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Amplitude and Phase Control With Coarsely

Quantized Phase Shifters in Planar Arrays

I. INTIODt CI1!TIMN

The growing importance of phased array antennas has resulted in considerable

interest in phase-only control of array antenna patterns, since the required phase

controls are already available as part of a beam steering system. Shore I provides

an extensive bibliography. Even though it has been established theoretically that

phase-only control can be used to impose nulls at desired locations in array anten-

na patterns, important questions remain to be answered arout its practicality.

One of these questions concerns the precision of the phase shifters required to

dtzhieve deep nulls. it phased arrays with low precision phase shifters can be used

to give effective null control, this would, of course, imply correspondingly lower

costs of the arrays than if high precision phase shifters are required.
This report is the second on the subject of a possible way of overcoming the

limitations on depth of null and on other important pattern parameters that would

otherwise result from using coarsely quantized phase shifters to control the pat-

tern. The basic idea is to use the number of phase shifters available for control

in the columns of a planar array to compensate for the small number of bits of the

(teceived for publication 5 January 1987)

1. Shore, R.A. (1985) A Heview of Phase-Only Sidclobe Nulling Investigations at
UAlL(_, HAI)'-TH-85-145, AI) A166602.
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individual phase shifters by averaging over the columns. In an earlier report, 2

we showed that deep nulls could be imposed in the 0° pattern cut of a planar

array pattern using phase shifters of even 2 bits by matching the pattern of a linear

array with nulls imposed at the desired locations using phase-only control with

continuously variable phase shifters. In this report, we extend those results to

show that coarsely quantized phase shifters in a planar array can be used to give a

= pattern cut that closely matches the pattern of a linear array with nulls im-

posed using continuously variable phase and amplitude control. Thus, there is no

special problem involved in imposing nulls at symmetric pattern locations using a

planar array with phase-only control, the way there is if a linear array is used.

In the following section of the report, we present the analysis and description of

the nulling algorithm. Some typical results obtained are given in the concluding

section.

2. %N UA SIl

We consider a rectangular planar array of elements with 2N columns and 2M

rows. The inter-element spacing of elements in the rows is denoted by dx , and

that of the column elements is denoted by d y. The field pattern of the array is

given by the expression

2N 2M

P (u, v) = Z f w exp [j (dxnu + dyV)]
n=l m1 n i

where

d _ 2N-i (n-i), n 1 1, 2 ... , 2N
n 2

2M -I
d - (m-), m = 1, 2, ... , 2M

Yin 2

u = kd sin(O)cos(¢),X

v = kd sin(8 )sin(),

k = wavenumber = (2T)/X,

2. Franchi, P.R., and Shore, R.A. (1986) Phase-Only Nulling With Coarsely
Quantized Phase Shifters, RADC-TR-86-127, ADA 175768.
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and where w is the complex weight of the ninth element. The pattern angles,-

and ¢ , are referred to a coordinate system with the z-axis normal to the plane of

the array, and with the x- and y-axes parallel to the rows and columns respec-

tively.

Let the unperturbed weights be denoted by w on m  anbm exp(j on m ) where it

is assumed that the amplitude taper can be factored into the product of a row taper

and a column taper. The normalization

2N 2M

z a =1, Z b =1
n-i n m=l m

is imposed on these tapers. The phase-only perturbed weights are then denoted

by w. = won n exp(j,,nr ). Tha planar-array phase shifters are assumed to be

quantized with NBIT bits, so that the phase perturbations are given by

2-

Ann iB, int= 0, ±1, ±2,.... B = -B-T(1)
2

Throughout this report, we will work exclusively with real patterns, as a condi-

tion for which we assume that the amplitude tapers are even-symmetrical,

a2N l = a, n - 1, 2 ..... 2N

b .2M =m-l b m , m 1, 2, ... , 2M,

and the initial phases, -n , , and the phase perturbations, {A¢ nm I. are odd-

o 2N-n-l, 2M-m-1 I onm

*1 2N-n-l, 2.Nl-m-l - m

The objective of the nulling method to be described here is to find settings of

the coarsely quantized phase shifters of the planar array that will impose nulls at

the locations (u.j, 0), j = 1, 2, .. . J, in the v - 0 (; s 0' ) pattern cut. This is

done by matching the pattern or a linear array with the hiuniber of elements and

inter-element spacing, equal respectively to the number of columns and inter-

column spacinfT of the planar array; with initial amplitude taper equal to the row

taper, a , of the nlanar array; and kith nulls imposed at the location uj, j -

• n



1, 2,..., J, using combined continuously variable, phase and amplitude control

of the linear array pattern.

The unperturbed pattern, po lin(u), of the linear array is given by

2N aeJon ejdnuPo lin (u ) = Z a n e nen

n=l

2N
2 Z an cos(Oo + d u)

n=l

where {on} are the initial phases required to scan the mainbeam in a specified

direction,

dn d 2N-1 _ (n - 1), n = 1, 2, ,., 2Ndn n 2

and

u = kd sin(,).
x

I.et , and : be the perturbations of the amplitudes and phases, respec-

tivelv, of the linear array weights required to impose nulls at the locations u u i ,

J - 1, 2 ..... .1. (See A\ppendix A for a convenient method of calculating the

weight perturbations. ) The perturbations satisfy the svmn netrv conditions

1n , 2 , ... , 2 N

2N-n 1 - , n 1, 2.2N

to ensure that the perturbed pattern will be real. The perturbed pattern, P lin (u),

of the linear array is then given by

2N Oil 4 +, nd u)
Plin(uJ Z (a )e on n nn=l n n

N

2 2 (a ) cos d U)
n=l n n on n n

Now let the v = 0 pattern cut of the planar array pattern to match the per-

turbed linear array pattern be denoted p 1 (u, 0) with

4



2N 2L j (onm A4nm4d u)
Pp (u, o) = Z a n b e n

n=l n= 1 m

N 2 M
= 2 Z a n bm cos( +nm+d n u) (2)

n=1 no1

where the f A¢ .... } are the phase perturbations of the elements of the planar array

to be determined. Equating p (u, 0) with and setting the initial phases
P1 Plin(u)

equal to zero for simplicity (broadside mainbeams) then yields

2M\ 5 n

L bm cos(Ap +d u) ( -- ) cos (A4 n  ndu)
m=1 nn n a

or

2M n
b cos': = (1 - ) cosL ( 3 a)~l n nin a n

2AI ,n

, b sin (1 ) sin> (2b)
nn na a n

In complex form, Eqs. (3a) and (3b) can be written as

2 M n

Z b exp (j ) = 11+ )exp (jA) (4)
m=l nrm a n

One conclusion that can be dra vn from Eq. (4) is that b must be greater

than one for Eq. (4) to be satisfied for all n. l-or, in general, some of the - II

will be greater than zero so that, for these values of n, the right-hand side (MIt [i'

of Eq. (4) will have magnitude greater than unit,.. If vb m 1, the left-hanl side

(LIIS) of Eq. (4) can have at most unit magnitude only if all the .,: n:1 are equal

for a given value of n. Otherwise, the resulting vector in the complex plane will

have magnitude less than one. Thus, for Eq. (4) to be satisfied, thef b ,ini-

tially normalized to sum to one, must be renormalized by multiplying them bv a

constant, 3 , greater than unity.

As a consequence of this renormalization of the column taper, the mainbeam

loss of the planar array pattern that results from imposing nulls at a set of loca-

tions is greater than the loss incurred in nulling at the same locations in the cor-

responding linear array pattern. For, in the case of the linear arrav pattern, the

5t



mainbeam loss incurred in imposing nulls is

2N 2N 2N 'nZ - Z( + 6 n ) cos _Taan - (a n 6)cs = 1 - a n (1+- -)cosAi

n=1 n=l n=1 n

while, for the planar array, the mainbeam loss is

2N 2M 2N 2MI
E a n b - Z a n b cosApn 1 n m 1n m= m nmn1 m=l n=l 1n~

Eq. (3a) 2N 6n 2N 5 n
l a (1 4 - ) cosA n > T , a (1 + -) cosLn

n=n a n=l n a n Ln

c now discuss the procedure used for determining the phase shifts to satisfy

1 >s. (3a) and (3b), which, using Eq. (1), we write in the form

2M
2_ b cos (i 13) = (1 - ) cosn (5a)

. 1 : n

)b sin (i 1) (1 -- ) sin LAn (5b)M1 0n a n

Me %%l11 lwre keep the i'cnormnalizing column taper constant, , explicit, and use

1) to riefer to the column taper normalized to sum to unity. ) To choose , we

note that the IlIlS of Eq. (5a) cannot exceed i . Thus, if we let u denote themax
liaximum value of the M1IS of Eq. (5a),

:7,U
rl ax

Accordingly, we choose a trial value of 6 somewhat greater than urmax . It is also

desirable to keep the phase perturbations as small as possible so as to minimize

the distortion of the initial array pattern. The LIIS of Eq. (5a) must be capable of

approximating the mininum value, u min of the MIS of Eq. (5a), and, since the

I,11S of Eq. (5a) cannot be less than cos (KB) where KB is the largest perturba-

tion we will allow in satisfying Eq. (5a), K must satisfy

cos (KB) u

6

9ki



K >Int I - o (umin) 1

Similarly, if LB is the magnitude of the largest perturbation we will allow in satis-

fing Eq. (5b), the magnitude of the LHS of Eq. (5b) cannot exceed sin(LB3).

Hence, if the maximum magnitu~de of the RHS of Eq. (5b) is denoted v max'

a sin(LB3) > vma

or

L > Int 1sin- 1 
( -Vna + 1

Having chosen values for 3 , K, and L, we start with L-q. (51h), assumie een

column symmetry of the f{i nm 1,in mm1 n e

nm n,'nml n e

S nm f , b msin (i n B), in' Al IN. P-l .1 , 1

Sn, lAl+l =-

Then, starting with in' = A (i. e. , at the center of the column) and proceeding

consecutively with m' =A - 1, Al - 2, ... , to m' 1, we set in = ±L according

to the agreement of the choice of sign with that of A4 n and, if by so doing,

nn

s > -(1I -) sin
nm 2 ann

we set i nm G . - 1) and] again check to see if (6) is satisfied. If not, we ai-ain

decrease 1 and so on until nn ' !~ -1if s I fails to satisfY the ine-

quality (6) when i nm -- 1, we leave i nmn - 0 (that is, no phase perturbation)

and proceed to the next value of m '. Thus, we atteimpt to satisfv Eq. (51)) as

closely as possible by summiing termis of the samie sign as the I1 [IS of Eq.i I5[0,

7



starting with the largest magnitude terms and working down to the smallest mag-

nitude terms. The column amplitude taper is essential for the algorithm to work

well since the small amplitude terms at the edge of the column are used to 'fine

tune" the fit of the ItIS of Eq. (5b) to the Rt1S. The more pronounced the taper,

the closer the fit that can be made.

llav-ing satisfied Eq. (5b) as closely as possible for a given n, we then turn to

Eq. (5a). As a result of the settings of the I int o made in satisfying Eq. (5b), the

LtIS of Eq. (5a) has some value, in general not equal to the 1311S. To adjust the
1nm so that the LIIS of Eq. (5a) is made to agree with the ItS without disturbing

the fit already made to Eq. (5b), we change only those values of the { i nmIleft equal

to zero in satisfying Eq. (5b), and when the nm th phase shifter is set equal to

iruB, the symmetrically placed phase shifter in the column (index n, 2M - m - 1)

is set equal to -i nmB instead of being set equal to i nmB as when satisfying

Eq. (5b). Thus, 1 b siri (i P) is left unchanged. Let
m~ M ru"

Al

T AIl = M- b cos (i 13)
m =l 1 nm

after satisfying Eq. (5b), and let

Inl

T T n - b icos (i B) - 11, Il =M, - 1,nm n, -u tnIl nm~

where the summation is over only those indices for which i 0 after satisfying
nm

1E1q. (4b). Then, if i nn was left equal to zero after satisfying Eq. (5b), we now

set iN11 - :K accordine to the acreement of the choice of sign with that of ;. n

and, if )y so doin,(,

I n

T nm T 1 - *1 b m'Icos (inmn 13) -1] an cos (7)

If, with into - K,
nn

1 1 --

T . an cos nnfl

2

we set i r ±(K - 1 )and again check to see if Eq. (7) is satisfied. If not, we

again decrease i nt. and so ,,n until i = 1. If T - fails to satisfy the

inequality (7) , hen i nn l, %e leave i . unchanged at zero and proceed toieult() hnon. nm



the next value of m'. In other words, we try to satisfy Eq. (5a) working down-

ward from above the RHS in contrast to the procedure used to satisfy Eq. (5b),

which works upward from below the RHS. When Eqs. (5a) and (5b) have been sa-

tisfied as closely as possible for all n given the initial choice of B, K, and L, we

calculate the depth of null at the locations (uj, 0), j = 1, 2, .... J, using Eqs. (2)

and (1) with the { b m } renormalized to sum to 3. The entire procedure can then
be repeated with a different choice of a, K, and L if desired to see if any improve-

ment in nulling can thereby be obtained.

Although the nulling algorithm we have described here is designed to match a

perturbed linear array pattern obtained using combined phase and amplitude per-

turbations, it can also be used when phase-only perturbations are used to solve the

linear array nulling problem, the situation for which the multi-null algorithm de-

scribed by Franchi and Shore 2 was designed. Since the algorithm given here al-

lows planar array phase shifts greater than B in magnitude, it is more flexible

than the algorithm for which phase shifts are restricted to be not greater than B in

magnitude. 2 (When K and L are set equal to 1, the two algorithms are essentially
the same.) Applied to the same problem as the algorithm of Franchi and Shore, 2

the algorithm given here yields superior results especially when the number of

bits in the planar array phase shifters exceeds 4 or 5 and it becomes difficult to

satisfy Eqs. (5a) and (5b) if K and L equal 1.

3. RESI IL'IS

In this section, we present the results of calculations performed with the nul-

ling algorithm described in Section 2. The first example is that of imposing five

nulls in the ¢ = 0* pattern cut--at 3, 6, 9, 12, and 15 degrees--of a 100-column

planar array. The inter-column and inter-row spacing of the array is taken to be

a half wavelength, and a 40dB, n -- 6 Taylor distribution is used for the row and

column amplitude tapers. Table 1 summarizes the results obtained when the pla-

nar array has 100 rows (i.e., a 100 x 100 element array). The columns of the

table give, respectively, the number of bits in the planar-array phase shifters,
the largest phase perturbations (in units of B = (27 )/2 N B IT ) allowed in satisfying

Eqs. (5a) and (5b), the value of the multiplicative normalization constant B, the

shallowest null depth among the five null locations, the average power at the null

locations of the perturbed and unperturbed patterns, the average power reduction

at the null locations, and the statistical ensemble average of the power at a null

location of the pattern if phase errors are uniformly distributed in the interval

9



Table 1. Summary of Results Obtained for a 100 x 100 Element Array With 40dB
= 6 Taylor Row and Amplitude Tapers and Nulls Imposed in the ¢ = 01 Pattern

Cut at 3, 6, 9, 12, and 15 Degrees

Average Average Statistical
Shallowest Perturbed Unperturbed Average
Null Depth Power Power Reduction Null Depth

N BIT K L 6 (dB) (dB) (dB) (dB) (dB)

2 1 1 1.092 -71.8 -73.9 -44.4 29. 5 -40. 0

3 1 1 1.081 -74.3 -78.8 -44.5 34.3 -44.9

4 2 1 1.023 -76.5 -82.1 -45.0 37.1 -50.7

5 3 2 1.084 -87.2 -91.2 -44.5 46.7 -56.6

6 6 3 1.067 -94.6 -97.5 -44.6 52.9 -62. 6

I-B/2, + B/2]. This value is computed from the formula 3

(u. v) s nI2

SW )2 ( (B )2 wnmj )2
n m n m

with I F(u, v), 2 the statistical ensemble average power at a location in the pattern

for which the error-free pattern has a null. The significance of the statistical en-

semble average power at a null location is that this is the depth of null that might

be expected if nothing were done to correct for the quantization of the phase shift-

ers. The tabulated values of K, L, and 3, were those found empirically, after a

thorough though not exhaustive search, to give the deepest shallowest null depth

among the five imposed null locations.

It is apparent from the table that deep nulls can be formed with coarsely quan-

tized phase shifters by our method of treating the columns of the planar array as

single weights for a linear array and by compensating for the small number of bits

with the number of phase shifters available for control in the columns. Thus, for

example, with 2-bit phase shifters, the planar array is able to form nulls with an

average depth of -74 dB as compared with the -40 dB nulls that would be expected

if nothing were done to compensate for the small number of bits. Since the statis-

tical average null depth decreases by approximately 6 dB for each extra phase

3. Shore, R.A. (1982) Statistical Analysis of the Effect of Phase Quantization on
Array Antenna Patterns, RADC-TR-82-190, AD A123704.
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shifter bit, the -74 dB null level obtained with 2 -bit phase shifters is equivalent to

that obtainable with 8-bit phase shifters if no compensating method is used.

To examine the effect of smaller column size on the performance of the nullhng

algorithm, calculations were performed with the same parameters as described

above in generating Table 1 except that the column size was reduced from 100 to 20

elements. The results for these computations are summarized in Table 2. It is

apparent that the smaller column size reduces the ability of the algorithm to pro-

duce deep nulls at the desired locations. This is, of course, only as expected,

since the fewer the phase shifters that are available in the columns of the array,

the less will be the ability of the algorithm to find appropriate choices of the { i ri
to satisfy Eqs. (5a) and (5b).

Table 2. Summary of Results Obtained for a 100 x 20 Element Array With 40dB,
iff = 6 Taylor Row and Amplitude Tapers and Nulls Imposed in the 00 Pattern
Cut at 3, 6, 9, 12, and 15 Degrees

Average Average Statistical
Shallowest Perturbed Unperturbed Average
Null Depth Power Power Reduction Null Depth

N B[T K 1, 2 (dB) (dB) (dB) (d13) (dB)

2 1 1 1.072 -52.4 -55.4 -44.6 10.8 -33.0

:3 1 2 1.054 -52. 7 -56.8 -44.8 12. 0 -37.9

4 3 2 1.052 -61.1 -65. 0 -44.8 20.2 -43.7

,5 4 1 1.080 -64.4 -67.4 -44.5 22.9 -49.6

6 6 2 1.053 -69.6 -73.9 -44.8 29.1 -55.6

As an example of the patterns obtained with the nulling method, we show in

Figure 1 the v = 0 (d = 0' ) perturbed pattern cut of the 100 x 100 element planar

array with 4-bit phase shifters and with nulls imposed at 3, 6, 9, 12, and 15 de-

grees. This pattern is superimposed on the perturbed linear array pattern (with

nulls imposed at" the same five locations) that the planar array nulling algorithm is

designed to match. The two patterns are virtually indistinguishable from one an-

other, and are very close to the unperturbed 100 element 40 dB, n = 6 Taylor pat-

tern apart from the vicinity of the imposed null locations.' In contrast, Figure 2

shows the unperturbed (40dB, n =6 Taylor) and perturbed planar array u =0 pat-

tern cuts. The perturbed pattern has a sidelobe level considerably greater than

that of the unperturbed pattern. The marked difference between the behavior of the

v 0 and u =0 pattern cuts is the result of the fact that the algorithm we have used
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Figure 1. Comparison of Perturbed v = 0 Pattern (-) of 100 x 100
Element Array With 40dB, R = 6 Taylor Amplitude Tapers and 4-bit
Phase Shifters, \With Linear Array Pattern ( ---- ) With Nulls im-
posed at 3, 6, 9, 12, and 15 Degrees Using Continuously Variable,
Combined Phase and Amplitude Control

is concerned solely with matching the v = 0 pattern cut with the given pattern of a

minimally perturbed linear array, and it contains no safeguards for the integrity

of the u - 0 pattern cut.

Figures 3 and 4 show the patterns corresponding to Figures 1 and 2 when the

planar array contains 2-bit instead of 4-bit phase shifters. The v = 0 perturbed

planar array pattern cut is very close to the model perturbed linear array pattern,

but the phase perturbations used to match the linear array pattern result in a u - 0

pattern cut that is widely distorted as compared with the unperturbed pattern.

The second example for which computations were performed was that of im-

posing six nulls in three symmetrically located pairs-.-±4, ±8, and ±12 degrees--

in the 0 = (' pattern cut of a 100-column planar array. As with the first example,

half wavelength interelement spacing and a 40d13, n - 6 Taylor distribution for the

row and column amplitude tapers were used. Tables 3 and 4 summarize the re-

sults obtained when the columns of the planar array have 100 and 20 elements, re-

spectively. It will be noticed that by comparing Table :3 with Table I or compar-

12
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Figure 2. Unperturbed u = 0 Pattern ( ---- ) of 100 x 100 Element
Array With 40dB, T = 6 Taylor Amplitude Tapers, and Perturbed
Pattern (-) Corresponding to Nulls Imposed in the v = 0 Pat-
tern at 3, 6, 9, 12, and 15 Degrees. NBIT = 4

ing Table 4 %ith Table 2, the null depths obtained for this example are consider-

ably deeper than those obtained for the five-null example. The explanation for

this is that, in the linear array nulling problem, the solution to which the planar

array * = 0' pattern cut is matched, all the phase perturbations are identically

zero because of the symmetry of the problem. This means that the RHS of

Eq. (5b) is zero for all n, so that Eq. (5b) can be exactly satisfied initially by the

algorithm by taking all the intn } to be zero. This leaves all the phase shifters in

the column available for satisfying Eq. (5a). Hence, in effect, the algorithm has

only one of the two equations to satisfy, the result being the deeper null depths

noted. It is thus interesting that imposing nulls at pattern locations that are sym-

metrically placed relative to the mainbeam is actually simpler to accomplish with

phase-only control in planar arrays than is imposing nulls at not symmetrically

placed locations. This is the opposite of the situation for linear arrays which re-

13
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Figure 3. Comparison of Perturbed v = 0 Pattern (-)of 100 x 100
Element Array With 40dBl, F 6 Taylor Amplitude Tapers and 2-bit
Phase Shifters, With Linear Array Pattern -)With Nulls Im-
posed at :3, 6, 9, 12, and 15 Degrees Using Continuously Variable,
Combined P~hase and Amiplitude Control

quire largoe phase perturbations (that result in large pattern distortion) to impose

nulls at symhmetrically placed locations.4

I- irokre 5 shows a;, comparison of the modiel perturbed 100-element linear array

paittern and the % 0 pattern cut of a 100 x 100 element planar array with 2-bit

phase shifters and nulls imp~osed at ±4, ±83, and ± 12 degrees. The two patterns

cainnot be distincuished f'rom one another. F~igure 6 shows the corresponding u =0

pattern cut of the 100 x 100 element, 2 -bit phase shifter, planar array along with

the unperturbed u -0 pattern. As k ith the five -null example, the perturbed pattern

hain general, a niuch igLher -svlelohe level than the unperturbed pattern

.4. ', I . ( 2 \tull ifl12 t sYD I Pt i( pattern) kwat iol kko i -n-' l
unJI t iftrol , 11'1:1 ITr at.. r\ dntlwas P rop w,, I-2:2 -



-10-

-20-

~-30-

0 Ji l l

90 60 >0030 60

T~H A S)O~ 3

F~igure 4. Unperturbed u =0 Pattern -)of 100 x 100 Ele1cment
Array With 40dB, Wf = 6 Taylor Amplitude Tapers, and Perturbed
Pattern (-) Corresponding to Nulls Imposed in the v = 0 Pat-
tern at :3, 6, 9, 12, and 15 D~egrees. _N13IT -2

15



Table 3. Summary of Results Obtained for a 100 x 100 Element Array With 40dB,
R = 6 Taylor How and Amplitude Tapers and Nulls Imposed in the = 00 Pattern
Cut at -12, -8, -4, 4, 8, and 12 Degrees

Average Average Statistical
Shallowest Perturbed Unperturbed Average
Null Depth Power Power Heduction Null Pepth

N BIT K , (dB) (d 3) (d1) (dB) (dB)

2 1 1 1.054 -91.5 -96.1 -44.0 52.1 -40.0

2 1 1 1.044 -95.6 -99.8 -44.1 53. 7 -44.!,

4 2 1 1.034 -112.9 -115.5 -44.1 71.4 -50.7

5 -4 1 1.035 -119.3 -123.5 -44.1 79.4 -56.6

6 8 1 1.0:35 -129.0 -131.7 -44.1 87.6 -62.6

Table 4. Summary of Results Obtained for a 100 x 20 Element Array With 40dB,
ii 6 Taylor Row and Amplitude Tapers and Nulls Imposed in the = 00 Pattern
Cut at -12, -8, -4, 4, 8, and 12 Degrees

Average Average Statistical
Shallowest Perturbed Unperturbed Average
Null Depth Power 1)ower Reduction Null Iepth

\ I 1 1 (d-) dPI ,,Il) 'IB) M)p

S 1 1 1. :... -5.8 -67.0 -44. 2 22.8 -,. 0

. 8 -x2. ;j -5. '1 -44.2 41. 1 -3.

S 2 1 1.88 ' - 2. 0 -!'6.0 -44. 1 51.9 -4 . 7

6 1 1. o1, 8 -106.? -1 7.7 -44.1 6'i.6 -49.6

I 1. 1):": -118.!, -122. 1 -4-14. 1 78.0 -55.7

16
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Appendix A

Combined Phase and Amplitude Nuling in
Linear Arrays

In thi IAppen(iix, v.c ilhtain expre ssions for the perturbations, m ini nized in a

I cSt squares sen se, of the v, eiiht ' o a linear array that will impose nulls in the
!,ittern at p asL nhe. 1, at iius. \\e consider an array of N isotropic, equispaced

Oli uts djt. let !I u 1, 2, ... , N, be the initial

', iiaht ia cx * ao I, 2, N the aaplex eiClt perturba tions required to

I!: 141et, !31lls t 1ha , I itiols I , 2,... .1 subject to the condition that

*1 I

IcliTii:. i Td "l hiriperturl~tl' field 1pttern, p iu), is iven by

N t(u
p (u) - I v e-

and the per-turbed pattern, p (u), b%

N i11P1 (u) W Adnu
p Wu 2_ (w n I c o e

n o2

'21



with

dn= (N - 1)/2 - (n - 1), n =1, 2...,. N

u = kd sin (0)

k = wavenumber (27T)/A

and

6 pattern angle measured from broadside to the array.

For nulls to be imposed at 0 j = 1, 2 .... J, we have

p(uj) 0, j = 1, 2.... J

or

N jdnuj
z :.w e po (u.), j - 1. 2 ..... J (A2)

n>:1 0

In matrix form, the system of Eqs. (A2) can be written

A2___ " -po
A - 0

Whore

jdlU1  jd2Ul jdNul

jdluj Jd2uj jdNuJe e ... e

__2_ ~ W. . .w I  , . .. " T

and

P0  p0 (Ul) p0 (u 2 ) .... Po(uj )IT

The solution to Eq. (A3) that minimizes Eq. (A 1) is then 5

-1
.w -At (AAt ) p

0

5. Hao, U. R., and Mitra, S.K. (1971) Generalized Inverse of Matrices and Its
Applications, Wiley, New York.
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