D-A188 303 OPERATING CHARACTERISTICS OF LOG-NORMALIZER FOR WEIBULL 1/
AND LOG-NORMAL INPUTSC(U> NAVAL UNDERWATER SYSTEMS
CENTER NEW LONDON CT_NEW LONDON LAB R H NUTTALL
UNCLASSIFIED 17 AUG 87 NUSC-TR-8975 17/4 NL

-
D
]




R Y R Y e I BN N AN NN RN S RN LI

Lt v adatale boa alytal antal, Al s AT SSSR -
~pgm
! ! /
| |
1] ' {
! .
[ FE X )
‘ 3 ”E “E§
] —— 506 32 . v
== = % '
— t m = ' : .
' l t | 71 m" 2.0 ' . ot :
. cuz
— .
= fl..e \
== ~
L4
MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS-1963-A f
‘ ’ - - % -‘
- ) 1
.‘
O
)
,'
at
0
0
) .'
"
N
\]
o, \
Y
~
|}
‘ ."' t
oy ' <. - - -

Y e W T W e -
N WX .
\.-f J-_ a“.r NI Yy

DAYy
TR RN _).«._,,"\.j-\.

_.\«;

B NN O, o e
W ..:: s ,\_,\ﬂ PV """zi'“"::‘\: ot "
OAOUE AR o OO0 e S OO O 2 (T W AN NN W g .||‘ ' l\u X |. X



DOV W0 ; (W ORI TS ; N . " o - :

W \ ) 5 ) ol ' N WMDY

RO O L OO X0 O XS :".c RS A ,|!l' j,.!l‘g, SOOI 0‘|k‘!\.|_ MO O O .!"‘!.". W WYY
£ [L A2 (3 Bt

]| T COPY

NUSC Technical Report 8075
17 August 1987

Operating Characteristics of
Log-Normalizer for Weibull and
Log-Normal Inputs

Albert H. Nuttall
Surface Ship Sonar Department

™
-
o
00
o0
P
T
(&)
<(

DTIC

ELECTE
NOV 2 O 1987

(&

Naval Underwater Systems Center
Newport, Rhode Island/New London, Connecticut

Approved for public release; distribution is unlimited.

A, .' (\

U
1IN
IL’J’.’&Q
Vo A

el

R




17 L] -
L) DUOAX)
A 1‘-.""«‘-.' PRI N

Preface

This research was conducted under NUSC Project No. A7520S, Subproject
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OPERATING CHARACTERISTICS OF LOG-NORMALIZER
FOR WEIBULL AND LOG-NORMAL INPUTS

INTRODUCTION

The detection of the presence of a weak signal of unknown location and
strength in background noise of unknown strength is often accomplished by
comparing a candidate signal-bearing detection sample of the observed
process with a local estimate of the background level based on N samples of
the (hopefully) noise-oniy process. The local neighborhood can be time,
space, or frequency, depending on the application. In order to obtain a
stable estimate of the background level, the number of samples, N, should be
large; however, if the background is nonstationary, nonhomogeneous, or
nonwhite, or if decision and processing time is at a premium, N should be
kept as small as reasonably possible. The tradeoff between these conflicting
requirements and the dependence on the number of normalizer samples, N, is

of interest in this study. Related work is available in [1,2,3].

Since the performance of the normalizer procedure outlined above is
adversely affected by the presence of any outliers or noise bursts
anywhere in the total of N+1 samples used to make a decision about signal

presence or absence in the candidate sample, some form of limiting device

¥ B 1B Y P N h® B? I »
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should precede the normalization. The particular combination that we

consider in detail here is depicted in figure 1, where fn is the natural

0. in D Normalizer —

Figure 1. Log-Normalizer

logarithm. The logarithmic device tends to saturate at large input
amplitudes and suppress their effect on the normalizer output z. The input
sequence of random variables, {x&}. (the detector output sequence), is
presumed to be statistically independent and limited to positive values,

giving logarithmic output

Yy = dnix) . (M

The particular normalizer we consider here is described as follows:
call Y, the candidate signal-bearing sample at the normalizer input, and
let Yy yz. cees yN be the N noise-only basis samples employed to
extract an estimate of the background level at the normalizer input.
Despite the notation, these N samples can (and probably will) surround the
candidate sample yo in location, whether that be time, space, frequency,

etc. The sample mean of the normalizer input noise-only samples is

N
ny) = ]N'z Yo » (2)

L T B e
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while the corresponding sample standard deviation is defined as )

;.

A I : oo 2012 ]

5 AT S by - S (3) !

. n=1 -
The output of the normalizer in figure 1, that we consider here, is a 3

deflection measure, namely

A -

y - uly) ,

z = ‘OT—‘ X (4) t
o(y)

The numerator of (4) is an estimate of the difference in means (at the

normalizer input) of the candidate signal-plus-noise sample, relative to the
noise-only samples; the denominator of (4) is a measure of the inherent E
fluctuation of the background noise. The dimensionless ratio in (4) :
eliminates the dependence on absolute levels in favor of relative levels.
N
The normalizer output z is compared with a threshold T, and a decision z
made about signal presence in sample Y, according to the rule
¢
)
z > T: declare signal present in Yo E
. . (5) 7]
z < T: declare signal absent in Yo $_
4

It is desired to evaluate the false alarm probability and the detection

probability, that is,

RSN TS Aot A Mbd P |
UM O K
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PF =Prob (2>T I signal absent 1in yo),
(6)
PD =Prob (2> T l signal present in yo).
Both of these probabilities in (6) are exceedance distribution functions,
that is, probabilities that random variable z is greater than a threshold
value T. We will be interested in plots of (6) versus T, for various
signal-to-noise ratios, as well as in plots of PD versus PF, the latter
known as the receiver operating characteristics.

The normalizer input random variables {y&}? are statistically
independent and identically distributed, since inputs {ké&? have been
presumed to have these properties. When signal is absent in candidate
sample yo, its probability density function will be taken identical to

N . . . . ‘s
that of {ynh; however, when signal is present in Yoo its probability

density function can be arbitrary.

ol

h
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CLASSES OF INPUT VARIABLES

The noise-only input samples {xél? to the log-normalizer in figure 1
will be taken from the class of random variables that can be generated from
fundamental independent identically-distributed random variables {wé}

according to the rule

b
Xy = @ W for 1 < n < N; a>0,b>0, w, > 0. (7
The probability density function pw of {w&} is arbitrary; the total class

of random variables defined by (7) is that yielded by allowing parameters a

and b to be any positive constants (independent of n).

To fix this concept of a class of random variables, consider the case

where wo is a random variable with the fundamental exponential probability

density function

pw(u) = exp(-u) for u >0 . (8)

Then the exceedance distribution function of W is

o0

Ow(u) = Prob(w > u) = .f dv pw(v) = exp(-u) for u >0 . (9)

u

.

B K B Ap & iy |

Lol |
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It then follows from (7) that the exceedance distribution function of x, is

Ox(u) = Prob(x > u) = Prob(a wb >u) =

1/b 1/b
= Prob(w > (u/a)”‘? - ow((g) ) - exp[—(%) ] for u >0 . (10)

But this is just the exceedance distribution function of a Weibull variate"

with shape factor 1/b and scaling (I/a)]/b. Thus, the class of random v
variables that can be generated via (7) with arbitrary a,b, from the

fundamental exponential probability density function in (8), is the general

class of Weibull variates, as given by (10). (If b = 1/2, x is a Rayleigh

variate, for example.)

As a second case, let wn be a random variable with the fundamental

log-normal exceedance distribution function

Q(u) =@(-Anu) foru>0, (1)
where
t t
B(t) = S‘as (20) /2 exp(-s2/2) = gds o(s) (12)
~ad -0

is the cumulative distribution function of a normalized Gaussian random
variable. Then by an analogous procedure to (10), the exceedance
distribution function of the random variable Xy generated according to (7)

is

*Sce appendix A.

BOACACAGAGACAGOVO 19 1% §
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1/b
0 (u) = ow((g) ) =§<l’lm—t‘)—i“—m) for u >0 , (13)

which is the exceedance distribution function of a general log-normal
variate with additive factor fn(a) and scaling 1/b. The probability density

function corresponding to (13) is

p(u) = b—t‘]—o(f"“—(—)—giﬂﬂ)) for u >0 , (14)

where ¢ was defined in (12). Thus, the class of random variables that can be
generated via (7) with arbitrary a,b, from the fundamental log-normal
exceedance distribution function in (11), is the general class of log-normal

variates, as given by (13) and (14).

Returning to the general case for fundamental random variable W, now,

the output of the logarithmic device, (1), is given, upon use of (7), as
y, = An(x) = dna+bdn W, = fna+op Voo forl<nc<N, (15)

where we define

Y o=thw . (16)

Let the mean and standard deviation of Vn be denoted by u(V) and o(V),

respectively. Then form the normalized random variable

Fa
Yen o, o e AT T T e A . gt
gy e e At e ]

o~ d

-
-

e

W W

P

s o P S ]
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v =——— forl1 <ns<N, (17)

which has mean 0 and standard deviation 1. Substitution of (17) in (15)

then yields log output

y,=a+Bv,  forl<nc<N, (18)

where constants

a=fna+buV), B=0>bo® . (19)

A direct useful interpretation of these two constants in (19) follows

directly from (18); namely, since {VAE are normalized random variables,

a=uly), B=o(y) . (20)

These are fundamental statistics of the input to the normalizer in figure 1.

Equations (18) and (19) demonstrate that the output of the logarithmic
device in figure 1, for general parameters a,b and random variables {wi ?
in transformation (7), can be handled through the linear transformation (18)
of a normalized random variable, Voo with zero mean and unit standard

deviation. The new general parameters a,B are given by (19) or (20), where

the required statistics are mean
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Of

"

'i

'.
- Y
V=p(v) = unw = jdu In(y Py, (21) g

and mean square N
— o (22) -~

~2 2 2 %

- v = (Inw = {duUnuwp(u,

w o

- in terms of the probability density function of input variable wh in &
figure 1. Also, except for the specified zero mean and unit standard '
‘¥

S

deviation of Vn in (18), the statistics of v, are completely arbitrary. &
31

Thus, we can use form (18) for the general normalizer input in the following, Qé
where o and B are arbitrary constants. v
RS

|"

l\‘
When we now employ (18), the sample quantities in (2) and (3) become e

)

pod

By) =a+B UV, N

(23) -;f

S(y) = B 3(v) , r
ligr

e

where >
R

o\ 8

N
S(v) = N—’_—] z [vn - “:(vﬂ2 , (24)

R . ..1 -Q‘.‘ﬂ."r.--‘_lc - 4"'.1 I Ve
D N M R s e e T e
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in terms of the normalized random variables {yn}?.

As noted in the paragraph following (6), the probability density function
of random variable Yo is arbitrary for the signal-present hypothesis.

Without loss of generality, let

Y. = n+0v Vo (25)

0

where normalized random variable v° has
u(vy) = 0, o(vo) =1. (26)

The constants n and v absorb the absolute scale of Yo' in fact (in analogy

with (20)),

n = u(yo). v = c(yo) . (27)

when we now combine (23) and (25) in the normalizer output z, as given

by (4), there follows

d + AN 2(v)
z = . (28)
a(v)

where constants

(29)

I
e
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Thus, the general output z of the log-normalizer in figure 1, for the general
class of inputs (7), can be expressed in the form (28) involving two

fundamental constants d, r in (29); an arbitrary normalized random variable
Vo
variables {Vrl'l‘ according to (24).

and the sample mean and standard deviation of the normalized random

A useful physical interpretation of the constants in (29) is afforded by
utilizing (20) and (27), namely
u(y,) = uly) ay,)

d= —v—, P=T('y—)'.

oY) (30

Thus, parameter d measures the deflection criterion at the normalizer input,
relative to the standard deviation for signal absent. The parameter r is a
scaling quantity reflecting the relative fluctuating strengths at the
normalizer input. The fundamental analysis problem is now to evaluate the
false alarm and detection probabilities specified by (6), for the output

random variable given by (28), where d and r are arbitrary constants, and

. N : .
v, and 5%3 | are normalized random variables.

R et e g < g
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{ CONSTANT FALSE ALARM RATE PROPERTY

"
*
;
{
The general output of the log-normalizer is given by (28). However, for g
(]
.3
hypothesis Ho where signal is absent in candidate signal-bearing sample 1
Yo the statistics of normalizer input y, are identical to those of y
{yrb:‘. as noted in the paragraph under (6). In this case, (30) "
obviously reduces to :
<
d=0, r=1 under H, , (31) :
Y
\)
and (28) yields o
v, - H(v) -
2 =2 under H_ , (32) \
~ o] he
a(v)

At
in terms of the independent identically-distributed normalized random K
o

. N
variables Yo and {vn}]. 2
‘
Since vn in (17) is the normalized random variable corresponding to ’_
logarithmic distortion (16) of fundamental random variable W and does n
not involve a or b, all scale factors involving constants a and b in (7) have <)
disappeared in output z in (32), under hypothesis Ho. This means that the f;
U
false alarm probability PF in (6) cannot depend on a,b; put another way, };
N
the false alarm probability for the log-normalizer of figure 1, subjected to Qf
"
F
'“
_\
12 st
-~

A BT 0 0 Ry Py ig Pt o Ol ? 3 OISO A AT UL P N vt e
R O N O R AN .,l’; '.""O.N"...L AGHCHAAAG A O "-‘e'- KLAR Ja"._\ "'r“ TN AT W T RN AT '~ " o




TR 8075

the class of inputs given by (7), is the same for all members of the class,
regardless of the values of a and b. Since the sample mean and sample
standard deviation in (32) still depend on N, as seen by reference to (24),
the false alarm probability will necessarily be a function of N, as well as
depend on the particular probability density function of independent
identically-distributed normalized random variables Yo and {vn}. However,
in general, there will be no need to investigate the false alarm probability
for the general Weibull class in (10), but instead we can confine attention
to the fundamental exponential probability density function of W, as given

by (8). Of course, v_ must then be the normalized random variable, as

n
given by (16), (17), (21), and (22). More details on the statistics of
Weibull variates and their logarithmically-distorted counterparts are given

in appendix A.
A similar statement can be made with regard to the fundamental
log-normal exceedance distribution function given by (11). In fact, the

logarithmically transformed input, (16), to the normalizer has exceedance

distribution function
Qglu) = Prob(V > u) = Prob(fn w > u) = Prob(w > exp(u)) =
= Q (exp(u)) =§(-u) for all u . (33)
But this is the exceedance distribution function of a zero-mean

unit-variance Gaussian random variable. Thus,v of (16) is already a

normalized random variable, and Gaussian at that. Therefore,decision

13

A
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variable z in (32) involves a collection of N+1 independent identically-
distributed zero-mean unit-variance random variables Vo and {VA}?.

Again, the false alarm probability can only depend on N, and not on scale
factors a and b in (13) and (14). Of course, the detection probability (6),
as applied to (28), will depend additionally on parameters d and r in (29)

and (30).

In summary, the log-normalizer in figure 1 will possess constant false
alarm rate properties, that is, the same false alarm probability for all the
members of the class of random variables generated according to (7),

regardless of the values of a and b.

" ‘_(J' (I.--'(f-‘"-v..f.f.frrffr,r.

-.-.f'f. ((‘ Wy Wy W -,
N A L g TR P L R A R LT Lt aE DT R Dt Tt DAL (g



TR 8075

PERFORMANCE FOR LOG-NORMAL INPUT X

The problem of interest in this section is the evaluation of detection
’ probability (6) for the decision variable z given by (28), when normalized
random variables {yJ 7 are independent identically-distributed zero-mean
unit-variance Gaussian random variables; this is the case discussed in (33)
et seq. Although the probability density function of normalized random
variable Vo is arbitrary, we will also take it here to be zero-mean
unit-variance Gaussian. Reference to (15), (17), and (25) reveals that this
is tantamount to assuming that the normalizer input {&é&? in figure 1 is
Gaussian with arbitrary mean and variance, while Y, is also Gaussian with
different arbitrary mean and variance. A1l these arbitrary parameters are
collected together in (28) in the parameters d and r, according to (30).
This situation is also equivalent to assuming log-normal excitations at the

input of the log-normalizer of figure 1.

>0,

Q>

From (6) and (28), since

P, = Prob(z > T)

0 Prob(d + rv - u(v) > T &v)) , (34)

where T(v) and G(v) are given by (24). It is shown in appendix B that u(v)
and o(v) are statistically independent, with probability density functions

given by (B-16) and (B-20), respectively, (setting w = 0, o = 1) as

15
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p(w) = (2e/N) V2 exp(- ¥4 for all (35) :

v

and :
ol

TR Rl iaialt Y. T WP = | (36) ]

o P(m) ' 2 7 A

Now the quantity d + r-vo - G(v) in (34) is a Gaussian random variable E:

U

with mean d and variance r'2 +1/N% as; see (B-16) or (35). Considering & .
fixed for the moment, the conditional detection probability in (34) is then ;.
%

7 2\1/2 (t - d)? 4 - 15 .

P .. = dt (Zm ) exp |~ = @ 1, (37) Y

DC N 2 2 % "

TS N .

upon use of (12). Averaging this result over the probability density

A At AR

function (36) of G, we have the unconditional detection probability

{

S
-

-

ob
2m-1
d-Tu\ 2m"u exp(—mu ) _
Py = Oj du §( ) Fim)

belrase ) ala?

od

g dw e"p("" /2) $ear -1 W, (38)
B¢
0 2 (N_—_l_ i
22 (%) 3
3';
where N > 2 and N
%
e
¢ 4. d 3
TN vr5+1/N o
ot
o
T T T 3
r ¥z = . (39) w3
- “
V-V oy VT VP2« n ]
.
')
DY
N
"
16 N
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The fundamental parameters upon which PD depends are

N, number of normalizer samples;
T, threshold at normalizer output;
d, deflection criterion (30);

r, scaling (30) . (40)

However, they show up, in integral result (28), collapsed into the three
. [ ]
variables N, dr' Tr‘
For signal absent, we have d=0 and r=1, as noted in (31). Then (38) and

(39) reduce to the false alarm probability

obd
N-2 2
_ w exp(-w"/2) _ N
PF-gdw — §(T > ) (a1)
0

2 )

which depends only on N and T. Thus, given a particular number N of
normalizer samples, threshold T can be selected to realize a specified value

of false alarm probability P This applies for the complete class of

£
log-normal inputs, (13) or (14), into the log-normalizer in figqure 1, and

can be achieved without knowledge of a or b.

As N > © | we have

3-»1,0N-»r‘ as N 200 , (42)

U #
L
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giving from (37),

Pp = § (d_;—). P = @ (-T) for N = . (43)
This yields

{ 5(P)=l[d +§(P)] for N = @ (44)

' D r F ?

where § is the inverse J-function; this last result is useful for plotting
X receiver operating characteristics on normal-probability paper. It
jllustrates that for N= o, those curves are straight lines with slope 1/r

and offset d/r at PF=.5.

The actual numerical evaluations of false alarm probability (41) and
detection probability (38) are undertaken in appendix C. The inputs to the
functions considered there are the 3 parameters N,T;,d; as given by }
(39), rather than the 4 fundamental parameters N,T,d,r listed in (40). This
is no limitation, since for any given values of N,7,d,r, the quantities

!

! N.T",.dr can be easily calculated via (39) and used as inputs to the

procedures in appendix C.
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PERFORMANCE FOR WEIBULL INPUT X

Here we want to evaluate detection probability (6) for the decision
variable z given by (28), when normalized random variables {v&!? are
independent identically-distributed zero-mean unit-variance log-distorted
Weibull variates. Before we do that, we observe that detection probability
(6) can be expressed generally as

d + rv, - 2(v)

D Prob(z > T) = Q_(T) = Prob >T) =
4 A
a(v)

Prob(vo > 3—;—“) - J‘“‘ ovof‘ - d) Pe(u) . (45)

where we used (28) and defined random variable

©
"

]

t = f(v) + T &(v) (46)

in terms of the sample quantities in (24). The separation of functions in
the last form in (45) is due to the fact that random variables Yo and t
are statistically independent of each other. When signal is absent, then

d=0, -r=) according to (31), and (45) reduces to false alarm probability

Pe = fdu Ovo(u) Py (u) . (47)

19 .
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In the special case where N 2o, that is, a very large number of samples
used in the normalizer, the sample quantities in (24) approach the true
mean 0 and standard deviation 1 of normalized random variables {vn}, and t

tends to the constant T. Then (45) and (47) reduce to

Pp = QVOC ;

This 1imiting case can be used as a comparison with practical cases where N

d) . Pp= QVO(T) for N = . (48)

is large, but not infinite.

We now specialize the above general results to the case of log-distorted

Weibull variates {vnl?. Although the probability density function of

normalized random variable v0 is arbitrary, we will also take it here to

be a normalized log-distorted Weibull variate. In this case, the exceedance

- distribution function of random variable Yo is given by (A-17) as

Q. (u) = exp -exp<-y + = u)} for all u , (49)
0 = e[ cemp (o + 3

where y=.57721 is Euler's constant. Thus, the detection and false alarm
probabilities for N =o0, as given generally by (48), are immediately

available upon use of (49).

The probability density function of random variable t defined in (46) is
a much more difficult task for finite N. To make any analytic progress, we
have had to assume that t is Gaussian; this can be expected to be a fair

approximation if the number of normalizer samples N entering the sample

20
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quantities in (24) is large, according to the central limit theorem.
However, we can anticipate that the approach of random variable t to
normality will be faster near its mean, but considerably slower on the
tails. This can lead to a significant bias in the calculation of small

false alarm probabilities.

Thus, our assumption is that the probability density function of t in

(46) is given by

2
b, (u) = [27 o2(t)]71/? exp(- Lu—u(tD) | (50)
t 2 oz(t)

Combining (49) and (50) in (45), the detection probability is given

(approximately) by

©
[}

[ du exp [—exp(- Yy + = u_:_d)]*
D W; r

-1/2 2
*[211 cz(t)] exp[— 4 - > t ]=

2
1/2 x_
= (2n) gdx exp[—2 exp(h, +h, x)] . (51)
where constants
h]__‘Y*__w tr-d’ h2=_W°_rLt')'- (52)

The fundamental parameters in integra) result (51) are d and r, along

with mean u(t) and standard deviation o(t) of random variable t. The

21
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complexity of random variable t, defined by (46) and (24), precludes us from
evaluating mean u(t) and standard deviation o(t) exactly. However, numerous
simulations, each consisting of 100,000 trials, enabled us to extract the

following rather accurate rules of thumb for the statistics of t.

First of all, for general definition (46), we have mean

w(t) = wfSv} + T ufacn} (53)

and variance
(1) = F{an} + ¥ fav] + 2T oftitv) of5(v] 5 (54)
where p is the normalized correlation coefficient between {i(v) and a(v).

The simulation results alluded to above, for normalized random

variables {vn} in (24) being log-distorted Weibull variates, are given by

u{ﬁ(v)} =0 u{a(vﬂ =3 - —39-

oziﬁ(V)} =]ﬁ czfa(v).s = N];O?-s
p = -.55 . )

Observe the large value of p, in contrast with the earlier case of a
Gaussian input to the normailizer, where the sample mean and sample standard

deviation were not only uncorrelated but in fact independent; see appendix B.
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The quantities in (55) depend solely on N; when used in (53) and (54),
it is seen that u(t) and o(t) in (54) depend on both N and threshold T.
Thus, the totality of fundamental parameters of relevance in detection
probability (51) is d,r N, T, just as for the Gaussian case in (40).
Analytic evaluation of integral (51) is impossible; accordingly, numerical

integration was employed.

An alternative approximation to the statistics of random variable t of
(46) is undertaken in appendix 0. Namely, for large threshold values T,
where random variable t is dominated by sample standard deviation 3(v), it
might be thought that a X-approximation would have wider applicability than
a Guassian one. This is indeed true, as will be demonstrated by the
numerical results to follow; however, for small false alarm probabilities,

the X -approximation also falls short.

23
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GRAPHICAL RESULTS

In this section, we will present graphical results for the exceedance

distribution functions and receiver operating characteristics for both the

Gaussian and the log-distorted Weibull inputs to the normalizer in figure 1.

This corresponds, respectively, to log-normal and Weibull inputs (that is,
detector outputs) to the logarithmic device in figure 1. The theoretical
results of the previous two sections are augmented by simulation results,
each based upon 223 = 8.4 million trials of decision variable (normalizer

output) z given by (28) and (24).

The scaling parameter r, that is, the ratio of standard deviations in
(30), is taken at 1 for all these results, in order to keep the number of
plots at a reasonable level. The deflection parameter d in (30) is varied
from 0 to values large enough to sweep out the important range of detection
and false alarm probabilities of interest. The number of normalizer
samples, N, is taken at the values o, 64, 32, 16, which appears to cover
the most important range of practical use. Threshold value T in exceedance
probabilities (6) is allowed to vary widely, so that the full range of

detection and false alarm probabilities can be observed.

24
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GAUSSIAN INPUT TO NORMALIZER

The exceedance distribution function (EDF), defined in (6), for N=a is

plotted in figure 2 versus threshold T, for deflection parameter d taking on

values

d = 001)9 =0,1,2,3,4,5,6,7,8,9 . (56)

The arrow on the figure indicates the direction of increasing d; thus d=0,
which is the false alarm probability, corresponds to the curve at the lower
left. The resuits in figure 2 are based on (43); since the ordinate is
according to a normal probability rule, these curves are perfectly straight
lines. Exceedance probabilities ranging from 1£-6 to .999999 are covered

when threshold T is varied over the range -5,5.

When N takes on the values 64, 32, 16, the corresponding results are
displayed in figures 3, 4, 5, respectively. These graphs were obtained from
(38)-(41), impiemented by the procedures in appendix C. The exceedance
distribution function for N=64 in fiqure 3 is fairly close to that for N=o
in figure 2; however, by the time the number of normalizer samples N has

decreased to 16 in figure 5, significant curvature has developed in the

results.
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Superposed in figure 5 are 11 simulation results for d=0(1)10, each
based upon 8.4 million independent trials. Due to the large number of
trials, the theoretical and simulation results are indistinguishable, except
near the extremes of probability 1E-6 and .999999, where the jagged
character of simulation results is manifested. This close agreement of
results not only confirms the theoretical analysis but also lends credence
to the use of simulation for the estimation of probabilities out on the

tails of the distribution, provided that enough trials are conducted.

Figures 3, 4, 5 furnish information which enables the selection of the
required threshold T to realize a specified falise alarm probability for
N = 64, 32, 16, resbective]y. For example, figure 5 with d = 0 indicates
that to realize a false alarm probability of 1£-5 for N = 16, threshold T in

(6) must be chosen as 6.3.

When threshold T is eliminated, and the detection probability plotted
versus the false alarm probability, we obtain the receiver operating
characteristics (ROC). The result for N=ed is given in figure 6, where both
the abscissa and ordinate are pliotted according to a normal probability

scale. Deflection parameter d varies over the range
= 0(.5)7.5 =0,.5,1,1.5, ..., 7,1.5 . (57)
The arrow again points in the direction of increasing d; thus d=0 is the

curve on the Jower right. These curves are precisely the straight lines

indicated by (44) with r=1.
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- - -

Corresponding receiver operating characteristics for N = 64, 32, 16 are

V- -

presented in figures 7, 8, 9. The detection and false alarm probabilities

- i T " el

both range down to 1E-6, while the upper Timits have been truncated at .99
. and .5, respectively. Values beyond these limits can be obtained from the

» earlier figures 2 through §.

Superposed in figure 9 are ten simulation results for d = 1(1)10.

\ Again, except for the small probability regions like PF < 1E-5, the
‘E theoretical and simulation results are indistinguishable and overlay each
other. It will be noticed that a characteristic wiggle in the receiver
operating characteristics js duplicated for every simulation result, at a
- constant value of false alarm probability; for example, see the triangular

bump in all 10 simulation results at PF== 1E~6. The reason for this
] behavior is that when random variable z in (28) was simulated, the random
numbers employed in (24) to generate § and & were not changed when different
d values were considered in (28). The reason for this deliberate choice was
economy of computer execution time; that is, the time-consuming task of
computation of (24) was done once for each trial, and used in (28) for all

B of the d values of interest. This repeated use of the same n,o values for

-~

estimated receiver operating characteristics at a fixed false alarm
probability. However, for 8.4 million trials, this bias is small, even for
the rare events with probabilities greater than 1£-6, and was deemed
acceptable in light of the greatly increased computer time required for the

A

alternative approach of regeneration of n and §.

32

different d values gives a persistent systematic perturbation to the ) 1
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As an examplie of the use of figures 6 through 9, the values of deflection

d required to realize PF = 1£-5 and PD = .5 are

d=4.3, 4.7, 5.1, 6.2 for N = & 64, 32, 16 , (58)

respectively. The cost of redhcing N from a to 16 is that d must be
increased by the factor 6.2/4.3 = 1.44; whether this is tolerable depends on
the application. The relation of deflection parameter d to any system input
signal-to-noise ratio depends on the particular processor form preceding the
logarithmic device in figure 1, and must be left to the user and his

particular application.

LOG-WEIBULL INPUT TO NORMALIZER

When the input to the normalizer is a log-distorted Weibull variate, the
performance is markedly different. The exceedance distribution function for
N=od s displayed in figure 10 and has a significant curvature when plotted
on normal probability paper; these resuits are based upon the use of (48)

and (49). The use of the notation 'Extreme' is explained in (A-7) et seq.

When N is decreased to 64, the corresponding exceedance distribution
functions are given in figure 11. QDue to the questionable assumptions .

required in the theoretical analysis of this case and used in (50) et seq.,

simulation results were also superposed for the values d = 0(.5)5
Agreement in the mid-range of probabilities is excellent. At the low end of
the probability range, near ltE-6, the simulation results indicate a

systematically lower exceedance probability than predicted by theory.
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This erratic trend of the theoretical approximation is continued and
accented in figure 12 for N=32 and in figure 13 for N=16. In fact, in the
latter case, for threshold T=5, the simulation indicates exceedance
probabilities for d=0 that are more than 2 orders of magnitude smaller than
the theory predicts; see bottom right of figure 13. The discrepancies at
the high end of probabilities are also considerable, as seen at the top left

of the figure.

Also added to this particular figure is the result of using the
A-approximation for random variable t of (46), as detailed in appendix D.
Although the improvement in probability values is over an order of magnitude,
there is still another order of magnitude error left in this alternative
approximate approach. The reason for the difficulty in the theoretical

analysis is two-fold: (1) values of N like 16 or 32 are not large enough

for the central 1imit theorem to have developed substantial accuracy on the
tails; (2) the probability density function of a log-distorted Weibutll
variate, as given by (A-7), is distinctly non-Gaussian on the tails. The

decay of (A-7) on the positive tail is much faster than Gaussian, while that

on the negative tail is slower, being only exponential.
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The receiver operating characteristics for N=o® are given in figure 14,
while those for N = 64,32, 16 are given in figures 15 through 17,
respectively. The discrepancy between theory and simulation becomes
progressively larger as N decreases, reaching the point in figure 17 where
the theory is entirely invalid for false alarm probabilities less than
approximately .001. The reason for the severe dip of the theoretical curves
to the left of each figure is the inadequacy of the false alarm probability
approximation, it being much too large for the larger threshold values; see
bottom right of figure 13. On the other hand, the simulation results in
these figures are all based on 8.4 miliion independent trials, making them

trustworthy well down near the 1E£-6 level of probability plotted here.

As an example of the use of figures 14 through 17, the values of d

required to realize probabilities PF = 1E€-5 and PD = .5 are
d=2.2, 2.6, 2.9, 3.8 for N = oo 64, 32, 16 , (59)

respectively. The latter three values are extracted from the simulation
results in figures 15 through 17. Direct comparison of the absolute levels
in (59) with the corresponding Gaussian results in (58) is not valid,
because the shapes of the input probability density functions in the two
cases are markedly different and are more important than the deflection

criterion, defined by (30).
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CONCLUSION

The performance of tne normalizer with a Gaussian input is capable of
exact analysis in terms of integrals which are readily evaluated via
recursions. The main reason that this fortuitous situation obtains is the
statistical independznce of the sample mean and sample standard deviation
for Gaussian random variables. However, for other inputs to the normalizer,
these sample statistics are highly correlated with each other and create an

untractable analysis problem.

An acceptable alternative in this latter case is simulation with a large
number of trials. Here 8.4 million trials were employed, which allowed for
estimation of tail probabilities in the 1E-6 range. If the false alarm
probability could be evaluated theoretically, then simulation would only
need to be conducted for the detection probability PD. And if PD were
of interest only in the range (.5,.99) say, then as few as 10,000 trials
would suffice for a decent estimate. However, it appears that, in general,

even the analysis for the false alarm probability involves some unmanageable

statistical relations.
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APPENDIX A. WEIBULL VARIATES

The exceedance distribution function of a general Weibull random

variable x is given by [3:p. 52]

1/b
Qx(u) = Prob(x > u) = exp\- (%) foru>0; a>0,b>0.

The corresponding probability density function of x is

1

, b \17b
px(u) = -Qx(u) =3 exp '(5) for u > 0 .

ab b

The v-th moment of x is

x’ = fdu u’ p(u) = a’ [ + bw) for v > -1/b .
The characteristic function of x is not available in closed form, for

general b; however

exp(i§x) = (1 - ita)—] for b = 1

The normalized cumuiants of x, for general b, are independent of a; h

TR 8075

(A-1)

(A-2)

(A-3)

(A-4)

owever,

they do not approach zero as either b » 0 or b »e . Therefore x does not

tend to Gaussian as the shape parameter b is changed.
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LOG-DISTORTED WEIBULL VARIATE

As indicated in (1) and (15), we are interested in the log-distorted

random variable

y=1n x , (A-5)

where x is a Weibull variate with probability density function (A-2). The

exceedance distribution function of y is

Qy(u) = Prob(y > u) = Prob(In x > u) = Prob(x > exp(u)) =

= 0, (exp(u)) = exp [- 95"—“1‘—;—%)- for all u | (A-6)
a

where (A-1) was employed. The corresponding probability density function of

random variable y is

b (u) = -Q'(u) = —— exp | Y - explu/D) for all u , (A-T)
y y b a 1/b b al/b

which is a form of the probability density function for extreme values; see

(4; (14.65)]. We will refer to (A-7) as an extreme value probability

density function here.
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The characteristic function of rardom variable y is

exp(ify) = exp(ifln x) =

f (%)

aw [(1 +irb) , (A-8)

the last step by use of (A-3); this is a generalization of [4; page 344,
exercise 14.4]. The actual numerical evaluation of the characteristic

function_ in (A-8) for real § is best accomplished by employing (A-7):

fy(if) = exp(idy) = j‘du exp(itu) py(u) =
+ab
- j‘ du exp(ifu) exp[ —Qé%ﬂ] (A-9)
a
- - cd

This can be efficiently and accurately evaluated by use of a fast Fourier

transform; the integrand decays very rapidly as u 2 t e

In anticipation of getting the cumulants of random variable y, we have

from (A-8),

In fy(i%) = ifIna+in PO + iTh) . (A-10)

Now from [5: (6.1.33) and section 23.2] ,

.\ “» \ s.
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b
In QO +2) =~z + 2 D" (m 2"/, (A-11)

n=2

where y = .57721 is Euler's constant and

L -
=~ . (A-12)

Tn) =

A%E

»
]
—_

In particular, T(Z) = w3/6.

There then follows, from (A-10) and (A-11), the cumulants of random

variable y as

In a - by for n=1
7(y(n) = . (A-13)
-0"Pny(n=1)t " forn > 2
In particular, the variance of y is 3(,00= b2 «3/6. fFor n > 2, the

normalized cumulant of y is

X, (n) ve\"
-y (.Y 1y -
i = I(n)(n 1), (A-14)
[A ()]
Y
which is independent of both a and b; thus random variable y does not
approach Gaussian as a and/or b approach any limits whatsoever. These

results generalize [4; page 344, exercise 14.4].

-

A e e T e

A . N A SR N R R R N WV IR ey
A S A . L Y S 7 ST AR LN £, 2%



-t - -

e - i o

S

{

- ; . v et e e
f3£f|5.35"’ o 0 0 Oy U

S0 ¢a A8 € 8 a0 TRy 2t gk -als dm gie 4, & & o s g g% b -drg” *, Dad vl bod tof 2o2 8.8 W

TR 8075

NORMALIZED LOG-DISTORTED WEIBULL VARIATE

If a=b=1 in (7), then Xy = W and it then follows from (16) and (1)

that Vn = 1In W= In X, =Y. In this case, we can use (A-6) with a=b=1 to

obtain the exceedance distribution function of Va as
Qv(u) = exp[-exp(u)] for all u . (A-15)
Additionally, there follows from (A-13)
w(V¥) =R§(1) = -y = -.57721 ,
A
a(¥) =(ﬁ&(2» - N . (A-16)

We are now in position to determine the exceedance distribution function
of the normalized log-distorted Weibull random variable Vn defined in

(17), namely,

Q (W) = Prob(v > u) = Prob(V > u(V) + o(V)u) =

= Ov(u(V) + o(V)u) = exp [-exp(-y + = u{] for all u . (A-1T7)
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LOG-NORMAL VARIATES

For completeness, we list here the v-th moment of log-normal variate x

with probability density function as given by (14) and (12):

— od
v _ v _lj du v In(a) - In(u _
x-fduu px(u)-b uo( b )-

o

c

b

2
= ! dtexp[ut-%(t—'—;ﬂm)]=exp[ulna+%u2b2]
12« b
)

(A-18)

o p
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.
ok o o SOTNER B A BB




TR 8075

APPENDIX B. [INDEPENDENCE OF SAMPLE MEAN AND SAMPLE VARIANCE

FOR GAUSSIAN RANDOM VARIABLES

Let {ig}? be independent identically-distributed Gaussian random

variabies with mean and variance

for all n . (B-1)

P
([}
-
—
>
-

1
=
~—

»
Q

Define sample mean

N
me gy > x . (8-2)

and sample variance

z

-m-, (B-3)

where scale factor g = 1/N or 1/(N-1) typically. (N > 2 required.)

We have, in vector notation

1Tx=-;-[11 c Vg Xy X ) (B-4)

Z|—
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where

Q=1- % 1 1T . (B-b)

The joint characteristic function of m and v is

f(%,8) = exp(iSm + ipv) =

exp [if% 1Tx + ing XTOX] . (B-7)

Now the joint probability density function of vector X is

N 2
_ (x - u)
p(Xx) = || Cr)) ! exp | - —_n——_E—_ =
n=1 2 o

N/2
- (2« ) exp (— - (xrx S K uzu)] . (8-8)

20

Therefore

-N/2
£(F.0) = (20 o°) dX expl- (K x-2u 1% + WON) +
202

i % 17X + g xTox] . (8-9)

Now we use [6; (B-1)]

1/2
N
J.dx exp[— ‘5 XTMX + LTX] = [ég—’t’)i] exp [‘5 L ow! L] (B-10)

with identifications

L)
; 1 . I3 ‘
M=—1-i20 , L= -2+ Y. B-11
G a o
t
I
B-2

b
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Using the definition of Q in (B-6), there follows
M = (—'5 - ian) [+ 12—:91 1 (B-12)
g
Now from [6; (21) and (22)],
_ o2, N
det M = N 1 i20 99) .
[}
A 2 12090° | |1
M =————°——2—[I—-——Ng"—11 . (B-13)
1 - i20 08g
There follows
2
LML= N ol (’§ + i §> (B-14)
g

and

1-N
. ] 02 2 2
f(%.8) = exp|ifu - 3 Ez N é - i20°g® ) (B-19)

Since this joint characteristic function factors, it follows that sample
statistics m and v are statistically independent. Also the probability

density functions are obviously

2
pm(u) = —1 exp [} i!—lggl— for all u (B-16)
Yo o/ \N 2 /N
and
N-3
2 ( ﬂj
u exp 2
. 26°q N )
pv(u) = N1 tor u > 0 . (8-11)
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Thus sample mean m is Gaussian with mean y and variance cz/N; while sample
! variance v is chi-squared of N-1 degrees of freedom with mean aZ(N—l)g and

variance 204(N-1)g2. For the typical choice of gain g = 1/(N-1), this

" implies that v has mean 02 and variance 264/(N-1). and therefore

S L3 2

A Tim pv(u) = 4§(u -o0) . (B-18)
Noo

The sample standard deviation

s = v’ (B-19)

has probability density function

Chat ot ot e 4

b (u) =2 up (ui) =28 e(u/B) (. (8-20)
s v N-1
- ()
where
.
8 = i‘_’—] for g = 1/(N-1) (8-21)
The k-th moment of s is
Nk -1 k/2
. — _ N-2+k o 2 Fﬁ
) s =fdu'ukp(u)= qu 20 e uB) 2 /B (a-22)
s N-1 r Ei)
0 u) 2 2
P(z B
) In particular,
2 - 4%, (B-23)
B -4
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and [5; (6.1.47)]
3\ 172
172 [N - 2 -3
2 2 1/16 3 _
-G(N"]) (——2 [1 + ) > +0(N 2)
t-3)
-3 -3

ol - A Lofn-Y - LA ofv -3

N -2 8 2

- 8 (_3_
)

S A V2 S VA T S O(N-3) -

N-2 3\ 2

8 P
b-3

=g {} - ‘/47 + 0(N'3) as N » e . (B-24)

N_—

8
85/86
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APPENDIX C. PROBABILITY RECURSIONS FOR GAUSSIAN CASE

The detection and false alarm probabilities are given in integral form

in (38) and (41). These integrals have already been encountered in
{1; appendix £], and evaluated in a recursive fashion. We will modify

those results somewhat, in order to better suit the current forms. '

First, we have, from (41) and (39), t
'u
o0

N-2 2
_ w exp(-w /2) 1! - ' ) :
Pe = fdw N3 §(T1w)- PN, T (C-1) :
© 2 N-1 ;
2 rﬂ( 2 ) b
»

Define

-1
X =(1+T']2) . whereT]'=T

] (C-2)

NS -

Then from [1; (E-17)], using identifications (that is, replacements from

there to here) 2
i
r= ———/"T; K » N-2 , (C-3)

1/2 °
6 + T;é>

there follows the simple result

Y TS Y Py
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N
> 2
I R ' 1 .1 k _ _
PF(N.T ) = 2~ 'atn(T1) - T] X bk X for N=2,4,6,..., (C-4)
k=0
where
b =1 b, = b k for k > 1 (C-5)
0 ' k = k- ] =
k+§

A program for this false alarm probability is given in appendix £ under the

name FNPf246, where T; is represented by variable Tp.

Also,
N-3
2

PNy =5 oo Ea X< for N=3,5,7 (C-6)
Froe 2 2 117 k "1 T ’

k=0

where
-

a, = 1, aQ =y T for k > 1 . (C-7)

These results are very tractable and efficient forms for recursive computer

evaluation. A program for (C-6) is given in appendix E under the name

FNPf357, where T{ is represented by variable Tp.
The current form for detection probability P

U {
p = PoNeTrrdy)

in (38) is identical to [1; (£-1)) if we make replacements

-2
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4

T
r

' 172
12
6+Tr)

(The curves in [1] are not directly applicable here because they employed
! . . 2 /2
the fundamental parameter dT > dr’ which is d//6~ + 1/N) here; however,

-»d;,, ro K > N=2 . (C-8)

the recursions derived there are immediately useable.) We can then use
[V; (E-B)] to develop an expression for PD. in terms of the auxiliary

sequence {g(kﬁ'defined in {1; (E-7)]. 1In particular, [1; (E-9)] yields, with

12 -1
xr = 6 + Tr ) , (C-9)
the result
1 l I2 1 ] . -
9(0) = TL\R™ exp (- 5 d. xr) @(arTr xr) : (C-10)
[(1; (E-13)] yields
] 2 2 1/2
g(l) = T;xr[; exp (—d"“ /2) + (;) dr g(0)| ; (C-11)
and (1; (E-12)] yields -
K-1
g(K) = xr[b(K)g(K - 1) + *K— g(K-Z{] for K > 2 , (C-12)
with definition
(9}
h(K) = 1 Ti:d! r1( 2 (C-13)
V? rr r~ g + D
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Then we can also use

h(0)

"
i

r "

. d.(v)1/2 RN, dlL(2_)1/2 |

h(K)

nk-2) & fork 22 . (C-14)

Finally, Pp = Pp(N,Tr,dp) is given by [1; (E-8)] as

N-
§(d;) - :Z? g(K) for N=3,5,7,
K=0

K even
P = , (C—]S)

N-3

P, - > g(K) for N=4,6,8,
2 S

K odd
where PD2 is the value of detection probability PD for N = 2. (bserve
that the input parameters to PD are N,T;,d;. rather than the four
fundamental parameters in (40); that is, N,T,d,r are collapsed into
N,T;,d; according to (39). Programs for (C-15) are furnished in
appendix E under the names FNPd357 and FNPd246, respectively, where T; and
d; are represented by variables Tp and Dp.

The quantity P in (C-15) is evaluated according to the method in

02
{1, appendix F}; an error tolerance and maximum number of terms must also be

specified to terminate the infinite sum given by [1; (F-2)]. \

]
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APPENDIX D. X-APPROXIMATION FOR RANDOM VARIABLE t

Suppose we assume that the random variable t in (46) is a multiple of a

X-variate with K degrees of freedom; then its probability density function

is {7; pages 5-~7 for v = 1/2]

uK_] exp (-uz/(ZA@

p,(u) = for u >0 . (D-1)
t Xy Lk
k22 F(’z')
Then the »-th moment of random variable t is
t? = , (D-2)
and in particular
K+1
‘ITP(_;_) 2.2
A X , t° =A"K (D0-3)
2
Then the ratio
- r(ﬁﬂl
- 2 ! ! ok, (D-4)
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where the last result uses the development in (B-24) with N replaced by K+1.
Given a value for ratio R on the left side of (D-4), K can be solved for

uniquely, since the ratio involving gamma functions increases monotonically

from 0 to 1 as K goes from 0 to +e. In fact, to a good approximation for

large K, the last part of (D-4) gives

(D-3)

Here we are allowing K in probability density function Py in (D-1) to be

arbitrary, that is, not limited to integer values. Then we can solve for
the required value of A according to (D-3), as A2 = ~§>k' This

procedure fits the assumed probability density function form in (D-1) to

specified values of the first two moments of t given by (D-3), as given by

simuiation results (53)-(55).

[f we now employ the X-approximate probability density function for t
given by (D-1) in detection probability result (45), along with (49), we

obtain

©
[}

C o oxoFonafoe o xw= @] K exp(?/(a%)
0 Ld p{: p<Y Y rdﬂ szg]:@

H
—
~N
|

..] 00
- [k
F(E)] J ax x&7 exp[-x2/2 - exp(hy + h, x)] . (D-6)
°

where constants

wd w A
h] = - v - = ; , h2 = — ; . (0-7)
6 6
The numerical evaluation of (D-6) was undertaken for N = 16, and is
discussed in the Graphical Results section of this report.
D-2
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APPENDIX E. PROGRAMS :
Y
by
~3
)

In this appendix, four programs are listed. They are written in BASIC ?

)
for the Hewlett-Packard 9000 Model 520 Desk Top Computer. Their titles are ;'
R
ns
)

o

EDOF - Gaussian, -:

EOF - Extreme, ‘f

Simulation-Extreme, X

Plot-Simulation. :?
I {4

The first one computes the exceedance distribution function for a Gaussian ,g
I input to the normalizer of figure 1, for N=16 (1ine 10) and for d = 0(1)12 ﬁ
LY

(lines 960-970). This program is heavily based on the results of appendix C. :t
3

LY

\‘

The second program computes the approximate exceedance distribution :
function for a log-distorted Weibull input to the normalizer of figure 1, X
for N=16 (1ine 10), r=1 (line 20), and d = 0(.75)7.5 (line 1070). It is _
based on numerical integration of (51) via Simpson's rule. l;
5

The third program simulates the normalizer output (28) and (24) for a f‘
log-distorted Weibull input, for N=16 (line 10), d = 0(.75)7.5 (line 20), i!
Y,

r= 1 (line 30), and 223 = 8.4 million trials (line 40). The range of \‘
N

\!l

-

o

E-1 hS
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values in z i1s (~15,5), which is divided intc 1000 bins; see lines 60, 90,
100. The resultant histogram is then summed on the upper tail to yield the
exceedance distribution function. The fourth program plots these simulation

results for the exceedance distribution function vs threshold T.

- €™ - - - . - * . - - . v - - . . - .
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30

40

59

60

7o

39

99
1009
119
120
139
140
159
159
179
139
190
299
219
229
228
249
=50
289
Ty
=38
2908

o W W W W
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PR,
w Ly a e

Table E-1. EDF - Gaussian

e

“s W
.

NUMBER DF SAMPLES
THRESHOLD
LIMITS

Ns=16 !
X1=-7 !
X2=7? !
DIM A$(30]1,B$(301]

DIM Xlabel$(1:30),Y1abel$(1:30)
DIM Xcoord(1:30)>,Ycoord(1:30)

DIM Xgrid(1:38>,Ygrid(1:38)
DOUBLE bLx,Ly,Nx,Nu,I,Ns, It

[}

A$=“Threshold"

B$="E«ceedance Probability”

[}

Lx=1$S

REDIM Xlab21$(1:lx),Rcoordililx?
DRATA -?,-5,-5,-4,-3,-2,~1,0,1,2,32,4,5,5,7
READ Xlabel¥(#*> :
DATR -?,-6,-5,~4,~3,-2,~1,8,1,2,3,4,5,8,7
RERD Xcoord(#)

[}

Ly=27?

REDIM Ylabel$itilyr,Vcoordilsly?

%
LA

;:;

DATA E~5,E-S,E-4,.001,.002,.009,.21,.02,.09

DRTA .1,.2,¢3,.4,.9,.5,.7,.3,.93,.9%,.,%3,.,.2%

DATA ,33%,,.392,,333,,32393,,3933993,,33334943

READ rlabel 8%,

DATA {.E-%,1.E-S,1.E-4,,901,.292,.9a8%,.91,.82,.0%
DRTA .1,.3,.3,.%,.%,.8,.7,.8,.93,.3%,.,92,,3%

DATA ,93%,,.333,,933,,9393, 33333, , 2333323

RERD vcoord.#:

i

Ni«=1%

REDIM <~grydel::n

DRTR -7 ,-2,-9,-4,-3,-2,-1,8,1,2,3%,4,5,=%,7
RERD .igri1d: <

)

]

l". ’. .

Nu=2?

T

REDIM
DATH
DATA
DRTH
RERD

FOR [

Yooards LosFHIno g

HE.:T
FOR 1
“gra g
HET

Ygrad e

1-E"5tl-E‘
el el 3
L IRG, LW

*

Tigr 13

-

o
Xz}

=1 TQ L+

I
=1 Td He

F]
.9

N SRR 7D QA TRT A SR

I

Ylzhgrage ]l
fa= I.';r {2 KON £ D
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Vamarage T
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St0
S50
539
540
5350
560
570
589
%99
6a0
618
629
630
540
630
650
570
5389
€39
Toe

e Xl
L

730
749

30

[

[XONY )

b8 B0 FRNY IR SO RV

[ OB WO . CREA R IR R CRE A

Oy @ &Ko

o
o= DD O

QRN VIS U
&

GINIT 186.-24@.
PLOTTER IS 5035, "HPGL"
PRINTER IS 503

LIMIT PLOTTER 585,0.,130,,0.,240.

VIEWPORT 20.,120.,19.,132.
YIEWPORT 22.,85.,59.,122.
YIEWPORT 22.,839.,19.,82.
WINDOW X1,x2,Yv1,v2
PRINT "vg2"
FOR I=1 TO Nx
MOVE Xgri1d491),¥1
DRAW Xgrigil)y,¥2
NEXT 1
FOR Is1 TO Ny
MOVE X1,vYgridcl.
DRAW X¥2,YgriddCl:
NEXT 1
PENUP
LDIR 9
CSI2E 2.3,.9
LORG S
YY1 =0Y2=7114,.82
FOR I=1 TO L«
MOYE Xcoord? 1),
LABEL Xlabel1$.1"
NEXT 1
CSIZE 3.,.9%
MOYE Secidlelia V1= 08« V2010
LRABEL ARs
CSIZE 2.3,.5
LORG 3
VmA 1= 421,01

FOR I=x1 Td Lo

MOYE W, vaoarge o
LARBEL labels 1.
HEZT 1
LDIR FPI1 2.
C3IZE 3.,.9
LORG S
MOYE 1=, 1S« 2= 1 0, S=r 1+ 2
LABEL B$
FRINT "yY2is"

VERTICAL PRPER

1 GDU = 2 mm

TOP OF PRPER
BOTTOM OF PAFER

“ :‘C\\_{:f\f.‘ L" Lol o

.'
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;

930
940
958
960
979
980
990
1000
1010
1029
1830
1049
1858
190609
1970
1980
1990
1100
1110
1120
1130
1149
1150
1160
1170
1189
1190
12989
1219
122
1239
1249
12%Q
1269
1270
1230
1259
1289
1319
1329
1230
13249
1359
1289
137
1320
1399
{499
1419
1420
1439
1440
14%0
1421
1470
142y

TR 8075

A ®m e e R ISR L A A o

Dx=(X2-X1>-100.

F1=SQR(Ns/(Ns+1>)>
F2=SQR(Ns/(Ns#Ns-1)>>

FOR =@ TO 12

Ds=] ! DEFLECTION d
Dp=Ds#F1 todd
FOR It=0 TO 100

TaX1+Dx#]t t THRESHOLD T
Te=sT*F2 I
IF Dp>@. THEN 1280

IF Ns MODULD 2= THEN 1060
Pd=sFNPf357(Ns,Tp>

GOTC (120

PdsFNPf246(Ns, Tp?

GOTO 1120

IF N3 MODULO 2=9 THEN 1110
Pd=FNPJ33857(Ns,Tp,Dp>

GOTO 1120

Pd=FMPd246(Ns,Tp,Dp >

IF Pd<=9, THEN 1160

IF Pd>=1, THEN 1188

YaFNInuph1 (Pg)>

PLOT T,

NEXT It

PENUP

NEXT 1

PRAUSE

PRIMTER IS CRT

PLOTTER %95 I35 TERMINNTED

END

I

DEF FHInuphy o 't AMS S5, fE.Z.23
IF Xa2,% THEM RETURM O,
PaMIMNCL, 1, =)

T==-LLOG(P)

TaSQR(T+T)

23IZSHeT e, 001

- =3 L% B
LER2RETeTe, Q1O B

22 E
PaT-e 2, %15%17+T~

IF i .% THEM P=

RETURN P

FMEND

[}

QEF FHP¥ 245 DOUBLE N,FERL T ! M=l d.5,...
DOUBLE k3 ' INTEGEF
Pi=a,S-RTNTg) PI

IF H=2 THEHN RETURM Py

dEl. v 1.+TpgTp:
SsB . =1,

FOR kzst To 0 2-&
B.=2B +lekz b ze, 5"
S33+B.

MET k3
Pr=fFf-Tpe -3 FI
FETURHN P¥

FHEND

1

a® At
. ‘i"'.\‘

P T e L S N e - C e e e
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1450
1500
1510
13520
1530
13540
1550
1560
1570
1580
1590
1600
1510
1629
1630
1640
1550
1660
187

1630
1599
17900
1710
{1v20
1730
1740
1758
1759
1Tre
1730
1790
1399
1319
1329
13309
1349

>

...
ROy B O VO VR YU
JJe A

[\

PRV T
LY

— e b b= e = e e e b e b

' ORVURFC &
ORI I NS B NEPTRN VR 7 Y ORY iy

COoCOOCoECa Q!

—
&

DEF FNPf3S7<CDOUBLE N,RERL Tp* |
DOUBLE Ks !
X=1,/C1l,+Tp*Tp>

S=Ax=],

FOR Ks=]1 TO (N-3>-2
AxsAx*X*(Ks-,5) Ks

S=S+Ax

NEXT Ks

Pf=s,S%(1,~Tp*#SQR(X)*S>

RETURN PFf

FNEND

)

DEF FNPJd245¢DOUBLE N,RERL Tp,Dp: '
Error={ .E-1S !
Nterms=%5009 '
DOUBLE K3 '
X=l, 1, +Tp*Tp

RksSQRCX)Y

Tsq=Tp*Rk

Dsa=Dp+*Dp

R=SQR(2. PI»

R1=AB=2E<P~-,S+«Dsy PI

A=R1+Dp R

Bl=,S#Pl-ATN:Tp

B=Rk

Pd=sAl+Bl1+A+B

FOR Kz=g T Nterms

FsFLT(Ksz-1"

TaDsa»R1 F

Al=R

R=T

Rk =Rk #T 34

Tz Rk+F«Bl . K3

B1=B

B=T

P=R+B

PdaP d+F

IF P 2ErrorePd THEH 1330

ME“T K3

PRIMT <0 TEFMI [N FHNFIZde"

I[F H=Z THEN PETLRNH FJ
GlaTzgeEl P = SeDzqg= =FHFh - DpeT:y
SxTpele RO+R+Dp -Gl -

FilaTpeDp R

FaTpeDpeR

FI=F3-G

[F H=d THEH PETUFN P3

FOR Y322 T H-X

Pz z-1" b=z

T=FleF

FiaF

F=T

Tz ¢ FeeRei]

a1=g

3=T

IF vz DLl Z=1 THEN F3sF 1-7

HE. T b oz
FETILFH F 3
FHEND

N=3,5,7
INTEGER

N=2, 4,8

Tolerance

Mumber
INTEGEFR

TR

of

e P33 for

tErmi

¥ or

N=2

H=2

ettt Wil




—

4

-

—

2099
2190
2110
2120
2130
2140
2158
2169

,.
[}

2170 R=SQR(2./P1>

<189 GiaG

2190 CaTpsX#(EXP(~D2" PI+R*Dp*G1>

4290 Fi=Tp*Dp-R

2219 FsTp«Dp+R

2229 FOR Ks=2 TO N-3

2230 Res(Kgz-1:-K3

2248 TaFi«+R

2250 Fi=afF

260 FsT

2270 TexX#e FeGeR=Gl )

2280 Gl1sG

2299 =T

<7390 IF k3 MODULD 2=9 THEM Pd=P3-;

23109 NEXT K3

<329 RETURN Pd

<330 FNENMD

&340 1

2330 DEF FNPhiy ' 3 [ HART, page

23£0 TEABS X, 7071957311325 4748

2379 SELECT v

2330 CRSE - 3.

AT 221, TRERIRETEITI4TOe e 458, Il d

3,830 APITALT ., TBA 130T 213814

2499 K4 2. SBT ARSI IAET e T112,. 8683

D28.25T0198200497 4+ «P

41 TEAL. 4TI 1AL A4 TET R e JASE, DY)

. TEAIAIIISe e [T, 33339242391 39%%8

) 2SR TEI19T A0S e 11 31%, 1

L AT de e

430 SEP =2y eP D

2440 c€.%

Z4%0 . 22e S L4037y

L D13 24287 SRS AT

48 . BTN T
D4 S0 P BT A Bt

ZATY Priz,S<g

g E1Y CHSE ELS

T Phi =g,

2209 END ELECT

2910 IF . THEN Fra=t, -Fho

ZSIv RETURM Fii

LIRS FHEND

BNk

ool etalln f:"/".f:'[-,'x:'f_'.-_'.f,"/

DEF FNPJ3S7(DOUBLE N,REAL Tp, Dp?
DOUBLE Ks

X=l, /¢, +Tp*Tp)

TsqeTp#*SQAR(X)

D2=,3#Dp*Dp
CaTsq#EXP(~D2aX)#FNPhi (Dp*Tsq>
Pd=FNPh1 (Dp>~G

IF N=3 THEN RETURN Pd

PR “ e
LA

& -

[

N=3,%,7,...
INTEGER

143, #5732 . 8<

TRCLf4TTET 0T

R N R
X'_;\\),\r-" SN N, .:I\J\‘ -

TR 8075
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Table E-2.

EDF - Extreme

10 Ns=16 !  NUMBER OF SAMPLES
20 Rs=1, ' RATIO r
30 Xi=-15
40 ®X2=S
59 Gammas,S577215664902
60 Cis-Gamma
70 C2=PI/SQR(6,)
80 F=SQR(.S/PD>
90 A=-8, ! LIMITS ON
190 B=3g, ! INTEGRAL
110 Mean_mucv=9,
129 Yar_mucv=1, N3
130 Mean_sigcu=l,-.3%/Ns
140 Yar_3igcu=1.835.¢(Ns+1.3"
150 Rho=-,55%5
168 COM H1,H2
170 DIM As(301,B3[201]
130 DIM Xlabel!$<1:29)>,71abe18%:1:39"
190 DIM Xcoord(1:38:,%coord(l:30>
200 DIM Xgridc1:38>,Ygridc1:30?
219 DOUBLE Lx,Lv,Nx,Ny,I,Ns, It
229 !
239 R$¥="Threshol 4"
240 Bs$="Exceedance Frobabilite”
2950 '
268 La=11
270 REDIM Ylabels$: l:L=«>,4coord 1L
239 DATR -1%5,-13,-11,-9,-7,-5,-3,~-1,1,2,9%
299 READ Xlabel§is>
3909 DRTA -1%5,-13,-11,-3,-7,-5,-2,~-1,1,3,5%
319 RERD “coordu+)
329 !
339 Ly=275
R Y PEDIM vlabe!$ 1:bLvr,vocoordelsly,
1" DATA E-%,E-S,E-4,.001,.002,.00%,.21,.02,.0
E1Y) DATA .&5,.7,.3,.93,.,35, .93, .29
ITe DATR .33%,, 332, 333, , 9333, 23333 293333
339 FEAD 7)1 abel §: =,
ERTY DRTA 1.E-%,1.E-S,1.E~4,.981,,002,.995, .31,
440 DRTA .5,.7,.53,.9%,.95,.%3,.39
419 DRATA ,93F, .33, ,993, 3333, 33433q, 4332035
429 FRERD "coord: %>
4209 !
140 H.=11
459 FPEDIM grid:.1:H
4e0 DATA -1%,~12,-11,-9,~7,-S,-3,~1,1,3,9
7Y FERD igrhra. =
4310 '
430y Moz 7
pa e FEDIM vgriag 1ot
<1a DATA 1L E-Z 1. E-C, 1. E~-34,.001, 002,305,001
b | DRTA oo, T o3, 03, 09%, %
cia DATR 23S 2933 | 298, 2ead 3304 R R
40 FERD vaqrvae -
S €40 ' )
tE-8
R R SR o et o TN e e L i L e

aa, .09,
A i
A AT A




560
S70
580
390
600
610
. 620
630
649
530
860
87
580
5309
7a9
7le
720
730
7490
750
760
?70
7309
739
399
319
320
330
340
250
3649
379
330
3939
399
219
aAzy
339
349
%0
)
ave
3309
399
1999
1910
1Ay
LY
{340
1059
LAY

FOR I=1 TO Ly
Ycoord(I)=FNInuphi(Ycoord(I3})

NEKXKT [

FOR I=1 TO Ny
Ygrid(I>sFNInuphi(Ygrid(I)?

NEXT I

YisYgrid(lo

y2=Ygrid(NyJ

GINIT 180.- 240, !
PLOTTER 1S 585, "HPGL"
PRINTER IS 50S

LIMIT PLOTTER %8%5,9.,139..,8.,244. !
VIEWPORT 20.,120.,1%.,1

YIEWPORT 22.,85.,52.,122, '

WINDOW X1,X2,¥v1,Ye
PRINT "vS2*®

FOR I=1 TO HNx

MOVE Kgridily,v1

DRAW Kgri1ddls,7re

NEXT [

FOR I=1 YO Ny

MOVE X1,Ygrid<I>

DRAW %2,YgridCl:

NEXT I

PEMNUP

CSIZE 2.3,.9%

LORG S

YL =( 7210 %,02

FOR [=1 TO L«

MOYE Xooorddls, W

LABEL labelscl

HEXT I

CSIZE 3.,.5

MOYE .S+ 1+ V1=, QB+ =71

LRBEL RS

CSIZE 2.2,.9%

LORG 2

RE RS LTI LN BEE SR

FOR I=3) TO L«

MOYE <, rcoord 1

LHBEL /labei8:.1"

MEXT 1

LDIF PI 2,

CSIZE 3.,.9

LORS S

M E 1-.1%« 2~ 1 .9« 1+ 2

LAEBEL E¥
PEINT

RSN

D= -1 1),
DIM R Ll

TR A
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YERTICAL PRPEF

1 GDU = 2 mm

TOP OF FRAPER
BOTTOM OF PRFEF
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TR 8075
b 19709 FOR Ds=0, TO 7.5 STEP .75 { DEFLECTION d

10880 FOR [t=0 TO 190 A
1090 J=lt ;
1188 ThaX2~Dx#]t ! THRESHOLD ‘
1110 MutaMean_mucu+Th«Mean_sigcu X
1129 Temp=Yar_mucu+Th*Th*Yar_sigcv )
1139 TempaTemp+2. #*Th#SAR(Var_mucv*Var_sigcuv)+Rho "
1149 Signat=SQAR(Temp> ;
11508 Hi=Cl+C2#(Mut-Ds)>~ Rs 4
1160 H2=C2#Sigmat 7Rs I
1170 Sa=FNS (A
1180 Sb=FNS(B) .
1198 PRINT "FNSCA)> = “;Sa;" FMNS¢(B> = “;3b
1208 DOUBLE N,K,J
1210 N=2
1220 Ha(B-A)>%,5
1230 Sa(Sa+Sbi#,93
1240 v={,E19
1250 T=0.
1269 FOR K=1 TO M-1 STEP 2
1270 TaT+FNSCR+H*K)D
1280 NEXT K
1290 SaS+T
1300 Vosy
1310 Ve(S+TH#H#2.-2,
1320 IF RABS"“~-Vo {1.E~-9 THEN 1354
1339 N=N+N
1340 H=H*%.9
13509 GOTO 12%09
1368 Pd=F#y
1370 IF Pd>.9999935 THEN 1490
1384 PClv )sFHInuphi (Pd)
1399 NEXT It -
1400 FOR let=9 TO J-1)
14108 PLOT X2-Dx#lt ,P It
1420 MEXT It
1430 PENUP
1449 NEXT Ds

] 1439 PRUSE
1450 PRINTER IS5 CRT
1479 PLOTTER S9S I3 TERMINRTED
1439 EMD
1439 !
1599 DEF FHInuphyi o I ORAM3 SS9, 26.2.23 .
1510 IF =,95 THEM RETURN &,
152 P=MIM K, 1.=~K:
1520 T=-L0L P
1549 T=30RT+T>
T%9 P=l,+T+ 1.422725+T« 1292534+ T«, 0011 303,
15680 PaT- 2, 81SS17+T+ . 302392+ T«, Q10223 F

| 157¢ IF . .S THEN P=-P

\ 1520 FETURN P

; 1599 FNEMD

\ 1699 .
1219 DEF FH=Z
1223 CaM HI L HE
130 T=,S«lle +EF Hl+HI~
1w it IF T 1o, THEN FETLRHN I,
1S FETURN ELF =T
1ien FHEND
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Table E-3. Simulation - Extreme

19 Ns=16 !  MNUMBER OF SAMPLES

2a DATA ©,.7%,1.5,2.25,3.,3. ?5 4.,5,5.25%5,6.,6.75,7.5 ! DEFLECTION d

30 Rs=1, SCRLING r

42 Nt=2~23 | NUMBER OF TRIALS

1) A$="E-16-7?5t0oPS5~1-23" ! FILE NRAME

60 Nb=19809 ! NUMBER OF BINS

7 Mean=-,5772156643982 1 FOR ¥t, LOG OF EXPONEMTIAL

39 Sigma=Pl 3QR(E." ! RANDOM YARIRABLE

20 2min=-1%5, ! MINIMUM 2 YARLUE

199 Zmax=5. t MAXIMUM £ VRLUE

119 DOUBLE Ns,Mt,Nb,Kt,Kz,J ! INTEFERS

129 DIM PBC1BYA>,P1lC1BBB), P‘fIBBB‘ 3019980 ,P401HR3G ) FPSCL1EDE

138 DIM PSC19B8:,PT 1308, ,F3(1993> PQiIBBQF,PIBfIBBU,'Ed?'l:IIEEEI

148 READ DB,Dl,DQ,DB,D4,D5,DS,D?,DS,D?,DlB

159 AB=-Mean-Sigma

159 Rl=1,-Sigma

178 F=1./Ns

139 G=l. SQR{(Nz-1>

130 Dz=(2Zmax-Zmin’-Nb

298 FOR Kt=1 TO Nt ! SIMULATION

219 31=82=9,

22 FOR Ksz=1 TO Nsz

233 Me=LD5 =LOGKRND 2 ! UH=-MORMALIZED FHMDOM YARIRELE.
244 YEsR1eYr +AD ! ZERD MEAN, LUNIT YARIAMCE RV

S S1=S1+y
258 S2=S2+V#Y

279 NMEXT Ks

239 Mc=31+%F ! SRAMPLE MERAN

23 Sc=3ARCIZ-H3+Mc+Mc v%13 b OSAMPLE STAMDARD DEVWIRTION

g W =L0G~LOGCRND » »

319 V=A%V +R0

329 C=R3#Y-Mc

230 2= DB+ Cr 30

340 J=IHT  2-Zmin2 Dz

2540 IF 1 & THEM =0

359 IF J Mb THEM J=Hb

37H P J =PQ Toe+l,

Bt 2=.D1+C 3:

30 J=INT  (Z-2mirns Dz

439 IF J 3 THEM J=a

419 IF 1T Hb THEN J=Hb

$29 PieJ =Pl Joel, N
430 J= D2+l Se :
440 =INT  2~Zmyn Dz ‘
154 IF J & THEM J=9 ’
450 IF I nb THEN I=Hb ;
474 Por 2P Toel,

4134 <= DEel o 3 .
430 J=INT 2~Zmine Dz .
Su IF I 9 THEHM I=ua

Sl [F T Hb THEH Istit

S0 Fxze T apo T ey,
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: TR 8075
b [
' |
$30 2=(D4+CH /8¢
540 JEINTC((Z2~2min>/Dz>
550 IF J<© THEN J=0
sé60 IF J>Nb THEN J=Nb
570 P4(J>=P4CJO+1,
$80 2=¢(DS+Cr - S¢
590 JaINTC((Z~Zmin)>/D2>
600 IF J<© THEN J=0
610 IF J>Nb THEN J=Nb
620 PSCJY>=aPSCIr+1,
630 2=(DE&+LH/Sc R
640 J=INT((2~Zmin>-Dz>
650 IF J<9 THEN J=9
660 1F J>Nb THEN J=Nb
&70 P6(J)aPEe{J+1.
530 2=¢(D?+C>-5¢
699 JaINTC(Z2~2Zmin»~-D2>
700 IF J<@ THEN }=0
710 IF J>Nb THEM J=Nb
720 P7(J>apP7(Ja+],
730 2=2{D8+C)-Sc
7?48 ° J=INTC(2=Zmin>- Dz}
vS0 IF J<9 THEN J=8
760 IF J>Nb THEM J=HNb
rard” P8 J)aP8CJu+lL,
T30 2=(D9+C) . S¢
790 J2IMT((Z2=-2min>~D2)
399 IF J<9 THEN J=8
319 IF J>Nb THEM J=Hb
3208 PICJI)aP9(CJ+l.
330 2=(D10+C> 3¢
840 J=INTC(Z=2min> - D2>
350 IF J<8 THEN J=9
360 1F J>Nb THEN J=Hb
370 P1OCJ»=P13 Jr+1,
329 NEXT Kt
330 MRT FPO=PQ- "Nt
300 MAT P1=P1l. CHt )
310 MAT P2=P2 (Nt
520 MAT P3=P3+- (Nt
| . 930 MAT Pd=P4- Ht
‘ 943 MAT PS=PS. (Mt>
%0 MAT P&=P&. CNt>
50 MAT P?=P7 (Mt
379 MAT P8=PS - (Mt
: 439 MAT P@=P&. . Ht
399 MAT Plo=P1Y - CHy
p 1909 29=51=52=33=34=35=215=2T=32=33=010=0
b
b
b
£-12
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8 Jun 1987 14:18:02
. 1910 FOR J=Nb TO @ STEP -1
1820 SP=S0+PO(J>
1030 IF S9=9., THEN 18666
1040 IF s@>=1. THEN 10870
103509 PRCJ)aFNInuvphi (S8)
1960 NEXT J
. 1870 PBCJ)>=0Q,
1080 FOR JaNb TO © STEP -1
1999 Si1=S1+P1 ()
1100 IF Si=@. THEN 1130
) 1110 IF Si>=1, THEN 1140
1120 PL¢I)aFNInuphi (S1)
1130 NEXT J
11492 PL1CI>=3,
1150 FOR J=Nb TO @ STEP -1
1160 S52=S2+P2(J>
1170 IF $2=0. THEN 1209
1180 IF s2>=1. THEN 1218
1190 P2¢J)>sFNInuphi (32>
12900 NEXT J
1210 P2¢Jr=a8.
1228 FOR J=Nb TQ 8 STEP -1
1238 €3a53+P3C(J2
1248 IF 53=8. THEN 127
12506 IF 33»=1. THEM 1280
1258 P3¢ JraFNInuphi (83>
2ve NEXT J
1289 P3¢J>=9.
1299 FOR J=Nb TO 9 STEP -1
13609 S4=S4+P4 (T
1310 IF S4=98, THEMN 1348
1329 IF S4»=1, THEN 1359
1329 P4cJr=FNInuphi (542
1340 NEXT J
13%06 Pac¢CJ>=09,
1368 FOR J=Nb TO 9 STEP -1
1379 35=35+PS T
1339 1F $%=0. THEH 14109
1396 IF 55:=1., THEHN 1429
1490 PSS« JrsFMInuphi (35D
1410 NEXT J
1428 PSCJr=@.
1439 FOR J=Hb TO 9 STEP -1
1449 S363S56+PS T
14583 IF S€=3., THEMN 1438
14509 IF S8>=1. THEN 1439
1479 P Ja=FNIr ok 28
1439 ME-T J
1490 P&y T =1,
1505 FOR J=Hb TO © ZTEP -1
1518 ST=ETePT T
1939 IF 3$T=9g, THEH 1590
1939 IF 37 =1, THEH 1SeD
1S40 pT T esFRIvc bl 32T
15950 HE..T J
1520 FT =g,

d WOV LYY,

TR 8075

POCJ>aProb(Z@>=qmin+J*Dz)
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1570 FOR J=Nb TO @ STEP -1
1580 S8=8S8+P8(J)

1599 IF S8=@, THEN 1620
1600 IF s8»=1, THEN 1630
1610 P8¢J>=FNInuphi ($8)
1620 NEXT J

1830 P8(J)=@,

1648 FOR J=Nb TO 8 STEP -1
1650 S9=59+PI(JD

1660 IF S9=3, THEN 1690
167 IF S9>=1, THEN 1799 .
1580 P9¢Jy)asFNInvphi (59)
1590 NEXT J

17008 P3(J>=0.

1718 FOR JaNb TO ® STEP -1
) ] S10=S19+P1BCJTD

1730 IF S18=0, THEN 176@
1749 IF S10>=1., THEN 1770

1750 P1O¢J)aFNInuphi (3513
760 NEXT J

1770 P1@<JI>=a,

17386 FOR J={ TO Nb
1799 Edf(Jy>=PBCJ)

1309 Edf(J+Nb>»=P1: )0
1319 EQF C(J+NbD#2:=P2C T}
1329 EdfcJ+Nb#3)=P3(J%
1330 Edf<J+Nb#4=P4CJ>
1340 EdfiJ+ND#S>aP5:.J)
18509 EdfCJ+Nb#6=P&C ]
1368 Edf ¢ J+Nb#7=P7 (I
1378@ Edf i J+Hb#3>=P3(J)

1320 Edf(J+Nb#2 =P IO

1399 Edf o J+Nb#10=P1OC ]

19909 MEXT J

191 CRERTE DATHA AS$,335

1320 ASSIGN #1 TO R3S

1930 PRINT #1;Edf (x>

1249 ASSIGM #1 TD #

1950 PRUSE .
1968 END

197 !

1939 DEF FHInuphi X2 tOAME 5SS, 2e8,2.23

1999 IF #=.5 THEN PETUPN 9. B
2909 P= MIN«..I.

2919 T==L0G"

920 T=SDEaT+Tz

2R3 Pl +T% 1. 422733 T L 13320 %+T=, 001203

Z34g P=T-c2.951%517 +T°'.8 TS +T-, 0222 F

2959 IF ©:.95 THEM P=

e FETURN F

29T FHEMD
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Table E-4. Plot - Simulation

10 As="E-16-7St0or5-1-23"
20 2mins=-193,

30 ZmaxsS,

40 X1=-153,

1% X2=%,

60 Nb=1208

70 ASSIGN #1 TO A%
39 READ #1;Edf (%>

90 ASSIGN #1 TO +
199 DIM Edf(l:11000"
118 DIM A3[391,B5(30D1

120 DIM ¥label$C1:39>,%1abe1$1:30>

130 DIM Xcoord(1:38>,Ycoord(l1:30>

140 DIM Xgrid(1:38>,Ygrid(1:30;

156 DOUBLE Nb,Lx,Ly,Nx,MNy, I, K I IMTEGERS
159 !

1790 fAs$="Threshold”

138 B$="Exceedanc? Probability"

199 !

290 Lx=11

219 REDIM Xlabel$ileluxd,Xeoordilslm

229 DATA -15,-13,-11,-9,~7,-5,-3,-1,1,3,5

230 READ XlabelsC#)

240 DATA =1%,-13,-11,-9,-7,-5,-3,-1,1,3,%

259 RERD Xcoordi#)

260 !

27 Ly=27?

289 FEDIM Ylabel$il:lyur,Yonordilaly?

99 DATAR E—S,E-S,E-4,.DDI,.DDE,.DDS,.DI..UQ,.G?
399 DATA .1,.2,.3,.4,.5,.6,.7,.3,.%,.%5,.93,.%3
319 DATA . 395, .993,.399, . 3999, ,93933,, 393333
329 RERD Ylabel$i#)

238 DATH 2%
40 DATA

259 DATH

3¢9 RERD

379 !

330 Mx=11

399 REDIM XgridolaiM=

490 DATA -15,~-13,~11,-9,=-7,-5,~3,-1,1,23,%

419 RERD Hgridos:

429 '

4312 Hw=227

440 REDIM “geidulsto

45 DATH 1.E-f.1.E=-S, 1.E-4,, @31, .902,,00%,.31,.92,.0%
40 DATA 1,20 3y a3y S0 B 0T 3, 3,039, 033, 24
+7a DATA Q%S %8s, %30, 2335, 23335, 333433
430 RERD Varrad =

ERT% '

£E-15
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S99 FOR I=1 TO Ly I
510 Ycoord(Id>=FNInvphi(Ycoord(I)>
520 NEXT I <
539 FOR I=1 TO Ny .
540 Ygrid(1>=sFNInuphi(Ygrid(l>> L
550 NEXT 1 \
560 YisYgrid(1) A
S5ve Y2=aYgrid(Ny> .
530 GINIT 180.-240. , I YERTICAL PRFER :
599 PLOTTER IS 5@%, "HPGL" .
600 PRINTER IS 50% '
619 LIMIT PLOTTER S95,9.,139.,8.,249. 1 GDU = 2 mm _
520 YIEWPORT 29.,129.,19.,132. '
530 | YIEWPORT 22.,35.,59%.,122. | TOP QF PRFEF
549 ' YIEWPORT 22.,35.,19.,82. 1 BOTTOM OF FRFEF
659 WINDOW X1,%2,Y¥1,Y¥2
560 ! PRINT "vys2" \
679 FOR I=1 TO Nx x
530 MOVE ¥grid<ly,\v1 é
690 DRAW Xgrid(I>,v2 )
799 NEXT 1 -
710 FOR I=1 TO Ny -
720 MOYVE X1,7Vgrid(ls .
730 DRAW X2,Ygridcls ]
748 NEXT I z
TS0 PENUP -
760 LDIR .
770 CSIZE 2.3,.5 {
750 LORG S
799 YEY1=C(2-V10%,02
200 FOR I=1 TO Lx A
210 MOVE XcoordiI»,¥
3209 LABEL X1abels$< )
330 MEXT 1 g
349 CSIZE 3.,.5 o
258 MOYE S#C1+K2) V1= @80 7E-1 " -~
350 LABEL R$ o
270 CSIZE 2.3,.5 ?
330 .ORG 8 .
399 SEML=UA2~K10#,01 ~)
290 FOR I=1 TO Ly W
“10 MOYE X,Ycoordyl '
329 L3IBEL Ylabsl$cI '
229 MEXT 1 X
240 LDIR PI 2. e
459 CSIZE 3.,.9 o
4€9 LORG S R
Ehis) MJYE 1=, 1S=i2=111 1, .S v 1472 :
239 LA3EL BS .
49 FRINT “@s3ee -
by
o
Yo
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3



1000
1010
1020
1830
1040
1850
1060
1070
1980
1990
1100
1110
1129
1130
1140
1150
1160
1179
1180
1190
1200
1218
1220
1230
1249
1259
1260
1270
1280
1290
1309
1319
1329
1330
1340
1359
13689
1370
1380
1399
1400
1419
1420
1430
14409
1450
14c9
1470

Dz=(Zmax=2Zmin> - Nb
FOR I=1 TO HNb
T=EQF (I

IF T=9. THEN 1858
PLOT 2min+Dz*I,T
NEXT 1

PENUP

FOR Is1 TO Nb
T=EJdf (I+Nb>

IF T=8. THEM 1110
PLOT Zmin+Dz+I1,T
NEXT I

PEMNUP

K=Nb*2

FOR I=1 TO Nb
T=EdFCI+KD

IF T=9. THEN 1130
PLOT Zmin+Dz#I,T
NEXT I

PENUP

KaNb#3

FOR I=1 TO Nb
T=Edf L +ko

IF T=9. THEMN 1259
PLOT Zmin+Dz#*I,T
NEXT I

PENUP

K=zNb#4

FOR I=1 T0O HMb
TsEdfF{I+K?D

IF T=9, THEN 13Z9
PLOT 2min+Dz#1,T
NEXT I

PENUP

K=Nb#95

FOR I=1 TO HMb
T=EJdf i [+K

JF T=9., THEM 139
FLOT Zmin+Dz+l,T
NEXT "1

PENUP

KaNb*5

FOR I=1 TOD Nb
T=EdrcI+k

IF T=0, THEM 134£8
PLOT 2m n+Dhz<l, T
MEMT I

PEMNUF

a

e

o,

’_- *u e
WAL ENL
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b
K
o
5"
N
'y,
O
o 1480 K=Nb*?
Ay, 1490 FOR I=1 TO Nb
1500 TsEdf ([ +K)
Kl 1510 IF T=0. THEN 1539
& 1520 PLOT Zmin+Dz#I,T
‘* 1530 NEXT 1
1540 PENUP
" 1550 K=Nb#83 .
1560 FOR I=s1 TO Nb
. 1579 T=Edf CI+K
~ 1580 IF T=8, THEN 1680
>, 15980 PLOT Zmin+Dz#I,T
1600 NEXT 1
h 1610 PENUP
| 1520 K=Nb#9
1630 FOR I=1 TO Nb
. 1640 TsEdf (I +K>
“, 1659 IF T=9. THEN 157
: 1650 PLOT Zmin+Dz#I,T
- 1578 NEXT 1
- 1530 PENUP
i 15909 K=Nb#*10
1769 FOR 1I=1 TO Hb
9 1710 T=Edf (I+K
N 1720 IF T=8. THEM 1749
< 1730 PLOT Zmin+Dz+I,T
;, 1740 NEXT I
N 1759 PEMUP
1759 PRUSE
b 177 PRIMTER I3 CRT
v 1739 PLOTTER S8S 13 TERMINRTED
¢ 1796 EMD
.: 1309 )
V) 1318 DEF FHInupboy v ! AMs S99, 25.2.27
-t 1329 IF ©=.5 THEH RETURH 3.
- 1239 P=MINY i, 1, =k
L:{ 1340 T=-L0OG:P
W 1359 =SHRIT+TH
) 1260 P=1,+T«t1,332733+Te. 1332 S AR IAS
ﬁ 12719 P=T=-:2,%51981 7+ T~ 3022352+ T<, Q10222 F
K] 1539 IF ¥..% THEN P=-P
. 1399 RETURM P
: 1999 FHEND
y
K
¥
v.
b
)
!
Ly
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W. Gabriel, Code 5372; A Gerlach; and N. Yen (Code 5135)
NAVAL SYSTEMS DIV., SIMRAD SUBSEA A/S, NORWAY (E. B. Lunde)
NCEL
NCSC
NICHOLS RESEARCH CORP., Wakefield, MA (T. Marzetta)
NOP-098
NORDA (R. Wagstaff)
NORTHEASTERN UNIV. (Prof. C. L. Nikias)
NOSC, (F. J. Harris)
NPROC
NPS
NRL, Washington, DC (Dr. P. Abraham, W. Gabriel,
A. Gerlach and Dr. Yen)
NRL, UND SOUND REF DET, QORLANDO
NSWC
NSWC OET FT. LAUDERDALE
NSWC WHITE OAK LAB
NUSC DET FT. LAUDERDALE
NUSC DET TUDOR HILL
NUSC DET WEST PALM BEACH (Dr. R. Kennedy Code 3802)
NWC
OCNR-00, -10, -11, -12, =13, -20(2), -122, -123-, -124
OFFICE OF NAVAL RESEARCH, Arlington, VA (N. Gerr, Code 311)
ORI CO, INC, New London, CT (G. Assard)
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PENN STATE UNIV., State College, PA (F. Symons)

PDW-124

PMS-409, -41)

PROMETHEUS, INC, Sharon, MA (Or. J. Byrnes)

PST MARINE SCIENCES, New London, Ct. (Dr. R. Mellen)

RAN RESEARCH LAB, DARLINGHURST, AUSTRALIA

RAYTHEON CO, Portsmouth, RI (J. Bartram)

ROCKWELL INTERNATIONAL CORP. Anaheim, CA (L. Einstein
and Dr. D. Elliott)

ROYAL MILITARY COLLEGE OF CANADA, (Prof. Y. Chan)

RCA CORP, Moorestown, NJ (H. Upkowitz)

SAIC, Falls Church, VA (Dr. P. Mikhalevsky)

SAIC, New London, CT (Dr. F. Dinapoli)

SANDIA NATIONAL LABORATORY (J. Claasen)

SCRIPPS INSTITUTION OF OCEANOGRAPHY

SEA-63, -63D,

SONAR & SURVEILLANCE GROUP, DARLINGHURST, AUSTRALIA

SOUTHEASTERN MASS. UNIV (Prof. C. H. Chen)

SPERRY CORP, GREAT NECK, NY

SPWAR-05

TEL-AVIV UNIV, TEL-AVIV, ISRAEL (Prof. E. Winstein)

TRACOR, INC, Austin, TX (Dr. T Leih and J. Wilkinson)

TRW FEDERAL SYSTEMS GROUP (R. Prager)

UNDERSEA ELECTRONICS PROGRAMS DEPT, SYRACUSE, NY (J. Rogers)

UNIV. OF ALBERTA, EDMONTON, ALBERTA, CANADA (K. Yeung)

UNIV OF CA, San Diego, CA (Prof. C. Helstrom)

UNIV OF CT, (Library and Prof. C. Knapp)

UNIV OF FLA, GAINESVILLE, FL (D. Childers)

UNIV OF MICHIGAN, Cooley Lab, Ann Arbor, MI (Prof T. Birdsall)

UNIV. OF MINN, Minneapolis, Mn (Prof. M. Kaveh)

UNIV. OF NEWCASTLE, NEWCASTLE, NSW, CANADA (Prof. A. Cantoni)

UNIV OF RI, Kingston, RI (Prof. S. Kay, Prof. L. Scharf,
Prof. D. Tufts and Library)

UNIV. OF STRATHCLYDE, ROYAL COLLEGE, Glasgow, Scotland
(Prof. T. Durrani)

UNIV. OF TECHNOLOGY, Loughborough, Leicestershire, tngland
{(Prof. J. Griffiths)

UNIV. OF WASHINGTON, Seattle (Prof. D. Lytle)

URICK, ROBERT, Silver Springs, MD

VAN ASSELT, HENRIK, USEA S.P.A., LA SPEZIA, ITALY

WEAPONS SYSTEM RESEARCH LAB, ADELAIDE, AUSTRALIA

WESTINGHOUSE ELEC. CORP, WALTHAM, MA (D. Bennett)

WESTINGHOUSE ELEC. CORP, OCEANIC DIV, ANNAPOLIS, MD
(Or. H. L. Price)

WINDER, A. Norwalk, C7

WOODS HOLE OCEANOGRAPHIC INSTITUTION
(Dr. R. Spindel and Dr. £E. Weinstein)

YALE UNIV. (Library and Prof. P. Schultheirss)
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