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AN ABSTRACT
This paper considers resolution of the Riemann problem for a van der
Waals fluid. The method of an analysis is one of limiting artificial ’ \

(k a5l O for orkats 5 prer Cstiatss P E
s, ALY T, < ' R i v
viscosity. Q‘/"’” cornt ] ¢ ) [\

)

AMS (MOS) Subject Classifications: 35M05, 76T05

Key Words: conservation laws, mixed hyperbolic-elliptic system, phase
transitions

1Erna and Jakob Michael Visiting Professor, Weizmann Institute of Science,
Rehovot, Israel.

2This research was supported in part by the Air Force Office of Scientific
Research, Air Force Systems Command, USAF, under Contract/Grant No. AFOSR-85-
0239 (R.P.I.) and by the United States Army, Army Research Office under
Contracts/Grants No. 5-28529 and No. 5-28317 (Brown Unlversity). The United
States Government is authorized to reproduce and distribute reprints for
Government purposes not withstanding any copyright herein.

DO Maenarivy my = - Iy AN R et M Py o~ -
e e R T e e ,‘I“.l'..l,l‘u by, LTGRO0 0 e "0 R e 0'-‘.'- DT RUL DA Ol Af AN N AN UL AF M 'l, ‘O‘p (L -,’\, At W,




TR LI AR LR TORIAR A R AR AN AR AN UNIU AN N TN AN L RN SN M ¥a 899 800 #8a @t Pla @V¥e B¥a 0V 8% 8% V0" §%4 272 4V2 AV L

A Limiting “Viscosity” Approach to

the Riemann Problem for Materials

{ Accessign For
N oy ege NTIS GRA&I |
B Exhibiting Change of Phase DTIC TAB g
;;:" Unannounced O
‘i’. N Justification _ |
OQ"
‘ M. Slemrod!» Ry
c%, Center for the Mathematical Sciences _Distribution/
g vallshil
{’;’% University of Wisconsin —_A_i_’lﬁ u,ﬁi ty Codes |
} . i [Avail and/or
f‘: Madison, WI 53706, USA Dist | tpucial
i |
A-l
I::: 0. Introduction T INSPECTED
N 4
) The cne dimemnsional isothermal motion of a compressible elastic fluid or solid
ii'. can be described in Lagrangian coordinates by the coupled system
\
5!
) ’
s ut + p(w)z =0, (0.1)
By
;‘:r W‘ bt u; = 0- (002)
A
) .
::{o: : Here u denotes the velocity, w the specific volume for a fluid (or displacement
;:'.‘ gredient for a solid), and —p is the stress which must be determined through a
y . constitutive relation to w. For many materials a natural condition placed on p is
. that p’(w) < 0 for all values of w (or all positive values of w) depending on the
:oe: _ context of the problem. This makes (0.1), (0.2) a coupled system of hyperbolic
o conservation laws. In this paper, however, we shall consider the case where p has a
;:'. graph illustrated by Figure 1. For convenience p will be globally defined, smooth,
?q! with
g P <0 w < a, w > f; >0, a<w<pP;
Y .
.' 1" "
- - p(a)>0, p(B)<0.
;:;, 1 Ema and Jakob Michael Visiting Professor, Weizmann Institute of Science, Rehovot, Israel.
:':; 2 This research was supported in part by the Air force Office of Scientific Research, Air Force
::i:' Systems Command, USAT, under Contract/Grant No. AFOSR-85-0239 (R.P.1.) by the United
::’: States Army, Army Research Office under Contracts/Grants Nos. 5-23529 and 5-28317 (Brown
p University). The United States Government is authcrized to reproduce and distribute reprints
‘:-"‘; . for Governraent purposes not withstanding any copyright herein.
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Figure 1.

This type of constitutive relation is usually associated with a van der Waza's
fluid where
RT a

w)=—3 - 32

and R, a, b are positive material constants, T is the temperature. Here we need
pothing as specific as the van der Waals constitutive relation though our results
will strongly depend at times on the global behavior of p as jw| — oo.

The reason for this non-standard choice of p is that it serves as a prototype
problem for the dynamics of a material exhibiting changes of phase. For example
in a van der Waals fluid the states w < a are viewed as liquid while states with

w > f are viewed as vapor. The non-monotonicity of p allows co-existence of
liquid and vapor phases. '

The evolution of (0.1), (0.2) will be governed by initial data. Here we pose Pad
piecewise constant data Yy
- w. z<0 KN
u(z,0)= w(z,0)= o

“ .
Uyt wy 20 A
e
(0.3) Y
which makes (0.1)-(0.3) into a mized hyperdolic-elliptic Riemann initial value prod- 'g
lem which we call problem P. "::
o
-2 - . I':'::
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_The classic method of solution of the Riemann problem is based on the con-
struction of shock and wave curves for (0.1), (0.2). For van der Waals like mate-
rials discussions of this approach have been given first by R. James [1] and later
by M. Shearer (2], [3]. The difficulty with this procedure is that even if shock
admissibility conditions are known a priori it is not obvious in what manner the
full solution which is a composite of shock and rarefaction waves is admissible.
For example in [12], Shearer proves existence of solutions to P when the data w_.,

| . wy. are in different phases but close to the well known Maxwell line. Each discon-
N tinuity in Shearer’s solution is admissible with respect to the viscosity-capillarity
‘criterion discussed below.

Bl ~ ~ m o~ wm n

The investigation here is based on a different approach. First we recall that
earlier work (4], (5], (6] has suggested a reasonable admissibility criteria for (0.1),
(0.2) to be the following viscosity-capillarity criterion. Namely weak soiutions of ,
(0.1), (0.2) will be admissible if they are limits boundedly a.e. of solutions u,, w, 2
of the system.

g

"

P

Ut +P(W)= = VUzz — Vzszzz, (0.4)
Wt —ugz =0, (0.5) '

as v — 0+. \:

-

This system is derived from Korteweg’s theory of capillarity where the total N
stress is written as the sum —p(w) + vuz; — v2 4w, comprising elastic, viscous,

. o
-‘-‘Q.Q-"Q"L

. and capillarity contributions. %
E: As noted in [6] the substitutions {:
i D .
s 1 v v : . t
[ Dy =3 F 31" 4AY?, y=u—Dyw; bring ((0-4),(0.5)) ;
' £
;E into the parabolic form 1
E: . . vt P(w)z = Dvzs, (0-6) ::
X . v
l: wt — vz = Dywg, (0.7) \
3 when 0 € A < 1/4. In particular the choice of A = 1/4, v = 2¢ would say that a
:’, : admissible solutions would be limits as e — 0+ of solutions of (0.6), (0.7) with ¢
! Dy=Dy=ce v

While (0.6), (0.7) is the common form for most artificial “viscosity” argu-
ments, Kalasnikov (1959 [13]) Tupciev (1964 [14], 1972 [15]), Dafermos (1973 (7],
1974 [16]), and Dafermos and DiPerna (1976 [8]) suggested a variant advantageous

¢ for the study of Riemann initial value problems. Within the context of (0.1)-(0.2) 3
. the idea is to replace (0.6)-(0.7) with the system :
' ut + p(w)z = etuzs, (0.8) A
:: ’ Wt —Uup = dwzz, (0.9) :
) |
! 1
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" - which is invariant under the transformation (z,t) — (az,at), a > 0. (Here the ‘.
letter v has been replaced by its former self u.) System (0.8), (0.9) has a decided "
advantage over (0. 6) (0.7) in that it admits solutions that are functions of the ?
single variable { = ¥. In fact a simple computation shows that u(%), w(§) is a ,“:
solution of (0.8), (0.9), (0.3) if u(§), w(€) is a solution of the coupled system of n
non-autonomous ordinary differential equations ’v;;
eu’ = p(w)' — &', (0.10)

ew' = ~u' — g, (0.11) %‘

‘with boundary conditions

t(—c0) =u_, w(—00) = w- ]

u(+oo) =uy  w(+oo)=wy’ (042) b

Here / denotes differentiation with respect to £&. We will call the bdoundary value .",;.

problem (0.10)-(0.12) problem P. ,‘:‘:

Our program can now be broken up into two steps. The first part carried out ::::

in Sections 1 and 2 establishes that if the data are in different phases there is a 3

solution of P, which exhibits one change of phase. Also we give special conditions Y

on the one phase data which yield a one phase solution of P.. The main feature iﬁ

of the proofs of these results is to note that Dafermos’s arguments in {7} (which ‘f‘

b : provided the successful resolution of P in the case p' < 0) and those of Dafermos )
and DiPerna iz 8] do not directly apply. However a careful modification involving : ﬁ

changes of unde'-lvmg function spaces, application of the Leray~Schauder degree, s

and a new set of a priori estimates yield solvability of P. .&:

In Sections 3 and 4 we pursue the second part of our program, i.e. to give N

conditions on which solutions ue(§), we(§) of Pe possess limits as € — 0+ which o

solve the Riemann problem P. In the case p' < 0, Dafermos (7] and Dafermos and =

DiPerna (8] succeeded via this method to solve P. Here we modify the ideas of {7}, b
[8] to the case when p' > 0in (a, 8). In this case when the above mentioned special '

. data are in the same phase assumptions on p”(w) and behavior of p at infinity yield !

estimates on the total variation of u¢, we which combined with Helly's theorem . ‘

shows u,, w, do converge to a solution of P. For data in different phases similar )
estimates in the total variation may be obtained to yield solvability of P except o
in one case. The case in doubt is when there is a sequence ¢ — 0 so that |u(7¢)] Y
becomes infinite as ¢ — 0+. For this case we know u¢, we possesses a subsequence b )
which converges a.e. to function u, w as € — 0+. The limit functions u, w will be -

. . . . v [ ]
a solution of the Riemann problem if and only if the pressure p equilibrates across

the stagnant phase boundary { = 0, i.e., lim¢o4+ p(w(§)) = limg_o- p(w(£)) "y
(Theorem 4.13). Modulo this one case we see that the idea of artificial “viscosity”

arguments which play such a vital role in the existence theory of hyperbolic conser- '~
vation laws can be extended to mixed hyperbolic-elliptic systems as well. (In this :
regard see also [9] for a study of a viscosity approach to a mixed hyperbolic-elliptic <
doundary value problem.) ‘ ":«
t':
- )
-4- ::
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1. Existence of connecting orbits assuming a priori estimates ,55;
’ ey
In this section we will establish an existence theorem for the connecting orbit é,
problem P. described in the introduction under the assumption of a priori esti- :::;
mates on (u,w). With this goal in mind, consider the two-parameter family of :;.i
problems N igi“:
eu” = pp(w) - &u’ (1.1) ot
e’ = pu' — £’ (1.2) ;:Q:f
W(-L)=u-, w(I)=us, w(-L)=w_, w(@)=ws,  (13) o

where u € [0,1] and L > 1. - , y
2
\.I’.

Theorem 1.1 Assume w- < a, wy > B (w- > B,w4 < a) and there is a :":E
constant My such that every possible solution of (1.1), (1.2), (1.3) with w'(§) >0 :::a
(w'(€) < 0) when a < w(§) < B satisfies the a priori estimate ‘::'!
; 3
sup (Ju(é)] + [u'()! + lw(&)] + [w'(€)]) < Mo. (HO) )
-L<E<L :‘:"
. QU

o
Here Mj can depend on u—, U4, w—, w4, e, p but is independent of 4 and L. Then :::e
their exist solutions of P, which satisfy the constraint that w’(¢§) > 0 (w'(¢) < 0) X
if a € w(€) < 3, i.e. the onc phase change data connecting ordit prodblem possesses ;‘
@ one phase change solution. \-
X )]
O
Proof. We consider the case w— < a, wy > 8. The case w. > B, wy < «a _ E
is analogous. First notice that when p = 0 (1.1), (1.2), (1.3) possesses a unique -
solution ;:.:
vol6) = (uy —u) JE | exp(—¢?/2€)d¢ . N
21 exp(—£2/2€)d¢ :'..5

o) = =) [ ep(-C /20 -
J=p exp(—€2/2¢)dé 3
Also note that wy(€) > 0, € € [-L, L). :
Now set U(£) = u(€) ~ uo(€), W(£) = w({) — wo(§) and impose boundary ¥
conditions Y

U(-L)=U(L)=W(-L)=W(L)=0. (14) N'
If u, w are to solve (1.1), (1.2), (1.3), we see U, W must satisfy (1.4) and l:
. ‘l

U = wY - ev’,

' #P('wo + ' ) £' (15) .
W' = uU’ — pufy — EW'. f\
-85 - o
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| Define the vectors
_ (U _ [ p(wo +W)
70=(we) 0= (250 w)
Then (1.4), (1.5) has the form
;y"(i) = uf(§,y) - €y'(6), (1.6)
y(-L)=0, y(L)=0. (1.7)
Let v € CY([-L, L}; R?). Define T to be the solution map that carries v into y
where y solves )
ey (§) = &, v) - &Y'(8), (1.8)
y(-L)=0, y(L)=0o. (1.9)

A straightforward computation shows that y(¢) is given by the formula

3 §
y©) =z | exp(-*/200c+3 [ a6 v

(1.10)
§ < 2_ 2
-;15 /_ ) [) i(r, v(r)) exp (= 26" Ydrd¢
where L ‘ -
2 [ ea(-c/29d = -3 [ A
K 2 (1.11)
+3 [ [ rrvienenT5 .

Notice the fixed points of uT are solutions of (1.6), (1.7) which in turn yield
solutions of (1.1), (1.2), (1.3).

It is clear that T maps C°([—L, L]; R®) continuously into C° ([~L, L}; R?).
Of course this implies T maps C!([-L, L]; R?) continuously into C°([—L, L]; R?).
We now show T maps C!([~L, L}; R?) continuously into C!([-L, L}; R?).

For this purpose let v, v2 € CY([~L, L]; R?), vy = (U1, W1), v2 = (U2, Wa),
and y; = uTv), Yy, = uTvy. Differentiation of (1.10) shows

Y1(6) — ¥5(€) = (21 — 22) exp(—€2/2¢)
+ 6vi(9) _ 6 va(9)
[

: (1.12)
¢ 72 _ g2
-z [ @) - et ep (5 yar

€

Fale a¥a gty a8, ¢,

W,

s = WL

o Pl '».




. where 2;, 22 are defined in the obvious manner.

Now let v;,vs be in a finite ball B in CY([-L,L}; R?). In particular for
v = (U,W) in B, wo + W is uniformly bounded in R and hence p is a uni-
formly continuous function of the argument wqg + W. But for § > 0 crbitrary
we know ‘rom uniform continuity of p that there is I(§) > 0 so that |p(wo(£) +
Wi(6)) = p(wo(£) + WVa(ED)] < 8 if [(W1(E) +wo(€)) — (Wa(€) +wo(€))] < I(8), ive. if
(W1 (€)= WW2(6)] < (6). Hence sup_7 ce1 Ip(wo(€)+W1(€)—p(wo(€)+Wa(£))] <
§ if sup_ L cec1 [W2(€) — Wa(€)] < 1(8) and so sup_p < <1, Ip(wo(E) + Wi(£)) —
Pwo(€) + Wa())] — 0 s sup_pceer [Wi(E) — Wa(E)| — 0. But this argu-
meat implies by the special nature of f{¢,v({)) that sup_rcecr [f(r,vi(7)) —
f(r,v2(r))] —O0assup_rcecr [Vi(T)—va(7)] — 0. From (1.11), (1.12) we see
then that sup_pcecp 1¥1(6)—y2(6)l —Oassup_peecr IVi(E)—va(§)l — 0
so T is a continuous map of C1([—L, L]; R?) into itself.

Now note that (1.8) implies that if v is in a bounded set of C 1([—L L}; R?),y

will be in a bounded set of C?([—-L, L]; R?). This is because f(¢, v(£))' is uniformly
bounded.

Hence T is a continuous compact map of CY([—L, L}; R?) into itself.

Now define Q@ = {U,W € CY{[-L, L]; R?) such that W(~L) + wo(-L) <
a, W(L)+ wo(L) > B; W() + wh(£) > 0 if a < W(E) + wy(f) < B; and
sup, << L[|U(€) + uo(€)l + [W(€) + wa()] + [U'(€) + ug (&) + (W'(€) +wy(€)f} <
M +1}. Qis a bounded set in C1([-L, L]; R?).

In addition Q2 is open. To see this let U, W € . Note the definition of

implies the set Adef{f € [-L,L]; @ £ wo(€) + W{€) < B} is a closed interval
[61,82]. For if A # [£1,£2] for some £;,63 € [~L, L] means by the monotonicity
of wo + W on {€1,&2] that for some { & [{1,62] either wo(€) + W(€) = a or

wo(§) + W(£) = B, with wi(€) + W'(€) < 0 in either case. Of course this would
imply U,W ¢ Q, a contradiction.

So we have A = [£1,£2] and denote m = minge 4 (w(£€) + W'(£)) which is
positive. Since wg + W € C}[—L, L] there is a larger interval A5 C [-L, L],
As D A, As = [£1 — 6,£2 + 8] for some small § > 0, so that wy(€) + W/(£) 2 7 for
§ € As.

Let D = mm(mme,-6<§<t,(wo(€) W(€) — B),min_<e<e, —5(a ~ wo(§) —-
W(t)) Sm]ce wo() - W()-pf>0on[f2+6,L] and a - wo(f) - W()>0on
-~L,& — 6] wesee D > 0.

Now let U, W be such that

sup (IT(E) + 1T (&) + Wl + T () < v,
-L<E<L

-7 -
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. where v = min(-?—,m/‘i). Consider ¢ € [-L, L] for which a < wo(¢) + W(£) +

W(€) < 8. If we can show wj(€) + W'(€) + W‘(f) > 0 we will have proven Q is
oper.. But we see in this case that

- wo(§) + W(§) - B < -W(E), a—wo(§) - W(E) < W(S),

and hence wo(€) + W(€) — 8 < D/2, & — wo(€) — W(€) < D/2. But this implies
by the definition of D that £ € (§; — 6,62 + ). So we have shown a < wg(€) +
W (&) + W(&) < B implies £ € As. Now we compute at this value &:

wh(€) + WO + W) 2 T + W) 2m/4 > 0.

Heace Q is open.

Now we recall a well known theorem of Leray-Schauder type (see for example
Mawhin [10], Corollary IV.7).

Prop 1.2 Let X be a real normed vector space, 2 an open bounded subset
of X, and T a compact map of X into itself. If zero is an interior point of  and
& # uT¢ for all ¢ € 0, 0 < u < 1, then T has at least one fixed point in 1.

In our problem we take X = C1([-L,L}; R?) and T, Q is as defined above.
The origin in an interior point of Q since the constraint wf(£) + W) > 0is
satisfies for all £ € (L, L] if (U,W) is a small CY([-L, L]; R?) perturbation.
Note ¢ € 0Q, ¢ = uT¢, p € (0,1), means that there is a solution (u(€),w(¢)) of
(1.1), (1.2), (1.3) which satisfies w'(£) > 0if @ < w(€) < B and either

() w' (&) =0, a<w(é)<p forsomeéye(-L,L)
or

&) sup_ g <e<L {[u()] + [w(§)] + 1w/ (§)] + [w' ()]} = Mo + 1 or both (i) and (ii).

Let us first consider possibility (i). In this case either a < w(£p) < 8, w(&p) =
a, or w(&y) = f. We consider these cases separately.

Case 1: a < w(ép) < 8, w'(&) = 0. In this case there are three possibilities,
either w''(&) < 0, w"(&) > 0, or w"(&) = 0. If w"(£) < O then w(&p) is a
local maximum which implies w'(£) < 0 for some & < &, |§ — &| small. But
this implies @ < w({) < B and violates the requirement that w'(£) > 0. An
analogous statement holds if w”(£p) > 0 and now w(§) is a local minimum. The
case w'’(£p) = 0 is excluded since w"(§) = 0, w'(§) = 0 implies via {1.2) that
u'(€o) = 0. But in this uniqueness of solutions for (1.1), (1.2) as an initial value
problem (sce (7], Lemma 4.1) u'(&) = 0, w'(&0) = 0 implies u(€) = u(&p), w(€) =
w(§o) for all £ € [-L, L) and hence we cannot satisfy (1.3), w— < a, wy > 5.
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Case 2: w(£p) = a, w'(§g) = 0. In this case there are again the three canon-
ical possibilities, w”(£p) < 0, w"”(&) > 0, or w' (&) = 0. We can immediately
dismiss w"(£p) > 0 and w"(£p) = O for the same reasons as in Case 1. So we need
only consider w"(£p) < 0. In this case w(§y) = a is a local maximum. Hence if
we are to satisfy w(L) = w4 > S we must proceed through a local minimum at
€1 > €o,ie. w(61) < @, w'(£1) =0, w"(£1) 2 0; w(€) < @, w'(€) <0, fo. < € < 1.
Again w"(£)) = 0 is impossible since that forces u'(£;) = 0 and the uniqueness
theorem ((7], Lemma 4.1) is contradicted. So we need only consider w”(£1) > 0.
From (1.2) we see u/(£1) > 0, /(&) < 0 which implies u has a local maximum at
a point §p < ¢ < &1, ¥'({) =0, u"(¢) <0, and again Lemma 4.1 of 7] telis us
«/(¢) < 0. Since p/(w) < 0 for w < « this implies via (1.1) that w'(¢) > C which
contradicts the fact that w is decreasing on (£p, £1). Hence w'/(£p) < 0 is excluded
as well.

Case 3: w(&) = B, w'(§) = 0. Here again we see we can exclude w”(£y) < 0
and w”(£) = 0 immediately. If w"(£) > 0 it follows that w(£) = 8 is a local
minimum so to satisfy w(—~L) = w- < a there must be & < & where w(£;) > 8
and w has a local maximum, w(§) > 8 on (£1,£p). But the same reasoning as in
Case 2 yields a contradiction.

_ From Cases 1,2,3 of (i) we see there is no solution of (1.1), (1.2), (1.3), p €

(0,1), (u(€) = vo(£), w(€) — wo(£)) in Q for which (i) can hold. So all solutions of
(1.1), (1.2), (1.3), » € (0,1) in Q must satisfy w/(£) > 0in a < w(¢) < B. But
now the hypothesis of our theorem says (ii) cannot hold either. Thus we conclude
from Prop 1.2 that (1.1), (1.2), (1.3) possesses a solution for which u(¢) — ug(¢),
w(€) — wo(¢) is in Q2.

To complete the proof we follow Dafermos [7] and extend the domains of u, w:

Set
- "(f; L) = Uy, w(ﬁ; L) = W4,y E > Lv

u(§; L)=1u-, w({; L) = w_, §<-L.

The extended pair {u(:, L), w(-, L)} form a sequence in C°((—c0,>0); R?) and by
virtue of the hypothesis of theorem we know sup_p ce< {|u'(¢; L)| + |w'(& L)|} <
M. So the sequence {(u(-; L), w(-; L)} is precompact in C°((—co,o0); R?). Thus
there is a subsequence L, — oo as » — oo since that (u(£;L), w(£;L)) —
(u(€), w(€)) uniformly as n — oo on (—c0,00). As in Dafermos [7] u(€), w(£)
is a solution of P and by its construction w/(£) > 0 if a < w(€) < B. But by
the same reasoning used in Cases 2,3, this connecting orbit must satisfy the more

restrictive requirement w'(§) > 0 if @ < w(£) < B. This completes the proof of
Theorem 1.1.

Having established Theorem 1.1 we can now proceed to weaken the hypothesis
that the first derivatives of u, w be a priori bounded. This is done below.
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Theorem 1.3 The conclusion of Theorem 1.1 remains valid if (HO) is ccplaced
.by the a priori estimate .

sup (ju(§)l + lw(O)]) < My (H1)
E<L

where again M, can depend on u_, u4, w—, w4, € p but is independent of u and

L.

Proof. All that we need to show is that if a solution of (1.1), (1.2), (1.3) satisfies
(H1) it satisfies (HO). But this is precisely the nature of estimates (3.7), (3.8)
given by Dafermos in {7]. For completeness we rederive these cstimates.

Let y(¢) = (403)) £) = (°1%)). Then (1.1), (1.2), (1.3) have the form

ey"(€) = uf(y(€)) - €y'(6),
Y-LD)=y_, yIL)=y,

where y_ = (u—,w-), y4+ = (us,w4).
" We see easily that

2
Z((E/207(©O) = ETRY (O exnl(5))
a;zd hence by integrating from 0 to £ we have
€
ep(/207'(©) -y O = & ")y (©) exp(?261)dc.

Since sup_ c¢<£(1u(€)] + w(€)]) < My we know i [VE(y)| < R, R independent
of L. So

€ 2
(€207 @1 < YOI+ 2 [CIyO1 exs(5c

and using Gronwell’s inequality we find

42
Y© < YOl em(ﬂ%‘—).

Y
But the function (Eli_{_) has a maximum value of (B;) so we see

R?
W(OU <t YO exp(—),  -L<4<L,
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where R is independent of L. So sup, ¢e<r ly'(£)] will be bounded mdependent
~of u and L if |y’(0)] is bounded independent of x and L.

Now we derive the bound on |y’(0)| First note

YO = zexpl-€/29 + 21n) - [ ety e (5 )ar

where

L L
2 [ (-2 =y(D) -y(-D)- £ [ fytryer

/ / Tf(y(r))exp\ )drd(j

Now set £ =0, L =1 in the above expressions. Then we have

Y (0) =z + £x(0)),
z / ' exp(—¢2/2¢) = y(1) - y(-1) - £ / l Ry(r))dr
+-5/ / rf(y(r))exp( e —¢ )deC

Since u|f{y(7))| < constant (independent of u and L) we see that |y’(0)} is bounded
independent of x4 and L. This completes the proof.

Theorem 1.3 gives a sufficient condition for solvability of P, when the bound-
_ ary values w. ard wy are in different phases. We now give a result which applies
to the case when w—, w4 are in the same phase.

Theorem 1.4 Assumetu~ > vy and w,wy < a (- <up and w—,wy > f)
and there is a constant Ms such that every possible solution of (1.1), (1.2), (1.3)
satisfies the a priori estimate

LN&L(Iu(f)I + [w(§)]) < Ma. (H2)

Here M3 can depend on u_, w4, €, p but is independent of g and L. Then their
exist solutions of P, which satisfy the constraints w(§) < a (w(§) > B8), i.e. these
special single phase data connecting orbit problems possesses single phase solutions.

Proof. Theorem 1.4 is a special case of Thm 3.1 of [7].
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2. The a priori estimates

In this section we derive the a priori estimates needed to apply Theorems 1.3
and 1.4. Before doing this we give some useful lemmas. The first is a result from
[7] Thm. 4.1 or (8] Thm. 2.2.

Lemma 2.1 Let (u(£),w(§)) be a solution of (1.1), (1.2) on an interval
[-L,L), p > 0. Then on any subinteral (Ij,12) for which p'(w(£)) < 0 one of
the following holds:

(i) u(¢) and w(¢) are constant on (I3, l2);

(ii) u(€) is a strictly increasing (or decreasing) function with no critical points in
h,12); w(§) has, at most, one critical point in ({1,/s) that necessarily must be a
maximum (or minimum);

(ii1) w(€) is a strictly increasing (or decreasing) function with no critical point in

(L1, 12); u(€) has, at most, one critical point in (I3, l3), that necessarily must be a
maximum (or minimum).

We will also need the following results.

Lemma 2.2 Let (u(¢),w(§)) be a solution of (1.1), (1.2) on an interval
[=L,L}, p > 0. Then on any subinterval (£3,¢2) for which p'(w(¢)) > 0 the
graph of u({) versus w(£) is convex at points where w/(£§) > 0 and concave at
points where w'(£) < 0.

d?y

Jo7 2s follows:

Proof. We simply compute

-2 4(49)-(egme

Now use (1.1), (1.2) to see that at u(£), w(§) we have

d*u _ p(p (WO (2 +4'(O)?) _ [, du 1
e ITE = #(p (w) + (g;)z) 0]

which proves the result.

Lemma 2.3 Let u(£),w(§) be a solution of (1.1), (1.2), (1.3) on an interval
(-L,L}, p > 0 with w'(§) > 0if « £ w(€) < F. Then u,w can have no local
maxima or minima at points § for which w(§) = a or w(§) = 3.

Proof. Since w/(§) > 0 if a < w(§) < B certainly w has no local maxima w
minima at points where w(§) = a. On the other hand if u(§) has a local maximum

- 19 -
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or minimum at such a point then u'(£§) = 0 there and hence by (1.1) u"(£) = 0
as well. Differentiating (1.1) with respect to £ we see p"(a) > 0 and p"{B8) < 0
lmphes u"”'(€) # 0 at such points so u could not have taken on a local maximum
or minimum.

We can use Lemmas 2.1, 2.2, 2.3 to prove the following useful statement
regarding possible connecting orbits in the two phase data case. (Notice extrema
of u are denoted by r’s, extrema of w are denoted by o’s.)

Lemma 2.4 Assume w- < a, wy > 8 and let u(€),w(§) be a possible
solution of (1.1), (1.2), (1.3) with x > 0 for which w’(§) > 0 when a < w(¢) < 3.
Then one of the following holds:

(0) No extremal points: u(£), w(€) have no local maxima or minima on {—L, L].
They are non-constant and monotone, w being monotone increasing.

(i)  One extremal point: (a) w(£) has a minimum at some o, w(o_) < w_;
u(§) is decreasing on [—L, L].
(b) w(£) has a maximum at some o4, w(o4) > wy; u(£) is increasing on
(-L,L).
(c) u(€) has a maximum at some 7. (or 7); w(7-) < a (or w(r4) > B)
and w(§) is increasing on [—L, L.
(d) u(¢) has a minimum at some 7; a < w(r) < B and w(£) is increasing
on [-L,L}.

(ii) Two extremal points: (a) u(§) has a local maximum at 7— (or 74) and a
local minimum at T; w(£) is increasing on [—L, L] and w— < w(r_) < a or
wy D> w(ry) > B, a<w(r) < B.

(b) w(¢) has a minimum at o, w{o-) < w—; u(¢) has a local minimum at
T >o-,a<w(r)<p.

(c)w(€) has a maximum at o4, w(o4+) > wy; u(€) has a local minimum at
7T <04, a<w(r)<p.

(iii) Three extremal points: (a) u(£) has local maxima at 7—, 74, and a local
minima at 7, 7. < 7 < 74; w({) is increasing with w- < w(r.) < q,
a<w(r)<p, B<w(ry) <wy.

(b) w(€) has a minimum at o_, w(c-) < w_ and a maximum at o4,
w(o4) > wy and u(€) has a local minimal at 7, 0- < T < 04, a < w(r) <

(c) w(€) has a minimum at o-, w(o-) < w—, u(§) has a local minimum
at 7, a < w(r) < B and a local maximum at 74, f < w(ry) < wy,
O KT < Ty

(d) w(¢) has a maximum at o4, w(oy) > wy, u(€) has a local maximum
at 7—, w. < w(7r-) < a, and a local minimum at 7, a < w(7r) < 8.
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Proof. e
(0) No extremal points: The non-constancy follows from Lemma 4.1 of [7] and 2
W # Wy o .::

(i)  One extremal point: Either u(£) or w(£) is monotone. (a) If u(£) is decreas- t;'.
ing then w(¢) can have either a maximum or minimum. But Lemma 2.1 ':'

(ii) says it must be a minimum. X

(b) If u(€) is increasing the same reasoning as in (a) says w(£) can possess E

orly a maximum. "l

(¢,d) On the other hand if w(£) is monotone it must be monotone increasing ::ﬁ

since w- < w4. By Lemmas 2.1 (.ii), 2.2, 2.3 we see the only possibilities .:::

are a maximum for u at 7— (or 74) with w(7-) < @ or w(r4) > fora 0
minimum at 7 with a < w(r) < S. ?.

(ii) Two extremal points: First consider the case of one local maxima and one *'::f
local minima for u(£). (a) Since w(£) must be monotone increasing Lemmas ::i:

2.1 (iii) and 2.2 say the local maximum occurs where w < @ or w > 4 and d:

the local minimum occurs where a < w < 4. 3‘.‘

One local maxima and one local minima for w(€) is impossible with u(¢) P&'
monotone. For if 01, o are such that w has a local maximum at o; and Ky

a local minimum at o3 we must have w'(g1) = 0, w'(01) < 0, w'(02) = 0, ..:i
w"(o2) > 0. Then (1.2) implies 4'(07) > 0, w/(02) < 0.So monotonicity of !

u would yield u a constant. Lemma 4.1 of [7] would ther give w a constant '

as well which contradicts w—- # w4. , ,0;:

(b) If w(£) has a minimum at ¢_ and u(£) has a local minimum at T then .:::
certainly w(o~.) < w—. That means r > o_ and either a < w(r) < B or o,

w(r) > B. But as w'(t) > 0 Lemma 2.1 (iii) says w(r) > B is impossible. e

(c) If w(€) has a maximum at o4 and u(£) has a local minimum at ?
analagous reasoning to (b) above applies. EE::'

If w(¢) has a minimum at o_, w(o—) < w—, u cannot have a maximum
on [-L,L]. This is because such a maximum must occur at 7(, 7} > o— W
implying u'(0-) > 0. This contradicts Lemma 2.1.(ii). Similarly, if w(¢) has
a maximum at 04, w(o4) > w4, u cannot have a maximum on [~L, L].

Again this is because such a maximum ocecurs at 7, 1 < o4 implying (3‘
u/(04+) < 0 contradicting Lemma 2.1.(ii). .(.
(iii) Three extremal points: (a) First w cannot have three extreme points by o
Lemma 2.1.(ii) but u can. By Lemmas 2.1.(ii) and 2.2 we see they must go e

sequentially as a local maximum, local minimum, local maximum. ‘

(b) If w has two extreme points one must be a minimum at o, w(o-) < w-. E '
and the other a maximum at o4, w(o4) > wy. Lemmas 2.1, 2.2 imply that )
the only possible extremal point for u is a minimum at 7, 0- < T < 74, '.
a < w(t) < B. If u has two extreme points and w has one then either ‘::
(¢) w has a minimum at o, w(o-) < w- or :
AN
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(d) a maximum at o4, w(o4) > wy. In () W'(€) > 0 for £ > o so
Lemma 2.1.(iii) says u must have a local maximum at 74, 8 < w(r4) < wy
and a local minimum at & < w(r) < f, 0= < 7 < oy. In (d) W'(¢) > 0,
€ < 04 so again Lemma 2.1.(iii) says u must have a local maximum at'r_,
w- < w(7-) < a and a local minimum at 7, a < wW(T) < B, 7- < T < 0 4.

This completes all possible cases since extremal points at w =aorw =
are excluded by Lemma 2.3.

Below are illustrated sketches in the u—w plane of the possible cases described

in Lemma 2.4.
ub ub
Us - / Usn b= &
| N I N - 1 1 1 L >
w.a B w, w wa B w. w
o . i(a)
uf u
U,-
' U |-
o : U d
U L 1 1y . * 1 1 L1 5
w.a Bw w w. a Bw. w

i(b) i{c)

Figure 2.
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Theorem 2.5 Assume w- < a, wy > f(w- > B, wy < a). Then there is R
a constant M) such that every possible solution of (1.1), (1.2), (1.3),0 < u < 1, i
with w'(€) > 0 (w'(€) < 0) when a < w(£) < B satisfies the estimate o

~ u w . ':‘
| ' L':?a(l O+ [w(O)) < M, (H1) ;

M depends at most on u_, uy, w—, w4, ¢, p and is independent of u and L. 5

Theorem 2.6 Assume u4 < - and w—, w4 < @ (u- < u4 and w_, w4 >
B). Then there is a constant M3 such that every possible solution of (1.1), (1.2),
(1.3), 0 £ p < 1, satisfies the a priori estimate K

sup ({u(§)] + |w()]) < Ma. (H2)
~L<é<L

'YL
o e T

M3 depends at most on u_, uy, w_, wy, ¢, p and is independent of 4 and L.

<]

Corollary 2.7 If w- < a, wy > 8 (w- > B,wy < a) there exist solutions
of P, which satisfy the constraints w’(§) > 0 (w'(§) < 0) when a < w(€) < 8, i.e.

L i g
-

S
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_ the one phase change data connecting orbit problem possesses a one phase change
solution.

Kuy <uand wo, wy < a (u- <uy and wo,wy > B) there exist solutions
of P, which satisfy the constraints w(§) < a (w(£) > B), i.e. the single phase data
connecting orbit problem possesses single phase solutions.

BY

Corollary 2.7, our main result, follows directly from Theorems 1.3, 1.4, 2.5,
2.6. So we pass on to verifying Theorems 2.5, 2.6.

Proof of Theorem 2.5 We consider the cases listed in Lemma 2.4 for the choice
W~ < a, w4 > fB. The proof for w- > B, wy < a is similar and is omitted.

(0) No extremal points certainly implies the assertion of the theorem.

(ia) Since u is decreasing we have uy < u(£) < u—. Since w has a minimum at

o~ we need only bound w from below. To do this we follow the method
given in (7], Theorem 4.2.

Assume o— > 0 (similar arguments hold if o~ < 0). Integrate (1.2) from
o~ to L and use w’(0—-) = 0. Then

2
ew'(L) + A §w'(€)dé = —pu(L) + pu(o-).

Since w'(L) > 0 we have
L
£w'(£)dE < —pus + pu(o-). (2.1)

O

~ H{2max{1,0_}, then w'(£) < £w'(€) on (¢, L) so that (2.1) implies

) L L L
w(l) - w(() = / w'(€)d€ < / §w'(§)dE < | Ew'(£)dE < —puy + pu(o-)
< ¢ o
and hence
w({) 2 wy + puy — pu(o-). (2.2)

Since u4 < u(o-) < u_, 0 < u < 1, we see w(f) is bounded below
independently of pand Lif 1 < o_. _

K0 < o— <1 integrate (1.2) from o— to £ where 0 < £ < 1. Then we see

¢
ew'(§) + [ (u'(Q)dg = —pu(€) + pu(o-). (23)
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Since w'(£) > 0 on (0, L) we see {w'({) > 0 on (0-,£) and hence 1'§$
' : 1
e(§) < ~pu(©) + pu(o=),  o- <E<L. (2.4 »

. .\l‘

Integrate (2.4) from o— to 1. We then see :E:E

. e

. 1 "

L]

ew(t) - ew(o-) < s [ (u(o-) - w(E))dg

. o~ 3
]

or 1 J

M

ew(®) - p [ (ulo-) - (@)t < ewlr-). (25)
Since u4 < u(§) < u~ and w(l) is bounded from below by (2.2), (2.5) E
provides the desired bound from below for w(c-) when 0 < o_ < 1. ":

Cases i(b),i(c) are proven similarly and in fact i(a-c) fall into the cases treated d!_:

in Theorem 4.2 of [7]. Case i(d) was not possible in [7] because of the assumption '.::
of hyperbolicity. Nevertheless the above method still works as we show below. ; |
y

In case i(d) w(¢) is increasing so w— < w(€) < wy. Again assume 7 > 0 as !

the case 7 < O 1s similar. First integrate (1.1) 7 to L. This yields E%
a

L "i

/(D) + [ 6/ (€)de = pplior) = wplu(r)) (26) ‘

0

Since u/(L) > 0 this implies o
L} ]

L o
[ e ©de < uptws) ~ wptwir). 27) 3

T e

0'.

If { 2 max{1, 7}, since u/(£§) > 0 on (¢, L) we find u’(§) < &u'(€) on (,L) and W

L L ] A
up —u(¢) = /C W (€)dE < /( eu'(€)dE < / £u'(E)dE < up(w) — up(w(r)),

u({) 2 uy — pp(wy) + pp(w(r)). (2.8)
Since a < w(r) < B, we see for 1 < 7,u(7) is bounded from below independent of N
p and L. Again if 0 £ 7 < 1 integrate (1.1) from 7 to £ where 7 < £ < 1. Then
we see N
o/(©)+ [ G(Q)de = polw(®) - ol %
Since {u'(¢) > 0 on (7,£) we find o
() < pp(w(©)) - pp(u(r)) S
- 19 - i
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and integrating from 7 to 1 we see

1
eu(1) - eu(r) < / p(w(€)) - plw(r))de

and 1
eu(l) - 4 / p(w(£)) ~ p(w(r))dE < eu(r). (29)

We know max(u—,u4+) > u(€) so u is bounded from above. Since w(§) is bounded

(2.8), (2.9) implies u(£) is bounded from below on [—L, L] independently of 4 and
L.

ii(a) Assume u has a local maximum at 7—, w(7-) < a. (The case w(ry) > f
is proved in a similar fashion.) Then the local minimum is at 7, 7— < 7,
a < w(t) < B. For w we know w_ < w(§) < wy. Trivially there are two
possibilities we must consider:
+ > 0. In this case proceed exactly as in the proof of i(d) above and we find
u(€) bounded from below and certainly from above by u4.
7 <0. f 7 <0 then 7— < 0. We will show u(7-} is bounded from above.
To do this consider the first case 7— < —1 and then the case =1 < 7- <0

in a manner similar to i(d). This proves u(7—) will be bounded from above
while it is certainly bounded from below by u_.

So we find either u(7) is bcunded from below or u(7-) is bounded from
above where the bounds are independent of u and L. In the first case we
use i(c) on —L < £ < 7 to bound u(7-) from above; in the second case we

use i(d) on 7~ < ¢ < L to bound u(7) from below. Again the bounds will
be independent of y and L.

fi(b) If r > 0, we follow the argument of i(d) to note that u(7) is bounded from
below. Here we use the fact thet a < w(€) € w4 for 7 < € < L. Since
u(r) is bounded from above by max(u—,u.4+) we know u(§) is bounded from
above and below. Finally we used result i(a) on [—L, 7] to see that w is
also bounded from below at o_ € (—L, 7).

If 7 < 0 then using argument of i(d) again we find
u(€) 2 u- — pp(w-) + up(w(r)) (2.10)
if { £ min{-1,7}. But a < w(r) < f so (2.10) shows u(r) is bounded from

below if 7 < —1. If —1 < 7 < 0 then argument i(d) can be used again. We

give the argument for completeness. First integrate (1.1) from 7 to £ where
€ € (-1, 7). This yields

e'(§) + /: u'(¢)d¢ = pup(w(£)) — up(w(7)). (211)
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On (€, 7), Cu'(¢) > 0 so the integral in (2.11) is negative. Thus we see Z

ev'(€) 2 n(p(w(£)) - plw(r))). (212) »

. (45

Now integrate (2.12) from —1 to r. This implies that ':E:

W,

g by

eu(r) 2 eu(=1) + | plu(€)) - plur)de. (213) i

3

Now w(§) < w(r) on (~1,7) since a < w(r) < 8. Inspection of the graph o

of p (see Figure 3) shows that ,

9&

d Pw(€)) - p(w(r)) = pla) - p(B). (2.14) 3

\

:;3:
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Figure 3. N

(Notice p(w(€)) — p(w(r)) becomes positive if w(£) decreases below «.) e
Inserting (2.14) into (2.13) we find ;
¢

N

eu(r) 2 eu(—1) + p(r + 1)(p(a) — p(8)) !';

. S

and hence "W

eu(r) 2 eu(=1) + u(p(a) - o(B))-

-
So u(r) is bounded from if 7 < 0. Now use i(a) on (—L,7) to see that X:
w(o-) is bounded from below. g

&

ii(c) This case uses the same argument of ii(b). In this case we need

pl(7)) = p(w(£)) 2 p(a) = o(B) (213) 3;
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b
3
when w(£) > w(r). (It is not necessary that p(w) — oo as w — c0.)
0
iii(a) In this case w is monotone increasing so w- < w(€) < w4 on [-L, L]. As I
to u either 7 > O or it is not. If 74 > 0 we use an argument of type in ,’
i(c) to conclude u(r4) is bounded from above. If 7, < 0 then 7_ < 0 and .;:;
again we use an argument of the type in i(c) to sce u(r-) is bounded from W
above. So if 74 > 0, u4 < u(74) < bound from above; if 74 < 0, then :::1
u- < y(r-) < bound from above. But now we have reduced the problem "
to ii(a) which we have already considered. &
iii(b) Either 7 > 0 or it is not. If r > 0 we use an argument as in ii(c) to find for ‘EE
T2>1 l't
= V)
u(r) 2 us — pp(w) + u(p((7)). (2.16)
Since a < w(t) < B (2.16) shows u(r) is bounded from below. If0 < 7 < 1 o
we again proceed as in ii(c) to see .:::
WO
l"‘(
eu(r) 2 eu(1) + u(p(a) ~ p(8)). W
K
So u(7) is bounded from below. ' !
4
I 7 < 0 we proceed as in (ii)(a) to again show u(r) is bounded from below. z
So in either case u(r) is bounded from above and below. We now use i(a) iy
on [—L,7] and i(b) on [r, L] to show w(o-) is bounded from below and ‘ ’:
w(o4.) is bounded from above. Of course in each case we use the fact that ) ",‘
the value of w at the end point ¢ is bounded from above and below since NS
[ S W(d) S ,B. o
ili(c) If 7 < 0 proceed as in ii(b). First note that if ¢ < min{—1,7} then R
| u(€) > u- + a(p(w_) — pluw(r)).
Since a < w(7) < B, u(r) is bounded from below, if r < ~1. f =1 <7 < 0 :.?:f
. wefind , $
eur) 2 eu(-1)+ s [ p(w(©) - plulr))et o
[ ]
where w(£) < w(r), =1 < ¢ < 7. In this case figure 3 tells us BN,
o
P(w(§)) — p(w(7)) 2 p(a) — p(B) )
.. "
8o W
eu(r) 2 eu(~1) + u(p(o) - p(B)) o
2 2
and u(r) is bounded from below for 7 < 0. b
2
If r > 0 then 74 > 0. We then estimate u(r4) from above as in i(c). So if oy
¢ 2 max{ry,1} we find
A
u(() < vy + pp(w(ry)) — pp(w+). (217) e
a\
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Since 8 < w(74+) < wy we know u(r4) is bounded from above if r4 > 1. If
0< 714 <1wefind

' 1
eu(rs) < eu(l) - / p(w(€)) — plw(rs))dE. (2.8)
T+

But 8 < w(f) < wy for £ € [r4,1] so the right hand side of (2.18) is
bounded. So if + < 0 we see u(r) is bounded from above and below; if
r > 0 then u(r;) is bounded from above and below. Notice that for the
second possibility we have reduced the problem to Case ii(b)which we have
already considered. For the first possibility we apply i(a) on [—L,7] to
bound w(o_) from below remembering the end point w(r) lies in (a, 4).
Finally apply i{c) or [r, L] to bound u(74) from above again using the fact
that w(r) € (o, B).

ili(d) The proof is analagous to iii(c). This completes the proof of the theorem.

Proof of Theorem 2.6 In this case we never leave the hyperbolic regime p'(w) <
0. To see this consider the situation w- < wi < a. By Lemma 2.1 either w(§)
is monotone and hence we trivially have w- < w(£) € w4 or u(£) is monotone
decreasing and w(£) possesses at most of critical point which must be a local

minimum. Thus w(£) < a on [~L, L], Now apply Thm 4.1 of {7]. The other cases
are done analogously.

3. Existence of solutions to the Riemann problem: the case when
{(ue(€), we(£))} are uniformly bounded

In this section we consider the applicability of the following result of Dafermos
([7], Thm. 3.2) to prove existence of solutions to the Riemann problem.

Prop. 3.1 For fixed ¢ > 0, let (ue(€),w(€)) denote a solution of P,. Sup-
pose the set {(ue(€), we(£));0 < e < 1} is of uniformly bounded variation. Then
{(ue(€), we(€))} possesses a subsequence which converges a.e. on (—o0, o) to func-

tion (u(£), w(€)) of bounded variation. The pair u(3), w($) provide a weak solu-
tion of P. ~

In order to apply Prop. 3.1 we need the desired estimates on {(u((€),we(£))}
in both the two phase and one phase data case. First, however, we state an
assumption on p(w).
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; Assumption 3.2

(a) Assume p(w) — +00 as w — —oo.
(b) Assume p(w) — —o0 as w — +o0.

Now we can statec an existence theorem for the one phase data case.

|

Theorem 3.3 If v_ > uy and w-,w; < a and Assumption 3.2(a) holds ;

(or u4 > u_ and w-,wy > S and Assumption 3.2(b) holds) the sequence kvt

{(ue(€), we(€));0 < € < 1} as given by Corollary 2.7 possesses a subsequence {x

which converges a.e. cn (—00,0) te function (u(£),w(£)) of bounded variation. W

The pair u(%), w(%) provides a solution to the Riemann problem with w(%) < a : ‘
(w(§) > B). |

o

v

-

Proof. Since the sequence {(ue(€),we(€))} is such that p'(we(€)) < 0 and either
we(€) < a or we(€) > B Theorem 4.2(ii) of [7] combined with Assumption 3.2 (a)
or (b) yields a uniform in ¢,§ bound for {uc(£),we(€)} on (—oo0,0). Lemma 2.1 =
applied to the case u = 1, —00 < § < 00, shows {(u(€),w(£))} is of uniformly
bounded variation. Prop. 3.1 thus yields the result.

-

]
.
We now move on to the two phase data case. °
¢
From now on unless otherwise stated we assume Assumption 3.2(a), (b) holds :Ef
as well as the following condition of genuine nonlinearity. '
Assumption 3.3 p(w) > 0if w < a; p'(w) < 0 if w > 3. 1,
)

We now proceed to give a sequence of lemmas based on Lemma 4.1 (8] that
will help us in our search for an estimate on {uc(§)we(€)}. Here and for the rest of

o

Y
this paper {ue(€),we(£);0 < e < 1} denotes the solution of Pe given by Corollary .:"_:
2.7 when w_ < a,w4 > a. (Results for the case w_ > 3, wy < B can always be )
obtained by analagous arguments given for the w_ < a, w4 > 8 case.) .'{:”'

‘u
Lemma 3.4 The list of possible graphs for (u¢(£), we(£)) given in Lemma 2.4 ~
is still valid when L = oo. y

S

Proof. The argument given in the finite L case still applies.

Notation. Points of minima, maxima of u.(£), we(£) are denoted as in Lemma
2.4 with the addition of a superscrint ¢ to emphasize the dependence on e.

't

s X RS ({C

Lemma 3.5 In cases 0, i(a,b,¢c) of Lemma 2.4 (u¢(§), we(£)) are uniformly =
bounded independent of € on (~oc0,0), i.e. there exists a constant N depending I
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+ at most on -, U4, Ww—, w4, p and independent of ¢, 0 < € < 1, such that

i I lue(©)i + lwe(£)] < N. (3.1)
Proof.
0. Obvious. .
i(a). In this case u¢(£) is monotone decreasing and hence u4+ < u(€) < u— on

(—00,00). Denote dw‘(ﬂ ;T(f) We claim 0 < du:;‘ie)

)1/2
on
(—o0,0¢]. For if not set

< (roaey
dwc(&) ,
a2 )

Since we has its minimum at ¢¢ , %“5 = 0 there and so §; < ¢ must exist.

A direct computation shows

1/2}.

§1 = max{{ € (—o0,0l];

(dﬂk dUk)2

(&) = -1- (@) (3 (32)

80 a‘%(%’f—f({)) = 0 at £ = £1. Furthermore, by the definition £; we have 0 <
%’f-“ < +(-‘—,;rw1((—£))-)1/2 on (§1,0%) and thus {,(%“l"—‘(f)) < 0 on (§,0%)

and %(%(5)) <0 at { = £;1. On the other hand differentiation of (3.2)
shows

duu dUh

_2'( T &) = =P (wO)wle(6) (5 (E)) at £ = £;.

Since Assumptmn 3.3 implies p"(we(€1)) > 0 and we know wi(£;) < 0 we
have e-3; ( (€)) > 0 at € = €1, a contradiction. So we see % (%“—’ﬂ(f)) <

0 on (—oo, __] Hence for any £ € (—o0,0%], %—”—‘(E) < %‘-‘k( —-o0) =
+(—;,-(-'lp—_5)1/ 2. Now let us compute

(ol)
w.(a'.)—w_=/u ? ﬂdu--

./ ue(ot) ( dwe) /.:(:;)( 1!7'(11’-))1/2

IV

and thus

1/2
we(oL) = w_ > —(—7(,_‘7)) (ue = ue(oL)). (33)
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i(b)
i(c)

Since u < ue(0f) < u~ (3.3) shows we(c?.) is bounded from below inde-
pendent of e.

The proof is similar to i(a).

In this case w¢(£) is monotone increasing so w— < we(§) < w4 on (—oo, o).

 Delote d¥(¢) = 5% We claim 0 < 9% < 4(—p'(we(£))Y/2 on

(=00, 7). For if not set

fr=max{€ € (o0, 7L (e > +(—p(we()V2)

where u.(£) has its maximum at 7¢, we(r¢) < a. (The case when the
maximum is at 75, we(r$) > B is done similarly). Since u¢(£) has a local

maximum at 7¢ where %’:—D‘(f) =0, ;) must exist with {; < 7€.

A direct computation shows
d d € ? d € 2
et (Gx®) = )+ (200 (34
80 %(%*3(5)) = 0 at { = £;. Furthermore by the definition of £ we
bave 0 < $4£(£) < +(—p'(we(£)))/2 on (£1,7%) and thus :‘é(%‘é;(e)) <
0 on (§1,7%). So we have fg,(%’-‘-w‘(f)) < 0at §=¢§. On the other
hand differentiation of (3.4) shows ‘2%27 (%(E)) = p(we(€))wl(€) > 0

at £ and we have e-é%(%’;—'j(f)) > 0 at £ = £, a contradiction. So

we see i‘z(%‘i(f)) < 0 on (—o0,7¢] and hence for any ¢ € (-0, 7],
0 < $¥2(¢) < 9 (~00) = +(~p'(w-))1/2. Now we compute

w(rl)
wlrt)=u- = [ e b < (7 ()2 (w(r2) - w_).
Since w- S w(rf) < w4 we see ue(TE) is bounded from above independent
of ¢ for w(r.) < a. As noted above analagous reasoning shows that if
w(r{) > B we have a

ue(r$) < us + (=P (W) /(s — we(7$))

and since w. < we(r{) < w4 an ¢ independent bound on ue(7$) is pro-

duced.
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Lemma 3.6 Let 7¢ denote the points where u¢(¢) takes on its local minimum,
a < we(7¢) < B. If there is a subsequence {7} of {7¢}, €, — 0+ such that either

(8) ™ >2m>0o0r r** < —m > 0, m a constant independent of ¢, or

(b) ue(r*") is bounded from below independent of e,

then for Case i(c) {(ue, (&), wen (€))} satisfies (3.1).

Proof. Assume 7¢* < —m > 0. Then u/ (§) < 0 on (~oc,7¢*] and §ug (£) >
~mu,_(§) on (—oo,7%]. Integrate (0.5) from —oo to 7¢ and we see

—m(ue(r) ~u-) < [ €l (€0 = pluo(r)) - pleo-)

and hence 1
(=P(we(r) + B(-)) — u- < u(r®s). (35)

Since we(§) is monotone w- < we(€) < w4 and we see u (r") is bounded from
below independent of e. The case 7°* > m > 0 is done similarly. So in (a) or (b)

u(7*) is bounded from below and hence {(uc, (£), we, (£));0 < en < 1} satisfies
(3.1).

Lemma 3.7 In Cases ii(a), (b), (c), iii(a), (b), (c), (d) assume {r¢} satisfies
the hypothesis of Lemma 3.6. Then {(ue, (£), we,(£));0 < €n < 1} satisfies (3.1).

Proof ii(a). Let 72" denote the point where uc,(£) has its local maximum,
we, (75*) < a. The method of proof for i(c) in Lemma 3.5 shows ue, (t51) is
bounded from above independent of €p,; ue(7E) is bounded from below by u._..

~ 1 < —m <0 we know £ug, (€) > —mul_(€) on (7%, 7¢). Integrate (0.5)
from 7 to 7¢». We see

—m(ten (7)) — Uea (T24)) < p(wea (7)) — p(we (751)). (3.6)

Inequality (3.6)combined with the monotonicity of we,(¢) gives the bound on
te, (7¢*) from below. If 7¢» > m > 0 integration of (0.5) from 7¢» to co produces
the bound from below on u,(r**). So if the hypothesis of Lemma 3.6 holds,
{(uen(€), wen (€)),0 < €n < 1} satisfies (3.1).

ii(b). First consider the case when 7** < —m < 0. Proceed as in the proof of
Lemma 3.6 to (3.5). Since a < we,(7*) < B (3.5) delivers a bound on u, (7¢")
from below. Now use the method of proof of Lemma 3.5 1(a) to bound we, ()

from below. If 7* > m > 0 (or uc,(7°") is already bounded from below) an
analagous argument works.
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~i(b) to bound we, (§) from above.

fii(a). First bound the two local maxima of u,, () from above as in the proof
of Lemma 3.5 i(c). Now follow the proof of ii(a) above to bound ue,(7¢*) from
below. -

lii(b). Proceed as in the proof of Lemma 3.6 to bound u., (7¢*) from below. Ther
bound we, (02") from below and we, (¢5.) from above via the proof of Lemma 3.5

i(a),(b).
iii(c). First bound the local maximum of ue,(£) from above by the method of
Lemma 3.5 i(c). Then bound the local minimum uc, (7¢*) from below by the

method of ii(a) above. Now use the method of Lemma 3.5 i(a) to bound we, (o¢")
from below.

iii(d). The proof is analagous o iii(c).
We are now in a position to state the main results of this section.

Theorem 3.8 Assume w- < a, wy > B (or w— > a, wy < B) and let
(ue(€), we(€)) denote the solution of P given by Corollary 2.7. Let Assumptions
3.2, 3.3 and the hypothesis of Lemma 3.6 hold. Then {ue, (€), we, (€);0 < €n < 1}
possesses a subsequence which converges a.e. on (—o0, 00) to a function u(¢), w(¢)
of bounded variation. The pair u(¥), w(3) provides a solution to the Riemann
problem.

Prooflf w_ < a, w4y > 8 use Lemmas 3.5, 3.6, 3.7 and Prop. 3.1. If w_ > 3,
w4 < a we can prové a similar set of lemmas to Lemma 3.5, 3.6, 3.7 and again
use Prop. 3.1.

~ Remark 3.9 If the hypothesis of Lemma 3.6 does not hold then r¢ — 0,
U(7¢) = —0c0 as € — 0+.

Proof. If 7 /+ 0 as ¢ — 0+ then there is a subsequence {r¢*} so that |r¢*| >
m > 0, m a positive constant independent of ¢;. From this subsequence we can
extract another subsequence so that either 7* > m > 0or 7 < -m < 0, a
contradiction. On the other hand if 7¢ — 0 and u¢(7¢) ¥+ —oo then of course the
hypothesis of Lemma 3.6 holds.

From Remark 3.9 we see that the only situation which may cause difficulty
vis-a-vis solvability of the Riemann problem (at least under Assumptions 3.2, 3.3)
is when 7¢ — 0, ue(7¢) = —oo as € — 0+. This possibility is the subject of the
next section. Of course if we were to make the hypotheses that u((£), is uniformly
bounded independent of ¢, 0 < ¢ < 1, when a < w,(§) < B then existence of a
solution to the Riemann problem follows trivially from Lemma 3.6.
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. 4. Existence of solutions to the Riemann problem: the case when

Ue(r¢) = —c0 as ¢ — 0

In this section we discuss the possible consequences of the case when u (7¢) —
~00 as 7¢ — 0. (We use the notation of Section 3.)

Our first goal is to show ue(€), we(€) has a pointwise a.e. limit. To do this we
need a sequence of lemmas. The first one is modeled on Thm. 2.3 of [8]. We let
Assumptions 3.2, 3.8 hold in this section.

Lemma 4.1 Let (u¢(),w({)) be a solution of P as given by Corollary 2.7
when w_ < a, wy > B. Let ¥ = min(u—~,uy). Then if ue(£) has a local minimum
at ¢ with o < we(7¢) < B (as in Cases i(d), ii(a),(b),(c), iii(a),(b),(c),(d) of
Lemma 2.4 with L = oo, u = 1) we have the estimates

No(oz — 1) > / ” w)de 2 702 — 1) - (o(B) —pla)y  (41)
- (B~ ()

f—re - Su@<No,  —co<f<co (4.2)

Here (01,02) C (~00,00) and Nj is a constant independent of e.

Proof. The bound from above on u.(£) in (4.1), (4.2) follows from the proof of
Lemmas 3.5, 3.6, 3.7. So we now proceed to get the bounds from below. We first
check i(d). Fix £ < oo sufficiently large so that we(—£€) < a, we(€) > 8. Assume
for the moment ue(—¢) < ue(€), and let § > —€ be such that u(8) = ue(—0).
Then as shown in Figure 4 we have u.(§) < ue(—£) on (—¢,9), ue(€) > ue(—2¢) on
6 < £ <€ when —€ < 7 < 6 < £. From (0.10) we know

e(ue(§) — ue(—0)" + E(ue(€) — ue(~8)' = p(we)’ (4.3)
and integration of (4.3) from —£ to 6 shows

euy(8) — eue(—8) - /_0 t("e(f) — ue(—£))e€ = p(we(9)) — p(we(-0)).  (44)
But u’(8) > 0, u/(—¢) < 0 and hence we have
[ (0-0) ~ et < pte(8) - ple( 1) (43)

Now since w¢(f) > we(—£) we know the right hand side of (4.5) is bounded from
above by p(8) — p(a). So for any (01,03) C (—¢,6) we have

(4]
| L (ue(=€) = ue(€))dE < p(B) - p(a) (46)
- 29 -
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and hence .

ue(~8)(02 ~ 1) ~ (9(B) — pla)) < /  ue£)de.

a1

Letting £ — +o00 we find

Figure 4.

Finally if —-f < 01 < 8, 8 < 09 < £ we write

o 8 2
/’uG(C)d£= ue(€)dE + /: ue(€)dE

and use (4.7), (4.8) t: again obtain (;.1).
¢ < £ < 8 we have
(ue(~) = wONE - 79 < [ (w0~ utenat.
From (4.9) and (4.6) we see
(5e(=) = uel )€ — ) < p{B) — B(a).

(o2 - 1) — () - Pe)) < /ﬂ' " ue€)de. (4.7)
' If (01,02) C (6,€) then uc(€) = ue(—¢) and we see
ue} wor-o1) S [ u©)de (48)
4 o
ug(d) -
Ug ("’I) [
J N A
-4 '3 6

To get the bound from below in (4.2) we observe from Figure 4 that when

(4.9)

(4.10)
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Now letting £ — oo we obtain (4.2). If —¢ < £ < 7¢ we again obtain (4.2) and
of course if § < £ < £ we trivially get (4.2). The proof for ue(—£€) > uc(€) is
analogous.

Without going in details we sketch the appropriate constructions for ii(a),
iii(a) if ue(—€) < ue(f) in Figure 5. Cases ii(b), ii(c) are done like i(a). Cases
iti(b), (c), (d) are done lLike ii(a). In all cases crucial to the argument is the fact
that we(6) > we(£) so that p(we(6))—p(we({)) < p(8)—p(a) and inequality (4.6) is
obtained without any monotonicity restrictions on w,({) (in contrast to Thm. 2.3

of [8)]).

Figure 5. Case ii(a). Integrate (4.3) from ( to 6.
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Figure 6. Case iii(a). Integrate ({.8) from ( to 0. §:x
t'.‘

This completes the proof of the lemnma.

Sk

Lemma 4.2 Let {u.(£),we(£); 0 < € < 1} be a solution of P, as given by
Corollary 2.7 when w- < a, wy > 8. Then for any given compact subset S of

A,
(—00,0) or {0, 00) there exists constants K and ¢ (depending at most on u—, uy, : %
W, W4, P, S) so that b2y
o]

sup(fuc(®)] + o) S K for 0<e<a. R

§es ~

({
Proof. Let S; C [a,8], S- C [-b,—a], 0 < a < b < 0. Then for ¢ sufficiently %
small [r¢| < a/2 and (4.2) yield sup |u(£)] < K. We now need to get a similar 3
§€St AN

estimate on w¢(£). In Cases i(a), (b) of Lemma 2.4, the proof of Lemma 3.3, 3.6, L
3.7 yields a uniform in € and §, (-0 < £ < o), bound on w¢(£) where as in )
Cases 0, i(c), ii(a), ili(a) we(€) is monotone so that trivially w_ < we(£) < wy for “
£ € (—o0,0). Hence the only cases left to check are ii(b), ii(c), iii(b), iii(c), iii(d). .
Case ii(b). On S, w(£) is uniformly bounded in ¢, £ so we need only check ?_

S-. Letn € S_, ( € S4. For e sufficiently small < r¢ < ¢. Integrate (0.10) from -
n to ¢ to obtain L
Nt

N
eu(¢) — eug(n) + /( Eue(£)d€ = p(we({)) — p(we(n)). (4.10) N

n ~

I

Since u/({) > 0, u)(n) < 0 (4.10) implies .
[ iete <l - snn) =
n &.
“n -

[ ]

-
-3
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+ and integration by parts yields

c |
Cue(¢) — mie(n) - /n ue(€)dE < p(we(C)) — p(we(n)). (4.11)

Now use (1.1), (4.2) to bound the left hand side of (4.11) from below

\

(u- C(P(I?)-—:I(a» = 1Ng — No({ — 1) < p(we(€)) — p(we(n)). (4.12)

Since a < we(() < wy we see p(we({)) < p(B). Hence combined with this fact
and |{ ~ 7¢| 2> a/2 we see that (4.12) yields

ot - 2ROy pgy < ) (413)

Since we(n) < B, (4.13) and the fact that p(w) — +00 as w — —oo show we(7)
uniformly bounded in ¢, 5 for € sufficiently small, n € S_.

Cases ii(c), iii(b). Proceed in a similar fashion as Case ii(b).

Case iii(c). From the mean value theorem there is ¢ € [1,2] so that u.(¢) =
ue(2) — u¢(1) so by (4.2) eu () is uniformly bounded. So for this ¢ and arbitrary
n € S~ we again derive (4.10) and since u/(7) < 0 we find

eue(¢) - /: ue(§)dS < p(we({)) — p(we(n))
< P(B) — p(we(n)).

The same argument as given above for case ii(b) shows we(7) uniformly bounded
in ¢, n for e sufficiently small, n € S_.

Case iii(d). Proceed analogously as in Case iii(c).
Another set of bounds on (u¢(£), we(€)) is provided by the next lemma.

Lemma 4.3 Let {u.(§),w(£);0 < € < 1} be a solution of P, as given by
Corollary 2.7 when w- < a, w+.> 8. Let 0¢, 0 denote the points of local
minima and maxima for w¢({) and 7¢ the point of local minima for ue(£) (when
they exist). Define & = min(u—,u4),

Be= (‘ﬂ(tlo-))m (w-BO=AD) (-2 7,
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Then in cases of Lemma 2.4 (with 4 =1, L = oo) we have the following estimates:
In cases 0, i(a,b,c), (3.1) holds. '
In the rest of the cases u(§) satisfies (4.2) and we(£) satisfies
w_ < we(€) € w4 in Cases i(d), ii(a), ii(a);
B < we(§) < w4 in Cases ii(b), iii(c);

w. < we(€) < B in Cases ii(c), iii(d);
B- < we(€) < BY in Case iii(b).

Proof. For Cases 0, i(a,b,c). the result was given in Lemma 3.5 and Cases i(d),
ii(a), iii(a) are trivial.
For Case ii(b) follow the method of proof of Case 1(a), Lemma 3.5. Upon

reaching inequality (3.3) replace u¢(cf ) by the bound from below given by (4.2).
Similarly in Case ii(c) obtain the bound for we(c%.):

we — we(0) (— p'_(zlpT.j) (ut — ue(0%))

and again bound u¢(c%.) using (4.2). Case iii(c) follows like ii(b), Case iii(d) follows
like ii(c), and Case iii(b) uses the arguments of both ii(b) and ii(c).

We now combine Lemmas 4.2 and 4.3 to get the following improved estimate
on {u(€), we(£);0 < e<1}.

Lemma 4.4 Let {u(£),we(€);0 < ¢ < 1} be a solution of P, as given
by Corollary 2.7 when w_ < «, wy > B. Then on any semi-infinite interval
(—00, —a] or [a,0), a > 0 there exists constants k and ¢y (depending at most on
U—,U4,W-, W4, P,a) so that

::Pa](lue(ﬁ)l + |we(§)) < %,

sup (lue({)l + |lwe(§)]) < &,

(a,00)

(4.14)

for 0 < e < €.

Proof. The bounds on uc(£), we(€) in Cases 0, i(2,b,c) are known from inequality
(3.1). For the rest of the cases the bounds on u¢(£) follow from inequality (4.2).
So we only have to produce the relevant bounds on w,(§). Here again Lemma 4.3
tells us Case i(d), ii(a), iii(a) are trivial so let us move on to Case ii(b). In Case
ii(b) we know from Lemma 4.3 that B_ < w¢(§) < w+. Since 7¢ — 0 as ¢ — O+,
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B will be bounded from below for sufficiently small ¢ if o€ /» 0 as ¢ — 0+. On
the other hand if 6¢ — 0 as ¢ — 0+ it means the minimum of we on (—oo, o) is
taken on at o¢ where |0¢| < C, a constant. If —C < ¢¢ < —a then Lemma 4.3
tells us w(0®) is bounded from below. If —a < ¢¢ < 0 then the minimum of w,
on (—o0, —a] is taken on at £ = —a. By Lemma 4.2 we know w,(—a) is uniformly
bounded from below. and so we see we(£) has a uniform (in £, €) bound from below
on (—o0,—a). The other cases, i.e. ii(c), iii(b), (c), (d) follow similarly.

Lemma 4.5 Let {ue(€),we(£),0 < € < 1} be a solution of P as given by
Corollary 2.7 when w— < a, wy > . Then sequence (u¢(§), we(€)) possesses a
subsequence which converges a.e. on (—00, 00) to functions (u(£),w(£)). On com-
pact subsets of (—oc,0)U(0, 0o) the convergent subsequence is bounded uniformly
in e with uniformly bounded total variation. The limit functions have bounded
variation on compact subsets of (—o0,0) U (0, c0).

Proof. On the finite domain [-1,-1/2] U [1/2,2] (= R2) Lemma 2.4 (with u =
1,L = o) and Lemma 4.4 combined with Helly’s theorem ([10], p. 222) provides
a convergent subsequence {(u¢,(€), we, (£))} which converges buundly to functions
u(§), w(€) defined on Rg; u(€), w(€) have bounded variation Rz. Now consider
{uey(€),we, (€)} on [-3,-1/3] U [1/3,3] (= R3). Again we extract a convergent
subsequence which converges boundedly to the functions u(£), w(€) on Ry and
extensions of u(¢), w(§) (also denoted by the same letters) on R3. Continue this
process on each Ry, n = 2,3,4,... Finally extract the diagonal element of each
enumerated sequence. The sequence of diagonal elements is convergent at each
€ # 0 to functions u(£), w(£) defined on (—o0, 0) U(0,00). The remarks regarding
compact subsets of (—o0,0) U (0, c0) follow directly from Helly’s Theorem.

Lemma 4.8 The functions u(§), w(€) defined by Lemma 4.5 satisfy the
boundary conditions

y(—o00)=u_ , u(—00)=uy,
w(—o0)=w- , w(+00)=w4.

Proof. We follow the proof of Thm. 3.2 of [7]. Let y (§) = (:i((i’)))’ flye) = (P_(_"‘:“)).
Then (0.10), (0.11) imply

o | =

d 2/:) N ’ 62
-‘;E(exp(f 726)ye(§)) = < (Vily)ye(§) exp(3:))

and integrating from 1 to £, £ > 1, we find

€ 2
(€ /20¥.(6) — exp(5 (1) = + [ IRy (@ exp(5)ek

------



- Since by Lemma 4.4 |y, (€)] is uniformly bounded by % on [1, 00} we know |[V{{y,)| <
" R for some constant R > 0. Thus

' ‘ 1 R ¢ 2
|expl€? /29O < lexp( DI+ T [ yelOlexp(§)c
1 €
and usinro’ Gronwall’s inequa\lity we find

|exp(€ /29591 < lexa( )y (Dlesp| Ee ~ )

.and hence

Y401 < Il exp( ZEEELZC ), (415)

Now note that
'3 2
exp(€/2I7UO) =m + - [ YO e (§)t
1 £, 1 1
=21+ -f{y () exp(z) =~y (1)) exp()
'3 2
-;15/1 Cf(ye(C))exp(%;)dC
- 2 '3 2
=+ Jr@exn(f) - 7 [ Rydexn(§)ac

and hence

~£2 4 2
Y0 =men( S ) + 2@ - 3 [ viness(§)ac. (a0

Here

~

2 2
2 [ exp(-€2/20d€ = 7.2 - yD) - ¢ [ Ky(o)ee

(417)
2 2
+ 3 [ Rrdneme( )
So from (4.16) we see
VAU £ lzal exp(~2) + 2 Iy (D)
const. (4.18)

. 1
< lzglexp(~52) + 2

From (4.17) and the inequality
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we ' cons? const 2 2
) . nst. 2
f 22| < (const. + —— + ———exp(7)) exp(3) ' :

and hence by (4.18) that

: const. 7 ’
5 V(D) < =5 exp(5). (4.19) 1

: N Y
| . Now insert (4.19) into (4.15) to find

> IS
§] 3
o const. [2RE — 2R + 8 — £2 :

I < S . . Wt

el < S (B2 ) (420) :

‘ So for £ > R+(R?—2R+8)1/2 (4.20) shows that |y.(¢)] — 0 as € — 0+. Recalling

K that (ue(€), we(€)) converge pointwise to u(£), w(§) we see u(§), w(£) must be ,

! constants for { > R+ (R? - 2R + 8)}/2. Since for any € > Oslim ue(f) = ug, :
4 —0o

) lim we(£) = w4 these constants must uy, wy. A similar argument works for

f { = —oo. Y

¥ “

L} ?

R Corollary 4.7 The functions u(¢), w(¢) defined by Lemma 4.5 satisfy the ;

R conditions !

u(€) = -, u(€) = us |
£ < —-M, §E>M ‘

] w(f) =w_, w(f) = wy b

for some positive constant M.
' )
£
Lemma 4.8 The functions u(§), w(£) defined by Lemma 4.5 satisfy 3

3 ~ p(w) -~ ¢/ =0 .

.‘ A 4.21

(P. : -u' - E‘U)’ =0 ( ) \’

¥ in the sense of distributions at any £ # 0.

X At any point & # 0 of discontinuity of u(¢), w(€) the Rankine-Hugoniot jump 3
/ conditions are satisfied R
- (w(€o+)) — P(w(&o—)) — So(u(fo+) — u(&o—)) =0, (4.22) ‘
4 =(u(§o+) = u(§0—)) = fo(w(fo+) — w(lo—)) = 0. '

v
Proof. On any compact subset of (0, 00) or (—~c0,0) we have a sequence of solu- \

tions of (0.10), (0.11) which converges boundedly a.e. Hence if we multiply (0.10),
(0.11) by C* test functions with compact support excluding { = 0, integrate
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by parts, pass to the limits as the relevant sequence of ¢’s goes to zero, and use
the Lebesgue dominated convergence theorem we obtain (4.21). Equation (4.22
follows from (4.21) in the standard manner (e.g. (7], (3.14)).

Corollary 4.7 and Lemma 4.8 take us very close to asserting solvability of
the Riemann problem. Unfortunately we still must deal with the behavior of u,
w at the troublesome point £ = 0, i.e. we have yet to show u,w solve (4.21) in X
a neighborhood of £ = 0. In fact the derivation of the Rankine-Hugoniot jump
, condition for weak solutions [8] shows that u,w will be a distributional solution of

(4.21) at £ =0 if

3 Jim p(w() = Jim, p(w(6)) o 1
o i = 1 ) ‘
! (hm u(€) = lim u(f), ‘
m where the indicated limits exist (finite). \
t ¢
'.:“ Before pursuing the study of (4.23) we first show that u(¢), w() are locally !
R integrable. First we make *
A& s
O
v Assumption 4.9 Assume
o
2 | | Jg 29|
[ —_— 0 as |w] — oo.
L/ |w]
-}
W' |
v .
- Lemma 4.10 If Assumption 4.9 holds then {w(£)} has absolutely equicon-
> tinuous integrals and the functions u(¢), w({) defined by Lemma 4.5 are locally _
“ integrable in (—o0, 00). p
)
LY ¢
N . Proof. First we know from Lemma 4.1 (4.1) that |uc(£)] is locally integrable.
9 Since a subsequence of u(€) converges to u({), Fatou’s theorem implies the limit
function u(&) is locally integrable. To show local integrability of w(£) we proceed
indirectly. A theorem of D. Vitali ([11], p. 152) tells us that if {we(£)} have
o absolutely equicontinuous integrals, then w(§) is locally integrable and moreover ‘
1%
N . o2 03
lim We, (£)dC = w(§)d¢. (4.24)
(. C.—'o ay o
b Here the limit is taken on the a.e. convergent subsequence of w¢({) denoted as b
v we, (£). Recall that to have an absolutely equicontinuous integral we need for o
every § > 0 there is a £(§) such that if 0 < o3 — 0] < {($) 9
7 ¢
.

o2
» | / we(£)dé| <&  forall > 0. 3
a




We now establish absolute equicontinuity of the integral of w¢(£) by using
the argument of Lemma 3.4 of [8] (which is itself a variant of the test of de la
Valée-Poussin [11], p. 154.)

First notice however that in i(d), ii(a), ili(a) of Lemma 2.4 there is ncthing
to prove since we({) is monotone and hence uniformly bounded in &, €. Also recall
Cases 0, i(a), (b), (c) were covered by Theorem 3.8. So we need only consider
Cases ii(b), (¢), iii(b), (<), (d)-

Let us consider Case ii(c). Given any interval (¢;,£2) we either (I) divide it
into the subintervals (£;,t¢] where w- < we(§) < 3 and [te, €2) where 8 < we(€),
we(te) = B, (II) we(§) = B on (£1,£2) or (IIT) we(§) < B on (£1,42).

First we consider possibility (I).

\ Multiply (0.10) by u¢ and (0.11) by —p(w) and add. If we define n(u,w) =
4 — J§ p(s)d¢ and ne(§) = n(ue(£), we(€)) we see

n? (€) + Enl(€) — (ue(E)p(we(§)) — eur(€)? + ep' (we(€))we(6)? =0.  (4.25)

?h- .};Il L‘? ‘ " > 7 “’

"
P

Let 7 = max(n(u-,w-),n(u4,wy)). On any sub-interval (o},0%) C [t,€2)
if ne(0}) > 7 set ¢ = sup{€ € [te,0]);ne(€) < 7}. U ne(o}) < 7 set { = inf{€ €
(0], 05); ne(€) = 7} if this set is not empty. Similarly if ne{ch) > 7 set 8¢ = inf{€ €
(02, L2]ime(€) < M} while if ne(o9) < 77 set 6 = sup{{ € (07,03)in(¢) 2 7}
Observe that 7.({.) > 0 and 7.(f) <0, and

)
3
:
o
3
.
bt
)
1
7

' A

c‘ 0.
[ o -mas < [ ey - mae
% C (4.26)

== [ eneree.
Ce

X

So if we integrate (4.25) over ((¢,0¢) and use (4.26) we see

-

T L L

o2 _ 8 12 ! AT
RUCRUEEY /C O — P et (a2)

< —te(Be)p(we(8e)) + ue(Ce)p(we(Ce))-

By the definitions of 4, . we see n(ue(b¢), we(be)) and n(ue({e), we({c)) are uni-
formly bounded from above and since w¢(8e¢), we((e) are greater than 3, 7 is convex
at these values. This implies u¢(6¢), we(0e), ue({e), we(e) are uniformly bounded
in e. Hence the right hand side of (4.27) is bounded by a constant K independent
of e.

’ :"L" u}'."'. < ':-

Now since —1 fp"’p(é)ds — 00 as w — oo for arbitrary § > 0 there is a

wg 2 B so that 5
w

P, —_— > .
(s, ) < 2T for all w > wy
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We then set {(§) = X Fix 01,02, 0 <07 —01 <¥(5). We note

(lw-|+3+wo+iiz)’
for any 01,02, 01 € (&1,t], 02 € (te, 2]

[ wdere = / “ we€)de + / ’ we(€)de

a ‘:l o3 5
SBlte— o+ [ (wo+ spen(uc@w et

S B(te — 01) + (02 — te)wo

5 [?
-{.- ﬁ ) T,‘(Ug(f), wt(‘f))dé

Now use (4.27) with ¢ = 07, 0] =t and we see

[ weede < Bt = 1) + (o2 — thun + 5 (K + 702 = 1)

oy
7ié é
S(e2=@)B+wo+gm) +5 <6

foy,002 ¢,

[ o < 7o+ pentuc(@), e <

N
and if 07,02 <,

[' " we(€)de < B0z — o1) < 6.

L4

Also since we(§) > w— we easily see

/"2 we(€)dE 2 w_(o2 — 01)
N
2 =|w-|(o2 - 1) 2 6.

So we see for (I) that (4.28)-(4.31) imply
o

Ywel6)dE| <5 if 0< o — oy < 8).

I
(41

(4.28)

(4.29)

(4.30)

(4.31)

A similar argument of course works for (II) while (III) is trivial. So in ii(c)

-we know w,(§) possesses absolutely equicontinuous integrals. Cases ii(b), iii(b),

(c), (d) are done in a similar fashion. As advertised above Vitali's theorem thus

tells us w(§) is locally integrable and (4.24) holds.
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The next Lemma follows almost identically from Lemma 3.3 of [§].

Lemma 4.11 The four limits which appear in (4.23) always exist (finite) and

(4.23;) is always satisfied. Equation (4.233) is satisfied if the sequence { fof ue(€)de}
(taken on the convergent subsequence of Lemma 4.5) is absolutely equicontinuous.
Furthermore the relation —(p(8)—p(a)) < limg_o_ —p(w(§))+lime_ g4 p(w(§)) <
0 holds in general.

Proof. Let {uc(£), we(€)} denote the convergent subsequence of Lemma 4.5. Note
that since we(€), ue(€) are piecewise monotone as (—oc,00) (Lemma 2.4 with
L = oo) then the limit functions u(£),w(£) are also. Hence the set of points of
continuity (in fact differentiability) of u,w is dense in any finite £ interval.

Now let ( and 4 be points of continuity of u(f),w(€), ( < 0 < 6. From
the mean value theorem for every small ¢ > 0 we can find { € |{ — el/z,C],
8 € |o,6/2 + €1/2] so that

/2u(G) = ue(Q) — uel¢ = €12), M Pw(Ge) = we(§) - we(¢ - /%),

/20(0.) = ue(6 + €/2) —u(8), ?w(6e) = we(62% + /) — we(6).

By Lemma 2.4 there are constants Ky, K¢ so that

le/2ul(¢e)l < Keo [ 2wl(Ce)] < K,

4.32
e/2wl(8c)| < Ko, |eV/2w(8e)| < X, (432

for e sufficiently small. (Of course Ky, K maybe becomes unbounded 2s §,{ — 0
but for the moment ¢, 8 are fixed.)

Now we integrate (0.10), (0.11) on (¢, f¢) obtaining

~

8¢
eug(Be) — eu(Ce) + Oeue(8e) — Ceue(Ce) — /C ue(€)dé
= p(we(8e)) — p(we(Ce)),

(4.33)

6.
] ’ , _ -
ewe(0e) — ewe(Ce) + Oewe(6e) — Cewe(Ce) /C. we(£)d¢ (4.34)
= —“e(oc) + ue(Ce)-
Now let ¢ — 0+ in (4.33), (4.34). Since 6, { are points of continuity of u,w we find
by virtue of (4.32) that
6.
6u(8) - Cu(() ~ p(u(®)) + plwle) = lim [“udo)de,  (439)
€= ('

- 41 -

- e B - . - - . - » ~ - J
R S A O A A A A T B G A



)
6u(8) — Cu(C) +u(®) — u(¢) = /c w(€)de, (4.36) W

where in (4.36) we have used (4.24) i.e. the absolute equicontinuity of the integrals ]
of we(€). Notice the limit on the right hand side of (4.35) exists since the limits i
on the left hand side exist. From (4.1) we see that lime.o+ fg ¢ ue(f)dfdéfS((, 6) E’f.

" satisfies T(¢ — 6) — (p(B) — p(a)) < S(¢,60) < No(¢ — 6). By Lemma 4.4 for fixed ""
¢ <0, S(¢,0) is continuous in 8, 8 > 0, |8] small and for fixed 8 > 0, S(¢,6) is -
) continuous in {, ¢ <0, |¢] small. 1
>

Now since |w(£)| may be infinite only at £ = 0 (again by Lemma 4.4) pointwise ),

limits of ii(b), (c), iii(b), (c), (d) of Lemma 2.4 shows that if |w(0)} = oo, w must )

have one of three shapes shown in Figure 7. ,

In all three cases (I), (II), (III) we see o

(3 U

8 3

O Ry OIS o

o -

() < [ (). 3

¢ )

But since w(§) is locally integrable (Lemma 4.10) we see ""

] X
01-15‘+ Bu(f) = (Eff)l- Cwl¢) = ag%i -/C w({)dé = 0. e
¥

iy

Since u(£) has the shape of (I) near £ = 0 and u(£) is locally integrable (Lemma

4.10)
Jm, 0u(6) = lim (u() =o0.

~

Now let § — 0+, ( ~ 0— along a sequence of points of continuity of ¥, w and
possibly extracting a further subsequence so that S({,8) converges we find

oim, —P(w(6) + lLim p(w(()) = 22?*' 5(¢,9),

: PAC o SR LIRS Y
;‘.‘:ﬂ 'i&‘:"'.' "r.’-.fs’l:\- [

Jm u(6) = lm u(C),

=
. =
and (9.23;) is always satisfied. Moreover if foe ue(€)d¢ is absolutely equicon- <
tinuous Vitali’s theorem tells us we can pass the limit through the integral in :{" ™
(4.35) and hence show (4.233) holds as well. (In this we have of course S((,0) = Ny
lim f u(¢)d€.) Also the bounds on S(¢,8) show that p(a) — p(8) < —limg—os -
P(w(8)) + lim¢ 0 p(w(¢)) < 0 holds in general. )
o)
L
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g Case (I): Infinite minimum at £ = 0.
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Case (II): Infinite mazimum at § =0.
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_ \ ‘ | Case (III): Infinite minimum-mazimum

\

p \ Figure 7.

Remark 4.12 As uc may have more than one critical point the argument
used in [8] to show that the absolute equicontinuity of foe ue(£)dE is also necessary
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to have (4.322) hold does not seem to apply.

Theorem 4.13 The functions u(£), w(§) defined by Lemma 4.5 provide a W
solution of the Riemann problem provided the pressure p equilibriates across the ity
stagnant phase boundary at £ = 0, i.e. oy

. Jm p(w(©) = lim p(w(e)) i

Proof. Use Lemma 4.11. ‘ o't
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