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1 Introduction

This third semi-annual progress report contains a summary of work accomplished on O.
N. R. contract number N00014-86-K-0370, Delay-Doppler Radar-Imaging, during the period
from 1 June 1987 to 30 November 1987. This six-month period is the last of three making up
the 18 month period of this contract. A one-year continuation contract entitled High Resolution

Radar-Imaging has been awarded for the period | December 1987 to 30 November 1988.

/

2 The goal of this project is to formulate and investigate new approaches for forming
images of radar targets from spotlight-mode, delay-doppler measurements. These measurements
could be acquired with a high-resolution radar-imaging system operating with an optical- or
radio-frequency carrier. Two approaches are under study. The first is motivated by an
image-reconstruction algorithm used in radionuclide imaging called the confidence-weighted
algorithm; here, we will refer to this approach as the chirp-rate modulation approach. The
second approach is based on more fundamental principles which starts with a mathematical
model that accurately describes the physics of an imaging radar-system and then uses
statistical-estimation theory with this model to derive processing algorithms; we will refer to

this as the estimation-theory approach.

Spotlight-mode high-resolution radar-imaging relies upon the relative motion between the
transmitter, target, and receiver. The target is illuminated by a series of transmitted pulses.
The return for each pulse is a superposition of reflections from various locations on the target,
with each location affecting the pulse by introducing a time delay, doppler shift, and
reflectance gain. The returns are processed to produce an image of the target. Two types of
images are possible. One is a map in delay/doppler or range/cross-range coordinates of the
target’s complex-valued reflectivity, which indicates the amplitude-gain applied to the incident
radar-pulse by each location on the target. The other is a map in the same coordinates of the
target’s scattering function, which indicates the power-gain applied at each location on the

target. \Wg are studying approaches for producing both types of images.

e
A common approach discussed in the literature and implemented in practice is to use the

same transmitted pulse for each illumination of the target. The returns are processed using a
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two-dimensional Fourier transform to produce the target’s image in delay/doppler or
range/cross-range coordinates [1,2]. One of our goals is to compare images produced in this

standard way with those produced using the alternative approaches we are developing.

Bernfeld [3] appears to be the first to introduce the idea for radar imaging of modifying
the puise shape on successive iiluminations of the target. We are using Bernfeld's idea in the
chirp-rate modulation approach. With this, the FM chirp-rate of each pulse is varied so that
the angles made by the ambiguity functions in the delay/doppler plane are caused to vary over
the full range of angles between 0° and 180°. Use is then made of the fact that, on the average,
the square-law envelope-detected output of a receiver consisting of a bank of filters matched to
doppler shifted versions of a transmitted pulse is the two-dimensional convolution of the
ambiguity function of the pulse with the scattering function of the target [4], an output we call
the delay/doppler power function. Given the delay/doppler power functions for each
illumination, the target's scattering function can be determined using the confidence-weighted

algorithm [4).

Statistical models for radar echoes from spatially extended targets that are rough compared
to a wavelength of the radar carrier are given by Van Trees [5] for microwave frequencies and
Shapiro, Capron, and Harney [6] for optical frequencies. In the estimation-theory approach, we
are using these models with statistical estimation-theory to develop new algorithms for

producing high resolution images of radar targets from delay/doppler data (7).

Work accomplished during the reporting period is summarized in the following section.

2 Summary of Work Accomplished

2.1 Estimation-Theory Approach to Imaging

During this reporting period, reference {7, see Appendix | for a preprint] was revised and
submitted to the IEEE Transactions on Information Theorv for review and publication. This
manuscript contains a discussion of the mathematical model we are using to describe radar
returns from diffuse radar targets. Equations are derived for the maximum-likelihood estimate

of the target’s reflectivity process and its scattering function.
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In this project, the complex envelope of the radar-echo data is described by:

f(‘)"\/257]::S(t—r)b(t—ér.r)dr*w(t).

where Et is the transmitted energy, s(t) is the complex envelope of the transmitted
pulse-sequence, w(t) is broad band Gaussian noise, and b(¢,r) is the target’s reflectivity at time ¢
for all the reflecting patches on the target at two-way delay r. This model describes the radar
data as a superposition of echoes from all reflecting patches on the target plus an additive noise.
The reflectivity b(z,r) is assumed to be a zero-mean, wide-sense stationary, uncorrelated-scat-
terers (WSSUS) Gaussian process with a scattering function S(f,r) in doppler f and delay 7
coordinates; this model for the reflectivity is motivated in references [S] and [6]. The scattering
function is the power-density spectrum of the reflectivity process b(¢,r) at two-way delay r.
The problem we address in [7] is that of forming the maximum-likelihood estimate of the
scattering function based on data r(¢). This problem is addressed in a general framework, for
example with the form of the transmitted pulse left arbitrary, so that the fundamental equations
describing the estimate can be obtained for a wide variety of potentially interesting special
cases. The estimate satisfies a nonlinear integral-equation; we describe an iterative approach for
solving the equation numerically. The unique feature of our approach is that we have addressed
the problem of radar imaging by starting with a basic statistical model for the return data and
then deriving an image-formation algorithm using estimation theory. We expect that improved
target images will be obtained in those situations where the reflectivity model is an accurate

description of reality.

At the present time, we are beginning to investigate scattering-function estimates in
computer simulations, and we are attempting to extend the model of the target's reflectivity to
include specular or glint components in the echo signal in addition to the diffuse component
contained in the model of [7]. We alse wish to incorporate constraints, implied by targets of

interest, into the image-formation process.

2.2 Chirp-Rate Modulation Approach to Imaging

The focus of our research on the chirp-rate modulation approach during the reporting

period has been the analytical investigation of a linear architecture based on a bank of bandpass
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matched-filters. The motivation for this resulted from a concern that the nonlinear architecture

<9

being used in our investigations, a bank of bandpass matched-filters followed by a square-law

»

o}

.

envelope detector, results in a loss of coherence in the processing of data from successive target

ke

o
S
)

illuminations and that this loss could result in degraded target images.

1 3
AT A
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We consider the above model for return data r(¢), but temporarily without the additive

! noise w(t). By writing the reflectivity process b(¢,r) in terms of its Fourier transform c(fq,r),

—r
)
P4

LN
)'1‘.)“

. b(t,r)=/:nc(fd,r)e'2”"dfd,
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we can express the return data according to

r(t)=f_:f_:c(/d,r)s(t-r)e'“/‘(ltir)d/ddr.

W
: S
Y 2
& The bank of bandpass matched filters produces the complex-valued delay/doppler image g(¢,f) e

S
. defined by A

5: .i..‘f
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where N

! ® 1 1 12nf 42 .::":-

a ¢(r.fd)=f s|z-zT|s* z+zT]e’ " dx s
-w 2 2 A

- o
b . . . ) . A
Ly is the complex-valued time-frequency autocorrelation function of the transmitted pulse (also -:'_"‘
. sometimes called the complex-valued ambiguity function). Thus, the data at the output of the Q‘.\
» * A
- - . . . - IN N
Q. bank of matched filters are a linear functional of c(f4,7) and the time-frequency autocorrelation '_','_
v RN

Lol g
function. The goal is to solve the inverse problem of determining c(f4,7) from a collection of ‘;- _

o~ 4
2 filter outputs gi(r,f), where the ith output results from the /th transmitted pulse in the b

chirp-rate modulated sequence. One potentially interesting observation that can be made is that '.'-_!.3-

L P
:‘g if the time-frequency autocorrelation function is slowly varving (ideally, a constant) over the .::-.:’_
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extent of the target image c(f4,r) in the delay/doppler plane, then g(¢,r) is related to the
two-dimensional Fourier transform of ¢(f4,7), and the reflectivity image may then be formed by

inverse Fourier-transformation in the absence of noise.

In the progress report submitted for the first six month period of this contract, there was
a table listing various parameter values being used in computer simulation experiments with the

confidence-weighted algorithm. An update of this table is contained in Appendix 2.
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j ABSTRACT . )
: In this paper, we present a new approach to high-resolution radar imaging. The starting
point is a model of the radar echo-signal based on the physics governing radar reflections. This
model has been used several times in the past for describing radar targets that are rough ]
K. A
compared to the wavelength of the transmitted radiation. Without specifying precisely what the ::-}:
. L
" transmitted signal is, we derive a general estimation-based procedure for obtaining images. ,-:
. NENE
o
After discretizing the model, the radar imaging problem reduces to the task of estimating -~
discretized second-order statistics of the reflectance process of the target. A maximum-likeli- —{{f\
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1. Introduction

Radar systems can be used to produce high-resolution images of a reflecting target. This is
accomplished by illuminating the target with a series of pulses and observing the return echos.
Each patch on the target introduces a certain amount of propagation delay and doppler shift to
a pulse it reflects, he amount depending on the range and velocity of the patch relative to the
radar transmitter and receiver. The beam-width of the radar antenna relative to the size of the
target is an important consideration. Images can be produced by scanning a narrowly focused
beam over the target in some type of raster pattern and then displaying the received power in
delay and doppler or, equivalently, range and cross-range coordinates. Images can also be
formed by illuminating the entire target in spotlight mode with a wide, relatively unfocused
beam. The received signal for each illumination is then a complicated superposition of the
echos received from all the patches that make up the extended surface of the radar target. Our

concern will be with forming images of rotating, rough targets using a spotlight-mode radar.

We will denote the complex envelope of the signal transmitted by the radar as
(2E1)1/2s7(¢), where ET is the transmitted energy, and sp(f) is normalized to unit energy. The
particular form of this signal will not need to be specified. The expressions we obtain for
producing an image can then be specialized for any signal of choice, including the
stepped-frequency and wideband chirp wavefom{s used in practice, as discussed by Wehner [1]
and Mensa [2] and the chirp-rate modulated waveforms discussed by Bernfeld [3] and Snyder,
Whitehouse, Wohlschlaeger and Lewis [4]. When specializing st(s), it should be kept in mind

that this represents the entire sequence of transmitted pulses that illuminate the target.

Following Walker [5], consider a

small, nonfluctuating reflector that s s
rotating about an axis at the rate of f, ” P o
revolutions each second, as shown in Fig. — T T
1. The distance from the radar tronsmit- RADAR
ter/receiver to the axis of rotation 1s Ry, SUEL
and the distance to the reflector at time !
is given approximately by Figure I. Radar geometry for a small rotating
reflector
1
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R(t)=Ry+xocos(2nf, t)+yosin(2mf, t).

provided Ry >> (xg2 + »92)1/2. Then, the radar echo-signal sg(¢) received following an

illumination by sp(¢) will be of the form

oA

-'\-.N

sp(t)=y2E;s,(t-T1T)b PN

oo

I

where 7 = 2R(t)/c is the two-way propagation delay to the reflector, with ¢ being the ‘::4'

propagation velocity. The quantity b is a complex-valued scale factor which models the
strength of the received echo. This scale factor will be called the reflectivity. It includes the
effects of inverse square-law attenuation experienced by the propagating radiation and,

importantly, the properties of the reflector that are significant in the electromagnetic scattering

interaction, including its shape, size and surface properties. More generally, the reflectivity can

A
%

+

I
vary with time because the aspect and, therefore, the scattering interaction with the reflector e
_‘-.\-t-
will vary as it rotates. If, as discussed by Walker [5], the radar data sgr(f) are examined over a _\:.';'
. . . . nte
small interval of time, then the delay r and doppler shift fp can be approximated by )
)
\ -
’[ T=2¢" R+ x4 o
I‘:'.‘-.
and o
AUAY
TN
. 2dR .2
=-—==y,20f,.
fD A, dt A,/O fr

where ) is the wavelength at the carrier frequency of the radar. Thus, the reflectivity b, range

Xg, Cross-range yq, relative to the coordinate axis, can be determined from the amphitude, delay, o
and doppler information contained in the radar data. Extracting this information permits an '.:;.'::E
image of the reflector to be formed by displaying | b | or | b |2 at the appropriate location in :z::i}
range and cross-range coordinates. The maximum delay and doppler shift are determined by .{'.‘-::
the distance (xg2? + 3(2)1/2 of the reflector from the coordinate center about which it rotates and 'g.‘-
the rotation rate f, ; more generally, the extent of a reflector in delay and doppler is determined :"-\
by the physical extent of the reflector and the rotation rate. ,--_'.‘_.-,:
~~\‘-

Now consider a spatially extended target that is rotating. A patch on the surface with a -9
two-way delay in the interval [r,7+Ar7) reflects a signal that is incident on the patch at time ! -
e N
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with a reflectance strength X:r)Ar. Consequently, the complex envelope of the received
echo-signal sg(¢) following the illumination of the target by sr(/) is given by the following

superposition of returns from reflecting patches at all the two-way delays r:

S 1
SR([)=~V2ET£ST(['T)b(t—§T.T)dT. (1)

The total received signal, r(¢), is also assumed to be corrupted by an independent, additive

noise,
r(t)=sg(t)+w(t). (2)

where w(¢) is a complex-valued, white Gaussian-process with a mean of zero and a covariance

function defined by
E(w(tu=(t )]=N,06(t-t"), (3)

where " * " denotes complex conjugation. We refer to b(1,7) as the reflectance process. This is a

complex-valued random process.

There are two images which may be displayed as the result of processing r(t) with an
estimation procedure. One is an estimate of the reflectance process b(z,7) itself and the other is
an estimate of the covariance or, equivalently, the spectral density of this process. These may
be regarded as conditional first-order and a second-order statistics of the reflectivity process,

respectively, in terms of the radar data (2).

If b(f,r) is deterministic, define c(¢,r) to be its Fourier transform in the ¢ variable,

« o

c(f.t)= fb(t.r)e"“"dl. (4)

-
-~ %

The function c(f,r) then contains information about the target in delay. 7, and doppler, f,
coordinates. An image of the target is obtained by placing the magnitude or squared magnitude
of this function into delay and doppler bins. We refer to this as the reflectance tmage. This
transform can be obtained in a variety of ways, depending on the signal sr(1) selected to
illuminate the target. For the stepped-frequency signais used in practice, the usual approach
consists of two operations described bv Wehner [1]. The first is to place the data into delay (or,

range) bins by separately Fourier transtorming .V sample values ot the received signal acquired

. " ~an ."\__\-,:.-’ \._\._-:

B T A T A SN I N A AN,

P
PRI I APy

1 'S'.‘."‘.':: ‘3
B
W)

<
-

':‘

v,

'

'l":)‘:l g

o 9

s

s
'.

o

d

a
i

“...
v,
S

I

'

b

b
r" ;:'
- ." .l

b
'd

LSOO
[

T
x l‘l.‘

WA

hJ

[
]

PP
AR
Tl

>

AT
‘.'A.I'\I'..l.;
." .~ -" -
s a_* ¥,

L]
*

¥

." :' ‘.v
',‘.'T'.':" &

3
S

SASACAS




atie B M A A S A A Ak Sl A Gt el A A

PN

ﬁ‘ o
Y,

: . . NN

E:,. for each transmitted group of N stepped-frequency pulses. The resulting delay-binned data are ..:;\.-;

! LAY
. placed in the rows of an NxN matrix, where each row contains the transformed data from one :}:,
o P

(9 LY

AL

-

! pulse-group. In the second operation, the columns of this matrix are Fourier transformed to

obtain a doppler (or, cross-range) profile at each delay. The resuiting two-dimensional array is

XN

-~ intended to be a discrete version of ¢(f,r) in delay (range) and doppler (cross-range) coordinates. o
N . , _— , o . : %
L(\. This processing based on two-dimensional Fourier transforms is derived using a strictly ‘,’: .
. . . . - . - L] =
r deterministic analysis and so does not account for statistical properties of the reflectance process
bl . . . . . " . o> ~ \
> or for noise that may be present. A similar processing is employed for the linear FM-chirp :p.
"y
o
. signals also used in practice for radar imaging [1, 2]. :'-;*‘ y
[ | | 0
i For situations in which the target’s surface is rough compared to the wavelength at the i: :
p.‘ carrier frequency, b(¢,7) may be taken to be a complex-valued Gaussian random process, as » ‘\:;s
~ ety
e discussed by Shapiro, Capron, and Harney [6] for radar systems operating at laser frequencies ¥ "‘,
;,.‘ and Van Trees [7] it microwave frequencies. If there are no glint or specular components in poitey
» .. . . 5‘-—@-
the echo, then this is a zero mean process with covariance .
s
~ e
. . _ . . O, !
N E[b(t,T)b*(t",t)]=K({t-t",1)6(v-17). R0
S
(5) ::":\
Y
o The delta function in this expression results from postulating that each reflecting patch ':;-“.’
W
L, introduces an uncorrelated contribution to the echo signal. That the function K(s-¢t ’,r) depends ::' o
y w* . , . :"-:‘.-
b only on the difference of ¢t and ¢, and not on ¢ and (' separately, results from postulating that Ry
B
the reflectance process is wide-sense stationary for each delay. A reflectance process with these "!"
£
,-' properties is said by Van Trees [7] to possess wide-sense stationary, uncorrelated scatterers :\:;.;:
2
. . -,
‘. (WSSUS). Assuming that the refiectance process has these properties, the delay-doppler data 4-':';_
v PN
. associated with the radar target may be obtained from the Fourier transform of X(¢,r) in the ¢ :\:
Y
variable,
c e
N4
. 5~</‘r)=_/ K(t.t)exp(-j2n ft)dt. 6)
The function S(f.,7) is called the scatrering function of the target and, as a function of f, is the NN
L power-density spectrum of the reflectance process at each delay r. S(f.r)AfAr is the '_::‘;
.. e
. . N
mean-square strength (or power) of the reflectance of all patches on the target having a doppler _:'_.,-_': \
". " )
’ . - a
) )
.
-’-\:_
o N
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shift in the interval [f.f+Af) and a delay in the interval [r,r+Ar). The scattering function may be
viewed in delay and doppler coordinates as an image of the target. We call this the scattering

function image.

Our approach to forming radar images will be to use maximum-likelihood methods with
the data model in (2) to estimate the scattering function. We will also obtain an estimate of the
reflectance process. Model based approaches that use statistical estimation-theory techniques to
derive image-formation algorithms appear less frequently in the large literature about radar
imaging than do the deterministic approaches outlined above. One example is that of Frost,
Stiles, Shanmugan, and Holtzman [8], who use a multiplicative model and Wiener-filtering
techniques. The approach we will describe below differs in that the mode! (2) we adopt of the
echo signal is more complicated than a simple multiplicative one and depends explicitly on the
transmitted waveform through a spatial integration over the reflecting target. We also do not
restrict the processing to be linear; in particular, we show that the processing of the received
data for producing the maximum-likelihood estimate of the scattering function and a
corresponding estimate of the reflectance process is not linear. An approach for estimating
scattering functions of spread channels is given by Gaarder [9], who cites earlier work on the

subject by Green [10], Kailath [11], Gallager [12], Hagfors [13,14], Price [l5], Levin [16],

Abraham [17], Sifford [i8], and Reiffen [19]. Gaarder assumes a specific processing

architecture in the form of a cascade of a linear filter, square-law envelope detector, and
another linear filter, and he claims that this processing is either more general than or equivalent
to those of most previous authors. Our approach differs in that no particular processing is
assumed in advance; rather, we derive the processing to produce the estimates, starting from a
model for the received data and applying recent results in maximum-likelihood estimation. The

processing which results is quite distinct from that discussed by Gaardner.

For our new approach to radar imaging, we adopt the WSSUS model of a diffuse radar
target described by Shapiro, Capron, and Harney [6] and Van Trees [7). We treat both the
reflectance process and its second-order statistic, the scattering function, as unknown quantities.
The iterative approach we develop for forming images yields the maximum-likelihood estimate

of the scattering function and, simultaneously, the conditicnal-mean estimate of the reflectance
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process based on statistics which are consistent with the estimated scattering function. Thus,

both of the quantities treated separately in other imaging schemes are produced simultaneously

with our new approach, which is a unique and itmportant aspect of our approach.

We will develop a necessary condition, called the trace condition, which the maximum-like-
lihood estimate of the target’s scattering function must satisfy. This equation appears to be very
hard to solve analytically. As a consequence, we reformulate the imaging problem using the
concept of incomplete-complete data spaces and then use the expectation-maximization
algorithm of Dempster, Laird, and Rubin [20] to derive an iterative algorithm for producing the
maximum-likelihood estimate of the scattering function. The technique we use to accomplish
this parallels that described by Miller and Snyder [21] for power-spectrum estimation and
extends their work to include indirect measurements of the process whose spectrum is sought;
the process is now measured following the linear transformation and additive noise seen in (2).
As shown by Turmon and Miller {22], this is a high-resolution approach to spectrum estimation
which results in estimated spectra with less bias and mean-square error than other recently
developed approaches discussed in the literature. We expect that similar improvements will be

seen in radar images of scintillating, diffuse targets when this new technique is used.
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o 2. Maximum- Likelihood Imaging for the Incomplete-Data Model oY

For reasons that will become evident in the next section, we term the data r(¢) in (2) the i,
\! incomplete data for the radar-imaging problem. The model given in the Introduction for these
data is as the sum of the radar echo-signal sg(¢) of (1) and an independent, white noise-process ':;:'*
S w(t). We may, therefore, state the problem of imaging a diffuse radar-target as that of ::ih
estimating the scattering function S(f.r) or, equivalently, the covariance function K(:.r) given X

radar-return data {r(t). T; < t < T¢} on an observation interval (T;,T¢). In this section, we first

.\J‘.

’ discretize the model for the incomplete data, and then we derive and discuss a necessary “:’
e condition, called the trace condition, which the maximum-likelithood estimate of the discretized \
" version of K(r.r) must satisfy. Sl
v

¢

discrete model

ﬁ In anticipation of using discrete-time processing of radar data to produce images, we now
F state the discrete version of our model as follows. We are given N samples of the

T complex-valued radar-data corresponding to (2),

b

r(n)=sz(n)+w(a), n=0.1,....N-1, (7 .
L l\
. . . . . ®
i where w(n) is a white Gaussian-sequence with zero mean and covariance NG
N7
*r . . <N
Elw(n)w*(n")]=Nob,., . (8) R
g Tt
v
and where the signal samples corresponding to (1) are given by SN
N g '!_f.
se(n)=y2Er ) s;(n.0)b(n.1). n=0.1.....N-1. ) S
P N
%, . ':;.':;
In this expression, we define st(n.f) and b(n.i) in terms of the transmitted signal and the a
- - .
::. reflectance process, respectively, according to: :
. sp(na)y=s;(nlt-cr). R,
N 10 P
N (10) :
~ and won
& AL
~ .:\'F
[ l AN
a b(n.0)y=brn lt- -l o, N
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where Ar and Ar are the sampling intervals adopted in the discretization in time and delay,

respectively. We assume that the target has a finite extent in range, so n.i) and, therefore
also, terms forming the sum in (9) are zero for i outside the /g (here, the subscript R denotes
range) values m. m+l..... m+Ig-1 starting from the minimum two-way delay corresponding to m.

This discrete reflectance is a Gaussian sequence with zero mean and covariance given by

E[b(n,i)b*(n".i")]=K(n-n".1)b (12)

[

where §; ;' is the Kronecker delta-function. The discrete scattering function S(f.¢) is the Fourier

transform of K(r./) in the n variable,

S(v,t)= Z K(n.)exp(-j2nvn).

ne-

(13)

I
4

The imaging problem for the discrete model is to estimate S(v ./), or equivalently the covariance

v
oz

function K(n.i), for all frequencies v spanning the target in doppler, and for all delays 1

]
5

o

spanning the target in delay, given the radar data {r(n). n=0. [. .... N-1}.

matrix modef

These discrete equations may conveniently be written in matrix form as follows. Define r

to be the received-signal vector of dimension .V,

r(0)
rcl)
r = ' = SR + U, (14)
FN =)
where the V-dimensional vectors, sg and w, are given by ’
i~
5e(0) 1w (0) -
‘\. .'\-‘
‘;_, se(1) w(l) Ro
Sp = . and w = . (15) '_\?‘.
o ':‘r_\-
> . .-)..
L Se(N = 1) (N =) RN
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Also, define S* as the N/gxN rectangular matrix expressed in column-block form in terms of /g

“»
[

separate .Vx.V matrices according to

v
‘(.". .
’

'

-

Uy
SRR
P,

&
LA

. ' (16)

“
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W
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'l % .. N

* where §; is an NVxV diagonal matrix containing sample values of the complex envelope of the

by

sy O

a transmitted signal s(¢),

’
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v

e
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Jlfs 0 s;(l.m+y) O - 0
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Further, define the reflectance vector » of dimension N/g in the column-block form of /g

)
‘.-".."'-‘ B
CALs
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vectors according to

'y
R |
3
1)

b(0) Y
b(1l)

b= ‘ (18) O
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N

0
LA

Sy
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b 11

OhEN
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where each A1) 1s a vector of dimension V,

.

P,
R

DY

b(O0.m+u)
b(l.m~+1)

b(1) = ' . (19)

P A
[NENEN

'.' LN -1.m~+1)

Using (9) and these definitions. we can now express the V-dimensional signal vector sg of t14)

and (15) as
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where superscript "+" denotes the Hermitian-transpose operation.

o

In terms of these defined matrices, the received vector has zero mean and covariance
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Then, since

NG Yy
1

E b(0)b7 (1)) = K(D)6,.,, (22)

L]

where K(i) is the Hermitian-symmetric Toeplitz-matrix

K(O.m=+1) A*(l.m=+¢) - -« AX¥(N-~1l.m+y)

K(0) - /\'(l..mﬂ) /\'(O.'mﬂ’) - : (23)

n
4' LA RN
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A(N-1.m=1) : oo K(O.m+1)
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it follows from (21) that the covariance K, of r is given by
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where K is the block-diagonal N/gxN/g-dimensional matrix defined by
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A(O) O 0 - - 0
0 K(ly 0 - - 0 (25)
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The i-th diagonal block K(i) of K is the covariance matrix of the reflectance process at the i-th
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Definition: Let K denote the set of all N/gxN/Ig block-diagonal matrices (25) with each block
K(i) an NxN Hermitian-symmetric Toeplitz matrix (23). Let 1 C K be a specified convex subset
of K. Any matrix K € 0 is termed admissible. A variational matrix 6K € K is called an
admissible variation of K for a fixed K € Q1 if there exists an a > 0 such that K + 86K € 01 for

all 8 satisfying 0 < 8 < a.

The problem is to form an admissible estimate of the covariance matrix K of (25) given the
data vector r of (14). The radar image then viewed is the discrete scattering function, an

estimate of which may be obtained from the estimate of K by use of (13).

In the definition above, the constraint that K be in Q is used to obtain a "reasonable” setup

of the problem. Here, we assume that the scattering function S(f,r) in (6) is only nonzero for

frequencies f satisfying | f| € fmax for some finite upper frequency fmax and for all delays i.

This is equivalent to the assumption of a target of finite cross section and rotation rate. The
discrete-time scattering function S(v,i) of (13) is then a periodic function of v consisting of a
sum of shifted replicas of 5(f,r) scaled in amplitude by 1/A¢ and in frequency by At¢, where At
is the time between samples of r(¢t). The replicas of S(f,r) are centered at every integer on the
v scale. In order to guarantee that there is no aliasing, assume that the sampling rate, //A¢, of
r(¢) satisfies the Nyquist condition, I/At > 2fmax. Then, S(v,i) will be nonzero between -1/2
and +//2 only for v satisfying | ¥ | < Vmax = fmax®!. The output of our algorithm is S(v.i)
discretized in frequency v. For a resolution having at least Icg (here, the subscript CR denotes

cross range) samples in the frequency range -Vmax < V € Vmax, a total of

p>_lc_’f__
—2‘—'”/max

samples of v between -//2 and +//2 are required.

The model for the incomplete data r of (14) is that r is normally distributed with zero
mean and covariance specified in (24). Given the incomplete data, we wish to estimate the
covariance K of the reflectance process, as defined in (25). To do this, we adopt the
maximum-likelihood method of statistics, which selects K to maximize the incomplete-data

loglikelihood
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', where the maximization is subject to the constraint that K be an admissible matrix. .r%
{_. .'C\ X
P
.\ g

Lemma 1. A necessary condition for an admissible K in the interior of 1 to be a local

maximum of L;g(K) over all K € Q is

(27)

%

Te(12E,8 KS+ Nl rr' - 2E,5 KS-N,I}(2E,5 KS+N,I|'s"6KS)=0.

for all admissible variations §K.

74

::. The proof of Lemma 1 in the Appendix is based on the fact that the necessary condition
Ve for an admissible K to maximize L;4(K) is that for all admissible variations 6K, there holds
%  La(K+abK)- La(K)
| lim <0.

a.0’ a (28)
) .
& We call (27) the trace condition. Burg, Luenberger, and Wenger [23] have studied an
o equivalent problem of Toeplitz-constrained covariance-estimation and have derived the trace
",:: condition using a different approach.

- If @ = K, there are N/g unknowns in K. Since 6K € K, there are N/r parameters in 6K

l that can be varied for this case. These variations in the trace condition generate N/g equations

. s

. . . .. o~
. in the unknown elements of K. Thus, in principle, the trace condition produces enough Y
- NS
equations to determine the unconstrained maximum-likelihood estimate K. However, the ;.-:.-
>
. - » . - . . \l.'
' equations are complicated due to the inverse matrices appearing in (27), so it does not appear to

. be feasible to determine K directly from the trace condition. This motivates our development

of the iterative approach in the next section. A sequence of estimates that increase the

NS

likelihood at each iteration stage is identified, and we demonstrate that limit points of the

iteration satisfy the trace condition.

A :n’

The trace condition is only a necessary condition which the estimate K must satisfy. For it

Y

to be sufficient as well, the second derivative must be negative along all admissible variational

directions 6K.
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Lemma 2. Sufficient conditions for an admissible matrix K to be a local maximum of L 4(K)
are that, first, the trace condition (27) is satisfied for all admissible variations §K and, second,

that there holds
Tr{K;'S 6KSK ' (2E;S KS+Nol-2rr JK]'S6K§)<0 (29)

for all admissible variations §K

The proof of Lemma 2 is in the Appendix. Equation (29) is just the second derivative of

L;g(K) in the direction §K.
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{e 3. Maximum-Likelihood Imaging for the Incomplete/Complete Data Model
’-
L 4
That the trace condition (27) cannot be solved directly for the maximum-likelihood
! estimate of K motivates the indirect approach we now take of embedding the imaging problem
) in a larger, seemingly more difficult problem. The result will be an iterative algorithm which
{: when implemented produces a sequence of admissible matrices K(0), K(1), ..., K(k), ... having the
" property that the corresponding sequence of incomplete-data loglikelihoods Lig[K(0)], Lig[K(1)],
’ ...y Lig[K(®)], ... is nondecreasing at each stage.
N
Fuhrmann and Miller [24] have recently shown that maximum-likelihood estimates of
i-f Toeplitz-constrained covariances which are positive definite do not always exist when given
(. i
only one data vector r. A necessary and sufficient condition for the likelihood function to be
~ . . . .
:,;: unbounded, and therefore for no maximum-likelihood estimate to exist, is that there be a
; singular Toeplitz matrix with the data in its range space. For our imaging problem, this
5’ condition is that there exists an admissible K with
& 2E ;S KS+ N,/

singular such that
r={2E.S"KS+N,l)a

for some complex-valued vector a. In fact, without constraining K further than being Toeplitz,

A a sufficient condition that a singular estimate for K be obtained is that Ng = 0 and there exists a

singular K with r in the range space of 2EpS+KS. The argument for this mirrors that of
(.9 Fuhrmann and Miller in [24, Theorem 1] but is applied to the complete data loglikelihood given
, below in equation (A7) in the Appendix. Furhmann and Miller also showed that even if the
;,?_ true covariance had eigenvalues bounded from above and below, the probability that there exists
- a singular Toeplitz matrix with the data in its range can be very close to one. By restricting the
,:' search to Toeplitz matrices with circulant extensions, they were able to show that the
. probability a singular circulant Toeplitz matrix has the data in its range space is zero. Thus, in
é order for maximum-likelthood estimates to be nonsingular with probability one for all
. nonnegative values of Ng, we may restrict the class of admissible Toeplitz matrices to be thase
:.: with circulant extensions of period P, where P is equal to or greater than the number V of data

samples available, P > N. What we envision in adopting this constraint is that for each delay .
;l the V sample values of the reflectance h(n.i), n = 0, I. ... . N-1, are from a stationary process
5
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. that is periodic with period P, where P could be some large but finite value; a lower bound on

, %

Wy

P in terms of a desired cross-range resolution is discussed above. These N sample values of the

reflectance enter the incomplete data r according to (14) and (20). By using the

"y

expectation-maximization aigorithm of Dempster, Laird, and Rubin [20], we shall develop a

sequence of admissible matrices that have the maximum-likelihood estimate of K subject to this

o

:‘: circulant extension as a limit point. The approach parallels that of Miller and Snyder [21] for
” estimating the power spectrum of a time-series from a single set of data. An important benefit
N of introducing the periodic extension and using the expectation-maximization algorithm is that
. estimates of both the scattering function and the reflectance process are obtained simultaneously

and can be readily viewed as target images in range and cross-range coordinates: thus, the

procedure proposed may be considered to be natural for the imaging problem because both

&

types of images considered separately in the past are obtained directly. As a final comment

regarding our use of a circulant extension for K, we note that in estimating a discretized version

g of the target’s scattering function, the class of admissible K is restricted automatically to be

. those with circulant extensions. For completeness, we also include in the Appendix the

:: equations obtained using the expectation-maximization algorithm for estimating general Toeplitz
matrices when the assumption of a circulant extension is not made.

l We shall introduce a modification of our notation to indicate that the N samples of the

e reflectance process are from a stationary periodic-process of period P. Thus, let bn(i) denote

:,:- the N-dimensional vector b(i) of (19). We now think of bn(i) as an N-dimensional subvector of

the P-dimensional vector bp(i) formed from samples of the reflectance process over a full

period,
o b(O0.m~+1)
o b(l.m+1)
-
- b1y = ' (31)

r LN =1L.m=0) |
A
.
<,
L -
. b(P-1.m~0)

It Iy is the VxN identity matrix, and if Jg is the PxN matrix defined by
iy
/l
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then

by(8)=Jebe(i).
Also, let by denote the N/-dimensional vector b of (18), and let bp be the P/-dimensional vector

with i-th block element bp(i). Then,

by=Mib,.

where Mp is the PIxNI block diagonal-matrix

Jx O 0 0
Jg O - - 0 33
Mg = R . 3
0O 0 © J x

Furthermore, let Kn(i) denote the NxN Toeplitz covariance-matrix K(i) of bn(i) defined in
(23), and let Kp(i) denote the PxP circulant covariance-matrix of bp(i). Then, the Toeplitz

matrix Kn(i) is the upper left block of the circulant matrix Kp({), as given by
Ky()= J;I\‘P(i)JR'

Lastly, let Kp denote the PIgxPly block-diagonal matrix in the form of (25) with the i-th

diagonal block being Kp(i/). Then, if Ky denotes the N/gxN/Ig matrix K of (25), there holds
Nyo=Mzh, M,

Let W denote the PxP discrete Fourier-transform matrix scaled so that the columns are

orthonormal,
0 a
wh o) S wh
l 0 k 2k P-1
. 2 - 1)k
' = = wp wp wp ' lL(P ' (34)
P
0 Py P-y)(P-)
Wp Wp . . w‘,, ) )

where wp = exp(-,2r,/P). Also, let Wp be the PIgxPIg block-diagonal matrix
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Then, bp can be represented in rotated coordinates according to

(S
iy
f' .

a(0)
a(l) *(36)

a,=W,b,= :

7

all.-1) N
where a(i) = Whp(i). The assumption that bp(i) originates from a periodic process implies that
€ .

. . LY

the P[g-dimensional vector ap is normally distributed with zero mean and diagonalized LR
LS

covariance : -_: A
. . e
Ap=Ela,a;) =W ,K,W}. (37) AT

We will denote the (p+ilg)-th diagonal element of Ap by op%(i); this is the p-th diagonal element AN

of the PxP diagonal matrix E[a(i)a*+(i)]. o~

Let S(v,i) be discretized in frequency with P samples taken for 0 < v <l. These samples :

may be obtained from (13) as K

™ 2n (38) :::f.:-r.'
5<e.t)=21\",,(n.z)exp(-j np)' sTata
P <o P

for p=0, I, .., P-1. The p-th such sample is just the p-th entry in the vector ::
VPWK ,(De. (39)

where ¢ is the P-dimensional unit vector Ks

"~
a

%
e

(@]
! 5*.';"\' oY, Iy
h ] . * P
) /.."../ 4‘../"-. o

Substituting (37) into (39), we get

A
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J//Qﬁﬁ”ﬂ.
PR

A
1

s 2 2 P ¥

.,:,’

e’

)}

[%
s 4
A

L,
s

~»
7
<,

Y
o

-
.'
«

BRI I R R I TR N W L LTI M VL VI I S M
y _.\ . ,‘\J_'. '-._ " \.'\.:.\.-. N . Jalpe

AP A A AT AT TG N




\r‘v

~~

~

s

A

g 5

s

a
>

‘r”" ..:

r ‘l' .

7

(A N

L)

A
e

t:' L)

>

st

LOAY

R A S

VPWK (De=yPA(DWe. (40)

But P1/2We is 2 P-dimensional vector of ones and, therefore,
41)
p . . (
S(—P—.t)= o2 (i),

which, according to the above definition, is the (p+ifg)-th diagonal element of the diagonal
matrix Ap. The entries of the diagonal matrix Ap in (37) are then samples of the scattering

function.

The constraint from Section 2 that the scattering function S(v,i) be nonzero only for jif <
fmaxB¢ = Vmax » for values of v between -//2 and +//2, may be incorporated at this point in the
development. Since Ap is a diagonal matrix of samples of the scattering function, we restrict
Ap to have nonzero values only in its top left and bottom right corners. More precisely, let Icr
be the smallest odd integer satisfying

[cg22v . P.

Icr is the number of cross-range resolution cells implied by P and vga... Then, let Jogr be the

, I, 0 0
¢ o 0 1,/

where I is an [(Ior+!)/2]x[(/cr+!)/2] identity matrix, and [y is an [(Icr-1)/21x[(/cr-1)/2]

IcrxP matrix

identity matrix. Let M cr be the Icgr/grxP/g matrix

Jer O O 0
Jeg O 0
Meg= cR
O 0 0 J cr

Define Lp to be the diagonal matrix

Ep=MegAp Mg,
The diagonal elements of Lp are the potentially nonzero diagonal elements of Ap. Recognizing
that some elements of the diagonal matrix Ap are zero, and using the definition of Mcg, we

conclude also that
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Ap= ML Mci.
Then, the set 2 referred to in the definition in Section 2 can now be specified. We restrict

consideration to those covariance matrices generated by Lp from above, so

N={KeK:K= MiWeMapZ oM gWpMp).
For use with the expectation-maximization algorithm, we identify the complete data as

(cp,w), where w is the N-dimensional noise vector defined in (15) and cp is defined by

CP = AICRCZP'
Since elements of ap corresponding to the zero diagonal elements of Ap are almost surely zero ,

we see also that

Ap= M (:_'R Cp.
Using this fact, we note from (14) and (20) that the incomplete data r can be obtained from the

complete data according to the mapping

r=r"cp+uw, (42)

where we define the following Ig/cgrxN matrix, which will appear throughout the development
that follows:

F=y2E: M, WMgS.
The loglikelihood function L.4(Zp) of the complete data as a function of Zp, the diagonal

covariance-matrix of cp, is given by

4 N LY

Lo 1.
Leg &) =~§xn{aet\z,,“—§cpz,,‘c,,

Ig=11cg-1 ) . lIR-IICR-l‘ , , (43)
== ) ) o, (D)5 ) RO RIS O}
=0 p=0 t=0 p=0

where all terms that are not a function of Ip have been suppressed, and where cy(i) is the p-th

element of the /cr-dimensional vector cp(i) = Jor*a(/).

The expectation-maximization algorithm for estimating the covariance of the reflectance
process Kp from the incomplete data r is an alternating maximization procedure in which a
sequence of estimates of Tp having increasing likelihood is obtained first. If Zp(k) denotes the

estimate of Tp at stage A, then there is a corresponding element,
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in a sequence of estimates of Kp having increasing likelihood. Likewise, to the k-th element

Kp(k} of the sequence of estimates of Kp, there is a corresponding element,

KO = MRKSOM,,

in a sequence of estimates of Ky having increasing likelihood.

Each iteration stage of the expectation-maximization algorithm has an expectation (E) step
and a maximization (M) step that must be performed to get to the next step. The E-step
requires evaluation of the conditional expectation of the complete-data loglikelihood (43) given

the incomplete data r and assuming that the covariance defining the complete data is Ip(k),
QLI T =ElLq(Z,)Ir 28], - @
From (43), we have that
Tg-tlcp-1 ] Ip-tlcg-1t
ty (kY o A N2 (&) -2,
oIz, 1z = Z; > 1nfo, (D) 5 S Y Elfe, (D)1 280,20, 45)
te p=C t=0Q0 p=0
The M-step yields the estimate Lp(k+l) at stage k+/ as the choice of Ip that maximizes this
conditional expectation,
£¢ N =arg max [Q(L,IL8)]. o
subject to the constraint that the maximizer be a diagonal covariance-matrix. From (45), this

maximization yields the diagonal matrix Zp(k+1) with (p+ilg)-th diagonal element

CHOTRE A IR O P “r

Thus, we may write Zp(k+1)as

d (48)
S =Ele,cr r 20,

where the "d" over the equal sign means that the diagonal terms in the matrix on the left side
equal the diagonal terms in the matrix on the right side and that all the off diagonal elements

on the left side are zero.
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The above expression (48) appears to be complicated because of the several matrices we
have defined, but it produces a sequence of covariance estimates having a straightforward

interpretation. If we form the matrix Kp(k+1} according to

RO =1 M T8 DM W, “9
we then find that
K& 00) 0 o - - 0
cono| 0 K®Ay o - 0 e
P = +
0 0 0 - - KY¥ V-1

where Kp(k+1)(i) is a PxP circulant matrix interpreted as the estimate at stage k+I of the
covariance Kp(i) of the P-periodic reflectance process at delay m+i. Miller and Snyder [21]

show that the (n,m)-element of this circulant matrix is given by

R . , N 6 (51)
f—);;oE[b(p.t)b*\<p+m—n>,,,t/fr.l\,, 1,

where <a>p = a mod P. Equation (51) has an intuitively appealing form. If the reflectivity

process b(n.i) could be observed for all instants n = 0. I, .... P~1 in a period and for each i

independently, then the maximum-likelihood estimate of the ccvariance Kp(/) would be the

arithmetic average of the lagged products

Lo (52)

( .

5 Y b(p.)b*<prm-n>,.1.
p=0

Equations (50) and (51) indicate that one should simply substitute the conditional mean estimate

of an unknown lagged product into this expression to form the maximum-likelihood estimate of

the covariance when only the incomplete data are known.

estimating Lp and Kp
The maximum-likelihood estimate of Zp is a limit point of the sequence defined in (48).
The terms on the right side of this equation can be evaluated as follows. Let the

conditional-mean estimate of ¢p in terms of the incomplete data r be defined at stage A by

RPLR TR “rw
.'a:'.':' XA .:"ﬁ (] ‘Pf.; A4
) ¥

)
,"-

e

P
TN

«
» "

Y
LR LLY

hJ

y o o
"'-,'-'1

, "- . I}T"l"!,"{
,.'_.'. ASALS

P

-
-
.




ey W R OO N XX (AT A® ¥ N N N e : B fa S R Bh LN A A At

» e,

T
SN

'
3

.7,
£) (k) (53) b
o =( N
o Cp =Elcpr .2, ). Sy
N i
Then, (48) can be rewritten in the form b=
| -l
8 .
< Z(k")iE ! LIAN NIIRRE (k)q, 2(K) (k) Py
4 =E[cp-Cp i icp=Cp ) ir I ] Cp Ep N
: (54) 3
2 3
Now examination of (42) shows that forming the conditional-mean estimate (53) of cp from r is ::'_:
» a standard problem in linear estimation-theory. From Treiter [25, Ch. [4], for example. we "
find that _-{;
-
~(k) (k) .« (k) . -1 -"_.
Cp ' =X, T T, IT+NJIY r. P
(55) ®
A A
~ . _ . . o o d
LY Furthermore, the first term on the right side in (54) is the covariance of the estimation error oA
o
0
- when cp is estimated from r. Also from Tretter {25, Ch. 14], we have :‘_-;
.V ..'
r . Y
~(k) Sy (k)
Bl cp- G “c,,—c(}, By !,
(56) d
i . . . -t . ’-.
=r - s e e re Ny roole. -
\J'
. ‘-_. f
n In summary, the following steps are performed to produce a sequence Zp(0), Zpll), ;
... Lplk), ... of estimates of Lp for which the corresponding sequence of likelihoods is . :
s nondecreasing:

-'-.'
LA
.

1. set k = 0, select a starting estimate Lp{0};

Sl
. o

. 2. calculate the estimate of cp according to (55); )
o_,.:-
. - . . N
. 3. calculate the error covariance according to (56); “-:
. q."\
4. update the estimate of Tpaccording to (54); '. ‘
,\ 5 it "last iteration” then stop. else replace A by A+/ and go to 2. -
- The starting value in step [ can be anv positive-detinite, diagonal covariance-matrix of '_f-lj
:'. dimension IR’CRX,RICR' .'.',
L . L , o . . g
i A sequence of estimates of Ap having increasing likelithood s obtained trom the sequence L
R
. - . =0y
. of estimates ot Lp according to (49) .y
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forming the scattering - function image

From (41), the diagonal elements of the /gr/crx/r/cr-dimensional matrix Ip are sample
values of the scattering function. with the scattering function samples at delay m+i given by the
Icr diagonal eclements of the i-th Icprx/cr-dimensional diagonal block of Ip. We may,
therefore, simply regard ZTp(k) as the stage k estimate of the scattering function. The stage-k
scattering-tfunction image of the target in range (i coordinate) and cross range (p coordinate)
can be displayed as follows. Let £p(k)(;) denote the i-th Icgx/cr-dimensional diagonal block of
Zp(k), and denote the p-th diagonal element of Tp(kNi) by s(p,i) = [0p2(i)](k) for p = 0, I, ...
Icr-1. Then, s(0,i) is displayed at range m+i and cross range corresponding to a doppler shift
of zero; s(/./) and s(/cr-1/./) are displayed at range m+i and cross range corresponding to a
doppler shitt of v = //P and v = -1/P, respectively; s(2,/) and s(/cr-2.i) are displayed at range
m+i and cross range corresponding to a doppler shift of v = 2/P and v = -2/P, respectively; and
so forth, with s\(p.) and s(/cr-p.i) displayed at range m+i and cross range corresponding to a

doppler shift of *p. P for p = 1,2,..., (Icr-1)/2 when IcR is odd.

forming the refioctance-process image

It is interesting to note that the k-th stage conditional-mean estimate of cp, given the
measurements » and assuming that the second-order statistics of reflectance are given by the
k-th stage estimate of the scattering function, is used to form the estimate of Zp at stage k+/
when the expectation-maximization algorithm is used. This estimate i1s of very much interest in
its own right because, from (36) and its definition, the /cg elements of cp/is are the potentially
nonzero Fourier-transform coefficients of the reflectance process Apri,. The target's reflectance
image at stage ~ is formed by placing these elements at range m+; and cross range in the same

manner as Jdescribed above for the scattering-function image.
CONVErgencd ey

There are some important properties of the iteration sequence (48) which are worth

mentioning. t:r t, each step s in an improving direction. This is shown by writing (54) out as

: {(57)

where
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f, oW = PRI et /\(k)\/\m v (58)
:‘\ ' and where
! (K)o (k) ' 59
) KR = s®renNgs (59)
- _; is the k-th estimate of the covariance K. of r. Next, the trace condition (27) which the
.
™ maximum-likelihood estimate must satisfy is reexamined. From the assumption of the
. '.r P-periodicity of the reflectance process and the matrix definitions given, the admissible
‘2
)
‘A variations 6K must be of the form
. 6K = Ml s ML Mgl p Mg, (60)
) Here, §Z is a diagonal matrix of the same dimensions as L. The trace condition (27) then
A
. becomes
D - 2F; T RN L, r NI -rrT KI'TT6ET =0, eh
N Using the fact that Tr(48) = Tr(BA) and evaluating this trace at the k-t iterate, we see that the
-~
!\ .
~ = trace on the left side of (61) is equal to
XN
) ) - ’ N
NRR 26, 'TrleMes . (62)
- . . ,
N According to (57), Zp(k) is changed at each stage by adding the diagonal elements of
N ‘, Z(k)@(k)[ k) (63)
N
‘ L to Tplk). Define
S
2
N 6}'(“ Z(“O”Zm (64)
-
A as these diagonal elements. Then, evaluating the trace at this variation gives
. ORET N >0 (65)
T | *
RN This shows that the va.iation
. 65t :
o s
t' ’ is in an improving direction. Furthermore. we are guaranteed that the incomplete-data !
., . T ¥
O loglikelthood is nondecreasing as a result of the M-step of the expectation-maximization )
o
\' .:1'
»~
24 -
Iy -
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algorithm because at this step, the conditional expectation of the complete-data loglikelihood
given the incomplete data and the last iterate for Ep is maximized over Zp. As shown in [20]

and [21], this implies that the incomplete-data loglikelihood is nondecreasing.
Lemma 3. Assume that Ng > 0 and Zp(0) is positive definite. Then:

(i), p(®) is positive definite for all k; and (ii), all stable points satisfy the trace condition (27)

for all admissible variations (60).

The proof of the first part of Lemma 3 is in the Appendix. For the second part, since the
diagonal elements of Ip(k) are positive, (65) holds with equality if and only if the diagonal
elements of ©(k) are zero. Notice that if Tp(k+1) = Zp(k), then the diagonal elements (64) are

zero. This implies that the diagonal elements of ©(k) are zero and, hence, that

Trie®sr)=0 (66)

for all diagonal 6Z. Thus, all stable points satisfy the trace condition (27) for admissible

L LR L

variations.

-

computational considerations

AL

The computations required to produce radar images with our method are specified by (54),

(55), and (56). The number of iterations of these equations that are required to produce an

g
i
'

image near the convergence point is presently unknown. Qur experience in using an iterative

algorithm to produce maximum-likelihood images for emission tomography suggests that 50 to

S
[
v
v,
-
-
-
-
L]
-

100 iterations may be necessary, but this is only a guess that will not be verified until some

“of

L3N

experiments are completed. Some form of specialized processor to accomplish each iteration

stage efficiently will probably be needed to produce images in practically useful times. One
possible approach is the following. The matrix product
F=2FE: MW, MgS

is required at cach iteration stage and does not change. This /gr/crx.V-dimensional matrix can,
therefore. bte computed once off line. stored, and then used as needed during on-line
computations. Then, at iteration stage k. the following on-line computations can be performed:

compute the ¥x.V-dimensional matrix A defined by 4 = T*Zp(k[ + Nyl

compute the Ip/crx.V-dimensional matrix B defined by B = Ep(kI;

b
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compute BA-!r and the diagonal elements of Zp(k) - BA-1B+,

The computations in 3 can be accomplished in about 4N+/gr/cgr-2 time steps using the systolic
array described by Comon and Robert [26] augmented, as they suggest, by one row to
accomplish the postmultiplication of BA-1 by r and by JIgr/cr rows to accomplish the
postmultiplication by B*. The matrix multiplications in 1 and 2 for determining 4 and B can
also be performed rapidly on a systolic array. More study of implementation approaches is
needed, but it does not appear that the computational complexity of our new imaging algorithm

needs to be a limitation to its practical use.

The choice of N, Ig and Icr is important for the computations. These parameters are
selected to achieve a desired range and cross-range resolution and are, therefore, problem
dependent, but the same considerations used with other approaches to radar imaging can be used

in selecting them. Choosing the product /c/cr to be on the order of N will, in some sense,

make the imaging problem well defined because the number of unknown parameters /c/cgr that

need to be estimated to form the image is then comparable to the number of measurements N.
On the other hand, the choice of P is unique to our approach. As stated, we need P > N, but
no upper limit is given. In [24], it is shown that as P increases towards infinity so does the
maximum value of the incomplete-data loglikelihood function, with probability one. Thus, P
cannot be made arbitrarily large from a theoretical standpoint. Any computation involving a

matrix with one dimension equal to P can be performed off line.
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4. Conclusions

The expressions we have obtained for forming images of diffuse, fluctuating radar targets
are based on the model stated in Section 2. The target reflectance is assumed to introduce
wide-sense-stationary uncorrelated-scattering (WSSUS) of the transmitted signal with no glint or
specular components being present. The reflectance process is assumed to be a WSSUS Gaussian
process with unknown second-order statistics given by a delay-dependent covariance or
scattering function. Echos of the transmitted signal are received from all the reflecting patches
that make up the target, with each patch introducing some propagation delay, doppler shift, and
random amplitude-scaling into the signal it reflects. The superposition of the echos from all the
patches is received in additive noise. Thus, the reflectance process is only observed indirectly
following a linear superposition and in additive noise, so neither the reflectance process nor its
second-order statistics are known. Target images are made by displaying estimates of either the
reflectance process or its second-order statistics (scattering function) based on processing the
received signal. In Section 2, we derived the trace condition which the maximum-likelihood
estimate of the covariance of the reflectance must satisfy, and we concluded that this condition
is too complicated to solve explicitly for the estimate. This motivated the introduction in
Section 3 of the incomplete-complete data model and the use of the expectation-maximization
algorithm, which results in a sequence of estimates of the scattering function having increasing

likelihood. A corresponding sequence of estimates of the reflectance process is also obtained.

There are a number of issues yet to be resolved for the approach to radar imaging which
we huave presented. One of the most important is resolving how glint and specular components
in the return echos should be modeled and accommodated in the formation of the images. The
selection of transmitted signals to produce good images is an important subject about which
little studyv has been made. The quality of target images obtained with our new approach is not
known at present; to study this issue, we are presently implementing a computer simulation so
that comparisons to alternative processing strategies can be made. The equations we have
developed are computationally demanding, so special processing architectures will be important

to make their use practical.
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W
. proof of Lemma 1.
' ‘ From the definition of the loglikelihood function in (26), we have
. A v
o) \ »
" le,d;K*aoK LK)
al h a
v (A1)
T - ( K,+a2E 3’5K5"‘—K") - L indet'K,~a2E,S 6KS det K.’
QQr Frra T : . r >a n; K,+a . R ,
N ?.: where K, is the covariance of the incomplete data r as given in (26). Examining the first term
S on the right, we have that it equals
~—r K (1 a2E, S 6KSK ) = 1)
N 2a - (A2)
LY w Ly ¢
‘“: v, l . o1 . . -1 o R eyl ¢
. =2—r K, a2E;S56KSK,  [+a2E;5 OKSK, r .
. a : ) ’
» - )
f - L oo el
i =§r K, '2E;S 6KSK, r+0(a).
b
Mo
:: Examining the second term on the right in (Al), we have
- -—1In det /+a2E;S 6KSK, | =-—In(det(/+aB))
o 2a ¢ ' ’ 2a
2, :" 1 It n . :
o =-—In l+aTr(B)+...~a det(B) )
o 2a _ ' (A3) :
\ !
A =--Tr(B)+0(a).
¥ 2
S .
,;: ~ where B is defined in the first equality. For any K € 0 to be a local maximum, a small
N variation in K in an admissible direction cannot increase Lig(K), or
-.: l .
"o him - L (KN+abhN)-L,(KN) SO
RS '. a.0" @ (Ad)
“' ‘!.
- for all admissible variations §K. If K is an interior point, then -6K is also an admissible :
.’ '.'. . . . . .
- - variation and (A4) becomes an equality. Substituting (A2) and (A3), we get
2
-:. :a'
k-,
Dn? A
) : ." .
» -~ - 31 -
) »
a2
=T
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v, (AS5)
' which i1s the trace condition (27).
:l
-~ proof of Lemma 2
Suppose that K satisfies (27) and (29) for all admissible variations §K. We now show that
-
::: 29) is simply the second derivative of Lig(K) in the direction §K by taking the limit
~ hm oo Tr( 26, 57K +abK S+ Nol)  (rr =Nl -2E;S (K+abK)S)
. x(2F ;S KS+a2E,S 6KS+Nyl) 'S 6KS
K 'Mrr =N I-2E;S KSIK;'S"6KS)

S =Tr K,'2E,S 6KSK,"(2E,S KS+ Nyl -2rr JK.'2E ;5 6KS). (A6)
Thus, the conditions of Lemma 2 are the standard sufficient conditions for a point K to be the
T local maximum of L;g(K). Equation (27) says that the first derivative of L4(K) is zero at K.
'ﬁ Equation (19) says that the second derivative is negative definite along admissible variations

from K. A necessary condition for K to be a relative maximum is that this last expression
o evaluated at K be equal to or less than zero for all admissible variations §K. Under the
A assumptions in Section 4, admissible variations are given by (60). Substituting (60) into (AS)
’ and evaluating for all diagonal matrices §Z gives the second-order necessary condition.
-

estimating a general Toeplitz matrix
o In Section 4, we derived a sequence of estimates for a covariance matrix subject to the
u

constraint that the estimates must be circulant Toeplitz matrices. For completeness, we develop
; and discuss in this section the equations for estimating a covariance matrix subject to the
o weaker constraint that the estimates be general Toeplitz matrices. Similar equations for other
o constraints on the Toeplitz matrices are easily obtained by mimicking the steps in the main body
' of this paper.
n-l . . .
:{' Let the complete data be (h.w), and let b be normally distributed with zero mean and

covariance K, as given in (27). The complete-data loglikelihood is
I~"
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where all terms that are not a function of Kp have been suppressed. Maximizing this function

gives the trace condition
Tr(K ' [bb"-K)K '6K)=0, (A8)

which the maximum-likelihood estimate K must satisfy. Performing the E and M steps of the
expectation-maximization algorithm yields the following iteration sequence for the elements

K(ni).n =0, 1. ... N-1, of the covariance matrix K(i) defined in (23):

D o ) N-n-1 . N ' . (A9)
(n,c)—mE[ Z b(j.m+b*(j+n,m+)|r, K" ].

;=0
In matrix form,
K& D= KOs 2 KOSKE  rr = 2E, 5 KPS - N KPS K™,
where
KV =2E,8"K®S+N,I. (A11)

If this iteration converges to a stable point, then the trace condition is satisfied at that point, as
may be shown by using the same arguments as in Section 4. It is worth restating that the reason
this iteration is not recommended here is that the probability that the iteration sequence

generates a singular estimate for K approaches one as N gets large. By restricting consideration

AL LS '-..l.-

to Toeplitz matrices with circulant extensions, the loglikelihood function is bounded with
probability one for finite extensions and a positive definite K is generated with probability one,

as proven by Fuhrmann and Miller [24].

proof of Lemma 3. part (i)

Assume that the initial guess £p(0) for Tp is positive definite and that Ng > 0. We will now

v". NENSTNEEN ‘l.|

show that if Zplk) is positive definite, then so is Tplk+1) and thus, by induction, Zp(k) is

positive definite tor all k. One kev to following this derivation is the matrix identity

B(l+ABY '=(I+B1)"'B.
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T This identity is used to rewrite (57) as
o '
P
. (kety @ (%) . (k) 2 (k)
v i DI =H(N I, T Ty +NgZ,
7 + S rrrrrsYa”
) /
N - (k) v (k) ppe (A13)
don NolHZE ) (r s H")
al
: “(HE®rr)rreWn)
e 3 R
rd +NgHZ,'H
AN
N where we have defined A according to
. - . -1 Ald
v : H=(Z®rr-+«nNy1) . (ald)
) ' l.,
S Clearly, all the diagonal elements of (A13) are greater than or equal to zero. To show that they
::l. :: are strictly positive, we look at the last term and get that the i-t4 diagonal element is
14
-: Teleg=1 . .
- 2 () p7=) _ a2 (k) .
(: ;: (IVOHZP H )u—/Vo ZO (H)‘I(ZP )”(H //l
e 7 -
»
_':: Ll gn= 1 (A15) :
LR - Ar2 2( (k)
% [ =Ny Z I(H).,J (ZP '
. 1=0
L7
o . which is clearly positive when Ny > 0 since H is invertible and all diagonal elements of Zp(k)
o e
: L are positive.
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4.2 Appendix 2. Parameter Values Used in Confidence-Weighted Simulation Experiments

This appendix contains a table updating parameter values given in the first six-month
progress report of this contract. These are the values being used in computer-simulation studies

of the confidence-weighted algorithm.
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We assume the following for the gaussian envelope wivetorms:
Quantity Symbol Value

Distance to target: R 12.5 nautical miles
Number of Bursts: N 128

Number of Pulses/Burst: n 1

Center Frequency: fc 3 GHz

Wavelength: lambda 0.1 m

Speed of Light: 3x10°8 m/sec

Y

e "l

Given

Target Angular Rotation Rate:
Downrange Resolution:
Crossrange Resolution:

Ratio of major to minor

axis lengths for desired
ambiguity function:

The following are uniquely determined for the burst sequence:

Target Diameter: D 64~*rd

Round Trip Time: Tr 2*R/C

Delay Resolution: rt 2*xrd/C
Frequency Resolution: rf 2*wxrc/lambda
Constant 1: al 2*pi*e
Constant 2: az 2*pi/e

The following are uniquely determined for a given burst, burst (1):

angle major axis makes with

the positive delay axis: angle (i-1)/n*pi

Parameter 1- pl al*sin(angle) 2 + a2~xcos(angle) 2
Parameter 2: p2 (a2 - al)*sin(2*angle)

FwWHM Burst Duration: T sqrt (pl*rt/rf)/(2*pi)

FM Sweep Rate: b p2/(8*pi*T 2)

Burst Bandwidth: BW b*T

Total Illumination Time: Tt sum 3*T(1i) + (N-1)*Tr

Total Aspect Change: W w*Tt

If we take rc = rd = 0.6 m, e = 1.3e8, w = 8.88x10 -3 radians/sec,
we get the following representative values:

Target Diameter: D 38.4 m

Round Trip Time: Tr 154 usec
Delay Resolution: rt 4 nsec
Frequency Resolution: rt 0.1066 Hz
Constant 1: al 2.6e8*pl
Constant 2: az 1.%e-8*pi
Minimum FWHM Burst Duration: Tmin 16.0 nsec
Maximum FWHM Burst Duration: Tmax 2.07 sec
Minimum FM Sweep Rate: binin 12.6 Hz,sec
Maximum FM Sweep Rate: bmax ~ = 3.41 GHz. sec
Maximum Burst Bandwidth: BWmax 346 . MHz
Total Illumination Time: Tt 506. sec
Total Aspect Change: N 257. degrees
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