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1. Introduction.

The goal of this project has been to study the estimation and control of elastic systems com-

posed of beams and plates. This general goal has served as a guide for our research over the last

several years. We have made substantial progress in our investigation of topics within this and

related areas.

For control we have studied two basic problems. The first is that of locating the optimal

placement of controllers on a beam or a plate in the case of either static or dynamic models.

The second involves the control of general three space dimensional elastic models that incorporate

nonlinear friction and contact laws in their boundary conditions.

In estimation and identification we have obtained results concerning the estimation of elastic

coefficients in beams and plates for static and dynamic models. Further, we have investigated

the estimation of certain damping terms arising in plate models. Finally, in related work we

have considered the determination of diffusion parameters in parabolic equations, and conditions

for bijectivity of the parameter to state mapping for discrete approximations of certain elliptic

boundary value problems.

Our work has sought generally to explore the theoretical analysis of the distributed models,

algorithms for numerical implementation, and an approximation theory relating the two.

2. Control Problems

Let fl be an open bounded domain in R2 with a Lipschitz boundary I which is occupied by a

plate. We consider dynamic models of the form

(2.1) ut+ Bt+ Au= f(t)t in 0 x (0,T),

where

Bw= 6b v)- V.- (biVjq) + b,~o

and

AV= 6(aoAip).

11
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We have assumed simply supported boundary conditions although our results carry over to other

boundary conditions as well. Coefficients ao, bo, bl, b2 in L' (fl) satisfy assumptions such as a0 _>

L, > 0, bi _! 0 while 9 is taken to belong to H- 2(fl). Defining the control functional J to be for

example,

(2.2) J(/) " (u(t;3) - z(Xt))2 dxdt + J (e,jO' + eo,6')dt

with 1,e2 > 0 and 91 + 62 > 0, we consider the problem: find Ro in H'(O,T)(L2 (0,T)) such that

(2.3) J(fto) = infimum{J(#) :,6 E H'(0,T)(L'(0,T))}

The actuator is modeled by means of the term 0. In fact, 0 may be chosen as a Dirac measure

8.o fo zo E f) or as a convolution with a function 0 = 0(. - zo) for x0 E fl with 0 E L2(fl) (or

smoother) and suppo c {z : Iz - o1 < -y} where -1 < dist(zo, r).

The existence of a unique solution to problem (2.1)-(2.3) follows from standard arguments [2].

Of interest in this investigation is the dependence of the optimal control 6o and the functional

J(#O) upon t. In particular, for 4 = or = o(. - x0) the uniqueness of the optimal control

implies that the mappings

zo - #(o) and zo "(zo) = J(Oo(zo))

are well defined. One may now consider properties of these mappings. Indeed, if continuity can

be established, then given any closed subset F of 10 there is a best point i of control among those

point. of F in the sense j(1o) :5 {j(x) : z E F}. If differentiability can be established, then it may

be used to construct algorithms to find the optimal control location. Roughly, we show that if the

difference quotients

%P. = (4'(zo + 6h) - O(zo))/e

converge in H-2(fl) to an element *, then the mappings

zo - 6(zo) and xo - i(xo)

are differentiable, cf. [3]. Furthermore, the derivative of #(z0) is shown itself to be a solution

of an optimal control problem. In fact the derivatives of #(zo) may be associated with a sequence

2I
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of optimal control problems. The length of the sequence is dependent upon the differentiability

of 0. These properties are used to compute optimal points of control in several test cases using

descent algorithms for beams and plates in [9,10]. Similar consideations are given to the static case

in [8].

During the grant period we also studied the control of certain models of three dimensional

elastic bodies. These models are in the form of hyperbolic variational inequalities and incorporate

nonlinear normal and frictional interface laws in through their boundary conditions. They were

developed by J.T. Oden and his coworkers [5,6] and seem to produce results that agree well with

experimental observations [5]. Since these models are rather complicated, we refer the reader to

Appendix A for their formulation.

We have obtained results on optimal control by means of distributed body forces and boundary

forces. The existence of optimal controls we have proved for the variational inequalities directly.

Since certain functionals within the variational inequality are not differentiable, we consider regu-

larizations of the functionals and of Sobolev type. For the resulting problems we obtain optimality

and regularity conditions for solutions. Using these results, we proceed to obtain convergence

results for finite element approximatons to the regularized problems and iterated limit theorems

relating convergence to the optimal controls of the variational inequality see Appendix A.

3. Identification and Estimation.

Let 0l be an open bounded domain in R2 with a Liptschitz boundary r and let

(3.1)(a) Au = A(aoAu) - V. (a1 Vu) + a2u

or

(3.1)(b) Au = vA(aoAu) + (I - o,)((aou.4.) + (aou,,),, + 2(aou.,)s,)&

and

(3.2) utt + (A(bA)- V (bV) + b2)ut + Au= f in nx (0,T)

3



accompanied with appropriate boundary and initial conditions. Equations (3.1)-(3.2) along with

appropriate initial and boundary conditions prescribe a mathematical model of a thin plate com-

monly called the Kirchhoff plate model [7]. Also, terms are included in (3.2) to model damping.

The choices of these terms are motivated from analogous beam models [4].

The estimation problem may be formulated as follows. Given information z, which we view

as a member of an observation space Z (Hilbert space), we seek to determine one or more of the

parameters q = {a,, bi : i = 0, 1, 2) from within a prescribed subset Qj of a Hilbert space Q that

produces a solution u(q) of (3.2) that "matches" z. One approach to this problem sometimes called

the (regularized) output least square method is formulated as a minimization problem:

Find q0 E Q. 4 such that

(3.3)(a) J(qo) = infimum{J(q) : q E Q.a}

where for # > 0

(3.3)(b) J(q) = liCu(q) - zII' + #jIqIjI

and C is the observation operator taking a solution u(q) to its image Cu(q) in the observation

space Z. The set Q.d is specified by constraints that assure problem (3.2) is well-posed and that

guarantee sufficient compactness to imply existence of a solution to (3.3).

To solve these problems numerically one must approximate the boundary value problems by

a system of equations and approximate parameters in some consistent manner. The adaptation of

the constraints to the discrete problem is then necessary. We have investigated this problem for

static beams and certain static plates in [11,12] and [13). These papers consider penalization and

regularization techniques to incorporate constraints. Useful here is an analysis of the regularity of

the optimal estimators of these problems and the use of linear splines to approximate parameters.

Since linear splins prease pointwise bounds, such pointwise LI-constraints easily carry over to

finite dimessional problems. Use of this technique however restricts the class of problems that may

be considered for plates to those in which the domain ) is a rectangle and the parameters are

expressible as a tensor product of HI spaces. This second restriction is not so great since such

spaces are dense in C (n). However, the theory is still essentially a one dimensional theory.

For the general case we have studied a two dimensional theory [13,141 in which Q.j is assumed

to be in H2(n). For this case there typically is not a finite dimensional approximating basis

4I



in H3(n) that preserves pointwise bounds and remains in H'(fl). The regularity is determined

by appropriately applying a generalized version of the Kuhn-Tucker Theorem and analyzing the

regularity of the solutions of the resulting va,,tional equations. Using these properties we may

appropriately define finite dimensional sets of parameters to obtain convergence theorems.

For example in [14] we consider the problem

ut,+Au=f in flx (0,T)
duu=- n=0 on r x(0,T)

u(0) = uo in n

ut(O) = ui in n)

where A satisfies (3.1) with a, = a2 = 0 and a, is Poisson's constant in (0, 1). Of great importance

in this analysis is the determination of regularity properties of the optimal estimator. If r is C 4

and

I E H'(0,T; L2 (O, T))n H'(0,T; H-(n))

uo E D(A)

u1 E Ho(l

and

z E L'(0,T;L2(f)),

consider problem (3.3) with

= E H'(0) : 4(Z) > P > 0 in fl}.

Of course, other functiomals J may be considered as well by matching at time T or at points within

n). We obtain regularity results indicating that the optimal parameter ao belongs to H3+6(fl) for

6 E [0,1). This result is then useful in formulating finite dimensional approximating problems

based on Galerkin approximation of (3.4) and in specifying finite element subspaces in H2(f() to

approximate the coeficients a.

Numerical examples have been studied for this problem in f) = (0,1) x (0,1) and T = 0.5.

Tensor products of cubic B-splines on a regular mesh adjusted to boundary conditions are used to

approximate u. Again, tensor products of cubic B-splines on regular mesh are used to approximate %

5



a. The resulting system of ordinary differential equations is approximated using a symmetric time
differencing technique. The following examples use 49 basis elements to approximate the state u
and 25 to approximate a. The parameter , equals 10- 8, and the test coefficient is

at., = 1 + (Z2 + 2 )/2

with observation

z(x,y,t) = 16X2(1 - z) 2 y2 (1 - Y)2 cos(t)

The forcing function f is generated using at,t and z. Using a quasi-Newton method for minimization
with initial guess a = .25, an approximation for att with relative L 2 error of 2.7% is obtained after

7 iterations.

For a similar case with

at.t--- 1/(4((x - 1)2 +iV ( )2)_+_1) '2 2

an approximation for at.t with relative L 2 error of 2.5% is obtained after 5 iterations.

We have analyzed similar problems for the estimation of damping terms as in (3.2) with

bi = b2 = 0 and have obtained regularity and approximation results [15]. With a test coefficient

12 12

with initial guess having relative L 2 error 16% after 4 iterations we obtain a relative L2 error of

3.8% with P = 10-12.

In other work we have studied the bijectivity or identifiability of the parameter-to-state map-

pings for finite dimensional version of elliptic boundary value problems [1]. In other work with

K. Kunisch we have studied estimation of time and spacially dependent diffusion coefficients in P

parabolic equation we Appendix B. In this paper we obtain regularity properties of the estimated I.s-g

diffusion coefficient and also determine sufficient conditions for strict complementarity.
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DYNAMICS AND CONTROL OF
VISCOELASTIC SOLIDS WITH

CONTACT AND FRICTION EFFECTS

Luther White* and J. Tinsley Oden**

*Department of Mathematics, The University of Oklahoma
**TICOM, ASE-EM Department, The University of Texas

Abstract. In this paper, we study the control of the motion of viscoelastic bodies resisted by

contact and frictional forces. The contact and friction effects are modeled by new interface laws
that characterize friction phenomena on dry rough surfaces. The system under study is an arbitrary

body composed of a linearly viscoelastic material which is subjected to body forces and tractions
and which is in contact with a rough surface of a neighboring body. Under mild conditions on the
data, we are able to prove the existence of an optimal control of motion of such systems in L2

(O,TV) through a program of applied body and surface forces.
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1. INTRODUCTION

The dynamics and control of distributed systems subjected to frictional resistive forces has

been an open problem in partial differential equations for many years, largely owing to the absence

of a meaningful existence theory for dynamical systems with friction. The mathematical difficulties

associated with Coulomb friction in problems of elastodynamics were pointed out in 1972 by
Duvaut and Lions (see [1]) and has been the subject of much study in the intervening years. The
finite-dimensional case has proved to be somewhat more tractable, and conditions for the existence

of solutions of discrete dynamical problems with friction have been recently reported by Lotstedt
[2] and Jean and Pratt [3]. The complexity of the problem can be appreciated by reviewing the
work on dynamics of systems with frictionless contracts by, for example, Schatzman [4], Carrero

and Pascali [5], Latstedt [6], Amerio and Prouse [7], Amerio [8], and others.

In recent papers, Oden and Martins (9,10] pointed out that one of the principal sources of
mathematical difficulty was the defiition of frictional stresses on the contact surfaces characterized

by Coulomb's law. However, an overwhelming volume of experimental data accumulated over a
half century suggests that this law is inadequate for modeling actual contacts and resistive forces on
deformable bodies. By characterizing the actual normal compliance of elastic interfaces, a

constitutive equation for an interface can be developed which yields results in agreement with a
sizable collection of experimental results on static and dynamic friction [9]. Moreover, the use of

such interface constitutive laws in mathematical models of elastostatics, elastodynamics, and
viscoelastodynanics problems with friction produces a tractable theory: results on the existence

and local uniqueness of solutions to static problems in elasticity with the Oden-Marins [9]
nonlinear friction laws were recently established by Rabier et al.[ 111 and of dynamic problems on

elasticity and viscoelasticity by Martins and Oden [ 10]. These new theories and results set the stage

for the study of the optimal control of such systems, taken up in the present paper.

In the present study, we establish the existence and uniqueness of a class of optimal controls

for a broad class of problems in the dynamics of linear viscoelastic bodies with contact and friction
laws of the type introduced by Oden and Martins [9]. We are able to show, under very mild

restrictions on the data, that for a control of the form 5(t)H, H being a functional characterizing all

external forces on the system, a 3e H1 (0,T) can be found which minimizes a functional relating

the L2-distance between solutions to the viscoelastodynamics problem and an arbitrary target

motion z(', t) over a time interval [0T1.
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Following this Introduction, we introduce in Section 2 notations and record preliminary

results on the formulation of the contact problem in viscoelastodynainics. In Section 3, a weak or

variational formulation of the problem is presented and an existence result from [10] is recorded.

The optimal control problem is introduced in Section 4 and the major results are established in

Section 5.

We believe that these results are the first of this type on optimal control of

distributed-paramneter systems in contact with friction.

2, PRELIMINARIES

We begin by considering a metallic body, the interior of which is a bounded open domain Q

in [RN (N = 2 or 3). The boundary r of a is smooth (e.g., at least Lipschitz continuous) contains

open subsets rD, rP, and rcsuch that r = FD kJ FF U , incas (f \ I) = 0, a e D,F,C).

Material particles (points) in 0 with cartesian coordinates xi, , 1 !5i!5N, are denoted x, the

volume measure by dx, and the surface area measure by ds, and a unit exterior vector normal to r

by n.

We shall assume that the body is composed of a linear viscoelastic material, the mechanical

response of which is characterized by the constitutive law,

a = ijkl ukI + CijkJ uk,I

1 5 ij,k,l N (2.1)

where (j a..) are the cartesian components of the Cauchy stress tensor, Ejk = E (x) and

ja jk'ijk

C. = C&t (x) are the arrays of elastic and viscoelastic parameters at point x e Q, Uk = uk (xt)

are the components of displacement at x at time te [0,T IR, Uk = auk/axl and (N denotes

differentiation with respect to time. The body is subjected to body forces of intensity b per unit

volume, to surface tractions t on F, and is possibly in contact with a moving neighboring body

2
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on the contact surface rC which moves relative to fQ at a velocity UT tangent to rc.The partial

differential equtions, inequalities, and conditions governing the behavior of the body are listed as

follows:

Lam OWM

%ij (u, ;),j + bi = pii in ! x (0,T) (2.2a)

where cij (u , 6) is the expression on the right-hand side of (2.1).

Boudar Conditons

uj= 0 on rD x (0,T) (2.2b)

ai (uu)nj = ti on FF x (0,T) (2.2c)

Contact Interfce Conditions

Crn (u,6) = - Cnh (un) n (2.2d)

un :g= = a T (u,6)= 0

IOT (u,6)1 < CTh (Un
n T

and

lOT (u~u)l < CTh (Un

IWT 0

lOT (u,6)l = CTh (Un)T

=*there exists X > 0
such that

W T = OT(U,U)

on rc x (0,T) (2.2e)

3



u (x,O) -u 0 (1)

(x,O) U W1 x

x E ~(2.2f0

In (2.2a) ,p - p(x) is the mass density and in (2.2d) and (2.2e),

an(,z the normal stress (contact stress) on rc
aniN6)nn

h (un) the approech of the twvo contact surfaces

=(un - 9

with un = ujnj the normal component of displacement, g the initial gap between surfaces, and

(j.the positive part of the indicated argument (0 = max (0,0)).

c0 Tj (u,u) =the tangential (frictional) stress component on rc.

=a,, (u,u) ni - ni, (W,6)

4T athe relative (slip) velocity of the contact surfaces.

UT- UT

where UTi = - ni un-.

4
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In (2-2d) and (2.2e), C., m0 , Cr, MT ame material constants characterizing the mechanical

response of the interface. Equation (2. d) is the power-law constitutive equation for the normal

compliance of the interface; (2.2e) defines the corresponding tangential response characteristics.

Justification for the use of such interface laws is given in ODEN and MARTINS [91. Thest laws
correspond to a generalized Coulomb law in which the coefficient of friction is dependent on the

deformation and is of the form, j± = Cla.,~ (u,i)lIa, with a = (mT/mn) - 1 and C = Cr/Cnm almT

3. A VARIATIONAL FORMULA

We now record a weak formulation of Problem (2.2), in which regularity requirements on u

and on the data are relaxed. We introduce the spaces of admissible functions,

V = I(V= (VI, v 2 ,. .,vN) E: (H1(flj)N I v = 0 a.e. on I-D) (3.l1a)

H = (L2(!a))N (3. 1 b)

V'= topological dual of V (3. 1c)

The space V is equipped with the usual norm.

11iv II = ( Vi J v + viv1) dx) 1/2

and (-,) and I -I denote the L2-inner product and normi on H, and <*>denotes duality pairing on

V'x V. Throughout. we assume for simplicity that

pWx - I and incas (r-D) > 0. (3.2)

In (3.1a), v on the boundary is interpreted in the usual sense of traces of I(fQ) - functions.



Mwe umazaia coefficients in (2. 1) are assumed to satisfy the following conditions:

EjjH ib. e ELc*2)

Ejl= =jl =i~ Ek~i

aLe. x e

Cqu CjkI ijlk - klij

3 a ac> 0 such that

for every symmetric matrix E Irz RNxN

(3.3)

Whenever (3.3) hold, the bilinear formns a: V x V -+ IR and c: V x V -4IR (representing the

internal virtual work of the stress coij) defined by

a(v,w) fn EijUvklwij dx (3.4a)

C(v,w) = Q CijIkj~kWij dx (3.4b)

for v,w e V, are continuous and V-elliptic, i.e. there exist positive constants ME, MC, axE,aC

such that for any w,v inV,

6



we also asame that

{cMrf +-if N =2
l~1 ~ :5 3 ifN=3 (3.6)

We assume that
b(t) e H and t (t)e (Lq' (rC) )N (3.7a)

CflCT E L' Wrc) , Cn.CT ; 0 a.e. on rc (3.7b)

g e L r (3.7c)

where

q =I+ max (mfl,mT) ,q' = q /(q-l1)

b(t) denotes x -+ b (x,t) ; t Wt denotes s --+ t (s,t)

where s = (SI S2 , ... , sn) is a point on r (in particular rn:). Then the work done by the
external forces is defined by the functional,

F (t) V

(F(t),v) f b(t) -v dx + f t(t)-v ds

F
(3.8)

Also, to characterize the prescribed slip velocity UT on rwe introduce the function

0(t), 4(t) G V

00~), "Tt) = UT(t) a.e. on rC(3.9)

For discussions of such decompositions of functions in V into tangential and normal
components, see KIKUCHI and ODEN (121.



Finaly, Wo chaacterize the work done by nornial and frictional forces on li-, we introduce

the nonlinear foom

(Pwv rc n~~w vds (3. 1 Oa)

j: V xV -+ IR

j(w.V) - Jr Crh(wnn) TVTI ds (3.10~b)

for arbitrary w, v in V.

We are now ready to state the following weak formulation of the problem.

Find the motion u(t): [0,T] - V
such that

+ C (u (t), v - (t~)) + ( P (u (t)), V - (t))

+ j (0(), V - 6(t) ) - j (u(t), 6i(t) - 6(t))

2!( F(t), v - 6(t) Vve V (3.11)

if aj (w~), Ua(t) -06(t)) denotes the partial subdifferential of the friction functional j with I

respect to the second argument (i.e., the velocity), then (3. 10) can be written in the equivalent

form'.

Find u(t) :[0,TJ -. V such that

F(t) e a2j (u(t), ii(t) - 0(t))

+ P(u(t)) + C 6z (t) + K u~t) + u~r (3.12)



where K,C a (V,V) are the operators defined by ( K w, v) = a (w,v), (C w,v) = c(w,v).

We are now in a position to state a major result on the existence and uniqueness of solutions

to (3.11).

Theorem 3.1 (MARTINS and ODEN [10]). Let meas (TD) > 0, (3.2), (3.5), and (3.6) hold
and suppose that

b e L2 (0,T;V')
t e L2 (0,T, (Lq'(r O)N) (3.13)

(so that F(t) e L2 (0,T;V'))

u0 e V, U, e H
V

Then there exists a unique solution u to problem (3.11) (or, equivalently, (3.12)) such that

u e L' (0,r;V)

i e LO (0,T;H) n L2 (0,T;V') (3.14)

U e LO* (0,T;,V') .

This result is obtained using a regularization procedure to smooth the frictional boundary condition

along with a standard Galerkin technique. It relies heavily on the compactness of the t-ace operator

from V into appropriate boundary spaces. The condition (3.5), which is used in insuring the

appropriate compactness properties, is remarkably confirmed by physical experiments on dry rough

surfaces; see [9].

Let us introduce the Hilbert space

w -(w * L2 (0,T;V): w e L2 (0,T;V')

with norm

II wIIw=(T(iw(t)112 +(IIw(t)II 2 )dt) 1/2
0 V H

An examination of the proof of Theorem 3.1 in [ 101 reveals the following continuity result.

g



Theorem 3.L. Let incas (Ii,) > 0, (3.2), (3.5), and (3.6) hold and suppose that {FK) KI is a

sequence in L2 (O,TV') such that

FK -+ F weakly in L2 (0,T;V) .

T7hen corresponding sequence if solutions u (FK) of (3.12) have the property that

u (FK)-+ u (F) weakly in w

and thus

u (Fy)-u (F) in L2 (O,T;H) .

Theorems 3.1 and 3.2 provide the basis for a study of the optimal control of distributed

systems of the type (3.11). We begin by introducing the notation

z e L2 (O,T;H) a prescribed target notation for t e (0,T), (3.15~a)

F(t) e V

with

where e is a prescribed functional in V'defined by normalized external forces

< 0,V b -v dx +jrt -v ds (3. 15c)
F

Here P = t) serves as a control parameter and the functional

J: H'(0,T) -+ R

10



given by

J(13) U( IIu(., t; 3)z (t) I12 dt + y 113 112 (3.16a)
0 H R(O,T)

where u (, t; 13) is the solution of (3.12) for the forcing function given in (3.16).
The optimal control problem that we study here is given as follows.
Given z e L2 (0,T;H) find 0 e H' (0,T) (3.16b)

such that

J(30) = infinum { J(P) : 13 e H' (0,T) ).
The following existence result is a consequence of Theorem 3.2.

Theorem 3.3. Let (rD) > 0, (3.2), (3.5), (3.6) and (3.16) hold. Then there exists a solution to

problem (3.16).

Proof. Let (0j}" be a minimizing sequence for (3.16). Then there exists a subsequence and
imi

{3) = such that
imi

pi -+ 10 weakly in H'(O,T).

From Theorem 3.2 we see that

u (13) -+ u (3O) weakly in L2(0,T;H).

That [ is a solution of (3.16) follows from the weak lower semicontinuity of the mapping

13 -. 1ipi3 (..)

We have established the existence of optimal controls for a class of control problems
governed by variational inequalities modeling contract prIblems with frictional effects. Our goal
now is to determine an approximation theory for these problems. Thus, we formulate a class of
approximating regularized problems in which the frictional condition is regularized similar to the
approach for existence [101. However, in addition we include a Sobolev regularization term. We

determine convergence behavior of the optimal controls for the inclusion of the Sobolev term. This
enables us to obtain reg *iry properties for the optimal controls for regularized problems. These
properties allow us to determine limiting behavior for optimal control problems over finite
dimensional subspaces of H'(0,T).

!I II



4. Regularized Problena

In this section we consider the formulation of control problems governed by variational

problems that are regularizations of (3.1 1), c.f. (10]. In contrast to the regularization used in the

papaer by Oden and Martins to establish the existence of a solution to (3.11), we regularize the
frictional contribution with a smoother function and the introduce a Sobolev regularization as well.
This is done to permit us to determine optimality conditions for the optimal controls of the
regularized problem. From these conditions we may determine regularity properties of the controls

for the regularized problem. We also obtain convergence behavior of the optimal controls as the
regularizaiton is allowed to vanish. We begin by introducing the functions

that satisfy the following properties

Ie GC2 (RN, R) for every E>o0 (4. 1)(i)

0 5 'VF(v) ! for every F->O0andv e RN (4.l1)(ii)

IF, (Ow +(G1 0) v)!g 0 F'(w) +(0l-q) *' (v) (4. 1)(iii)

for every > 0, (w,v) e NxRN,andOG (0,11

There exists positive constant D1 and a positive function e-4 D(E) (4. 1)(iv)

such that forcevery e >0 and (w, v, u) e RN xRN xRN,

IT"e (w)(v, w) 1 :5 D, (e) I v I ( u I

There exists a positive constant D2 > 0 sucht that for every Fe > 0 and v e RN



IW, - I v 11: D2

We defie tie regularized functional

je: V xV --+R

by

je (w,v) = fr CT I (wn - g)4Y'~' 'P.s (VT) ds

We observe that the derivative with respect to the second argument of j. ( f s given by

< Je (w, V), z > = < aVjE (w, v), z >

so that

< Je (w,v), z > = 'f CT [ (wn - g)4] Tf PF (VT) (zT)ds (4.2)

The variational formulation of the regularized problem of interest in this study is given as the
following.

Find a function t --+ u,(t) of [0, T] into V such that for any v e V

+ Je(ue (t) 'e~(0-60), v> = <f(t), v (4.3)(i)

with initial conditions

up (0) - uO es V

(4.3)(ii)

Ue () -ul V

.3



and

f e L2 (0, T; V) (4-3)(iii)

The proof of the existence of a unique solution to (4.3) is essentially the same as that given in
(10]. We use the following convergence result the validity of which follows from a study of the

proof of convergence of ue to u in 10.It should be noted that for f e B a bounded subset of

L2 (0, T; V') that the sets

and

(ii (f): f c B ,e >0

are bounded in L* (0, T; V) and L' (0, T; H) r) L2 (0, T; V), respectively.

Proposition 4.1. Let incas (rD) > 0, (3.2), (3.5), (3.6) and (4. 1) hold and suppose that f,

-f weakly in L2 (0, T; V) and e1 -+ 0 as i -+ca. Then

ud (fi)-4u(f)weak star~in L"(0, T; V)

u , (i)- i (f) weak starV9 in L- (0, T; H) and weakly in L2 (0, T; V) .

Along similar lines but with e > 0 fixed we have the continuity result similar to Theorem

3.2.

Proposition 4.2. Let e > 0 be fixed and let incas (I-D) > 0, (3.2), (3.5), (3.6) and (4. 1)

14



hold. If fu "+ f weakly in L2 (0, T; V'), then ue (fu) - + u. (f) weakly in W as n -...

The control problem for these regularized problems we give as follows.

Find e e I(O, T) such that

r( 3)minfinum (Jye) :13 H'(O, ) (4.4)(a)

where
J (11)- f II u, (', t; 13)- z (t) 112 dt + yII 3 112. (4.4)(b)

0 H H'(0j.)

As a consequence of Proposition 4.2, we have the result.

Corollary 4.1. Let the assumption of Proposition 4.2 hold. There exists a solution P. to

problem (4.4).

Remark 4.1. For 13 fixed we note that

it (3) 2t i (3).

Furthermore, since from Proposition 4.2 we see that u. (13) -- u (13) in L2 (0, T; H), it follows

that

as e -+ 0.The set

B- ( PC: e>O)

of optimal controls of (4.4) is bounded in L2 (0, T) and thus is weakly precompact in L2 (0, T).

15
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Theorem 4.2. Let menas D) > 0, (3.2), (3.5), (3.6) and (4.1) hold and let ei -* 0 as i -

*. Then any weak L2 (0, T) limit point 10 of the sequence {13l} is a solution of (3.16).
i=l

Proof. By the above remark there exists a subsequence again (Pei) such that
i=1

P3ei - 0 weakly in Ifr(0,T)

as i - **. From Proposition 4.1 it follows that

ue (13ei) -+ U (30) in L2(O,T; H).

Thus, we see that

lira JE (0,) >- Jirm je (Pi ) _t j (0o)

as i - and 0 is a solution of (3.16).

5. Optimality Conditions for Regularized Problems

Having established existence of optimal controls for regularized problems and their

convergence properties as e -+ 0, we now seek to determine their regularity. We begin by stating a

simple result that is a consequence of the mean value theorem.

Lemma 5.1. Let *: R -- R be defined by

V x) I- (X - g)4]M

for m~l andge R.Thenfor xI, x2 e R

16



i(xI) -*(X 2) 1:5 C(M) ( 1  91Ml + 1 I - 91m-1) 1IX - X21

Useful estimates for P and j may now be obtained as Corollaries of Lemma 5. 1.

Corollary 5.1. Let mn satisfy (3.6). Then

Mn- rn-i m-
I <P(ul) -P (U2), v >1 C(ml)11IuNI11V +I11U2NII1v +I11gI0I

)lU IN - U2N 11iV I)v)Iy

Proof. From Lemma 5.1 it follows that

CC

: r(n) (IUIN - g1 dS) + ('r" 1uN -g) ds)~
CC

!5C(mlu [I ds)N (Jr'r) + _d)s))n
C C

Hence, we see that

Mn -1 Mn-1

Lrn r.m) Lmnl m)
rn-I S

L Mn+I (r,) Lrnn+I (rc) LrMnnI (rc)

17
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Recalling that, under the assumption (3.6), H'fl(rc) imbeds continuously into Lq(f' d and

V-HI(Q) maps continuously into l-I/ 2(rc), we have the resuIl

In ASimilar manner, we have for j,

Corollary 5.2. Let tnT satisfy (3.6). T7hen

mnT-1 'Tr1  inn1
I(ul,v) -i(U2, v) i !5 C (mIr) [ 11u 1 11v + liu2 

11V + 1i giL 111,11 -c U'2ilV iIVIIV.

Let h e- L2 (0,T) and define

wa=(u(f3+8h)-u)(P))/8 for 8>0.

We note that w =wS satisfies

i~ (t), v) + e a ( i (t), v) + c (vi (0, v) + a (w (t), v) +

+ l/8<P(u(t;P~+8h)- P(u(t43)),v>+ (5.1)

+ 1/8 (<3J (U (t; 03 + Sh), (t (t; 3 + 8h) - 4D) (t)),v > - <3J (U (t; Oq3).(t. P ) - ) (:)),v >

= h (t) < E, v >

We now use Corollary 5.1 to obtain for 8 >0 the estimate

1/8 1< P (U (t; 0 + 8h) - P (u (t; 0))- v > 1I

r1n"I rn -i rn-i
!5 C (in) (IHu (t; 0 + Sh)Il + ifu (t; f3)Ilv + 1i g Ii )n~ iIW(QII vIVI

and

1/8 I<J3(U (t; 0 +8h), U t 3+ 8h) - 4i (t)), v > - <3 (U (t; ),u(r; f)0), v> I

Mill8



-I 1/8 r Cr[(un) (;3 + 8h)- g)+] i(t; 0 + sh) -0 (t) (v)-
C

. ((ud) (t; 13) - g)7'(U (t; 13) - 0 (t) (v)) ds I

Now set

A = jl Jr CT ([(un)(t; 13 + 8h) - g)+] -* u (t; (3)- g)+] m'(u (t; 3 + 8h) - O(t))(v) ds I
C

and

ITMT

B=1IJr Cr [(Un)(t; 3) - g)+] ((i (t; 3 + Sh)T0() - '(u (t; P) - ()(v) ds I
C

From (4. 1) (w) we see that for A we have

m -lrT-l

A 5 D I f CT m( lun (t; 3+ 8h)- gl +T (t; )gl lw (t)l (v) ds 1 (5.3)
C

and for B

B S DI(e) I fr CT 1Un (t; 9,)- g mlw (v) ds
C

We now make the resmction of assumption (3.6)

I:m T1 . <+m if N=2
5 2 if N=3 (5.4)

Under the assumpdon (5.2) we have that

A rT+2 rnlmT+2
Di(l) CT (Jr lu(t; 9)- gI ds) Iwl IlvIl

c L mn+ 2(rc) L mn+ 2(rc)

19
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< 9 (e mT) ( iIu(.6) +III +Ir ) itH v iM v (5.5)r mn

'Tus, w see that from (5.1) *- (5.3) and (5.5),

(W*(t), v) + e a (*(t), v) + c (*(t), v) + a (w(t), v)

:9I h(t) I < 9, v > + C () ( IIw(t)IIv + IiS(t)IIv ) IIvv  (5.6)/

where C(8) depends on the parameter of the problem as weil as u(p), g, and e and is bounded for

8>0 in a bounded set. Now setting v = i(t) we have

d/dt ( IIW(t) 2 + e a (w(t), w(t)) + a (w(t), w(t)) + 2C (w(t), i(t))

H (5.7)

5 2 1 h(t) I < e, w(t) > + 26 (8) ( IIw(t)llv + 1I ,(t)llv + 21%,(t)l)

< Cl i h(t), 2 C2 (8) ( IIw(t)Ov + IIw(t)ll2 )

We may now obtain from Gromwall's inequality that

,1w,(t),, 2+ ,,w,(t)112+ I, wW8( )I,!vg C(S) ft lh(r)12 dt (5.7)

where C(S) is a function of 8 sending bounded sets in R+ into boundet sets in na similar

manner, using v-w(t), we may show boundedness of w(t) in L2 (0,T;V). Hence, we see that

there is a sequence 8i --+ such that

wa:i.- w weak star in L"(O,T;V)

*8:-* w weak star in L**(OT;V) (5.9)

w8i-- w weak%r in L2 (0,T;V)
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With this preparation. we have the following result: We denote by au,(b)(h) the variJ/of

u([3) with increment h.

Proposition 5.1. Let meas (rD) > 0, (3.2), (3.5), (3.6), (4.1) and (5.4) hold. Then w = aue(1)

(h) exists and satisfies the variational equation

(w(t), v) + ea(w(t), v) + C(w(t), v) + a(w(t). v) + f rn [(un - g)*] Wn(t), vn ds +

rc

+ CT R(u, - g)4 '' (UT -) (wT, VT) + (5.10)(a)
rc

+ MT CT [(un -g)4] Wn T' (T" -4) (VT) ) ds = h(t) < 9, v >

for any v e V and with initial condition

w(O) - w,(O) - 0. (5. 10)(b)

Based on estimates similar to (5.7), it is straightforward to obtain the following result.

Lemma 5.2. Let (4.1) hold. Then there exists a unique solution w to problem (5.9).

Proof (of Proposition 5.1). From (5.8) it is clear that the first four terms of (5.1) converge to the K

first four terms of (5.9)(a). For the boundary terms we use the compactness cf [10] to see that

wa- w in L2(0, T; Lq (Fc))

and

w -w in L(O,T; Lq (rc))

Furthermore, from (5.7) it follows that

u(p + 8h) -+ u(p) in H'(0. T; V)

and therefore
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u(p + 8h) -+ u(p) in L(O, T; Lq (rc)

where I 04 for N-3 and 15q for N-2.

Having observed the above convergence properties, we note that the boundary integral terms

convey by the dominated convergence theorem.

Remark 5.1. We point out that the Sobolev regularization is used to obtain inequality (5.8). It is

necessary since the coefficient of the Itw(t)Iv 2 term in inequality (5.7) cannot be made smalL

Using the results from Proposition 5.1, we may now calculate the variation of J.

Corollary 5.3. Let mes (FD) > 0, (3.2), (3.5), (3.6), (4.1) and (5.4) hold and let J? be given

by (4.4)(b). Then aJt(13)(h) is given by

WJe(p)(h) =2 fT (u, ( t; 3) - z(t), w(t,h)) dt + 2 y(p3, h)H(oT )  (5.11)

0 . H

where w is the solution of (5.10).

Having determined the differentiability of the functional Ye, we have the result

Proposition 5.1. Let meas (lrD) > 0, (3.2), (3.5), (3.6), (4.1) and (5.4) hold. If 0 e is a

solution of (4.4), then

fT (u. (t; 1) - z(t), w(t,h)) dt + -e- h)H.(o.r = 0 (5.12)
0 H

for all h e L2(0,T).

We may now use Proposition 5.1 to obtain regularity of I3' E > 0.

Theorem 5.1. Let meas (WD) > 0, (3.2), (3.5), (3.6), (4.1) and (5.4) hold. If is a solution of

(4.4), then Pe a H2(0,T).

Proof. Consider the linear mapping
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h ac(b) - JT~.(t; O3d- z(t), w(t~h)

of H'(O, T) into R. We note from Proposition 4.2 and from (5.8) that

I a(h) 1I 11I u. ( , P ) - z ("-) 11 L:(0T;IM C 11 h 111.2(0.1)

and thus in a continuous linear function on L2 (0,T). It follows by the Riesz(?) Representation

theorem [16] that there exists C e L2(0,T) such that

ct(h) - (ah) L2(0,T).

From (5.12) we see that for every h e H'(0,T)

(P, h)r(0 ,) =- 1/, (a", h). (5.13)

We conclude from equation (5.13) that in fact

.U + P =- /E

with

P (0) - J (T) = 0.

Hence, l3 e H2(0,T).

6. Approximation

We begin by giving the Galericn formulation for problem (4.3). Thus, let SN C V with

basis ( Bi )N and let

uN (x,t) - 1.K(t) Bi (x)

be such that for e a 0 fixed and v e SN
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N N N N
< 0t). V > + e a(fic (t), v) + c(u. (tV) + a(izu() v) + < P We~ (t), V) +

+ ( e (e (), ie t) - v 5t) e.V >(6. 1)(a)

with initial conditions

N4 N

ue (0) = U1

N N

where uO and ul converge to uO and ul in V, respectively, as N -*a.The following is not

difficult to show.

Proposition 6. 1. Let incas (rD) > 0, (3.2), (3.5), (3.6), (4. 1) and (5.4) hold and let e > 0 be

fixed. Let (PO ) be a sequence in H'XO,T) such that 1 -13weakly in If (0,T) and let Ni * .

Then

N.
ue 1j) -+ u. (13) in L2(0,T;H)

as i- .

To approximate the controls, let LM be a subspace in H'(0,T). Suppose there is a

continuous linear mapping IM: H'(0,T) ~4LM such that

-IMU IlJ(0wn M IU'{OM)

and for u a H2(O,1)
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whae C2!0 ad BM with (NM)--) as M--. Both C and 6(M) are independent of u.

The PfObems we consider are given by the following:

Find OM-N e LM such that
2

Jj (OM.N) - infinum P ' (0) :eLN) (6.3)(a)

where

Je(3) = 11 uM (t;p) - z(t) 112 dt + 'yII 13 112 } (6.3)(b)
0 H I(HO,T)

Remark 6.1. The existence of solutions PM-N of (6.3). Moreover, these solutions are bounded

in H'(0,T).

Theorem 6.1. Let 3, be a weak H(0,T) limit point of for Mi  . and Ni .

Then P. is a solution of (4.4).

Proof. Since 3. -.- I3 weakly in H'(0,T) as i - t, it follows from Proposition 6.1 that

MiN i MiN ) .

in L 2(0,T) as i -- a.. Thus, we see that

Ni M,.N i

lim Je * it'

Now from Theorem 5.1, Pe E H'(0,T) and, thus from (6,2), we see that

N M. N M. N.

£ (I J ,) I (P3

and

Ni M.N _>
Je (.) -lira J. (0" J)
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We conclude dot is asolution of(4.4).

Remark 6.1. It is now clear that an iterated limit theoremn follows from Theorem 4.2 and Theorem

6.1.

Theorem 6.2. Let -0. Then there exist sequences mi Ni *(s as i +.such that

w-lim (w-Uim M, N1 0

i-gm ' 'i )

where 00 is a solution of (3.16) and where the w-Iirnits are weak limits in IT(0T). Also,

l Urn ~i Of~ J (N3)
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Appendix B

Regularity properties and strict complementarity

of the output-least-squares approach to parameter

estimation in parabolic equations.
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1. Introduction.

In this paper we study properties of the output-least-squares

formulation for the estimation of the diffusion coefficient a in

(1.1) ut = (au"). + f,

together with appropriate initial- and boundary conditions, from data z.

More precisely, assume that (1.1) is a model of a system S where the

coefficient a is unknown. To determine a we assume the availability of

data z of S. The taak arises of determining as such that u(a*) best

fits the data z. The most common approach to this parameter estimation

problem is the output least squares formulation, given by

(P) minimize lu(a) - z12

over some set of admissible parameters A, where u(a) satisfies (1.1) and

the distance u(a) - z is taken in an appropriate norm. This problem has

received a considerable amount of attention (see [3,4,5,11,12,183 et a0.

These investigations are primarily concerned with the approximation of the

infinite dimensional problem (P), with numerical aspects of the finite

dimensional approximating problems as well as with establishing techniques

to cope with the illposedness of the estimation problem, by which we mean

the lack of continuous dependence of the solutions of (P) on perturbations

in z. Predominantly among the latter is the regularization technique, in

which (P) is replaced by

(P)a minimize lu(a) - z12 + Slal', over A,

where I tI a small positive parameter and I I denotes an appropriate

norm, It appears that optimization theoretic aspects of (P) and (P)a have

not yet been studied in detail and we shall make a step in this direction.

Two constraints will be involved in defining A: a pointwie lower

bound on the elements in A guarantees that the differential operator

appearing in (1.1) is elliptic and a norm bound is used to establish

existence of solutions of (P). Due to the lack of radial unboundedness of

the mapping a -0 u(s), (P) may have no solution unless the elements in A

are bounded in an appropriate sense or unless a regularization term, as in

(P) , is used.



In section 2 we collect results on regularity properties of the solution

of (1.1). Special attention is given to the fact that these results are

obtained under weak smoothness requirements on the coefficient a. In

sections 3 and 4 we show that due to the norm constraint or the

regularization term, the solutions iL of (P) experience certain local as well

as global regularity properties, by which we mean that i is more regular

than the functions in the set of admissible parameters A. While section J is

devoted to the case where a is a function of the spatial variable only, we

treat space and time dependent variables in section 4. Besides being of

interest in their cwn right, regularity properties of this kind proved to the

useful for elliptic estimation problems: in (121 rate of convergence results

for Glerkin approximations of the output-least-squares formulation of

estimation problems was proved and this rate depends on the regularity of

the solutions of the infinite dimensional problem, and in (141 a priori

knowledge of the regularity of the solution improved results for the

penality method formulation of the norm constraint.

In section 5 we give conditions under which the norm constraint is in

fact active and then we produce a class of examples for which the

formulation of (P) without norm constraint on A has no solution. The

proof of the activeness of the norm constraint is achieved by showing that

the associated Lagrange multiplier is nontrivial. From comparislon with

estimation problems for elliptic equations we expect that nontriviality of the

Lagrange multiplier will have important consequences for parabolic

equations as welL Among them are the stability of the solutions of (P) with

respect to perturbations in z. This will be studied elsewhere.

Throughout we use standard notation. The norms of inner products of

elements in function spaces are indicated with a subcript, as for example

I.I H. Howver, if the function spece is L3 then we my drop its notation

and we use (, .) for the inner product in LA and I. I for the norm

in L2 and in W'.

~ ]
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2. Preliminaries.

In this section we summarize some results concerning the output least

square* and the regularized output leasnt squares formulation of

{t (au,) . + f in Q
(2.1) u(x,0) =*(x) in 0

1u(0.t) =u(1,t) 0 for t c (0,T)

where 0 =(0,1) and Q 0 x (0,T), T 1 0. Depending on the cases when
ais a function of x only, or a function of x and t, we def ine the

admissible parameter sets

A = (a =a(x): a c H1(O,), a(x) & L' 1 0, IlHI A js), a''j

or

A= (a= a(x,t):a c H2(0,1),a(x,t) & 1 O,Ia H2 d IA) , vT'

The requirements 0 e v d. g and Tv' ' A& guarantee that A is not

mpty. The set A is given the topology of HI or 2 respectively. We
shall employ the following fit-to-data criteria:

J1(a) =. [ f u(x,t;a) - zl(x,t)I'dxdt + 131al 20 0 A

and
T

Ja~) =f Iu(x,T;a) - za(x)I'dx + Mlal 2
0 A

where 2b 0, zj e L2(0), zs e L2(0) and 11IA stands for I-. if we

consider only x-dependent coefficients and for 1 12if the coefficients
depend on x and t. Finally u =u(x,t;a) denotes the solution of (2.1)
depending an a fucntion of x and t on the coefficient a. The least
squares problems that we shall investigate are given by

(PO) min JI(a) over A.

By putting pa = a or 8I = 0 this formulation includes the case without
norm bound on the parameter set or without regularisation in the cost
functionl. If the dependence of Jj or (PI) on 8 or is in relevant



we denote this by additional indices, as for instance (P)S. First some

existence and regularity properties for the equation (2.1) are summarized.

Unless specified otherwise it is assumed that * c L2 (0), f e L2 (0,T;Er)

and a 6 A. Henceforth we shall write L2 (X) for L2 (0,T;X) when X is a

Banach space. Let

W(O,T) = (u: u e L3(HI), ut e Lc(H-))

endowed with (1u2H) + IutILa(w.1))/3 as a nore. It is welfinown that "IL(HH- ) r

W(O,T) is a Hilbert space which embeds continuously into C(L 2 ) (19,p. 19]

and compactly into L2 (C). Here we used the following

Lemma 2.1 (22, p. 271]. Let X 0, X, Xt be Banach spaces such that X0 c X

c X1 , where the injections are continuous, X, are reflexive for i = 0,1

and X0 embeds compactly in X. Set

Y = (v c L2(Xo) : v' c L3(XJ)),

with Iv1, = Ivlt2(X0) + Iv'lL(,). Then the injection of Y into L2 (X)

is compact.

Proposition 2.1. For a = a(x,t) c A there exists a unique solution u of

(2.1) in W(O,T).

Proof. Existence and uniqueness of u c L2(81) is shown in (16, p. 121).

Using this in (2.1) we find u c W(O,T). Moreover we have the estimate

(16, p. 118.

(2.2) lUl L2(Ha) L k(+II + L(r))

where k depends on v and but is otherwise independent of a.

Proosition 2.2. If * c L2(Q), f e LL(L s ) and a is time independent so

that a : a(') c HI(Q), a(x) & v • 0, then the solution of (2.1) satisfies

u e L'(C').



Proof. Using a semigroup theoretic argument let A in L2 be defined by

dam(A) = HI n H' and Av =(av,),. It is wellknown that A is the
0

infinitesimal generator of an analytic semigroup S(t) and that the solutioni

u of (2.1) can be expressed as

t

(2.3) U(t) =(t), + f S(t-s)f(s)ds.
0

In the following estimates we use the fact that the fractional power space

dom(Aa) endowed with I Aav as a norm embeds continuously into C' if

a C (3/'6,l), [9,p. 39]. Recall that WASMtI A t-a for f h 0. Since

ISMt)*lL'(C') A k I IAaS(t)#Idt z a, where k is an emedding constant,

we find that SMt) c L' (C1 ). Moreover using the convolution theorem we

have

f f IS(t-s)f(s)IC,dsdt A k f fJ~Sts~~~dd

00

(1-a)(2-a) 'fL1(L2) TG

Using these estimates in (2.3) implies the claim.

Proposition 2.3. If f e L2(L'), # e H' and a = a(x,t) c A c H2, then

0

Prof This result is stated without proof in (17, p. 1801. Since the other

wellknown references require stronger (*It* -) regularity assumptions on

a and since regularity of a is the focus of our considerations, we outline

the proof.

Employing the mean value theorem for integrals one, can prove that

(2.4) f lat(t.) L-(0,1) dt A Kiafl a(Q)



and

(2.5) la,,(x,)IL.(OT)dx) ' 6 ial ),
0

for a constant i independent of a c Hz.

We recalled before that u c L2(H1I). Using (2.4) we can now refer to [17,

p. 178] to conclude that u c L'(I) and ut c L2 (L2). Next observe that

observe that (aux), - axu. = ut - t - axU. and the right hand side of

this expresusion is in L2 (LI). Consequently aux. (aux)x - aux is in

L 2(L') and u c L"(W3,1). Recall that W2 '1 embeds continuously into C'.

This implies that u c LI(C1 ). Next an estimate for u.. in L2 (L2 ) can be

derived:

T I

L(L) IauIL2(L2) ( )UtIL(La + (J f lauxl2dxdt)'/'

T

'A4'L2(L2) + (J lux(.t)I,.( 0 1 ) J a(x,.) L.(OT) '/
0

' 1Utl L(L2) + KiluL2(Ct)lalH,,

where we used (2.5) in the last step. Thus u c L2 (H2 ). Employing this fact

in (2.1) we obtain ut e L2(L 2 ). The final claim follows from (19, p. 19].

To develop the final regularity result that will be required we need to

express (2.1) in an evolution operator theoretic setting. For t e (0,T] let

the operators A(t) be given by

da= A(t) = H2 n H a

with

A(t)# = (a(t,.)#,), for # c H2 n Is

and for A e C let

R(M;A(t)) = (A -



whenever R(AX;A(t)) c L(L'(O)). Here L(L2 (0)) denotes the met of bounded

linear operators on L3(0). The following lemma will be required.

Lemma 2.2.

(a) If a c H3 (Q.1, then a c C'"(O,T;H'(Q)), which is the apace of H6Ider

continuous function. with exponent 1/2 and value. in H1 . Let a = (x,L) c

A.

Wb There exist constants c arnd 6 much that

g # IA(t)*IL A a 1#1

for all *ceH 2 nHI and t(cO[,T,

(c) IR(AAI(ZO)'- for all A e C with Re X & 0 and t c (0,T],

(d) there exists a constant L such that

I(A(t) - A(s))A(r)- 1IL(1,2(0)) A Lit-sll/2

for all t, s, T c (0,T].

From the proof it can be seen that c, 6 and L in (b) and (d) can be

taken independently of a e A, if ;& in the definition of A in finite.

Proof of Lemma 2.2.

(a) Let t, a c (OT). Then

( Ja.(t,x) -ax(S,X)Ia dx)l12 (fiJ axt(GaX)d~i72dx)I'/2

0@0

and thus (a) follows.

(b) The second inequality in (b) is obvious. The first estimate in fairly

standard as well and we only sketch the proof to convince the reader that

9 can be taken uniformly with respect to t c (0,T]. Suppressing the

dependence of a on z we find
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f 82t)#'dx f (Avt) 2 dx - 2 f a(t)a.(t).#.dx -f a:#dx
0 0 0 0

(A(t)#)adx + 2(t),:.dx + 2 a 4(t)#*dx f ()*x
0 0 00

Hence it follows that

f J 2(t),x.dx A f (A(t)0) 2dx + f a!(t)4!dx
0 0 0

and since a e A

I 1I

v J *~xdx A 2 f (A(t)#) 2dlx + 210, 12.f a 2(t)dx.
0 0 0

From (a) and the Ehrlingsche Lemma (23, p. 1181 there exists for every

9 1 0 a constant c(t) such that

00,,12 a 21A(t)012 + 2(CI.xI 2 + c(C)IOI')IaIH2a(Q).

For an appropriate choice of ; this implies

(2.6) 1#. A ;A(t)#I

for all * H2 "HI and t c EO,T3. The estimate 1#1,, d cA(t)#I for
0

some constant cuniformly in * e H2 n H' and t c [0,T] is easily

verified and together with (2.6) this implies (b).

(c) for 0 cE 2 nHBI we have

(#,A(t)#) d v' x2

and thus semigroup theory implies that for every t c [0,T), A(t) generates

a seimigroup sip A(t) on L2(Q) satisfying lexp A(t)U 4 *-vt [20; pp.

8,141. This implies (c) (compare (20, p. 11]).

(d) The operator A(r), r e [0,T] are hameamorphisus between R3 n H, and
0

V' and in view of (a) this homeomorphiam are uniform with respect to r

C0,T). Thus it suffices to show

I(A(t) -A(s))#*IL2 A Llt-sit/2I*I1 ,2

IMP!w



for all 0 c H2 n H1, and t,s c (0,T]. We have0

I(A(t) - A(s))*ILZ A 1(a,(t) - a(s))0, LA + (a(t) -L

( (a.,(t) -aE,(s) ).IdX]' + [f It)-a(s)).12dx 1/2

0 0

t

0 x

St t "

•f '/ +(a, x)Ido
0 0 x •

- IIH 2 lt-slI/2C4V lal.2 + V lala].

This estimate implies the claim.

As an immediate consequence of Lemma 2.2 and the results in [20; V.6

and V.71 we have:

ProDosition 2.4. The operators A(t) with a =a(x,t) e A, generate an

evolution system U(t,s), 0 1 a a t 4 T on L2 (0). If f is H8Ider

continuous in t with values in L(), then the unique solution u(t) of

(2.1), given by

tr
u(t) = U(ts)* + f U(t,a)f(a)da

0 K

satisfies u' C(O,T;L'(Q)) and u e C(8,T;H' n H1) for every 8 c (0,T).

We now turn to the existence question related to (PI). Observe that A

is a bounded, closed and convex subset of HI(Q). Therefore it is also

weakly closed and weakly sequentially compact in HI (Q).

Prooosition 2.5. If u ' - or 8 0 then there exists a solution a of

(P)j1 ,5 for I 1,2.



Proof. We consider the case i =2 when a is a function of x and t.

The cases when i = 1 or when the coefficient in a tucntion of x only

are treated quite similarly. Let aj be a minimizing sequence, so that

Ja(aj) 4 inf Ja(a) =d asj .

A

If M u * then (aj) is a bounded subset of H2. If 23 1 0 then for

every 8 0

laji ' Ha (0

for all sufficiently large j. In either case (aj) is a bounded subset of

H2(Q). Thus there exists a subsequence a jkof aj convergiDg weakly in

112(Q) to some ak c H2(Q). Since A is weakly closed a e A. From (2.3)

and since (a jk) is also a bounded subset of C(Q), there follows the

existence of a constant Icindependent of a jgsuch that

(2.6) Iu(a Jk )I W(OT) a i(I0I L2(Q) + IlL2H1)

By (2.6) there exist u e W(OT) and a subsequill of a again denoted

by a k such that u(a ) 4 u weakly in W(O,T). Henceforth we suppress

the index kc. Observe that due to the weak convergence of aj to a in

H2(Q) it follows that aj 4. strongly in C(Q). Let w e D(O,T;Hol),

which is the space of all infinitely differentiable functions vanishing at

the end-points with values in Hol. Let <(*> L2(Q) denote the innert

product L2(Q) and take the limit in

<(S.),W) L2(Q) -(aju~aj),,W,>L 2(() + sI~w> L2(Q)

to obtain

(2.7) (ut.w>LQ <fiu(,wX>L2 + <fW>L()

Since D(O,T;H:) is dense in W(O,T) C19, p. 112, (2.7) holds for all

w e W(OT). Moreover W(O,T) embeds continuously into C(O,T;La) and

therefore u(O) *.Together with (2.6) and uniqueness of the solution to

(2. 1) in W(O,T) we have u =ul(k). Finally by the weak lower

Lill AAM 11011111,141)"'S
1"



semicoritinuity of the norm

d lin J2(aj) =Ii. (Iu(-,T;aj) Z~() + 131aIa2N(Q))

~ li Iu( T;a,) -- 2L2~ + l ip IajI2H2(Q))

SIu(.,T;A) - 22 + 131 aIH IQa

Therefore A in a solution of (P 2) and the claim is verified.



3. Remularity for spatially dependent diffusion coefficients.

In this section we examine the case in which a is a function of x

only. Thus A = (a e HI(Q): a(x) v t,, lalH t u) aid the regularization

term in Jj has the form BleH2' For i a (local or global) solution

of (P )I1  we define the open set

U = U(i) = (x C 0: hi(x) V),

and assume throughout that U is not empty. Recall that U(~a) can be

written as a countable union of open intervals. Throughout the first part of

this section we consider the case of the regularized fit-to-data criterion,

i.e. 0 6 0. We have the following results:

Theorem 3.1. Let a, be a soiution of (P,)0 with 3 1 0 (and v ' o

arbitrary). Then a, c H3(U). If moreover # H 110 and f e L2 (L2 ), thenO0

i3 e H3(U).

Theorem 3.2. Let ia be a solution of (P2)1 with 0 • 0 (& arbitrary).

Then a e 'w(U). If 0 c HI and f c L2(L2) then i3 t H(U). If
0

moreover z2 c H, then a2 c H'(U).0

In addition to these local regularity properties of iI we obtain the

following global regularity property for ai:

Theorem 3.3. Let 0 1 0 and let ii be a solution of (P1 )A, i = 1,2. Then

&, in of bounded variation and in particular a c Hl+0(0,1) for every s c

10,1/3).

The came B = 0 is considered at the end of this section.

To prove these theorems we prepare several preliminaries. First the

Fr~chet derivative of the parameter-to-output mappings *,: A € H' -

W(O,T), given by #,(a) = u(a) and 02: A c H -4 L2 (0) given by 02 (a)

j u(.,T;a) i characterized. For a e A and h c H' consider:



Vt =(av.). + (hu.(a))2 . in 0,

(3.1) v(x,O) =0 in a

v(O,t) = v(1,t) Z0.

Since (hu,(a)). e L 2 (,T;H1) Proposition 2.1 implies the existence of a

unique solution v c W(02T) of (3.1). If moreover * c H' and f c L2 
IL 

2
1

0then by Proposition 2.3 u(a) c L2 (H2 ) and one can conclude that
(hu(a)x). c L 2(L2 ). Applying Proposition 2.3 once again we find that v c

LI(H 2 ) with vt e L2 (L3). The Fr~chet derivative of #j in a in

direction h is denoted by (a;h).

Proposition 3.1. a) The Fr6chet derivative of *t in a c A in direction
h e H1 is given by the unique solution v of (3.1), i.e. ,'(a;h) = v.

b) Similarly 4'(a;h) = v(*,T).

Proof. We shall use the implicit function theorem (6, p. 1151 and define

F: H'(0) xW(O,T) -~L
2 (,T;HW') xL 2 (Q) by

F(a~u) (Ut - (au.). - f,u(0) - )

One can easily show that F is continuous and that F.(a,u), a e A, is
surjective from W(O,T) to L 2 (,T;Ht) x L2. Moreover the partial Fr~chet
derivative of F with respect to a in direction h is given by
F.(a,u)(h) =((hu.)x,O). Clearly (a,u) -4 F,(a,u) from H 1(0) x W(O,T) to

L(H'L2(-')x L2(0))) is continuous. Here L(X,Y) denotes the set of all
bounded linear operators from X to Y. Thus by the implicit function

theorem a -P *,(a) =u(a) is Fr6chet differentiable from H' to W(O,T).

Its value can now be calculated directly from (2.1) and is found to be

characterized by (3.1). As for the Frechet derivative of 03 observe that
u -4 u(*,T) from W(0,T) to L3(0) in a bounded linear mapping. Therefore
4(a;h) =v(*,T). From Proposition 3.1 it follow. that J I(a), i= 1,2 are

Fr~chet differentiable with respect to a. The Fr~chet derivative of Jf at
a cA in direction h c HI in given by

J:(a;h) =2<u(a) -zi9v>L) + 2.B(a~bh>(Q

- ~ ~ ~ ~ ~ ~ ~ ~ % *% -. '- %'V V.% '. %



and

J;(a;h) = 2<u(a)(.,T) - Z2,v2>L2(Q) * 213<a,h>Hi(Q).

Integration by parts and use of (3.1) yields an alternative representation

for Ji'(a;h).

Provosition 3.2. Let a c A and h e H1 (0). Then

r

J'(a;h) = -2 f f u,(&)p,(a)dt h dx + 2B<ah>
n o

and

T

J;(a;h) = -2 f f u,(a)qx(a)dt h dx +
no

where

S-Pt - (ap,). = u(a) - z, in Q,

(3.2) p(x,T) = 0 in 0,

p(Ot) = p(l,t) = 0 for t c (0,T),

and

-qt - (aq,), = 0 in Q,

(3.3) q(xT) = u(x,T;a) - z,(x) in 0,

q(Ot) = q(lt) = 0 for t c (0,T).

'S

Remrk a) From Proposition 2.3 we find p c L2(H a ) with pt c

L(Ls).

b) From Proposition 2.2 it follows that q c L'(C') n W(O,T).

) If 2u ', # c H: and f c L2 (L2) then u(.,T) - z2 cH 8 and

therefore q c LI(H') with qt c L2(L 2 ).



T

Lema 3.1. Let w(x) J uX(x,t)rE(x,t)dt.
0

a) If u c W(OT) and r C W(O,T) then w € L'.

b) If u c W(O,T) and r c L 2 (H') then w c L3.

c) If u. e C(L 2 ) and r c LI(CI) then w c L .

d) If u c LI(H2) and r e L3(H 2 ) then w e H1 .

Remark 3.2. Throughout this paper and specifically in the proof of Lemma

3.1 we use the following fact which is a special case of (8, Theorem 17; p.

1981. If F e L'(O,T;LP(Q)), 1 d p A -, then there exists an integrable (with

respect to the product Lebesgue measure on [0,T] x 0) function f,

uniquely determined up to measure zero, such that f(t,.) = F(t) for almost

every t e [0,T]. Moreover f(.,x) is integrable for a.e. x c 0 and
tI

f f(t,x)dx as a function of x equals the element F(t)dt of LP(0).
0 0

Proof of Lemma 3.1. Part a) is obvious. To verify b) observe that

I TT T

fif uxrxdtt'dx d JlJ~uxladt fr.l2dtdx
a 0 0 0 0

T

A sup jlrxldt luxl.(Q) a const Irl2(S lUlw(o,T)-
xeO 0

To verify c) we use Minkowski's integral inequality (21, p. 2711 in the first

step:

t lr T 1 '.(Ulf u.r.dt,2d,,/2 , hfuxr2dxl'/'dt

0 0 0 0

T -

i Ir (.,t)IC'Iux(.,t)lLadt A IrlL(C)IuXI C(L).

Part d) is left to the reader.

1am .. Let I be an open interval in 0, d 0 and a c HIH(0). If

further # c L' (or L2 or HR) and



r ((a~h, + ah) + *b~dx 0 for all h c Hm
f 0

then -a,, + a -

and

a e W2,1(1) (or H2 I.or (I)

Proof. By assumption

x 
x

(8a,-8 f ads-f *)h.,dx 0
I0 0

for all h e H'(1). Therefore a. J (a + ±)ds + conat. and thereforea

a,= a + ±The remaining assertiononow follows easily.

The proof of Theorems 3.1 - 3.3 employs a Lagrange multiplier

formulation of (P1 ). An another preparatory result we therefore discuss the

regularity condition for the constraint set A. Let G1. H' (0) 4I and G2:

H'(Q) 4# C(Q) be defined by

G,(a) lal H )Ai& and G2(a) =' -Y a

and put G(a) :(Gd~a),G 2 (a)) where G: HI 4 1 C. We have

G0(a;h) = 2<a~h>,, and G2(a;h) =-h.

By C+ we denote the cone of nonnegative functions in C, by R+g the

nonnegative reels and C1 stands for the dual cone of C., I.e.:

C$ Wc C*: A*(,*) b 0 for all '*c C+).

Observe that A = (a cHI: -G(a) e R+ xC+) (a cH: G(a) 6O0).

Le m3.3. Every admissible point a e A satisfies the regular point

condition. That to

- - -w.!~W



(3.4) 0 c inf (GMa) + range G'(a;Hl) +.*+ x C+).

Proof. This result is verified in (15]. For the sake of completeness and

since the proof is short we repeat it here. We will show that every (r,*)

is contained in the set appearing in (3.4) provided that IrlR + 1,C

rain(4i,-- ](.-v'). Note that (3.4) is equivalent to

(3.5) 0 e inf(IaH,_ -1 2 
+ 2<a~hH 1 + R+, v - a - h + C+: h e HI).

Let T I- min* and note that YcC + ..We put h -v-a- min-Oe H1 .

Then # v - a - h + Y, which is of form of the elements in the second

component of (3.5). Next we need to find p c R+ such that

(3.6) r =- ' -al+ 2 <a,h>H, + p.

This is equivalent to r = -jA 2  lal 2 + 2(a,v)L2 - 2(a,ain + p. But
H L •

2 (av) 2 - 2(a,sin *)LalaHt-2 4 laL2+V-lal H- 1-2(a,zin2Ll #)3)LHL 2

d Y - A2 + Val C (L - $A).

Therefore

p~ ii r +-(A ta V2 - Irn a b J - 0.

~ 2 2 2 -

Thus * in (3.4) is nonnegative and the lemma is verified.

Proof of Theorem 3.1. We only consider the case i s -. The cams is

requires no essential changes from the present proof.

By the Lagrange multiplier theorem (see e.g. (24]) there exists a pair

(A&,,A) c Rf+ x C1 such that

(3.7) J3(i;h) + AG(](i;h) + <Af,Ga(i;h)>C + B<&,h>H , = 0,

for all h c HI,



(3.8) A,(IiI - M,) 0 and <Af,v - i> = 0.

Here <',->C denotes the duality pairing on C and we dropped the index

II

in the notation for i,. Recall that At can be expressed as A f dA3,
0

where A, is a nondecreasing function of bounded variation. From the

mean value theorem for Stieltjes integrals and (3.8) it follows that A2  is

constant on open subintervals of U = U(&). Using Proposition 3.2 it can be

seen that (3.7) is equivalent to

(3.9) -2 (w,h)L + (2A1+8)<ih>H, + <Afh>C = 0

for all h e HI, where w(x) (J u'(i)p.(i)dt)(x). Let I be an open
0

intervalin U and h c (h H: h=0 on Q\I).Then

(3.10) -2(wh)L2(I) + (2 X+ 8 )ihH:(I)= 0.

By Remark 3.1 a) and Lemma 3.1 b) we have w e L2 (0) and under the

agumption # c H' and f e L3(L 2 ) it follows from Remark 3.1 a) and0

Lemma 3.1 d) that w c H'. Since 8 1 0 by assumption, we can use Lemma

3.2 with 8 = + 2A, 1 0 to obtain

(3.11) -ix. + i 2 w on

2A,+8

and k c H2(I) respectively i H2(I).

Since U ts an open subset of 0 in dimension one, it can be

expressed as a countable union of disjoint open intervals. On each of these

intervals (3.11) holds and therefore i c H2(U), respectively a c H3(U) if

the stronger regularity assumptions hold for f and *.

B,

Proof of Theorem 3.2. The proof is quite analogous to the one of Theorem
T

3.1. Rare we take w(x) = (J u'(i2 )q.(i,)dt)(x) and by Remark 3.1 b and

Lomma 3.1 a) we find w c L'. Again we have (3.11) and therefore i e



W2 ,'(1) and consequently i e Wa11(U). If in addition # c H. and f e

L(L), then u. c C(L3) and q c L'(C') and thus w c L 2 by Lemma

3.1 c). Under the additional assumption za c H: we find w c HI by0

Remark 3.1 c and Lemma 3.1 d). Using these facts in (3.11) we arrive at the

desired result.

Proof of Theorem 3.3. Consider (3.9) with w defined as in the proof of

Theorem 3.1 if i = 1 or as in the proof of Theorem 3.2 if i = 2. In either

case w LI(M). Thus from (3.9) the mapping k, -+ ((i&),h,) can be

extended to a bounded linear functional on C, i.e. (al,h.) J h d0 for

all h c 91 and some function * of bounded variation. For all h e H1
0

we thus have

(&,h.) = - * hxdx
0

which implies i --- + C for a constant C. Therefore a is of bounded

variation and the proof is finished.

Remark 3.2. It is interesting to observe that in the case A, = 13 = 0 the

regularity of As (which is used for the 4a&e. integral representation

of Af) is determined by w. In fact, in this case w A and As c W ,0

by (3.9) for i 1 1 or 2.

Now lot us consider the case 3 = 0. From (3.9) - (3.11) it is obvious

that the same regularity properties can be obtained for the solutions ij

of the unvogularised problems (P,)o, i = 12, if only A, * 0. By (3.8)

this in turn implies that the norm constraint is active, i.e. aI = '.

We recall that U(i& ) is assumed to be nonempty.

Proamdttn 3.3. Lot 8 =0, is and lot &k be a solution of (P,)*. If
for some open interval c € Q

T
(3.12) f u3 (&)p=(&,)dt 0 0 in L2(1) respectively

0



T

f u,,(i)q,(ia)dt a 0 in L'(1),
0

then the Lagrange multiplier associated with the norm constraint satisfies

As1  0 and the regularity results of Theorem 3.1 - 3.3 hold. Moreover

i it~ ; in this case.

Proof. Assume that A, - 0 and choose I as in the statement of the

proposition. Then by (3.10) we have w = 0 on I which contrndicts (3.12)

and ends the proof.

It appears to be infeasible to give conditions in terms of (2.1) and the

equations for p or q which guarantee (3.12). The following proposition

gives a necessary condition for (3.12) to hold and thus for At • 0.

Provosition 3.4. Let 13 = 0 and j ' *. If A 1 0 then u(ij) cannot

coincide with z, as a function in L 2(L2 ) respectively L2 (0).

Proof. Let I c U be an open interval and assume that u(&1 ) = z,, for

i = 1 or 2. Then p = 0 respectively q = 0. Therefore (3.12) cannot

hold. By (3.10) AX<&i,h>Hi(i) 0 for all h c H*(I) and thus A, = 0.



4. Reg-ularity for sipatiallZ and temporally dependent diffusion coe-fficient.

In this section we consider the case in which the coefficient a is a

function of both x and t. Hence we take the admissible set of parameters

to be

A =(a eH 2(0): a(x,t) a v 1 0, IaI H2 A

and the regularization term in J4  is of the formn 1 1a'H2(Q). For il a

(local or global) solution of (P, ) we define the open set

U =U(ij) =((x,t) C 0: ai(x,t) x )

Throughout this section it is assume that U is not empty. An in the case

of section 3, the optimal parameter may satisfy special regularity properties

either due to the regularization term or due to the norm bound. Here we

state both cases simultaneously. We shall write 01 cc Oa if 01 and 02

are open subsets of a Euclidean space and if 01 is compact with 0, c 03.

The Lagrange multiplier associated with the norm bound is again denoted

by A 1.

Theorei 4. 1. Assume that IA and A, I 0 or that 0 1 0 and let &,

be a solution of (P,) 0 . If cU , f c L2(0) and * £ H', then a e H'(U).

Theorem 4.2. Assume that M ' and A, * 0 or that 0 1 0 and let ia

be a solution of (P2 )0 . If cU C, f c L2(Q), * C a: and z3 c H' then
0 0

i C H(U).

Theorem 4.3. Assume that u'*and A, 0 0 or that a3 x 0 and let il

be a solution of (P,) 3 i 1 or 2. If Qcc Q and Q satisfies the

uniform cone property, then i&. e H 2 8(4) for any a c (0,I).

In section 5 we shall specify conditions which guarantee that A, 8 0.

The verification of the above theorems, proceeds along the same lines

as that presented in azoction 3. We indicate the salient features. First the



Prechet derivatives of Jj, j 1 or 2, are specified.

Proiposition-4.1. Let a c A and h e H2 (Q). Then

T

J~a~h. -2 u()p,(a)b dtdx + 2B<a~h> H2(Q)9

and

T

J;(a;h) =-2 f f u,(a)q,(a)h dtdx + 2I<a~h> H2(Q)'

where p e W(O,T) and q e W(O,T) are given in (3.2) and (3.3).

Remark 4.1. Since f c L2 (H-1) and * e L2 it follows that u e W(O,T)

and that u., e La(LJ). By Proposition 2.3 this further implies that p c

L3(H 2 ) and Pt e L2 (L3).

Lemma 4.1. a) Under the standard assumption that f c L2 (H1), * c L2, Z1

e L2'(Q) and z2 e L2(OQ) it follows that u~p. e LI(N) and u~p. LI(Q)

and thus both these functions can be identified with elements in the dual

space (H&+Y)* of H'+Y(Q) for every y % 0.

b) If f c L2(L 2) and * e HI then u~p, c L2(L2).

c) If f c L2(L 2), # c H1 and Z2 C H, then u~q. c L2(L 2).
0 0

PC& Obviously u~p, and uq. belong to L' (Q). Moreover, if # e

LIMQ then, since HI+V(Q) embeds continuously in L*(Q) for y x 0, we

sees that

sup =c1#1aQ)

for msm constant c independent of * e LI(Q). Here (-,->,+,y denotes

the duality pairing between fl'+Y and (H'4 V)' with L' as a pivot
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spae. To verify b) we observe that by Proposition 2.3 we find that u c

C(HI). Moreover p c L 2(H3) by Remark 4.1 and thus it easily follows that

uxP. e L2(L2). Finally c) is implied by the fact that u c C(HI) and q c

L2(H2).

To determine the regularity properties of the solutions i1  of (P1 )3

we again use a Lagrange formulation. First the constraints that are

involved in defining the set of admissible parameters are characterized by

a mapping G - (G1 ,Ga): H2 -4 R x H'+Y(Q) given by

01(a) l 2(Q - )A", G2 (a) = V - a.

Let H +Y = (a c H'+Y: a(x,t) h 0 on Q). For a e H'+ Y we write a d 0

if -a eH I+ Y . Observe that a c A if and only if G(a) A 0. Since Hi+ Y,

y 0 0, embeds continuously into C, one can show with an argument similar

to the one of Lemma 3.3 that every point a e A satisfies the regular point

condition

0 c int(G(s) + range G'(a;H 2 ) + R+ x HI Y).

Thus for the problems (Pj) , i 1 or 2, there exists a Lagrange

multiplier pair (A,,A) e R+ (H:+Y)* satisfying

T

(4.1) -2 f f u,(i,)p.(ij)h dxdt + 2<AI+8><(,,h>H2(Q) + <(A,h>)+y Z 0,
0

respectively

T

(4.2) -2 u(i 2 )q.(a 2 )h dxdt + 2<A,+B><ia,h>H(0) + <(A,h)1+v 
= 0

0a

for all h H'(Q). Moreover the complementary condition

(4.3) A&( "k Ila - ) , (<A,Y - i*>l+ = 0,

respectively



(4.4) A1(i&2I'2 - JAI) =0, <A29y - ia> Jy=0,

holds. Here (HI+V)* = (g c (H'+Y)*: (g,a)j~ b 0 for all a c H'+Y). Next

we analyse furhter the variational equations (4.1) and (4.2). Henceforth the

assumption A1I + 8 1 0 of Theorems 4.1 - 4.3 will be used. The bilinar

form

B(a,h) = XB<h>H

is H2-coercive and 1 2 -bounded, i.e.

and

D(a,h) d 2(AI+B)taI H2IhI H2.

Thus by the '*ax-Milsram theorem there exists a bounded linear operator

L: fl2(Q)* -0 H2 (Q) satisfying

(4.5) B(L(p).h) =<p,h> (fla, *, for all h c H2 (Q)

and

(4.6) L(P)1 2(Q) ' 2(A+B) 'PH2(Q)**

Here <,i,,,denotes the duiality pairing between H2 (Q) and H2(Q)*.

Hence, by restriction, for any Q cc Q we find

and L can be considered as a bounded linear operator from H2 (Q)* to

82(i). We shall write

L e (aQ$,2Q)

whore L(X,Y) denotes the space of all continuous linear operators between
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the Banach spaces X and Y. Applying results on the interior regularity

of solutions of variational elliptic boundary value problems we further

obtain that for p e L2 (Q) and 4 cc Q the solution L(p) of (4.5)

satisfies IL(P)Il 8(a) A d IL () where the constant C is independent of

p e L2 (Q) [1, p. 51-61; 23, p. 299-302]. We thus obtain

(4.8) L e L(L2 (Q),H'(Q)).

We next utilize results from interpolation theory. Since H2 (Q) is

con~tinuously and densely imbedded in L2 (Q) it follows that (taking L2 (Q)

as a pivot space) L2 (Q) can be identified with a subset of (HZ)*.

Subsequently from (4.7), (4.8) and the interpolation theorem we find, using

the notation from [19],

(4.9) L e £((L2(Q),H2(Q)]e9,(H4(Q),g2(Q)]*)

for every 9 e (0,1). For interpolation between dual spaces it is known [19,

p. 29] that

with equivalent norms, and further [19, p. 40]

This implies [L3(Q),H(Q)']9 H2G(Q)*. If Q satisfies the uniform cone

property, then the Calderon Zyguaund extension theorem [23, p. 100] is

applicable to the domaiui Q and the results in (19, p. 40-43] can be used

to obtain

Using these facts in (4.9) we arrive at

(4.10) L c e 2(),H(-)&)

for any 9 a (0,1)).

Proof of Theorem 4.1. Let *,l be a solution of (P1 )B and assum that

cc U. Then there exists a bounded domain V such that Ucc V cc U.



Moreover there exists S 0 such that I (x,t) & v + a on V. Let h c

H' with compact support in V+ satisfy lhILO A 6. rhen * h + v - &t A 0

and by the complementarity condition (4.3)

< *,th)t+v = <x*,* h + v - il>+y 6 0.

Therefore it follows that

(4.11) (A*,h>,+y = 0 for all h c H2 with compact support in V.

We use this fact in (4.1) and find

-<uxPxh>)L2(V) + (A1+8)<i&,h>H3(V) = 0

for every h c H2  with compact support in V. From Lemma 4.1 we have

u.p. e L2 (L 2 ). The assumptions in Theorem 4.1 guarantee that A, + 3 x 0.

Thus from (4.5) and (4.8) with Q, Q replaced by V, 0 we obtain ai c

H'(03). See also [23, p. 73, 299]. This ends the proof.

Proof of Theorem 4.2. We only replace (4.1), (4.3) by (4.2), (4.4) in the %

proof of Theorem 4.1 to obtain the desired result.

Proof of Theorem 4.3. From Lemma 4.1 we observe that up. and u.q.

can be identified with elements in H+Y(Q) * . Furthermore A8 e HI+Y(Q)*

as well. Therefore we have

+ u,(i,)p.(&i) C HI+Y(Q)"

and

.. := -4 + u.(i 2 )q.(ik,) C B'+Y(Q)* "

By assumption A, + B 1 0. Thus from (4.1), respectively (4.3), (4.5), and

(4.10) it follows that L(o,) c B3- y  for every y e (0,I). Setting a I -y

this implies the result.



5. N4ontriviality of the LAgrange multiplier associat.ed with the norin

constrainL

In this section we give conditions, which guarantee that A1  0. In

view of (4.3), (4.4) theme conditions imply that the norm constraint is active

and they constitute a specific case, where the strict complementarity

conditions holds:

A 1(Iikil 2 -1 2 3  03i or 2, without both factors being zero
simultaneously. We shall see that the problem of nontriviality of A, is

related to the question of attainability of zi. Here zf is called attainable,

if z, e V, = (z: z =u(a) in W(0T), a e A), respectively z2 e V2 =(z: z
u(.,T;a) in UP(O, a e A), where u(a) is the solution of (2.1).

We point out some of the consequences of the nontriviality of At.

First, we have already seen in sections 3 and 4 that At 1  0 implies

regularity properties of the solutions ig of (P 1 ). Moreover, for elliptic

estimation problems A, 1 0 guarantees stability of the solution of the

output-least-squares formulation of the estimation problem with respect to

perturbation of z or A (7) and it guarantees augmentability as used,

for example, in the augmented Lagrangian approach to estimation problem.

that we described in [10].

Recall from (4. 1) that for 0 = 0

(5.1) -2<uxpx~h> L2(Q) + 2A1<ijsh> H2(0) + <Af, h>j -0

for all h e 2 and that

U ZUWit) Z((X't) C Q: it(x't) I v).

For the unregulaz ed fit-to-data criterion J1  we have the following

result which guarantees A 1 1 0. By a rectangle V in Q we mean a set
of the form Cx 1,x.] x (t,,t2] c Q with 0 d x, 9 x2' 1 and 0 d t% X't

' T.

Tnmsw.L. Let B =0, f e L2 (L3), * e H It zi be Holder continuous with

values in L2(QG) and assume that ik, io any (local or global) solution of
(PI) satisfying Bik 0 Y' and

(a) for *very rectangle V c U, f is not (a.*.) only a function of t on
V,



(b) there exists at least one rectangle V c U much that u(i 1 ) - z, is
not (a...) only a function of t on V. Then A,1 0.

Before we give the proof let us further interpret the result. First
observe that the conclusion A,1 0 depends on #4 only in an far an ik,
may depend on M&. The solution ik, of (PI) enters into the assumptions
only in (b) and through the requirement that ii, 0 ju (which is equivalent
to U(&1 ) S0). As for (b) we point out that due to the assumptions on f
and * every solution u(a), a e A, of (2.1) in continuous on Q with
u(O,t;a) =u(1,t~a) =0. In the specific case that z, is constructed from
piecewise constant interpolation of point data, (b) holds for every a e A
unless 21 a 0. We observe also that under the smoothness assumptions
and assumption (a) of Theorem 5.1, (PI) with the norm constraint eliminated,
cannot have a solution a1 , which is not identically v and which satisfies
(b). In fact, if this were the case a1 were also a solution of the norm-
constraint problem with pi = 2 1;,I,, and Theorem 5.1 were applicable and
gave A,1 , 0. By the complementarity condition (4.3) this would imply As

1;Iwhich is, of course, impossible.

Proof of Theorem 5.1. Let us assume that A,1 0. Then by (5.1) we have

(5.2) 2<uxpxsh> L"(0) ' <Af,h> 1+y for all h e H2.

Thus h -6 <Af,h> +ycan be extended to a continuous linear functional F

on L2(0) with F(h) =< 2uxp.h>L2(Q) Here we used the fact that u e

C(H:) and p c L2(H2 nHI) by Proposition 2.3, so that up. e L2(L 2).

Since Af is in the positive dual cone (fl.+5* we find that

(uxpu.h) L2(Q) & 0

for all h c 91+Y n C+. But H'+Y nl C+ is dense in L2 (this can be seen
with a mollifier argument [ADAME, p. 30]) and thus (uxp.,h) L2 b 0 for all
h a L2. This implies

(5.3) up 3 h 0 a.e. on Q

Moreover, since <At,,. - i+y = 2(u~p,,,/ - i> L(Q) 0 we find that

(5.4) a,,p3 * 0 a.*. on U.



Next observe that t -P u(t,-) f rom (0j) to L2 (0) isHolder

continuous with exponent 1/2. In fact,

Iu(t) - u(s), d f lu.t(a)Idu a It-ell/3 fJ Iutl2ds)1/2,
6 0

where the exisitence of the last integral follows from Proposition 2.3. Since

z, is H61der continuous with values in L2(0), it follows that u -z, is

U9i1der continuous with values in L2 (Q) and thus p £ C(0,T-6;H2 n HI) for
0

every 6 c (0,T) by Proposition 2.4. Specifically p,, is continuoua on

[0,T-61 [ 0,11 for every 6 (0,T).

Now let us return to (5.4) and assume that

(5.5) pX(x;t) *0 at som (;j) c U n ([0,11 x [,T-61).

(Of course, it is assumed that 8 is chosen sufficiently small so that U n

((0,1] (0,T-61) 2 0.) Then there exists a rectangle V =V(ilt) = (X1,z2]
(tl9t2J such that p,,(x,t) * 0 for all (x,t) e V. By (5.4) it follows that

u,(x,t) 0 on V and thus u. is a function of t only on V; i.e.

u(z,t) c1 (t), where W'"2(tj 9 t 2;R). Using this in (2.1) we arrive at

c;(t) =f(t'x) on V.

This contradicts assumption (a) of the theorem and therefore (5.5) cannot

hold at any (;,!.) c U n ([0,11 x [0,T-81), where 6 e A0T). We conclude

that p.(x,t) =0 a.e. on U. Let now V =[x1 9x33 x Et1 ,t 2 3 c U be chosen

as given by assumption (b). Then p(x,t) = ca(t) on V for some c2 c

WI# 2 (t,t 2;R). Using this in the equation for p we arrive at

4(t) = u(t-x) - z1 (x.t) on V,

which contradicts (b).

Thus we have to revoke the assumption A 0 and the theorem is

proved.

BhfaCi5.1. We observe that in the proof of the previous theorem the role

of u and p can be reserved, provided u in sufficiently regular (i.e.

u, is continuous on (0,11 x (6,T], for any 6 c (0,T)). Specifically one



can uhow: if the assumption of Holder-continuity of zin~ replaced by
Hdlder-continuity with values in L2 (0) of f and if (a), (b) in Theorem
5.1 are replaced by
(a') there exists some rectangle V c U such that f is not (a.e.) only a

function of t on V,

(b') for every rectangle V c U, u(a) - z, is not (a...) orly a function of

t on V,

then A1  0.

We now consider the case of the fit-to-data criterion J 2. We have

-2<~q ,h) 2 Q)+ 2 A1<i,h>H 2 + (Af,h>)+ = 0, for all h e H 2 .

Theorem 5.2. Assume that a*(x,t) % v on (0,1] x (0,T] and that

(a) for every rectangle V c (0,13 x (0,T], f is not (ae.) a function of t

on V only,

(b) u(x,T;i) is not a.e. equal to Z2 (X) on 0.

Then At '. 0.

Proof. Since a*(x,t) %- v, the complementarity condition implies that
03=0. Therefore

- <uxq,,h> L2 (Q) + Ati(,h> H 2 0 for all h c H2.

Now assume that A, 0. Then

(5.6) u~q. = 0 s.e. on (0,1] x [0,T).

From Propoeition 2.4 we find that q e C(0,T-68H n HI) for every 4 c
0

(0,T). Specifically qx is continuous on (0,1] xC(,T). If q%(xj) a 0
for some (i,) [ 0,1] (0,T) then u. 0 aoee on some rectangle V c

[0,13 x C0,T]. This contradicts (a) and thus q.(x,t) 0 on (0,11 x 0,T).

Now we use the equation for q and find that

I T T I

f Jf qtq dtdx = f f (aq.),q dxcdt =0
0@0 0



and thus -f q2(T,x)dx + f q2(0,x)dx -f q2(T,x)dx 0. Therefore
0 0 0

u(x,T;ik) =za(x) a.e. ou (0,1). This contradicts (b) and thus A, 0.
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