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ABSTRACT

W-epave a decay estimate for the steady state incompressible Navier-Stokes equations.

The estimate describes the exponential decay, in the axial direction of a semi-infinite tube,

for an energy-type functional in terms of the perturbation of Poiseuille flow, provided

that the Reynolds number does not exceed a critical value, for which we exhibit a lower

and an upper bound. Since the motion is considered axi-symmetric we use a stream

function formulation, and the results are similar to those obtained by Horgan [51,,Jor a

two-dimensional channel flow problem. For the Stokes problem our estimate for the rate

of decay is a lower bound to the actual rate of decay which is obtained from an asymptotic

solution to the Stokes equations.
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AN EXPONENTIAL DECAY ESTIMATE FOR THE STATIONARY

PERTURBATION OF POISEUILLE FLOW

Gerardo A. Ache'

1. Introduction

In this paper we consider the steady state Navier-Stokes equations in a semi-infinite

pipe where an entrance profile is specified at inflow and the regularity condition that the

base flow becomes Poiseuille flow is specified downstream at infinity. Our aim is to estab-

lish a spatial decay estimate, in the axial direction. analogous to the estimate expressing

Saint Venant's principle in elasticity theory. Early results regarding the mathematical for-

mulation and proof of decay estimates concerning Saint Venant's principle can be found in

the works of Toupin 141 and Knowles [11] for linear elasticity theory in a finite cylinder.

Later this type of result was extended to the case of an incompressible viscous flow mo-

tion, by Horgan and Wheeler [81 in a finite cylinder and by Horgan [51 for two dimensional

incompressible viscous motion in a semi-infinite channel. Horgan and Payne [7 have es-

tablished a decay estimate for second-order quasilinear partial differential equations in a

semi-infinite strip.

The purpose of this work is to obtain a result analogous to those mentioned above for

axi-symmetric flow in a semi-infinite pipe, i.e., we prove that an energy functional involving

the stationary perturbation from Poiseuille flow decays exponentially fast in the
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axial direction, provided that the Reynolds number of the base flow does not exceed a

certain quantity Rc (the critical Reynolds number) for which we exhibit a lower and an

I
upper bound. This estimate is similar to the one presented by Horgan in ]5] and it is proved

using a stream finction formulation which is possible since the fluid motion is considered

symmetric about the axis. In 18, Horgan and Wheel(. establish a decay estimate for the

three-dimensional Navier-Stokes equation in a finite pipe of arbitrary cross section where

Poiseuille flow was specified at the outflow boundary. In both results 15] and r8,, there is a

restriction in the Reynolds number for which the estimate is valid. For example, in f5' the

estimate is valid for Reynolds numbers that not exceed the value of approximately 11.8,

while in ]81 it is valid for Reynolds numbers less than approximately 4.8. These bounds

for the Reynolds numbers actually represent a lower bound for R,. In this paper we have

obtained a lower bound for R, with a value of approximately 9.08, also we have obtained
I

an upper bound for R, with a value of 282.6. This last number arise from the calculation

of the supremum of the quotient of two integral expressions and it plays an important

role in the study of existence of solution for the incompressible Navier-Stokes equations in 

axi-symmetric pipes ]31, and in the study of stability of Poiseuille flow [101, -12>,. r

Similar to '5] and 8', in order to prove the decay estimate we need to establish some

integral inequalities, for which we provide bounds as sharp as possible.

In section 6 we compute the rate of decay for the Stokes problem, for the stationary

perturbation of Poiseuille flow, from an asymptotic solution to the Stokes equations. with

a value of approximately 4.47. The rate of decay estimated in this paper has a value of "

2

-.

... . ..... .. "*'* :.. % ' - ' U %., .. ~. . . .. . . . .. ., " .. ... .. 'U-



approximately 1.79, i.e. the rate of decay estimated in this paper is a lower bound for the

actual rate of decay.

2. The Energy Estimate

Given a semi-infinite tube R0 = Cc x (0, oo) with circular cross section Co of radius 1.0.

we consider the steady state Navier- Stokes equations in cylindrical coordinates (r, 0, z) for

a viscous incompressible fluid motion which is symmetric about the z-axis. These equations

may be written as

U 1 + U2 +9 7 = v(V 2 ui - u/r2 ) , (2.1a)
49r (3z d9r

* u2 £9u2  9p

U 1 -9 + U2Z -_; ":" VV' 2 U2 (2.1b)

d(ruu) -- 0, (2.1 c)
r Or 9z

where u = (u 1 ,0,u 2 ) is the velocity field and p is the pressure. Here

V 2 /-- 1i/ d r(rdidr) a2! O'Z2 and v is the kinematic viscosity.

Associated with these equations we consider the following boundary conditions. At

the wall of the tube

U (1Z) =U2(1, Z) =0 ,(2. 1d)

and at the center u(O,z) is finite for all > 0. We also prescribe an entrance profile f

(fI,f2) such that

ul(r,O) fl(r) and u 2 (r.0) f 2(r) with fl(i) = f2(1) -0. (2.1e)

3
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Finally the form of the domain leads one to seek a solution (u, p) of (2.1) such that,

u - u00 uniformly in r as z - oo , (2.1f)

where u'(r,z) = (0,0, ((r)) is the Poiseuille velocity field, i.e. (u',p ' ) is a solution of

the steady state Navier-Stokes equations in an infinite pipe of cross section C , and for

which

/OdA Q > 0 .(2.2)

CO

Therefore fi is fully described by

fl((r) -( -(I- 2 ) - (2.3)

The pressure p' is such that its gradient is given by Vp cc = (0, 0. -) , with P a positive

constant.

We define a perturbation of the Poiseuille flow velocity field and pressure by

W I , w= 2-U , q=p-poo (2.4)

Then the pair (w,q) ((WI,u,2),q) satisfies the following equations, (perturbation of

Poiseuille flow equations)

___ du' a9l (tvI q 2 -W

U- -4-W -- - - -- = 1/(V
2 W 1  -), (2.5a)

- z  dor t 9z c) r r.,

.Cw 2  dfi 1w 2  ' u2 (3w, vVu. , (2.5b)
u - -z - ' -d r '  -' - a r u : z a z '

ia~ a ,

- (-t,,)) - 0 , (2.5c)
r idr Cz

and boundary conditions

w,(1,z) ':(1,:) 0 . (2.5d)

4



wl(r,O) = fl(r) , w2 (r,O) = 12(r) - i (r) . (2.5e)

The condition (2.1f) becomes

w 0 uniformly in r as z - . (2.5f) P

An integration of (2.5c) over the semi-infinite tube R 0 gives us

27rf u 2dA= 0 (2.6)
co

where we have applied the divergence theorem, so the entry profile fMr) must satisfy

2 i fof 2 (r)rdr =:Q .(2.7)

We now proceed to describe our decay estimate.

Let R, be a sub-region of Ro defined by R, = Co x (s, o) similar to [5] the type of

decay estimate we consider involves the following functional, defined for 0 < s < OC.

E (s) = Vw :VwdV

2rjj{(-)-O~l, + _ _ , w, 9Ow)r __ r2 rdrdz . (2.8)
Or.

Our decay estimate is stated in the following theorem, which will be proved in section 4. l.

Theorem 2.1 Let (u,p) be a classical solution for equations (2.1a) to (2.1f), with f 2

satisfying (2.7). Let (wq) be the associated perturbation of Poiseuille flow as defined in

(2.5) . and satisfying the following conditions

E (0) < 0c (2.9a)

R.E(s)dc < x for all s >0. (2.9b)

R.S



w 2 is bounded, (2.9c)

1w 2 1w1 a 2w,
dZ ' z 2 are bounded uniformly in r as z -- oc. (2.9d)

Then there exist positive constants K, a, v0 such that

E (s) < KE(O) exp(-as) for v> i-o, s > O. (2.10)

We will prove this theorem using a stream function formulation. The proof parallels

the result of Horgan '5', which corresponds to the case of two dimensional plane flow. The

stream function formulation is discussed in the next section.

3. Stream Function Formulation

The main difficulty in establishing energy decay estimates for solutions of the Navier-

Stokes equations consists of eliminating the perturbed pressure q from the estimates. In '8'.

Horgan and Wheeler found a device useful for this purpose. They consider the steady state x
Navier-Stokes equations in a finite pipe, where Poiseuille flow is specified as an outflow

boundary condition, then it is possible to eliminate the perturbed pressure by the use of

an auxiliary function. However their approach is not applicable to the infinite region we

are considering here.

When an incompressible flow is two-dimensional or axi-symmetric one can eliminate

the pressure by introducing a stream function. It is then possible to transform the per-

turbation of Poiseuille flow equations into a single fourth-order equation from which the ,.
.%

estimates follows. This approach has been considered by Horgan '5'. for the case of two-

dimensional plane flow. Here we present a similar result for the axi-symmetric case.

6
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We start by defining the following stream function 0,

r az r Or (.

By use of this definition the incompressibility condition (2.5c) is automatically sat-

isfied. Then substituting the vector field w by (3.1) in equations (2.5a) and (2.5b) it is

possible to eliminate the perturbed pressure q in such a way that we obtain the following

fourth-order equation,

1 OJ2V, 1 OikOJV __ _gJ2/ 2 aOj2o -J4t,

where

2 0a2 10 a 0a2 a I a 02J - - _ - =r -(- ) (3.2b) .

Or 2  r Or (Z
2  -r r Or Oz2  .

We may integrate i' so that

tk(r,z) = w 2 (Y,z)ydy , (3.2c)

therefore, by integrating (2.5c) over R, and applying the divergence theorem we have that

27r foI w,(r, z)rdr 0 , i.e. i satisfies the following boundary conditions,

tk(0, z) = i)(1,z) = 0 , ---(0, z) = -(,z) 0 (3.2d)
Or o~r

(r, 0) r f r, (r v r,u0) ](f(Y) u(y)ydy r2 (r). (3.2e)0z 0 :

Condition (2.5f) becomes

(a' O r) -. (0,0,0) uniformly in r as z -. oc. (3.2f)

From (3.2c) and assumption (2.9c) it follows that
7i'



_ (1) (3.2g)~r 2

from (2.9d) we have that

i / a, a 3 are bounded uniformly in r as z -- oc. (3.2h)
r \8raz' OZ / 9Z

Finally the energy functional (2.8) in terms of ' is

E(s) = 2r. F ( -))' + -

a 1 a z))2  1 2 rdrdz (3.3)
49rz r z ar

We now proceed to establish some inequalities which are useful in proving Theorem

2.1.

Lemma 3.1

Let f E C'[(C,1)' with f(I) = 0 ,then

jf"rdr < (d f)2rdr (3.4a)

where p, is the first zero of the Bessel function of first kind and order zero i.e., - 2.4048.

Proof

The function f can be expanded as f(r) V-"4 ,J4J(g,,r) . where Jo denotes the

Bessel function of first kind and order zero and the p,'s satisfy Jo(p, ) = 0 . For the

functions Jo(A,,r) we have the following two orthogonality relations,

Jo(pinr)Jo(pvr)rdr d dJo(pr) dJ(pmr)rdr 0 (m n).

f, 8 d 1
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By the differential equation defining Jo(r) we have that

ld, d
-1 d(r Jo~,,r) gJo)(g~r).

rdr drn

Then multiplying this last expression by rJo(pr) and integrating by parts gives,

2pA g =(,jdr 1n (Jo(ynr))-rdr

where the prime on Jo indicates the derivative.

Therefore,

f2 CC, 1 C42 d )2J rdr A /2 J0(pnr)rdr = 24 J(#,r) rdr
n=l n=1

<A 1 2(d f)2rdr

where the last inequality follows since A, is the smallest zero of Jo(r). j

Lemma 3.2

Letf G C1!(O,)i with f(1) 0, then we have

f f 4 r 2dr < af f)2 rdr (3.4) b)

where =

Proof

We have that

1 df 1d . 2U
If2()f(y)-dy < J f y) dy) f() dt

dy -/dt/

so

2f 2J y d (t) d
f4 (r)r 2 dr 4 f rfdydtdr

dt

9 I.'.:
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We may then interchange the integration in t and r ,obtaining

ff(r)r dr < 4 ] ft f(y)dydrdt
4 -t

Interchanging tl-e integration in y and r we have that

f(r)r 2 dr < 4j ((f(t) (y) r 2drdydt

fo d f /o (t Y 4 J'( d 2oP4 (f(t)) f2(y)!min(y, t) 3 dydt < _ j( f(r))2rdr f 2 (rrdr.

33 d

An application of (3.4a) gives the desired result.

Lemma 3.3

Let f'/r C C'(O, 1)] with f(1) f'(1) 0 and f/r -- 0 as r --- 0 ,then

f dr < - f ( I(--Mf))2rdr (3.4c)

and 
:?

andI1 d id 2

-dr < a, ( r rrf) (3.4d) .,

Proof

An integration by parts gives,

1 o1 f 2- -  r I I d f)1 : f 21  1/2 ( 1 d 1/2

3? vdr ( ; f))2rd

where we have used Schwarz's inequality and (3.4a). Therefore

J< A- (dr - - f ) ) r d r

10
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For the second part of the lemma we apply integration by parts, Schwarz's inequality, and

(3.4a), (3.4b). \Ve have

f 4  f 3 d I f 2 Id f r<

f-dr J f-fdr f)
f 1/2 r 4 dr 1

2 -rdrr1/2

hence.

Fin ally

1/(l fd ( 1f) 2 /Ad

( 5_ [ r dr f r)

Then

[f 4  di ~ 22

'~ 75ar ~Ui~jd.r r r r

Now we are ready to prove our main result.

4. Proof of Theorem 2.1

To prove Theorem 2.1 we use an approach similar to that used by Horgan 5. which

consists of finding an integral inequality expression which leads to the desired result (2.10).

In appendix B it is shown that E(s) can be rewritten as

Fr' 1 [9 1a 1aa?
E(s) .27rI -j 4 t)drdz -27r - )( 2 - 2 , dr (4.1)

f IRs r C. z dz r 9r r Z

and since v, satisfies the equation (3.2a) we have from (4.1) that

I1''



b - S - A. rr ,,._ _.-. #.#.. " ...-. m° d.d°..

-I

2 1 a1 irat aj2 V' a? ,aj 2 2 ad*-
az)'0 i 1 a2 _ j 2 ltdrdz

V fJ)RS raz r a zLza r3 az -

a [I 1 a2  - - - dr (4.2)
27Caz rUZ r ( r VaZ2

Using the definition of , 2 in (3.2b) and 1i in (2.4) we may transform some of the terms

in (4.2) as follows,

l _J2_ a I 2_ a fi ata La, 4Q atLu
r od Oz rar ar z 7 or oz

Ia{[ ([ _2 - ('2 &)2]} (4.3a)
2 az r r a

and
_1 , { aj2V) jr O 20b a + -t -zzd r 2 ( _1 ,2,2, )

1I aip a~a~ a J 2  / l a! 2 i j 2V
r2 V ar az .9z ar r 3 V 2dr r2 az

1 a . 1 aj 2 7) (4.3b)
20__ r - (( az r3

Then substituting these two expressions (4.3a) and (4.3b) in (4.2), an application of

the Green's theorem, the boundary conditions (3.2d) and the regularity conditions (3.2f)

and (3.2h) transform (4.2) to

- (intc{U 2., a ,)2 (d,) 2j 1

+4s) 2,, Jtdd)-( { " dr

r ~2 r ar (- 2a

drdz- - - _ -( -) _ -tI " drl(4.4)
+ r JRara- "I S az rar az-J

where we have applied integration by parts on the term 1 f. - t 2 '9J tdr.

12



From the definition of E(s) in (2.3), we observe that the derivative of E(s) with respect

to s is given by,

d 7 a ' (a IV) a 1 a?, 2
ds -2r atatar 1

a lO. :'

ds a~( r r1 d ( az r oarr

-9(1 t r-- aV) rdr (4.5) -

Therefore integrating both sides of (4.4) between the limits of s and 30. using the

expression for the derivative of E(s) in (4.4) we may write an identity similar to one given

in [5] i.e.,(A
- E(s) +4t E(c)dc =2r,(1-I,- 13) (4.6)

ds

where , !

9 1(7,1'.)2 a 1 a ia 2 a 10))2 a 1 ' 2a.Lt"1 &{( Z -- )(r -z -- ()r(r -r ( r trat

+--z O02}rdr_-4r.2 slrozt 0 ,! 2_ rl(O 20r  _v _ Ot}dr , (4.7a) '.-. '.
'a 2 _9 _ _. 1 zr a a%~ z27a

2a)
12 ¢/f U-- 1.J;.-liU[(a)2 0(a ) 2 1 2 drdz (4.7b)

f 16QKr 2 r a ac' r -9

16QR aa, .-"f -- dr d d "  (4.7c)

and where K is a constant to be determined.

Our aim is to give an estimate of the integral expressions 1,, 12, and 13, by use of

Schwarz's inequality and the inequalities stated in lemmas 2.2 to 2.4.

13
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In appendix A it is shown that for r < io, where Ko ( 1)1/2 the integral

term 1 is non-negative. Also in appendix A it is shown that the second integral expression

12 can be bounded as

I2 4KnME(s) , (4.8a) I

with o

M-r 2 Q  )
.K E(0) (4.8b)

V 71" r" 7r

To estimate 13 the double integral term in (3.7c) can be bounded using

f f J---- drdz< "-E(c) (4.9)
J raz 27r

where, ( IL ao ao 2/o.
" C= SUP - I - drdz [4€i:, (4.10) .f ,R ar o '

with

(JI {d_ 1 (k( 1 0 ))2 + 1(2))2
ra(z d9z r az ar r ar

a a9 ) 2 (1 6)2 rdr) , (4.11)

and € satisfying the boundary conditions (3.2d). Then we have that -, satisfies the fol-

lowing conditions.

- o 0 ,(4.12a)
.-2

"Y , (4.12b) '

(4.12c)

where -oo as a lower subscript stands for the supremum in (4.10) when R. is replaced by

an infinite cylinder with same cross section as R,. -

14
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Condition (4.12a) is obtained by a shifting argument in . (4.12b) follows using the

arithmetic-geometric inequality ((A.4) appendix A, with E =) and (3.4a). Finally,

without loss of generality it can be assumed that the supremum in the infinite cylinder

is taken over C' functions of compact support. Therefore we can approximate "-,

arbitrarily close by considering only functions with compact support. Then for any of

compact support in the infinite cylinder we construct a function u- of compact support in

Ro by a translation in z i.e., t,(r, z) = o(r, z - k) (for some k > 0). Therefore the quotient

of the two integral terms in (4.10), when o is replaced by v- , can be made arbitrarily close

to "Y-o , hence -o _> "y-oo •

Therefore using (4.12a) we obtain the following bound for 13 ,

13 < 8Q 2 "- E()dc (4.13)

-.

Using these bounds for 11, 12, I3, the identity (4.6) is transformed into the inequality

00sd +<
dE(s) + 4ilc2b E(C)d < 4UME(s) ,(4.14a)

ds

where

4Qj o
= 1 (4.14b)

Notice that 6 is positive for values of the viscosity satisfying.

4Q-yo
> Qy> (4.15)

7r

In [51 and 82, Horgan and Horgan and Wheeler have shown that the inequality

-E(s) + 4K.c6 E(,)d, < 4KAIE(s) (4.16)
ds f

15

.4,. .., ,,'.., , e'. '.* a~pd, f'.,:,a..'. e.,' .-'. ..% ., .. #-. -.- f... ,L~t .- €-._,r , _-,,t,, i~r.,.. .:. _ _ . .,. ,,, , .- ,,,-..... i':iI



leads to (2.10), where a and K are given by

ot= 2tc [ VM 2+ b-M] and K- 1± (4.17)
(M 2 + 6 - M)

respectively and Al and 6 given by (4.8b) and (4.14b) respectively (see, e.g [5] pp. 371-

372). Therefore by taking vo = 4Q'yo r, we have completed the proof of Theorem 2.1.

Notice that using (4.12b) we can obtain the following upper bound for v0 i.e., Lo <

On the other hand using (4.12c) we obtain the lower bound. 0 > 4Q-y-_/r r.

The value "- was computed in 1907 by Orr (see '12, pp. 157-159) and by Amick

(1978, [4], pp. 117-119). They computed the value for 1-,, of approximately 1,'359.82.

If we define a Reynolds number by R = ,then the restriction (4.15) in term of Reynolds

number becomes,

7rR < R, = -#
47o

Then, on using the upper and lower bounds for -s, R, lies in the interval 9.084.282.6.

This value of -y,_ plays an important role in the study of existence of solutions for

the Navier-Stokes equations in axi-symmetric pipes '3', and in the study of stability of

Poiseuille flow 110], r12.

5. Estimate for E(O)

The estimate (2.10) depends on the value E(O), for which it may be convenient to

provide an upper bound. As pointed out in '5 and 8. the estimation for E(0) can

be given in term of a functional involving an appropriate extension of the solution for

the Stokes problem in R 0 . Such an estimation will introduce another restriction to the

viscosity or Reynolds number.

16
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The Stokes problem, in theC stream function formulation, can be regarded as equation

(3.2a) for which the viscosity tends to infinity i.e., if Yj represents the stream function for

the Stokes problem then we have that ?7 satisfies.

1 4 77=0 in R0 , (5.l1a)

with boundary conditions

a
17 (r,z) - 7(,z 0 at r 0. 1 1 b' l)

J7 (r, 0) F2 (r M -7(.0) Fr (5. 1c)

and the regularity conditions

(h 2) (0,0,0) uniformly in r as z -- c0 (5. 1d)

22 = 0(1) ,(5. 1e)

and

1 d2 77 a2, 9 3 7
~ ~ ~-5-) are bounded uniformly in r as z -oc (.f

We define an energy functional. E...(s), associated with 77 by the formula (3.3) with 7.

replaced by q~ where the infinity as lower subscript refers for the infinite viscosity. From

(4.8b), (4.14b) and (4.17) we have the following estimate for E,,(s) ,a

E.(s) 2E40)exp(-2KcS) S > >0. (5.2) '

Also it is possible to give the following bound for E(0) in terms of E ..(0), (the derivation

is provided in appendix B).

17



with L a constant given by

2%/Q 2 E,,(0)
LO ( - ) 2 -) (5.4)

In order that (5.4) be well defined we need the viscosity be sufficiently large so that

V > (2o)1 "2 .

Using a modification of the argument in '13., (see appendix C). we can prove that for

the Stokes problem (5.1) we have the following minimum principle,

E (0) = 2rmin30(4,€) , (5.5)

-V

(the bilinear fvnctional 5, is defined in (B.1) appendix B), with 0 satisfying conditions

(5.1b) to (5.1e). Since for any function 6 satisfying conditions (5.1b) to (5.1e) we have that

Eo(O) < 2it0(¢,0) then upper bounds for Eo (O), and consequently for E(O), may be
V,

obtained on constructing a suitable auxiliary function b.

6. The Rate of Decay for the Stoke Problem

In this section we compute the rate of decay associated with the Stokes equations.

These equations are obtained by setting the viscosity equal to infinity (or the Reynolds

number equal to zero) in equations (2.1a) to (2.1c).

Seeking for asymptotic solutions from the perturbation of Poiseuille flow equations

(2.5a)-(2.5c) in the form.

w ,(r,z) = W'(r) exp(-Az) , (6.a)

W 2 (r, z) =i' 2(r)exp(-A Z) . (6. 1 b)
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and

q (r, z) q(r)exp(-Xz) -C , 6C) i

with C an arbitrary constant, yields to the following system of ordinary differential equa-

tions

dW1l - A142 " (6.2a)

dr r

d2 W'2  1 dIV-

dr 2  r dr A (6.2b)

dr dr2
dr -A dr" A '\ , (6.2 c)

with boundary conditions. at the wall.

,V ( 1) )2 1 0 . (6.2d)
'V

In order to compute a solution to this system, we may impose the following symmetric

condition at the axis

W1(o) dW 2d (0) 0 o. (6.2e)

To find an explicit solution to this system differentiate (6.2c) with respect to r, mul-

tiply (6.2a) by , 2 and (6.2b) by A. then add the resulting expressions and using (6.2c) we

obtain the following differential equation in q.

d 2
q _ d -A 0. (6.3)

dr 2 r dr.,

This equation has the particular solution,

, J,) J(Ar) . (6.4)
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where Jo is the Bessel function of first kind and order zero. This is the only solution, up to

a multiplicative constant, which is finite when r equal to zero. Substituting 4(r) in (6.2b)

we obtain the following differential equation in VV2,

d2 W 2  1 dIV,

dr A dr' AA -Jc(A r) (6.5a)dr 2  r dr

with boundary conditions,

dW2 (0) =W(1) 0 . (6.5b)

dr

This two-point boundary value problem has the following solution,

-p. 1

W 2 (r) = bJo(Ar) - -rJl(Ar) , (6.6)
2

wh-re b is a constant to be determined by W2 (1) - 0 . Using (6.2a) then It1 is given as.

W 1(r) = rJo(Ar) - (1 - Ab)J,(Ar) . (6.7)
A 2

Since the solutions (6.6) and (6.7) need to satisfy the boundary conditions (6.2d) we have

that,

AWi(1) = -J 0 (A) - (1 - Ab)J 1 (A) 0 (6.8a)

and

W 2(1) 6J0 (A) - -J(A) 0 (6.8b)
2

By eliminating b from these two equations we obtain,

1A2 J(A) - -J(A) = 0 . (6.9)

2A

To solve this equation we observe that (6.9) can be transformed, after some algebraic

manipulations, into the following non-linear equation

J 1(A)Jc,(A)-A

-(J (A) J, (A)) -= 0 (6.10)

20
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Then the stream function r/(r, z) associated to the equation (5.1a), has an asymptotic

behavior of the form

q (r,z) -- yo(r)exp(-az) , (6.11)

where a is the real part of X satisfying (6.10). The nonlinear equation (6.10) can be *-

numerically solved using Newton method )1, the rate of decay a is given by the real part ,

of the non-zero solution of (6.10) with smallest modulus. We compute the value for a of

approximately 4.4663. In the estimate of section 4 the rate of decay is given by (4.17). i.e.,

for the Stokes problem, the estimated rate of decay has a value of a = 2ic approximately

1.7906 which differs from the computed rate from (6.9) by a factor of approximately 2.5.

That is, the estimated rate of decay given by (4.17) is a lower bound foz the actual rate of

decay.

7. Conclusion .5..

An energy estimate of the form (2.10) has been presented for the Navier-Stokes equa-
.%.

tions in a semi-infinite pipe for a motion which is axi-symmetric. The main result is stated

in Theorem 2.1. The estimate depends on the values E(0) and r, where E(0) is assumed

to be finite, this assumption is typical in the study of existence for solutions of the Navier-

I
Stokes equations 3. The value of ,co is given by x approximately .8956. For the Stokes

problem K represents a lower bound for the actual decay rate which is given by the real

part of the solution. with smallest modulus, of the nonlinear equation (6.10). Finally for

this proof of the exponential decay estimate it is required that the Reynolds number does

not exceed a critical value R, which lies in the interval '9.08.282.6. %
I
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APPENDIX A

In this appendix we will derive bounds for 11, 12 which are define by (4.7a) and (4.7b).

-Non-negativity of 11

From the definition of I, by applying lemma 3.1 we have.

rdr > ( 1))rdr
Cs r az a r r (9

and

/c(()rdr > -, 2CSdr
Alo (r_ u; (0r rar'd

frr ar (9 r Oz-Also,

24 102t (a 10 'w d4 t 2 f1 ,"

r2--tV > -- -z 2"-- 4)

r r3Z2 r (9 J2 r 3

so :

42 1C 102V ! a 10 (9 - _ 42/ 1 O a_ 1r 9.) 2.dr .
4 r, az-- d r > - (z r  ) .rd r  4K F -) 1 ar

f s -- 49 f l 9 T C . c r r ".r

where we have applied (3.4c) from lemma 3.3.

Therefore,

I (1- 4 2-2)f(](1 )'rdr

4 
O 0'

K 2, -2 -4K 2) -r at )2rdr (A.la)
2 2 44 1 -- 2P 0 we ma "pi.k

Since we want I, > 0 by setting I - 4K " - 4K4gj 2  0 we may pick K

~ 1 2
2- .895 and with this choice of K we have 11 0

To bound the integral term 12 following 5 we may split 12 as

I2 _ £- £2 £ , with (A.2)
4K

2

23

' %" t5. *% .- '*.--v/*-- *% -- ** - %~* .* V * %* <.1



£f['~2 l =(a ) 2 drdz (A.2a)

S2 =t drdz , (A.2b)

' S i l wJ2t ,drdz (A.2c)
f r2 D r a

By taking f =9 i- z in (2.4a) we have that

< f[2i .rdrdZ < p Q 9Q 2 - r d r d , (A.3)

IJJR fz J R ( ZFr r O9z

where max. 5 = . We can bound £2 by

£2 2Q jt') 1r
71 I I- (2 (J 2 ) 2 )drdz

where we have used the inequality

S

a b < a2 - (.44

Moreover.

(J2 1 .2drd ' ) 2d rd z <...SIr Irs r r dr dZ 2

([ r a l.. - (a 9
2 r _ ( - - ( - - )) .rdrdz . (A.5)

1 I ,I a r ( rt z r d

By taking E - 1 and applying (3.4c) from lemma 3.3. we have the following bound for £2.

%-

£2 1- 2.V2 ff- (~ a -r- ))"rdrd- -

T~ JJ Rs d

(A6
7 I f . -$)) f f(.))dd . (46)
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To bound C3 we have that an application of Schwarz's inequality give us

[ P [ ?k24 drdZ <
I IRs r r ar -

* rl

~ f, 2 1 ~ 2 \1/2(f[f (T 2tK, 2  1/2
-(- - drdz rz(.7

Y' IRs r r arII S r(A7

then another application of Schwarzs inequality gives

([f i 4 \1/4/ 1D ' 1/41

£3 4 '-drdz) r2 (- ) 4 drdz) (E(0)) 1 / 2

SJ r (fJRS rn var

where we have used (A.5) and the monotonicity of E(s).

By applying (3.4b) with f = 1 we have

r2( 1  )4drdz < ,(f(-(r-±)'drdz) 2

I IRS r dr ar r ar

and using (3.4d) we obtain

,C 3 :/ E(0) r rdrdz (A.8)

Combining the estimates for "I, C2, and £3 we have the following estimate for 12

4 icMI E (s)12 < 427-~s, (A.9) ,

'2 '

where .2 E '(0)

C-

-p-
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APPENDIX B

In this appendix w.e derive the expression (4.1) and the bound (5.4).

First we define the functional ., for s _ 0 by,

--Or -rR,)O r r d z -- ) ( - dr r ) rd z r drd .- (r.1)~aL' I a a~a di

I ia-(' a ird i5 a (BA)
clr r ar Or r dr 0: r d r dz r -)r r4 

(): 0:9

where i' and r belong to the class C4 (R,) and satisfy the boundary conditions (3.2d), and

(3.2e) and the regularity conditions '3.2f). (3.2g). and (3.2h). We first prove that the

functional . satisfies the following relation.

L' 1 J.-f42at'a 2 6 20t, -2@ 0 (1 - 2 b dr
Sr r- (9z (92

fR 1Cz. r arairaz (9z r a:
(B.2)

We can prove (B.2) as follows. Starting with (B.1) an integration by parts in r and z

gives,
f! l a0[ 0 10 09 (9tO(1 0(9

B (.,t3): - f {-z[ a(N - )  a b o - 1-
r ar rr

49 l -(r -(9 l- a- -(r ( -) l 1drdz "rr ar ~r Tarr3r Oz 0: ra(r-

fi1a(9a 2  ia , a2
CS(r az az r Or araz IIr3raz :

Then another integration by parts gives,

[f- 9 aia
B ~ 1R~L<~rd (r~i:~ -)(r

I? r ' (-- 9r( r  (9r r ( r a - r ) r
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+a 1ia a 1 a !a4L _ [ a 2  d+: " + -( r ( - )) -, j dr ~- - a a2 o o- ]dr-
a3z r ar ar raz r S r a Z Oz2 r arazJ

- ep

+ a (ra, ia a1 22'd i' 'av)a 7drd (B.3)
L C S r arr (r ,-T-aT. Y ai "  r3 az -z

Using the definition of J2 in (3.2b) the first two terms on the right hand side of (B.3)

can be rewritten as

a a a 1 a 1 aJ (aB.4a)
W - -(-(r---)'l -(13.1a)

r rar r rar dr r az az rdar ~ar 'r ar

the next two terms can be rewritten as

{£ o__(a i)) o4  I { o -

'. o r~~) a2 -- -- . r-z' - r32} (B.4b)% zra a z rr az2 r a z""

the last term in (B.3) becomes

1" Oz~ O- a -a. - 1°  (B.4c)
19 aP p- r - a '

the two terms in the next to the last integral of (B.3) can be expressed as

raa  az (1 r,2 O i-
-a '--a2 ) Oz.a2. (B.4d)

aZ3 dzr dZ2  r azaz2

and

-a a 1 aT . , r aa?-.2 a. 2
; ar r - r3a: ar r ara.. r a( aBa-

Using the expressions (B.4a) to (B.4e) in (B.3) and integrating by parts we obtain

(B.2). Since E(s) = 27r, 8 w, t,) where W is a solution to (3.2). then (4.1) follows replacing

i and r by ti' in (B.2).
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In the case that tp = 17 , and s 0 . where 4., and ?) are solutions to (3.2) and

(5.1) respectively, we can prove the following identity, -which is useful to furnish a bound

to E(0),

B o(iL, V)) = Bo(ii, i) B (1' - 77, W - 7) (B.5)

which follows provided that Bo(10,i) = Bo(77,r ) . To prove this last identity we use that

J 4 
7 = 0 in RD and aiij'(z = aru/az ai//ar = ari/'ar and iL' = r7 at z = 0 , therefore by

using (B.2) we have that

1!77j4 [ard7 a277 a 7 a2 77 a I a7
B0(V), u) =7d -_ --27--

J fR r r az2  ar araz -z r az2'

' = o(77,77)

Our goal is to give a bound to E(0) in terms of Eoo(0), to do that we proceed as

follows. Since r7,w' and their first derivatives have the same value at the inflow boundary

then, by using (B.2), we have

B o 0 -,- JJRff (W -)J4( - )drdz

J~I.

R

12 aj2 1 aV)aj 2t aV a9 j-, 1 2 (9"'J 2,drd- (B.6)r az r a az az i r-a :

where we have used that t' satisfies equation (3.2a) and J4ri = 0 . Using the values of L'

and q? at the boundary and the regularity conditions we can rewrite 5)(L' - r7. t' - r7) as

0- 7o(-, W - 7) =-(CI - C2 - 3) (B.7)
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where
[! p.

C = (- )- f a)idrdz (B.8a')
J R r Oz J r az

C --aJ L drdz (B.86)

JJ~j (OZ -i-7 0t) -J

and p

f f 2,?7 9 (jL
Oz Or r ~z"Ju;drdz (B.8c)

ff i Ow (w- 77) a 24.
(5 , -J drdz

We define SI, S2 by

S f) f1j 2tddzp
Si I IR a: 0 (B.9a)

and

S2  f 1 ( - Y7) aJdrd: (B.9b)
'JR

r2Oz O

Then, by a simple algebraic manipulation, the following relation is satisfied

c 2 -C 3 = S1

On applying Schwarz's inequality twice and (.4.5) have that.

$ <_

R r r rdrdz
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and

(r -i z (v 
(2o( '. W))1' '2

IJ

To furnish the bounds for S and .) we need an additional inequality

f f4r f)2rdr (B.10)

.1* ,

for f E C (0, 1)] with f (1)= 0.

This inequality follows in the same manner as 3.4b in lemma 3.2 . Using inequality (B.10)

when f = - (-77) , -2(I'-n7) , and I , we get

S I - S2 < 21,u-'( o(w 77. w- 7)) 1' 2 (Bo(? ,r7)) 1/2 (Bo(.:. 1 )) 2 (B.11)
'a

Using Schwarz's inequality and inequalities (3.4a) and (A.5) we get the following

bound for C,.

c < 2 Q -(o( - n)) 1 '2 (Bo(w, ))"' (B.12)
7r

Therefore using these bounds for Ci, and C2 - C3 in (B.11) we have that

( o(' r 1r)): <_1 2v / -' -Qog/.r/ ,

-7 - ?7) ! ( - 2/43B0 (-7.? ))(o(', L-)) 2 (B.13)

or

2 7 2vWQ g' . --4)1- - (o- 2' - - (B.14)

Finally using (B.3) we have that

E (0) < , (B.15)
i L2\ Qu . ,) - 2 E,(O) -

where we have used (B.5) and that ,B,(rq. 17) E, (0) 2r, and 3,(i..t) = E(0) 2-.. Then

(B.15) gives the desired bound (5.4) for E(0) in terms of E,(0).
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APPENDIX C

In this appendix we give a brief description of a minimun principle associated with

the Stokes problem (5.1). We consider the following variational problem

I (6') = min I(o) (C.1)

where I(6) = Bo(6,b). The admissible functions o belong to the class C" (R,,) and satisfy

boundary conditions (5.1b). (5.1c) and the regularity conditions ( 5.1d). (5.1e). (5.1f).

We assume that the minimun in (C.1) is attained for some o-. By representing o as

-o" -p X we consider the variation 61 . defined by
.. 1

61-=(C. 2)

Substituting o by o- x in I(0) we have that,

61=23o(p',x) =2J J4o drdz-2J 2 L2a92° -

2dx 2  a1 a20 -,- ao dr
9rara 5 z r a 2z ra z

where we have used (B.2). Since we want that 61 = 0 thent..
""2 f jj4€" 0 -drdz" 20Oo

since X . and 2 vanish at z = 0. Since ', is arbitrary we then conclude that JVo 0.

Therefore Eoo(O) = 27rI(o')
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