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Abstract

A set of equations known as Chandrasekhar equations arising in the linear

quadratic optimal control problem is considered. In this paper, we consider the

linear time-invariant systems defined in Hilbert spaces involving unbounded input and

output operators. For a general class of such systems, we derive the Chandrasekhar ..

equations and establish the existence, uniqueness, and regularity results of their

solutions.
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I. Introduction-
- . q

.. r

During the last two decades, there has been an extensive literature

concerning linear quadratic regulator (LQR) problems for infinite dimensional sy

stems which involves unbounded input operator in the evolution equation

and/or unbounded output operator in the quadratic cost functional (see (I, [51,

[17], [191, [22], [23], and [25] and the references cited there, for surveys of the %

recent results). The optimal control to LQR-problem is given by a feedback -

form involving the solution of Riccati equations. Thus, the main issue in this

subject has been the study of existence and uniqueness of solutions of Riccati

equations. The paper by Banks and Burns [2] followed by Gibson's result [91 ..

have addressed the computational aspects of LQR problem for infinite

dimensional systems using the approximation results of semigroups. '.-. .5.

This paper intends to develop an alternative approach based on

Chandrasekhar-type equations [4], [15]. In [13], we have considered LQR

problem for systems with bounded input and output operators and derived the

Chandrasekhar equations for optimal feedback gain operators. Moreover, the

form of the Chandrasekhar equation allowed us to obtain differentiability

results for solutions to the associated Riccati equation and the optimal control

in time.

The purpose of this paper is to extend the results in [13] to systems

with unbounded input and output operators. Recently, Pritchard and Salamon

1221 have introduced a frame.lwork based upon semigroup theory for ILQR

VI5
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"-,,...",.......'......-.............-.



-2-
.o -*.

problems involving unbounded input and output operators, which we shall -

describe in Section 2. Within the framework in Section 2, we show the

existence, uniqueness, and differentiability results for solutions of the

Chandrasekhar equation in Section 3. A number of examples which can be

handled by the results in Section 3 are discussed in Section 4. In Section 5,

we state the corresponding results for an important class of problems which

cannot be covered by the main result; e.g., the evolution system with delays in ..

control and the parabolic and hyperbolic systems with Dirichlet boundary

control. %

The computational aspects of the Chandrasekhar algorithm have been

studied in [31 where the input and output operators are bounded. An extension "-"*.

of such a study for unbounded operator case will be reported in the

forthcoming paper.

Throughout this paper, the symbol (') will be used to denote dual

operators and dual spaces [28] and the dymbol (*) will denote the Hilbert space 4--,.

adjoint. For Hilbert spaces X and Y , we shall denote by C(a,b;9(X,Y)),

the set of all mapping t - F(t) E f(X,Y) on [a,bJ such that F(t)x is

strongly continuous for any x E X

Z Z.

% .. ,V..
I
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2. A Basic Framework for Systems with Unbounded
Input and Output Operators

Assume H , U , and Y are Hilbert spaces, and we identify thcm%

with their duals. In a formal sense, our basic model [10], [25] is

x~t)= Axt) +Bu~t X(0 = X

dt

yMt = Cx(t) ,~

where u C- L (0,T;U) , y E L2 (0,T;Y) .A is the infinitesimal generator of a

strongly continuous seniigroup S(t) on the Hilbert space H with domain

D(A) C H .Here,

BU C D(A*)' and D(A) C D(C)

where D(A*) i s the Hilbert space equipped with graph norm and

D(A*) C H C D(A*)I We interpret equation (2.1) in the mild sense: thc

solution of (2.1) is given by

(2.2) X(t) =S(t)x 0 + fS(t -s) Bu(s) ds

Since S(t) can be extended as a strongly continuous semigroup on D(A)

[14), [24], x(t) is a D(A*)I -valued continuous function.

Moreover, as in [221, we assume the following to discuss the problem

involving possible unboundedness of the operators 8 and C B E X(U, V)

and C E r(W,Y) where W and V are Hilbert spaces such that

W cH CV J

%*01* 
5-

C.,'

%. %~
*11%~
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with continuous dense injections k: W -H and 1: H -V .in order to

make the expression (2.2) precise and to allow for trajectories in all three spaces 'Ve

W , H and V , we assume the following hypothesis:

S.'%

(HI) S(t) is also strongly continuous semigroup on W and V ,which means

that there exists strongly continuous semnigroups Sw(t) and SV(t) and ~.-

W and V ,respectively, satisfying p

S(t)kx =kSw(t)x for x E Wp

and

S.~t)Ix i S(t)x for x E V.

Thus, if i = k ,the continuous dense injection from W into0 V % 4

iAwx A Aix for x E DW(Aw) (x XE W, Awx E W)* 5.

The subscript for the underlying H-ilbert space will be omitted when

understood from the context. IN

(H 2) For anyj u E L(OTU

f S(T - s) Bu(s)dS E i(W)

0

and there exists a positive cons tant b such that .' '

T- S(T - 5) Ru(s) ds K b IuIL(TU

(H 3) There exists a positive constant c such that

%s.

~*~*~. 55' 5 5 5 5 5 ., .,~ * 5 5%~..'.5*5 \ 5~55%.%~. . .

S.5~U~~p.J /J .'.*.. '... - ~5*~ J - - * ~ ~ " ~ A* %*

4P rPS. %r % W rS .



WWWWW WW- J W WW~v'uvlrw"ww x~x WV V

IICS(t)xI111, 2o0T;Y) 4 cliJjIfl, for x E W

(H4) Suppose Z = DV(A) C W with a continuous dense embedding where Z.

is the Hilbert space DV(A) with the graph norrn of AV o~ n V.

Remark. It has not been explicitly stated, but each of the embedding maps is

an element into Itself in the larger space. For example, if x E W ,then%

ix =x E V .It follows from (H-4) that Dv(A) is in the range of I. -. %

By duality

V1 C H =Ha C W'
' %

with continuous dense embeddings [24]. Moreover, S() Is a strongly -

continuous semigroup on all three spaces V' ,H ,W1 [28, p. 273). Thc

following duality results will play an important role.

Theorem 2.1. The dual statements of (H-2) and (1-3) are given by

(H2)' for every x E V %

IIB's'(T -*)XHIL( TU) ~b1iX1w

(1-13)' for every y(-.) E L 2(OT;Y)

fT S ( s)C' y(s)ds E I '(V')-.

and

(idfT S '(T - s) C' y(s) ds lIv . cjj I 2 o,;

-- ~~~~~ 111 2 (04,'T ;Y)~ % - ., ~ 4 4 ** * * ~ - ~ 4 . , . .' . '. 4~~4

'4~ NINA
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Proof. (H2) implies that for every u E L2(O,T;U) there exists a z E W such

that

iz = S(T -s)Bu(s)ds

and

jIzllw I b lu lL (0,T;U)

v' .
, . %*. .For ,X E.'.

i V'= <  S(T - s)Bu(s) ds,x >VV

T <B' S'(T -s)x,u(s) >uds

But since

I<izx >v v I <z,i'x>w'w I . 1 iz.w Ili'xIIw,

letting u - B'S(T - -)x G L2(0,T;U) , we obtain
%

"IB 'S'(T - s)x 11 h Iju I 2(0,T;U) j1ix W1

.% %%

which shows (H2)'. %.

Next, we shall show (H3) 4O (H3)' . Let y E L2(0,T;Y) and r ->.

x EW Then

,- .,* "

'., .,. c.

h. .20 .. _.;,L-, x> ,,, .¢9,.,.....,,,.. . .. .. ....-.. ..... .. ...... • . .. .. -..- .. ,.. .. ,. "% -!,- -.-*' -
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,%

(y, CS(T- •)x >L2 (O,T;Y)

= f <y(s) ,CS(T - s)x) ds

= fT <SI(T -s)C y(s),x)w, wds 'N
= f,' S'(T -s)C'y(s)ds,x>w ,,w

The interchange of the integral and the duality pairing is justified since -

C' E f(Y,W') implies that

JS'(T -s)C'y(s)ds E W' for y E L (,T;Y)

Thus, from (H3)

fS'(T -s)C'y(s)ds,x)wIw C-<l IL2(0,T;Y) 1IX . .V.4

(H3)' now follows from Remark 1.3.1 (v) in [241. Q.E.D.

Let B: i1'JVB where J= -(XI - AV ) -
' ) E p(Av) ofn V

Note that B, x C(U,W) since Range(J v ) - Dv(A) C Rangec(i) by Remark.

Thus, for X E p(Av) V)'% 
".4

0o S(T -s)Bxu(s)ds E W.

is well defined on L (0,T;U) . '.,,

4.. :,

,," 4 . .,..* ".,P .. . . ,. ,€. . *.' .. . • . = . .. ... ... '..

2('
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Theorem 2.2. For every u E L2(0,T;U) and X X0

-vwI-

T pTJ. S(T -s) BXu(s)ds - J i- 1 J S(T-s) Bu(s)ds _-,.

Proof. By the definition of Bx

T ~.B~ T
S(T -s) Bxu(s) ds = T Sw(T -s)i-'J'Bu(s) ds

f r i-SVT -s)JvBu(s)ds % ,

T

T -1j-J J Sv(T - s) Bu(s) ds
fo

¢ - .. "s.-

A calculation shows that for z E W

i(Xl - Aw)-'z = (I Av)-' iz,

thus from (H2)

T Tfo Sw(T - s) Bxu(s) ds = X(X Aw)-i - 1 i0 Sv, (T - s) Bu(s) ds -".

.I T

= .w f I ;

xJ I 0 Sv(T - s) Bu(s) ds

Corollary 2.3. For each x Xo define the bounded mapping 'x from

L2(0,T;U) into L2 (O,T ;Y) by

.. ., * .,.'.:.

% %% %%
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T
(rxu)(t) =C fo S(t -- s)B),u(s)ds

Then t converges strongly as t to where

I E f(L 2 (O0,T;Y) L L2 (,T;Y)) is defincd by

(ru)(t) =Ci
1 J S(T - s) Bu(s) ds

Proof: Since JW' converges strongly to thc identity as )' n W
%p.

* Theorem 2.2 implies that

*(r~u)(t) -(fu) (t) strongly, for cach t E [0,*1

In addition

Thus, the corollary follows from the dominated convergence theorem. F. 1).

Corollary 2.4. fX Converges strong/i' to f* as X~

Proof: It can be shown that

t

le% .e

% %%

% % %%

%vv %
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and

(~,~y)ft =B()i'
1 fS'(s -t)C'y(s)dse

The result follows from Theorem 3.1 and arguments similar to those in the

proof of Corollary 2.3.

7.

r.I -
%~.~.

% %r-

%- P, %..

%i

J. l

% %



3. Main Results

Consider the optimal control problem: minimize the quadratic cost

functional

(3.1) ft fjCx(t)I' + IuMt)1dt
* 0

subject to

ix(t) =S(t - to) ix + f' S(t -s) Bu(s) ds
to

Note that by using (H1i), (H3) and the density of i (W) i n V ,one can show

that the operator CS( - - to) mapping W into L 2 (to,T;Y) has a unique

continuous extension to all of V , and it will be denoted by M' That is

*(3.2) Xx =CS( - -to) x for xEW

and M E &'(V,L 2 ,( t,T;Y)) .Now the problem (3.1) can be equivalently stated as

follows

(3.3) Minimize J(u;[t,,T]) IMx + L2 (t112 +

over u E L 2 (t0 ,T;U) .The unique solution u0  to (3.3) is given by

(3.4) u0  (I -+ Z* ry1 r*Mx

% 'if

% .- .. ' * . ... * f*
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and P%

&.4 t
4

* *t*

I
min J(u) = J(u 0 ) = <(I + rr*)-f'x,Mx>

Consider the Xth approximate problem of (3.3):

(3.5) minimize J,(u) = 4 4x + rxull + 11)1.'1

over u E L2(to,T;U) This problem is well posed as a class of problems '-,
• ~~.. .4. %

discussed in [131 for x = iz , z E W . It means that z(t) is the mild %.,**.,.

solution to the evolution equation in W ..

i--.

d . .4* -%",

- z(t) = Az(t) + BXu(t) , z(t o) = zEW
.d.. .

where B X E T(U,W) and C E r(W,Y) , and A is the infinitesimal generator

of a strongly continuous semigroup S(t) on W Hence from Theorem 3.1 in

[131 if rnx(t) t < T is the unique self-adjoint, non-negative definite solution

of the Riccati equation:

d
dt<nx)(t)z,z> w + 2<,Az nx(t)z> w

= <Bxnf(t)Z, Bnrl(t)Z>U + KCz,Cz> = 0

4%

for all z E Dw(A) and nx(T) = 0, then the optimal solution u to (3.5)

(where x = iz ) is given by - -'

..-,....

S. %4..

P P-
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(3.7) Ux -Bir1x(t)UX(t'to)x

For all z E W and t E [OT

T ~2
(3.8) <nx(t)Z,Z>W = C~Tszds%

where UX(,) is the perturbed evolution operator of the semigroup S(t) on

WV by -BRBr1~t) , which means that

(3.9) UX(t,S) z =S(t-S) z - f S(t-) B B r(o)U( as)zd o

for z E W and 0 , s t T . Note that (e.g., see [5], [9] and by definition

of Mt and rX)for z EW and to0 ~T

(3.10) = j Ss - to) C*(Mz + r u X) (s) ds(3.1) nxto to

On the other hand, problem (3.5) is also well posed for x E V ,and ~-r

the optimal solution u), is given by

(311 x. -(I + rjxy rMz

I f j dcnotes the canonical isometry from W onto W' ,then for z E WV

(3.10) becomes

%.%

4%..5

*5.S' 00- 5
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(3.12) jIx(to)Z JIT S'(s - to) C'(I + ZZ)-)" Mz(s) dsto

where 
%

MZ + = Mz - Z(I + ZjrX) xjMz

Mz - (I + rr)lrrm

I+ Z. % "

.' 5" ,. " ,
% % %

*1'% - ,

we have used

jS*(- )z - S'(-)jz , zE W

-- '-"..".

and

jC*y = C'y yEY .'.5,..
' " "." " 5,.," d

Moreover, 'o
%'e% % J

(3.13) min Y,,(u,iz) = (fl(t 0 )z,z>w = (ifx(t)z,z>l.w

) ~ ~ ~ i an2o) ro hoe for some positive constant 13 (independent of

X ad o . ro Teoem2.1, jflX(t 0)Z E P (V) ,Z E WV . It then follows

from the definition of M that there exists an operator I1X(t 0) in r(V,V'

such that .
% % % %ll %

• - i

do . . . . .. . ..

% %5. ? .'

ON e-

and r* ainJx uiz) -t iz fo som poitv cosan 8 ideednto ,,.,P
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€%

(3.14) jnk(t0 )z i inx(to)iz , z E W
%Nk

From (3.12) and (3.13)

-- .' i !l....°.- .

for z - W . Since rlx(t o) is seif-adjoint on W and (V')' = V ;

1Xl[tl 40l and l Lxt o) is summetric %

in the sense that rn,(t°)' =nx(t°)

We now have the following lemma. %

Lcmma 3.1. If u°  and uX  are defined by (3.3) and (3.7) respectively, then

ux  converges strongly to u°  as X in L2(to,T;U) for all x - V and

the convergence is uniform in to E [0,T] V

Proof: Since

1 + (I + -+)-

and JII+ fjx-j 1 uniformly in ~. it follows from Corollaries 2.3 and * *~

2.4 that

- %. ..

%"
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(+ -(I+ *)1 strongly.

The lemma results from (3.3) and (3.7). Q. E. D.

Define the evolution operator U(t,t0 ) ,0 to 0< t T o n V b y

(3.16) U(t ,to) x =S(t -to)x + t-S)B ()d
00

where u t is the optimal solution to (3.3) in the interval [t0:rj. Then the .

following theorem holds.

Theorem 3.2. 
4

(i) (0,0 1 t E [0,TJ

0i1) U(t,s)U(sj 0o) = U(t,t 0 ) for 0 to s t T.

(Iii) U(t , t9 is jointly continuous in t and to on V, H, and W, rc.'4ptctivchi. .

(i v) TheL operator z E W CU(T , )z E L 2(0, T;Y) has a coflnl~fiut% C~'l~~

to all of xE V

Proof: Property (ii) follows from the principle of optimality, i.e., 1' ui Is flhc

optimal solution to (3.3) on the interval [tinT] , then for t S I, U"X[Ti,

is the optimal solution to (3.3) on the interval is,TJ with In itial condItIOn

x0(s) =U(S,tO)x .

%44.~
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Note that for z E W

1P' "

iU(t,t o )Z = S(t -to) iz + f S(t -t o) B to(s)ds ._

0• 0

For property (iii), from (HI) it suffices to show that for x E V

i- J S(t -s)Bu o(s)ds -
to0

0~

is jointly continuous on W The continuity with respect to to follows from.

(H3) and the fact that u? Xto,Tj() is strongly continuous in L2(0,T:U) 111

order to show the continuity in t first let At ) 0 Then

+1t 0
S(t + At s) Buo(s)dS - t S(t -s)Bu?(s)ds

fto00t 0 0- -'-N.--

= (S(At) - I) ft S(t - s)Bu (s) ds + S(t + At -s)Bu (s)ds
to toft

and we then obtain
N .-..

(3.17) [ft f Jt

(S(At) - 1i S(t s)lBu(f0 0 
"" 

(I 
,(tt 

Att)

%~~% 1- 1%%

-A-

-< I(su"-I~i ' ¢ 0 w '"'""'""
t0S~ -s)B (s~s + u 7  '2(ttt~tl:).. .¢.

* ."'

- N- -'-

.s%* . *d ".

.4,,'.'%

"_•'•-N

r.,.-,,c. . -,"' -'-"r'-- _ .,',.,." .. *-... . -.*=.,'. ., ... .'. '.....- *.-, . ***.'.:.:*:.. .,.;.. . 'N-,:. .2..,....,'..-.,....,..
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The first term on the right-hand side of (3.17) goes to zero by the strong, ,

continuity of S(t) on W , and the convergence to zero of the second term is 'e,

a standard analysis result. The proof for At < 0 is similar.

Property (iv) follows from the above result and (3.2). Q.E.D.

Now we can state the extended result of Theorem 3.1 in [13].

Theorem 3.3. flX(to) converges strongly to a snirnetric operator nl(t) it .--

X(V,V ') and the convergence is unifort in to E [0,T) Moreoer. for x E V

. ,

mIn J(u,x) = <n(to)X.X>v,,v

T
I-xto (S -I C'( Mx r s ). S (i

-. 4

Proof: It follows from (3.12) and (3.14) that "o(.--''"
'3'V

0wi' hao)e tha for z

Thus, from Theorem 2.1, Corollary 2.3, andi Lemma 3.1 we have I. _
U, -.

TS'(s - to)C'('x + u°)(s)ds I---. ',

and the convergence is uniform in to E [0T] . From (3.9) and Vhcrcm 7.7. 1 .. ,

w e have that for z E W "- . *'-

% °
% .

"-"%--'-

*. U.,...-
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U ,(T, to)Z z S(T -to)Z + J V -v f S(T -S) BU X(S)O .
0t o  , i

It then follows from Lem ma 3.1 and the fact that Jvvz -- "z (strongl) In Wd."..

as x -- * that for each to  $ T 
+

(3.18) UX(T,t)z-- U(T,t)Z strongly in W.

". 4,.% -.

Since [Jw[ and ]lxlare uniformly bounded in X, and to E 0,T] the, .1

dominated convergence theorem implies that :'.

.1 ..4

CU (T,.)z CU(T,)z in L2OT;Y).

Thus, from (3.8), (3.15) and the convergence of l'l(t )  to n(t o )  wAc obtain

t h a t f o r z E W a n d t o  4 , T. - . . -. .

<(to) z~iz>v ,v = U T s) ds

ftoto

The desired result now follows from (iv) of Theorem 3.2 and the density of'

i(W ) In V .( I I , - ' . -

Theorem 3.4. n(t) E C(0,T;(V,V))..-

* %

as of For ,that for e le i d ca e t e de e d n e n t t,, ,) rT(r.. .,,

%" %%I"

V- %4

• . %,%,,v %-.e, o.'. %'.'."+.' ' ' *%'% ,." ,.'. .'." .' ° '.'% .' '.. '-' '%"-" '.. ,." -- ,"v*%'. - % . . . •..-,- .'% . "

(3I
. I

, "i" . ,",¢ ". /',P# , ..18) ," U."(T, t• •)z- •-" .U. ..T+t - •z strong y.in . . . .
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Z respectively. It is easily verified that M x and r' arc strongly
to to, to, to

continuous in to on (O,T]. Recall that for x E V
0I

<n(to)x, x>v.,v = min J(u;[to,T])

= <(I + r r )-I M xMt x>
t t t 't0 0 0 0 .I

Using arguments similar to those in the proof of Lemma 3.1, it can be shown' ,r.". ,

that (I +rto r; 0 is strongly continuous in to, thus it follows that

<n(to)x,x>v,.v is a non-increasing continuous function in to on [0,T]. If

Jv denotes the canonical isometry from V, onto V then for x,y E V
• .a,.. ' .~

<Jvn(to)x,y>v = <n(to)x,y>v ,v

<x, n(to)Y )>vv'.,." "

= <x,Jvn(to)y> v  r

where we used the symmetry of n(t 0 ) . Thus, ivn(to) is sclf-adjoint on V .

It now follows from [16, p. 454, Theorem 3.31 that jvn(to) is strongly %

continuous in V for x E V . The result follows sincc is isometric. ".-

Q.I.I).

Corollary 3.5. ihe optimal solutiwo u i gIve,,n hy .".

(3.19) u°(t) -B'n(t)U(l-,to)x

p iF
%'..._ ,

-" ,. ,..-,-" ',..

%,-,,,.
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where U(.,* is the evolution operator on V defined by (3.16) satisfies

(3.20) iU(t,S) z S(t -S) iz f S(t - a) BB'fl(o)iU(o, s)zd a

for zEW and 04~s,, t4~T .

.% a,

Proof: For z E W and u E U

<B~z~u = (z,B~u>w

<Jz,V 1 J'VBu> j,

j7z E i -(V') - B'(JjV)'(i')~ jz,u >U

thus B~z B*,(Jv) '(i')- 1 jz for jz E i '(V') Note that (3.14) shows that

Jr1X(t) E 1'(V') and that

Bl,(t) UX(t , to) z B jvIn,( lxttoz

'o r z E W By Dv hcorcm 3.3, (3.18) and the fact that (J v) I on V vc''

x -

Bflx(tiL1x(t,t 0 )z -R'fl(t)iU-(tt,)z , z c W .*- .

OR~~~a a,.e-C,.ej
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It then follows from Lemma 3.1 that

(3.21) u0(t) =i Urnu(t) =-B'fl(t)iU(t't 0 )z , zEW.

~.

Since (3.4) and the right-hand side of (3.21) depend continuously on x E V ,.

0%_

(3.19) holds for all x E V and hcnce (3.20) follows from Theorem 3.2.

Q. E.D.

The form of the optimal control is often written as

(3.22) u0 (t) =-K(t)U(t,t 0 )x

where the operator K(t) = B'fl(t) E C,,(0,T;f(V,U)) is called the optimal gain

operator. Recall that the operator CS(. to) W - L 2( to,T;Y) has a

continuous extension M~ on V (see, (3.2)). Thus, for each U E U

0

and if dim(U) is finite, this implies that

I Mt ( . )B is square integrableI 0 £(U'Y) 
.*s

on [t0 ,Tj Define LMt as the unique bounded Cxtcnsion of

CU(T,t) :W - L2(0,T;Y) on V (sec Theorem 3.2 (i).Thcn we have thc

following result. I

V% %-

% % % % % % %

%,~ 5
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Theorem 3.6. Assume dim(U) is finite and let Z be as in (H14). Then

K(t)x ,x E V and L(t)z , z E Z are absolutely continuous on (0,T] in U

and Y respectively. Moreover. K(t) and L(t) satisfy the Chandrasekhar

equations:

K(t)x -B'LI(t)L(t)x x xEV
dt A

(3.23)

K (T) =0

and '

dd

d- L(t)z = L(t) (A K R(t)) z , z C Z

(3.24)
L (T) =C

Proof: From (3.20) we have

L(t) B =M~ (t) B -i C 1 JS(T -s)BK(s)U(s~t)Bds

0 f

Thus, from MH2) IIL(t)RjXU'y is square integrablc on [0,T] and so IS

II(L(t)B)*It IIL'(t)II .By Theorem 3.3, for x E V and u C U

KK~~x~~u= <R'fl(t)x,u>

= (fl(t)x.Ru>V''i

-j<L(s) x, LUs) flu>

rT
<. (L(s)B) L(s) x(Is. u .-- .

%%.

%p

% %
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This implies that /.

(3.25) K(t)x T JB'L'(s) L(s) xds

where the intcgrand is U -valued integrable. The differential equation (3.23)

for K (t) now follows immediately.

Note that for z E Z ,t -~U(T,t)z is continuously differentiable inl

V and

(3.26) U(T, t) z ~z = U(T,s) (A -BK(s))zds.

I f z E Dv(A2 ) then Az E Z C W and from (3.26) and the fact that IIL-(t)Bi 11

is square integrable,
'-

T
CU(T, 0 z C CU(T,s) (A - BK(s)) zds .

Since L(t) is the bounded extension of CU(T,) W -*L 2 (O,'FY) an d

Dv(A) is dense in Z ,L(t) satisfied J.' '

L.(t)z Cz + LI/s) (A -IK s))z ds zE Z

and the theorem follows. Q.E.-)

The following theorem shows the uniqueness of solutions of (3.23) a n d . !

(3.24).

%"%"

%~ 
%
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% ,.~

Theorem 3.7. Assume dim(U) is finite. The equation (3.23)-(3.24) has a unficf('.'
%.*

solution within a class of operators such that

and

L(.)EC,(G,T;f(W,Ylfl (L(-)xEL2 ,(O,TI;Y) for all xCV)

Proof: Suppose (K , L) and (KL) are solutions to (3.23)-(3.24). Thecn fo r

z E Z

d
-(L(t) - L(t) ) z =-L(t) (A -BK(t) ) z + L(t) (A - K(t) ) z

=-(L -)(A - BK(t)) z + L(t)J?(K -Kz

Sincedirn() isfinit, ^L(),g (U,y) is square integrable. Lct us denote by

LI(t,s) the evolution operator on V generated by A -BK( .)*Then, for %- N.1

x E V%

(3.27) L(t)x -L(t) x =JL(s) B(K(s) - K(s)) U(s, t) xds
it

From (3.23), for x E V

<K (t) x - (t)x, u>

< f (L(s) B - L(s) 13) u, ,Ls) x > (is + <L u ,1.(js) (Sx d

d -4.

% If 
-.... .
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From (3.27), L -L C C.(O,T;t(V,Y)) and thus this implies that for x E V

IK(t)x -K(t)x jj 1 11 jL (s)x Il j1jL(s)B -L 1)BjJ (U'y) d s

1 L(s)x L 1  Lls)B ds

or equivalently, 
-

(3.28) IK(t)x -Ktx 2 L(s)x ds L(s)B - LS ds

+ 0 '( ,Y 11 1 
-') 

f S
fo Ily

Similarly, (3.27) yields that

IL(t) - L(t)j I ~ 2 { K (s) K~s d s
f (V,Y) 1 t (V,u)

xvhere-

max andst M IL(s)BI d* -MI 0' S't<T ' LV and 2 fT sli

Thus, (3.28) implies that

(t)~~~ -* K t)[23

IK~t - (Oj ~ 2 M B + 2MJ f~fL(s) -L(s) ds

v.-here 
*

.4 Z.



-27-

Jo jL(s)x~j ds M3 JJX 11
11 Iy Y

Hence, the result follows from Gronwall's lemma. Q.E.D.

By [10, p. 109, Corollary 2.10] we have that if t f (t) E V is d

absolutely continuous on [0,T] ,then the function

vMt S(t -s) f(s) ds E DV(A) , t >, 0 -

satisfies the differential equation%

d
-v(t) =Av(t) + f(t) ac.

dt L -

Thus using a similar argument to those in the proof of Lemmia 4.2 in [131, onc

can show

Theorem 3.8. Assume dim(U) is finite. Then, the evolution operator defined hia

(3.16) and (3.20) has the following pro perties: for Z E Z and 0 S s<, t T%

t U(I,s)z C- V is continuous/y differentiable, U(t,s)z E Z attd

aU(t,s) z (A -RK (t)) U(t,s) z .. 
,

Corollary 3.9. For anyv x C Z .the optimal solution u to (3.1 o i a/'xolu -4.

continu~ous on? [0,T] .e 7 -

A~ s.~

% %4~

.0~~~ JP. .0 P% %

6 

1

* ./.* 4
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Proof. From Theorem 3.8, for x E Z LJ(t,t0 )x E Z C W and

t U(t,t0 )x E V is continuously differentiable. Th us from (3.22) and (3.25)

d.d

u0)(t) K -(t) (A - BK (t)) L(t, t0 x + B 1, (t) L(t) (J(t ,t ) x

where we have used L(-) E C.(O,T,'(W,Y')) Q. 1.I1).

*,- % p

.% -a- %

VV

%P *aP % %

%~.'

WP
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4. Examples

As shown in 1221, the general framecwork in Section 2 applies to , Id

class of problems, e.g., the neutral functional differential equation (I) D[ ) wi1th

delays in quadratic cost 114], the parabolic partial d ifte'rcnt ial Cequatl(In ( P1)

with Neumann or mi xcd type boundary control, and the rct:i rdc. I) D It II

delays in control and quadratic cost. 'I hus, tile results in >Sc:tI,'rII IJ

these problems.

Thc other example wh ich can be diuse v.SS( tIn 1 tic 1~ ii' hC I IA

Sect ion 2 Is t he following: consider a retarded IL DI in W t %"lk 4 c! i% III

control [6], [12], [27]

x(t) = Tdg(G)x(t + 8) + fnd30)~ + e)
f r

(4.1)
x (0) = 7, x(6) O(G) and U(G) %() 1 9~~e.i

wvhere p(. a nd B() are n x n and n xm Inlatti\ %\aluc"d I M 11tn1,v'

bounded \ariation which vanish at 9 = 0 and are left continotlUx n11 -[.fl)

Let us considicr the I Inea r q ua dratI]c optimal control p)roblem1, ii I % Ci\C

( l),)E WTk x 1,2( -r,OJ(R") choose the control u C I .(~) II I In III/

the cost functional

(4.2) J(u 10.1) = f + ju(t)1 )(t
0

where C is a p) x n matrix with p < n

Define a structure operator F on jp l.(-r,0I") x I-. V-Y:l') 1)

J, %.
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{ ° ] .,.4-°-

E An x L 2(-) .. -

'L,I.'£<

It is shown in [121, [271 that the function z(t) = T(x(t),x(t + -),u(t + -))

satisfi es

z(t) = A~z(t) + B3u(t) in V
dt

where A is the infinitesimal generator of a strongly continuous semigroup onT

tH I x L 2(-r,0;Ipn) defined by

D(AT) = C(f,P) E In x L21I, EL 2 and r) =00)]

and '.*'~~'

i% %

AT($(O)sp) = [fd G"(0)(0), $j E IRn L for (jP(O),O) C D(AT)

BT defined on D(AT) is given by
1.-. .. .-

0 fC d3T( 9) ()
Ol--r

and
-'* I

V D(AT)' CIt = I' C D(AT). "

"% • A

. . . , °~ ' C °

".:,-,' .., : '. .. ,-"-" ,-,, .," ."."., ,- .. ." '.'. ',. " ,..-'."", '. ,'. ,.. . -'. .-.'- .- : .".."..",_' .".'"-".. ,: .'-.'.:', -.: ." '.''.''.d

l : I- - :- it I • - i i ]IN I - i • • I l "*-
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Then the cost functional (4.2) is equivalently written as

T
J(u ;[O,TJ) =f(ICZ(t)1

2 + IU(t)12) d t V ,

*.p .... 0

where C(?7,eP) = C7,(r7,O) E R- - L2 ( -r,O;tfn) If we ta ke Hi W %

Ip' x L2(-r,OR") and V =D(AT) then the conditions (11l), (112)1, (1-13)', and

(114) are satisfied (see Lemma 5.1 in [131). By duality, hypothesis (111) -(114)

are satisf ied and thus the results in Section 3 apply to this example;, ice., the

opt imal control u 0  to (4.1 )-(4.2) is given by

u0 (t) =-K(t)F(x
0 (t),x 0 (t + *),u 0 (t +*)

where x0 ~t) is the optimal trajectory of (4.1) corresponding to uO and the

optimal gain operator K(t) satisfies ',*

d
-K(t) -B BTL'(t)L.(t)x , x cEV

K (T) =0

and

d
- L(t) =-1-(t)(AT. - HK(t))z z xC H

L(T) =c.-

'.0 i

P. I

J, rA

% %.
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5. Boundary Control Problems

In this section, we discuss problems which cannot be handled by the

results in Sections 2 and 3. Thc problems which will be disucscl Can be

formulated as the boundarv control problem [71;

(I t

(5.1)
Tx(t) =uUt)

Nv'hcre A\ is a closed operator on a Hlilbert spacc It and T IS a I incii

operator f'rom It onto the IHIilbert space U and the rcst rict ion of' T to r

dom(A) is continuous with respect to the graph norm of' A l)cfijne 1hc

.0
associated operator .4 on 11 by

D(A) =(x Edom(A) and Tx 0)

a n (1

Ax =Ax for x E D(A).

We assume that A generates a strongly continuous semigroup S(t) on it

and morcover we assume that there exists a Green map G; U -. doni(A)

such that

AGu 0 and TGu u for all u Ct.

%.
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Then one can write (5.1) as the I'orni of' (2.1) and (2.2) [11- %b.

(5.2) XMt SMtX + 5S(t B ) u(s) (is in V
0

%

where Bu -AGu , u E U and v = I)(A g Since A C f(1(.V) [-,I. e %

Lernma 1.3.2], Hu E V ,u E UJ We %will discuss the f'ollowinp thrce cas; ()I

intercsts.

U-O

.*%%

'0%

L.'I.
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5.1 Evolution Equations with Delays in Control 1111

Consider the control system with delays in control:

d z(t) = Aoz(t) + B~u(t) + A01ut±)

(5.3)
z(O) z E If and u(B) =v(@) -r <,0

where A 0  is the infinitesimal generator of a strongly continuous sernigroupP

0''(t on HOand A0, is a linear operator on L2 (-r,0;-U) defined by

k 0i

A 0 1y = !6) + f B(e) y(e) de

where -r Ok < ak-1 <e.61 <e00 =0 BiE (U,Hl) ,and B(-) E V(U.1i) is

strongly measurable and e - B Ij(6)Iu,ID is integrable on I-r,0I L [et us

conside the lincar quadratic optimal control problem. f or given xE - an

vE L2 (-r,O,-LJ) minimize the co, t functional

(u ~~ ,OT) 0 jCz(t)112 + IIu(t)11j (it

where C E f(llf.Y)

Let y(t,O) u(t-+ e). t 0 and -r e0 , 0then one can write

(5.3) as a boundary control problem (5.1):

d t y~tA 01] z(O 0

I 11
d% -% ]% U ut

% ~ %~?*

%"
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Y~tOM =U(t)

with H HO L L2 -r,O;U) where

d .
LJy y ,u E L 2 (-r,O.,Ii)

with domain

D(D) ( y E L2(-r,OU) Iy is absolutely continuous and C 1L..,)

I t is shown I n [III that thc associated generator w wIth1 doa n

D(A) D(A 0 ) xD(D 0 ) whcre D(D 0 ) = (y E D(D) y (O) =0) generates a

strongly continuous semnigroup S(t) on H- and that

-AGu U Ru u EU

where By = Y(O)

Thus, onc can write (5.3)-(5.4) as the control problem of' (3.1) vithi

V DA x D( , Hj = W = 110 x L,(-r,0;U) ,where

D(D 0,) =(-v C D(D) Iy(-r) =0)

and N

D(D;,) C LC 1-1C (*)

%U
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For this example, one can show that (HI), (H2), and (H4) hold [IlI. Howcvcr, - .. ,

(113) is not satisfied unless Ao  generates an analytic semigroup. Instead, wc

have the following properties. The solution semigroup S(t) on IYi is givcn %

adg. .. #N
'

• a' %

S(t) =,.-
o s I(t)..[-.G

shcrc ~ 2(r v l (-r,O;UJ) ,,,, _

(S(t)y)(8) = y(t + e)Xir ti (8) . -r 0 0 ..

SoL(t) Y = o So(t -s) AO IS,(s) y ds E t I-,',..
,4,.. 4,.,.a

A calculation shows that for u E U ' .--

'.,4..4-','.3

So,(t) B u =Er S'o(t + 0,) Bju + S(t + 9) B(O)u de 0-. .:,

So(t)z = z C1 o

0  t < 0  y ds E "-

and thus.-- ,- -.

%S

.4v

r~ 00

%..lto %hows tU.

-- -. . -

F OP . . , ,

%" -t"-' ' " ..... . . . . . u + -% + . . . ..). . " ' ' "
,,"

whcrc','" ', "S • i ,( )" is '("l"efifl " .e"."d" " .by . '".". " a . "a4 ,' " " '% " "" ' " .*,..,'.:.,,-.. .,,,r.,-' "",.. J -,"--. ; ''"-,.,,,,,.:k""- " '"" ';""' ' ' """*. ' ' " ". ; "" "' " "'
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(5.5) CS(t)B =CS 0 (t)B 0 + CS0 1(t)Bl E L (O,Tf (Uj1)) fl Cjr.*T",f(ti.l))

Let for \)0

B'

Then B>x E f(U,H-) .Thus, onc can apply, Theorem 3.1 In [13] to the systemi

defined by the triple (A, xC) and using Proposition 2.1, Lemmas 2.2-2.3, a nd

Theorem 2.3 in 1ill, one can then obtain that for to .r T

a nd

<ri(t)x x > foC(~sxK r ,ill X (Z V) ElIt

%k-here the evolution operator (J(t,s) Is joinfl y continuous on 0 s t I-

* and satisfies

5(5.6) 1 1(t, to)x SOt 10 x + fS t R- U)jj (S~) d

a nd R'(z~v) =Roz + y(O) .Let I.(t)x (Im\ fo r x C 11 aind t SI.*~\

Recall that if for 0 1< t0  T r I and M a re in Sections 2 and 3., then

*the optimal control ut on the interval [(t0 ,I is given by

0o

? .'.A % . * *-* .S .. % .~ .(S , .V.% V'' ~ ' *S V \%~ "%' ,% -



I Pla'd . .,

% W.

N, ..- z

00

(5.7) U Ut0o fro -(5.5) t an * aeHsrnl otnos hc
o o a to

Noen that fro (55) to ft Bu L(O,; is strongly continuous in t setepof orf

00 0

Lemma 3.1). It now follows from (5.5), (5.6), and (5.7) that L(t)B is

piecewise continuous in norm on [0,T] .Moreover, one can show that L(t)x,

t T satisfied

ST
L(t)x =CS(T -t) x - L(s)BB'rI(s) S(s - t) x ds , x E If

(see Lemma 5.4 for its d e r i v a tin ).n).

Using arguments similar to those in the proof of Theorem 3i.6, we

obtain the optimal feedback gain operator K (t) Bfl(t) ,t T is given by

{T
K(t)x it(=)B ~)xd

and thus t -K(tOx , x E If and t - L(t),x , x E D(A) is picewiSc ~

continuously differentiable on [0,T] As in Section LMKt ad 1t

satisfy the equations (3.23) and (3.24). :

%N'

1%6 %4

Y,
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%" %

Consider the second-order hyperbolic system with Dirichict boundary

control:

(5.8)~~~- y*.*o.n -(0

aa
y(t, ) +~t 0 ,) = 0 r f

where C) is an open bounded domain in WP? with smooth boundary F and

k0  be a second-order uniformly strong elliptic operator in Q1 One can -

formulate (5.8) as the evolution of (2.1):

whee "1 2(J t -A~ ' I + [ AG 0 t

weex,(t) (y(t, .) and xt)=(a/ at) y(t, )and u(t) u(t, .),G is the

Green map which satisfies

(5.9) GuIr= u and A.Gu =0 in n

and A0  is defined by D(110 ) -H'(Q) rn 112(n) and Aox =A~x x E D(A 0 )

Here note that A G E D(AO)' Let H =W L L2(Q) H I1(Q) and

V =H'(0)' x D(A 0 )' where L 2(n) is taken as the pivoting space. if A is

the associated generator on H with domain D(A) =H'(n) xL(r then

V =D(A) and by Hillc-Yosida theorem A generates a strongly continuous

.Opp P0r

%1 '* .. . . . . . .
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semigroup both on 1-1 and V and thus hypothesis (il) holds. U~nder

appropriate conditions, it is shown in (181 that (1-12) holds. However, (Wf) Is

not satisfied in general unless Rangc(C*) C D(A).

Motivated by this example, we consider the case when instead of' (M1),

the condition

(H 5) dim(Y) Is finite

is assumed, H =W ,V D(A)', and (1-12) holds. Undcr (115), we sh~fl1 first *y *

show that Corollary 2.4 holds. Recall the statement (112)' of' Theorem 2.'.

%

(5.10) IB'S '(T -)xI b for x C V'
1L2(O,T;U) bi 1  '

Lct us denote by B'S '(I T the bounded extension of,

x ' B'S'(Y -*)x E L2 (0, T;U) o n 11 . Since C, E r(Yl) and ' "a

di1m(Y) is finite, this implies that 18'ST '( )C*II'C('x1j) i, square integrabicea

on [0,T] Then for y E L 2 (0,T;Y),

(X. 00 a--y~

f T 'S'( -t)(JxC C v() (-

T- % I---

=~~~ ~~~ f%''s-t J~:-Cvsd
% %
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and thus (rjy) -*(y)(t) strongly for each t E [0,T] The desired result

(Corollary 2.4) now follows from the dominated convergence theorcm.

Next, we shall show the following theorem which replaces the results in

Section 3 under the assumption (H5)--instcad of (113), (1-12), WV Ii and

V = D(A).

Theorem 5.1. The optinial solution u0  to (3.1) is given h v

uo -Bln(t)LJ(t,t)x for x ElIfP

fl(t) x U L(T,s)C*CU(T,s)xds ,x C 11

a I;d suppose K (t) R B' 1(t) and L(t) CUi(T,t) t T I . ct

K (-) E C,( O,T; T(H,Y) ) ,where U(t,s) is jointh' conhifluou% on 0) < in

I I and is defined by S

U(t, s) x S(t -s) x -fS(t -o) BK(o) U(a,s x(Ic; x C H

Moreover. IIL( )8IIr(U~y) is square integrable on [o,T] and

K(t)x fJ (L(s)B)*4 L(s)xds x CIf

Proof: First note that if'V

u -(I + firo fj x for x E HI
0

%.

44

% %.

%. %-
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then for each x E H d '~ converges strongly to uo as X in

L2(t,T;U) and the convergence is uniform in to E [0,T] (sce Lemma 3.1).
2(I

Thus, using arguments similar to those given in the proof of Theorem 3.3, one

can show that the scif-adjoint operator fl(t () , to <, T on If , dcf'incd by%

1l(t:0)x =f TS*(s - to) C [(I + r, )ym~ xJ(s)ds , x cl If
to 0 0 to

satisf ies

TI

(5.12) <r(t)X, x) f j 1 xI11' d x c-I

t 0 Y

where (t~s) U(t~s)x x E If is continuous and satisfv

(5.13) U(t,t0 )x =SOt -t )x - ftS(t 0 .-c(i
t0 to

From (F-I5) and (5.10) one can show th-at

% '""%

to

0 0 to

implies that K( ) E C(OT,(f.U)). -'

(5.14) L(t0 ) x =CS(T - to)x -JS(T - s)BI+ 0 tyr ]()d
ft0o 0 0 t0

%p %

% % % % %



where

Mx CS(. - to)x E L 2(Q,T;Y) , XEH.

Since dim(Y) is finite, say of dimension p

B'S'(- -t~Cy Y E Y gi( -to) Y , R

wAhere Y. is the ith component of y and g,( .) Is a U-valued squarc

integrable function. Then, if e1 denotes the ith unit vector in WI ,

ec f S(T - t) Bu(t) dt r to g1(T -t), u(t) )u d t

and thus

Ru ce (LS'(- to) C)'u

< g1( -to), u for u EU.

It then follows from (5.14) that L(t)Bu is strongly mecasurable for eaich ~

u c U and 11jL( )B 11 r(U,y) is square intcgrable on [ OTjI

Note that u = -B Jjf (t)Ux(t,t0 )x for x E 11 (sec (3.7)) where

B = 1  'S'(s - co) J C[(I + fM, X] (s
to0

for x EH .Combining (5.11) and the argument in the proof of Lcmina 3.1

V~t V4 V V
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with the fact that u converges strongly to uo in L U), we obtain
10 2 ( t 0""U)-

%

u (t) -K(t)U(t,to)X for x E if
0

%. F

The rest of the statements of Theorem 5.1 follow from (5.12), (5.13), and

arguments similar to thosc givcn in Section 3. O.

Corollary 5.2. The functions t K(t)x for x E II and t l.(t)z (w .

z E DH(A) are absoluteli continuous on [O,T] and they sati.sfv th Chandrakh. /,,%.

equation(3.23) and (3.24) wit/h x E 1I and z E DI(A)

We remark that the optimal quadratic problcm for boundary controls olf

linear symmetric hyperbolic systems discussed in [23] can be formulated as

above and thus Theorem 5.1 and Corollary 5.2 apply to such a problem. B'

duality, a similar result holds for the case when 11 = V and W = DI(A) , C, V

(113) holds, and dim(U) is finite.

%,*. .% 5

% %

N
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.%%.

5.3 Parabolic Systems [5], [81, [17]
,*%- ^

Consider the parabolic equation with Dirichiet boundary control:VIy(t,) AOy(t,) C E0
at

(5.15) Y(O) = Y

Yt,o) =u(t,o0) a ar

whcrc AID and r are defined as in (5.8). I f G is the (;rccn inmip

defined by (5.9), then (5.15) can be formulated as thecevolution eluation (it

d%

d t x(t) =Ax(t) -AGu(t) p

0~

semnigroup S(t) on 1- and that Gu E 1)((-,4)a) ,, 1) 4 )IC C h

(-A)a is the fractioo'al operator of -A [20. [2 8].

Motivated by this example, we consider the following ca"C [81 N. I - I

and V = D(A) A generates an analytic semilgroup on II . ad I? -416

with Rangc(G) C D((-A)a) ,a > 0 .In this casec, (112) ind (11) atc ii(t

sat isfiled. Hlowever, by the closed graph theoremn, (' O('( .1) and hcnc

M
(Nu,11) tia

% %

"-Ad. -'k do
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Thus, suppose C E Z(H,Y) , by Young's inequality

tE f(L 2( to,TU),L 2 ( to,T;Y)) and the optimal uo is given by

uo -(I + x * )r'f Mx , XEH -

t~~~ 0 t 0 t 0\t t

Combining the argunments in [13) and those in [8), one can show that

o -1n(t)L(t,tO)x

to/

and

~T2
(5.16) <rl(tO X, x. = CU(T, s)Ids0ito

where the evolution operator U(.* is given by

ft %' 5(5.17) U(t,S) x SOt - s)x - S(t -a)BB'i(o) U(a, s) x d a x el 11 %...

Let K(t)x 1?Bln(t) for x E 11I and t < T It then follows I roniV.

Proposit ion 3.1 in [8] that K( *) E CjO,T;f(H,U)) . Moreover, we have the

following lemma.

Lemma 5.3. There is a uniquc c'voluf wa operatfor of (5.1 7) satisfyving

V %.'
%s %

%I

ik%*.~ 
-' - %*

4'. z' *~*
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Proof: Define a sequence of evolution operator Uk(t,s) on 0 - s . t < T

generated by .,

V 'N . 
V-

-?.-.'%

Uk,(t,s) =S(t-s) - S(t-o)BK(o)Uk(os)do -.

with Uo(t,s) = 0

If Rk(t,s) = Uk(t,s)(-A)l -a for t > s then

Rk+l(t,S) = R 1(t,s) - S(t - o)BK(o) Rk(o,s) xd ..
k,.-,S)-s.(v

By induction on k one can show that ,"

(cr(a))k

(5.18) +1t S) kt S (ts___kr(ka + I)

and

(5.19) IIRk(t,s) - Rkl(t ,s)., (cr(a) )k '!
hr(a)

(5.19) R-Rwhere ..-.-

I 0
c= M max IiK(t)I(tlu)

0 <t < T  , . . '

and 1-(.) is the classical gamma function. lere we used the well-known-

identity:

% r

°% %4

" *
'' - "  

" " " " ."wT "" " " "" "" " " " " - -* "" 
"  

" 4. . '% " " "" . ." " - ---" " - , '4, . 4
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f tt -O - -)1do = (t - )afJ31 (a)F()
S F(a + 13)

The estimate (5.18) implies that the sequence U k(t,S) converges in norm

niformlk, on 0 <, s <, t < T[ and thus L'(t,s) =r (J'tm s Utisfics (5. 17) and___

the statemecnt (1i). Suppose LJ(t,s) and U(t,s) satisfy (5.17). l1hen we has c

- cr~~cx) (t S5 )a 111', o~) (c~
U(t,s) LJ(t,s)I (,O s)I

IlenICe, the Lifli(ltilesS of solutions5 to (5.17) follows from (lhe semigroup proer t%

'Ihle estimiate (5.19) Implies t ha t the s C(UI ucncc Rk(t.s) C(fn% ergc'

Ll 1 form I n I io r m fo r 0 S < , t -E <, T a nd e vcry E > 0) A

:()n,;c(ic rice. RHtMs tim R k(t,s) t s 5is unilormlv conltinluous I n ',( t jlI

1'kr 0 t E T and C\ erV E > 0) Nioreo% cr,

k I

F( k [rcI ([c)ka(k- I)I t )c

k I

F or x C )(f1)and v C If

<~~~ ~~~ S I-ax t st*

Since 1) I- is. closecd, this implies that

***%***'-*%%* %
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*(5.20) U (t, S) y E D ((-,)Ia for v E Hi

and that.N

R(t ,s) = ((t ,S)(-A)-

Thus, the statement ('H) follows from the closed graph theorem. r.I)

Now, from (5.16) and (5.20) arguments simnilar to those gI \ n in t1hC

proof of Theorem 3.6 yield

KUt)x R L'(S x cis x Elif

v.k hcrc L(t)x =Cl('tj)x, x E It a nd B -G A = (Aa :(. ' .e

Le mmai 5-4. D/ie ci'o/utun tperalor L'(tI s) define'd hv (5.1I7) suti fic

(I(t's) =SUt -S) - L(t, o)1K (o) S(o - s)d a

o'rl 0 s t "FI

Proof: Define the evolution operator V by

V(t's) =S(t -s) - L(t, o) BK(a) S(a - s)do

S%

%1 *



-50-

for 0 s t 4 T . By (ii) of Lemma 5.3, (t,s) - V(t,s) is continuous and

from (5.17) ~P

V f~)=t -sf f~ [SR(t)U- a) d F t-BK( T)( ~ dlB~)S(o -s)do

ft [ft T)K (TL/(r T~dr] HK(o)S(o -s)dod

IS f.'

fS(t S) S3(r) fT) (T) (,)S~ d sT d

0 <,s ,<t,<T Q. E.1)

V Lt(s x S C s) - 0 xT) L(s) [R (s) -~ t) IT~)K~~( x xdo 11

Note~4 Sht LtR UTtB t < T)Kr 'Tsd, fo x 5()Ltx 1

Soin oheslutdiofrntiof l (517 isT u ndc tisfiies ta Tts ~~) o

From Lem-., L(), W airc

% % % %P

!.e 7.h
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d.
-L(t) x L (t) (A -BK(t) x x CED(A).

dt

fence, we obtain (compare it with the result in Sorine [26]). S

Theorem 5.5. The operators K( C C,,(03-,~ fi,0)W) and L( C C, (0,;~ [1 ' 1 ).

sati sty the equations (3.23) and (3.24) in which t K (t)x, x c H wI

[.( t)z .z E D(A ) are continuou.%/v differentiable on I[0,T]

. . . . . . . .. . .
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