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Abstract. The existence of weak solutions to the equations proposed by Charney
(1955) for the inertial model of the Gulf Stream are established by means of the method
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1. Introduction. In this paper, we examine mathematical properties of an equation
arising in the theory of ocean circulation. In order to understand the role of this problem
in cceanography, a brief review of the subject is necessary. The first successful attempt to
provide a mathematical model of the mid-latitude ocean currenis was made by Stommel
[11] in 1948. He showed conclusively that a Gulf-Stream-like intensification on the western
side of an ocean basin could be explained by the so-called 3—effect. This is the geophysical
terminology for the latitudinal variation of the normal component of the Earth’s rotation.
Aside from this variable Coriolis force, the other forces which entered into Stommel’s model
were those due to the pressure gradient, the surface winds and friction. This last force
was taken to be proportional to the velocity fields. All the effects of density stratification
were neglected by making the assumption that the ocean was homogeneous. Finally, by

. working with vertical averages, Stommel essentially treated the ocean circulation as a two-
dimensional horizontal motion. Somewhat surprisingly, Stommel’s ad hoc linear model was
shown later to provide an accurate description of an experimental set-up [10].

AMS(MOS) subject classifications. 35Q10, 76U05

The subsequent work in the field has attempted to overcome the two oversimplifica-
tions of Stommel’s model. Namely, to take into account inertial forces which are known
to be important in Gulf-Stream like boundary layers and to represent more adequately
the complex mixing/dissipative processes. These two broad generalizations were initiated
by Charney [4] and Munk & Carrier [9] respectively. Although these early papers make
use of analytical techniques, the bulk of the recent work in this field has relied on numeri-
cal techiques to study the nonlinear problems arising in the mathematical formulation of
wind-driven ocean circulation models. The papers by Bryan (3] and Veronis {13],{14] fall
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In this paper, we study the Charney’s extension of Stommel’s model, namely

011) 0y 0Ay 0y 8A Y
(1.1) 6A¢+ — +R (821 92, _ Bz, 0z,

in a bounded domain Q in R2 with Dirichlet boundary conditions. We prove existence
of weak solutions to (1.1). These weak solutions are obtained as limits of solutions of
anxiliary equations with artificial viscosity and artificial boundary conditions. Physically,
this auxiliary problem corresponds to the addition of side wall friction and stress-free
boundary conditions. We derive uniform L* bounds for the solutions of the auviliary
equations. This procedure cannot yield classical solutions because the artificial boundary
conditions give rise to boundary layers in the classical limit. Nevertheless, we expect the
solutions to be classical in certain parameter ranges.

=f

The same method was used by Yudovitch {15] in his paper dealing with the time
dependent two-dimensional Euler equations. This method cannot be extended to the time
independent Euler equations. Actually, it is known [8] that the time independent Euler
equations have no solutions for two and three dimensional axisymmetric domains and
generic driving forces. However, because of the presence of the bottom friction term €A ¥,
the method can be used for equation (1.1).

Once the estimates for the stationary problem (1.1) are understood, the time depen-
dent version of this problem
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with given initial conditions on Ay can be obtained by applying in a straightforwardor
manner the method of Yudovitch. The S—effect term 8y /8z; does not create any serious a

difficulties. One can show that (1.2) has unique global solutions. a .|
O

(1.2) =f

1
The problem of describing the set of stationary solutions is still open. We expect thei

solution to be unique only when ¢ is large compared to R '} DiStPi{l;;._i o‘;“——‘
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2. Preliminaries. Let f} be an open bounded set of R? with sufficiently smooth
boundary 812. We consider the system

¢ 0y 0w 8¢y Ow, .
6w+8—a:1+R(01102:2—013021)_f in 0
(21) A¢ =w in 0

v=0 on 0N

where f(z),e > 0 and R > 0 are given.
In this paper we study the existence of weak solutions of (2.1).

We denote by H*(Q) the usual Sobolev spaces of order s and by H}(f2) the closure of
C () in the H(2) norm. We define

A=-A

to be the negative Laplacian with domain D(A) = H?(Q) N HI(R). It is well known
that A~! is a compact linear self-adjoint positive operator in L3(Q) (cf. [2], [7]). The
spectrum of A consists of an infinite sequence 0 < A\; < A3 < ... of eigenvalues counted
according to their multiplicities; A, — 0o as n — oo; the eigenfunctions {w,} provide an
orthonormal basis in L?(Q2). Finally, there exists a scale invariant constant cp such that
| = coA]! where || denotes the area of Q. The scalar product and norm in L?(f) are

denoted by (-,-) and | - | respectively. The scalar product in H}(f), in view of Poincaré’s
inequality, is

((u,v)) = /nVu(z) -Vu(z)dz  Vu,v € H}(R),

and the corresponding norm is denoted by || - ||. The norm in LP(}) for 1 < p < o0 is
denoted by || - ||,. It is known (cf [2]) that on D(A) the H?(Q2) norm is equivalent to the

|A | norm, i.c. there exists a constant c¢; > 0 such that

ci Ayl < |lullgan) < e1lAul Vu € D(A).
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Moreover, D(AY/?) = H}(Q) and || - || = |AY/2-|.
o
& The bilinear bounded operator J : H(Q) x H}(f}) — L(1) is defined as
b
2
&
Y 0y 0w Oy Ow 1
\ 2.2 = - Y 9, HY(Q).
0 ( ) J(‘ﬁl’,w) 82:1 8::2 az‘g 0:1:1 '/) we ( )
o |
2 We need the following inequalities which correspond to various continuity properties 1‘
:}' of the operator J.
"
X Proposition 2.1. Let sy, 33, s3 > 0 satisfy
L4
4
;"2:‘ s1+82+s83 >1 if s;#1 forall 1=1,2,3
. and
: s1+82+s83 >1 if ;=1 for some 1=1,2,3.
7
: Then, there exists a scale invariant constant c(s,, s3, s3) such that i
4 1
A i
! . » 83)/2
N (2:3) [(J($,0),v)] < efon, 22, 827220900 1 Mol ysy 4 1) Iollrsacay:
:: The reader is refered to [12] and (5] for the idea of the proof. We also note that

.g' (2'4) (J(‘KIJ,W),’U) = _(J(ws d")av)

o

,‘?: for every ¥ € H*'+1(Q).w € H***}(Q) and v € H'3(N).

: Proposition 2.2. For every ¥ € H}(Q), w € HY(Q) and v € H}(Q) we have
*?: (2.5) (J(¥,w),v) = —(J(¥,v),w).
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Proof: Because of proposition 2.1~ .5 sufficient to show that (2.5) holds for v € Cg°(2)
and ¥,w € C*®(f1). Let ¥ be the vectc. {8y /8z3, 81 /8zy); then one can write

(J($,w),v) = ]n V - (w(z)i(z)) v(z) dz
= -/({i(z) - Vo(z))w(z)dz .
[13

The following corollary is an immediate consequence of the above proposition.

Corollary 2.3.

(2.6) (J(¢,w),w)=0 Ve € H}(Q),w € Hy(N)

(2.7) (J(#,w),w®)=0 VY€ HN),weDA), p=12,...

Proof: (2.6) is a direct consequence of (2.5). Since H?(Q) is a Banach algebra (cf.
[1)) one can easily verify that w? € D(4), for p = 1,2,..., whenever w € D(A). We can
then use (2.5) to deduce that

(J(¥,w),w?) = —(J (¥, ), w),

while from direct computations

(J(¢1“"P)’w) = —P(J(¢‘,w),w), pr=12,...

which verifies (2.7), in view of (2.6). Let us note that (2.6) also holds for ¢ € C(9),
w € C1() and V4 normal to 49Q.
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i . 3. A stationary problem with artificial viscosity. In this section we consider a
28 singular perturbation of the stationary problem (2.1) obtained by adding an artififial vis-
X : cosity term —vAw and imposing homogeneous Dirichlet boundary conditions on w. The
} artificial viscosity equation provides an approximate solution. Uniform bounds, indepen-
¥ dent of the viscosity 1 will enable us to pass to the weak limit. In this process the boundary
X condition on w is lost. The auxiliary problem is:
X

o (3.1a) ~vAw + ew + 0¥ /02y + RI(Y,w) = f in

R (3.10) ~AYp+w=0 inQ
K

::: (3.1¢) v=0,w=0 on 01},
N
where v is given such that 0 < v < €3/8 and f € L™(0).

L~
2 3.1 Existence of solutions of the perturbed problem. We restate the problem
k! thus: find (w, %) € D(A4) x D(A) such that

3
- (3.2a) vAw+ ew + 0¥ /021 + RI(Y,w) =
- (3.25) Ab+w=0.
8

8! It is obvious that every solution (w, ¥) of (3.2) is a solution to (3.1) in the distribution
i sense.
-
L The following a priori estimates of the solutions of (3.2) will be needed.
b
ot

? Lemma 3.1. Let (w,%) € D(A) x D(A) be a solation of (3.2). Then

"

o |

% (3.3) el + Sl < ke,

-

q (34) “‘!b||2 < 2|f|2K1(€a ’\1)’

I - o AR

= (3.5) [Ay|” < —5-Ki(e, Ay),

. €

L
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and

. . R3c¢*(1/2,1/2,0)c3
(36)  vdul < 2if + 2VEIFIKY e ) [+ BEULIBVG e e ],

where

1

Kl(f, \1) = (1 + 6—2/\_1 .

Proof: Let (w,%) € D(A) x D(A) be a solution to (3.2). Taking the scalar product of
(3.2a) with v we get:

d
(3:) VA, ) + el ) + (52, 9) + RIS, 0 9) = (1, 9).
In view of (2.4) and (2.5) and of the fact that (9v/8z;, ¥) = 0, (3.7) reduces to

V(Aw, ¥) + e(w, ¥) = (f, ¥),
or because of (3.2b)

ellyll® < viwl® + |1 1¥].

Using first Poincaré’s inequality we can write

ell9)]? < viw)? + 1272 |1yl
then by Young’s inequality

112

P €
elill® < viwl® + 55— + 3 1wl




Y T T T T oT T T YT rowire wwwwTwvTeTETRUYwTTETTRUNORoOTw

LA and finally since 0 < v < ¢3/8, we deduce

IfI2 el 12

3 I < @/ lol + < S o+ Lo

If we take the scalar product of (3.2a) with w and use (2.6) we obtain

w4 vlwl? + elwl? = ~(8v/021, w) + (f, w)

< lHwl + £ wl,
and by Young’s inequality

|I1J)||2 |12

2
< vilw < -
= oll? + Sl -
d‘#

* From the above inequality and (3.8) we deduce (3.3). From (3.3) and (3.8) we can
obtain easily (3.4). Finally. (3.2b) and (3.3) directly imply (3.5).

To establish (3.6) we take the scalar product of (3.2a) with Aw, from which we see
that

- X

< J
g 7
%

LA

viAw|? + ellwl]’ < |(89/021, Aw)l + RI(J(%,w), Aw)! +|(f, Aw)],

Lol
h

[P )

< [|¥ll1Aw| + RI(J(#$,w), Aw)| + |(f, Aw)].

5 O

SR

":l By using (2.3) for s; = s = 1/2 and s3 = 0, we get
&

‘*f, v|Awl? +¢elwll?® < (191l + Re(1/2,1/2,0) [[$]lgssagay lwll gsraay + | F1) | Aw].
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- and by an interpolation inequality

-

v[Aw? +ellol* < (9]l + Re(1/2,1/2,0) eI/ {| |2 |w][*/?| Aw]? + | £]) | Aw],

\
L S
-

s

and hence

s f
'
L 3

-
,

R 2l T

v . R? N N
§|«4w|2 + eliwli® < (llwll + e ?(1/2,1/2,0) c; jjwll |A%][lwll + | £]) |Aw].

%

,‘:_ Making use of (3.3),(3.4) and (3.5) yields (3.6).

Lemma 3.2. There exists at least one solution to problem (3.2). Moreover, every solution

- of (3.2) satisfies (3.3)-(3.6).
»
R Proof: One approach is to use the Galerkin approximation method based on the
. eigenfunctions of the operator A as in Constantin & Foias (5] and Temam [12] to show the
! 0N existence of a solution to (3.2). The crucial point in this approach is to establish similar a
¢ j} priori estimates to the ones in (3.5)-(3.6) for the approximate solution.
,:,’.) Another approach is by the Leray-Schauder degree theory. Indeed, problem (3.2) is
-r" equivalent to
A
P
[} !'
v, LAl 0 A7lf
:':; (w,+[ 0 A—I]K("p,w)"( 0 )
Y
s e Hw + 0%/021 + RI(6,w)
&% . v lew + 0y /0z + YW
; K{y,w)= .
o (¥,w) ( " )
i By Rellich’s Lemma and (2.3), one can show that the nonlinear mapping
~
v,
:;. K : D(A) x D(A) - L*(Q) x L*(Q)

. 9

)
3 |‘l.9. )

o0 0
R ¥,
O :‘lio_t 4074 a
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is compact. Therefore, making use of the a priori estimates (3.5)-(3.6), we can conclude
that (3.9) has at least one solution.

Remark 3.3: If f € C®(f2). then every solution (w,¥) € D(A) x D(A) of (3.2)
satisfies (3.1) in the classical sense, namely y,w € C*(f2).

8.2 Uniform L bounds for the artificial viscosity problem In (3.3), (3.4) and
(3.5) we gave estimates for |w|, ||%|| and |Ay| which were independent of v. In this section
we shall derive uniform (i.e. independent of v) L™ estimates for every solution of (3.2)
and for 0 < v < €3/8. We recall first the following known result in potential theory (see

eg. {6])

Theorem 3.4. Let G(z,y) denote the Green function of the Laplacian operator in the do-
main with Dirichlet boundary conditions. Then, there exists two scale invariant constants
c3, cq such that:

(3.10) G(2,9)] < 3 (1+log(M* |z —9l)l)  Ve,yeRz#y,
and
(3.11) |6G($‘y)|5 4 Vk=1,2 z,yeR iy
Oz lz — yl
Moreover since

#2) = [ Glanast)dy
1t follows that
, d0¢(z) [ 0G(z,y) , ,
(3.12) 5z, —/n—armp(y)dy

Theorem 3.5 (Uniform L™ bounds). Let (w,¥) € D(A) x D(A) be a solution of (3.2)
(or equivalently a solution of (3.1). Then:

2 64cqch
(3.13) ol < Zliflles + ‘1,02 ALK (€, M)
¢ e
10
ety et e iy
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and

(3.14) V¥l < 4V2reqcy* ATM* w0 ]

Note that (3.3) provides a uniform upper bound for |w|.

Proof: Let 6 > 0. We denote by Bjs(z) the ball in R? that is centered at z with radius
6. From (3.1a) and (3.13) we have

Vi(z) = /n V.G(z,y)w(y) dv,

which on account of (3.11) implies

< zer [y,

or
IV(2) < 204{/ Ll g, +/ ly) dy}-
QNBy(z) |z — yl O\Bs(=) |z — y]
Using Holder’s inequality, we see that for odd integers p > 3
IVy(z)| < 2q{|lw”,+l(/ |z — y|~(PtV)/p dy)r/pH 4 Mmlllz},
Bs(z) )
i.e.

1V9(2)] < 2ea{ ol (220000 4 igpia)

and therefore
(3.15) 1V¥lleo < (47 ca)llwllps1 6P /P+1 + 2¢4 iﬂlml—:—,-

In order to get an estimate for ||w||,+1, we multiply (3.1a) by w?(z) and integrate over .
This leads to

v [ Bufe)wr(e)dz + ¢ [ WPH)dz 4 R (T(9,0)07) = ~(09/020,67) + (f,0)
0 o
or, after integrating by parts and using (2.7), to
PV/ IVw(z))’ o?~(z)dz + f/ W (2)dz + R (J(#,w),”) = —(8%/021,0%) + (f,w).
QN Q0

11
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*.
3
i
" Using Holder’s inequality as well as the fact that p is an odd integer, we conclude that
'
\JJ:: | p+1 < ||V P | b 4
a‘a ellwlzi1 < IVellliwl} + I fllp+allwllz 41
{.‘":
- or
;l' '! 1
; ':f. (3.16) ellwlP1 < IVl Y P*Y + ([ fllp1) wlff s
A
"
f:}-‘ Substituting (3.15) in (3.16) we see that
X
\' 7 ! 1/(p+1)5(p-1)/(p+1) (r+3)/2(r+1)|w|
- (3.17)  ellwlip+1 < [Ifllp+1 + (47 ca)R 6 P wllp+1+ 2¢4 |02 =
i~
At
R If we choose 6 = (€/87cs)[§2~1/(P=1) then (3.17) implies that
: / . 2, _4wcq Bmeq o, +1/p- .
o (3.19) lwlip+1 < . 1fllp+1 + (— IQI1/2)p ’ l]Q|l/p+1|“r'|-
i
»::::: Passing to the limit as p — oc, we conclude that
uf) (3 19) ' l < 2 I . + 327"Ci ,Q‘l/'_}w.
. . Wiw < - o+ —5— .
i |wil _EI.TH 2 1867w
L
‘v :f» After replacing | in the above expression by co A7 ! and using (3.3), we obtain (3.13).
-
:‘: 3 In order to derive (3.14), we observe that (3.15) holds for every 6 > 0. Therefore
(%
W
:‘ m 1 1/2 lwl
o (3.20) V¥iico < (47 cs) flwlloo &+ 2¢q [ —.
J
:'::: Minimizing the right hand side, we deduce that
A A
[
1)
0
" 1Vl < 4v2meq QY4 Vlwllelw],
4
f, and after replacing |Q| by co A\] !, we obtain (3.14).
‘l-:':
Y
Bt
' 4. Existence of weak solutions. Let {v4};>; be an arbitrary sequence of real
o numbers, v, € (0,€3/8) for k = 1,2,..., and such that v, — 0 as k — oco. Let (wx,%x) be a
' ] sequence of solutions to problem (3.1) corresponding to v = 14 for k = 1,2,... respectively.
: '::: By Lemma 3.2, we know that such sequences exist.
Qv
=3 12
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Theorem 4.1. There exists a ¥ € D(A) and an w € L™(0) that are weak solutions of
; the stationary problem (2.1), i.e.

s €w+0y/0z1+ R V- (wi) = f in Q

g‘ (4.1) Ay = w in

v=0 on 00

where @ = (—0v/0z,. 6v/8z1). Farthermore, ¥ and w satisfy:

-* (4.2) ol < 200 i, ),

(4.3) uwnwsfufuw 6“";5;’, I KX (e 0),

< 42x c.;cl/4 1—1/4 Viwlleo lw|.

R (4.4)

N Proof: Let (wi,¥x) be as mentioned above. From (3.5) we know that
, 2l fl
: i < 200 g1 ),

-._ Therefore, there exists a subsequence, say {vx,}, which converges weakly in H?(Q) to
. < ¥ € H?(N), and by virtue of Rellich’s Lemma, ¥k, converges strongly to ¥ € H!(), and
o hence ¢ € D(A). From (3.13) we know that

64 c, co

€3A1/2 lfl K1/2(€1 ’\1),

y llwiy lioo < ;“f“oo
J and therefore

64 Cq CO

(45)  llww,lly < 19V <§nfum o 1K K (e, Al)) Vp=1,2,...

x
ad

2

D )
L1,

By means of (4.5) we can inductively find, for every p = 2,3, ... a subsequence {w,. }
of {w),} which converges weakly in L?(f2) to the same limit w € L’(Q) for every p = 2.3,.
In particular, we have

EARAANI( )

~
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oF
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[ v“, pJ
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lwlly <Lminf fjwy, || ¥p=23....
,—dco

LA AN
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which by (4.5) entails that

2 64 cqc
(4.6)  wll, < |0/ (;Ilfllw 3‘,,°, |f|K1/2(€,/\l)) Vp=23,...

Passing to the limit, we deduce (4.3). The derivations of (4.2) and (4.4) follow simply
from (3.3) and (3.14). We shall omit their proofs.

In conclusion, the diagonal subsequence {wy, } converges weakly to w € L?(Q2) for
every p = 2,3,..., and {1, } converges weakly to ¥ € H?(Q) and strongly in H().
Because V4, converges strongly in L?(Q) to V4 and w;, converges weakly in L3(Q), it
follows that the product (Vu,)(wx,) converges to (V¢)(w) in distribution sense. Since
{wky) ¥, } solves (3.1) for v = 14, by passing to the limit we can verify that (w, ) solves
(4.1).

Up to now, the parameter R did not enter at all in our estimates. In the next theorem,

we give an upper bound to the “diameter” of the set of stationary solutions of problem
4.1.

Theorem 4.3. Let (1,w1) and (¥2,w2) be two weak solutions to problem (4.1) satisfying
(4.2)-(4.4). Then

64 Cq co

4R 2
@7 =l < — 1f1” Kile. ) | =[|fllw + fl K (e M) ) -
€ € 3 1/2
Proof: From (4.1) we have:

d . . -
GA(’¢1 - ¢2) + a—x;(d& - ‘/)2) + Rdlv(w1u1 —_ wg‘u;) = 0,
or

A — ¥2) + 52—1(!1)1 — ¥2) + Rdiv(w; (@) — 92) + (w1 — wg)iy) = 0.

We form the scalar product with (¢, — ¥;) and, since ¥, — ¥; € H}(f2), we can integrate
by parts and obtain:

(4.8) ell¥r — ¥2||* + R(d2 (w1 — wa), V(¥ — ¥2)) = 0.

14




From (4.8) we get:

ellr — ¥3)1* < R {lwy — willeo |Fa] |1¥91 — #all,
o
EI and hence

R
(4.9) l¥1 — 3| < - llwi — walleo |I¥3]l-

As a consequence of Lemma 3.1 and Theorem 4.1,

cfPS L
F O YO

4

a8

62l < 21£® Ka(e, M)

.~ o

Substituting this expression and (4.3) in (4.9) we arrive at (4.7).
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