AD-A189 233

APPLICATIONS IN SCIENCE AND ENG NEERIN. .
UNCLRSSIFIED MAY 87 ICASE-87-32 NAS1-17070

CMHSEKH&R EQUATIONS FOR INFINITE DIMENSI M
TENS PART 2 UNBOUNDED. ) INSTITUTE FOR ??ﬂ'lEJTER




R RN

LUK

- e e e e

EEEE
M_mmmwm—uuu._g~.m
= E

= =

16

—_—
_—
==

I

14

—
———
P————
_

=y

- ¥ K“I - g m

- = e e ™

¢

DA S S A e




HLE COP! N o
NASA Coatractor Report 178303 :

ICASE REPORT NO. 8/-32 T

-~
wad
N "‘-
oty
A
U
Eﬂf??

CHANDRASEKHAR EQUATIONS FOR INFINITE DIMENSIONAL 313-,‘3\?3-
SYSTEMS: PART II. UNBOUNDED INPUT AND OUTPUT CASE

AD-A189 233

PR
N N N A A
AR g
%t "'-\."
P A RN
S NANE AN

$ s & 4 3 1]

(. L]
S
l'

D‘

Kazufumi Ito

RPN I il
'l‘l-l.
’ €

Robert K. Powers

Contract Nos. NAS1-17070, NASI-18107 o e
May 1987 Ry

INSTITUTE FOR COMPUTER APPLICATIONS IN SCIENCE AND ENGINEERING @
NASA Langley Research Center, Hampton, Virginia 23665 R

Operated by the Universities Space Research Association juj\{g

DTIC

:f'*»; L_;;(::"E;

National Aeronautics and A S
SnaoeAdnigg:amyf C%IE: - fa’
Hampton, Virginia 23665

T8 Tk e beea apprevell

f tor zit3e valscse and scie; Me 87 12 16 160

| aischn b it s




R S P T T T T N T R R TS L W W AT T T T T L W R U R X R L T Y ‘Egtet nd o die

Chandrasckar Equations for Infinite Dimensional Systcms:

Part II. Unbounded Input and QOutput Case

Kazufumi Ito

,E
l"’ .,:.‘_
'.: Leftschetz Center for Dynamical Systems :;‘-:
¥ Division of Applied Mathematics AN
" Brown University :,-::;
W Providence, Rhode Island 02912 Aoeesslon For | W
e TNTIS GRA&IL Y
9 and DTIC TAB oo
W] Unannounced ] e
‘ Robert K. Powers Justification __ _ ‘(_:;-.
Y Ca
) Department of Mathematics By. et
“ University of Arkansas Distribution/ AE
‘oY i - RSN
| Fayetteville, Arkansas 72701 Avallability Codes _:::.::
\f. Avail and/or e
Ny pist | Special S
¥ N
s Abstract “ / oo
- -._..~

O O % A
oY e N

A set of equations known as Chandrasekhar equations arising in the lincar RS

\
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:ﬁ quadratic optimal control problem is considered. In this paper, we consider the -'RJ.
Eall 4

3 LY
.'so:. linear time-invariant systems defined in Hilbert spaces involving unbounded input and :‘,‘_:,.
et

;5 output operators. For a general class of such systems, we derive the Chandrasekhar W

equations and establish the existence, uniqueness, and regularity results of their
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solutions.
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1. Introduction

there has becn an extensive literature

During the last two decades,

concerning linear quadratic regulator (LQR) problems for infinite dimensional sy

stems which involves unbounded input operator in the evolution cquation

(51

and/or unbounded output opecrator in the quadratic cost functional (sce [1],

[17), [19], [22], [23], and [25] and the rcferences cited there, for surveys of the

reccent results). The optimal control te LQR-problem is given by a fcedback

form involving the solution of Riccati equations. Thus, the main issuc in this

subject has been the study of existence and uniqueness of solutions of Riccati

! cquations. The paper by Banks and Burns [2] followed by Gibson's result [9] :{\-_

have addressed the computational aspects of LQR problem for infinite

dimensional systems using the approximation results of semigroups.

This paper intends to develop an alternative approach based on

Chandrasckhar-type equations [4], [15]. In [13}, we have considered LQR

problem for systems with bounded input and output operators and derived the

-ve a'a B

Chandrasekhar equations for optimal fcedback gain operators. Moreover, the A

form of the Chandrasekhar cquation allowed us to obtain differentiability

results for solutions to the associated Riccati cquation and thc optimal control

in time.

The purpose of this paper is to cxtend the results in [13]) to systems

[ with unbounded input and output operators. Reccently, Pritchard and Salamon

{22} have introduced a framework bascd upon semigroup theory for LQR :;::‘;. N

a'f
'h\\ :
AW V‘ 2



problems involving unbounded input and output operators, which we shall
describe in Section 2. Within the framcwork in Section 2, wec show the
existence, uniqueness, and differentiability results for solutions of the
Chandrasekhar equation in Section 3. A number of examples which can be
handled by the results in Section 3 are discussed in Section 4. In Section 5,
we statc the corresponding results for an important class of problems which
cannot be covered by the main result; e¢.g., the cvolution system with dclays in
control and the parabolic and hyperbolic systems with Dirichlet boundary
control.

The computational aspects of the Chandrasckhar algorithm have been
studied in [3] where the input and output opcrators arc bounded. An extension
of such a study for wunbounded opcrator case will be reported in the
forthcoming paper.

Throughout this papcr, the symbol (') will be used to denote dual

operators and dual spaces [28] and the dymbol (*) will denote the Hilbert space

adjoint. For Hilbert spacecs X and Y , we shall denotc by C,(a,bX(X,Y)),

the sect of all mapping t — F(t) € &X,Y) on [a,b] such that F(t)x is

strongly continuous for any x € X
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A Basic Framework for Systems with Unbounded
Input and Output Operators

; Assume H , U, and Y are Hilbert spaces, and we identify thcm ~
b
4 with their duals. In a formal sense, our basic model [10], [25] is j:

(%- x(t) = Ax(t) + Bu(t) , x(0) = x,

y(t) = Cx(t)

where u € L(O,T;U) , y € L,(0,T;Y) . A is the infinitesimal gcnerator of a

S(t) on the Hilbert space H with domain

strongly continuous semigroup

D(4) C H . Here,

'1

BU C D(A*)' and D(4) ¢ D(C) )

. N
i I":J‘_:-’.
: where  D(A*) is the Hilbert space equipped with graph norm and :,‘_,'.
-’,'f:'f.

> rTA

D(A*) C H C D(A*)' . We interpret equation (2.1) in the mild scnse: the

solution of (2.1) is given by

t
(2.2) x(t) = S()xy + [ S(t =) Bu(s)ds
0 ReE

Since S(t) can be extended as a strongly continuous semigroup on D(A4*)'

[14], [24), x(t) is a D(4*)' -valued continuous function.

Morcover, as in [22]), we assume the following to discuss thc problem

involving possible unboundedness of the operators B and C : B € fU,V)

and C € &W,)Y) wherc W and V are Hilbert spaces such that
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k: W —H and 2: H — YV In order to

injections

with continuous dense

make the expression (2.2) precise and to allow for trajectories in all threc spaces

I V]
< ..ue o5
RN

L4

NN XX

as;.

and V , we assume the following hypothesis:

H

*

W

- &.r.\

and V , which means

W

S(t) is also strongly continuous semigroup on

(H1)

\h'

N

A
(A

and

and Sy(v)

Swt)

that there exists strongly continuous semigroups
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CS(t)x € cftix for x € W
ICSOX L 0.mv) € Clix]lv r
(H4) Suppose Z = D\(4) C W with a continuous dense embedding where 72

is the Hilbert space D.(A) with the graph norm of A, on V .

Remark. It has not been explicitly stated, but cach of the embedding maps is
an element into itself in the larger space. For example, if x € W | then
ix = x € V. It follows from (H4) that D,(4) is in the range of .

By duality
V' CH = H' CW!

with continuous dense embeddings [24). Moreover, S'(t) 1s a strongly
continuous semigroup on all three spaces V', H, W' [28 p. 273) The

following duality results will play an important role.

Theorein 2.1. The dual statements of (H2) and (H3) are given by
(H2)' for every x € V!

|B'S"(T — -)x||L2(O_T;U) Chfi'x|lwr s
(H3)" for every y(-) € L2(0,T;Y)

T .

[ 8(T = 9)C'y(s)ds € i"(V")

0

and

| I: S'(T - 5)C'y(s)dslyr ¢ Y o, 01w -
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Proof. (H2) implies that for every u € L,(0,T;U) there exists a z € W such

that

iz = j'OT S(T —s)Bu(s)ds

and

=llw < ollu i, -

For x € V!

. T
Gzxdyyr = <f S(T = 5)Bu(s)ds,xdy

T
J'O <B'S'(T —s)x,u(s)>ds .

But since

|<iz,x>v'v.| = |<z,i'x>w.w|| < 2lw "i’x”w- ,
letting u = B'S"(T - )x € L2(0,T;U) , we obtain

T

[ I8's "t - oxx]fy ¢ bl 0m0) fix [l
which shows (H2)'.

Next, we shall show (H3) » (H3)' . Let y € L(0,T;Y) and

x € W . Then
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¥, CS(T= )X o1yy)

[ <¥(5),CS(T = 90y ds

T
[7 ST =5)C'y(8),x Oy ds

1l

T
<j0 SUT =$)C'y(s)ds, X D1y -

The interchange of the integral and the duality pairing is justified since

C' € &Y, W') implies that
T
[[$'T=9C'y(5)ds € W' for y € L(OT;Y) .

Thus, from (H3)

t. .‘,‘l. K ','
i e e et
':‘. .

¥
T '
O

T .
|4 ST =9C v 5w ] € eyl it

P
r

' .
T I Ty
,v;:{.“.

\J

(H3)' now follows from Remark 1.3.1 (v) in [24]. Q.E.D.

A \ \

Let B, = i'JYB where J) =0l -4, »e€p4,) on V.

‘A

Note that B, € 2(UW) since Range(JY) = D\(4) C Range(i) by Remark.

Thus, for ) € p(A4,) oA
T
_[0 S(T —s)Byu(s)ds € W o

is well defined on L,(0,T;U) . :}_
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Theorem 2.2. For every u € L,0,T;U) and > 2 o B

5
v

N
S e

g

J.I .,

4
&

<
)
vas
pd
Fure s

l“
5

I: S(T ~s)Byu(s)ds = J‘;V i’ .f: S(T —s)Bu(s)ds .

P
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o
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Proof. By the definition of B, :

T T JRENK
IO S(T —~s)B,u(s)ds = Io SW(T—s)i‘IJ‘{Bu(s)ds :ﬂ 2aed

T ¢
= [ isyT =93 Bu(s)ds N

. T
= ity jo Sy(T —s)Bu(s)ds .

Y
A calculation shows that for z € W Y

) "~

Ol =4y z = (M0 = 4Nz e

thus from (H2)

]

j’T Sw(T —s)Byu(s)ds = MO — Ay)Li? J’Ts (T —s)Bu(s)ds
0 w X w 0 \'

It
rl
(] .'

T
Wit J'O Sy(T =) Bu(s)ds .

g I
) 1".-".'"‘.' |

QED. 33

Co

Corollary 2.3. For each A 2\, define the bounded mapping & Jrom

L,0,T;U) into L,(0,T;Y) by
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T
(E,u)(t) = C j'o S(t --s)Byu(s)ds .

o
4
X)
|: Then £y converges strongly as A — @ to £ where
)
)
[)
1

L € I(L,(0,TY) , L,(0,T;Y)) is defincd by

PR

T
L (Lu)(t) = Ci? J’O S(T —s) Bu(s)ds .

oA
g

i . . . ) T
M Proof: Since J‘{V converges strongly to the identity as X — = in W j«.:
1 :-":.-.
. Theorem 2.2 implies that oI
b, DA
1 g

3

. (rxu)(t) — (Zu)(t) strongly, for cach t€[0,T] .

¥y In addition

.
'
»
i

a s % N
'!nr-‘"
T

I"‘}

X
A
¢
““
A
A

_ w
IEND N, = 14y X Tgq, I o

L4
Pt
[

'y
;.f'./
] £ <

& Thus, the corollary follows from the dominated convergence thecorem. Q.E.D.
! Corollary 2.4. Z; converges strongly to £ as A — o
W Proof: It can be shown that

. . oT
oy (Ey)(1) = B'(") | S'"s -0 y(s)ds
t
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and

St (s —t)C'y(s)ds .

T
t

)'(i')'l J'

v
PN

(23y)t) = B'(J

the

in

to those

and arguments similar

result follows from Theorem 3.i
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p 3. Main Results Il
“ N1 Y]
“ A

Consider the optimal control problem: minimize the quadratic cost -

v

functional RASAN

- - e &

(3.1 jtT (lcx®? + () at
0

subject to

AR T )
4

PP
X

ix(® = St=1gix + [ St =5)Bu(s)ds
0

Qﬂws&%

PRRNEN

o
',
.

s e

YA

Note that by using (H1), (H3) and the density of (W) in V , onc can show B
that the operator CS(- - t)) mapping W into  L,(t,,T;Y) has a unique

b P
) continuous extension to all of V |, and it will be denoted by M . That is '-{\'-:\_::

IR

(3.2) Mx = CS(- —ty)x for xeW

PP

and M€ Z(V,Lz,(to,T;Y)) . Now the problem (3.1) can be ecquivalently stated as

follows

(3.3) Minimize J(u;[t,,T]) = ”MX + I llL St TiY) HUHL (tq.T:U)
2lto s

over u € L2(t0,T;U) . The unique solution u® to (3.3) is given by

: (3.4) w = —(1+ 2012 Mx

ff<f-$ e
( I I-f f :./ I.f‘.'
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and
min J(u) = J(u°% = <1+ £ Mx Mx> .
Consider the Mth approximate problem of (3.3):
:"-'."a
2 2 RO,
(3.5) minimize J,(u) = ”Mx + Ifxu” + ”u “ T :
over u € L,(t,,T;U) . This problem is well posed as a class of problems

discussed in [13] for x =iz, =z € W . It mecans that z(t) is the mild .
. . o A
solution to thc e¢volution equation in W ¢

chdt— z(t) = Az(t) + Byu(t) , z(ty) = 2 €W

where By, € (U,W) and C € ¥W)Y), and A4 is the infinitesimal generator

ol
of a strongly continuous semigroup S(t) on W . Hence from Theorem 3.1 in R _.{_
NS
[131 if m(t) , t €T is the unique self-adjoint, non-negative definite solution ,\.ﬁ\.’x::
] K .
of the Riccati equation: o
W
N
of
F

d
d'_t (nx(t)z,2>w + 2</{Z,nx(t)2>w

%

e,

-
o

)

= <B\My(D)z,B\M(1)z>, + <Cz,Cz> = 0

s L7

o

for all =z € Dy(4) and 0,(T) = 0, then the optimal solution uy to (3.5)

(where x = i1z ) is given by

% 5ty
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Mtz = [ S'(s —t) C'(1 + £, 23! Mz(s)ds

(3.12)

where

_1p*
)75y

-
X

Mz + £yuy, = Mz — ¢, (I + 2

\ ,
TSN

A, A Ay N
CNa ey

PR AR

RN

P .-}-.A---)h,
\-.-\»\u

;Mz

-1
yle, 2

.
A

Mz -1 + fxt

= (1+ &2)M

[N |

4,54
PN XA
-'ln-nﬁ-t'(u
PN XA NS
o N Y
[ AL Ay

7

ar.

Pl

AL

we have used

zZEW

iS'()z = $'()jz

b'd

A

3

a YR}

1

[ R P |
A
<4

and

Ay

YEY

iICy =C'y,

Moreover,

EOAY S ahhl

= (nx(to)z,z>w = (jn)‘(to)z,z>w. W

min J,(u,iz)

(3.13)

o
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g » °
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= o
- <=
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c
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-
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-
o © had
o
- ° E
=
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(3.14) itz = i'My(t)iz, z€W
From (3.12) and (3.13) Ry

.2
(3.15) My(ty) 2,20y = <My(ty)iz,iz> < Blliz|

e d
Y
‘b .'
\

)
PLERL RN
Ve
h B
«

l..t "v'l‘

A A\ RAR]
‘l

)

4 % SN

A %
-l
Y,
»

:I
»
)
2

for z € W . Since MNy(t)) is sclf-adjoint on W and (V') =V .

L

1

"
AR

5

.l
S

Laasy
&

"ﬁ\(to)"x(v vh < B and ﬁx(to) is summectric

A
Py
\-‘.-

.,
L4

LY

s
NN

&

%
5

Lh
V

[3
a
]

™
Pd

in the sense that ﬁx(‘o)' = flx(to) .

Pd

&
Lg

We now have the following lemma.

s
2

{ VI' A“
S8y
a

Lemma 3.1. If uw® and uy, are defined by (3.3) and (3.7) respectively. then

[

S0

o
)
®
.

uy converges strongly 1o W as » — e jn L(t,, T;U) for all x € V . and

the convergence is uniform in t, € [0,T] .
Proof: Since

(1+238)1 - (1+ 2787

= (1+232)0 (218, -278) (1+2°D)"!

and u([ + t;rx)"” ¢ 1 uniformly in X\, it follows from Corollarics 2.3 and

2.4 that
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Al
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%
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"I:I.‘)
,
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~

‘ay
p)

(1+22)" — (1+2°2)1  strongly.

v

The lemma results from (3.3) and (3.7). Q.E.D.

Define the evolution operator Ulttty) . 0 € t; €t €T on V by

1.“

‘.

ol

t :_)’:::.'.

(3.16) Ut,t)x = S(t—t)x + J’t S(t —s)Bu?o(s)ds , o,
0] N

where u? is the optimal solution to (3.3) in the interval [ty Tl Then the '-',:’_\.
0 I

A Ok

following theorem holds. :'.:";\..-
\-',:J\--
\-'..!'~~'
o T e
(N

Thcorem 3.2.

(1) Uity =1, te€joT].

(1) U(t,s)U(s,tO) = U(t,to) Jor 0O ¢ th$s €t €T .

(111) U(t.ty) is jointly continwous in t and toon V. H, and W, respectively..

(iv) The operator z € W — CU(T, )z € L?(O,T;YU has a continuous extension

to all of x€VY
Proof: Property (ii) follows from the principle of optimality; ic.. it u" s the ‘s

optimal solution to (3.3) on the interval [tpT) . then for t) €5 €T, u”)([”.l
is the optimal solution to (3.3) on the interval [s, 7] with nitial condition

xo(s) = U(s,to)x

-y

N '31
A
n‘.'I.
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z €W

Note that for

t (s)ds

S(t — t,) Bu

t
0

iU(t,t)z = S(t —t)iz +

€V

X

For property (iii), from (H!) it suffices to show that for

t

S(t —s)Bu ?O(S) ds

it

to

follows from

L

The continuity with respect to

W

is jointly continuous on

ALY

In

L,(0.T;U) .

is strongly continuous in

0
Uy

(H3) and the fact that

X[to,T]( : )

A

)

2 0. Then

At

t , first et

order to show the continuity in

12}
he!
—
w
o=
=}
feo}
—
[7¢)
|
-
<
+
w -
=
= b7
03
o +
jor ] Ay -
[Se} *
a +
| 7]
- ©
= @
[72]
. 2o e
d =
I Q
)
. %)
e |
—~~
»© ot
[ w
OUf- -
—
[Se]
—~~ —
gl Yt
! I
-
q m
+ A
> ~
1751
- i
9
L

to

and wc then obtain

ol

(S(at) —1)i! f

t
t

-]

t+4t
to

o

(3.17)

1,2(c O

(Jl
]

u

+ b

w

S(t —s) Bu? (s)ds

t
to

€




NASANA S

-~
T~

Q.E.D.

)

x €V

operator

Morcover. for

¢ 0 s similar.
S_I‘fﬂ"l(_’lrl('

[’Yds

o

t, € [0.T]

to a

At

_18_
strongly
HC('(T,s)x
S's ~ 1) C'(Mx + Zu®)(s)ds

T
0

t

S'(s —t)C'"(Mx + Xyu Xs)ds.

T

ty

f

T

t

W , and the convergence to zero of the second term is
The proof for

right-hand side of (3.17) goes to zero by the strong

converges

lim i'My(ty) = i'N(ty)x

the
At

on
min J(u,x) = <Nt )x. x>y y

i'flx(to)x = j

m,(t,)

A

term on

Now we can state the extended result of Theorem 3.1 in [13].
and the convergence is uniform in

Property (iv) follows from the above result and (3.2).

It follows from (3.12) and (3.14) that
Thus, from Theorem 2.1, Corollary 2.3, and Lemma 31 we¢ have

continuity of S(t)

a standard analysis result.
Thcorem 3.3.

Proof:

The first
Hv,v'"

€
(g

Thecorem

and

From (3.9)

t, € [0.T]

in

is uniform

the convergence

and

zZ €W

we have that for
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T
U(T.tz = S(T=tgz + Wit [ S(T =) Buy(s)ds .
(¢

It then follows from Lemma 3.1 and the fact that Jv)vz — z (strongly) in W

as X\ — = _ that for each t €T

0

(3.18) Uy(T,t))z — U(T,ty)z strongly in W .

Since ”J‘{VH and ”ux“ are uniformly bounded in X and t € {0,T] the
L,(t,,T;U)

dominated convergence theorem implies that
CUy(T,-)z — CU(T,-)z in Ly 0, T;Y).

Thus, from (3.8), (3.15) and the convergence of ﬁx(‘o) to  MN(t)) we obtain

that for z € W and t, €T

2
ds

T
M(tg)iz.izdyr y = [ "CU(T,s)z
' ‘o Y

The decsired result now follows from (iv) of Theorem 3.2 and the density of

W) in V. Q.E.D.

Theorem 3.4. (1) € C,(0.T;XV,V") .

Proof: For the moment, let us indicate the dependence on ¢ of the opcrator

0

M and Y introduced for the optimal control problem (3.3) and write M and
{4
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ft , respectively. It is easily verified that Mt s t: , and t: arc strongly
0 0 0 0

continuous in t, on ([0,T]. Recall that for x€V

A(ty)x, x>y1 y, = min J(u; [ty T))

* -1
(I + xto r'o) Mtox,Mt0x> )

Using arguments similar to those in the proof of Lemma 3.1, it can be shown

that (I+Iffto Z: )y} is strongly continuous in ty» thus it follows that
0

», Nia

<N(ty)x,x>y» y is a non-increasing continucus function in t, on [0T]. If

Jjy denotes the canonical isometry from V' onto V | then for x,y € V

1)

A S
NN

)

P
o

O
sx
e

<jvn(t0) X,y Oy

<n(t0) X,y >V'.V

I
1 ] L]
f
A
NS

e

<{x, n(to)y>

Y,

v,v!

T

]

A

{x, jvn(to) y>v

¢
o L8
.

A
e

PACNY
5

*ﬁ:"/"I .
L
44 %

&

%
7
.

.

where we used the symmetry of n(ty) . Thus, jvn(tO) is sclf-adjoint on V

o

A
»l e
A

It now follows from [16, p. 454, Theorecm 3.3] that JyM(t) s strongly

.
PO
Jil

Y

continuous in V. for x € V . The result follows since Jy 1S isometric.

Y

S

I,
Cars,
}N

Q.E.D.

- . . RN
Corollary 3.5. The optimal solution u® s given hy R

(3.19) ul(t) = —B'M(H) U(T,t,) x iy
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V defined by (3.16) satisfies

is the evolution operator on

uge-, )

where

tS(t - 0)BB'n(o)iU(o,s)zdo

WU(t,s)z = S(t —s)iz — j

(3.20)

L s i
mﬁ{«J&L .AW

[AL WS I e
ﬁh%&ﬁnﬁf,iﬂﬁﬂv

z
/N
=
~<
=}
o) R
e AV
- i
\/U
2 =
a N
» <
> 3
w
N
[
@]
L
o
Qo
=
(5]
o

= <jz,iIYBudy -

If

jz€iN(V') = B'UY)' (") jzoudy

that (3.14) shows that

for jz €i'(V'). Notc

A"z

»
A

B,

B;Z =

thus

and that

My € iV

) [y (1) iU, (1.t 2

v
A

B\, () U,(t,t)z = B'(J

we

V!

on

\Y
(J)‘) — ]

.3, (3.18) and the fact that

By Thcorem 3

z € W |

for

obtain

z€W .

By (ViU (t.t)z — B'M(t)il/(t,1)z ,




It then follows from Lemma 3.1 that

(3.21) u(t) = lim uy(t) = -B'M()iU(t,t)z, z€EW . AT
1o S
rra
NN
Ny
Since (3.4) and the right-hand side of (3.21) depend continuously on x € V -

(3.19) holds for all x € V and hence (3.20) follows from Theorem 3.2.
Q.E.D.
The form of the optimal control is often written as

(3.22) u(t) = —K(U(t,ty)x

where the operator K(1) = B'N(t) € C,(0,T;X(V,U)) is called the optimal gain

operator. Recall that the operator CS(- -~ to) W — L(t,, TYY) has a

continuous e¢xtension M, on V  (see, (3.2)). Thus, for cach u €U
0

M‘o Bu € L,(t,, T;Y)

and if dim(U) is finite, this implies that

7 Ty e e
.

on [ty T] . Define L(t) as the unique bounded extension of

M, (-)B” 1S square integrable
0 L(u,Y)

CU(T,t) : W — Lz(O,T;Y) on V (sec Theorem 3.2 (iv)). Then we have the

following result.
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This implies that
T
(5.25) K()x = [ B'L'(s)L(s)xds
t
where the integrand is U -valued integrable. The differential equation (3.23)

for K(t) now follows immediately.

Note that for z € Z , t — U(T,t)z is continuously differentiable in

V and
(3.26) UT.)z -z = .[tT UCT,s) (A — BK(s))zds

If z € DV(AZ) ., then Az € Z C W and from (3.26) and the fact that HL(t)BH

1S square integrable,

CU(T,)z — Cz = J’tT CU(T,s) (A4 — BK(s))zds .

Since L(t) is the bounded extension of  CU(T,-) : W — L,(0,T;Y) and
Dv(,42) is densc in Z , L(t) satisfied

I()z = Cz + J’TL(s) (4 - BK(s))zds . z€Z
t

and the thcorem follows. Q.E.D.

The following thcorem shows the uniqueness of solutions of (3.23) and

. X

AW

gy
War
s
]

5

L A 4
}N}'\%
54

)

4 &
2

A

N
N

LY
X3
l#l

[
(3 ]
[

l".' 1,‘ ¥

Vs

AT
[

.
il

I

5 %

. oot
‘5 e s



+
>
3
-
d
-
<3
-
-
3
-
-
+
-
-
-
-
0y
(3
-
-
s
-
)
o

PR
E‘lsl.. I.
Yy

P A -
e, )

=25~

P LA
s
%

(4 sf'.t.‘l’\"-
Y

Theorem 3.7. Assume dim(U) is finite. The equation (3.23)-(3.24) has a unique

& 7

s
/s.'.:'/)
EA A A
LTI

, solution within a class of operators such that

K(-) € C,(0,T;%V,U)) ot

and

L(-) €C, (0, T; E(W,Y)) N (L(-)x € L,(0.T;Y) for all x € V] . ey

Proof: Suppose (K ,L) and (f(,i) are solutions to (3.23)-(3.24). Then for

z € Z

I

% (L(t) = L(1))z = —L(t) (4 — BK())z + L(t) (4 - BK(1))z Frels

: —(L -L) (4 —-BK@®)z + LOBK ~K)z .

1 F 3
2N

*

Since dim(U) is finite, ”f‘(')B“f(UY) is square intcgrable. Lct us denote by

Shh
[NLS

!

% WA

W ok S A N ]
R
a <
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Y

"sl’ .l

LY
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' U(t,s) the evolution opcrator on V  generated by A4 — BK(-) . Then, for

]
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(3.27) L(t)x — L(1)x = J'tTﬁ(s)B(K(s)— K(s)) Us,t) xds .

'
.
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x v
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I
2

2

From (3.23), for x € V ,

: K(t)x = L(Dx.ud,

T A 'r A ~
= j ((L(s)B —L(s)B)u,L(s) x>y ds + J‘ <LAs) Bu,L.(s) — L{s) x >ds .
t t
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From (327), L — L € C,(0,T;%V,Y)) and thus this implies that for x € V A
‘e

”K(t)x - R()x Us j’j ”L(s)x "Y "L(S)B - i(s)B” ds C..nw.

£(u,Y)

T A A
+ I: ”L(s)x -—L(s)x” ”L(S)B” ds , ]
Y £(u,Y) R

or ecquivalently, L,

LA,
h
<
BB
’ 2 0

b 2a"

(3.28) “K(t)x - f((:)x”2 ) _[OT ”L(s)x
U

I

i

K
ot

2 T ~ 42 »
ds j’ ”L(s)B - L(s)B“ ds Tal
Y 0 2(U.Y)

-
s
o

Jon

£
b}

2

< ..-‘\. W
s

+2j:

i(s)B“ Jf“L(s)x - i\,(s)x“2 ds .
Y

l“"
8 a'a
P4

fu,Y)

X
A
iy
'.-f'.'."
TSl

s

L

X

Similarly, (3.27) yiclds that

Ry

.
o

.. .l
SRS

+ o

L —i(t)“;(”)s M2M, ItTuK(S)_k(S)“;(v,U) ds !

where

M. = max “U(s,t)“

1
0<s$t€T

oy M2 - J, [Ews as . R

Thus, (3.28) implies that AR RN

“K(t) - f((t)”;(v.u) g [2M3 “B”;(u,v)+ 2M2] J’j ”L(s) - ﬁ(S),/;(V,Y)dS R

where
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rT 2 2
| ”L(s)x” ds € M, ”x" .
0 Y Y

Hence, the result follows from Gronwall's lemma. Q.E.D.
By [10, p. 109, Corollary 2.10] we have that if 1t — f(1) € V s

absolutely continuous on [0,T] , then the function

W
(=]

T
V() = [ S =) ds € Dy) .t
satisfies the differential equation
d
— v(t) = Av(t) + (1) a.c.
dt

Thus using a similar argument to those in the proof of Lemma 4.2 in [l3], onc

can show

Thecorem 3.8. Assume dim(U) is finite. Then, the evolution opcrator defined by

(3.16) and (3.20) has the following properties: for z € Z and 0 €s £t ¢ T

t — U(t,s)z € V is continuously differentiable, U(ts)z € Z  and

3]
*aT Uts)z = (4 - BK())U(15)z

Corollary 39. For any x € Z . the optimal solwtion u® 10 (3.1) is absolutely

continuous on [0, T] .
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where we have used L(-) € C_(0,T;Z(W,Y))
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4. Examplcs

As shown in [22], the gencral framework in Scction 2 applics to a wide
class of problems; c.g., the neutral functional diffcrential ecquation (FDE) with
delays in quadratic cost [14], the parabolic partial diffcerential cquation (PDLE)
with Necumann or mixed type boundary control, and the retarded BFDE o with
delays in control and quadratic cost. Thus, the results in Scotion 3 apply 1o
these problems.

The other cxample which can be discussed within the Pramewe b o

~ .

Section 2 is the following: consider a rctarded FDE 1n R with delivs an

control [6], [12], [27]

T 0
x(1) = J' du(8) x(t + 8) + J’ dB(8)u(t + 8)

(4.1)
x(0) = n, x(8) = ¢6) and u(B) = v(8), -r<8.0

where p(-) and B(-) are n xn and n x m matnix valuced functions ot
bounded variation which vanish at 8 = 0 and arc lelft continuous an  -r.i0)
Let us consider the lincar quadratic optimal control problem; for siven
((n,$)vie R x I,,Q(-r,O;IR'“) choose the control u € 101 S that manaimizes

the cost tunctional
B T N 2 2
(4.2) J:0TD = [ ICKOF + u(0F) de

where C s a p x n matrix with p € n

Dcfine a structurc operator ¥ on R x 1.2(~r,();!R“) x 1o (-r 00K by
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v
AR
X

7

Then the cost functional (4.2) is equivalently written as

s

44y

X5

N
»
4

!

[]
P

W0, = [T (C2(0F + () ae

A AT A
Pis
R
” u_1 3
_";'.'\z"z‘(

i
)

whcre C(n,¢) = Cn(n¢d) € R x Lz(-r,O;IR") . If we take H=W =

1S

R x Lz(-r,O;fR") and V = D(AT)' . then the conditions (H1), (H2)', (H3)', and

"f/

(H4) arec satisfied (sce Lemma 5.1 in [13]). By duality, hypothesis (H1) ~ (114)

3

7’ -“ C

v

arc satisfied and thus the results in Scction 3 apply to this example; ic., the

‘t‘:

optimal control u® to (4.1)-(4.2) is given by

wo(t) = ~KOF (%), x%t + ), ult + )

i
A
IR
PO AT
where  x%t) is the optimal trajectory of (4.1) corresponding to u® and the EATAIN,
e
IR
optimal gain cperator K(t) satisfics -‘.',J':'f.:
> .r'..'_
d .
a—t- K(t) = —BTL'(t)L(t)x , X €V -
K(T) = 0

and

i L(t) = —“L()(4; — BJK())z , z€H

dt . -

L(T) = C . e ..:
A
' =
UASAE
EAC AP AP,
e

L]

.
Sy Ay
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' 5. Boundary Control Problcms

In this scction, we discuss problems which cannot be handlcd by the
results 1n Sections 2 and 3. The problems which will be disucssed can be

formulated as the boundary control problem [7];

i
= = Ax(t).  x(0) = x €l
dt

(5.1)

Tx(t) = u(t)

where A is a closed operator on a Hilbert spacc H  and T is a lincar
operator from H  onto the Hilbert space U and the restriction of 17 to
dom(A) 15 continuous with respect to the graph norm of A . Define the

associated operator 4 on H by

D(A) = {x €dom(A) and Tx = 0)

LAl

"‘)\ﬁ'i

and

Ax = Ax for x € D(A).

We assume that A4 gencrates a strongly continuous scmigroup  S(1)  on I

4"1.

o
LT s

and morcover we assume that there exists a Green map G @ U — dom(A)

s
'

such that

AGu =0 and TGu = u for all ue vy
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5.1 Evolution Equations with Dclays in Control [11]

Consider the control system with delays in control

d
— z{t) = Aoz(t) + Bou(() + Amu(t + )

dt
(5.3)

2(0) = ZGHO and u(8) = v(8) , —-r¢6¢<0
where A, is the infinitesimal generator of a strongly continuous scmigroup
So(t) on H0 and A, is a linecar opcrator on L2(-r,0;U) defined by

k
0
Agy = L By(8)+ [ B(8)y(8)de
i=1 or

where -r = 8, <8 | < € <8, =0, B € XUH), and B() € HUH) is
strongly measurable and € — “B(e)"x(w) 15 integrable on [-r,0} . Let us
consider the lincar quadratic optimal control problem: for given x € H, and

v € Lz(-r,O;LJ) minimiz¢ the co:t functional

(5.4) 3{u.[0,T]) = I: [HCZ([)”i + “u(t)“l] dt

where (C € f(HU‘Y) .
Let y(1,8) = v(t + 8), 1t 20 and -r € 8 € 0, then onc can write

(5.3) as a boundary control problem (5.1):

o1 z(t) B
—_ = + u(t)
dat |y 0 D y(t) 0
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However,

For this example, one can show that (H1), (H2), and (H4) hold [I1].

wcC

Instead,

generates an analytic semigroup.

Ay

is not satisfied unless

(H3)

given

on H s

S(t)

The solution semigroup

the following properties.

have

by

—_—
—
- —~
~ -
— ~
o —
w [72]
PN
—
~—
[=]

w O
——
I
—_

—
~

w

v € L,(-r,0;U)

for

where

and

Wiy .
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calculation shows that for

A

St + 8)B(B)u dd

Q ~

k
S By = T Sy(t+8)Bu + [

-r

1

i1s defined by

~

where

S(J( )

o
=
w
N
o <o
~ v
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N
—_
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w o
—
it
pad
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4%
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(5.5) CS()B = CSy(t)B, + €Sy (1)B, € L(0,T;X(U,H)) n C (r.T:2U.H))

Let for » 2 0

B,
Bx =
M -D)!'B
Then B, € L(UH) . Thus, one can apply Theorem 3.1 in [13] to the svystem

defined by the triple (4.8,,C) and using Proposition 2.1, Lemmas 2.2-2.3, and

Theorem 2.3 in {11}, onc can then obtain that for t, € T
u?o(t) = —B'M()U(1,1,) x
and
<n(()x,x>“ = J‘j lCU(T.S)XIzdS for all x = (z.v) €l

where the evolution opcrator {/(ts) is jointly continuous on O €s €t € 71

and satisfices

(5.6) U x = S =tx + [ St =) Bul (s)ds

L“ [y

and B'(zyv) = B(‘)z + y(0) . Let L(t)x = CE(THx  ftor x € H and t €1

Recall that if for 0 <t. ¢ T Xt and M‘ are in Scctions 2 and 3. then
0 0

the optimal control ul on the interval [t/ 1] s given by

to
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x € H

.
tMtx’

e

L,

(5.7)

ol —
S 3]
=
» z
>
0 -~
[72]
2 >
£ o
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© c
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(sce thc proof of

t

in

is strongly continuous

Ll -
£ )le
o to )

I+ £

that

means

(5.5), (5.6), and (5.7) that L(OB is

now follows from

It

3.1).

Lemma

L(t)x

Moreover, one can show that

(0,T]

in norm on

piecewise continuous

satisfied

¢ T

t

T

L(s)BB'N(s)S(s —t)xds ,

x € H

L(hx = CS(T-t)x — |

t

(see Lemma 5.4 for its derivation).

we

3.6,

Theorem

the proof of

those in

to

similar

Using arguments

i1s given by

¢ T

t

K(t) = B'n(t) ,

obtain the optimal feedback gain operator

(L{s)B)" L(s) x ds

K()x = f

3
o
-
=
9]
o
(]
o

t — L(t)x , x € D(A) 1S

and

t — K(t)x . x € H

thus

and

and 1.(t)

K (1)

3,

in Section

[0.T] . As

on

continuously differentiable

3) and (3.24).

-

quations (3.

satisfy the ¢
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5.2 Hyperbolic Systems [18], [23]

Consider the second-order hyperbolic system with Dirichlet boundary

control:
3
el y(t,8) + Agy(t,8) =0, t€q
3
(5.8) y(0,-) = y, and ay(O,-) =y,
y(t,0) = u(t,o) , c€T

where 00 is an open bounded domain in R* with smooth boundary T and

A be a second-order uniformly strong elliptic operator in Q. Onec can

0

formulate (5.8) as the evolution of (2.1):

a [xq Jo 1l [x
CT‘- + u(t)
Eolx,( -A 0 X A.G

0
where  x (1) = (y(t,-) and X (1) = (8/8t)y(t,-) and u(t) = u(t,-), G is the

Green map which satisfics

(5.9) Gu,r = u and AyGu = 0 in 0O

and Ay is defined by D(A,) = HJ(Q) n H¥Q) and Axx = Ajx ., x € D(dy) .
Here  note that  A.G € D(4y)' . Let  H =W =1L1%Q) x H(®)  and
V = Hé(Q)' x D(AO)' where L2%Q) is taken as the pivoting space. If A4 s
the associated generator on H  with domain D(4) = H(Q) x L%0) . then

V = D(A')' and by Hille-Yosida thecorem 4 gencrates a strongly continuous
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semigroup both on H and V | and thus hypothesis (H1) holds. Under
appropriate conditions, it is shown in (18] that (H2) holds. However, (H3) is
not satisficd in general unless Rangc(C‘) C D(A) .

Motivated by this example, we consider the case when instcad of (H3),

the condition

(H5) dim(Y) 1is finite

1s assumed, H =W V = D(A‘)' , and (H2) holds. Under (H5), we shall first

show that Corollary 2.4 holds. Reccall the statement (H2)' of Theorem 2.1,

2
(5.10)  |B'S"(T - -)x“ < b“x“ for x € V!

L,(0,T;V) H
Let us denote by B'SYT — ), the boundced cxtension of
x € V! — BISHY — )x € L,(0,T;U) on H . Since C' € LY. H) and
dim(Y) is finite, this implies that ||§i'571——_)(”x(\ ) 1s squarc intcgrable

on [0,T}. Then for y € L,(0,T;Y) ,

(23 y)() = (£7y)x

L I .
= [ B'STs-1) 03¢ - CHvs)ds
t

where J) = M = 41, % 2, . By (5.10), as » — o

-

¢ b)ye” — ¢’ — o

¢, T, U

(5.11) lB's7 —0 05t -an | ( i
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and

result
= H |

The desired
\\%

(H2),

t € [0,T] .
x € H

x €H

_41—
to (3.1) is given by
for

*

uO

*

U (T,s)C CU(T,s)xds ,

strongly for cach

JaT

*

(£yy) — (X y)(v)
= —B'I(1) U(t,t5) x

the assumption (HS5)--instcad of (H3),
o]

0

t

) x =

The optimal solution
u

(Corollary 2.4) now follows from the dominated convergence theorem.
Next, we shall show the following theorem which replaces the results in
D(A™)!

Section 3 under
Thecorem S.1.

and thus

v

A4

=
Y
S

K(t) = B'1(¢) and L(t)

suppose

ard

X € H

L}

and

(0,T]
x € H
x € H

S(t —o)BK(o)U(o,s)xdo .,
for

X

t

8
ty

Is jointly continuous on

Ul(t,s)
T .
(L(s)B) L(s)xds ,
—(1+ 82,12 M

is square integrable on

if

U(t,s)x = S(t —s)x — _[

ILCIBlew,y)
K(t)x =
First note that

K(-) € CS(O,T;X’(H,Y)) , where
and is defined by

Moreover,
Proof:

o
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where

Mtox = CS(- —ty)x € L(0,TVY) , x € H

Since dim(Y) is finite, say of dimension p |
B'S'(- ~t)Cy =Lygl- —t)., yeER

where y, is the ith component of 'y and g,(-) is a U-valued squarc

integrable function. Then, if ¢, denotes the ith unit vector in RP

e _[T S(T ~ t) Bu(t)dt = JfT (T =~ 1),u(t)>ydt |
to to

and thus

It

ciM Bu = cf (B'S'(- — ) C") u

<gi(- -to),u> for ueu
It then follows from (5.14) that L(t)Bu is strongly measurable for c¢ach

u € U and ”L(')Bllr(u Y) i1s squarc intcgrable on [0, T] .
Notc that u* = —B'J;nx(t)Ux(t,tO)x for x € H (sec (3.7)) where
X
0

. T s s—ty1 ¢ -1
B'NM(t)x = [ BISTs —t) I3CT[(1 + B EY M, xJ()ds
0

for x € H. Combining (5.11) and the argument in the proof of Lemma 3.1
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with the fact that u?* converges strongly to u% in L1, T;U) , we obtain
ul (1) = “K@U(t.t))x  for x€H
]

The rest of the statements of Theorem 5.1 follow from (5.12), (5.13), and

arguments similar to thosc given in Scction 3. Q.E.D.

Corollary 5.2. The functions t — K(U)x for x € H and + — L(Yz fo
z € Dy(A) are absolutely continwous on [0.T] and they satisfy the Chandrasehhar

equations (3.23) and (3.24) with x € H and z € Dy(4) .

We remark that the optimal quadratic problem for boundary controls of
lincar svmmectric hyperbolic systems discussed in [23] can be formulated as
above and thus Thecorem 5.1 and Corollary 5.2 apply to such a problem. By

duality, a similar result holds for the casc when H =V and W = D (A4) .

e
(H3) holds, and dim(U) 1s finite.
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5.3 Parabolic Systems [5], {81, [17]

Consider the parabolic equation with Dirichlet boundary control;

3
5 YLD = Ay . rea

(5.15) v(0) = vy,

y(t,0) = u(t,0) , O0€T

where A0 , Q, and T are defined as in (5.8). If G is the Green map

defined by (5.9), then (5.153) can be formulated as thce cvolution cquatian of

(2.1):

d

a x(t) = Ax(t) — AGu(t)
where x(t) = y(t,-) € L¥q) u(t) = u(r.-) € LYI) and
D(A) = HY®) n H¥Q) . It is known (I17] that A  generates an anilviic

scmigroup S(t) on H and that Gu € D((-H)F) . 0 ¢ o« < | 4 where
(-4)* is the fractional operator of -4 [20], [28].

Motivated by this example, we consider the following case [8]7 W = H
and V = DAY , A gencrates an analytic semigroup on  H _ and # = -1G
with  Range(G) € D((-4)%) , « > 0 . In this case, (H2) and (H3 are not

satisficd. Howecver, by the closed graph thecorem, (--0H%G -« X(UAD  and hence

M
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Thus, suppose C € ¥H)Y) , by Young’s incquality :.,.,-
rto € E(L,(1,T;U),L,(t,T;Y)) and the optimal u?o is given by

0o _ _ v -1 p*
uto = —(I + I‘o I‘o) r‘oM‘ox R x €EH

Combining the arguments in [13] and those in [8], onc can show that

ul = —B'I) Ult,t)x
0 '
and ‘:
T 2 ' e
c ERF RSN
(5.16) ) x>y = [ leu. sl ds SN
0
N
P AN
_ -.:_\
where the cvolution operator U(-,-) is given by et d
1 .
T I
"‘i:.a: ;
t o,
(5.17) U(t,s)x = S(t —s)x — J’ S(t — 0)BB'T(0)U(o,s)xdo , x €H -
s "’\-
o
Let K(t)x = B'a(t) for x € H and t < T . It then follows from

Proposition 3.1 in [8] that K(.) € C_(0,T;%H,U)) . Morcover, we have the

following lecmma.

Lemma 5.3. There is a unique evolution operator of (3.17) satisfving

(1) (t.s) — U(t,s) is continuous on 0 <$s <t sT : -
DAL R
M .'_ : :J:.r' '
.. e
(i) v 8| ¢« ———. t>5 ey
(=5« AN
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I[(c)T(B)

b ¥ — Bl gy = (f — cyatB-l
L(t ) Yo -5)B1do= (t ~s) Y

The estimate (5.18) implics that the sequence U, (t,s) converges in norm
uniformly on 0 ¢ s €t €T and thus U(ts) Itm U, (ts) satisfics (53.17) and

the statement (1). Suppose U(t,s) and Z](t,s) satisfy (5.17). Then we have

cl(a)

n(’(t.s) - i/(t‘s)l T

(t —s)¥ max H(/(Qs) — 0

s$ost
Hence, the uniqueness of solutions to (5.17) follows from the semigroup property
ol O,

The estimate  (5.19) implies that the scquence Rk(t.s) converge:
uniformly 1n norm  for 0 s €t —e ¢T and every e > 0 . As
conscquence,  R(ts) = him Rk(t,s) R s 1s uniformly continuous in XU T

for 0 <5 €t — e ¢T and every € > 0. Morcover,

”Rn,s;' €T T(ka) Y(cT(a))* (1 — s)k!
k 1

) [r(ka)“(cr(a))“'l“"“‘")}(t - !
k 1

< fm R
For x € D{-4)"%) and v € H
RILS) Xy = (D% 07 sy

H

Since  (--O"% s closed, this implics that
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ar
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defined by (5.17) satisfics

for v€H

arguments sunil

V by
U(t,0) BK(0)S(o —s)do

Ut,0) BK(0)S(o —s)do

)l-d)
and B
U(t.s)
t
]
t
8

(5.20)

x € H

L]

R(t,s) = Ut,s)(—A) &

S(t —s) — J'

and
S(t —s) — J'

(5.16)
3.6 vield

-

U(t,s)y € D((-4

U(t,s)
V(t,s)

from
The evolution operator

Thecorem

Now,
Decfine the cvolution operator

Lit)x = CU(T.\)x ,

~
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u-f.-!r

for 0 ¢€s €t €T . By (i) of Lemma 53, (ts) — V(t,5) is continuous and

from (5.17)

)

"
$HS
A
k]

Vit,s) = S(t=s) — [ [S(t ~o) - [ sa —T)BK(T)U(T,o)dT] BK(0)S(0 —s)do
8 [

where

s

j‘ [ j' S(t — T)BK(T)U(T,o)dT] BK(0)S(o ~s)do
o

T
= ItS(t —T)BK(T)_[ U(T,0)BK(0)S(o —s)dodT .
Thus, we obtain

At

V(t,s) = S(t —s) — J"S(t - T) BK(T) [S(T -s) - '[tU(T,o)BK(o\S(r —s)dajdr

= Stt-s) = [ S(t-T)BK(T) V(T,5)dT .

Since the solution of (5.17) is uniquc, this implies that U(ts) = V(Ls)

on

0 s <t &£T. Q.ED.

From Lemma 54, L(t), t £ T satsfies
T
L(t)x = CS(T —t)x — [ L(s)BK(s)S(s —t)x , x €H
t

Note that L(t)R = CU(T1)B, t < T . Thus, for x € D(A4) . 1t — 1(t)x

IS

continuously differentiable on [0, T) and satisfics

Vo 1.

.) v“A‘- !/
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L{t)x = —L{t) (4 —BK())x , x € D(A).

d
dt

NINX

tHtence, we obtain (compare it with the result in Sorine [26]).

JOUTXCHLY ) )

L)y € ©

and

8

K(-) € C_(0.T,£H,U))

The operators

Thcorem 5.5.

and

t — K(t)x , x € H

which

in

and (3.24)

(3.23)

equations

the

satisfy

[0.T]

are continuously differentiable on

z € D(A)

t — L{)z .
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