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Theory and Simulation of the Rayleigh-Taylor
Instability in the Large Larmor Radius Limit

I. INTRODUCTION

Interchange instabilities, such as the Rayleigh-Taylor instability,
have been the subject of intense scientific interest for most of this
century.1 Generically, an interchange instability can occur when two
fluids of different densities are accelerated. Although initially studied

in the context of hydrodynamic theory,2

this type of instability has also
been shown to exist in magnetized plasmas.3 Subsequently, plasma
interchange modes have become an important area of research in the plasma
physics community, and a considerable amount of work (theoretical,
experimental, and computational) has been done over the past two decades.

The bulk of the research has been motivated by the fusion research program,

$ N

especially in regard to the stability of magnetically confined plasmas4 and
imploding laser target pellets.5 However, there is also evidence that this
type of instability can occur in space plasmas.6 Thus, interchange modes
are relevant to a broad spectrum of plasma regimes.

The study of the Rayleigh-Taylor instability in a magnetized plasma has
largely been confined to the regime pj/L << 1 and w/Q; << 1 where p; and @
are the ion gyroradius and gyrofrequency, respectively, and w and L are the
frequency and length scales of interest, respectively. Standard MHD theory
can be used vhen kp; << 1 (where k is the wavenumber) while finite-Larmor-
radius (FLR) MHD theory is used when kp; < 1.7 [0f course, use of kinetic
theory can remove all restrictions on the value of kpi.8’9] However,

10

space and laboratoryll’12 experiments have observed plasma structure,

apparently caused by the rapid deceleration of a plasma expanding into a
strong magnetic field, in the parameter regime p;/L >> 1 and w/Q; >> 1 but
pe/L <<'1 and w/Q, << 1. Similar structure has also been observed in

earlier plasma expansion experimentsl3’14

15

and in theta pinch implosion
experiments in the regime p;j/L < 1 and w/®; < 1. The purpose of this
Letter is to investigate, both analytically and computationally, the
development of the Rayleigh-Taylor instability 1in the large ion Larmor
radius regime (i.e., p;/L >> 1 and w/Q; >> 1). Ve show that in this regime
the Rayleigh-Taylor instability develops much faster and has a dramatically
different nonlinear behavior than the conventional Rayleigh-Taylor

instability.

Manuscript approved July 17, 1087
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II. THEORY
A set of one-fluid, modified MHD equations has been derived which

describes a plasma for arbitrary p;/L or w/Qi:16717

%% + 9 -nu=20 (1)
du 2
nM g7 = - TVn - VB“/8n + B - VB/4M + nMg (2)
3§ Mc dg
ﬁ:VX(EXE)--e-—VX(T{' 3)

vhere u is the center of mass velocity, n is the density, B is the magnetic
field, M is the ion mass, and g is the gravitational force. ([With regard
to plasma expansion experiments, we can identify the plasma acceleration
with an effective gravitational acceleration, 1i.e., duyg/dt = - g.¢¢].
Equations (1) - (3) are derived directly from the ion and electron Vlasov
equations under the following assumptions. We assume (1) pg/L << 1 and
w/Q << 1 (i.e., the electrons are strongly magnetized), (2) the electron
and ion pressure tensors are isotropic, (3) the electron and ion fluids are
isothermal with T = T, + T3, and (4) the Debye length is very small. Ve
mention that (1) - (3) are similar to a set of one-fluid MHD equations
derived in Ref. 18 in the limit T; = O.

The final term in (3) is what makes these equations different from the
conventional ideal MHD equations. In this representation it is clear that
ion inertia is the origin of this term and that it is potentially important
wvhen w/Q; >> 1 (or pj/L >> 1). Ve also point out that (3) can be rewritten

as

Q
o2}

[

= Vx (uxB) - Vx (jxB)ne (4)

(-3

t

so that the new term can be identified as the Hall term.
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To study the 1linear evolution of the Rayleigh-Taylor instability in
both the small and large Larmor radius limits, we consider the following
slab geometry and plasma configuration. We assume B = Bp(x) éz, n = ng(x),

and g = g éx‘ The equilibrium is given by 3/9x (ngT + 802/8n) = ngMg. Ve

perturb (1) - (3) about this equilibrium and assume perturbations are
proportional to exp [i(kyy - wt)]. We consider the "local" limit and
require kyLn >> 1 vhere L, = (3ln no/ax)”1 is the scale length of the

density gradient. The dispersion equation is given by16

aln B

_wz'/kiVi v (1 + Bt - (ﬁ;} (1 - ﬁ)
' :’ikics [+ - tygtiJu - 0 5)

vhere V, = B/(lumM)l/2 is the Alfven velocity, Cq = (2T/M)1/2 is the sound
speed, pj = C5/9Q4, and B = 8nnT/B2.

In the limit p;/L, » 0 (i.e., conventional MHD theory) we recover from
(5) the magnetosonic modes [oo2 = k%v%(l + B)] and the usual Rayleigh-Taylor
instability [w2 = g/Ly(1 - 31nBgy/3lnng)}. Instability can occur wvhen g/L,
< 0 with the growth rate yy = (g/Ln)l/z. However, when p;/L, >> 1, a
faster growing mode can occur which has a growth rate determined by W =
k}z,gLn.ll'16 Again, instability can occur when gL, < O but the growth rate
is ¥y = ky(gLn)l/2 = kyLnYO; the turn-on condition for this mode is
(g/Ly) > 912/4. Interestingly, for a magnetically confined
plasma expansion in a low B plasma, the turn-on condition is independent of
the magnetic field which is consistent with experimental observations.1?
0f further interest is the eigenmode structure. We note that when p;/L, >>
1 and w ~ kyCS, then w/Q; >> 1 and the final term in (3) will be large
unless e; *+ Vx u » 0. Ve use this fact in the equation obtained by taking

the z component of the curl of (2) to get - iw(ano/ax)ﬁy = ikygﬁ. From (1)

we obtain - iwn + inokyﬁy + (anO/ax)Gx = 0. But since z - ¥V x u =0 ve
note that ikyﬁx = 0 so that - ien + inokyﬁy = 0. Thus, eliminating n and
Gy from these equations we get Wl = k%gLn. The crucial point is that the

fluid motion is primarily curl-free and not divergence-free (i.e., V x g =
0 and ¢ - g = ikny # 0). This represents a behavior quite different from
the conventional MHD Rayleigh-Taylor instability which is primarily

divergence-free and not curl-free (9 - g = 0 and ¥V x Q £ 0).
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This contrasting fluid behavior can also be seen by considering the
following, simplified ion momentum equation in the limit T » 0: nMdV;/dt =
e(E + V; x B/c). In the latter case, when w/®; << 1, the dominant
perturbed ion velocity is gi = —cg x B/c which is divergence-free. In the
former case, when w/Q; >> 1, the dominant perturbed ion velocity is gi =
ieE/nMw wvhich is curl-free. Thus, based upon this linear eigenfunction we

anticipate that the nonlinear behavior of the unmagnetized and magnetized

ion Rayleigh-Taylor instabilities will be quite different.

Ve now confirm this suspicion by presenting results of 2D numerical
simulations of the Rayleigh-Taylor instability in both the small Larmor
radius limit (i.e., magnetized ions) and the large Larmor radius limit
(i.e., unmagnetized ions). We solve (1), (2), and (4) numerically on a
cartesian grid with resolution 125 x 100 (x,y). We consider plasma motion
only in the plane transverse to the magnetic field (B = -Bé,). Hard wall
boundary conditions were used in the x direction, while periodic boundary
conditions were used in the y-direction. The algorithm used solves (1),
(2), and (4) in conservation form using a Total Variation Decreasing (TVD)
non-linear switch between a first order transport scheme and an Adams-
Bashforth, centered gth  order spatial scheme.1? The following density
profile was chosen ng(x) = 0.55 + 0.45tanh(x/Ly) for x < 0, and ngp(x) =
[0.55 + 0.45tanh(x/Ljy)lexp(-x/L1) for x > 0, with g = - g e, and B(x)
determined from equilibrium force balance. We choose L{ = 1.0, Ly = 0.2,
Cg = 1.0, and g = 1.0. The length scale is normalized to Ly = 1.0, the
velocity is normalized to Cg = 1.0, and the time scale is normalized to
L1/Cg = 1.0. The boundaries used in the simulations are x = -2.5 and 2.5,
and y = 0.0 and 4.0.

We benchmarked the code in the linear regime by initializing the grid

with a single mode and calculating the eigenfunction and eigenvalue. For

pi/Lyp = 0 and Ay = .8 we calculate the linear growth rate to be vy ~ 1.70 »
which agrees well with the theoretical value of y ~ 1.81. 1In the nonlinear 1
regime it is difficult to benchmark the code with previous results because K
the code is compressible and we treat a diffuse density profile (as opposed J
to a sharp boundary model). Nevertheless, we estimate the Froude number to g
be F ~ 0.27 which is in reasonable agreement with experimentalzo (F ~ 0.2 - 3
0.3) and numerical21 (F ~ 0.23) results. The initial conditions for the k
simulations discussed in the remainder of the Letter is a 1% random density 2
fluctuation throughout the grid. 2
2
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In Fig. 1 we show the density contours (Fig. la) and velocity vector
field (Fig. 1b) for the Rayleigh-Taylor instability in the small Larmor
radius limit (i.e., we use pj/Lo = 0) at t = 5.5. We shov these results
primarily for comparison with the Rayleigh-Taylor instability in the large
Larmor radius limit. The following points should be noted. First, the
instability initially develops in the region x < 0.2. The peak of the
density at t = 0 is at x = 0.2 so that the linearly unstable regime is x <
0.2 vhere gdlnny/dx < 0. As the instability evolves nonlinearly, we find
that the usual ‘spike’ and ‘bubble’ morphology develops (see Fig. la).22
The ‘heavy’ material falls (i.e., the ‘spike’) while the 'light’ material
rises (i.e., the ‘bubble’). In each case, a mushroom-like structure
develops. Second, associated with the development of the mushroom-like
heads is the development of counter-rotating vortices. This is evident in
Fig. 2a. The fluid motion in the ‘spikes’ 1is such that the fluid falls
downward in the center of the spikes, but at the edges is deflected
horizontally, and eventually turns upwards creating a swirling pattern.
The ‘bubbles’ display the same behavior but the upward flowing fluid is i
eventually turned around to go downward. Thus, the fluid has a significant |
curl as expected. And third, the bulk of the ‘action’ takes place in the
linearly unstable region (i.e., x < 0.2). Ve see that disturbed fluid
motion occurs between x = - 1.0 and x = 0.7 so by this time there is
relatively little disruption of the ‘stable’ side of the density profile
(i.e., where gdlnny/3dx > 0).

In Fig. 2 we show the density contours (Fig. 2a) and velocity vector
field (Fig. 2b) for the Rayleigh-Taylor instability in the large Larmor
radius limit (i.e., we use pj/Lyp = 5.0) at t = 1.0. The following points
should be noted. First, it 1is clear that the unmagnetized Rayleigh-Taylor
instability develops much faster than the magnetized Rayleigh-Taylor
instability, consistent with linear theory. Second, although not evident
in Fig. 2, we find that during the linear evolution of the unmagnetized
instability, the fastest growing modes are the shortest wavelength modes.

This is consistent with the theoretical analysis which indicated that y «

ky. However, longer wavelength structures seem to dominate as the
instability progresses, i.e., those that are comparable to the initial
density gradient scale length. Third, the instability initially develops

on the ‘unstable’ side of the density profile (i.e., galnng/9ex < 0), but

unlike the magnetized instability, it disrupts more of the density profile
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(see Fig. 2a). The extent of the disruption is between x = - 1.1 to x =
1.6, a significantly larger region than the previous case. It appears that
narrow channels develop which allow the magnetic field to penetrate into
the ‘’stable’ topside of the density profile. Fourth, a secondary
instability appears to develop on one side of the 1largest density
enhancements, i.e., the ’‘fishbone-like’ structure in Fig. 2a. It is not
entirely clear what cause this finer scale structure; it may be an
eigenmode structure or a secondary instability. Fifth, the velocity vector
field is completely different from the magnetized ion case. The flow is
clearly not divergence-free (see Fig. 2b) and large-scale flows seem to
form fluid ‘sheets’. The maximum velocity reached in this case is uy = 1.9
wvhich is somewvhat larger than the ‘free-fall’ velocity u = 1.5. And
finally, we add that we have also performed simulations for p;/Ly ~ 0(1);
the linear growth rate of the instability is smaller than either of two

examples presented above in accordance with linear theory.16

IIT. CONCLUSION

In conclusion, we have presented the theory and first nonlinear fluid
simulations of the Rayleigh-Taylor instability in the 1large ion Larmor
radius limit (i.e., py/L >> 1). These results are based upon a modified
set of one-fluid MHD equations which 1is valid for arbitrary values of p;/L
or w/Q; (but requires po/L << 1 and w/Q, << 1). Ve have demonstrated that
in this limit the Rayleigh-Taylor instability evolves in a dramatically
different manner from the conventional, small Larmor radius Rayleigh-Taylor
instability. Besides developing much faster, the unmagnetized instability
appears to be more disruptive of an accelerating plasma density shell, and
generates compressible ion flows. Moreover, although the fastest growing
modes have the shortest wavelength, longer wavelength modes seem to

dominate in the nonlinear regime. Finally, these results are consistent

with the observed structuring of the AMPTE barium release in the

magnetotail,10 and recent laboratory observations ot plasma structure. 1?2

In both cases, plasma shells rapidly decelerate as they expand into a

strong magnetic field, develop structure on time scales much faster than !
0 ] . , .-\

the ion cylcotron period, and are dominated by structure sizes comparable .
to the density gradient scale length. f:
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EG&G,

INC.
LOS ALAMOS DIVISION

P.0. BOX 809
LOS ALAMOS, NM 8554y
01CY ATTN DOC CON FOR J. BREEDLOVE

UNIVERSITY OF CALIFORNIA

LAWRENCE LIVERMORE LABORATORY
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LIVERMORE, CA 94550
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OFFICE OF MILITARY APPLICATION
DEPARTMENT OF ENERGY
WASHINGTON, DC 20545
01CY ATTN DOC CON DR. YO SONG
NATIONAL OCEANIC & ATMOSPHERIC ADMIN
EMVIRONMENTAL RESEARCH LABORATORIES
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01CY ATTN R. GRUBS
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01CY ATTN T. SALMI
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01CY ATTN S. BOWER
01CY ATTN D. OLSEN
ANALYTICAL SYSTEMS ENGINEERING CORP
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01CY ATTRN RADIO SCIENCES
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COMSAT LABORATORIES

22300 COMSAT DRIVE

CLARKSBURG, MD 20871
01CY ATTN G. HYDE

CORNELL UNIVERSITY
DEPARTMENT OF ELECTRICAL ENGCINEERING
ITHACA, NY 14850

01CY ATTN D.T. FARLEY, JR.

ELECTROSPACE SYSTEMS, INC.
BOX 1359
RICHARDSON, TX 75080
01CY ATTN H., LOGSTON
01CY ATTN SECURITY (PAUL PHILLIPS)

EOS TECHNOLOGIES, INC.

606 Wilshire Blvd.

Santa Monlca, CA 90401
01CY ATTN C.B. GABBARD
01CY ATTN R. LELEVIER
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01CY ATTN M.H. BORTNER
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UNIVERSITY OF ALASKA
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01CY ATTN T.N. DAVIS (UNCLASS ONLY)
01CY ATTN NEAL BROWN (UNCLASS ONLY)

GTE SYLVANIA, INC.
ELECTRONICS SYSTEMS GRP-Z/ASTERN DIV
77 A STREET
NEEDHAM, MA 02194
01CY ATTN DICK STEINHOF

HSS, INC.
2 ALFRED CIRCLE
BZDFORD, MA 01730
01CY ATTN DONALD HANSEN

ILLINOLIS, UNIVERSITY OF
107 COBLE HALL

150 DAVENPORT HOUSE
CHAMPAIGN, IL 61820

(ALL CORRES ATTN DAN MCCLELLAND)

01CY ATTN K. YEH

INSTITUTE FOR DEFENSE ANALYSES
1801 NO. BEAUREGARD STREET
ALEXANDRIA, VA 22311

01CY ATTN J.M. AEIN

01CY ATTN ERNEST BAUER

01CY ATTN HANS WOLFARD

01CY ATTN JOEL BENGSTON

INTL TEL & TELEGCRAPH CORPORATION
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NUTLEY, NJ 07110

01CY ATTN TECHNICAL LIBRARY

JAYCOR
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01CY ATTN J.L. SPERLING

JOHNS HOPKINS UNIVERSITY
APPLIED PHYSICS LABORATORY
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01CY ATTN DOCUMENT LIBRARIAN
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01CY ATTN JOHN DASSOULAS

KAMAN SCIENCES CORP

P.O. BOX 7463

COLORADO SPRINGS, CO 80933
01CY ATTN T. MEAGHER

KAMAN TEMPO-CENTER FOR ADVANCED
STUDIES
816 STATE STREET (P.O DRAWER QQ)
SANTA BARBARA, CA 93102
01CY ATTN DASIAC
01CY ATTN WARREN S. KNAPP
0tCY ATTN WILLIAM MCNAMARA
01CY ATIN B. GAMBILL

LINKABIT CORP
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SAN DIEGO, A 9211
o1CY ATTN ITRWIN JAZORS
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LOCKHEED MISSILES & SPACE CO., INC
P.0O, BOX 504
SUNNYVALE, CA 94088

0iCY ATTN DEPT 60-12

01CY ATTN D.RKR. CHURCHILL

LOCKHEED MISSILES & SPACE CO., INC.
3251 PANOVER STREET
PALO ALTO, CA 94304
01CyY ATTN MARTIN WALT DJEPT 52-12
01CY ATTN W.L. IMHOF DEPT 52-12
01CY  ATTN RICHEARD G. JOHNSON
DEPT 52-1_
03CY ATTN J.B. CLADIS DEPT 52-12

MAKTIN MARIETTA CORP
ORLANDO DIVISION
PLO. BOX 537
ORLANDO, FL 372805
Q1CY ATTN R. HEFFNER

MCDONNEL DOUGLAS CCRPORATTON
5301 BOLSA AVENUE
HUNTINGTON BEACH, CA 92647
cicy ATTN N. HARRIS
01CY ATTN J. MOULE
0617Y ATTN GEORGE MROZ
0¥CY ATTN W. OLEON
01CY ATTN R.W. HALPRIN
C1CY ATTN TECHNICAL
LIBRARY SERVICES

MISSION RESEARCH CORPORATION
735 STATE STREET
GANTA BARBARA, CA 93101

01CY ATTN P. FISCHER

01CY ATTN W.F. CREVIER

G1CY ATTN STEVEN L. GUTSCHE
01CY ATTN R. BOGUSCH
01CY ATTN H. HENDRICK

01CY ATTN RALPE KILB

01CY ATTN DAVE SOWLE

01C2Y ATTN F. FAJEN

01CY ATTN M. SCHEIBE

01CY ATTN CONRAD L. LONGMIRE
01CY ATTN B. WHITE

JCY  ATTN B. STAGAT

MIOS1TON RESEARCH CORP.
1720 HANDOLFPH KOAD, S.E.
ALBUQUERQUE, KM 87106
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MITRE CORP
WESTGATE RESEARCH PARK
1820 DOLLY MADISON BLVD
MCLEAN, VA 27101
01CY ATTN W. HALL
01CY ATTN W. FUSTER

PACIFIC-SIERRA RESEARCH CORP
12340 SANTA MONICA BLVD.
LOS ANGELES, CA 0025

O1CcYy  ATTN E.C. FIELD, JR.

PENNSYLVANIA STATE URWIVERSITY
JTONOSPHERE RESCARCH LAB
318 ELECTRICAL ENGINEERING EAST
UNIVERSITY PARK, PA 10802

(NO CLASS TO THIS ADDRESS)

01CY ATITN IONOSPHERIC RESEARCH LAER

PHOTOMETRICS, INGC.
4 ARROW DRIVFE
WOBURN, MA 01801
D1CY  ATTN 1RVING L. KOFSKY
PHYSICAL DYNAMICS, INC.
P.o. BOX 2027
BELLEVUE, WA 98009
01CY ATTN E.J. FREMOUW

PHYSTCAL DYNAMICS, INC.
P.O. BOX 10367
OAKLAND, CA 94610

ATTN A. THOMSON

R & D ASSOCIATES
P.O. BOX 9695
MARINA DEL REY, CA 9029
01CY ATTN FORREST GILMORE
01CY ATTN WILLIAM B. WRIGHT, JR.
01CY ATTN WILLIAM J. KARZAS
01CY ATTN H. ORY
01CY ATTN C. MACDONALD
01CY ATTN BRIAN LAMD
01CY ATTN MORGAN GROVER

RAYTHEON CO.
528 BOSTON POST ROAD
SUDBUKY, MA 01776

01CY ATTN HARBARA ADAMS

HIVERSIDE RESEAKCH INSTITUTE
330 WEST 42nd STREET
NEW Y RK, NY 10037

SOy ATTN VINTE THEAVANT
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SCIENCE APPLICATIONS
INTERNATIONAL INCORPORATED

1150 PROSPECT PLAZA

LA JOLLA, CA 92037
01CY ATTN LEWIS M. LINSON
01CY ATTN DANIEL A. HAMLIN
01CY ATTN E., FRIEMAN
01CY ATTN E.A. STRAKER
01CY ATTN CURTIS A. SMITH

SCIENCE APPLICATIONS
"INTERNATIONAL CORPORATILON
1710 GOODRIDGE DR.
MCLEAN, VA 22102
01CY J. COCKAYNE
01CY E. HYMAN

SRI INTERNATIONAL
333 RAVENSWOOD AVENUE
MENLO PARK, CA 94025
01CY ATTN J. CASPER
01CY ATTN DONALD NEILSON
01CY ATTN ALAN BURNS
01CY ATTN G. SMITH
01CY ATTN R. TSUNOLA
01CY ATTN DAVID A, JOHNSON

01CY ATTN WALTER G. CHESNUT

01CY ATTN CHARLES L. RINO
01CY ATTN WALTER JAYE
01CY ATTN J. VICKREY

01CY ATTN RAY L. LEADABRAND

01CY ATTN G. CARPENTER
01CY ATTN G. PRICE

01CY ATTN R. LIVINGSTON
01CY ATTN V. GONZALES
01CY ATTN D. MCDANIEL

TECHNOLOGY INTERNATIONAL CORP
75 WIGGINS AVENUE
BEDFORD, MA 01730

01CY ATTN W.P. BOQUIST

TRW DEFENSE & SPACE SYS GROUP
ONE 5SPACE PARK
nEDUNDO BEACH, CA 90278
01CY ATTN R. K. PLEBUCH
01CY ATTN S. ALTSCHULER
01CY ATTN D. DEE
01CY ATTN D/ GSTOCKWELL
SNTF/1575

VISIDYNE

SOUTH BEDFORD STREET

BURLINGTON, MA 01803
01CY ATTN W. REIDY
01CY ATTN J. CARPENTER
01CY ATTN C. HUMPHREY

UNIVERS.TY OF PITTSBURGH
PITTSBURGH, PA 15213
01CY ATTN: N. ZABUSKY
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