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1. Introduction.

The goal of this project has been to study the estimation and control of elastic systems com-

posed of beams and plates. This general goal has served as a guide for our research over the last :‘
several years. We have made substantial progress in our investigation of topics within this and :.
related areas. '
For control we have studied two basic problems. The first is that of locating the optimal ?
placement of controllers on a beam or a plate in the case of either static or dynamic models. ‘
The second involves the control of general three space dimensional elastic models that incorporate :‘
nonlinear friction and contact laws in their boundary conditions. .
In estimation and identification we have obtained results concerning the estimation of elastic E;
coefficients in beams and plates for static and dynamic models. Further, we have investigated :E
the estimation of certain damping terms arising in plate models. Finally, in related work we ::
have considered the determination of diffusion parameters in parabolic equations, and conditions .
for bijectivity of the parameter to state mapping for discrete approximations of certain elliptic '
boundary value problems. '%
Our work has sought generally to explore the theoretical analysis of the distributed models,
algorithms for numerical implementation, and an approximation theory relating the two. -
\‘ 2. Control Problems £
Let 1 be an open bounded domain in B? with a Lipschitz boundary I which is occupied by a o
plate. We consider dynamic models of the form :i
H

(2.1) ust + Bug + Au = B(t)@ in 0 x (0,T) 3
)

where "
3

By = A(boAp) = V - (01V9) + bap .

and :"
1)

Ap = A(aoAyp). :!.
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We have assumed simply supported boundary conditions although our results carry over to other
boundary conditions as well. Coefficients ao,bo,b1,b2 in L*°(Q) satisfy assumptions such as aq >
v > 0, b; > 0 while ® is taken to belong to H~?(f). Defining the control functional J to be for

example,

T T
(2.2) J(B) = /o L(u(z’, t; ) - z(z,t))zdzdt +/t; (¢,8? + eof?)dt

with €),€3 > 0 and ¢, + €3 > 0, we consider the problem: find 8 in H!(0,T)(L*(0,T)) such that

(2.3) J(8o) = infimum{J(B) : f € H'(0,T)(L*(0,T))}

The actuator is modeled by means of the term ®. In fact, ® may be chosen as a Dirac measure
bz, fo zo € Q1 or as a convolution with a function ¢ = ¢(- — zo) for zo € 02 with ¢ € L?(Q2) (or
smoother) and suppé C {z: |z — zo| < 7} where 7 < dist(zo,T).

The existence of a unique solution to problem (2.1)-(2.3) follows from standard arguments [2].
Of interest in this investigation is the dependence of the optimal control 8y and the functional
J(Bo) upon ®. In particular, for ® = §,, or ® = ¢(- — o) the uniqueness of the optimal control
implies that the mappings

zo — B(zo) and zo — j(zo) = J(Bo(2z0))

are well defined. One may now consider properties of these mappings. Indeed, if continuity can
be established, then given any closed subset F of {1 there is a best point Z of control among those
points of F in the sense j(Z,) < {j(z) : z € F}. If differentiability can be established, then it may
be used to construct algorithms to find the optimal control location. Roughly, we show that if the

difference quotients

¥, = (®(zo + €h) — ¥(z0))/e

converge in H-2(12) to an element ¥, then the mappings

zo — B(zo) and zo — 5(zo)

are differentiable, cf. [3]. Furthermore, the derivative of 8(zo) is shown itself to be a solution

of an optimal control problem. In fact the derivatives of (zo) may be associated with a sequence

2
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of optimal control problems. The length of the sequence is dependent upon the differentiability
of ®. These properties are used to compute optimal points of control in several test cases using
descent algorithms for beams and plates in [9,10]. Similar consideations are given to the static case
in (8].

During the grant period we also studied the control of certain models of three dimensional
elastic bodies. These models are in the form of hyperbolic variational inequalities and incorporate
nonlinear normal and frictional interface laws in through their boundary conditions. They were
developed by J.T. Oden and his coworkers [5,6] and seem to produce results that agree well with
experimental observations [5]. Since these models are rather complicated, we refer the reader tc
Appendix A for their formulation.

We have obtained results on optimal control by means of distributed body forces and boundary
forces. The existence of optimal controls we have proved for the variational inequalities directly.
Since certain functionals within the variational inequality are not differentiable, we consider regu-
larizations of the functionals and of Sobolev type. For the resulting problems we obtain optimality
and regularity conditions for solutions. Using these results, we proceed to obtain convergence
results for finite element approximatons to the regularized problems and iterated limit theorems

relating convergence to the optimal controls of the variational inequality see Appendix A.

3. Identification and Estimation.

Let 0 be an open bounded domain in R? with a Liptschitz boundary T' and let

(3.1)(a) Au = A(apAu) -~ V- (3, Vu) + azu
or
(3.1)(3) Au = 0A(aoAu) + (1 - 0)((aouss)as + (aotyy)yy + 2(a0Usy)sy)
and
(3.2) ues + (D(Bod) = V- (8V) + by)us + Au = f in 0 x (0,T)
3




accompanied with appropriate boundary and initial conditions. Equations (3.1)-{3.2) along with
appropriate initial and boundary conditions prescribe a mathematical model of a thin plate com-
monly called the Kirchhoff plate model [7]. Also, terms are included in (3.2) to model damping.
The choices of these terms are motivated from analogous beam models [4].

The estimation problem may be formulated as follows. Given information z, which we view
as a member of an observation space Z (Hilbert space), we seek to determine one or more of the
parameters ¢ = {a;,b; : { =0,1,2} from within a prescribed subset Q,4 of a Hilbert space Q that
produces a solution u(g) of (3.2) that “matches” z. One approach to this problem sometimes called
the (regularized) output least square method is formulated as a minimization problem:

Find go € Qa4 such that

(3.3)(a) J(g0) = infimum{J(q) : ¢ € Qaa}

where for 5> 0

(3-3)(b) J(g) =ICu(q) - 2l + Allallg

and C is the observation operator taking a solution u(g) to its image Cu(q) in the observation
space Z. The set Q.4 is specified by constraints that assure problem (3.2) is well-posed and that
guarantee sufficient compactness to imply existence of a solution to (3.3).

To solve these problems numerically one must approximate the boundary value problems by
a system of equations and approximate parameters in some consistent manner. The adaptation of
the constraints to the discrete problem is then necessary. We have investigated this problem for
static beams and certain static plates in {11,12] and [13]. These papers consider penalization and
regularisation techniques to incorporate constraints. Useful here is an analysis of the regularity of
the optimal estimators of these problems and the use of linear splines to approximate parameters.
Since linear splines preserve pointwise bounds, such pointwise L>°-constraints easily carry over to
finite dimensional problems. Use of this technique however restricts the class of problems that may
be considered for plates to those in which the domain (1 is a rectangle and the parameters are
expressible as a tensor product of H! spaces. This second restriction is not so great since such
spaces are dense in C?(f). However, the theory is still essentially a one dimensional theory.

For the general case we have studied a two dimensional theory [13,14] in which Q.4 is assumed
to be in H3(f1). For this case there typically is not a finite dimensional approximating basis

4
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in H*(Q) that preserves pointwise bounds and remains in H?(01). The regularity is determined
by appropriately applying a generalized version of the Kuhn-Tucker Theorem and analyzing the
regularity of the solutions of the resulting va..ational equations. Using these properties we may
appropriately define finite dimensional sets of parameters to obtain convergence theorems.

For example in [14] we consider the problem

ts + Au = f in 1x (O,T)
= :—ﬁ=0 on T x (0,T)
(3.4) n
u(0) =up in 0
u(0) =u; in 0
where A satisfies (3.1) with a, = a; = 0 and ¢ is Poisson’s constant in (0, ). Of great importance

in this analysis is the determination of regularity properties of the optimal estimator. If I' is C*

and
fe Hl(O,T; L’(O,T)) ) Hz(O, T, H'z(ﬂ))
ug € D(A)
u; € Hg(ﬂ)

and

z € L*(0,T; L*(Q)),

consider problem (3.3) with

Qai={a€ H*(Q) :a(z) > v > 0in N}.

Of course, other functionals J may be considered as well by matching at time T or at points § within
{1. We obtain regularity results indicating that the optimal parameter a belongs to H*+4(Q1) for
§ € [0,1). This result is then useful in formulating finite dimensional approximating problems
based on Galerkin approximation of (3.4) and in specifying finite element subspaces in H?(Q) to
approximate the coeficients a.

Numerical examples have been studied for this problem in = (0,1) x (0,1) and T = 0.5.
Tensor products of cubic B-splines on a regular mesh adjusted to boundary conditions are used to

approximate u. Again, tensor products of cubic B-splines on regular mesh are used to approximate
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a. The resulting system of ordinary differential equations is approximated using a symmetric time
differencing technique. The following examples use 49 basis elements to approximate the state u
and 25 to approximate a. The parameter 3 equals [0~8, and the test coefficient is

e = 1+ (22 + yz)/z

with observation

z(z,y,t) = 162 (1 - z)?y*(1 - y)? cos(t)

The forcing function f is generated using ., and z. Using a quasi-Newton method for minimization

with initial guess a = .25, an approximation for a,,; with relative L3 error of 2.7% is obtained after

7 iterations.

For a similar case with

Gt = 1/(4((z = ) + (y = D) +1)

an approximation for a¢,; with relative L? error of 2.5% is obtained after 5 iterations.
We have analyzed similar problems for the estimation of damping terms as in (3.2) with

b1 = bs = 0 and have obtained regularity and approximation results [15]. With a test coefficient

bt = 1/(4((z - 5) +(y - ) +1)
with initial guess having relative L3 error 16% after 4 iterations we obtain a relative L? error of
3.8% with 8 = 10-12,
In other work we have studied the bijectivity or identifiability of the parameter-to-state map-
pings for finite dimensional version of elliptic boundary value problems (1]. In other work with
K. Kunisch we have studied estimation of time and spacially dependent diffusion coefficients in

parabolic equations see Appendix B. In this paper we obtain regularity properties of the estimated
diffusion coefficient and also determine sufficient conditions for strict complementarity.
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DYNAMICS AND CONTROL OF
VISCOELASTIC SOLIDS WITH
CONTACT AND FRICTION EFFECTS

o m r e e s -

K Luther White* and J. Tinsley Oden**

*Department of Mathematics, The University of Oklahoma
% **TICOM, ASE-EM Department, The University of Texas

g Abstract. In this paper, we study the control of the motion of viscoelastic bodies resisted by
contact and frictional forces. The contact and friction effects are modeled by new interface laws
: that characterize friction phenomena on dry rough surfaces. The system under study is an arbitrary
et body composed of a linearly viscoelastic material which is subjected to body forces and tractions
X and which is in contact with a rough surface of a neighboring body. Under mild conditions on the
- data, we are able to prove the existence of an optimal control of motion of such systems in L°
e (O,T.V) through a program of applied body and surface forces.

e ¢ P gl
DN SR TS T TS T TN DT T T T T DT S e W RN ~_Q



1. INTRODUCTION

The dynamics and control of distributed systems subjected to frictional resistive forces has
been an open problem in partial differential equations for many years, largely owing to the absence
of a meaningful existence theory for dynamical systems with friction. The mathematical difficulties
associated with Coulomb friction in problems of elastodynamics were pointed out in 1972 by
Duvaut and Lions (see [1]) and has been the subject of much study in the intervening years. The
finite-dimensional case has proved to be somewhat more tractable, and conditions for the existence
of solutions of discrete dynamical problems with friction have been recently reported by Lotstedt
(2] and Jean and Pratt [3]. The complexity of the problem can be appreciated by reviewing the
work on dynamics of systems with frictionless contracts by, for example, Schatzman [4], Carrero
and Pascali (5], Létstedt (6], Amerio and Prouse [7], Amerio [8], and others.

In recent papers, Oden and Martins [9,10] pointed out that one of the principal sources of
mathematical difficulty was the definition of frictional stresses on the contact surfaces characterized
by Coulomb's law. However, an overwhelming volume of experimental data accumulated over a
half century suggests that this law is inadequate for modeling actual contacts and resistive forces on
deformable bodies. By characterizing the actual normal compliance of elastic interfaces, a
constitutive equation for an interface can be developed which yields results in agreement with a
sizable collection of experimental results on static and dynamic friction [9]). Moreover, the use of
such interface constitutive laws in mathematical models of elastostatics, elastodynamics, and
viscoelastodynamics problems with friction produces a tractable theory: results on the existence
and local uniqueness of solutions to static problems in elasticity with the Oden-Martins [9]
nonlinear friction laws were recently established by Rabier et al.[11] and of dynamic problems on
elasticity and viscoelasticity by Martins and Oden (10]. These new theories and results set the stage
for the study of the optimal control of such systems, taken up in the present paper.

In the present study, we establish the existence and uniqueness of a class of optimal controls
for a broad class of problems in the dynamics of linear viscoelastic bodies with contact and friction
laws of the type introduced by Oden and Martins [9). We are able to show, under very mild

restrictions on the data, that for a control of the form B(t)H, H being a functional characterizing all

external forces on the system, a e H' (0,T) can be found which minimizes a functional relating
the L2-distance between solutions to the viscoelastodynamics problem and an arbitrary target

motion z(*,t) over a time interval [0.T).
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Following this Introduction, we introduce in Section 2 notations and record preliminary
results on the formulation of the contact problem in viscoelastodynamics. In Section 3, a weak or
variational formulation of the problem is presented and an existence result from [10] is recorded.
The optimal control problem is introduced in Section 4 and the major resulis are established in
Section 5.

We believe that these results are the first of this type on optimal control of
distributed-parameter systems in contact with friction.

2. PRELIMINARIES

We begin by considering a metallic body, the interior of which is a bounded open domain Q

in IRN (N = 2 or 3). The boundary I" of Q is smooth (e.g., at least Lipschitz continuous) contains
open subsets I'y, I'g, and [ suchthat ' = fD v f‘F v I-:C' meas (l—"a\f'_a) =0,a e (D,F,C}.

Material particles (points) in Q with cartesian coordinates x.., 1 <i< N, are denoted x, the

1

volume measure by dx, and the surface area measure by ds, and a unit exterior vector normal to [’
by n.

We shall assume that the body is composed of a linear viscoelastic material, the mechanical
response of which is characterized by the constitutive law,

Sj = Ejmuki * Cijk Uk

1<ijkl €N 2.1)

where S; (= cji) are the cantesian components of the Cauchy stress tensor, Eijld = Eijld (x) and

Cijk] = Cijkl (x) are the arrays of elastic and viscoelastic parameters at point x € {2, u) = uy (x.t)

are the components of displacement at x attime t€[0,T] IR, uy; = du,/dx; and (*) denotes

differentiation with respect to time. The body is subjected to body forces of intensity b per unit

volume, to surface tractions t on ['c, and is possibly in contact with a moving neighboring body
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on the contact surface [, which moves relative to Q at a velocity U tangent to T, The partial

differential equations, inequalities, and conditions goveming the behavior of the body are listed as
follows:

Linear Momention
% (u, n'.-),j + b = pi in Q x (0,T) (2.2a)

where o, (u , u) is the expression on the right-hand side of (2.1).

Boundary Conditi
yu=0 on I'D x (0,T) (2.2b)
o;; (wwn; = ¢ on Ig x (0,T) (2.2¢)
- (nterface Condii
o m
o, (wu) = - Ch (up) n (2.2d)

u, Sg =0y (uu)= 0
6 ()l € Crh () T
and
. 1op (il <Cqh (u) T

>
8 oy (@)l = Crh(u) T

| )
| = there exists A >0
| such that

i

wp = - A O (uu)

\ on FC x (0,T) (2.2¢)
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Iniial Candii
u (x,0) = ug (x)

u (x,0) = u, (x)

xe Q (2.2f)
In (2.2a), p = p(x) is the mass density and in {2.2d) and (2.2¢),

o, (uu) = the normal stress (contact stress) on I’

h (u,) = the approach of the two contact surfaces
= (un - g)+

with u, = uy;n; the normal component of displacement, g the initial gap between surfaces, and

("), the positive part of the indicated argument (¢, = max (0,0)).
or (u,u) = the tangendal (frictional) stress componenton I,
=0, (u,u) nj - no, (u,u)
v’v-r = the relative (slip) velocity of the contact surfaces,
= I:IT' dT

where uTl = ui - ni un.
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In (2.2d) and (2.2¢), C,, m,, Cy, my are material constants characterizing the mechanical

response of the interface. Equation (2. d) is the power-law constitutive equation for the normal
compliance of the interface; (2.2¢) defines the corresponding tangential response characteristics.
Justification for the use of such interface laws is given in ODEN and MARTINS [9]. These laws
correspond to a generalized Coulomb law in which the coefficient of friction is dependent on the

deformation and is of the form, p = Clg, (u,u)i®, witha =(mym,)-1 and C = CT/Cnm W™

3. A VARIATIONAL FORMULA

We now record a2 weak formulation of Problem (2.2), in which regularity requirements on u
and on the data are relaxed. We introduce the spaces of admissible functions,

Va{v=(,.v. . .ve HE@NI v=0ae onlp} (3.1a)
H = LX)N (3.1b)
V’ = topological dual of V (3.1¢)

The space V is equipped with the usual norm,

v = { g vijvij + viv) dx} 172

and (-,) and | * | denote the L2-inner product and norm on H, and <',"> denotes duality pairing on
V’ x V. Throughout, we assume for simplicity that

p(x) = 1 and meas (['p) > O. (3.2)

In (3.1a), v on the boundary is interpreted in the usual sense of traces of HY(Q) - functions.

e -
ol

- ”»
o i

-
-
">’

r'i"'_‘llt- M
W S IR R )

Ny o

LY
-



‘.

"

The material coefficients in (2.1) are assumed to satisfy the following conditions: "

§

Eijkl' C,ju € L”(Q) ‘.

v,

Eijm = Ejiw = Ejj = By .

7 ac. xe Q 3

! Cija = G = Cijix = Cui

* g

l Jag, ac >0 such that 0

. )

EigaAuAij 2 %AjAj ¢+ CigApyAjj 2 CoAjiA) d

||

.i

for every symmerric mawrix A;; € IRMN t

(3.3) k

! ]

t "

[ ':

A Whenever (3.3) hold, the bilinear forms a: VxV — IR and c: VxV = IR (representing the "

. internal virtual work of the stress o, J.) defined by J

3

B .:

a(V,W) = J‘Q Eljk]vk,lle dx (3.43) v

< 4

» b

.‘: C(V,W) = jn Clj“vk.lle dx (3.4b) "

k K]
. for vw € V, are continuous and V-elliptic, i.e, there exist positive constants Mg, M, ag,a- ;

. such that forany w, v in V, 2

r

: la(w,v)l S Mg liwll vl , Ic(w,v)l S Mc liwilvil (3.52) :

1 "
. U
X a(vyy) 2ag IviZ | c(v.v) 2 ag lvi2 (3.5b) 3

X}
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b® € H and t(e (LY T W

CaCr e L™To) . CoCr 20 ae. on Te

g€ LiTo)

q =1+ ma(m,mp), q =q/(@qD

b(t) denotes x — b (x,t) ; t(t)denotes s — t (s.t)

where s = (sy, 55, ..., Sp) isapointon [ (in particular I'e).  Then the work done by the
external forces is defined by the functional,

F(e V’

. (F(t).v)=fb(t)'vdx+ft(t)'vds
o Q r

F

(3.8)

Also, to characterize the prescribed slip velocity l.JT on I, we introduce the function

@), D) e V

Oa(t), D) = Ur(t) ae. on (3.9) .

For discussions of such decompositions of functions in V into tangential and normal
components, see KIKUCHI and ODEN (12].
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P: V=V
)
(P(w),¥) = frccnhm,,) v ds

j: VxV = R

m
jwy) = jrCCrh(wn)T lvrl ds

for arbitrary w, v in V.

We are now ready to state the following weak formulation of the problem.

Find the modon u(t): [0,T] =V
such that

(i), v-a®) ) +a(u@, v-u®)

+C(u(, v-a@®) + (P(um),v-u@)

+j®,v-d)- j @), W) - o))
2( F(t), v-u()) VveV

Finally, to characterize the work done by nom.al and frictional forces on I, we introduce
the nonlinear forms,

(3.102)

(3.10p)

(3.11)

If 3, (u(w), () - (1)) denotes the partial subdifferential of the friction functional j with

respect to the second argument (i.c., the velocity), then (3.10) can be written in the equivalent

form,
Find u(t) : [0,T] = V such that
F( e 3y (u(), u(n) - D))
+P(u®) + Ca @) +Ku® + vt

P " : - : ", M W
S e A N AT AT T 0 R eV A R N I LR N W X L.

(3.12)
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where K,C e &£ (V,V") are the operators defined by ( Kw, v) = a (w,v), { Cw,v) = c(w,v).
We are now in a position to state a major result on the existence and uniqueness of solutons

to (3.11).
Theorem 3.1 (MARTINS and ODEN [10]). Let meas (T'p) >0, (3.2), (3.5), and (3.6) hoid
and suppose that

be L2(0,T;V")

t e L2(0.T, (LYTp)N) (3.13)

(so that F(1) € L2 (0,T;V")

u, € v, u, e H

Then there exists a unique solution u to problem (3.11) (or, equivalently, (3.12)) such that
ue L (O,T;V)
ve L* (0.T;H) nL2(0,T;V) (3.14)
ue L= (0,T:V").

This result is obtained using a regularization procedure to smooth the frictional boundary condition
along with a standard Galerkin technique. It relies heavily on the compactness of the wace operator
from V into appropriate boundary spaces. The condition (3.5), which is used in insuring the
appropriate compactness properties, is remarkably confirmed by physical experiments on dry rough
surfaces; see [9).

Let us introduce the Hilbert space

w=(we LZ(OT:V):we L2(0,T;V) )
with norm

llwllws(,g(llw(t)lli"#(IIw(t)II;)dt)m

An examination of the proof of Theorem 3.1 in [10] reveals the following continuity result.
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Theorem 3.2. Let meas (T'p) >0, (3.2), (3.5), and (3.6) hold and suppose that {Fy }yc_, isa
sequence in L2(0,T;V) such that

Fg = F weaklyin L2(0,T;V".
Then corresponding sequence if solutions u (Fi) of (3.12) have the property that

u (Fg) = u (F) weakly in w

and thus

u (Fg) = u (F) in L2(0,T;H) .

Theorems 3.1 and 3.2 provide the basis for a study of the optimal control of distributed
systems of the type (3.11). We begin by introducing the notation

ze L2 (0,T;H) a prescribed target notation fort € (0,T), (3.15a)
Ft)e V'
with

Ft)=(1)©,Be HOT (3.15b)

where © is a prescribed functional in V' defined by normalized external forces

<9,v>-fnb'vdx+)rrt-vds (3.15¢)
F

Here B = B(t) serves as a control parameter and the functional

J:HOT —-R

. e | .l 3
0, A N UL W W W X
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given by

fu(-,tB)- 2 It g 12
J(B)=(J;'( u(-,4PB) z(t)llHdt+7 Br-r(o.r) (3.16a)

where u (-, t; B) is the solution of (3.12) for the forcing function given in (3.16).
The optimal control problem that we study here is given as follows.

Given ze L2(0,T;H) find Bye H' (0.T) (3.16b)
such that
J(By) = infinum ( JB) : B € H'(O,T) ).
Sl The following existence result is a consequence of Theorem 3.2.
Theorem 3.3. Let (I'p) >0, (3.2), (3.5), (3.6) and (3.16) hold. Then there exists a solution to
;,! problem (3.16).
!' Proof. Let {Bi}i”l be a minimizing sequence for (3.16). Then there exists a subsequence and
K =
" {B;}™, such that
o i=1
:’: B, =B, weaklyin H(OT).
i;iﬁ: From Theorem 3.2 we see that

b u(B) s u(By weaklyinL2(0,T:H).

i’;l; That B, is a solution of (3.16) follows from the weak lower semicontnuity of the mapping
% -

i g :

e Bp—ip H(0.T)

We have established the existence of optimal contuols for a class of control problems

,;:': governed by variational inequalities modeling contract priblems with frictional effects. Our goal
i now is to determine an approximation theory for these problems. Thus, we formulate a class of
‘.,‘: approximating regularized problems in which the frictional condition is regularized similar to the
‘ approach for existence [10]. However, in addition we include a Sobolev regularization term. We
e’, determine convergence behavior of the optimal controls for the inclusion of the Sobolev term. This
:; enables us to obtain reg’ " irity properties for the optimal controls for regularized problems. These
b properties allow us to determine limiting behavior for optimal control problems over finite

dimensional subspaces of H'(0,T).
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4. Regularized Problems

In this section we consider the formulation of control problems governed by variational
problems that are regularizations of (3.11), ¢.f. [10]. In contrast to the regularization used in the
papaer by Oden and Martins to establish the existence of a solution to (3.11), we regularize the
frictional contribution with a smoother function and the introduce a Sobolev regularization as well.
This is done to permit us to determine optimality conditions for the optimal conrrols of the
regularized problems. From these conditions we may determine regularity properties of the controls
for the regularized problem. We also obtain convergence behavior of the optimal controls as the

regularizaiton is allowed to vanish. We begin by introducing the functions
W, : RN R,e>0
that satisfy the following propertes

‘l‘ee C? (RN,R) for every £€>0
0<¥(v)s forevery e>0andve RN
‘{’e(Ow+(1-6)v)59‘{’8(w)+(1-q)‘i‘e(v)

for every € >0, (w,v) € RN xRN and 8 € (0,1)

There exists positive constant D, and a positive function €— D(€)
such that for every € >0 and (w, v, u) € RN x RN xRN,

W'e (W)(V)| SDyIvI

e (W)(v, )| SDy (€)IvI(ul

There exists a positive constant D2 > 0 sucht that for every € >0 and v e RN

N 7‘-'"\‘ S DA |‘,'.’.‘h' ‘c..'u .‘!‘-.A'JQ.. he, l\‘l . l.-'l'u. W, l.s‘l" W Wb, “lo o, b, e, ey

(4.1)()

4.1H)a)

(4.1)(111)

(4.1)(iv)

R T
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N We define the regularized functional
N

l‘e: je: VXV R

iy

oy by i
Je (W,v) = fr Crl(w,- g)Jnr We (vp)ds
C

) We observe that the derivative with respect to the second argument of j, ( -, - ) is given by

<Je(W,v),z>=<9, j (W, V), 2>

" so that

i <J, (W), z> =] Crl(w, -8, T ¥, (vp) (zp)ds 4.2)
: ¢
The variational formulation of the regularized problem of interest in this study is given as the

following.

) Find a function t — u(t) of [0, T] into V such thatforany ve V

o <ig (1), v>+€a(ig () v) +c(u (), v)+aug (), v)+<Pug (1), v>

4 + <l (0, (M -D®),v> =<f@),v> (4.3)(0)
2 with initial conditions

! ue 0) = uge Vv

| (4.3)(i)
ug @) =ujeV

. ! -
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and

fe L2, T; V) (4.3)(iii)

The proof of the existence of a unique solution to (4.3) is essentially the same as that given in
[10]. We use the following convergence result the validity of which follows from a study of the

proof of convergence of u, to u in[10}. It should be noted that for f € B a bounded subset of
L2 (0, T; V") that the sets

{u, D:fe B,e>0}

and

(u, D:feB,e>0)

are bounded in L= (0, T; V) and L= (0, T, H) nL2 (0, T; V), respectively.

Proposition 4.1. Let meas (Fp) >0, (3.2), (3.5), (3.6) and (4.1) hold and suppose that f;

— f weakly in L2(0, T; V) andg, — 0 as i = . Then

Uy () > u(f) weak star M) in L™= (0, T; V)

Ui (6) = 0 (6) weak star (2§'in L™ (0, T; H) and weakly in L2(0, T; V).

Along similar lines but with € > 0 fixed we have the continuity result similar to Theorem
3.2

Proposition 4.2. Let € > 0 be fixed and let meas (I‘D) >0, (3.2), (3.5), (3.6) and (4.1)
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hold. If £, — f weaklyin L2 (0, T; V), thenu, (f,) = u, (f) weaklyin W as n - . '
The control problem for these regularized problems we give as follows.

Find B, € H(O, T) such that

g J¢ (B,) = infinum (J*(B):Be H(O,T)) (4.4)(a)
‘ where
N E@ =Tl (-, B -z@Rd+ynpi2. (4.4)(b)
b 0 H HO.T) :
& As a consequence of Proposition 4.2, we have the result.
L
'; Corollary 4.1. Let the assumption of Proposition 4.2 hold. There exists a solution Bs to
: problem (4.4).
|"s
3?‘: Remark 4.1. For B fixed we note that
:):
;::
2By .
. Furthermore, since from Proposition 4.2 we see that u, (B) = u (B) in L2 (0, T; H), it follows
s that
7 (B) > I (B)
Wy

as € = 0. The set

B= (B,: e>0)
¢ of optimal controls of (4.4) is bounded in L2 (0, T) and thus is weakly precompact in L2 (0, T).
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Theorem 4.2. Let meas Tp) >0, (3.2), (3.5), (3.6) and (4.1) hold and let g0 asi—

s . Then any weak L2 (0, T) limit point 3, of the sequence (Bg;)™ is a solution of (3.16).

i=1
; Proof. By the above remark there exists a subsequence again {Ba.}" such that
: i=1
| Bei - Bo weakly in H'(0,T)
as i — oo . From Proposition 4.1 it follows that
ug; B,) 2> u By in L2OT; H).
! Thus, we see that
lim JE () 2 lim J% (B,,) 2 J (B,
' as i — oo and B, is a solution of (3.16).
B 5. Optimality Conditions for Regularized Problems
Having established existence of optimal controls for regularized problems and their
* convergence properties as € — 0, we now seek to determine th