INFERENCE FOR A NONL INEAR SEMIMARTINGALE REBRESSIO“
MODEL CU) FLM!M STRTE UNIV TALLAHASSEE DEPT OF
CS 1 N NCKERGUE ET AL. NOV 87 FSU-T!;E-?;.




VDM AT A T TR DO00000CS

o
-_-—_‘.'_— E m ‘

|-
i B R
flis,

Ji2s s s

1 .

)'

e ""'I‘ T

7

S ) " -y \ M I e e e Lte e e N .
P PP AT A AT AR L R P A
. T e n,'f,g_ﬁ..n.m.\r £




: | TUMT ARo 231904 M A K

e FiLE Cubs y

INFERENCE FOR A NONLINEAR SEMIMARTINGALE REGRESSION MODEL |:
X
M by o
i
& b
W
Ian W. McKeague' and Klaus J. Utikal® i’
o -
& \;
|y A
< 2
s
l I:: )
0 FSU Technical Report No. M-770 )
< USARO Technical Report No. D-98 bty
AFOSR Technical Report No. 87-213 Y,
ol
£
L1 ‘l
November, 1987 ,;:
Yy
]
~. l.'.
Department of Statistics ']
The Florida State University ::
Tallahassee, FL 32306-3033 ’
M
by
e
" 4
’..:'.
L
e
S0Y
v 1 Research supported by the Army Research Office under Grant DA ALO03-86-K-0094. -
' 2 Research supported by the Air Force Office of Scientific Researr1 under Contract A
F49620-85-C-0007 ::
1 bV
AMS 1980 subject classifications. 62M99, 62J02, 62G05. :::
Key words and phrases. Nelson-Aalen estimator, martingale central limit theorem, semimartin- ;’
gales, counting processes, diffusion processes, censored survival data. 3
"
™~
— — b b i 8 ‘f. :
T ITAT ‘Dansa approved by
Lo eade pokioza aud eale; I J 8 1 2 7 0 6 4 &
{ s s colvotode ] .
. o"::

4
W
AR VNS, N

) : N PN o ROV R A N N NN 'Ry P e T P TR TN T AT TR AR AT -~ v
o8, l.l! N 5 |l’ ' Y, J‘\ » ..f\.",' ",~ 30 v, {'('.. ol Py f "-‘ 1 ook - ‘ LN \' LN A ' \~ s —'~'A



U YO A N T S I T O S O T AT T RIS TR r KNP Y 98 R bbbl 4 A S a™ Al a8a - aRA” T ORI TON TUR IO PO PO O YOO )

9
'
/r "'.!
, )
O
)
N
3}

e
INFERENCE FOR A NONLINEAR SEMIMARTINGALE REGRESSION MODEL "
3
n )

e,

Ian W. McKeague and Klaus J. Utikal .’:
Florida State University &
—— W
Lﬂg cessi on For .::&
NTIS GRA&I ity
DTIC T4B o]
J

Unannounceq 0 '

JustificationE_\_‘
By. ! wn
—_— ]

[ Distribution/ 2
| _Avallability Codes ™

Ve ‘Avall 8Iird/or7 g
Dist e
Abstract S Special Ny
.. T ; . oy
o ST L,y s 2 7 / ‘f"\l
‘~~Gonsider-the semimartingale regression model L
e e n '. . . -‘:
t .

I X() = X©)+ [ ¥(s)als, 2())ds + M)

«

e
LA,

“~ -+ where Y, Z are observable covariate processes, g is a {deterministic) function of both, time and

the covariate process Z, and M is a square integrable martingale. U/nder the assumption that i.i.d.

copies of X, Y, Z are observed continu?usly over a finite time int}grva.l, inference for the function ,:\' ¢
-a(t, 2) is investigated. An estimator A for the time integrated «(t,z) and a kernel estimator of .-
g aft, 2) itself are introduced. For X a counting process, A reduces to the Nelson-Aalen estimator .i
" when Z is not present in the model. Various forms of consistency are proved, rates of convergence ik
and asymptotic distributions of the estimators are derived. Asymptotic confidence bands for the S
time integrated q:(t,z) and a Kolmogorov-Smirnov-type test of equality of a at different levels of :.:'.:
the covariate are. given. e f:::"
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1. Introduction.

A useful way of modelling the dependence of a counting process N on a covariate process Z
was given by Aalen (1975). In his multiplicative intensity model N is supposed to have an intensity
A given by

At) = aft) 2(),

where a is an unknown, deterministic function of time (the hazard function). In the present paper

we study inference for counting processes with intensities having general dependence on a covariate
process Z, as in

A(t) =Y () aft, 2(t)), (1.1)

where a is an unknown, deterministic function of both time and the covariate process Z. The
covariate process Y is taken to be an indicator process, assuming the value 1 when the counting
process is under observation, zero otherwise.

An important example of our model arises in survival analysis. Suppose that the conditional
hazard function h(t|Z) for the survival time T of an individual given the covariate process Z
has the form h(t|Z) = a(t,Z(t)). The observable portion of the individual’s lifetime is given by
T = min(T, C), where C is a censoring time. We observe T, § = I(T < C) and Z(t) for t < T. Let
N(t) = I(T < t,6 = 1), the counting process with a single jump at an uncensored survival time. If
T and C are conditionally independent given Z then N has intensity (1.1), where Y (t) = I(T > t)
is the indicator that the individual is “at risk” at time t. We shall introduce an estimator A for
the time-integrated conditional hazard function A(-,2) = fo a(s, z) ds which, in the special case
of a time-independent covariate Z, coincides with an estimator proposed in unpublished work of
Beran (1981). Dabrowska (1987) recently obtained a weak convergence result for Beran’s estimator
by proving a “conditional” analogue of Theorem 4 of Breslow and Crowley (1974). We obtain
asymptotic results for our estimator by using a martingale approach (in particular, Rebolledo’s
martingale central limit theorem) which enables us to give quite simple proofs and to avoid the
restrictive assumption of time-independent covariate Z.

For another example of our model, consider a pure jump process describing the motion of a
particle on a finite state space {1,2,...,m}. Let the intensity a,;(t,s) of transition from state 1 to
state j depend on the (calendar) time t and on the time s spent in state i since the last jump. Let
Y;(t) be the indicator that the particle is in state s at time t. Then the counting process Nj,(t)

which registers the number of transitions from state ¢ to state ; up to time ¢t has intensity

A(t) = Ya(t~) aij (8, L(2-)), (1.2)

where L(t) is the length of time which at time ¢ has elapsed since the last jump. In the terminology
of Markov renewal processes (Pyke,1961), L(t) is the backward recurrence time. In the case that
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a;; only depends on calendar time ¢, inference for a;; has been studied by Aalen (1975, 1978). In
the case that a;; only depends on the backward recurrence time L(t), N,; is a Markov renewal
process for which inference has been studied by Gill (1980).

The results of the paper will be developed for the nonlinear semimartingale regression model

X() = X(0) + /o Y (t) als, Z(s))ds + M(2), (1.3)

where M is a square integrable martingale and Y,Z,a are as before. This includes diffusion
processes as well as the counting processes mentioned above. An estimator fi(t,z) of the time-

integrated conditional “hazard” function

A(t,2) = /0‘ afs,z)ds

will be introduced. For counting processes our estimator A coincides with the Nelson-Aalen esti-
mator if the covariate process Z is constant. A kernel estimator & of a will be obtained from A,
as was done by Ramlau-Hansen (1983) for the Nelson-Aalen estimator.

The estimators & and A are defined in Section 2. Consistency and asymptotic distribution
results for & and A are given in Section 3. In Section 4 we derive confidence bands for A(-,2) at
any fixed level z of the covariate and introduce a Kolmogorov-Smirnov type statistic for testing
the hypothesis that A(:,z;) and A(:, 23) coincide (equivalently «(,z;) and a(:, 22) coincide) at
different levels z;, 22. Technical lemmas used in the proofs of the main results are given in Section
5.

2. The Estimators.

(92, 7, P) will denote a complete probability space and (#,t € [0,1]) a nondecreasing right-
continuous family of sub-o-fields of ¥ such that 7 contains all P-null sets in . All processes are
indexed by t € [0,1). The process M = (M(t), %;) is assumed to be a square integrable martingale
with mean zero and paths which are right-continuous on [0,1) with left limits on (0,1]. Suppose
that the quadratic characteristic (M) of M has the form

w0 = | (e 2(s),Y (s)) ds, (2.1)

where 4 is a bounded, measurable function. The covariate processes Y and Z are assumed to be
predictable and Y is an indicator process. For simplicity, Z is supposed to be scalar valued. We
assume that the processes X,Y,Z and M are related by the equation (1.3) which can be written

in differential form
dX(t) = Y(t)alt, Z(t)) dt + dM(t), (2.2)

where a is a bounded Borel function. In the counting process case

2
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(8, 2(8),Y () = Y (£) a(t, 2(2)). )

In the diffusion process case (without censoring) we have Y (t) =1, Z(t) = X(¢t),
t )
M) = [ olo, X(e) W (s),

0

7(t, 2(t),Y () = o°(t, X(2)),

A
A
.
where W is a Wiener process, 0°(t, z) is the infinitesimal variance of the diffusion and af(t, 2) is '_f
the drift function. iy

In order to define the estimators & and A we need the following notation. For z € R, I,

S Xy

. XN
denotes an interval of length w, containing z, where w, — 0 as n — oo. Let (X,,Y;,Z;, M;),i = !;::
1,...,n denote n independent copies of the generic processes X,Y, Z, M which satisfy model (2.1), .:::
(2.2). Assume that X; and Y; are observable continuously over the time interval [0,1] and Z;(t) is ‘l::
observable at least when Y;(t) # 0. Define :

n ¢ "
)
X (t,2) =3 / I{Zi(s) € 1}Yi(s) dXi(s), (2.3) ;-»
i=17’0 &N
n E
Y™(t,2) = H{Zi(t) € L} Yi(t). (2.4) "3
s=1
As an estimator of A we propose é‘
t 1 1!
A = —_— _x(n)
A(taz) - /; Yl")(s,z) X (ds’z)a 3
’,
where 1/0 = 0. Also, for t € (0,1) set o
o
1 Lot —s8\ » :'
& t’ =T K A d ) ) bh H
a(t, 2) bn/o (5) dtes.) i
where K is a bounded, nonnegative kernel function with compact support, integral 1 and b, > 0 p .
{
is a bandwidth parameter, b, — 0. :~
We note that for the above estimation of A at a fixed z the processes X, Z only need to be :':
observed at times when Z belongs to the neighborhood I, of z. We can show that A and & yield Y
asymptotically well behaved estimators of A and a when we shrink I, (i.e. let w, — 0) and let N
b, — O at appropriate rates as the sample size increases. If K is left continuous and of bounded ';
variation, then by integration by parts (see Dellacherie and Meyer (1982), Chapter VIII, (19.4)) o~
for n sufficiently large eﬂ ‘
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almost surely for all ¢t € [t;,t3], where 0 < t; < t3 < 1. Thus, for n sufficiently large, we can choose
a Lebesgue-Stieltjes version of the process (&(t, z), t € [t;,t2]):

a(:,:):i/ol zi(s—,z)dK(tl;s). (2.5)

This version of & is used in Theorem 2(c).

3. Main Results.

We shall consider estimation of A(t,z), a(t,z) over 0 <t < 1,0 < z < 1. Let C be a set in
R containing U,¢|o,1) I!™ for some n > 1. The following assumptions are supposed to hold for all
(t, z) belonging to [0,1] x C.

(A1) For each t, the random vector (Z(t),Y (t)) is absolutely continuous with respect to the
product of the Lebesgue and counting measure. Denote the corresponding density by
fziy¥(¢)(2,y). Also, suppose that for fixed z,y this density is integrable in t.
) fz(e)v(¢)(2,1) is bounded away from zero.
} fz(t)¥(¢)(2,1) is continuous as a function of ¢t and z for each fixed y.
B1) a,~ are continuous functions of t and z for each fixed y.
)

a is Lipschitz, i.e. there exists a constant K such that

la(t1, 21) = a(tz, 22) | < K||(t1 — t2, 21 — 22)]]

for all ¢;,t2, 2, 22, where || - || denotes the Euclidian norm on RZ.
THEOREM 1. (a) Suppose that A1-A3, Bl hold and nw, — 00 as n — 0o. Then

sup E sup |A(t, 2) — A(t, 2)|* = 0 (3.1)
z t
as n — oo.
(b) Suppose, in addition, that B2 holds and nw3 — 0 as n — co. Then
R t
nw, E|A(t, z) — A(t, 2)]? — / h(s,z)ds (3.2)
0

uniformly over (t,z) € [0,1)2 as n — oo and

1
limsup nwn E sup |A(t, z) — A(t, z)|? < 4/ h(s,z)ds (3.3)
0

n—oo t

uniformly over z € [0, 1] as n — oo, where

’7(87 Z, 1)
h(s,z) = ————————. 34
(s,2) fzi)v(0)(2,1) (3:4)
4
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Proof. Define o
b
n ¢ .
M) =Y [ HZ(s) € LYVilo) dbhls) ,
1=1 0 .7
a™(t,2) = Y H{Z(t) € LY Yi(t) alt, Zi(2)) ]
=1 t
hi N
7™ (t,2) = D I{Zi(t) € L}Yi(t) (¢, Zi(2), Yi(2))- o
t=1 .
It follows from (2.1)-(2.4) that
'
t
XM (dt, z) = o™ (8, 2) dt + M) (dt, 2) Y
i
(M (-, 2))(8) = 117 (¢, 2) de. A
The Doob-Meyer decomposition of Ais
)
- ¢t alm)(s,2) ¢ 1 )
— ’ (n) h
Alt, 2) L Y (s.2) ds +/0 Y (s.7) M" (ds, 2). (3.5) :
Therefore 4
.'
1A(t, 2) — A(t, 2)|2 = L(t) + L(t) + Is(t), Y
(%t
where ;
bo!
t a(n)(s z) t 2 -
t} = _ _ ]
I (t) (/(; Y (5,2) ds /0 afs, 2) ds) Py
4
L(t) = — M) (ds,
2( ) (_/(-) Y(")(S, Z) ( S z)) gt
I3(t) = 21(t1)I(ts). o
Now "
(n) 2 b
Esup[l(t)gf Elg——’—)—a(s,z)‘ ds '<
t Y(n) S, ) Iy’
hat
and by Lemmas 4 and 5 N
al®)(s, z) 2 F
E [m - a(s,z)] = 0(1)
uniformly in s,z as n — oo if a is continuous. Also
5
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nw, E [—;%—Z—Z)) o:(s,z)]2 = o(1) (3.6)

uniformly in s,z as n — oo if « is Lipschitz and n w2 — 0. Next, by Doob’s inequality

,,((n)(é3 z)

1
1

\ nE sup I2(t) < 4 ..E/
nwn £ sup 2(t) < 4nw [ T (e )

(n) 2 '
— M = 4nw,
s Y™ (s.2) (ds,z)] nw /(;

where the r.h.s. of the last equality tends to 4f01 h(s, z)ds uniformly in z as n — co by Lemma 6.
This proves (3.1),(3.3). To show (3.2) we observe that

. 1
] 2 7" (s, 2)

_ (n) = _—
nwnE Iz(t) nwnE [/l; Y(n) (s,z) M (ds, z)] nwnj(; E (Y(n) (s,z))Z ds

This completes the proof.
The next result can be viewed as the analogue of Theorem 1 for the estimator &.
THEOREM 2. (a) Suppose that Al1-A3, Bl hold and bp ~ w,, nw2 — oo as n — co. Then

E[a(t,z) — a(t,z)* — 0

for every t € (0,1) uniformly in 2z as n — oo and

1
/ E[a(t,2) — at,2)]?dt — 0
0
uniformly in z as n — oo,
(b) Suppose, in addition, that B2 is satisfied and nw? — 0 as n — co. Then
nwlE|&(t, z) - alt, z)]*> — xh(s, 2)

for every t € (0,1) uniformly in z as n — oo and

1 1
nw,z,/ Ela(t, z) - a(t, z)]* dt — /c/ h(t, z)dt
0 0
uniformly in z as n — oo, where k = [ K?(u) du.
(c) Suppose A1-A3, Bl, B2 hold, K is left continuous, of bounded variation and nw, — oo,
nw3 — 0, nw,b? — co. Let 0 < t; < ty < 1. Then, for the version of & given by (2.5),

sup E( sup |&(t,z) —a(t,z)|)=0 ) + O(b,).

1
z telt,,t:] <\/ nwy, b,

m'{'.f“ P N e e T G e g i e e S g e S e T 2 S S S T e o
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Proof. From the decomposition (3.5) it follows that iy
»
oY
B0
[&(t,2) — alt, 2)]* = [L(1)]® + [L2(8)]* + 2[11 () Ia(2)],
'\
‘ where "i;
I b
I
| 1 [? t— s 1 )
‘ t = — (n) :
1[ L) b../o K bn Y(")(s z)M (d,2) -
| Oty
1 ! t— s a(")(s z) 54
= — ds — L it
Now :-:,
1 (n) o
B =t s [ (Lr(Em0) ) 272) o
nw?E (1, (t)]* = nw? E/o (an( o )) TG s
2
Under the hypothesis of part (a) it follows from Lemma 1 and Lemma 3 that nw2E [[(t)]? is :::5
uniformly bounded, hence E[I(t)]? — 0 and fol E[I;(t)]?dt — 0 as n — oo. Under the hy- ¥
pothesis of part (b) it follows from Lemma 8 that nw2E[I;(t)]?> — xh(t,z) for all t € (0,1) o
uniformly in z as n — co. The bounded convergence theorem implies that nw2 [, E [I;(¢)]? dt — ,_E
K fo (t,z)dt uniformly in z as n — oco. By the Cauchy-Schwarz inequality, E|I;(t)I2(t)| < .{‘-i
{E[I;(t))? E [I2(t)}? }/2, the proof of parts (a), (b) will be complete if we we show that :,'f
. =
L) o(1) under the conditions of part (a) for all t € (0,1) uniformly in z Y
2(t)}* = "
O(w2) under the conditions of part (b) for all t € (0,1) uniformly in 2 :'-4_:
S
and similarly for fol E[Iy(t))? dt. This is done in Lemma 7. To prove (c) we observe that &(t, z) — !‘
alt, z) = I3(t, z) + I(t, z), where -
)
]
1 . t—s o
b(t,2) = 3 [ (AGs-,2) - Als-,2)) ax (52) ;
1 o
_ 1 t—s -2
L(t,) = 4 /0 Als=,5) 2K () - o(t,2). 2
|I3(t,2)| < (2/b) V(K) sup |A(s—,2) = A(s—,2)], 3
0<%l \
where V(K is the total variation of K. Thus, by Theorem 1(b)
supE sup |[[3(t,2)| = O(—l—) i.
z  0<t<1 Vnwpb, & :}
i
By integration by parts, for n sufficiently large g‘
7 X
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I4(t,z)=—'—/ K( )A(ds,z)—a(t,z)=—/ K( )a(s,z)ds—a(t,z).
vy, bn 0 bn bn. ¢] bn
v.,.|
::',': Therefore, by B2, |I4(t, z)| = O(bs) uniformly in (t,2) € [t1,t2] x [0,1]. This completes the proof
':: of the theorem.
w
. REMARK. The conditions on wn, b, of part (c) of Theorem 2 are satisfied for the sequences
:" b, =n"? and w, =n"% where1/3<6<1land0< g < (1-6)/2."
[
b -
0y Asymptotic distribution results for A will be established under additional assumptions on X
' that will make functional central limit theorems for martingales easily applicable to the martingale
& part of (3.5). In the sequel D[0,1] denotes the space of real valued functions on [0, 1] which are
o right continuous on [0,1) and whose left limits exist on (0, 1], equipped with the Skorohod topology.
:... Also, D[0,1]! denotes the product space of + copies of D[0,1]. For an account of weak convergence
W in D[0, 1] we refer to Billingsley (1968).
N
a. THEOREM 3. Suppose that X has continuous sample paths or is a counting process, Al-A3,
: B1-B2 hold and nw, — oo, nw) — 0 as n — 0o. Then for zy,..., z € [0, 1], all distinct, the process
3 .
A (V nwn(A(t’ zf) - A(t,z,)),t € [O’ 1}):-:1
o converges weakly in D[0,1}! as n — oo to the Gaussian process
o
o’
v {
> (U(t: zr)’t € [0’ 1])r=1
N with zero mean and covariance function
>,
‘ '_,'.: tiAt,
. Cov(U(ty,2r,),Ult2, 2,)) = 5n.r:/ h(s, z,) ds
1' 0
. . (where 6, ., denotes the Kronecker symbol).
¥
’ Proof. By decomposition (3.5)
"
X .
-4 Vnwa (A(t, 2.) — A(t, 2,)) = Vnw, (I3(t) + L(t)),
BN, where
4
»
4
4 I(t)—/‘ a‘"’(s,zr)d /‘ )d
o W=y YI(s,2,) 47, o) ds,
t 1 )
) I(t) = — M (ds, 2,).
: a(t) /0 Y"‘)(s,z,)M (ds, z,)
)
.n:: 8
W)
A
)
B R R R R R R e e St e 3 e 16




Observe that

al™) (s, 2,)
2 —_ \%%r)
nw, E st:p(fa(t)) = ’“""/ E [Y(") (s, 2r)

as n — oo by (3.6). Therefore it will be sufficient to show that

2
- a(s,z,)] ds — 0

— ! !

( rl'ul"‘I4(t))r=], - (U(t’z'))r=1 (37)
weakly in D[0,1)' as n — oo. If X has continuous sample paths, so does the square integrable
martingale I4(t) and by Liptser and Shiryayev (1980) it will be sufficient to show that

nw (L ) (t) B /0 h(s, 2) ds (3.8)

for all t, 2, as n — 00. Since

' 1 (n)(s, z,)
</0 Yo (e M ")(ds, zr)>(t) —/ mds,

(3.8) follows from Lemma 6. If X is a counting process, by Rebolledo (1978) we will have to verify,
in addition, the Lindeberg condition

1 ()

7 (S,Z,-) [ 1 P

wn _____._I nwn._——>e dS—'O,
/o (Y (™) (s, 2,))° { Y(")(s, 2,) )

for all € > 0. But by application of the Cauchy-Schwarz inequality

'7")(3,74-) nw > €
ooy T > )

471/ (n)(s,2,)74 1/4
<{e ['"”"?W(IST,)] } 2{E[7_n50_n—1] P[\/;'—'”—"Y(n)(ls,z,) >} :

By Corollary 1 and Lemma 3 the r.h.s. above tends to zero for all z, if for all s, 2,

1
P[\/nwnm > E] — 0.

This follows from Lemma 3 and the Markov inequality. So far we have only shown weak convergence
in D0, 1] for each z,. Note that (I(t )) — 18 a vector of square integrable martingales that are
orthogonal whenever I,, NI, =@, which is true for sufficiently large n. Therefore (3.7) follows

from the previous arguments by application of the Cramér-Wold device.
The next theorem gives the asymptotic finite dimensional distributions of the estimator &.
THEOREM 4. Suppose that X has continuous sample paths or is a counting process, A1-A3, B1,

B2 hold and b, ~ w,, nw? — 0o, nw} — 0 as n — co. Then for all z1,...,2 € [0,1),t1,...,tk €
(0,1), all distinct,
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(Vrwn(&{ts, 2) = alty, 2))) ety oy

converges in distribution to the Gaussian random array (V(tJ,z,)) (Wwith mean zero and

7=1l,r=1
covariance

Cov(V(tsy» 2r1 ),V (tig» 23)) = 81,50 8r1rg Kh(E51 5 20y )

Proof. By decomposition (3.5)

\/_wn tJ)zf a(tj:zr)) = \/-ﬁwn(IS + IG)’

where

1 ! t;— s a(")(s,zr)
I"’_E/o K (%, )Y(")(s,z,.) ds — a(tj, zr),

1 1 t; — s 1
_1 (n)
Is bn/o K( - )Y(n)s,z,)M (ds, z,).

It follows from Lemma 7 that \/nw,Is-50 as n — co. Therefore it will be sufficient to show that

ki k,
(VAwale)ily oy DV (85, 2 )5

Now Is = Is(1), where

_ [T lg(tizey__1 (n)
IG(T)_/O b,.K( b, )Yln)(s,z,)M (ds, ),

and (Ic,(r))fj__'l'r=1 is an array of kl square integrable martingaies that are orthogonal for n suffi-
ciently large. If X has continuous sample paths it follows from Remark 2 in Liptser and Shiryayev
(1980) and the Cramér-Wold device that we only need to show nw,2(Is)(1)-5 kh(t;,z,) as n — oo
for all t;, z,. This is done in Lemma 8. If X is a counting process we have to verify, in addition,
that

! - (n) _
nwi/o (i K(tbns))z(;(u)((::)))z I{\/Ew" é K<tbns) Y(")l(.g,z) > e} ds50

as n — oo for all ¢ > 0. As in the proof of Theorem 3 this follows from

PlVnw, b—ln- K(tb—:) y(n)l(s > €] < P[Vn ———— Y(") ") > ¢

(for some € > 0, since K is bounded)

= Plnw, > &/nw,] =0

1
Yrl(s,2)
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(by Lemma 3 and the Markov inequality).
This completes the proof of the theorem.

4., Confidence Bands and Hypothesis Tests.

In order to use the previous theorems for inference, an estimate of h(t, z) (as defined in (3.4))
and of f; h(s,z)ds = H(t,z) is needed. The following theorem provides consistent estimators for

both of these quantities in the case that X is a counting process.

THEOREM 5. Suppose that A1-A3, Bl, B2 hold, X is a counting process. Define

t
H(t,z) = nw,,/ ! X" (ds, z),

o (Yin)(s,z2))*
for t € [0,1],

a 1 1 t—-s\ -
h(t,z)_z/o K (520 (s, 2)
for t € (0,1). If b, ~ w, nw2 — 0o as n — oo then

E|h(t,z) - h(t,2)] = 0

for all t € (0,1) uniformly in z € [0,1] as n — oco. If nw, — oo then

E sup|H(t,2) ~ H(t,z)|—0
t
uniformly in z € [0,1] as n — oo.
Proof. By decomposition (3.5)

!;l(t’z) - h(t’z)| <hL (t) + Iz(t),

where

nw, [! —s\ alm(s,z
I (t) =‘ 5 /0 K(tb,. )(Y(")((s,z)))2 ds — h(t, 2) |

h(t) = %/0 K(tb_,,s)(Y(n)(ls,z))2 M(")(ds’z)“

By Lemma 8 (with K2 replaced by x K) and b, ~ w, we have

sup E I;(t) — 0.
Next

11
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1 t - (n)
E [Iz(t)]2 < Lz / K2 (b_s) nw,? E —7—(—8-’12 ds —0
bn” Jo n (Y(r)(s, 2))

for all t € (0,1) uniformly in z as n — co by Lemmas 1, 3. Similarly

A1 (t,2) - H(t,2)| = | nu, /t( 1

o Y(")(s,z))2 X" (ds, z) —/(; h(s, 2) ds‘ < I(t) + L(t),

where
t (n) t
I(t) = |nw,,/ i—(i’—z—)—-ids—/ h(s,z)ds!,
o (Y("(s,z2)) 0 ‘
' 1 (n)
L(t) = nw,./ —_—— M (ds, z) |.
W)= | nwn | e ap M )|
But
1 (n)
sup E sup I3(t) S/ supE|nwnL‘?’z)2 —h(s,z)‘ds-+0
P 0wt 1N Y (s,2))

by Lemma 6 (with 4(*) replaced by a!*)) and

2 ! 2_1\"(s,2)
Sl:pESl:p[I4(t)] 5/(; sxl.}?E[(nw,.) m ds—0

as n — oc by Doob’s inequality and Lemmas 1, 3.

In the diffusion process case, in which o2(¢, z) is assumed to be known, the following theorem
provides consistent estimators for h(t,z) and H(t, z).

THEOREM 6. Suppose A1-A3, Bl1, B2 hold, X is a diffusion process. Define

02(s, 2)
————ds
Y (nl(s, 2)

t
H(t,z2) = nwn/
0

for t € [0,1],

A 1 1 t— s\ -

h(t, z =—/K H(ds z

(h2) =4 | K () A )
for t € (0,1). If b, ~ w,,, nw?2 — oo then

E|h(t,z) — h(t,2)| = O

for all t € (0,1) uniformly in z € [0, 1] as n — oo. If nw,, — oo then '

12




LN

E sup|H(t,z) -~ H(t,z)| = O
t

uniformly in z € [0,1] as n — oo.

Proof. It follows from b, ~ w, and Lemma 8 (where we replace v(")(s,z) by o2(s,z) Y (") (s, z2)
and K? by x K') that

- nw, 1 (t—s\ 0%(s,z)
Elh(t,z)-h(t,z)l:E} i /0 K ( - )Y(n)(s’z) ds—h(t,z)‘ 0

for all t € (0,1) uniformly in z. Next

0%(s, 2)

E Sl:p,H(t,Z) - H(t, Z), < S"-’lg Elnwnm

- h(sa Z)!,
which tends to zero by Lemma 6 with 4{™) (s, z) replaced by o2(s, z) Y (") (s, z). This completes the
proof of the theorem.

Confidence bands for A(-,z).

Under the conditions of Theorem 3

H(1,2)

\/Ew—"H(l,z) + H(t,z) (A(t’z) - A, z)) - WO( L)

H(1,z) + H(t,z))
weakly in D[0,1] as n — oo, where W© is the Brownian bridge process. By application of Theorem

5 in the counting process case or Theorem 6 in the diffusion process case we obtain the following
asymptotic 100(1 — a)% confidence band for A(:, 2):

Alt,2) £ ca %ﬂ")(u%) te[0,1],

where

P sup [WO(t)| > ca] = a.
t€(0,1/2]

A table for the distribution of sup¢/o,; 2] |[WO(t)| can be found in Hall and Wellner (1980).

Testing equality of A at two different levels of the covariate.

We now introduce a test statistic for testing the null hypothesis Hy : A(t,z;) = A(t, 22) for all
t € [0,1], where z;, 27 are two prechosen values of z. Define

Aj2(t) = A(t, z1) — A(t, 23)
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X
[%y?
A, g(t) = A(t,zl) - A(t,z.'g) Ny

.

Hya(t) = H(t,z;) — H(t, 22) i

Hy,(t) = H(t,z,) — H(t, 22).

» a4
-

-
S&

Then under the conditions of Theorem 3 we have that

A VH: (1)

Hya(1) + Hyoft
weakly in D(0,1] as n — co. Set

-
'

-

-

H,2(t) )
H1 2(1) + H, Q(t)

5 (A1a(t) -~ A1a(t)) — W

Pl 2

) " Aya(t) — Aot
= \nun Fr5(1) sup | 2120) .”()‘. -
te(o,1]| Hy 2(1) + H, 2(t) ! 1
. ;
’
Then in the counting process and diffusion process cases considered above Egé as n — oo, where ﬁ
4 5% SuPye(o,1/2] IW°(t)|- Therefore an asymptotic test of size a can be carried out by rejecting Ho iy
' P

if and only if é > Ca, where P(€ > ¢,) = a. Finally we mention that Theorem 4 can be used to
construct asymptotic x2-tests as in Rao (1973) for testing equality of a at any finite number of

values of t and z.

L. g b

2
¥
5. Technical Lemmas. L
LEMMA 1. Suppose that Al, A3, Bl hold and nw, — o0 as n — co. Then 't
' E[r™(s,)] = (a(s, ) + o) (5.1 :
: nw, ’ ’ : A
'
for all nonnegative integers k, uniformly in s,z as n — oo, where _'
! t:.
; g(s’z) = fZ(J)Y(s](Z) 1) 7(312)1)~ :'
~
>
Proof. By the multinomial theorem L
-:-
. n Ko . :
: Elf"(s2))f = Y ——=—=TIlEU{Z(s) € L}Yi(s) (s, Zi(s), Yi(9)]". 4
N+ +ia=k Ji In: =1 ‘\.-
Since |Z;(s) — z| < wy, implies |y(s, Z;(s),1) — 7(s,2,1)| < €, uniformly in s, z for some ¢, — 0 as S
o
n — oo, we have for 3; # 0 ,'_‘:j
pY
A
. ]
E[I{Zi(s) € I.}Yi(s)1(s, Zi(s), Ys(s)))" = E[I{Z:(s) € I.} Yi(s) (v(s, 2,1) + O(en)]" |
w
s N
' = (((v(s,2,1) ) + O(en) ) E[I{Zi(s) € I.} Yi(s) ]| = L. b
t
14 "‘.
b
&
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Also, by uniform continuity of f,

|E[I{Zi(s) € I, }Yi(s)] = wnfz(s)¥(s)(2,1)] < /I |fz(a) ¥ () (#,1) = fz(s) ¥(a)(2,1)] du = w, o(1)

uniformly in s and z. Therefore

Il. = (7(3, z, 1) )J.iwan(a) Y(o)(z’ 1) + wno(l) (52)

uniformly in s, z and

£ P(ﬂ)(s’z)]k

nwy,

= (L)k{k! <:) {wn(fz(a)}'(s)(Z, 1) (s, 2,1) + o(1) )}k

nw,

Ee() (o
= (9(s,2))* + o(1).

COROLLARY 1. Suppose that A1, A3 hold and nw, — oo as n — oo. Then

(n) k
7" (s, 2)
E| —l a(s,2)] —o0 (5.3)
asn — oo for all 5,2,k > 1,
(n)
(s, 2)
Var |———| — 0 54
w [T 2] (5.4)

uniformly in s,z as n — oo and

uniformly in 8,z as n — co.

LEMMA 2. Suppose X ~ binomial (n,p), 0 < p < 1. Let

1/X, if X >0;
X* =
0, if X =0.

Then for each integer k > 1

Eix)* < (k’:;l)k.

15
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k n: i on—i _ k l n k 1+k _n—i
52(k+1)mr(:_—mpq pkz;+k|z(’+k+(n_g)l’ kq

s (kn+p1)k'

LEMMA 3. Suppose Al, A2 hold and nw,, — co as n — oco. Then

E [W,%%:_z)]“ - o(1)

uniformly in 8,z as n — oo for every integer k > 1, where 1/0 = 0.

Proof. Set m = inf, , fz(,)v(s)(2,1). Then Y (") (s, ) has a binomial distribution with parameters

(n,p")(s, z)), where p(®)(s, z) > mw,, so the previous lemma applies. Therefore

k < ((k+1)nwn)‘='

n mwg,

nw
E s
Y (n) (s,z)]
In the following lemma we will use the notation J(™) (s, 2) = I{Y (") (s, z) # 0}.

LEMMA 4. Suppose that Al, A2 hold and nw, — co as n — oco. Then

E{1- J"(s,2)[* < exp{—nwn inf fz(s)y(s)(2,1)}
for each integer k > 1.

Proof. Set m = inf, ; fz(,)v(s)(2,1). Then m > 0 and

El-J"(s,2) = P(U"™(s,2)=0)=(1-P[Z(s) € I, Y(s) = 1})"

< (1 - mw,)® < exp{-mnw,}.

LEMMA 5.
(n) o(1) uniformly in s, z if a is continuous
22 et - { 1ot
Yini(s, 2) O(wn) uniformly in s,z if a is Lipschitz.




Pl A

Proof. By definition of a(®) (s, 2)

[a(")(s, z) - afs, 2) Y(")(s,z)l < l™) Y(")(s,z),

where €™ = o(1) (= O(w,) ) uniformly is s, z if @ is continuous (if « is Lipschitz).

LEMMA 6. Suppose that Al - A3, Bl hold and nw, — 00 as n — oo. Then

(n)
sup E nwn-—'y—-ﬁf)—2 — h(s,z)| — O,

e 1 (s, 2))

where

!
s
E
E
!

v(s,2,1)
h(s,z) = ——22 )
(#2) fzyys)(2,1)

Proof.
l 7 (s, 2)
nw ——————————

where

1™ (s, 2)

I, = E\nwn (Y(")(s,z))z

— Ji (s, 2) (s, z)}

b I; = h(s,z) E|1 — J™)(s, 2)].

By Lemma 4, I; — O uniformly in s,z as n — 00. Now by application of the Cauchy-Schwarz E-
inequality .':::
o~

4y1/2 o
nwn 1/2 .
hs {E[Y(")(s,z)] } (L} i~
) .
where "
S
(n) (n) 2 2 i
(s, 2) Y™ (s, z) J A
IL=E| o ( — ) hs,2)] B
Also %13 < Iy + Iy, where ‘
(n) 2 :::
14 - [7 (3,2) _ g(s,z)] :..::
= o
'h":‘l

Y(n) 8,2 2 ) 2

Is = CzE[(-—-(——)) - (fsz(a)(z,l))‘] ) !“'
nwp

where C = sup, , h(s, z). But ¢
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N (n)

n

.::' I = VM[LM] + o(1)

D) nwy,

! uniformly in s,z as n — co by Lemma 1 and (5.4) and

I

VgL

e Y(»)(s,2)72
0} = —_—

: Iy = Var[ — ] + o(1)

uniformly in s,z as n — oo by Lemma 1 with (s, z,y) = 1. Therefore I, — 0 uniformly is s, z as

3y n — oo by Corollary 1, and Is — O uniformly in s,z as n — oo by Corollary 1 with (s, 2,y) = 1.

* LEMMA 7. Suppose that Al, A2 hold and for some 8§ > 0, nwlt? — co as n — co. Set

o .

) 1 t—s\ al®(s,z) 2

~ ItzE[—/ 2L ds - aft,2)]

o (t bn Jo K( bn )y(n)(.,,z) s = oft,2) _

::-_ Then '
; 1) o(1) for all t € (0,1) uniformly in z if « is continuous,

5 ~ | Oo(w?) forallte (o, 1) uniformly is z if « is Lipschitz,
-

e and

- 1 o(1) uniformly in z if a is continuous,

. / I(t)dt = 4

L 0 O(w2) uniformly is z if a is Lipschitz.

[

Y Proof. I(t) < 3(I1(t) + I2(t) + I3(t)), where

- 1 [t t—s\ | al®(s,z) b2 )

L g™ — —_— ) — gin} y

e L(t)=FE [b" A‘ K( ™ ) Y (s 2) J (s,z)a(s,z)! ds] ‘

', 1 ! t—3s 2
A = a— -— (")

. Ix(t) E[b,._[) K< b )(l J (s,z))a(s,z)ds]
: Lo . |
b ’ —_— — - 3 —

? I3(t) = (bn /(; K( ™ ) a(s,z)ds a(t,z)) .

b, By Lemma 5,

1 ' L) o(1) uniformly in t, z if a is continuous, )
»' t = "
/ ' O(w?) uniformly in ¢, z if a is Lipschitz, )

2]

gl which implies

ol 1 o(1) uniformly in z if « is continuous,

v / I,(¢) dt = ) |
' ) O(w;) uniformly in z if « is Lipschitz.
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1 Kz(t — s) ds (supo:(s,‘z))2 sup blE (1 - J(”)(s,z))

bn s,z “z On

I(t) < L
bn 0

o )
Ll

But sup, , E(1 - J(")(s, z))2 = O(1/(nwy,) )* for all integers k > 1 by Lemma 4. This and b,, ~ w,
imply wp,~2L1(t) = O(1/(nwa*>/*))* for 3/k < 6 uniformly in t,z as n — oo. Thus I5(t) = O(w?)
and [ I5(t)dt = O(w?). Finally

W

In(2) o(1) for all ¢t € (0,1) uniformly in z if « is coninuous, oy
t) = :
? O(w2) for all t € (0,1) uniformly in z if a is Lipschitz. h

Uniform boundedness of I3(t) and the dominated convergence theorem imply -

/1 I() d o(1) uniformly in z if « is continuous, ';:.".
t)yat =

o O(w?) uniformly in z if  is Lipschitz. W

0

: Y

This proves the lemma. elt

LEMMA 8. Suppose that A1-A3, Bl hold and nw? — oo as n — co. Then for each r € [0, 1] -

T —8\\2 ~(n)(s,z
SszpElnw,z“/; (éK(tb" )) (]:(")((a, z)))z ds — x(r,t) h(t,z)l -0

as n — oo for all t € (0,1), where

0, lf T < t, gt
x(r,t) = ffw K%(u)du, ifr=t; R
K, if r > t. N

Proof. For r < t the theorem is obvious. Suppose r > t. Then N

E 1nw3 /o (iK(t;s) )2 (;((:))((:,’:)))2 ds — (r,t) h(t,z)‘ < Ii(t) + (), e
where
L(t) = E':—';:- /o K’(P;Ts)lnw,.-(y%t‘))((:%))); ~ hs,z)|ds -

wy, ! N

I(t) = -5:2‘—/0' K2<t;'s) h(s,z)ds - n(r,t)h(t,s)!. N

Note that w, /b, — 1. Therefore I;(t) — O for all t € (0, 1) uniformly in z as n — oc by Lemma 6
and I(t) — 0 for all t € (0,1) uniformly in z as n — oo by continuity of A.
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