‘ using an anslytical approach for an
infinite plate having the sams ratic, T/D, of plate thickness to hole diameter. The
corresponding analytical solutions are 3.1t and 2.78 respectively. Becsuse of the effect
of the finite wideh of the plate, the BIE solution should be reduced by approximstely 12
for comparison with sn infinite plate. However, the BIE solutions remain approximstely
3-4% higher than those obtained snalytically; this is satiafactory agreemsut in viev of
the relatively coarse boundary mesh used.

5.2 Determination of stress imtapsity factors

The compact tension specimen used for fracture toughness testing (ASTM E399-74)
was represented by a Single-Edge~Crack (SEC) specimen, as showm in Fig 11, with crack

- length, C, width, W, thickness, T, and length, 2H, such that CW = T/Wf = 0.5 and B/W = 0.6.

Poisson's ratio was taken to be 0.3. Taking advantage of the two-plane symmetry, only
one~quarter of the specimen was modelled. The boundary mesh idealization is showm in
Pig 12. It consists of 64 surface elemsnts sud 194 nodes. The numbering systems of the
mashes for the surface elements and the nodal points are shown in Figs 12 and 13 respec~
tively. In order to simulate the compact tension specimen load, a uniform shear stress,
o__ , was applied to the x » § plane, ss shown in Fig 11, to produce & totsl vertical
load in the y=direction; where the unifors shear stress used in this pnun: exsmple vas
unity.

The stress intensity factors alomg the crack front were obtained by the extrapol-
ation method with the use of crack face displacements as described in section 4.1.
Por the present example, the crack face displacemsnts at the free surface plane, mid-
plane and symmstry plane vere usad in order to calculate the stress intensity factors
along the crack fromt. The results are presented in graphical form in Pig 14 vhere the
normelised stress intensity factors (:;mr(c) /TM}) are plotted against (r/C) and the
linesr portion of the curve is then extrapolated to the crack tip and yields the value of
l1 at re@§ . 1t should be noted that the results shown in Fig 14 were obtained with
the conventional isoparamstric elements. Plane strain conditions were assumed to prevail
at all points along the crack fromt, except where it tuurueu' the free surface and
there plane stress assumptions wers made.

The variation of the normalised stress inteasity factors along the crack front are
plotted in Fig 1S. Also shown {n Pig 1S is the two-dimensional plane strain solutiom
for the sctual tast specimen geometry obtained dy Newman "9")5 using the boundary
collocation method, which is 13.68. The BIE solution obtained in this case {s 13.36,
wvhich is about 2% lower at the symmetry plane than Newman's resulc.




~ sl

Amother problem was analysed using the ssme specimen. In this case a uniform
tensile stress, 6y , was applisd at the y = E plane, as shown in Fig 11. " The stress
intensity factors were again calculated using the displacemsnt method and their variatien
across the thickness of the specimen is shown in Pig 16. The stress intensity factors
were sermlised by coltﬂl in this case, and at the symmetry plane the valus obtained
vas 2.85, vhile that at the free surface was 2.60. Again, plane straia conditions were
assumsd to prevail at all modal peints along the erack lgnth. emcept at the free surface.

Bo results for the sams geometry and loading are available in the literature for
comparison. Nowever, a two~dimensionsl plame strain solution of the normalised K of
2.60 have been calculated for a specimen with the same crack lemgth by Bowie and Neal®
using the conformal mspping technique.

6 DISCUSSION AND COMCLUSIONS

In the present Memorandum a computer program based ou the Boundary Iategral
Equation method has been descrided. The essential parts of the eperatiag procedurs of
the progras have been demonstrated with examples. It has been shown that with care the
computer program can be used as a mumerical tool to calculate the strass intensicy
factors for s cracked body. The method fllustrated in the worked examples for the cal-
culation of the stress intensity factors is based on the displacement extrapolation
method. Msthematically, the extrapolation method is based on the two~dimensional stress
fields in a two~dimensional plans body. . Therefore it is net an exact smalogy in the
three-dimensional cases. Howsver for eu {anfinite three-dimsnsional body the relation-
ship between K and displacemsnt in'a plane perpendicular to thée crack fromt is the same
as in the two~dimensional plane strain case. On the other hand, the surface of a three-
dimensional body cannot be represented by the two-dimensional plane stress equatioms.
Therefore better msthods are nesded so that more reliable stress intensity factor
solutions csn be obtained in the future. Currestly, there are two methods being
developed jointly in RAE Parnborough and the Mechanical Engineering Department,
Southampton University:

(1) Subtraction -:bod". and

(2) DBueckner singularity -:hodu.

A three-dimensional mesh-generation pngn-’ has been developed as a tool to pre-
pare fuput dats files for the BIEID computer program. When the mesh-generation progras
is coupled with the BIE3D program, the user can solve problems with greater efficiemcy.
In ovder to obtain a visual check of the three~dimensionsl view of the mesh, a three-
disensional graphic plotting program has slso been developed. Theas computer programs
provide a useful part of the softwars support for the future dcvelopwsnt of sny numerical
stress snalysis programs to obtain stress iatemsity factors for cracks in three-
dimsunsional bodies.
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Appendiz A .
BIEID PROGRAM INPUT DATA VILE VITH DESCRIPTIONS

(The following is a lis of the input data file for the ezample
descrided in sectiom 5.1.

DATA PFILE

TITLE: FLAT PLATE VITH A CENTRE HOLR

6.000000
0.2386192
0.6612094
0.9324695

=0.2306192

=0.6612094

«0.9324695

1000.000 -

158 52 1

a
B

Y

T

0.4679139
0.3607616
0.1713245
0.4679139
0.3607616
0.1713245

0.3000000

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.08000
0.08000
0.08000
0.08000
0. 16000
0. 16000
0.16000
0.16000
0. 16000
0. 16000
0.16000
0. 30000
0.30000
0.30000
0.30000
0.44000
0.44000
0.44000
0.44000
0.44000
0.44000
0.44000

0.00000
0.03500
0.07000
0.10000
0.13000
0.16500
0.20000

0.07000
0.13000
0,20000
000000
0.03500

0.10000
0.1%00
0.16500
0.20000
0.00000
0.07000
0.13000
0,20000
0.00000
0.03500
0.07000
0.10000
0.13000
0.16500
0.20000

. DESCRIPTIONS

esss Problem title.

esss Gaussian quadrature.

esee Gaussisn abscissse and
coeficients.

sees Young's modulus and Poission's
ratio.

sees Total number of nodal points, total
mumber of elemets, data-output
parameter and maxizmua dimension of
the prodlea.

sees Cartesian coordinate systea.

eves Sodal pumber and coordinates of
the nodal points.
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0.56000
0.56000
0.56000
0.68000
0.68000
0.68000
0.68000
0.68000
0.68000
0.68000
0.74000
0.74000
0.74000
0.74000
0.80000
0.80000
0.80000
0.80000
0.80000
0.80000
0.80000
0.81520
0.69292
o.
0.16304
°0
0.8%860
0.79421
0.72981
0.60102
0.47225

0.11M72

32k

o
<
]

H

0.73293

!

HHH

A L L

0.00000
0.07000
0.13000
0.20000
0.00000
0.03500
0.07000
0.10000
0.13000
0.16500
0.20000
0.00000
0.07000
0.13000
0.20000
0.00000
0.03500
0.07000
0.10000
0.13000
0.16500
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.20000
0.16%00
0.165%00
0.16500
0.16500
0.16500
0. 13000
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86 0.74000 1.00000 0. 13000

87 0.68000 1.00000 0.13000

s 0.56000 1.00000 0.13000

89 0.44000 1.00000 0. 13000

90 0.30000 1.00000 0. 13000

91 0.16000 1.00000 0.13000

92 0.08000 1.00000 0.13000

935 0.00000 1.C0000 0.13000

9% 0.80000 1.00000 0.10000

] 0.68000 1.00000 0.10000

96 0.44000 1.00000 0. 10000

97 0.16000 1.00000 0. 10000

9 0.00000 1.00000 0. 10000

99 0.80000 1.00000 0.07000
100 0.74000 1.00000 0.07000
101 0.68000 1.00000 0.07000
102 0.56000 1.00000 0.07000
103 0.44000 1.00000 0.07000
104 0.30000 1.00000 0.07000
105 0.16000 1.00000 0.07000
106 0.08000 1.00000 0.07000
107 0.00000 1.00000 0.07000
108 0.80000 1.,00000 0.03500
109 0.68000 1.00000 0.05%00
110 0.44000 1.00000 0.05500
111 0.16000 1.00000 0.03500
112 0.00000 1.,00000 0.03500
113 0.80000 1.00000 0.00000
114 0.74000 100000 0.00000
19 0.68000 1.00000 0.00000
16 0.56000 1.00000 0.00000
17 0.44000 1.00000 0.00000
118 0.30000 1.00000 0.00000
119 0.16000 1.00000 0.00000
120 0.08000 1.00000 0.00000
121 0.00000 1.00000 0.00000
122 0.92350 0.81520 0.00000
123 0.92350 0.81%320 0.07000
124 0.923%0 0.81520 0. 12000
125 0.8%5860 0.8%860 0.00000
126 0.8%860 0.8%860 0.03300
27 0.8%860 0.8%860 0.07000
128 0.8%5860 0.8%5060 0. 10000
129 0.85860 0.0%860 0.1J000
1350 0.8%5860 0.8%860 0.16500
131 0.81520 0.923%0 0.00000
132 0.81520 0.92%%0 0.07000
153 0.81%520 0.9233%0 0.13000
134 0.79421 0.79421 0.00000
135 0.8%998 0.69292 9.00000
136 0.72981 0.72901 0.00000
137 0.60102 0.60102 0.00000
138 0.73293 0.44836 9-00000
159 0.47223 0.47223 V. 00000
140 0.32198 0.32198 0.00000
141 0.98470 0.1630¢4 0.00000

%
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0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
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0. 16500
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Appendix A 3

40 34 135 136 137 139 138 25 30
42

12 141 142 143 145 144 1 8

125 131 113 114 115 146 156 134

“ 136 146 115 116 117 147 139 137
19 147 17T 118 119 148 142 140

46 142 148 119 120 121 149 145 143
47 121 112 107 1% 153 152 145 149
3 107 98 93 151 135 154 153 150
%0
51
52

144 145 152 153 17 3 2
198 155 156 65 5% 7 6

0 eees Total mumber of internsl
point solutioms reguired.
24 1 1 eeee Total aumder of m

asat ccastreined elements,
total sumber of displace-
sent csmstrained aodes and
total sumber sets of

110 210 310 4tO 510 610 .... constrainted elessat

710 8610 910 1010 1110 1210 boundary ceaditions.

2120 2220 2320 2420 2520 2620

27 .0 2620 2920 3020 3120 3220

9 3 sses OORstrained node boundary
oonditicns.

3 01 0000 -0 sos. Total Dusber of eolemsats

subjest to the wniform
applied stresees, stress

%0 %1 %2 eses clomemt-mumber of the
clemsats that are subjected
to the abeve set of
waifern applied stresece.

ever 0nd of data.
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Appendix B
BIR3D PROGRAM 'CONDENSED' OUTPUT DATA FILE
(see sectiom 3)

0.298619198+00 0.467913908+00
0.661209408+00 0.360761618+00
0.952469498+00 0.1T1324518+00
«0.230619198+00 0.467913908+00
«0.661209408+00 0.360761618+00
«0.9924695498+00 0.171324518+00

l TOUNG"S WODULDS = 0. 108+04 POISSON"S RATIO = 0.30008+00
GBONBTRIC DATA FOR THER IMESK
SRR OF ELIMENTS = 52
WRER 0F NODAL POINTS = 158
sTeT IODR X Y }
CAR 1 0.10008+01 0.00008+00 0.00008+00
CAR 2 0. 10008+01 0.00008+00 0.35008-01
CAR 197 0.50008+00 0.00008+00 ‘0. 70008~-01
CAR 1% 0.50008+00 0.00008+00 0. 1500E+00
BLENEN? DATA
L~ 1 Jd K 1 n ) § ? Q
1 1 2 b ] 9 14 13 112 8
2 3 4 S5 10 16 1% 14 9
4 12 13 14 20 8 4 2 19
)l 3 157 193 154 135 158 S 4
52 S 158 195 156 7 6
STRESSRS AFD DISPLACEHNNNTS AT IFTERIOR POINTS 30T REQUIRED.
DISPLACENENT BOUNDARY CONDITIONS
CONSTRAINED ELIENTS
SLEN  NCOND U ELEN NCOWD UPRES ELEX NCOND UPREs
1 1 0.0008+00 2 1 0.0008+00 3 1 0.0008+00
4 1 0.0008+00 5 1 0.0008+00 6 1 0.0008+00
T 1 0.0008+00 ] 1 0.0008+00 9 1 0.0008+00
10 1 0.000R+00 1" 1 0.0008+00 12 1 0.0008+00
a 2 0.0008+00 2 2 0.0008+00 3 2 0.0008+00
o 2 0.0008+00 ) 2 0.0008+00 26 2 0.0008+00
n 2 0.0008+00 » 2 0.0008+00 s 2 0.0008+00
%0 2 0.000R+00 n 2 0.0008+00 32 2 0.0008+00

A’/Nt S HY
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§ODE lcgln §ODE  NCOWD pODE 2COND DR NCOND
9
TRACTION BOUNDARY CONDITIONS

JEEL m rz m Tz e
ELENENTS OVER WNICE THESE STRESSES ACT

) 0. 1. 0. 0. 0. 0.

0

%0 51 52
BODE ICOND BLEM TPRES NODE ICOED ELRN TPRES NODE ICOND ELEN TPRES

1 2 SO 0.1008+01 144 2 %  0.1008+01 145 2 %0  0.100B+0t
152 2 S0 O0.1008+01 155 2 50  0.1008¢01 157 2 SO  0.1002+01

S 2 % 0.100B+0! 2 2 50 0.1008*01 3 2 St  0.1008+01
157 2 St 0.1008¢01 153 2 51  0.1008¢01 154 2 51  0.1008+01
155 2 S1  0.1008+01 158 2 51 O0.1008*01 5 2 S$1  0.100B+01

4 2 %1 0.100B0t 5 2 52  0.1008¢01 158 2 52  0.1008+0%
155 2 52 O0.100B¢01 156 2 52 0.100B*01 65 2 52  0.1008+01
S6 2 52 0.100+01 7 2 52 0.100B*01 6 2 52  0.100B+O1
CALCULATED YALUBS OF TRACTIONS

soDS FCOND  TRACTION

1 1 =0.4016B+00

2 1 «0.43428+00

3 1 =0.34428+00

12 2 -0.80208400

121 2 -0.87828+00

120 2 <0.98968+00
NODAL DISPLACENENTS
DR ] v v 08 v v v

1 .00008+00 =.12008-02 .51508-04 2 .O0008+00 ~.11808-02 .2963E-04
S .00008400 =.1186B-02 .1306B-04 4 .00008+00 -.1187E-02 .80858-08
§  .00008+00 «.11068-02 =.13848-04 6 .0000H+00 =.11808-02 ~.2961B-04
"; .212;'—0, .nm. , o.,'.’m ‘;‘ om. M’ -l”; 'M’ .m’m
185 ,21218-03 -.95628-07 -.03602-05 156 .21088-05 -.95423-03 -.17218-04
157 .99928-04 -.1056B-02 .8437B-05 158 .399Z8-04 -.10568-02 -.8422E-05

DE SIeXx 120224 81612

S16XY 7012 816X

1 0.28998+00 0.1082B+01 <0.20988+00 -0.39998-0t 0.21138-0' 0.86608-02
2 0.32558+00 0.10458+01 «0.126TB*00 0.00008¢00 0.76308-02 0.79208-02

Smeding s ldan -




.

1597 0.12;“ o.w&mm 0.12;3!0@ O-m Oom -O.W
198 0.12528+00 0.1000B+01 0.12438+00 0.00008+00 0.0000%+00 0.88112-02

PRINCIPAL STRESSES AT THE JODSS
nn

2 0 0 0 VIR -

156
157
158

STRAIN BNERGY OF THE 3ODY NOT NEEDED IN ANALYSIS.

SI61
0.10858+01
0. 10458+01
0.10318+01

0. 1035801

0.10008+01
0.10008+01

8102
«0.2104R+00
«~0.1269%+00
=0.133TR-01

-0.58653-01
0. 11598000
0.11598+00

8163
0.28213+00
0.30338+00

«0.19898-01
0.13368+00
0.13368+00

80t SN M1
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Agpendix ¢
MESEID PROGRAM INPUT DATA FILR
(ses section 5.1)

TITLE: FLAT PLATE VITH A CENTRE ROLE

6

«23861919 +46791393
+66120940 «36076158
+93246949 « 17132449

=+.23861919 +46791393
=+66120940 «36076158
=+93246949 17132449

1 1

o
-
o

»
»
- -a oy
-

3
oyu¥yguzs
&

w

38
[
w

N
NWWO

o B
Ry
BNOM
85w
8 8 8

.33
BN

waud

33
NEBaRRNIS

R T

11 4293 .4293 .2
8586
13 9235 .81%2 .2
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Appentix D
DESCRIPTIONS OF THE RESULTS OF A PROBLEM

Full descriptivas of an eutput file of a successfully executed problem are listed
below in this section. Bach individual output description in an output file will be
explained so that the users can follow the output descriptions and check agsinst their
own files 5f required.

Descriptions produced by the computer program BIEID will be quoted here as
<output description>.

The results produced for a fully exe d problem are printed in the
following order. The units are those of the imput data which must be a consistent set.

Problem title is printed sccording to the particular problem title supplied as input
dats.

Gaussisn quadrature formula

A heading:

<SPECIFIED GAUSS ABSCISSAE AND COEFFICIENTS FOR ELEMENTAL INTEGRATION IN THE LOCAL
COORDINATE SYSTEM>

is printed followed by a headed table of the Gaussian abscissae and coefficients supplied

as input data.

Material property data .

The Young's modulus and Poisson's ratio of the elastic body are printed following
the messages < YOUNG'S MODULUS = > and < POISSON'S RATIO= > respectively.
Yash daca

If the mash data output coutrol parameter (MOUT) has the values zero, no mesh dats
are printed. The value of this parameter should be defined, normally by being read in
as data, in subprogrem MESH. Any non-zero value causes a full set of mash data to be
printed in the following order:

(i) A heading <GEOMETRIC DATA FOR THE MESH>

(ii) A msssage < NUMBER OF ELEMENTS » > followed by the relevant number.

(4ii) A sassage < NUMBER OF NODAL POINTS = > followed by the relevant number.

(iv) A beaded table of node number and global coordinaces tor each node in tura in

numerical orvder.
(v) A heading <ELEMENT DATA> followed by a headed table ¢f element number snd the
numbers of its eight nodes.

Boundary conditions

(1) A heading <DISPLACEMENT BOUNDARY CONDITIONS> is printed. On the next line a heading
<CONSTRAINED ELEMENTS> {s printed, followad by a headed table shoving element nusber,
restraint condition type number (1 or 2 or 3) vhere
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prescribed displacement component ia the X-direction
prescribed displacement component in the Y-direction
prescribed displacement component in the Z-direction and the components
of the prescribed displacessnt. -

Appendix D

(ii) A heading <TRACTION BOUNDARY CONDITIONS> is followed en the mext line by one or
more headed table(s) showing the total number of ealements under each uniform load-
ing, the three stress components and the numbers of the elements over which the

stresses act.

node number, condition type number (t or 2) where

t : prescribed traction compoments in the E-direction
2 : prescridbed traction components in the Y-direction
3 : prescribed traction components in the Z-direction and the components of
the prescribed tractions.

Nodal point tractions and displacements

(i) A hesding <CALCULATED VALUES OF TRACTIONS> {s printed followed by a hesaded table
showing the node nuaber, condition type number (1 or 2) vhere

.

N

prescribed traction componeats in the X-direction
prescribed traction components in the Y-direction
prescribed traction components in the 2-direction and the components of
the calculated tractions.

This is followed by a headed table showing the element number, the

(ii) A heading <NODAL DISPLACEMENTS> is printed followed by a headed table showing the
node number and the computed displacemsnt components for each node in turm in
numerical order.

Shifted nodes

In order to impose the r

<JACOBIAN

12

singularity at the crack tip, the mid-side nodes of
the alements adjacent to the crack tip sre shifted to quarter points nmesrest to the tip;
hence the Jacobian of the transformation from global to local coordinate system becomes
zero. This cases the following message to be priated.

AT NODE = NN ELEMENT X0 = MO

with NN and MM replaced by the relevant numbers. The program is not halted.
the stresses at that node are not calculated since the stresses would be infinite there.

Nodal point stresses

However,

A heading <STRESSES IN THE GLOBAL CARTESIAN SYSTEM OF COORDINATES> is printed

followed by & headed table showing the node nuzmber and the SIX stress components for each

node in numerical order.

Interior points

1f sny {nternal solutions are required a heading CINTERNAL POINT COORDINATES> is
printed followed by a headed table showing internal point number and the coordinates of

the point.

Ao e
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Displacesent and str at interior points

(1) The first set of the final set of results to be vritten are the stresses at internal
points. A heading <STRESS AT INTERNAL POINTS> is followed by a headed table showing
the interior point number and the three stress components for each point.

(ii) TPinally, a heading <DISPLACEMENTS AT INTERNAL POINTS> is followed by & headed table
showing the interior point number and the displacement components for each point in
turn.

e et e iy, -
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Appendix ®

SUMMARY OF THE GAUSSIAN RATURE COEFFICIENTS

Gaussian abscissas :

Gaussian coefficients

1 0.3399810435 0.6521451548
4 s 0.8611363115 0.3478548451
1 =0.3399810435 0.6521451548
1 =0.8611363115 0.34Te548451
st 0.2386191860 0.4679139345
6 3 0.9324695142 0.1713244923
t  =0.2386191860 0.4679139345
s =0.9324695142  0.1T713244923
1 0.1834346424  0.3626837833
3 0.5255324099  0.3137066458
s 0.7966664T74  0.2223810344
8 t  0.9602898564 0.1012285362
1 =0.1834346424 0.3626837833
1 -0.5255324099  0.3137066458
H .007%6“‘"‘ 0.222‘”'0344
1 =0.9602008564  0.1012285362
N
X
3
3
s
ol sln
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Figs 1-3

Fig 3 Two equal size eight-node quadrilatcraﬁ element




Fig 4

(a)

Fig 4 Element subdivision in 3D body
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Fig § Two~dimensional displacement fields near a crack tip

Fig §




Fig ¢

mMia—pOINt positions

orack foce

N "mid-point poeitione

-

quarter-point poeitiorne

oraak faoce

[ R A T

. quarter-point poeitions

Fig § I1llustration of gquarter-paint positioms




Fig ?

Fig 7 Flat plate with s central norias] hole




Fig 8

TITLE: FLAT PLATE WITH A CENTRE HOLE

/ Fig 8 Mesh design and element numbering system of the flat plate
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E€: FLAT PLATE WITHM A CENTRE HOLE

Fig 9

Fig 9 Mesh design and nodal numbering system of the flat plate
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SINGLE EDGE CRACK PROBLEM (SEC)




SURFACE PLANE

t
¥ INTCP=~ 11.78
b | <
¢ : -
] 2
}
. MID~PLANE
z INTCP= 13.22
x
-
H
3
“ :. L] L] i J LA Lad v
2 J
. 2 { SYMMETRY PLANE
¥ { InTcP= 13.36
] ]
n ! ]
3 :
4
.5
1
Y
(e/C)
Fig 14 Normalised stress intensity factors (K;/[FJEITH]) against (r/C)
i
4.‘—‘ e,

8L08 SH KL



™M 1078

Figs 15816

144

- - e etm e m e e ama g

csescee Nowman(1874)
130

12}

’ P A i e " A ]
g— y '
xX/LT/72)

»

Fig 15 Variation of normalised stress intensity factor (K1/[F/EITH])
with thickness for SEC specimen
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