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I Executive Summary

The focus of this report is on advanced tools for the analysis of nonlinear
stochastic control and filtering systems.

In sections 1 and 21 we present a series of results on the aialysis of
certain classes of nonlinear filtering problems using comparatively simple
bounding techniques. We consider both problems with small noise (large
signal to noise ratios) and weakly nonlinear systems. We show that the
optimal nonlinear filters can be well approximated by linear filters which
ere very easy to implement. Moreover, we provide sharp estimates of the
degree of suboptimality involved in using the linear approximating filters.

In section 32 we consider the problem of managing the estimation of a
(nonlinear) diffusion process by a system employing several sensors. The
essential problem is to "schedule" the use of the sensor to optimize the
estimate of a function of the state of the diffusion process. The solution is
optained in terms of a system of quasi-variational inequalities in the space
of solutions of certain Zakai equations.

In section 4 we provide a new proof of the minimum principle in stochas-
tic optimal control theory for systems of partially observed diffusions. In
section 53 we provide a concise analysis of the "conditional adjoint process"
arising in the stochastic minimum principle for partially observed diffusion
processes.

The sections may be read independently.

'The work in these sections is joint work by L. Saydy and G.L. Blankenship.
'The work in this section is joint work by J.S. Baras and A. Bensoussan.I 'The work in sections 4 and 5 is joint work by J.S. Barae, R.I. Elliot and M. Kohlmann.
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1 Optimal Stationary Behavior in Nonlinear Fil-
tering Problems: A Bound ApproachI

1.1 Introduction

We consider the Ito stochastic model:

dzt = 9(t,zt)dt+(t)dwt (1)

dy -- h(t, zg)dt + p(t)dvt
z(O) = zo; 0<t<T

where g, h, a and p are smooth functions of their arguments, {vt}, {w}

are independent Wiener processes, x0 a random variable independent of
{Vt},{wt}

Given this model one is interested in computing least squares estimates
of functions of the signal zj given o{y,, 0 < s < t}, the a-algebra generated
by the observations, i.e. quantities of the form EE4zt)ja{y,,0 < a < t}].
In many applications this computation must be done recursively. This in-
volves the conditional probability density pU(t, x) which satisfies a nonlin-
ear stochastic partial differential equation, the Kushner-Stratonovich equa-
tion 116]. By considering an unnormalized version of py, the above problem
can be reduced to the study of the Duncan-Mortenson-Zakai (DMZ) equa-
tion which is linear ([2]).

The filtering problem was completely solved in the context of finite di-
mensional linear Gaussian systems by Kalman and Bucy [17,18] in 1960-61,
and the resulting Kalman filter (KF) has been widely applied. Apart from
a few special cases 13,23], the nonlinear case is far more complicated; the
evolution of the conditional statistics is, in general, an infinite dimensional
system.

Although progress has been made using the DMZ equation, optimal
algorithms are not generally available. Suboptimal filters are thus of interest.
The performance of suboptimal designs, however derived, may be based on
lower and upper bounds on the minimum mean square error (optimal MS-
error) p(t). This approach is used here to investigate the asymptotic behavior
of a class of nonlinear filtering problems.

1
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I Two aspects are treated in detail:

1. the long time behavior, that is, the asymptotic behavior of the filter
as t - oo (this section; see also the paper [21]).

2. the asymptotic behavior as e --* 0, with c a small parameter in the
model (in the next section 2; see also the paper [221).

ITo illustrate the ideas, consider the one-dimensional version of the model
where g and h have continuous bounded derivatives, say

I c_(t) < g.(t, X) a W(t) (2)

_()<h.C(t, T) < (t) (3)

and let
p(t) := E[ x - tly )]'

p*(t) : E(zt - x*)2 (4)

where Y0 = a{y,,0 < s < t} and 4* is given by:

dx* = g(t, x)dt + j u(t)[dyt - h(t, x)dt]; x*(0) 0 (5)

I i(t) = u2(t) + 2&(t)u(t) - ,,(t 2 (t); u(O) 02

S(Xo - W(O,O 2) assumed)

Clearly the BOF (bound optimal filter) (5) is readily implementable, with
precomputable gain. It coincides with the Kalman filter if g and h are linear.

In section 1.2 it is shown by applying results from [7,131 that the BOF is
a "best bound" filter in the sense that the associated upper bound u(t) of
p*(t) is the tightest over a class of nonlinear Kalman-like filters and that

p(t) is bounded as follows:

0 < f(t) < p(t) < p*(t) < u(t)

where 1(t) satisfies another Riccati equation.

I
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IIn section 1.3 these bounds are used to address the long time behavior
of asymptotically time invariant systems. In the particular case where

[ g(t, z) = ax + )(t)f(t, x) - ax as t -. oo

and1 h(t, x) = cx + v(t)k(t, x) -- cx as t -- co

it is shown that the BOF is asymptotically optimal in the sense that

j lim (p*(t) - p(t)) = 0

and that as far as the long time performance is concerned, the nonlinearities
f and k can be ignored in the original model. In other words the "KF" and
even the "SSKF" (steady state) formally designed for the underlying linear
system are asymptotically optimal.

In section 1.4 examples with simulation results are given.

1.2 Lower and Upper bounds on the a priori Optimal MS-

Error

Since the explicit solution of nonlinear filtering problems is impossible in
general, one is naturally interested in suboptimal solutions, the performance
of which may be avaluated using upper and lower bounds on the (unknown)
optimal MS-error. In fact, the structural complexity which arises is also
present at the level of performance testing in the sense that simple and
tractable bounds are not generally available for suboptimal estimators unless
one puts further restrictions on the type of nonlinearities considered.

IConsider the one dimensional Ito stochastic differential equation

dxt = g(t, xt)dt + c(t)dwj
II dyc = h(t, x,)dt + p(t)dvt (6)

x(0) = xo; 0< t< T

I o PD(x), Exo = 0, Eox, = 02o

where {wt} and {vj} are independent standard Wiener processes, x0 is aIrandom variable (generally taken to be Gaussian) independent of {wt} and

3
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I {vt); g and h are such that (6) has a unique solution [1], differentiable with
continuous partial derivatives. Given this model one is interested in finding

I bounds on the optimal MS-error:

p(t) = E[(x,- E(xlY'))] (7)

where Y' = a{y., 0 < s < t} is the o-algebra generated by the observations
up to time t; i.e., find functions t(t), u(t) such that:

0 < t(t) < P(t) < u(t) (8)

In this section, existing results are applied to one dimensional systems
for which the nonlinearities have bounded derivatives to obtain lower and
upper bounds involving ordinary differential equations of the Riccati type.
The upper bound is obtained in subsection 1.2.2 by considering a class of
nonlinear, Kalman-like suboptimal filters. To each such filter is associated
an upper bound on the corresponding mean square error (MSE) and the
BOF (bound optimal filter) is defined as the one with the tightest upper
bound. The latter is used in inequality (8).

I1.2.1 Lower bound

The following additional assumptions make it possible to derive a simple,
tractable lower bound in the one dimensional case:

)h : lg, Ct, X) -C'(01-- :5A(t)I : h(t, x) - P(t)j < Ap(t), _Ct) := P(t) - ASt) > 0

We will denote this by:

Sg E-< ja(t), Aa(t)]

I h E-< l(t), AP(t)]

Remark: The symbol A serves to exhibit the fact that Act is a slope
i departure fdnction.

4
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I Proposition 2-1:

Assume MI~, N~2 hold and let p(t) :=E(ze - E(ztly'))2 ; then p(t) is lowerbone bytie,0<tt :pt hr tt aife h olwn iet
equation:

1(0) = 2

with the notation: a = a + Act, of = a - Act.

Remark: The above proposition says that the optimal MS-error p(t)
corresponding to the nonlinear filtering problem (6) is lower bounded by the
optimal MS-error corresponding to the following Kalman filtering problem:

Idzt = cr(t)ztdt + o~~w
dyt4 = (t)ztdt + p'(t)dvg

E[zt - E(ztka{/ : 0 < 8 < t))12  t(t)

I Proof-

I Using the Bobrovsky-Zakai lower bound [7] we get that 1(t) p(t) where

i(t) = a(t) + 2a(t)1(t) - ESiiL"(t), L(0) =a
p 2 (t)0

a (t) = Eq. (t, xg); c 2 (t) = Eh2.(t, xt) + P2 -~var(g,,,(t, xt))

Thus, 1(t) satisfies a Riccati equation, the coficet (fwic reuknw

in general.

IClearly M,~ implies: -a(t) :5g ! d(t) a.s., and hence , cr(t) 5 a(t) 5 &(t),
Thus,I Ig.(t, Zgt) - a(t)I :5 2Aa(t) a.s.

5
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Iand
varg,(t,r t) < 4S ct t))2

Similarly N2 implies: 0 < 6(t) < h=(t, Zt) < (t) hence Eh2(t, Xt) < p2 (t).

Therefore: _ 4cr(t) )2c 2(t) <5 2(t) + 4 -2(t) (Aa(t))2

V02 (t)

Since L(t) satisfies a Riccati equation with strictly positive initial condition,
then L(t) > 0 [111 and the right hand side of i(t) is hence greater than

o2(t) + 2(t)(t) - t) 1 [2(t) + 4 P2 (t) (Aa(t))2 L 2

By the comparison theorem (see appendix 4 ) we obtain: f(t) < L(t)

1.2.2 Upper bound and bound optimal filter (BOF)

Let xt and yt be as in (1) and assume that

M1 : g,(t, z) is continuous and g,(t, x) _ &(t)

I )t2: h,(t, z) is continuous and h.(t, x) >_ 0(t) > 0

Proposition 2-2:

IThe optimal MS-error p(t) is upper bounded by u(t) where u(t) satisfies
the Riccati equation:

i A(t) = o2 (t) + 2&(t)u(t) - e(-)U (t) (10)

I u(O) = o

Remark: This says that the optimal MS-error in the nonlinear filtering
I problem (1) is upper bounded by the optimal MS-error in the following

linear one:

I dz = &(t)zgdt + o'(t)dwt
dyj' = A(t)ztdt + p(t)dvj

I 'The Appendix follows Section 2.

6
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I Proof:

The conditional mean it E(xty') and the conditional optimal MS-
er o := E [x t -er)r1yo]

are given by [16]:

dig =(t, x,)dt + p(t)dw,; i = 0

_ 2t ((t)
d t = [O'2 (t) + 2((xt) - )- ()] t (d

+ 2 2(t)g (it)2 ]dt + 2 t

0=

where (.) denotes conditional expectation and

gt = 9(t, xt); ht = h(t, xt)

Iit = (xthi)hat - ight

(T t ) - iht- 2!t(Xtht) + !t)h

I and dvt "= dyt - h(t, xt)dt is the innovation process which is a Wiener
process on Y'.

Since the expectation of Ito integrals is zero and Et = E(xt-;it)2 =p(t),
by taking the expectation on both sides of (11) we getI ___ ____(___)__

p -t) = 0 2 (t) + 2E((tgt) - tt) p2  p(O) = a2

The smoothing property of conditional expectations [1] implies

E((z- g,) - i,0t) = E(x, - it)(gt - gQt , 1t))

I = Eit(g - (t, it))

Therefore,

I 2 0_= 't) + 2Etg, - g(t, ,)) ()PpJU (t) ' p(o) = o (12)

I
I
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I Jensen's inequality [11 implies that:

E, = E((xtht) - ihi) = Eit(hg - h(t, it))
~~nowf0

n h(t, zt) - h(t, t) = it h . t, t + sigtds := :t h

Hence,I E= E~t bh

X 2  im p lies th a t h > (t) a .s.

I Eit > P(t)E I - _(t)p(t) (13)

E (t)2 > (Et )2 > #52(t)p2(t)

I Similarly M, implies that

Eit(gt - ,(t,it)) - Eog2 < &(t)E = &(t)p(t) (14)

ICombining (12)-(14) and using the comparison theorem in the appendix
yields: p(t) < u(t).

I QED

IAn alternate and more constructive approach to getting the same result,
due to A.S. Gilman and I.B. Rhodes [13], is outlined below. The upper
bound is derived by considering the following family of parametrized non-
linear suboptimal filters, the structure of which is suggested by the Kalman
filter:

dzk) = g(t, Xk))dt + k(t)[dyt - h(t, zxk))dt], z(k) = 0

where k(t) is a non random, continuous non-negative bounded function.

To each gain k(t) is associated a suboptimal filter given by (15) and
denoted ({zk. It can be shown ([13,20]) that:

1. Corresponding to each {}k there exists a function Uk(t) satisfying the

linear ODE:

I ,k(t) = U2(t)+p(t)k2(t)+2[&(t) -k(t) (t)]uk(t); Utk(O) = o2 (16)

8
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I much that
p'(t) E(xj - x')' < uk(t) (17)

I 2. The suboptimal filter {x}k. obtained for the particular choice k*(t)=

p2t)t(t) i.e.,

dI* = g(t, x)dt + j u(t) [dyt - h(t,x4*)dt]; zx = 0 (18)

I where u(t) satisfies the Riccati equation:
ilt 2t t2 (t) 2 UO ,
i~t) = ot2 (t) + 2&(t)u(t) - -)u (t); u(0) = o0 (19)

P 2 (t)

is such that u(t) _ Uk(t) for every continuous nonnegative functionI k(t). More importantly, we have the following inequalities:

p(t) := E(xt - E(XtlYl)) 2 < p*(t) := E(xt - X*)2 < u(t) (20)I
The nonlinear filter given by (18)-(19), subsequently refered to as the bound
optimal filter (BOF), will turn out to be near optimal in many situations ofI
practical importance as will be seen in the next subsection and in [21].

1.2.3 Summary

For systems modeled by one dimensional Ito SDE's of the form:

dz1  = g(t,xg)dt+v(t)dwt (21)
I dy, = h(t, xt)dt-+ p(t)dvt (22)

Ex0 = 0, Ex 2 = or2

with g and h satisfying

X1 1g.(t,z) - a(t)I -< Aa(t) denoted by g E-< [a(t), Aa(t)] (23)

I2 Ih.(t, z) - P(t)l - AP(t) denoted by h E-< [f$(t), AP(t)] (24)

define
6 (t) := c(t) + Aa(t); P(t) := a(t) - Aa(t) (25)

9I
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I (t) := (t) + ,P(t); e(t) P(t) - AP(t) _ 0 (26)

p(t) := E(xt - E(gI3yl)) 2  (27)

p*(t) := E(g - ) (28)

where zx is the BOF and is given by

p2(t)
dx= g(t, zxjdt + -u(t)[yt - h(t, 4)dt]; zx = 0 (29)

i,(t) = o02(t) + 2&(t)u(t) - p U2 (t); (o) = 0o. (30)

Then by combining the results from the previous two sections we readily
get the following bounds on the optimal MS-error:

0 < t(t) _ P(t) < p*(t) < u(t) (31)

I where

"(t) = u2(t) + 2_(t)t(t) - -l[ 2(t)+ 4P)(&(t))2t2(t) (32)P 2(t) 02(t)

t(O) = 0

I and u(t) satisfies (30).

I 1.3 Asymptotically Linear Systems

In this section we discuss systems that are asymptotically time invariant,

dz1  = g(t, xt)dt + cdwt (33)

Sdyt = h(t, zt)dt + pdvt (34)

where 
g(t,x) = g(x)+ A(t)f(t,x)

h(t,x) = h(z) +,(t)k(t, x)

I10
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Ig E-< [a, Aa] ; f E-< [a(t), Au(t)]

and ~ h E- [c, Ac] ; k E-< [ (t), A (t)]
I and

lim [A(t), (t)] = [0, 0] (35)

IIn the particular case where g(z) and h(x) are linear (the limiting system
is linear), one is interested in knowing whether the Kalman filter (KF) de-
signed formally for the limiting linear system and driven by (the nonlinear
observations) yt in (33) is asymptotically optimal as t becomes large. This
situation arises for example when the nonlinarities are neglected during the
modelization process. Using an abuse of terminology, the nonlinear filter
resulting from the scheme just described will be (wrongly) called to as the
"KF."

I More specifically, let

dxt = aztdt + A(t)f(t, zt)dt + trdwt (36)

dyt = cxtdt + v(t)k(t, xt)dt + pdvt (37)

Ezo = 0, Ezx= 4 > 0

IThen the "KF" designed for the limiting system is

dzt axtdt + - r(t)[dyt - cxadt]; xk(O) = 0 (38)

i(t) = u2 + 2ar - C 2 ;( 0 ) =ao2  (39)

and the questions of interest are: 
0 

(39)

* Under what conditions is z4 (or the BOF x4) asymptotically optimal
as t -. oo, i.e. limt_..(t) - p(t)) = 0 (imt..P((t) - p(t)) = 0)?
wherewhr pk(t) = E(zt - xk)2 (40)

p*(t) = E(z, - 9*)2  (41)

I p(t) = E(zg - E(z, Iyt))2  (42)

* Would the same result hold for the steady state "KF" (-SSKF"), ob-
aI ained by setting r(t) = r(oo) in (38)?

i I
I



IThe bounds on the optimal MS-error derived in the previous section
are used to answer these questions in the linear limiting case. However,
the bounds on the partial derivatives of the nonlinearities do not contain
"enough information" to treat similar questions in the general case where
g(x) and h(x) are nonlinear.

IConsequently, we will only consider the class of nonlinear filtering prob-
lems (36) with the assumptions:

I 1 : f E-< [p,(t), Ap(t)]; k E-< r(t), A (t)]

X(2: A(t) and v(t) are continuous, vanishing functions on [0, oo[ and non-
negative for simplicity

N3 : p(t), Ap(t), (t) and A (t) are bounded continuous functions on [0, oo[.

X4 : c + V ((t)) >6o > 0; c 0.

In the next two subsections we show that:

lim (p*(t) - p(t)) = 0 and lim (pk(t) - p(t)) = 0 (43)

this is done by bounding p(t) as

I 0 < t(t) !S p(t) P5p u(t) (44)

0 <_ f(t) _ p(t) _ p (t) < q(t) (45)

and showing that

lim (u(t) - f(t)) = 0 and lim (q(t) - t(t)) = 0 (46)t-00 9-00

I The result is then generalized to the case
I nI g(t, x) = ax + W A (t)f,(t, x) (47)

i=1

'ft

h(t, X) =c + V,(t)k,(t, X) (48)I• i=1

which in turn can be applied to treat cases where a and c are time varyingI functions.

12
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I 1.3.1 Asymptotic opthnality of the BOF

1In the case of (36), we note that ), and X2 imply:

g(t, x) ax + A(t)f(t, x) E-< [a + A(t)p(t), A(t)Aju&(t) (49)

I h(t, x) = cz + v(t)k(t, x) E-< [c + L,(t)C(t), v(t)AC(t)] (50)

Thus the results in section 1.2.3 apply with

I & = a + A(t)p(t) + A~t)Apzt) = a + A(t)p(t) (51)

a = a + A(t)pt) (52)

= c + V()O(t) (53)

= c + V(t)_(t) (54)

and the BOF is given here by:

dxi' = ax*dt + \(t)f(tx*t)dt + -t)u(t)[dyt - cxpdt - (t)k(t, x)dt] (55)

X* = 0

i,(t) = Vr2 + 2du(t) - E2(t); U(o) = f2f  (56)p2 
0 J

I The asymptotic optimality of the BOF is a direct consequence of the

following Lemma:

]Lemma 3-1: Let 01, 02, -/1 and -12 be continuous functions on [0, +oo[ such
that

lim O(t) = a

lir -y,2() = C2; t > 0; i = 1,2

and consider the Riccati equations:

V~ff2 2 I12; 2 j (57)
, = o,' + 29,1 - 1 2 1; (V8)

11
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If v,(t) 2 v2 (t) and if one of the assumptions given below holds then:I ,mVI(t) = ,m V2(t)

Assumptions:I A, : a < 0
A2 : vz(t) > r(t),t > 0 and -Y2 > 62 > 0 for some 6I

Recall that:

I(t) =u 2 +2ar - _ r(O) = 2  (59)

IProof:
Let w(t) = vI (t) - v2 (t) > 0. Then a straightforward computation yields

2(6= 2(01, 2 2(0 2 2

))V2 - 2(1v - -1 w (60)

SWO(o) 0 o
which we rewrite as

2

t,(t) = i(t) + 2j(t)w - .- 1u,, w(o) = 0 (61)

I where

i(t) = 2(0 1 - 0 V2 + -(.72 yII)v2 (62)

I p2
(t) = #I - . V2  (63)

I Equation (61) clearly implies:

I 5_ i(t) + 2j(t)w. (64)

Depending on the assumption used (A, or A 2 ) we will bound w(t) dif-
ferently using the comparison theorem.

1 14
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I Assumption Al:

ISince 1(t) and w(t) are nonnegative, w(t) can be bounded as

t < i(t) + 201w (65)

I thus 0 < w(t) < z(t) where

i(t) = i(t) + 291 z; z( O) = 0 (66)

I Similarly vi(t) _< V(t) where

V1 = a2 + 201VI, V(O) = o (67)

I If a < 0 then limt-. = a < 0 and Perron's theorem (see the appendix)
can be applied to (66) and (67). We get

I (00) -- (68)

1 Since v 2 (t) -_ vl(t) _ V1(t) for every t >_ 0, (68) implies

lim i(t) = 0

Re-applied to (66) Perron's theorem yields

-lim z(t) = 0 that is lim w(t) = 0

Aesumption A 2:

Since v2 (t) _ r(t),j(t) < 01 - 4r(t), (64) then implies that w(t) z(t),

where:

(i = ,(t) + 2 (0 - 21 r(t)) z(t); z(0) = 0 (69)

limt-. 0(1 - 'r(t)) = a - $r(oo); but r(oo) is the positive root of

a2 + 2az - W 2 = 0 (70)

I i.e., p2

r(oo) = eIa + (a2 + 02 C1J

15
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I and C2 a" 2I/

Crfo) = -(a 2 + - 21/2

Thus lirnt-. z(t) = 0 provided lirnm-.-, i(t) = 0. For this to happen it
suffices that v2 (t) be bounded (vi(t) be bounded). Using the assumptions

I and the comparison theorem, we immediately get v1(t) < V(t) where

1 Vr~2 + 2mV,-6 2.; I(0)-=O' (71)

and 0M is a nonzero upper bound of 01 (t). V(t) is clearly bounded. We
conclude that lirnt-a z(t) = 0, i.e., limt--,. w(t) = 0.

Note: We can conclude that v(o) = V2 (o) = r(oo) provided one of
the following holds:

1. v1 (t) 2 (t) > r(t); t > 0

I 2. vi(t) f r(t) > V2 (t); and a < 0

3. r(t) v1(t) _ V2(t) and a < 0.

This last assertion is obtained by applying the above Lemma to the pair
(r, V2).

Proposition 3-2: If M1 - X4 and M5 or )(6 hold, where

IMS: a<0

i X6: t(t) >_ r(t), t > 0

then the BOF given by (55)-(56) is asymptotically optimal as t - o.

IProof:
We have that: 0 < t(t) < p(t) < p*(t) < u(t) where I(t) and u(t) are

given by (51)(52)(56) and (58) in section 1.2.3. Lemma 3-1 can then be
applied to u(t) and I(t) by taking:

I0(t) = 6(t) = a + A(t)p(t) (72)

i 16
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I 02(t) = g(t) = a + A(t)p(t) (73)IY2(t) e (t) = [c + vWt(t)) (74)

2(t) = (t) + 4 ( Ct))2

d = fc +f2 ,IC(t)?(t)]2 + 4! 2(t)(A (t))- (75)

It is readily checked that all hypotheses in Lemma 3-1 are satisfied and the

Iresult follows.

Remarks:

I (1) It follows directly from Lemma 3-1 that if Ms is replaced by M6:
a < 0 and either u(t) ? r(t) or u(t) _< r(t) then p(oo) = p*(oc) = r(oo) =

I ~[a + Wa + ~42)1/21
(2) A sufficient condition for M6 to hold is p ? 0 and (1 + I./c) 2 +

4A' 2 e-V < Ilforeveryt>0.

Assuming that c > 0 and rewriting the last inequality as

2 v 2+ 4A2p 2 (Ap) 2 <

it can be seen that a necessary condition for this last inequality to hold is
? 0. It turns out that M6 holds in many cases if f and k lie in the first/third
quadrant (p 2! 0) and second/fourth quadrant ( S 0) respectively (e.g. see

I Example (2) below).

In general hypotheses such as M6 should be checked numerically.

1Next we generalize Proposition 3-2 to nonlinearities of the following type:

n

g(t, x) = ax + A, (t) , (t, X) (76)
'ft

h(t, x) = cx + .,j(t)kj(t,X) (77)I j=1

with the assumptions j, M2 and M3 holding for each i = i,...,n;j =

I 1,. •..,l1
| 17
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teUsing a vector notation, e.g., Ap = (APt,.. .,Af,)T , and < ,. >n to
denote the inner product in R t , the nonlinearities above can be written in~the more condensed form:

gtX) =- a+ < A(t), f(t, X) >n (78)I h tx) = cx+ < v (t), k(t, x) >m, (79)

and we clearly have

I g E -< Ia+ < \, A >n; < A,A >n] (80)
h C -< [c+ < V, C >m;< V, A >m] (81)

Thus, if we make the additional hypothesis )4 : f = c+ < v,# > ,> 6 o > 0

then the same results hold. More precisely the BOF is given by

I dx = ax~dt+ < A(t), f(t, x-) > dt (82)

NOU2(t Iyt- cdt - < v (t), k (t, 4) > dt]; 2-*(0) = 0

with the corresponding MSE p*(t) and the optimal MS-error p(t) satisfying

0 < t(t) < p(t) < p*Ct) < w,(t) (83)

where t(t) and u(t) are given in section 1.2.3 with

I &(t) = a+ < A(t),4Ct) > (84)

1 c_(t) = a+ < A(t), E_(t) > (85)

An =< A(t), Ai > (86)

i(t) = c+ < V(t),?(t) > (87)

e_(t) = c+ < V(t),i(t) > (88)

1 The following corollary is now a direct application of Lemma 3-1.

Corollary 3-3: If ), - )4 and Ns or X6 stated below are satisfied, then the

BOF (81) is asymptotically optimal as t --. oo.

I Ns: a<O

I 18
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I : t(t) >_ r(t); r(t) given by (59).

IThe corollary can be used to treat the more general cases where a and c
are time varying, i.e.,

n

g(t, x) = a(t)x + A,(t)f,(t, X) (89)

h(t, x) = c(t)x + E3 z'(t)k,(tx) (90)

where limt-.O a(t) = a and limg-. c(t) c

IAs an illustration, assume that a(t) and c(t) are monotone and continu-
ous, then (89) may be rewritten as

I g(t, x) = ax + (a(t) - a)x+ < A, f >  (91)
h(t, x) = cx + (c(t) - c)x+ < v, k >M (92)

IBy letting:

A,+±(t) = la(t) - al

I ~nu,+l(t) = Ic(t) - ci
f.+I(t,x) = sign (a(t) - a)x

Equation (91) becomes:km+i(tZ) = sign (c(t) - c)z

g(t, x) = ax-+ < A, f > n+1 (93)

h(t,x) = cz+ < V,k >M+1 (94)

and we are in position to apply the Corollary since An+ 1 and vn+l are
continuous vanishing nonnegative functions with fn+l and km+l belonging
to < [ sign (A.+I),6] and < [ sign (&,,+),6] respectively, where 6 > 0 is

I arbitrary.

1.3.2 Asymptotic optimality of the KF

For the nonlinear filtering problem (36). it is clear that (38)-(39) correspond
to a regular Kalman filter designed for the underlying linear system obtained

19I
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I when one ignores the nonlinear terms in (36). It should be noted however
that (38)-(39) is driven by observations from a nonlinear system. We will,
nevertheless, continue to refer to it as the 'KF" and "SSKF" (steady state)
when r(t) is replaced by T(oo).

IIn addition to X1-X 4 , we make the following assumption:

No : f(t, 0) and k(t,O) are continuous, bounded on [0, oo[.
Proposition 3-4: If a < 0 then both the 'KF" and the 'SSKF" are

asymptotically optimal as t -+ oo. Moreover:

p(oo) = p"(oo) = r(oo) = [a + (a2 + c 2)12 (9)

Proof: We first derive an upper bound on pk(t) := E(xt - X)2 where
t 4 is given by (38)-(39).

Let ig = t - zt; then (36) and (38) yield

Idt = [§t - G(t)ht]dt + ordw, - pG(t)dvt (96)

I where
G(t)-- P-2r(t) (or P 2r(oo)) (97)

9t = ait + A(t)f(t, xt) (9E)

ht = ct + v (t)k(t, zt) (99)

Applying Ito's chain rule gives

d = [D"2 + p 2G (t)]dt + 22jd±t (100)

ITaking the expectation on both sides yields:

d E22 = P(t) = ,2 + p2G 2 (t) + 2Ejj[ - G(t)h] (101)

p (= 2 -()=0

d' = 2 + p2 G 2 + 2E~t#t - 2GE28ht, p(O) =0

I 20
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I = U2 +p 2 G2 + 2(a - cG)pk + 2AEitf (t, xt) - 2vGEitk(t, x)

Clearly,

2Ettf(t, xt) !_ E± + E f 2 (t, xt) = p:(t) + E f 2 (t, Xt)

-2Eitk(t,zx) _ pk(t) + Ek 2 (t, xt)

By the comparison theorem: pk(t) :_ q(t); q(0) = 02 where

S(t) = a2 + p2 G 2 + 2(a - cG)q + A(q + Ef') + vG(q-I- Ek2 )

= a2 + p 2 G 2 + AEf 2 + vGEk2 + [2(a- cG) + A + ,G]q

which we rewrite as

= i(t) + j(t)q, q(0) 0 (102)

Now

lim j(t) = 2(a - c2  = -2(a2 + _ 2 1/2 < 0.

Thus, if
lim A(t)Ef 2 (t, Xt) = lim v(t)Ek 2 (t, ) - 0 (103)
t---0 t-00 o

then limt--,, i(t) = 0 2 + 142 :(o..

Applying Perron's theorem to (102) would give:
i(O c2 + 2 2 f >

q(oo) = i(o ) _ c2+

j(0o) 2(a - £2r(oo))

But r(oo) satisfies the algebraic Riccati equation:

o2 + 2ar(oO) - c r2
p

~It follows that:

l 2 + 2ar(oo) - r2(oo) - 2(a - 2r(oo))r(oo)

q(oo) = - = r(oo)g 2(a1- r

21
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I If a < 0 and t(t) < r(t) then by letting vi(t) = r(t) and v2 (t) = f(t)

in Lemma 3-1 we conclude that t(oo) = r(oo) = q(oo) and hence p(oo)I pk(oo) r(oo)-

If t(t) is not less or equal than r(t) for every t, then we can always
find a lower bound O(t) which is less or equal than both 1(t) and r(t) (see
next remark). Thus we can apply the same Lemma with v2 (t) = tf(t) and
conclude that t'(oo) = r(oo) = q(oo)(= t(oo)) and hence p(oo) = pk(oo)

Ir(oo).
We now show that (103) holds if a < 0 and NO hold. The condition

f E-< [j(t), AIs(t)] implies

j(t)x + f(t, 0) _ f(t, z) p(t)x + f(t, 0) (104)

Iwhere the time functions p(t), A(t) and f(t,0) are all bounded continuous
for t > 0. Equation (104) implies in turn that:

f 2(t, X) : A 2(t)X 2 + B 2 (t) (105)

for some continuous bounded functions A and B. Therefore,

lim A(t)Ef 2(t,Xt) = 0

holds if
-im A(t)E X2  0 (106)

Ext satisfies the following ODE [16]:

Ex =2 1 + 2A(t)Extf(t, z) + 2aEX2 (107)

I 2Extf(t, xt) < Exi + Ef (t, xt)

Using (106) and (105) in (107), we conclude by the comparison theorem
I that E42 is bounded by V(t) where:

i, = 1 + A(t)B 2(t) + (2a + A(t) + A(t)A 2 (t))V(t)

I Perron's theorem applies and V(oo) = -1/2a. Therefore,

liM A(t) E 2(t, X,) = 0.

I
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m QED

I Clearly, the same thing is also true for v(t)Ek 2 (t, Xt).

Remark: Let f E--< [p.(t), Ap(t)] and k E-< [ (i), A (t)] i.e.,
f. E LI(t), Pi~t)], k. E [£(t), ?(t)] (108)

IThe lower bound is then given by:

" &(t) u2 (t) + 2ca(t)t(t) - 1 [ 2 + 4e (Ao)2jf2(t); 1(0) = o02

where a(t) = a + A(t)p(t), Aa(t) = A(t)AP(t) and A(t) = c + v(t)?(t).

I Clearly, £(t) !5 r(t) if p(t) 5 0 and ?(t) > 0 where

I pcl:o

i (t) = 0,2 + 2ar(t) - Cj
2 

2(t); r(0) = v,
2

I If p(t) :5 0 and ?(t) _ 0 does not hold, then we can always choose a
worse lower bound t(t) such that e(t) ! r(t). This is possible since (108)
implies that f. e [UJ(t), TA(t)]; k. e [i, '(t)] with p'(t) :5 0 and ?'(t) 0.

Let us now turn to the case where g and h are again given by (89).
Then under the same assumptions and notations of Corollary 3-3 and the
additional obvious additional assumptions introduced by )o (namely that it
holds for each f', ky), it can be shown [20] that the following holds:

Corollary 3-5: If a < 0, then both the 'KF' and the "SSKF" are
asymptotically optimal as t -- oo. Moreover,

p(oo) = p&(oo) = r(oo) = cj[a + (a 2 c2)1/2] (109)

I 1.4 An Example

m Example:

I 23
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Figure 1: BOF performance

i Let Zt and yt be given by:

I dxj = axgdt + e t sin2 (wt) tanh(xt)dt + adwt (110)

dyt = cxtdt + 2-+xte-, dt + pdvt

I o X (mo,o ')
Thus,

A(t) = esin 2 (Wt); f(z) = tanh(z) v (t) + k() eze 2

I Simulations were done with the following numerical data:

I a = -,w = 50,v = p = 0.2c = 1,me = 0.0,0o' = 0.2 (111)

S24
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for which it is readily obtained that f E-< [- , and k E-< 2 i, .
i.e.,

S' =2(112)

1- 2e- 1  1+ 2e- 1

The simulation results, obtained using Monte Carlo methods, are summa-
rized in the plots of Figures 1 and 2 corresponding to the BOF and UKFU
respectively. In Figure 1, the upper and lower bound (u(t) , t(t)) on the
o,'imal MS-error p(t) := E[xt - E(ztjYO) j2 together with the MSE corre-
sponding to the BOF are plotted. A similar is given in Figure 2 for the
"KF" except that instead of u(t), r(t) is plotted. (Recall that while u was
shown to be an upper bound on the BOF MSE p*(t), neither u nor r are1 known to be upper bounds for the 'KF" MSE pk(t)).

It can be seen that the BOF and the 'KF" are indeed both asymptoti-
cally optimal in the sense that limt-.,o(p(t) - p*(t)) = 0 and lim-.o, (p(t) -I pk(t)) = 0 respectively. Moreover:

P 2  + 2 
p(oo) = p*(oo) = p'(oo) = r(oo) [a + (a2 + - 1  0.017 (113)i~C p-2c

Si 1.5 Conclusions

We investigated the asymptotic behavior question of one dimensional non-
linear filtering problems involving drifts with bounded derivatives using an
upper and lower bound approach to show that the a priori mean square
error associated with some suboptimal filters approaches the optimal oneI asymptotically. The upper and lower bounds satisfy ordinary differential
equations of the Riccati type. In particular, it is shown that in the case
of asymptotically time invariant systems for which the limiting system is
linear, the 'KF" and "SSKF (designed for the limiting linear system) are
asymptotically optimal as t --+ oo (section 1.3). In other words the nonlin-
earity can be ignored as far as the long time behavior is concerned. This
approach proved that significant information relevant to this type of filtering
problems can be infered from the knowledge of the derivative bounds (i.e.,
f the cone in which the nonlinearities reside), and the main point is that,

I tractable bounds on the optimal MS-error, when available, can be used (in

26
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I addition to performance testing of suboptimal designs) as a atudy approach

to tackle some questions arising in nonlinear filtering.

I
I
I
1
I
I
I
I
I
I
I
I
I
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I 2 A Bound Approach to Filters for Weakly Non-
linear SystemsI

2.1 Introduction

In this section we again consider the Ito stochastic model:

dx, = g(t,xt)dt + v(t)dwt (114)

I dyt = h(t,xt)dt+p(t)dvt (115)
x(O) = xO, 0<t <T (116)

where g, h, a and p are smooth functions of their arguments, {vj}, {w,) are
independent Wiener processes, and x0 is a random variable independent of
{v, ,{wt}.

As we have shown in the previous section, the performance of suboptimal

designs, however derived, may be based on lower and upper bounds on theI optimal mean square error (MS-error) p(t) (221. This approach is used here
to investigate the long time (asymptotic) behavior of a class of nonlinear
filtering problems, namely weakly nonlinear systems (101 and systems withI low measurement noise level [19]-[6]. Systems of the first type are modeled
as:

dxt = a(t)xtdt + cf(t, xt)dt + v(t)dwt (117)

dyt = c(t)ztdt + p(t)dvt

while those of the second type are:

I dxt = g(t,xt)dt+er(t)dw (118)

dyt = h(t, zt)dt + dvt

It is well known that for filtering problems of this type there may be no
finite set of equations which propagate the conditional mean.

We are interested in (one dimensional) suboptimal filters which are

asymptotically optimal in the sense that the corresponding a priori mean
square error (MSE) is identical, up to some power of c, to the optimal one.

I Weakly nonlinear systems have been studied in 16,5,4]. In 161, Brockett
showed that in the general case, even to be optimal in the asymptotic sense,
such filters must evolve in higher dimensional spaces than xg does.

28



I
I
I

i One question of particular interest is to study the effect of the weak
nonlinearity on the filtering performance. In other words the question is
whether the Kalman filter ('KF"), formally designed for the underlying
linear system and driven by the observation {y} in (117) is asymptotically
optimal for small c (notice that these are observations from a nonlinear

1 system).

In section 2.3, it is shown that for a particular class of nonlinearities f
(those with bounded derivatives), the "KF" and the so-called bound optimal
filter (BOF, section 2.2), both of which are one dimensional filters with
precomputable (nonrandom) gains, are asymptotically optimal as -- 0.

I Next, the low measurement noise case, first studied in 119]-[6), is treated
in section 2.4 where the BOF and a constant gain version of it are shown
to be asymptotically optimal, in addition, an even simpler (not involving
the drift and linear) asymptotically optimal filter is obtained. Some of these
results have been obtained in [19,61 by a different approach (e.g., a WKB pro-
cedure applied directly to the DMZ equation in Fisk-Statonovich form [19)),
while here, basic bounds on the a priori optimal MS-error and perturba-
tion methods are used. Examples with simulation results are provided in

i section 2.5.

2.2 Lower and Upper Bounds on the Optimal MS-Error

Let us consider the one dimensional version of (114) where xo is assumed to
be .(0,o02); g and h are such that (114) has a unique solution [1], differen-
tiable with continuous partial derivatives satisfying the following hypotheses:

i Hh1 : Ig,(t, z) - a(t)j < Aa(t)

Hh 2 : Ih(t,x) - P(t)j < AP(t), _(t) :=#(t) - AP(t) > 0

which we denote by

g E-.< [at), Aa(t)], (119)

n h E-< 1,6(t), A48(t)]

define

I (t) -a(t) +AO(t), (120)

I29
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I At oa(t) -

(t) := NOt + z&P(t), (121)

t_(t) :- P(t) - zf(t)

I p(t) := E(zt - E(zxtIyO)) 2  (122)

p*(t) := E(zt - (123)

I where z' is the BOF and is given by

dx* = g(t, x)dt + t u(t) dyt- h(t, x)dt], z = 0 (124)

I i(t) = o 2 (t) + 2&(t)u(t) - 2 (t)U2 (t), U(O) = o 2 . (125)

The stochastic process satisfying the above nonlinear SDE is called the
bound optimal filter (BOF). Clearly, the BOF is readily implementable with
precomputable (nonrandom) gain and it coincides with the Kalman filter
when f and g are linear. Moreover, the BOF is "bound optimal" in the

sense that, among all nonlinear filters given by 124 but with arbitrary non
random, continuous gains k(t), the choice k*(t) := yu(t) yields a nonlinear

Ifilter (the BOF) that has the tightest upper bound on the corresponding
*P MS-error. Furthermore, this upper bound is precisely u(t) (see [22,20,13]).

The following result, proved in [21,20], provides explicit lower and upper
bounds on the (unknown) optimal MS-error p(t).

Theorem 2-1: Let p(t),p*(t) and u(t) be as in (122),(123) and (125)
I respectively. Then:

Iwhere 0 < (t) p(t) :5 p*(t) u(t)

I (t) = 2 (t) + 2a(t)2(t) -P [2t(A(t))
2112(t)

(t ~)- (t) + 4-(A(t) ) (126)

I 1(0) = a,

I 30
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I Remark: Since t(t) and u(t) both satisfy ODE's of the Riccati type, the

Theorem says that the optimal MS-error p(t) in the nonlinear filtering prob-
lem is bounded by those in two corresponding Kalman filtering problems,
the coefficients of which are obvious from (125) and (126).

Definition: Let {xt) be any suboptimal filter, pI(t,e) := E(xt - X[) 2

and p(t,e) := E[xt - E(xtjyI)] 2. Then {x,} is said to be asymptotically
optimal if p(t,e) and ps(t,c) agree up to some power (k >_ 1) of c in a

I nontrivial way.

Proof of asymptotic optimality for a given suboptimal filter {z)} uses
the argument that if one can bound p(t, c), p (t, ) as in

0 < t'(t) _ p(tC) < p,(t,C) :_ u,(t,C)

for some tractable bounds t' and u', then it suffices to show that the first
terms in the corresponding asymptotic expansions are identical.

i 2.3 Weakly Nonlinear Systems

i Let zt and yt be given by

dxt = g(t, zt)dt + Ef(t, zt) + u(t)dwt, 0 < t < T (127)I dyt = h(t,zt)dt+p(t)dvt

where X0 is A((O, a2), {wt}, {vt} are Brownian motions independent of x0; f,
g, and h have enough smoothness to guarantee the well posedness of (114).

In the case c > 0 is a small parameter, g and h are linear, we call
these weakly nonlinear systems (WNL). WNL systems were studied in [10
where it was shown that if, e.g., f(t, z) = x3 , then there does not exist a
reduced order (i.e., one dimensional) filter which has the optimal asymptotic
performance.

Our goal here is to exhibit one dimensional filters that are always asymp-
totically optimal for a restricted class of nonlinearities f, namely those with
bounded derivatives.

In the next two subsections upper and lower bounds on p(t) := E(zt -I E(ztjY0/)) 2 , p*(t) := E(zt - 4*)2 and pk(t) := E(z, - Z4)2 (x*, z being the

I
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I BOF and 'KF" estimators respectively) are used to establish that in the

weakly nonlinear case, that is, in the case g and h are linear, both filters
are asymptotically optimal in the sense that p, p* and p, are the same up
to first order in c.

1 2.3.1 Asymptotic optimality of the BOF

ILet Zt and yt be given by (127) and assume that:

g E-< [a(t),Aa(t)], f E -< [/u(t), A/u(t)]

I h e-< [ct), Act)l
_(t) := c(t) - Ac(t) > 0, t > 0

We recall that here the BOF 4* is given by:

I dx = g(t, x*)dt + ef(t, x*)dt + g ,,(t) [dy - h(t, 4*)dt] (128)

I x*(0) = 0

it = a2(t) + 2(C(t) + ,Ej(t))u(t) - p( ,
| (o) = 0,02

Proposition 3-1: If Aa(t) = Ac(t) = 0 and c(t) > 0, then the BOF is

asymptotically optimal as c -, 0, i.e.,

I p*(t) ,- p(t) = r(t) + O(c),0 < t < T (129)

where1jr = O2 (t) + 2a(t)r(t) - c 2( t ) 2 r(O) = ro (130)#(t) r

I Remark: If furthermore, the system is time invariant then

p*(t) = p(t) = r(t) + 2qu j 0(t, s)r(s)ds + 0 (e, Aju) (131)
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r(t) = a+6i. Ae-2# (132)
C2 -- + c26

A = (0 + ,)2V -2op2

0"
2 

-- ;,-,(a -6
#,(t, a) -- • -(t- -)  (1 34

I here 0 (z, I) means order of each one of the arguments separately.

Proof: It readily follows from the above assumptions that (g + cf) E-<I [a~t) + ,p~t), A,,(t) + ,,"p(t)].

From Theorem 2-1 we get

I 0 < (t) < p(t) _ p*(t) < U(t) (135)

where:

it = o 2 _(t) + 2(a (t) + cf (t)). ,2(t) U 2 (136)

P2(t)

I I = r2 t)+ 2~() c(t)) t- -- -[2(t) + 4 2 (t) (6a (t) + C6 A(t)) 2]1t 2 (1 7

I 1(0) = 0o2
expanding u(t) in the form:

inf| (t) ~ (t). (138)

i=0

i gives:

h=0I '=O

= o
I 1f=
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I Plugging (138) and (139 in (136) and equating powers of e yields:

UO = u2 (t) + 2d(t)uo - - 2, UO(o) = o (140)

P~~t 2 (t)(0)

it, = 2[d(t) - uo(t)Iuj + 2p(t)uo(t), ul(O) = 0 (141)

p2 (t)

IProceeding similarly for f(t), one obtains:

I I[2o ) (t) 6 2 (t)

to (0) 0,0

+ 4~~~5)62(ato14
4 =-2[a(t) - p1 ( 2 (t)'+ u a2(t))°]1"t- 2-t)e -- - 8 6a6)i 4  (143)

P2(O) = 0

I (here a := (ba)2 )

It is clear from (140 and (142) that u0(t) and t 0 (t) are different in theIgeneral case but coincide with r(t) if 5a = bc = 0 that is:

g(t, z) = a(t)z and h(t, z) = c(t)z

Now if the system is time invariant i.e.,

1 a(t) = a, u(t) = IA, c(t) = c, a(t) = o and p(t) = p

then one easily gets the results in the remark above by using the Riccati
transformation r = to solve (130) and the variation of constants formula
in (141) and (143).

I
2.3.2 Asymptotic optimality of the KF

I The question considered here is whether one could, in the case of weakly
nonlinear systems, ignore the nonlinear part in the drift, use the Kalman

I filter designed for the underlying linear system (driven by y,) and be able to
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I

i achieve asymptotic optimality as e -. 0. It is important however to notice
that even though this scheme is being refered to as the "KF*, it has little to
do with the regular Kalman filter, the reason being that the 6 KF" is driven
by observations from a nonlinear system.

Accordingly, Let g(t, z) = a(t)x, h(t,z) = c(t)z and assume that f Es
[p(t), 6p(t)],c(t) > 0, then the 'KF" is given by:

c2(t)d =a(t)xkdt + -!--r(t)[dyt - c(t)xfdt], Xk(0) = 0 (144)

I
where r(t) is as in (130).

I Proposition 3-2: Under the above assumption, the 'KF' is asymptot-
icaly optimal as c -- 0 in the sense that:

g p(t) - p(t) = r(t) + O(f) 0 < t < T

Proof: We first derive an upper bound on pk(t) := E(x - Xk) 2 where
i 4 is given by (144).

Let 21 := g - zt; then

Idi = [9t - c(t)G(t)2t]dt + o(t)dwt - p(t)G(t)dvt (145)

where G(t) := -r(t) and t = a(t)it + df(t, Zt). Applying Ito's chain
I. rule [161 gives

- [a 2 + p2GIdt + 2ttdit (146)

Taking expectations on both sides yields:

d 2= (t) = a + p2G2 + 2Et[pt - cGt]

kk(t) = o2 + p2G2 + 2Etto - 2cGt2, pk(o) = 0,2

C = Oa2 + p 2G + 2(a - cG)p k + 2E~ttf (t, zt) (147)

2Eftf(t, xt) < Et + E1 2(t, z,) = pk(t) + Ef 2 (t, Zt) (148)

By the comparison theorem (see appendix): pk(t) < q(t), q(0) = 2's where

| (t) = 2 + p2  + 2(a - cG)q + ((q + El2 )
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So' + p2 G2 +cEf 2 + [2(a -cG) + cq (149)

which we rewrite as

I = i(t) + j(t)q, (0) = o2  (150)
c
2 r

02(t) = W + 2 + ,Ef 2 (t, Zt)
€2

j()-e + 2[a - Wer(t)]

We therefore have the following bounds:

1 t(t) :_ p(t) :5 pk(t) !5 q(t) (151)

where: P2
o" + 2(a + cp)t - ;k[c2 + 42614 C (152)

t(o) = 0,20Ip
Expanding q(t) in the form:

q(t) - E q (t)c'
i=0

and equating powers of c yields:co= (t) .C2 0,2
2o c -(t) 2 tt) + 2[a(t) - S2-T(tr(t)]qo, qo(0) = 2

I O U~~j 2t)
7 r p2 (t)0

Let w := qo(t) - to(t). Then from the previous section it follows by making

I a = 0 in (142) that w(t) = qo(t) - r(t). By differertiating we get

c 2(t) 2t) tc 2(t) r2 (t

I-- (t) p (t) + 2[a(t) - --(t) rt)lq0 - 2a(t)r(t) + p (t)

This in turn easily becomes:

[ = 2oa(t) - e2(t) t), () =0

The solution of which clearly is w(t) = 0 which implies Wo = r.
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I 2.4 Low Measurement Noise Level

Consider the system:

dzg = g(t, :t)dt + (t)dwj (153)I dyt = h(t,xt)dt+cdvt

where g E-< Ia(t), 6a(t)1 h E -< (e(t), bc(t)], g(t) ! 0, t>2 0 and e > 0 is a small

I parameter (this is the case in many practical situations 'L%6]).
The optimal a priori MS-error is bounded from above and below, per-

turbation methods for the bounds are used to show that the upper bound

approaches the lower one as e becomes smaller.

The result is quoted for h linear but holds for nonlinearities h whichI tend asymptotically to be linear, i.e., 6c is small (see remark 2). This type
of (almost linear) nonlinearities arise in practice and are usually modeled as

being linear [13].
Proposition 4-1: Assme that 6c =0 (i.e. A is linear) and c(t) > 0,

then the optimal MS-error p(t) satisfies the following
p(t) = !0 j( ) = E (Xt -

c(t) 
t)

I where lirn,.O = 0 and xtF denotes anyone of the three asymptotically
optimal filters listed below.

(F1 ) The BOF:

Idxt = g(t, z*)dt + cW(t)[y - c(t)xtdtJ, x*(O) = 0 (155)

I i4(t) = v 2 (t) + 2a(t)u(t) - C2(t)U2) ts(0) = V2 (56

(P2 ) The constant pain BOF (CGBOF):

dz4 = pg(t, e)dt + I~!dyl - czj'dt], cs'(0) = 0 (157)
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I
I I (F3) The linear (first approimation) BOF:

d t = -[dy - c(t)z4dt], z'(0) = 0 (158)

I Equation (154) is proven for each case separately.

Proof of (Fi): From Theorem 2-1 we get:I t(t) p(t) - e(t) = E(Xt - z*) 2 < u(t) (59)

i = o 2 (t) + 2d(t)u - c2 (t) 2 U(0) =2 (160)

0,2 (t) + 2a(t)I- 1[ 2(t) + 4 - (6a) 2]t2 (161)I 1(0) = o

It can be easily seen by inspection of (160) and (161) that u(t) and t(t) are
of different order in c if bc is nonzero. Let's show this explicitly.

Expanding u(t) asI U(t) U,, u t)" (162)

n=0

yields
00

U2t) ~ E d.4"n (163)
n=0

j=0Ie.g.,
d(t) = t4(t)

d1 (t) = 2uO(t)uj(t)

d2 (t) = 2uoU2 + U

Plugging (162) and (163) in (160) gives:

n=0 0 C
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I Equating powers of e, starting with e-2, yields do = 0, i.e., uO(t) = 0. This
in turn implies that dl = 0.

Similarly a2 - £2d2 = 0. But since d2 = u2, it follows that ul(t) -
i~e.,

U (t) = -(t) + 0(C2)foreveryO < t < T (165)

I By a similar procedure we get D = o and t, = that is

1(t) = c + 0 (c2)0 <t < T (166)

We conclude from (165) and (166) that if 6c = 0, i.e., h(t, x) = c(t)zIthen: 0t

the: (t) s 1(t) = - + 0O(c2 )0 < t < T (167)
c(t)

which establishes the asymptotic optimality of the BOF as c -. 0.

Note: These approximations are obviously not valid in the immediate
vicinity of t = 0 where u(0) = 1(0) = o'S . This (boundary layer) problem is

negligible. It can indeed be easily shown that the duration of the transient
regime for this type of ode's is 0 (c) (also see Figure 2).

I This suggests the following:

(1) since u(t) = CuI(t)+O(C2 ), one can replace u(t) in (148) by cul = C
and hope to achieve asymptotic optimality as well. The new filter clearly
would have the advantage that the gain k(t) = !(1 , thus avoiding solving a
Riccati equation and therefore resulting in faster computations.

(1i) If the answer to (i) is affirmative, the next question is whether
the same thing would hold for the first approximation (when expanding z4)
filter:

dxt C [d= h - c(t)z4dt]

I It turns out that both filters are asymptotically optimal as is shown next.

I
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I Proof of (F2): An upper bound on the MS-error corresponding to filters
such as (F 2) can be obtained by following the first steps in the proof of

I Proposition 3-2 (also Section 2-2 in [211. In this case

I- X'), < k(t)

I where (k(t) = !51):

i4k = 2a'(t) + 2[a(t) - (t)C(t)]ukU(O ) = (169)
I

By setting uk(t) N , (t)cS in (169), one easily obtains

__ 0(t)
i '4(t) - O, a4(t) - c(t)

hence:
p(t) _E(Xt _ Z,)I = -'t, + O(C2)_ 0 t < T

(Recall that: p(t) t(t) 1(t)E + O(C2))

Proof of (F3 ): Similarily, it is readily obtained that pl(t) := E[t-- t]2

satisfies

P' )_= 2, 2 (t) + 2E(xt - xe)g(t, xt) - 2cWC) pL

Using the Schwartz inequality:

Eab < Eia.Eib2

Iand the comparison theorem (see appendix) we get p9(t) !5 uE(t) where

i 2o2 (t) + 28(t)(ul)i - 2 c(t)(t)UL (170)
C

with 0(t) = Elg2(t,i t). Expanding u ,; 0 utld in (170) and equating

powers ofe gives ut =0 Ut = 0 and u= -- , hence,

is (t) = -(t) + O(I),0 <, < T

I 
Therefore,

ppt) = ; (t) = !-() + 1(c), 0: t< 5( )
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I QED

Remark (1): (1) If a(t) =a and c(t) c c then *1(t) - ii(t) = 0 and
the next terms in the expansion of u(t) and 1(t) are:

u2(t I 1a(t)

f2(t) la 1

so that u(t) = f(t) + 0 (0) if and only if 6a = 0, i.e., both g and h are linear.

(ii) In [14], it was shown that for incrementally conic nonlinearities we
have the following lower bound 1(t):

I p(t) _> f(t) = (1 - .(t))r(t) (172)

where s(t) is the unique nonnegative root of

I (I - a(t))e'(t) = e- d(t (173)

d(t) .ft,'(s) + 2L(]q)d8 (174)
(' a 2(8t)C2

02( = ut( t ) + r2() (t) + 2[a(t) - ---)rjq (175)
C q(O) = v0

rI = r2 (t) + 2a(t)r - S25(t) r2, r(O) =ao2 (176)

From (160) and (165) we readily get that r(t) = E + 0(E2). It is
therefore clear from (172) that if .(t) = 0(c), then t(t) = '-) + 0(c2) the
same as the one we have used here. + )

I This is indeed the case: (175) implies q(t) = 0(c) and (174) that d(t) -
0(e)(6c = 0). Assuming a(t) - EO snen and letting g go to zero in (47)
gives that I - s0= e - 10 necessarily. This has the unique solution so = 0,
hence e(t) = 0(c).

i Remark (2): Almost linear observations.
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j The same results in previous proposition can be extended to the partic-
ular class of nonlinearities h e-< Ic,6c] where 6c is also a small parameter.
Indeed, the upper and lower bounds u and t on p(t) and p*(t) E(zi - X*)2

where z4 is the BOF in (FI) (with cz* and c replaced by h(x*) and i) are
given by (165) and (166):

U (t) = C0()

=-C(l + '- + ((6C)2)) + o(a)

o(t) 6
f (t) C+ 1-6 C + 0 (C2) + C 0((6C) 1)

Ic(t) c
Thus, for small 6c

u(t) + 0 (C,6c)I c(t)
Similarly

f t)=(t) C + 0( 2 )0(t) . c
--t - - " + 0((6c)2)) + 0(.2)I c(t) c

-(t) C + 0(c,6c))I c(t)
It is not hard either to establish that for the analogs of the filters (F 2 ) and

IP e(F3 ) (as in (157) and (158), but with ez replaced by h(z)) the upper bounds

0()
and, ((t ) = 0(E )I and

i ,/(t) = ,(t) oa.
= + o Wov'r)

which makes these filters asymptotically optimal as 6c and c become smaller
with

p(t) = + z().

I

I
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I Application to the Ben.. filter Let

Sd: = f (z,)dL + dwt (177)

dyt = zdt + dv (178)

where the drift f satisfies

f.(z) + f(x) = ax2 + bz + c (179)

with a > 0 to prevent finite time escape situations.

As mentioned earlier, this is one of the few nonlinear filtering problems
which was shown to admit a finite number of sufficient statistics [3]. We
are interested here in investigating this class of filtering problems when the
diffusion process {t) is measured in a low noise channel. In particular, we
would like to know what type of implementation simplifications will result
from this additional assumption. Accordingly, let {xt} be as in (177) and:

I dyt = ztdt + cdvg (180)

In order to know how c enters Benes' original formulas, we shall trans-
form the DMZ equation in Fisk-Stratonovich form by following the steps
outlined below. The unnormalized pdf u(t, x) satisfies the following stochas-
tic PDE:

I du = (C*(u)-1 u)dt+ T udy (181)
+I *(u) = U - (UU).

which in our case isl2
[du = uz - f - (+ j-2)u~dt + -udy (182)

I By letting V(t, z) = c-3 V'u(t, z), the stochastic differentials in (182)
are eliminated. We obtain the following classical PDE (robust DMZ):

i ,= iv..3 +(k fm V. 1 2 - !#V (183)
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I Using V(t,z) = ef;f '(dp(t, z) and (179) in (183), we get after some com-
putations ta.

IPt = px +Pttz+ 1(1+ C2a X2~~z 1 cj

I It can be easily verified that p is given by

Ip(t, z) = exp (Mt) }
where

~(2 =1-(1 + C2 a)02 (t), #(0) = 0

Or dp= (1 + 2a)6(t)p~dt 1 (t) bdt + (t) dyj (14

Orgoal is to see under what circumstances ug can be a good approxi-

I mation for the conditional mean E(xgIy~t) given by:

E[xjIjj = - u(t'x) dx1 u fu(t, .)

It turns out that for cone bounded drifts in (179) (e.g., f (x) =tanh(z)

I or linear), the following holds.

Claim: {pgt) in asymptotically optimal as c --+ 0

I To see this, rewrite (184) in the more suggestive form:

djpt = 50[dyt - (I1+ c'a)#tdt] - !9(t)bdt
e2 2

and notice that 0(t) = --- tanh ((I + t'a)!) .- e + 0() It is not hard

I then to show that p, = It' + 0(c) where

d#1 : [dii, - pi4dil
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I is precisely the linear BOF obtained in last proposition wkich was shown to
be asymptotically optimal as e becomes smaller.

I Notice that for the particular case f(z) = tanh(z), a =b = 0 and =
and hence

dpt = tanh(t/) dyt - ptdt]IC

I 2.5 Examples and Simulation Results

Example 1: In this example, the asymptotic optimality of "KF" for WNL
1 systems is illustrated. We consider:

dzt = aztdt + ctanh(zt)dt + adwg

dyt = cztdt + pdvt

o (mo, g)

where f(.)= tanh(.)e- I, ], i.e., p = 10, j u lp= Apu =

Simulations were done using a Monte Carlo technique and the following
numerical data:

a = -l, u = p = O.3, c = 1, mo = 0, oo = O.1

The results are summarized in the plots of Figures 3,4, and 5. which
correspond to different values of e (c = 0.2, 0.1 and 0.05 respectively). In
each figure, we have plotted pk(t) := E(z, - X4)2, r(t) and t(t); the latter
being the lower bound on the optimal MS-error p(t) which therefore liesI between I(t) and pk(t).

The plots appear to corroborate the results of Proposition 3-2 in which
it is stated that the "KF n is asymptotically optimal as c becomes smaller
and that r(t) is a good approximation for the (unknown) optimal MS-error
p(t) in the sense that ph(t) - p(t) = r(t) + 0(c).

Example 2: This second example deals with the asymptotic optimality
of the BOF and CGBOF in the case of low measurement noise level filtering

4
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I Figure 3: K? performance c =0.2.
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I Figure 4: KF performance e =0.1.
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0.6-

Asymptotic Optimality Of The BOF
Low Measurement Noise Channel

_ ,_o.3 U,1,

0.4-

i

1 0.20,
A

0.- O O 1 1 F1 1--:r-- I I I11 I1I I I I I -'
0 1 2 3 4 5

Figure 6: BOF performance

Iproblems. The following model is considered:

dz = arctan(xt)dt + ordwt
dyt = cztdt +cdvt (186)
zo ~ CM0(M, 2)

g where g() = arctan(.) E-< [1, ], i.e., a = ba = 1 and

a = -1,0 = c = l,Mo = O'o 2 = 0.5

IThe simulations are summarized in Figures 6 and 7 which correspond to
the performance of the BOF and CGBOF respectively. Each figure contains
3 sets of plots corresponding to c = 0.3,0.1 and 0.05 from top to bottom.
Each set of 3 curves consist of the upper bound u(t) on the BOF, the MS-
error 9(t) = E(zt - z) 2 and the lower bound t(t) on the optimal MS-errorg p(t).
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I Figure 7: CGBOF performance
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I Again, these plots seem to agree with the results of Proposition 4-1

in which it is stated that the BOF and CGBOF are both asymptotically
I optimal as e becomes smaller and that -ic (equal to c here) s a good

approximation for the (unknown) optimal MS-error p(t).

Remark: It can be seen in Figure 2(b) that the MS-error pe(t) exceeds
the (BOF) upper bound u(t) in all three cases as might be expected. To see
why this is so, it suffices to recall that the CGBOF was obtained by approx-I imating the BOF gain k*(t) !c- u(t) by since u~t) , c. However,

it was remarked earlier that this last approximation does not hold in the
immediate vicinity of t = 0 (boundary layer problem). Outside this region
(which shrinks to zero as c -. 0), the CGBOF performs in a comparable
fashion than the BOF with the speed advantage.

2.6 Conclusions

IWe investigated the asymptotic behavior question of one dimensional non-
linear filtering problems involving drifts with bounded derivatives using an
upper and lower bound approach to show that the a priori mean squareIerror associated with some suboptimal filters approaches the optimal one
asymptotically. This approach demonstrates that significant information

i can be infered from the derivative bounds (i.e., of the cone in which the
I nonlinearities reside). In particular, it is shown that in the case of weakly

nonlinear systems, that the "KF" (designed for the underlying linear sys-
* tern) is asymptotically optimal as c --+ 0. In other words the nonlinearity
! can be ignored as long as the asymptotic behavior is concerned.

In the case of diffusions measured in a low noise channel, three asymp-
I totically optimal filters were obtained, one of which is linear. Furthermore,

asymptotic values for the unknown optimal MS-error were obtained in both
cases.

The main point is that upper and lower bounds on the optimal MS-error,
when available, may be used (in addition to permance testing of subopti-
mal designs) as a relatively simple tool to study certain nonlinear filtering
problems.

I Appendix
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I Theorem (1): (Comparison Theorem [15]) Let F(z, yi) and G(x, y) be
continuous in the rectangle

D D:lz -zol <a, l o
and suppose that F(z, Y) < G(x, y) eve rywhere in D. Let y(x) and z(z) beI the solutions of

ji = F(z, y), y(zo)= a (187)

i = G (x, y), z(zo) = a

Let I be the largest aubintervol of (zo - a, xo + a) where both y(x) and z(z)1 are defined and continuous; then for x E I
Z(z) < Yfr), z < zo

Iz(z) > Y(z), x > X0

Theorem (2): (Perron [ 121) If F (t), f1 (t), to E [0, o0[,: = 1, ,I are real continuous functions of t having finite limits

lrn F(t) = b, lrn fi aj,

if the roots A, i = 1,...n of the equation

are real, distinct, and different from 0, then the equation

I dn dn-1
Wtn~)+ f 1 (t-y1t) + . + AWtY(t) = F(t) (188)

I ~ha. at least one solution y(t) with Iimt.. y(t) = -L Ullni,. 0 dl t/dtny(t)=
0. 1f1)4 <0, i = 1,...,ni, then all solutions of (188 hv these properties.
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I 3 Optimal Sensor Scheduling In Nonlinear Fil-
tering

13.1 Introduction

1 3.1.1 Motivatlon and prelbunnarles

The problem of nonlinear Altering of diffusion processes has received considerable atten-
tion in recent years; see the anthologies 1i1, 12), 13] for a review of important developments.
In current studies as well as in related analyses of the partially observed stochastic control
problem with such models 14], (5], a key role is played by the linear stochastic partial differ-
ential equation describing the evolution of the unnormalized conditional probability measure
of te state process given the past of the observations, the so called Zakai equation.

A significant byproduct of these advances is the feasibility of analyzing complex signal
processing problems, including adaptive and sensitivity studies, in an integrated, systematic
manner, without heuristic or odhoc assumptions. A problem of interest in this area is the
so called sensor scheduling problem. Roughly speaking this problem is concerned with the

I simultaneous selection (according to some performance measure) of a signal processing scheme
together with the sensors that collect the data to be processed. Particular applications include
multiple sensor platforms, distributed sensor networks, large scale systems. For example, in
a multiple sensor platform, there is definite need for coordinating the data obtained from
the various sensors which may include radar, infrared, sonar, etc. The data obtained from
different sensors are of varying quality and a systematic way is needed for allocating confidenceIor basing decisions on data collected from different types of sensors. For example radar sensors
are more accurate than infrared sensors for long range tracking while the opposite is true for
short range tracking. In sensor networks one needs to coordinate data collected from a largeI number of sensors distributed over a large geographical area. Conflicts should be resolved
and a preferred set of sensors must be selected, over finite (short) time intervals, and utilized

I 6 "- in detection, estimation or control decisions. Similarly in large scale systems there is typically
I an attached information network with the objective of collecting data, processing them and

making the results available to the many control agents for their decisions (actions). Again
the need for coordinating this information in a systematic way is critical.

In such sensor scheduling problems the systematic utilization of sensors should be the
result of optimizing reasonably defined performance measures. Clearly these performance
measures shall include terms allocating penalties for errors in detection and/or estimation.
But more importantly, they must include terms for costs associated with turning sensors
on or off, and for switching from one sensor to another. Examples of such costs arising in
practice abound. Turning on a radar sensor increases the detectability of the platform (since
radars are active sensors) and this should be reflected as a switching cost. Deciding to use
a more accurate, albeit more complex sensor, will require.higher bandwidth communications

I and often more computational power allocated to that sensor. In distributed sensor networks
it may mean the physical movement of a sensor carrying platform (such as a helicopter
or airplane) to a particular geographical location. In large scale systems the utilization of

I several (often hundreds) sensors for decision making may provide better average performance
but it certainly reduces the response speed of the system to changing conditions, and It
increases computational and communication costs both in terms of hardware and software.
The latter are obviously evident in large computer/communication networks. These running
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and swithching costs will depend often on the part of the state space occupied by the state
vector, I. e. they will be functions of the state as well. For example sensors have different
accuracy or noise characteristics when the state process takes values In different areas of
the state space. Also there is cost associated with handling the transfer of information, or
tracking record, when there are changes in the set of sensors used; and these costs often
depend on the state process.

It is not our intent to provide an extensive description of applications here. Detailed
descriptions of some of these problems can be found elsewhere; see for example 161, 17]. The
underlying thread in all these problem areas is the existence of a variety of sensors, which pro-

I vide data (for processing) including information of widely varying quality about parameters
or variables of interest, for control, detection, estimation etc. Due to the complexity of these
problems it is important to develop systematic conceptual, analytical and numerical methods

I for their study and to reduce reliance on ad hoc, heuristic methods as much as possible. The
present paper is offered as a contribution in this direction. It provides a general methodology
to this problem by reducing it to the analysis of a system of quasi-variational inequalities (see

s section 3 for details). Numerical methods will be described elsewhere 113].
The sensor scheduling problem is considered here in the context of non-linear filtering of

diffusion processes, and is therefore applicable to detection problems with the same signal
models. Modifications of the results apply to other situations including control. In the next
section we present a somewhat heuristic definition of the problem, intended to describe the
problem clearly, at an intuitive level. The intricasies of establishing this model in a rigorous

!|  mathematical fashion are given in section 2, and constitute one of the main contributions of
the paper.

I 3.1.2 Preliminary d4scription of the problem

The problem considered is as follows. A signal (or state) process z(-) is given, modelled

by the diffusion
dz(t) f f(z(t))dt + g(x(t))dw(t) (1.1)

X (0)

in B?". We further consider M noisy observations of x(-), described by

Idy4(t) h'(zQt))di + R,' 1 dv(t), (1.2)
V (0) 0

I with values in IR'. Here w(-), v'(.) are independent, standard, Wiener processes in B?", R'i
respectively, and A. = g. > 0 are d, x d, matrices. Further mathematical details on the
system (1.1), (1.2) will be given in section 2. Let us consider a finite time horizon (O,T]. To

formulate the problem of determining an optimal utilization schedule for the available sensors,
so as to simultaneously minimize the cost of errors in estimating a function of z(.) and the

I costs of using as well as of switching between various sensors, we need to specify these costs.
To this end, let e(f) denote the cost per unit time when using sensor I, and the state of the

system is z; ki.(z), kg(z) denote the cost for turning off, respectively on, the ith sensor when
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the state of the system is x. The objective of the performed signal processing is to compute,
at time T, an estimate a(T) of a given function #((T)) of the state. Penalties for errors in
estimation are assesed according to the cost function

|E(c.(#(x(T)) - .(T))) E=J(t#(z(T)) - (T)t'} (1.3)

We shall comment briefly on more general estimation problems in section 4 of this paper.
In particular the consideration of a quadratric c,(.) is not a serious restriction.

I We consider next, the set of all possible sensor activation configurations, denoted here by
t. An element v E At is a word of length M from the alphabet (0, 1). If the f"' position

is occupied by an 1, the Ith sensor is activated (used), if by a 0 the 1' sensor is off. There
are N - 2" elements in A. A schedule of sensors is then a piecewise constant function
u(.) : 1O,T) -- i. We let rj E [O,TJ denote the instants or changing schedule; i. e. , the
moments when at least one sensor is turned on or off. At such a switching moment, suppose

_ I the schedule before is characterized by V E iE , and after by A/ E i. Then the swvitching cost
associated with such a scheduling change will be

I k.a(z) := j kj.(z) + j kj,(x). (.4)

n The total running cost, associated with schedule L, E i will be

|A')

In (1.4), (1.5), the gyrn.t {s E v) denotes the set of all indices (from the set (, 2,...,M)
which are occupied by an I in s, (i. e. the indices corresponding to the sensors which are on);

I s similarly the symbol {i ' t') denotes the set of indices corresponding to sensors that are off.
Using the above notation the available observations, under sensor schedule u(-) are de-1 • scribed byI dy(t, ut)) := h(z(t), u(t))d t + r(u (t))dv(t), (1.6)

where it is apparent that the available observations depend explicitly on the sensor schedule

I u(-). In (1.6), for z E RI, V E /,

] h'(x)X(.)()

I h(x,v) h'(z)X(,)(i) (1.7)

a block column vector, where in standard notation

I f() := 1, if the O'5 position in the word ' is occupied by an I (
Xi)i)= 0, otherwise (18

I Similarly for V E At.

I
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I r(a) := Block diagonal(R." 2X{.)(sl), (1.9)
where R are the symmetric, positive matrices defined above. Finally

I (~vt):= :1.o

is a higher dimensional standard Wiener process. In view of (1.7), for all v E X

while

I r(p) : D - , (1.12)

where d, + d2 +.--+d. (1.13)

To make the notation clearer, consider the case M = 2, N = 4. Then M - {00, 01, 10, 11)
|." and

h n (x,O00) = [0 (1.14)

, h(,01) = 0

i h(z, 10) = [h(z)]

h~x,1 r h'(x)1I h[h 2(x)

while

I r(OO) = [0 0] (1.15)

I r(1O) = [R/2 0]

I r(Ol) = [00 ']

Clearly the dimension of the range space of y(-, t) is

, I

I
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Of course for all V, V(t, V) E AD.

Following established terminology (c.f. 191) we see that a sensor scheduling strategy is de-
fined by an increasing sequence of switching times ri E 10, TI and the corresponding sequenceg a-, E W of sensor activation configurations. We shall denote such a strategy by u(-), where

u(t) = &,i, t E [ri,irw+); ." = 1,2,... (1.17)

I As stated earlier we are interested in the simultoneous minimization of costs due to es-

timation errors as well as sensor scheduling. We shall therefore consider joint estimation

and sensor scheduling strategies. Such a strategy consists of two parts: the sensor schedul-

ing strategy u (see (1.17)) and the estimator 4. The set of admissible strategies U. 4 is the
customary set of strategies adapted to the sequence of a-algebras

I ,c.-€ f : v(s,sU(.)), a t}. (1.1)

That is, we consider strict sense admissible controls in the sense of [4]. For the problemi under investigation this last statement must be interpreted very carefully. First, we have
indicated in (1.18), that the available past observation data information a-algebra depends

(as is evident from (1.6) - (1.9)) very strongly on the sensor schedule u(-). This dependence is

I non-standard, as here the dimension of the observation vector and the noise covariance change
drastically at each switching time r,. In standard stochastic control formulations 141, 15j, the

dependence of y on u(-) is much more implicit. This is a difficult part of the formulation
here, since it prevents us from using Girsanov transformations in a straightforward manner.

Secondly (1.18) means that the switching times r- and the variables &,, which define u(-),

must be adapted to the filtration , which depends essentially on the values of r, and

v4! Finally (1.1,) also means that (T) must be measurable with respect to y-( We
shall describe a rigorous mathematical construction of such a model in section 2.

Given such a strategy the corresponding cost is

J(u := E{I4(z(T)) - (T)2 (1.19)I0
+ fc(x(),u(t))dt (1.20)

+ k(x(t),,,(r_,I),u(r,))). (1.21)

I
Here forzE R", V, VE A/

(c.f. Eq. (1.5)), and
,( = k,,.(x), (1.23)

I (cf. Eq. (1.4)).

The optimal sensor scheduling in nonlinear filtering is thus formulated as the determina-

! I tion of a strategy achieving

S I 59



I

* among all admissible strategies.
To simplify the notaLion a little, let us order the elements of X/ according to the numbers

they represent in binary form. For example In the case M = 2, N = 4 we replace At =
{00,01, 10, 11) by the set of integers (1, 2, 3, 4). That is the one-one correspondence between
X and {1,2,...,N) is described by

V (integer represented by j,) + 1 (1.25)

I k ,- binary representation of (k - 1).

So in the sequel of the paper we replace all the P,t/ in equations (1.4) - (1.23) by the
I corresponding integers from (1, 2, ... , N }.

The structure of the paper is as follows. In section 2 a precise mathematical formulation is

given and the corresponding stochastic control problem is precisely defined. In section 3 theI set of quasi-variational inequalities solving the problem is derived. In section 4 we offer some
comments and discussion for extensions, further developments and computational methods.

I3.2 The Stochastic Control Formulation

3.2.1 Setting of the model
Let (P, A, P) be a complete probability space, on which a filtration -7 is given, A = ..

Let w(-) and z(-) be two independent, standard Is-Wiener processes with values in BRn and
BID respectively, carried by this probability space. On the same space we consider also an

AI?-valued random variable C, independent of w(.),z(.), and with probability distribution
function wro.IWc consider the lt6 equation (1.1), where f(-) is IR?-valued, bounded and Lipschitz, while
g(-) is DRn""-valued, bounded and Lipschitz. Letting a = iggT, we assume a > al1, where

a > 0 and I,, is the n x n identity matrix. The Lipschitz property is unnecessary and can be

easily removed using Girsanov's transformation (i.e. consider weak solutions of (1.1)) 18]. It

is assumed here to simplify the technicalities not related with the main issues of the paper.

Under these assumptions (1.1) has a strong solution with well known properties (8]. Note
that under P, z(.) is independent of z(.).

Consider next functions h'(-), i = 1,... ,M, from JRn into IR ' , which are bounded and

I H6lder continuous. We shall denote by L the infinitesimal generator of the Markov process

a(- 02 2 (2.1)L := aA,(x) -- +Z, (z)-

or in divergence form

no~ ax on L;-~d) (.Ia)
where

e~(z -f(z) ~ Z: ~(2.1b)Jul t9Zj

I
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I Let us next consider an impulsive control defined as follows. There is a sequence r1 <

... < f& < ... of increasing T-stopping times. To each time f, we attach an 7,,-measurable
i random variable uj with values in the set of integers ( 1, 2, ... , N) '. We define

u(t) = i, <_ : < r,+,, i = 0,1,2,... (2.2)

I and set ro = 0. We require that

; I T as i T o, (2.3)

while r, = T is possible for some finite k.
Let u' be the element of M/, corresponding to uj via (1.25).

Then define
h(XU(9)) := h(X', q), Ti !5 t < fj+j, (2.4)

where h(z, v) is defined by (1.7), in terms of the given functions h'(.). Clearly h(., u(t)) maps
B?' into RD for all sensor schedules u(-) and is obviously bounded and H61der continuous in
z. Define also

r(u(t)) := r(t,), w, :_ t < r,,., (2.5)

where r(-) is defined by (1.9), in terms of the given matrices A, i = 1,2,...,M. Clearly
r(u(t)) maps )JD into BiD for all sensor schedules u(-) but it is singular. Next we define
h(z,v) to be the vector valued function

R -'/2h ' (z)x(.) (1)

h(x,.,) R-'1 h'(.)X(() (2.6)

R;,2 '-"f(x) x(. M)

with x{.)(i) dXIined as in (1.8). Let

h ,(X, u (t)) := (X{ , ,.,), T, !5 t < ,',+1. (2.7)

i Clearly h(.,u(t)) maps ITV into IRD for all sensor schedules u(.) and is obviously bounded
and H61der continuous in z. We shall refer to u(.) as the impulsive control. As we shall see, it
describes essentially the decision to select at a sequence of decision times one of the functions
h(.,k), k E {1,2,...,N}. This is the precise mathematical implementation of the sensor
selection decision described in the introduction.

To see that indeed this is the case, we can, with the above prcparation, usc Girsanov's

measure transformation method. Let us then consider the process

C(9) = exp{j h(x(),is.)) T dz(.) - f j II(z(a),ws))II'ds) (2.8)

nRecall that N = 2"4 and the binary representation of each integer 1, 2, .... N determines a sensor activation
configuration by (1.26).

I
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where r denotes transpoese, f- is the ED norm. Note that the process u(t) is adapted to It.
Then since z(.) is adapted to I" C A and u(.) is cadlag 18], (2.8) is well defined. Moreover

since h is bounded, by Girsa.nov's theorem 181, 114), C(-) is an .- martingale. We can thus
define a change of probability measure

,= (t)(2.9)

and consider 
the process

v(t) = z(t) - f h((s),u(a))ds. (2.10)

By Girsanov's theorem 18], 114], under the probability measure Pu') on (fl,A), v(.) is a

standard It-Wiener process with values in A?'. Furthermore, by the independence of w(-)

and z('), w(.) remains a standard ]R-valued, 7-Wiener process which is independent of

v(-). Finally f remains independent of w(.), v(-) while keeping its probability law, denoted

by wo. Thus z(.) also retains its probability law under PuO).
To relate this construction, i.e. (2.2) - (2.10) with the M noisy observations (sensors)

loosely described in the introduction (c.f. in particular eq. (1.6)), observe that (2.10) can be
written as

r(u (t))dz(t) = h(z(t), u(t))di + r (u (t))dv(t) (2.11)

in view of (1.7), (1.9), (2.4), (2.5), (2.6) and (2.7). Indeed

RV'/2x(.(1) 0 0 R-12h'(x) (.,)(1)

,(u(t))h(x,(u(t))) = 0 21/2X(.,)(2) 0 R;l/2 h'(x)X{V,(2)

0 0 RM2 X{,,,(M) Rfl/2 hM(x)X{,.)(M)

- h(z,av,), rj :_t < r, ,. (2.12)

To give a precise meaning to (1.2), or (1.6), let us introduce the process

O '( O~~t) -= YN O, r, !< t < ,,,.+, (2.13)

Iwhere
dy"(t) := r(s,,)dz(t) = h(z(t),&,,)dt + r(v,)dv(t). (2.14)

It is clear that if we select u(t) -v, Vt, where v has 0 everywhere except for one I in the

0"' location, then (1.2) results. It is also rather plain that y'(t) E IjRD and that in this case

the Wiener process rfr)v(.) is also D,-dimensional (see (1.16) for the definition of D,). The

process Y'e(t) represents exactly the observation which is available in Ir,,v ,T+).
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The next issue that we wish to clarify relates to the measurability question that we

discussed in section 1.2, after eq. (1.18). For any u(.), given the construction of y(-,u(.)),
above we can now consider yF("'() as defined by (1.18). We shall say that u(.) is admissiblc,

denoted u E U.o, if u(t) is y,--{} measurable, f > 0, where y('f is constructed as above.

This more precisely means that the r, are Isv("{)-stopping times or that

(ri < t) C (2.15)

and that
i E (2.16)

Note that since " C 1, for any sensor schedule u(-) adapted to (, if , are rv(})_

stopping times they are also .7-stopping times, and the above construction (2.8) - (2.14) is
still valid. The implication of (2.151, (2.16) is that one should check that an optimizing
strategy, obtained by some procedure, must satisfL the admissibility conditions. Clearly U.d is
nonempty as strategies u(t) = v, t E 1O,T], obviously are admissible. Also strategies with

fixed switchings are also admissible. Note that for an admissible control 7("()) C J'.
We have thus established in this section the precise mathematical models of nonlinear

filtering problems where selection of sensors is possible. In particular we have succeeded

in circumventing the subtleties associated with the definition of admissible sensor schedules
discussed in section 1.2.(2)

3.2.2 The opthmisation problem

For the dynamical system described in 2.1, we consider now the cost functional (1.19)
where the underlying probability measure is P(). As indicated in the introduction, the
general problem where the function 0 will be 7n a nice class, e.g., bounded C 2 , or polynomial,

or C' can be treated along identical lines. To simplify the notation we have chosen to
formulate the problem for O(z) = x. The technical difficulties for this case are identical to
the ones in the more general cases discussed above, particularly since this 0(-) is unbounded

on I?". For this choice the selection of the optimal estimator (T) is the conditional mean

(T) = EulC{x(T) I T("A()),} (2.17)

where Eu () denotes expectation with respect to Pu(). Let p(u,t) denote the conditional
probability measure of z(t), given ( }, on FR". It is convenient to express (2.17) as a
vector valued functional of ji(u, t)

i(T) = 0(,u(u,T)) = f/o xdp(u,T). (2.18)

We shall further assume that the running and switching cost functions c,(-),k,,(.),

i, ; E N),...,N), introduced in (1.4) and (1.5) have the following regularity

g c,(.),k,,(.) are in Cb(I?") (i. e. bounded and continuous) (2.19)

2Sinre v(u(t) is a singular matrix, this stage is more delicate than in standard stochastic control theory, where
Y, would suffice.
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As a result of this simple transformation we can rewrite the cost as a function of the
impulsive control u(.) only (i.e. the selection of (-) has been eliminated):

J(u(-)) = e '4 {Ix(T) - *S(UT))II' + 7 c(=(t),s(t))dt

+ Ejk((r,),u(r,_),u(rj))X,,r), (2.20)

where X,,<T is the characteristic function of the 0-set (w; rj(w) < T). We further assume

that the switching costs are uniformly bounded below

k(z,ij) 2 k., Z E W, i, j E {1,...,N} (2.21)

with k0 a positive constant. Note that as a consequence of (2.20) if for some admissible u(.)
with positive probability, the number of times r, < T is infinite, then the cost J(u(.)) will
be infinite. Therefore for T finite the optimal policy will exhibit a finite number of sensor
switchings.

The optimal sensor selection problem can now be stated precisely as the optimization
problem

P : Find an admissible impulsive control u*'(.) such that

J(u*(-)) = inff J(u(-)), (2.22)
*(-)EV.,

where Uad are all impulsive control strategies adapted to y'("u)), or equivalently satisfying
(2.15), (2.16). Problem P is a non-standard stochastic control problem of a partially observed

diffusion.

3.2.3 The equivalent fully observed problem

In this section we transform the problem of section 2.2, to a fully observed stochastic
control problem, by introducing appropriate Zakai equations. As is customary in the theory
of nonlinear filtering 111, 121, 131, 141, let us introduce the operator

I p(u(.),t)(0&) = E{(t)O&(z(t)) 1 )} (2.23)

for each impulsive control u(-). The notation is chosen so as to emphasize the dependence on
u(.), which is due to the dependence of c(.) on u(.) as introduced in eq. (2.8).' The operator

(2.23) maps the set of Bore] bounded functions on JR", into the set of real valued stochastic

processes adapted to ' Note that p(u(.),t) can be viewed as a positive finite measureI on E. It is the unnormalized conditional probability measure of zx() given 1 ) 11], 121.

'But the expectation is with respect to P aid mot P().

I
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With the help of these measures we can rewrite the various cost terms in (2.20) as follows:

EwC){IIx(T) - f(p(uT))ll') = E{C(T)Iiz(T) - *( (.T))II')
= E{p(u(.), T)(D)), (2.24)

where
p(u(.),T)(X) (2.25)

() := Iz (.),T)(1)

with X representing the function X(z) := z and 1 the function I(x) := 1, x E P". A
straightforward computation implies that

Eu('{IIz(T) - *(u( T,))ll'1 = E{ C(p(u(.),T))) (2.26)

where 41 is the functional on finite measures on JR' defined by

O(p) = A(x') - 4P(x)l (2.27)

where x'(x) = IjxIt', X E 1W", and p is any finite measure on B" such that the quantities
u(X') and /(X) make sense.

Next

E'4){j c(x(t),t(t))dt) = E{r(T) jc((t),s(t))dt)
0 f

= E{Jf E{c(T)c(x(t), u(t)) I7)dt}

= E{jo E{(T) 17.)c((t),,u(t))dt)

= Ef T(t)c(x(t),u(t))dt), (2.28)

because z(t),u(t) are measurable with respect to Yj and C(-) is an At-martingale. Now define
a map C with values in C4(B?") via

C(,,,) := c,.(.), ,,, E 1 ,.., (2.29)

Then in view of (2.29), (2.23), we can rewrite (2.28) ast=(x( Ec/, Ef(tr(.), (())= Ew).dt)

F inally 
= E f p(u (-), t)(C (u ))d t . (2 .30)

,(')(k (z (r), u (r-1), u(n,))x,,<r) = E{(r)k(z(r),%(j.-,), ( ,))Xt, )

5= , I7'(.))}
= E{p(s(').,,)(K(w(r,-,)., (r,)))x,=r}). (2.31)
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Here we have introduced the function K with values in C,(I"), via

K(u.,u) = k.,..,(.), Ui, i, E (I,2,...,N), (2.32)

and we utilized the admissibility of u(.). Note that in the simpler case where ci(-),k,(.),
', j E {1,2,... ,N) are constant independent of z, (2.30) simplifies to

E-('){L c(z(t),u(t))dt) = ELf p(u(.),t)(I)c,,(t)dt} (2.33)

and (2.31) simplifies to

Eu')(k(z(i),u(ri),u(r))X,,<r) = E k. _.,p(u(., ;)(l)). (2.34)

Utilizing (2.26), (2.30), (2.31) we can rewrite the cost corresponding to policy u(.), given
in (2.20), as follows

J(u(.)) = E{'q(p(u(.),T)) + j0 p(u.),t)(C(u(t)))dt

+ Ep(u(.), r)(K(u,-,,,))X,,<< ). (2.35)
i= 1

In (2.35) we have succeeded in displaying the cost as a functional of the unnormalized con-
ditional measure p(u(.),.) which is the "information" state of the equivalent fully observed
stochastic control problem. To complete this transformation we need to derive the evolution
equation for p(u(-),.), i.e. the Zakai equation. We turn into this problem next and derive a
weak form of the Zakai equation for p(u(-),-) in the following lemma. Here C6 ' denotes the
space of all functions vt(x,t) on 1W' x R which are bounded, continuous together with their
first and second derivatives with respect to x, and first derivatives with respect to t.

Lemma 2.1: For any 0b E C6'I we have the relation

t'''"0 S + Lik)ds
Sp 6u(.),t)(b(t)) = ro(b(O)) + p ) TS

I D

+ j p((.),,)(k(u(s)),,(s))dz,(s) (2.36)

where

[fi,(u($))Oj (XI 1,(,() ,, ,2, ... ,%D9 0 ECb2
,(s ,) , ,(2.37)

and h, is the iA component of h (see (2.6)).
Proof.

Let #(.) E L O(0, T; 7RD) given and consider the 7-martingale p(t), defined by

dp(t) = p(t)3(t)dz(t), p(O) = 1. (2.38)
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Recall that by definition of C(t) (c.f. eq. (2.8))

df(t) COt)h(z(t),u))T dz(t), (0) = 1. (2.39)

Therefore by t6's rule 181

d( (tp(t)) = C(t)p(t)(i(z(t), u(t)) + P(t))T dz(t)
+ iT(z(t),u(t))#(t)dtj

C(o)p(O) = 1, (2.40)

and since 0 E Cb'1

dO (z(t),t) = a(z(t),t) + LO (z(t),t))dt

at
+ fVO(z(t), t)]T g(z(t))dw(t), (2.41)

where L is given in (2.1). Therefore suppressing some arguments for ease of notation

diP(z(t),t) C(t)p(t)j = C(t)p(t)[(- + LiO + h'r#t)dt
81

+ VP T gdw(t) + P/(h +,0)Tdz(t)]. (2.42)

In (2.41), (2.42) we used the notation VO = (At,..., Integrating (2.42), and taking
expectations we deduce

E{O(x(t),t)c(t)p(t)) = wo(b(0)) + E{ (s)p(s)[-- + LiP + hT OP~ds}. (2.43)

We can then write

E(jC(s)P(s)I a + Lip~ds) = Efj ps ao)(5 + Lp) I .(-')ds

= E{fP(S)p(u(),s)( a- + LO)ds)t/o'
= E{p(t) p(u(.),s)(y- + LO)ds) (2.44)

by virtue of the 7t-martingale property of p(-). Similarly

= E(p(1) fo (s)i(x(s),,s)h(x(s),u(s))rdz(s))

= E{p(t) ojp(u(-), a)(h,(-, ())O(., ))dz, (a)), (2.45)

I where in the first equality we have used the representation p(t) = 1 + 1, p(s)f#(8)Tdz(s), and
the well known insomorphism between It6 stochastic integrals and L' 18). Finally

I E({(z(t),a) t)p(t)) = E~p(1)p(u(.), t)(q(t))). (2.46)
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Using (2.44), (2.45), (2.46) in (2.43) we obtain

E(p(t)p(u(),t)((t)) - ) -

DI - jo~ P(s(.),a)(Hl.(u(s))i(s))dz,(s)]) = 0. (2.47)
i= I

I We can replace in (2.47) p(t) by a linear combination of such variables, with different
The set of corresponding variables is dense in L2(f, 7,s, P). However, the random variable in
the brackets in the right hand side of (2.47) is clearly in L2(fl,Yjv(u(),P) and thercfore in
L"(f0, ,', P) since ' C 7,. Then (2.47) implies the result of the lemma (2.36).

As a remark we would like to note that the assumed nondegeneracy of z(-), implies that
the solution of (2.36) is unique. This can be proved in general under our working hypotheses,
for solutions which are measure-valued processes. Here we outline such a proof for the case
when these conditional measures are absolutely continuout with respect to Lebesgue measure
on B"; i.e., in the case unnormalized conditional densities exist. For this we need to assume
in addition that

7ro has a density Po with respect to Lebesgue measure; Po E L 2 (IR") (2.48)

Let us denote by V the formal adjoint of L (see (2.1), (2.1a), (2.1b)):

V= E -i() -+ -a., (2.49)

Iand consider the Hilbert space form of the Zakai equation [10]

dp = Lpdt +ph(.,u(t))Tdz(t)I p(0) = pi. (2.50)

The function space in which the solution is sought is

L 2 (fn, A, P; C(0, T; L2(R-"))) n L ., (0, T; H' (R")) (2.51)

Here I1' is the usual Sobolev space on RV?" [III and the subindex 7'+.-()) in the second L,
space, denotes that the solution is adapted to the filtration , t 0 0. It follows from
the results of E. Pardoux 111], that there exists a unique solution of (2.49) in the function
space (2.50), under the assumptions made here. We can then establish the following.

Lemma 2.2: The following property holds

I p(u (), t)(0) = (p(u(),Ot), ), (2.52)

VO in L'(1Yn) and bounded, where (.,.) denotes inner product in L 2(BI").

Proof:
By slight abuse of notation we use the same symbol to denote the conditional unormalized

measure and density (whenever the latter exists). Let us prove inductively that

I
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plu(.),, v (t A rj 1))(') = (p(u(.),, V (t A r, 1 )),(), (2.63)

where the left hand side notation refers to the measure appearing in (2.36), while the right
hand side notation to the solution of (2.50), which is uniquely defined. Suppose then that
(2.53) holds for i-I, and therefore in particular

p(u(.),,,)(,) = (p(u(-),r,), 0),V. (2.54)

Consider now the solution q of

T+ Lv = -,ih(,,(s))T/p(s), s E (7,,,r V (t A r,+1))

h(z,1,,V(t Ar,,)) = IP(X) (2.55)

where 0 E C0*'(1R" ) and P is a smooth deterministic function with values in B? D. From the
assumptions on f, g and h' (it is here that we use the assumed H61der continuity of h), we
can assert that the solution of (2.55) belongs to C,'(R" x (r,,r, V (f A j,+1))), for any sample
w, III]. Therefore (2.36) implies (using (2.55))

Fvv V 4 , p (u() s) (H , (u (s))f (s)) f3i(s) ds

pi(.,, v (t 7-, 1))(tkpr Ar) = p~u.)u,( (, ),)'~r,)~D

+ L p((.), ( ( u7, (s)) (s) (s), (2.56)

where is as defined in lemma 2.1, and j(s)(z) :=rj(x,s). Therefore by Mt's rule

p(u(.),j ,V (t A 7, ))(i)p(-r, V (t A r,,,)) V ( (,

+ Ep((. ) I,,(j ) p (U(-), (2.(5((s))), j=1

+/, p(s) -: p(u (-),s) (TT(s)),j(s))d--,(s). (2.57)

HneE{p(u(.), r, V (t A ,+)(pr V (t rj+ 1)))

= E~(,.,, (,)(, .(2.58)

On the other hand from (2.50) and (2.55) we obtain

(p(u(-),,V(t A7 ,+)), 1) =(p(u(.),,),j(,,))

j=
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and thus also

E((p(. A ^s)),V)p(t, V (t A r,+.) = E{(p(i(.),,). (r,))p(r,). (2.60)

But from the inductive hypothesis (2.54), the right hand sides of (2.58) and (2.60) are equal.
Hence the left hand sides coincide. Varying P, we easily deduce that (2.53) holds, at least for
%& E Co"(BR"), which is sufficient to conclude the proof of the lemma.

With this result we can rewrite the cost (2.35) as follows

J(u(.)) = E{l(p(u(.),T)) +.(p(u(.),t),C(,,(t)))di

+Z XV,<T(P((.),;), K(s,-.,,is))) (2.61)

where (see (2.27))

k(p(u,,(.), T)) -- (pC,.,(-), T),x 2) - II(pC,,(), T), x) ll' (2 .62)
(p(u(.),T),].)

Since the expression (2.62) involves unbounded functions we have to show that it makes sense.

At this point it is useful to introduce a weighted Hilbert space in order to express
T(p(u(.),T)) in a more convenient form. To this end let

(W) = 1+ Uf .' (2.63)

and L 2 (J1R;p) denotes the space of functions rp such that Vop E L2 (1R"). Define in a similar
way the space L'(R"; i). From the discussion of existence and uniqueness of solutions of

(2.50) in the functional space (2.51) and if

Po E L 2(B?"; pi) nl L'(B?";p)

it is easy to check that (2.50), under the assumptions made in section 2.1, has a unique

solution in the space

L'(fl, A,P;C(O,T;L2(,1";I) n L'(JIR;p))) n L 2(0,T;H'(1R';p)) (2.64)

where HI(Rn";I) is the obvious modification of H'(BR). This justifies that the quantities
arising in (2.62) have a meaning.

We note that J(u(.)) is indexed implicitly (we do not include this in our notation) by
w0 (or po) and u(0) = j, j N 1,... ,N} which is determistic since it is Y-measurable, by
construction.

W. close thi section by rewriting the dynamics (2.50), in terms of the originally given

observation nonlinearities h, and with forcing inputs the processes V'(-) introduced in (2.13),
(2.14). In view of (2.5), (2.6), (2.7), (2.13), (2.14) we have
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(where we have written x = Iz,s 2, ... a)")

=~~ ~~~ ~~ <h'.x. jR'X/x. 'dO ,,_<t ,+= ,j(.(,)(,.),'R,IX(.()dt(< v '£ <,

= (.,,,()Tdy(t,u(t),

where n;'h'(x,-)MO

b(Z'.,) = R :h'(x)xj.)(i) (2.65)

Therefore the system dynamics (2.50) can be written equivalently

dp(u(.),t) = L'p(u(.),t)dt + p(u(.),t)(-,,,(t))Tdy(t,,u(.))

p(u),) = po, (2.66)

where y(t,u(t)) is defined in (2.13), (2.14). This makes precise the construction of a Zakai
equation driven by "controlled" observations alluded to in the introduction. It also becomes
now clear that the spaces described by (2.51), (2.64) are the appropriate ones as far as
solutions of (2.50) or (2.66) are concerned.

3.3 The Solution of the Optimization Problem

3.3.1 Setting up a system of quasi-variational nequalities

Let us consider the Banach space H = L2 (IR";A) n L'(,R';-ii) and the metric space 11
of positive elements of H. Let

B space of Borel measurable, bounded functions onH*

C := space of uniformly continuous, bounded functions onH*. (3.1)

Let us now define semigroups 4,() on B or C as follows. Consider (2.50) with fixed sched-
ule u(t) = j, and let p, denote the corresponding density p(.,j). Then for 3 E (1,2,... ,N)

dp, = Vp, dt + ph rdz(t), p,(0) = (3.2)

where
h' := h(-,j). (3.3)

We set
f,(t)(F)(,) = E(F(p,,(t))), F E B or C, (3.4)
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where pi., indicates the solution of (3.2) with initial value w. It is easy to see that 4' is a
semigroup since pi(t) is a Markov process with values in H + . It is also useful to introduce
the subspaces B, and C, of functions such that

JIF11, sup IF(w)I < 00 (3.5)
wEH+ + IIiIl.

where wI w = IJL,(R-.). The spaces B, and C, are also Banach spaces. They are

needed, because we shall encounter functionals with linear growth in the cost function (2.61).
To simplify the statement and analysis of the quasi-variational inequalities that solve the
optimization problem considered here, we give the details for the case N =2 only in the

sequel. We shall insert remarks to indicate how the results should be modified for the general

case. Let us introduce the notation

C, C= (i,.-), i = 1, 2,

K, K(1,2)

K 2  K(2,1). (3.6)

Since C1,C 2 , KI, K 2 are bounded functions, one can utilize them to define elements of C1 via

(for example)
C,(,r) = (Cz,r) (3.7)

where a slight abuse of notation, in denoting the functional and the function by the same

symbol, has been allowed. Similarly the functional on H'

1(7rx)li 2  (3.8)
(7r,1)

belongs to C1 since it is positive and

q(,,) <5 {,,,X2) _< I11,T1,._ (3.9)

Consider now the set of functionals Uil(r,t), U2(7r,f) such that

Ui, U2 E C(O,T;CI)
U, (-, f) _>e o,' U (., t > 0

U,(7r,T) U2(,,,T) = *(,,)

U,(7,t) ( 01(s - t)U,(,r,s) + j ,, (A - t)C,(7r)dA

U2 (7r,t) < 4' 2(s - t)U2(,,s) -+ 2',(A - t)C,(w)dA

Vs > f

U,(w,t) 5 K,(,,) + U(,t)
U 2(,,,t) S_ K (,) + U (f,,,) . (3.10)

In the sequel we will occasionally use the notation U,(s)(r) = U,(,s), i= 1,2.
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3.3.2 Existence of a maximum element

We shall refer to (3.10) as the system of quasi-variational inequalities (QVI). Our first

objective is to prove the following.
Theorem 3.1. We assume that the conditions on the data f,g,h' introduced in section P.1

hold. Then the set of funetionals U1, U2 satisfying (9.10) is non-empty and has a maximum

element, in the sense that if U1, 2 denotes this maximum element and U1,U. satisfies (3.10),

then

U1l ? U, ,!! 2 >? U2.
The proof will be carried out in several steps. In fact there is some difficulty due to the

functional T(ir). We shall modify it in order to assume that

0 < q(1r) < W(r,i) (3.11)

where T is a constant. We shall prove the theorem with the additional assumption (3.11),

prove the probabilistic interpretation, i.e. the connection with the infimum of (2.61). The

probabilistic formula will be next used in an approximation procedure. We can approximate

for instance the functional 41 defined by (3.8) in the following way. Set

I I f -.-- dxI 1

4,,(7r =2/ d. - (1+4.) (3.12)
1+ fwdx

which clearly satisfies (3.11) with ' = n.

Proof of Theorem 3.1 under the assumption (3.11). The set of functionals satisfying (3.10)

is a subset of B, or C, defined in (3.5). However for this subset the norm (3.5) is unnecessarily

restrictive. For those functionals it is sufficient to set

/ = L'(1W')fnL( (IR)

k+ = set of positive elements of H (3.13)

and to consider 81,C1 the space of Borel or continuous functionals on k+ such that

i= IF(7) < 0o (3.14).C:A- I + (, 1)

We shall then study the system (3.10) with C, replaced by C. Let us notice that

H+ c h

I and if one considers a functional F in B1 or C1 , its restriction to H+ belongs to B, or CI; the

injection

IF -4 restriction of F to H+

is continuous from A, or is to B1 or C1. Therefore replacing in (3.10) C, by 11 gives a stronger

I result.
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I We shall in the proof omit to write the symbol and write 81 ,Ci instead of i,,C,,H 4

instead of f+, the norm is, i then given by (3.14).
The proof is then an adaptation of the methods of Bensoussan-Lions 19] to the present

case in order to take into account the fact that we use C, instead of C.
First note thatI ll .(t)Illc.c < 1 (3.15)

where £(CI; CI) is the space of linear continuous operators from C, into itself. Indeed we have

I If(t)(F)(,r)l - IE__(p,,.(t))}I
I + (I,) 1 + (7, ,)

< jlFllj (I + E(p,,.(t), 1))
l - 1 + (, i)

IIIFII,
since from (3.2)

SE(pa,.(t), 1) = (ir, 1) (3.16)

Therefore$ [Iih ()(F)I < 11F111  (3.17)

which implies (3.15).

" Note also that a solution of (3.10) will satisfy

U, (7r,t) < -I(T - t)U, (r,T) + I4 ,(A - t)C(Tr)dA (3.18)

and due to positivity, we also have
IJU,(()ll, :5 II(T)II, + IIC, II,(T - t) _!S Iji¢,I(T - t) (3.19)

where ic, 11 = sup. C,(x).

_ As it is customary in the study of QVI we begin with the corresponding obstacle problem,

U1,U2 E C(0,T;C1 )

U ,(.,t) 0,U 2((.,t) >o
U,(7r,T) = U2 (7r,T) = 4(7r)

U, (7r, t) S 41(s -t)U(ir~s) +f491(A -) C(n) d A

IU 2 (7r,t) 0 2(S - t)U2(7r,S) + fsNcA - i)C2(71)dA
Vs > t

U1(7,i1) _ K,(,) + (2(7,t)

U2 (7r,t) < K2 (7r) + C(7r,L) C3.20)

where we assume that

C,( t _ Or , 2(7r,t > 0

I ,(7r,T),C2(w,T) > 41(7). (3.21)

S I
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We then have the following.

Proposition 3.1: For nC2 as in (3.21) the set of U1,U2 satisfying (3.20) is not empty and
has a maximum element.

It is clear that for C1,C2 given, the system of inequalities (3.20) can be decoupled and

U1, U2 can be considered separately. Let us then omit indices momentarily and consider

U E C(0,T;C,)
U (.,t) > 0

U(a,T) =T(7)

U(,t) t 4(s - t)U(7,s) + f *(% - t)C(w)dA\

Vs > t
U(7r,t) ! 0() (3.22)

where f stands for instance, for Kj(7r) + C2(7r,t). To prove proposition 3.1, it suffices to show
that (3.22) has a maximum element. This can be done by the penalty method. So we look
for U, solving

U,(t) = t(s - t)U,(s) + t(A - t)[C(7r) - (U.(A) - (A))+]dA

for t < s < T

U,(T)(7r) = I(7)

U, E C(O,T;CI)

U,(,t) > 0. (3.23)

We can then assert

Lemma 3.1 There is a unique solution of (3.23).

Proof. Notice that (3.23) is equivalent to

v,(t) = (r-t)U,(T) + 4(A - t)[C(7r) - (U,(,A) - C())*)dA (3.24)

and also to

111(t) = e~(rt)(T - t) 41(7r) +f( I

(C(7) + (u() -U(A))+dA (3.25)

Let us define the transformation T of C(O, T; C) into itself using the right hand side of (3.25).
Then the latter can be written as a fixed point equation

U. = T[,U. (3.26)

Using (3.11) and (3.15) one can show precisely as in Bensoussan-Lions 19, p.4881 that some
1 power of T, is a contraction. Hence the result of the lemma follows.

7
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I
* One then can also prove as in 19. pp.489 - 490], that if t < t', llU,1 , < K, then 0 < U, !< U,,.

As in [9, pp.494 - 495] one then shows that as ej 0,U. . U which is the maximum element of
(3.22). The convergence takes place in C(O,T; C,). This establishes Proposition 3.1.

We can then proceed with the

Proof of Theorem 3.1: (Continuation)

Let us consider the map H mapping C(0,T;CI) x C(0,T;CI) into itself defined by

H(,, c2 ) = (U, U:) (3.27)

where the right hand side represents the maximum element of (3.20). Let now

U,(7r,I) = 0,1(T - t) 4(r) + DI(A - t)C,(r)dA (3.28)

Consider c,(t), E,(t),i = 1,2 such that

0 < C,(t) < ,(t) <_ (,f),i = 1,2, (3.29)

and

-y- (t) < ( yt), -y E 10,11. (3.30)

Then we have
0_ H< i,,2) - H(,) _ y(1 - -y')H(C,, 62 ) (3.31)

where ko 
( .2

ku + 'o + max(l1C, 11,C 21)T (3.32)

Indeed, setting
= ---" (I - -/) (3.33)

we have to prove that

I Let us set

(U,U 2 ) = (C,,C)

I (& 1, 12 ) = H(Ci, 2 ). (3.35)

We need then to show thatI ICU, <U3,, KU, < 1,. (3.36)

If we can establish that

I (,(w) + jcC(w, t.) K + C(wt)
ocKx(w) + oci(w,t) < Ks(w) + C,(vt), (3.37)
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Athen (3.36) is implied by the monotonicity properties of Variational Inequalities. But

,(irt)(1 -y) <_ ,(,t), (3.38)

hence it is enough to establish that

KK,(7r) +r.C(7r,t !5 KI(-r)+ (1-'Y) (,(W,t) (3.39)
I ,cK2(r) + r,(1r,t) < K2 (r) + 'I - .Y)C,(,,0

The first of (3.39) will be satisfied if

In - (I - -y)IC2(w,,t) < (1 - K)Ki(,) (3.40)

or if
-Y'C (.i) <5 (1 - -) , ) .(3.41)

But observe that
C2(7r,t) <5 U2,)<( le I)-*

So it is enough to choose -y' so that

Y'(T + [1C1!r)(i,1) < (1 - )ko(7, I) (Z 42)

where k0 is the uniform lower bound (2.21), since KI(7r) _ ka(ir,). This last inequality
requires

ko33)

ko + 4i + Ci1iT
In an identical fashion, the second of (3.39) will be satisfied if

ko
+< (3.44)-ko - + 11- C111 lT

So both of (3.39) will be satisfied if we choose y' according to (3.32). The proof of the theorem
then proceeds via the standard iteration

(U 1"',U'n 1 ) = H (UV,UI ) (3.45)

as in [9, pp.512 - 514 .

Remark: The extension of this result to the gencral case A' / 2 is straightforward. The

system (3.10) ha- N functionals U1,... ,[I,,. Everything in (3.10) is the same except for the
last two inequalities which are replaced by

V,(,r,f) Min (K,,(-) + UA(r,t)), i= I,... ,N (3.46)
.................... ,N

One again introduces the system (3.20) where the last two inequalities are replaced by
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I U.(wr,t) _( rin (K ,(x) + c,(x,t)), i = 1,...,N (3.47)

where C, E C(0, T; CI), and sa.isfy the runai1nder of (3.21). One then establishes the analog

of Proposition 3.1 by penalization. The analog of Theorem 3.1 is established by introducingfa IIap H Jnapping C(0, T; CI)N into itself defined by

H I, 2,. .. , ,,,) -- (U,, U2 ... , Uv)

where the right hand side is the maximum element of the analog of (3.20).

3.3.3 Existence of an admissible sensor schedule

Our objective in this section is to show that the maximum element U1, U2 of the QVI (3.10)
provides the value function for the optimization problem (2.61), (2.66) when the assumption
(3.11) holds. Furthermore we want to show how an admissible optimal sensor schedule is
determined once the pair UI,U 2 is known.

We shall prove that

L.(7..0)= inf J('()), = 1.2 (3.48)

where 7r E H' satisfies (7r,1) = 1. An optimal schedule will be constructed as follows.
Suppose, to fix ideas that i = 1. Then define

T = iuf {L 1I(pi(t), t) = Jj(p,(t)) + U1 (iC),t)} (3.49)

t<7

where again p,(t) is the solution of (3.2). We write

p'(t) = p,(t), t E Io,r,;. (3.50)

INext define
;= ,, , {U2(P2(t),t),= K 2 ( 2 (t)) + U,(p2(t),t)) (3.51)

v!;t<T

I In (3.51), it must be kept in mind that p2(t) represents the solution of (3.2) with j=2, starting
at 7; with value pl(r;). We then define

Il p(1) = p2(f), 9E IEjvJ (3.52)

g Note that, unless ,j=T,

1.7 > (3.63)
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Iotherwise
I Uj(p(r),r,*) = X,(p(T)) + U2(pz(v),,)

U(pa(r;),r1 ) = K(pj(,;))+Uj(pj(r;),ir;) (3.54)

which is impossible since

K,(p,(r;)) > O,K2 (p,(r;)) > 0 a.s. (3.55)

Similarly one proceeds to construct a sequence of -r; < < r; < ... and the process p*(-).
We can then prove the following.

ITheorem 3.2. With the same assumptions as in Theorem 9.1 and in addition assuming that
(3.11) holds; the sequence of stopping times r,,r;,... defines an optimal admissible sensor
schedule.

Proof: Considering (3.10) as a VI with obstacle C,,C1, we can write from the definition of

U1(ir,O) = E{Upl(-*),r,)

+ f'; C(pi(A))dA}. (3.56)

This can be established by utilizing the penalization (3.23), along similar lines as in [9, pp.
578 - 587]. Then

E{U,(p,(;),,r;)} = E{V,(p'(,;),r;}

= E{(Pp(T))x,;=T)

+ E{U,(p'(T;),T;)X,<T}.

I' Substituting back in (3.56) and using the definition of 7; in (3.49) we obtain

{ /(
UI(n,o) = E j'(p'(T))x,;=T + CI(p(.\))dA

+K,(p'(r,))x,;.- + U2(P(;),r;)Xl<T} (3.57)

Furthermore, again by employing penalization one can show that

E{U 2(p'(7 1),r;)} = EU 2(p(r,,))} =;

+ f;C2(P,(A))dA}. (3.58)

I This implies
Tsmi E(U(p2(r;),r;)xv;<) 

= E(U(p(,r;), ;)x,;<r

+ X,;,T C,(p(A))dA). (3.59)

I
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g Next

E{Us(p 2 (,;),';)x,;<r) = E{4(p'(T))xv<r.,;-r)
+ ElU2(r,).,;lx,;<r,}

Substituting back in (3.57) and using the definition of r; in (3.51) we obtain

U1(7,O) = E{(p*(T))x,;=r + KI(P'(r))X,-<T

+K2(P*(t;))X;<T + C,(p*(A))dA

+ 'C2(P'(A))d + U,(p'(r),)X,,<T} (3.60)

Proceeding in a similar fashion, and collecting results we can write:

U,(7,O) = E{T {p'(T))X,:=r

+ X>iiv, < )T .C:+(p(A))dA),
i=e

+ U+I(p(r),r,)x,.-T (3.61)

where we used the notation

= KI, ifiisodd
KK = K, ifiiseven

= C, ifiisodd
C 2, ifiiseven

= f U, ifiisodd (3.62)

U2, ifiiseven.

However, observe that necessarily r,* = T, for n large enough (random). Otherwise one has
T,* < T,Vn, on a set n0 C U of positive probability. But r, . T" < T and

W (r(), ,1) 1 ((r*'),I) (3.63)

where (since (, 1) = 1) (pr),1) = 1 + Jp6Tdy (3.)

(see (2.66)) andI ~= E{ (r)I)1. - ) > 0 ,,.,.(.5

where c(-) is the process introduced by (2.8). Therefore on rno, as n --* co

K,(W (- )) X,- < r +oo (3.66)

80



and since flo has positive probability, as n --# oo

L Ki(p'(,/))x,,-<r} --. oo, (3.67)

which contradicts (3.19).
We can thus assert that

X,:= -- 1 4.8. (3.68)
In particular, it follows that the sequence r,r..., defines an admissible schedule denoted
by u'. The corresponding state solution of (2.66), coincides with p and (3.61) implies

UlI(Ir,O) > J(u*(.)). (3.69)

But by standard arguments, one checks that

U,(WO) < J(u(.)), Vu(.) E U., (3.70)

and therefore u*(.) is indeed optimal.

3.3.4 The main result

We want now to get rid of (3.11) and consider the original functional 1P in (3.8). Let us
consider the approximation (3.12) 'i,, of 'P. To T,, corresponds a system of QVI.

U',U2 E C(o,TT)

U'(7r,T) = U2(7r,T) = (7)

U'(7,t) < 1(s- t)U'(n,s) + j ,(A - t)C,()dA

Vs > t

U"(r,t) < K,(7) + U;(7,

U21(7, t) <5 K2(7r) + Un (i, t). (3.71)

From Theorem 3.2, we can assert that

U,"(r,0) = inf J"(u(.)), i= 1,2 (3.72)
=(o)=i

where

jn (U(.))= E{'P1(p(u (.),T)) +/(i
00

+ o: X,,<uT(P(U(),,,),K(u,- ,tu,))). (3.73)
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Therefore we deduce that

a"(u(-)) - J(u(-.)) = E{ 5,(p(u(-),T)) - *(p(u(-),T))) (3.74)

I and from (3.12) we deduce

I J"(u(.))u-J((-))l < E{J p(u(1),T) I1

1 ~~+E I (f p~u.),T)z 1+ilIl2 d--)
] ~~ ~ ~ ~ ( • p~u(.), Tlx(I +I ( - )/)dz x l~()Td (3.75)

(J~i~xT~ (I + UIfl)/ 2 )) 1 ~ )d

But using the equation (2.50) yields (see (2.1a))

E f (U_)t~j~j4dxj = Ej 'fpu-,)x aii 2112:11(2n + 11X11 2)X,
n + 1142  lxi (n +1X12)t

+aj(6, 21111I2(2n + 11:112) + x.Tx.n2,- (n + IIXIII)2 + ( ' )II 1)/

06 21x~j'(n + IX112X, ( + -r112)3 r
(n + 11(+i() 11 d + IIX I

where we employed the summation convention over repeated indices. Hence after majorizing
conveniently

E f f~() t)z!!I- ji(z)Kxl~dx
nfEf + 1(14,s)( + IIX' 2

+ IfPC(.-),)( )!'dx ds -. (3.76)Lu n + 11: n

We shall use capital Greek letters, , to indicate constants in the following estimates.
Finally we deduce {/} [/ iii"

E IfP(u (-),f(x)lla f 7r ()1 1 d + -
n + IXI n+ 4 + n]

I< r, f' 7!f(x)jxjI'd.T + !.(3.77)

I Next consider
6R ( ( )t) o1) (U(.,0

which is the normalized conditional probability, measure and satisfies Kusner's equation

d(o(t)(,p)) = o(t)(L.p)dt + (o(t)(h~p) - o(t)(yo)o(t)(h)) (dz - o(t)(h)dt) (3.78)

I
I
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I

I we apply (3.78) with p = 11z4' X', we obtain

i dEo~t)X')}= E{o(t)(Lx') - e(t)Qh)lu(t)(hx') - u(t)(X')o(h)]) dt

< A( + )()(3.79)

Finally

E{o(t) (x')} _< Atz I r(1)l2'dx (3.80)

But the 2nd term in (3.75) is

E {o(T) X(I + )) (p(T) X(1 (1 + 11/))

+{ ) 1/2
5 [E jI c7(T) (1+ I + 112 j [E 11p() (x( - 11)I 2 I]

< A'(E{c(T)(x
2 )))/ 2 E ip(T) x(1- 1+ 12 /

< A2' [E Ip(T) (1 (1 + )/) -'}]

= A 3 E { p(T) XI (1

< 3£ [E jp(T) (x )p(T) ( x.)jJ .1 (3.81)

One easily checks that

o if{ '' )

+ A6E IP(t)( x+I+ J

But £9

- < (3.82)

Ln + Xf - + -n
hence dE { IP()(;-€--),'} < [ {, )(----),}+-8] d(
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which implies

E { P t)+ )IX4! ( x~i, ) 2] <: ± + fJw(z)lII'11dZ) (.n n + If14f t (3.84

Therefore, continuing from (3.81), the 2nd term in (3.75) is majorized by Collcting
results (from (3.75), (3.77), (3.81), (3.84)) we can assert that

lJ Cu()) - J(U(-))l < (3.8)

provided the initial distribution of p(O), i.e. w satifies

I r(z) 1lzl'dx < o, (3.86)

The estimate in (3.85) is uniform with respect to n. Therefore

lJi(io)- inf J(.(-))l 5 (3.87)
p(O)=,r

In fact we can replace 0 by any t E [0, T] and consider the function

Ui(w,t)= inf Jg(u(.)) (3.88)
p(t)=( 

8

P,(t)=w

where J,(u(.)) corresponds to a problem analogous to (2.50), (2.61) starting in t instead of 0.
Therefore we have

lU,"(,(,t) - Ui(,t)l < (3.89)

We have however to be careful to the fact that the constant in (3.89) depends on a bound on
f n(x)llzll'dz. More precisely we have proved that

Ar

IU"x,t) - U,(,tl ! 5 + Jw(z)llzl'dz) (3.90)

where A' this time does not depend on 7r (assuming that * is a probability). It follows that

U,(;r, t) -- U,(7,t) in C(0,T; C1). (3.91)

Taking the limit in (3.71), we obtain that UI,U is a solution of (3.10) and moreover

U,(7r,o) = inf .J(u(.)) (3.92)IU(O)=6

However by a probabilistic argument already used in section 3.3, any solution of (3.10) Is
smallier than the right hand side of (3.92). This completes the proof of Theorem 3.1, and
also provides the same statement as in Theorem 3.2, without the assumption (3.11) and for

our original V given by (3.8).
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4 The Partially Observed Stochastic Minimum

Principle

4.1 Introduction

Various proofs have been given of the minimum principle satisfied by an optirnl

control in a partially observed stochastic control problem. See, for example, the papers

by Iensoussan 111, Elliott 15], Haussmann 171, and the recent paper 19; by Ilaussmann in

which the adjoint process is identified. The simple case of a partially observed Markov

chain is discussed in the University of Maryland lecture notes 161 of the second author.

We show in this article how a minimum principle for a partially observed diffusion

can be obtained by differentiating the statement that a control u" is optimal. The results

of Bismut 121, 131 and Kunita 1101, on stochastic flows enable us to compute in an easy and

explicit way the change in the cost due to a 'strong variation' of an optimal control. The

only technical difficulty is the justification of the differentiation. As we wished to exhibit

the simplification obtained by using the ideas of stochastic flows the result is not proved

Iunder the weakest possible hypotheses. Finally, in Section 6, we show how Bensoussan's

minimum principle follows from our result if the drift coefficient is differentiable in the

Icontrol variable.

8
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4.2 Dynamics

Suppose the state of the system is described by a stochastic differential equation

dt = 1(t, ft,,u)d + g(t, (t)dwe,

I E0Rd, Co=zo, 0<t<T. (2.1)

The control parameter u will take values in a compact subset U of some Euclidean space Rk.

We shall make the following assumptions:

A,: x0 is given; if xO is a random variable and Po its distribution the situation when

f JxlqPo(dx) < oo for some q > n -f I can be treated, as in 191. by including an extra

integration with respect to PO.

A 2 : f : (O,TJ x Rd x U -. Rd is Borel measurable, continuous in u for each (t,x),

continuously differentiable in x and for some constant K

(1 I-;)' If(t,zU)I + I f (tz -, U) 1 .K

A 3 : g : (0, Tj x Rd , Rd ®Rn is a matrix valued function, Borel measurable, continuously

differentiable in x, and for some constant Kf

I jg(t,x) + g(t,X) K2 .

The observation process is given by

dy = h(Ct)dt + dvi

Yt Rm , yo =O, o < t < T. (2.2)

In the above equations w = (w,.... ,w") and v = (vl,...,vd) are independent Brownian

motions. We also assume

A 4 : h : Rd " R' is Borel measurable, continuously differentiable in x, and for some

I constant K3

Ih(t,x)l- Ihz(t,z)I 1< K3.
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I
REMARKS 2.1. These hypotheses can be weakened. For example, in A4 , h can be

allowed linear growth in x. Because g is bounded a delicate argument then implies the

exponential Z of (2.3) is in some 1! space, 1 < p < co. (See, for example, Theorem 2.2 of

181). However, when h is bounded Z is in all the LY spaces, (see Lemma 2.3). Also, if we

I require f to have linear growth in u then the set of control values U can be unbounded

as in 191. Our objective, however, is not the greatest generality but to demonstrate the

I simplicity of the techniques of stochastic flows.

Let P denote Wiener measure on the C(10, TJ, R") and pi denotr Wiener measure

on C(IO,TJ, Rm ). Consider the space A = C(I0, T), R') x C(10,T),R-) with coordinate

functions (xt,yj) and define Wiener measure P on n by

P(dz,dy) = P(dz)p(dy).

DEFINITION 2.2. Write Y = {Y} for the right continuous corplete filtration on

C(, T), R) generated by Yo = T(ye :.5 < t}. The set of admissible rontrol functions U

will be the Y-predictable functions on 10, T) x C(lO, T71, R') with values in U.

For u C Ul and z E Rd write C,';z) for the strong solution of (2.1) corresponding to

control u, and with C, (z) = x. Write

IZ:, e (x))'dy, - j h(Eu, (x))2 dt) (2.3)

and define a new probability measure P" on 0 by df- = Z ,T (zo). Then under P"

( ,t (xo),yt) is a solution of (2.1) and (2.2), that is Cu, (zo) remains a strong solution of

I (2.1) and there is an independent Brownian motion v such that yt satisfies (2.2). A version

of Z defined for every trajectory y of the observation process is obtained by integrating by

I parts the stochastic integral in (2.3).

LEMMA 2.3. Under hypothesis A4, for t < T,

EltZG,, (z))'I < oo for alu E U and all p, 1 < p < oo.
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• PROOF... F Z (o)=i + f Z,, ()h(f0t {(o))#dyr.

I Therefore, for any p there is a constant C. such that

Z- C, [I + E(j (Zo,,(xo))'h(a,,(xo))'dr P/]

The result follows by Gronwall's inequality.

COST 2.4. We shall suppose the cost is purely terminal and given by some bounded,

differentiable function

c(,%T (-o))

which has bounded derivatives. Then the expected cest if control u E Ul is used is

J(u) = E [c(CT (.O))].

In terms of P, under which yt is always a Brownian motion, this is

J (e) E [ZO (2:0) C (C~T (20))] (2.4)

I

-I

I
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4.3 Stochastic Flows

For u E U write

, (X) + f(r, t,, (x), u,)dr + g(r, C", (z))dw, (3.1)

for the solution of (2.1) over the time interval is, t) with initial condition -,(x) = z. In

the sequel we wish to discuss the behaviour of (3.1) for each trajectory y of the observation

process. We have already noted there is a version of Z defined for every y. The results of

Bismut 12] and Kunita (10] extend easily and show the map

Et : Rd , Rd

is, almost surely, for each y E C([O,T],R ' ) a diffeomorphism. Dismut 12] initially gives

proofs when the coefficients f and g are bounded, but points out that a stopping time

argument extends the results to when, for example, the coefficients have linear growth.

Write [Iju(o)jI = sup lu ,(zo)I. Then, as in Lemma 2.1 of 181, for any p,
O<s<f

1 <p < oc using Gronwall's and Jensen's inequalities

C + zXOV' 4 9(r, Co, (io))duwX 1

- almost surely, for some constant C.

Therefore, using Burkholder's inequality and hypothesis A3 , I"(ZO)1T is in LP for

afl P, I < p < 00.

Suppose u" E U is an optimal control so J(u*) _< J(u) for any other u E U. Write

,,t (.) for C,, (.). The Jacobian (z) is the matrix solution C, of the equation for s <_ ,

!1 dC, ,t, .(z), u')C, dt -4 W (t, C;,t (.z))Cdu,' (3.2)

with C, = 1.

g Here 1 is the n x n identity matrix and g(') is the i'h column of g. From hypotheses A2

and A 3 , fh and g, are bounded. Writing lICIIT = sup ICI an application of Gronwall's
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I

Jensen's and Burkholder's inequalities again implies IICIr is in L' for all p, I < p < C.

I Consider the related matrix valued stochastic differential equation

I 1 .Drf.(t, C;Axl, u4)dr

ID- , 9,(') (r, ,. ())'dw,

+ D, D(,(') (r, f"(X))1) 2 dr. (3.3)

I

Then it can be checked that DiCt I for t >ea so that D, is the inverse of the Jacobian,

that is Dj = (Lg- z:-) . Again, because fz and g. are bounded we have that IIDII is in

every U, I <p<oo.

For a d-dimensional semimartingale z, Bismut 12] shows one can consider the flow

C;,, (z,) and gives the semimartingale representation of this process. In fact if zg = z0 +
n t

At + _ f,'t Hdw. is the d-dimensional semimartingale, Bismut's formula states that
st=l

-, (zt) = z. + f((,, ;,r (z), u;)

+ .g(')(r, C;,,(z,), u,) (z,)II, + - (H., ,2 ) d,

I + ,, dA, +,=, (g() (r, C, (":)) + (4) d,'

I DEFINITION 3. 1. We shall consider perturbations of the optimal control u" of the fol-

lowing kind: For s E 1O,T), h > 0 such that 0 < a < a + h < T, for any other admissible

control u E U and A E Y. define a strong variation of u' by

= { (,w) if (t,w) V Is, s + hi x A
u = (t, w) if (t,w) Eis,s + h] x A.

I Applying (3.4) as in Theorem 5.1 of 14] we have the following result.

THEOREM 3.2. For the perturbation u of the optimal control u' consider the process

It = X 4 ? (. ) (f(r, (,(z,), i,) - f(r, (,,(z,), u;))dr. (3.5)
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I
I Then the process C;,t (zj) is indistinguishabe from C' (z).

PROOF. Note the equation defining z, involves only an integral in time; there is no

l martingale term, so to apply (3.4) we have Hi = 0 for all i. Therefore, from (3.4)/
C;,f (zt) = z + f (r, C;,, (z,), us)dr

+ j 9( AZO ) ( G (z'))-I (f(r, C.,(Z,,), U,)- f(r, C;,,(,,), ,,)dr

+ Of,, C;.,,, r))d,,,.

However, the solution f (3.2) is unique so

G'., (z,) W ,. (-

REMARKS 3.3. Note that the perturbation u(t) equals u* (t) if t > s + h so zt z,+A

if t > s + h and

C,, = ,.+) = . ( ())-
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L 4.4 Augmented Flows

Consider the augmented flow which includes as an extra coordinate the stochastic

exponential Z;,t with a 'variable' initial condition z E R for Z;,. (.). That is, consider the

(d + 1) dimensional system given by:

, (.) = - + f(r, C;,, (x), ut)dr + g(r, C:,, (x))dw,

z;,(Xz) z+ z.- '

Therefore,

~z;,, (X, Z) = zZ.,, W=

ft

= zexp h((;,7 (x))dy,- f h(C, ())2
( 1 2

and we see there is a version of the enlarged system defined for each trajectory Y by inte-

grating by parts the stochastic integral. The augmented map (X, z) -- (C (X), Z;,( (X, z))

is then almost surely a diffeomorphism of Rd+'. Note that O-'(- = 0, PI = 0 and

aa; 0. The Jacobian of this augmented map is, therefore, represented by the matrix

0 o )
OZL 2S z, ,,(,)

and for I < i < d from equation (3.3)

az;,(x, ) , ah'(E;,.(a)) aZ.,., (Z)
* ax,

+ h'(EX :',( ) ) d (4.1)ax,

(Here the double index k is summed from I to n).

We shall be interested in the solution of this differential system (4.1) only in the

situation when a = I so we shall write Z* (z) for Zg,, (z, 1). The following result is

motivated by formally differentiating the exponential formula for Z., (z).
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LEMMA 4. 1.
az:., Wz = Z."tx( W h,(W;I(xW) at, (W .*dv,)

where v = (v 1,..., v") is the Brownian motion in the observation process.

PROOF. From (4.1) we see - is the solution of the stochastic differential equa-

tion

ax ax a vmZ±~Er~i

Write

L() = Z:,, (x) Zh. • dvr

where

dy, = h(C;,? (x))dt + dvi.

Because

Z (z) I + Z, (x)h'(E., (x))dy,

the product rule gives

I, t OJa
L.,t Z=) : ,z;, (x) h . - - ,,

+~ f f , );€ dv. ) Z.',(x) h'(C,, (x)) dy,

axc
+ f ,'z,--- -(

ax
Sf L,,, h .(x)(.)dy, + fZ.',, (.)h . dyr,

Therefore, L,,t (x) is also a solution of (4.2) so by uniqueness

az:, (z)
(9x

REMARKS 4.2. As noted at the beginning of this section we can consider the

augmented flow

(x, z) -. c, (x), z:, (., 2)) fot x EJRd, z C R,

and we are only interested in the situation when x = 1, so we write , (x).
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LEMMA 4.3. z,*. (zt) Z,(x) where re is the semimartingale defined in (3.6).

PROOF. Z, t (x) is the process uniquely defined by

z, (z) =I + jz,, (x)h'(fs., (z))dy,. (4.2)

Consider an augmented (d + 1) dimensional version of (3.6) defining a semimartingale

'it = (zt, 1), so the additional component is always identically 1. Then applying (3.5) to

the new component of the augmented process we have

z. (z') = 1+ f z,, (z,.)h'(C;,, (z7 ))dy,

1+ f z;. (z,)h '(., (x))dy,

by Theorem 3.2. However, (4.2) has a unique solution so Z, (zt) - Zt1 (x).

REMARKS 4.4. Note that for t > ,s + h

z.*, (z) z;., (Z.+h).
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4.5 The Minimum Principle

Control u will be the perturbation of the optimal control u" as in Definition 3.1. We

shall write x (xo). Then the minimum cost is

J (u)= EIZ',T (xo)c( ;,T (xo))

= EZ*,. (xo)Z:,T (x)c(C;,T (x))J

The cost corresponding to the perturbed control u is

g(u) = E[Z ,o (xo)Z',T ()C' (2 x))]

E[Z,. (o)Z;,T (z.+h )C((;T (Za+h ))]

by Theorem 3.2 and Lemma 4.3. Now Z.,T (-) and c(C;,T (.)) are differentiable with con-

tinuous and uniformly integrable derivatives. Therefore

J(u) - J(') = EIZ-,. (xo)(Z. (z.+t)c(C;,, (-.+1) Z.,T (z)(c (,T (x)))

= r( ',(f (r, (,, (z,), u,) - f(r, C,,(x), u;))dr

where

r(s,z,) Z. (,O)Z;.T (Z,){cC (C; T (Z))O )

C(U, ( Z ) (zZ')a

Note that this expression gives an explicit formula for the change in the cost resulting from

a variation in the optimal control. The only remaining problem is to justify differentiating

the right hand side.

From Lemma 2.3, Z is in every / space, I < p < co and from the remarks at the

beginning of Section 3, CT = I.Tz and LT = are in every V space, 1 < p < oo.

Consequently, r is in every L space, I < p < 0o.
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I Therefore

1J(U) - J(U*) = E[(J7(a,z,) - J(,z))(f (r, C;,, (4r), Ur) f f(r, Gr(ZI), U;))]Idr

+ E~ E[(r(s, x) - r(r,x)) (f (r, C, (z,, u) - f (r, C;,,(z,), u;))]dr

+ E/ E[r (r,2) (f (r, C;, (Z'), U) I f (r, C;, (Zr ), U;)

f f(r, C.,, (X), Ur) + f (r, C;,, (x), u;))]Idr

+ E~ E[r(r,rx)(f (r, C,r(xO), Ur) f f(r, Q,(o), v;))dr

=1 1 (h) + 12 (h) + 13 (h) + 14 (h), say.

Now,

I' , (h K1 E~ E[r 7$ Z) - r(S, X)( + (XO) (Zoi+A ) dr1
<5K 1 h £u E[rJZr) - F(s, X) j(1 + 11 Cu (ZO) li.+h

11I2 (h)l K2~ E r (s, x) - r (r, x)J + lC' (XO) l+h )dr

< K2h sup E[lr(s~z,) - r(r,2)(l + jIEU(xoC)lia+h]

I11 3 (h)j 1 K3 E E[Ir(rx) I lJX - Zr 11 dr

I K3h sup~e~ EIr(r,x)l liz - z.li.+A]

The differences gr(a,z,) - r(s,x)l, lr(,s,x) - r(r,x)l and ljx -zll.4hI are all uniformly

I bounded in some VI, p > 1, and

I lim Ir(s,z,) -r(s,x)jI =0 s

lam II~a,x) -r(r,x)I 0 as.

lim liZ - Z.I1a+h = 0.
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I
ITherefore,

lir 1ir(o, z,) - r(s, x)I, = o

lim IIp(,z) - r(,z)I, = 0

and Jlim II(lIz - zllI,)Ilp = 0 for some p.

Consequently, lim h - 1 Jk (h) = 0, for k = 1,2,3.
h-aO

The only remaining problem concerns the differentiability of

14 (h) = j E [r(rx)(f(r, ;,, (zo), u,) - f(r, 3,. (z), u;))] dr.

The integrand is almost surely in L1 ([0, TI) so lim h-1 14(h) exists for almost every s E

10,T]. However, the set of times {s} where the limit may not exist might depend on the

control u. Consequently we must restrict the perturbations u of the optimal control u" to

perturbations from a countable dense set of controls. In fact:

1) Because the trajectories are, almost surely, continuous, YO is countably generated

by sets {Ai,,), i = 1,2,... for any rational number p E 10,T]. Consequently Y is

j countably generated by the sets {Ai,,}, r < t.

2) Let Gt denote the set of measurable functions from (f1,Yt) to U C R k . (If u C U

I then u(t,w) E Gt.) Using the L-norm, as in [51, there is a countable dense subset

Hp = {uj,,) of G,, for rational p E [0, TI. If Ht = U Hp then Ht is a countable
P9

dense subset of Gi. If ujp E Hp then, as a function constant in time, ujp can be

I considered as an admissible control over the time interval It,T) for t > p.

3) The countable family of perturbations is obtained by considering sets Ai,, E Yt,

I functions uj, E Ht, where p !5 t, and defining as in 3.1

.p{ (U (3, w) if (s,w) V [t,T x A,,
J , = uj,,(,,w) if (a, w) E itTJ x A,,.

Then for each i,j,pI h

lim h- 1 E[ r(r, z)(f(r, ,(zo), u',) - f(r. C,, (zo), u dr (5.1)
h-0.9
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exists and equals

for~ aosalE[r(s,x)(fma, F.,.(2:0), tsj,) -f(S, C,(2:0), U'))IA,~for almost all s E 10, T].

Therefore, considering this perturbation we have

lim h- ' (J(u;,) - J(u)) = E[r(S,z)(f(s, (,(Zo), U,) - f(s, ;,, (xO), u"))lb ]h--.O

> 0 for almost all s E (0,T].

Consequently there is a set S C 10,T] of zero Lebesgue measure such that, if s S, the

limit in (5.1) exists for all :,j,p, and gives

E[r(s,z)(f(s, ;,. (zo), ujp) - f(s, ,, (zo), u'))JA] > 0.

Using the monotone class theorem, and approximating an arbitrary admissible control

u E U we can deduce that if s V S

E[r(s,x)(f(s, fo, (ZO), U) - f(S, ;,. (z0 ), u'))AI > 0 for any A E Y. (5.2)

Write

p,(x) = E+C(f;T (X0)) C( ; (x0)) d, 1, ~
[C((C,T ) " ,T(Z) + of , ( d(X) Yavxa

where, as before, z = C,, (zo) and E denotes expectation under P" = P'. Then p,(z)

is the co-state variable and we have in (5.2) proved the following 'conditional' minimum

principle:

THEOREM 5. 1. If u* E U is an optimal control there is a set S C (0, Tj of zero Lebesgue

measure such that if s V S

E'[p.(z)f(s,z,ts)IY <1 Ej[p.(z)f(a,z,u)IY.o a.s.

That is, the optimal control u' almost surely minimizes the conditional lamiltonian and

the adjoint variable is p, (z).

I
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Using the theory of stochastic flows the effect of a perturbation of an optimal control

i is exPlicitly caculated. The only difficulty was to justify its differentiation. The adjoint

process is explicitly identified as p,(z).

I THEOREM 6. 1. If f is differentiable in the control variable u, and if the random variable

x = f,, (xo) has a conditional density q(z) under the measure P, then the inequality of

ITheorem 5.1 implies

E(uj (8) - uj (8)) r r(s, x) -f(s, x, u q, (x) dx < 0.

I 1 I

This is the result of Bensoussan's paper [II-

I The method of this paper can be applied to completely observable systems by ini-

tially considering 4stochastic open loop' controls, systems with stochastic constraints and

i deterministic systems. The adjoint process can be explicitly identified. 'Almost minimum'

principles for 'almost optimal' controls can be obtained. Some of these will be discussed

Iin later work.

I
I
I
I
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I

i 5 The Conditional Adjoint Process

I 5.1 Introduction

Using stochastic flows we calculate below the change in the cost due to a 'strong'

I variation of an optimal control. Differentiating this quantity enables us to dentify the

adjoint, or co-state variable, and give a partially observed minimum principle. If the drift

Icoefficient is differentiable in the control variable the related result of Bensoussan 12] follows

from our theorem. Full details will appear in [Il. The method appears simpler than that

employed in Haussman [4].I
5.2 Dynamical Equations

ISuppose the state of a stochastic system is described by the equation

I d~t = f (t, Ct, u)dt + g(t., Cj)dwt,

ft ER , CO = X0, 0 < t < T. (2.1)

The control variable u will take values in a compact subset U of some Euclidean space Rk.

We shall assume

A,: x0 E Rd is given.

= A2 : f : [O,T] x Rd X U -_ Rd is Borel measurable, continuous in u for each (t,z),

continuously differentiable in z for each (t,u) and

(1 + x])- If f(t, z,u) + I f(tx,u)1 < K1 .

i A3 : g : [0, TJ x Rd - Rd ® R' is a matrix valued function, Borel measurable, continuously

differentiable in x, and for some K 2:

Ig(t, x)I + Ig, (t, x) I- K2.

I The observation process is defined by

I = h(Ct)dt + dvi (2.2)

I t E R', i0 = 0, 0! <t < T.
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In (2.1) and (2.2) w = (w',...,w") and v - (i,... ,m) are independent Brownian

Il notions defined on a probability space (fl, F, P).

Furthermore, we assume

I A 4 : h : Rd - R' is Borel measurable, continuously differentiable in z and

I (h(t,x)j + Ih, (t,z)I <1 K.

I REMARK 2.1. These hypotheses can be weakened to those discussed by Hauss-

man 14]. See 1].

Write P for the Wiener measure on C(,O , T), R
' ) and u for the Wiener measure on

C(10, T1, R-).

I and the coordinate functions in fl will be denoted (z, yl). Wiener measure P on fl is

I P(dx,dy) = P(dx)A(dy).

DEFINITION 2.2. Y = {Y} will be the right continuous, complete filtration on

C(0, T), R-) generated by

I 0 = o{ 0 :s < t}.

I The set of admissible control functions U will be the Y-predictable functions defined on

10, TJ x C([0, T, R' ) with values in U.

I For u E U and z E Rd, , will denote the strong solution of (2.1) corresponding

i to u with C',, = x.

Define

I." :(.T) = exp (j A(.T~())'dy, h jh :,()2 dr). (2.3)

Note a version of Z defined for every trajectory y can be obtained by integrating the

stochastic integral in the exponential by parts.

1
I 103



S I
If a new probability measure P" defined on fl by putting

IdP 
u"--P ZOT (xo ),

I under PU (f,t(xo),yg) is a solution of the system (2.1) and (2.2). That is, under P' ,

q, (z 0 ) remains a strong solution of (2.1) and there is an independent Brownian motion

v such that yt satisfies (2.2).

I Because of hypothesis A 4 , for 0 <_ t < T easy applications of Burkholder's and Gron-

wall's inequalities show that

I E[(Z",,(0))' I < oo (2.4)

for all u E U and all p, I <p<oo.

COST 2.3. We shall suppose the cost is purely terminal and equalsI
c( ,T (-O))I

where c is a bounded, differentiable function. If control u E U is used the expected cost isI
J(u) = Eu cW,T(Xo))].i

With respect to P, under which yt is a Brownian motion[
J(u) = EIZ ,T (Xo)C(Q, T (XO))). (2.5)I

A control u' E U is optimal if

I J(u') < J(u)

for all u E fZ. We shall suppose there is an optimal control u'.

1
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5.3 Flows

For u E U and x E Rd consider the strong solution

(Z) = X + f f(r,C:,,(z),u)dr + L g(r, ,,(z))dw,. (3.1)

We wish to consider the behaviour of (:,, (z) for each trajectory y of the observation

process. In fact the results of Bismut 131 and Kunita 161 extend and show the map

Rd " R d

is, almost surely, a diffeomorphisrn for each y E C(0, TI, R).

Write

II ( 0N,= sup 1 o(z0)L-

Then, using Gronwall's and Jensen's inequalities, for any p, 1 < p < o

u(zO)4 <C( I + IZOI" + I 1 T f g(r, o.,(zo))dw, I)

almost surely, for some constant C.

Using A 3 and Burkholder's inequality

1I1u (xo)117. E V for 1 < p < oo.

Suppose u is an optimal control, and write

for "

The Jacobian is the matrix solution Ce of the equation

dC, = fS (t, , (z), u )C, dt + (f, C,,(z)) C, . (3.2)

with C, = 1.

-I
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I Here g(i) is the Ob column of g and I is the n x n identity matrix. Writing IlCllT

sup 0 < 8< f IC, I and using Burkholder's, Jensen's and Gronwall's inequalities we see IICi117 E

V', I < p < oo.

I Consider the matrix valued process D defined by

I Dt =I- DAf.(r,C*,,(z), u)dr

I[g(. ) (r, C.*,r (x))dw, + F D (g( ) (r, ()))' dr (3.3)

I Then as in [5] or 16] d(D Ct) = 0 and DC = I so

D t = C " '=(0;t -

I DOC7 =

Furthermore, IIDIlt E LP, I < p < oo.

Suppose z, = z, + Aj + 'j=,I f gtH, dw' is a d-dimensional semimartingale. Bismut

I 13] shows one can consider the process 6; (zi) and in fact:

C,(Ii) =Z, + (f(r, ;,, (zr), u)

n M CI;,_

+ Eg. (r, C,,(z,.),u; z1 Hi
j=1

II C;, (H,H, ))dr
i=2

I +j.t  ._! (z,)dA, + ((')(r, .;(z,))+ ---- (Z, )H,)dw,.
f, ax(3.4)

I DEFINITION 3.1. ForsE0,T], h>Osuchthat0<s<s+h<T,foranyiE , and

I A E Y, consider a 'strong' variation u of u' defined by

U~~) u'lt,w) iflf,w)f ls, s+hlxAI u(t, w) if(t,w) E(,e+hxA.
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THEOREM 3.2. For any strong variation u of u" consider the process

zj = X + jt( " (z,)) (f(r, (;,, (zr), U,) - f(r, ;,, (z,), u ))dr. (3.5)

Then the process ;,, (zt) is indistinguishable from C, (z).

PROOF We shall substitute in (3.4), (noting H, = 0 for all i). Therefore,

*,t (zj) = : + f(r, C,,(z,),ur)dr

+ f (" ( a= (z 7) (f(r,;.,(4) U1)- f r,(4),U;)dr

+ g(r, ,(z,))dw,.

The solution of (3.1) is unique, so C;, (z,) = z)(). Note u(t) u (t) if t > s + h so

zt = z,+ h if t > s + h and

;t(zt) = C;,t (z,+ h)

= C;* +h,t (C,., + h()- (3.6)

5.4 The Exponential Density

Consider the (d + 1)-dimensional system

,,(X) = x+ f(r, ,, (x), u, )d- + fg(r,C,, ())dw,

z;,(X,z) = 2 + Z,((, z)h(C;,,,())'dy,. (4.1)

That is, we are considering an augmented flow (C, Z) in Rd+ ' in which Z' has a variable

initial condition z E R. Note:

107= z,().
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The map (x, z) - (), Z,, (z, z)) is, almost surely, a diffeomorphism of Rd" . Clearly,

0 a =0, =O and c=0.
Oz z azo

I The Jacobian of this augmented map is represented by the matrix

Ct = ( Z-az

In particular, from (4.1), for I < i < d

at (ZhXaz) ;,. + W(, (x)) -")d,. (4.2)
=k=1 ck ax

We are interested in solutions of (4.1) and (4.2) only when z = 1, so as above we write

Z.,t(x) for z:,I(z,1) etc.

LEMMA 4.1.
az;* t-' z;() h. (C, t,(x)), dv,,

where, as in (2.2), dvt = dy- h(,, (x))dt.

IPROOF From (4.2)

at? -- , ('-a z " )) + Z ,,(x)h ( ;',, (x )) dy. (4.3)

Write

L ) = a, dv,

I Then

z,., () = 1 + z,.,(x)h (,,(x))dy,

I and the product rule gives

i L,,t (X) = j. L,,, (x)h' (;,, (z))dy,

I +/j Z;.,(x)h. - .

I
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Consequently, L,,g (z) is also a solution of (4.3), so by uniqueness

L,.,(x) = O .axI
LEMMA 4.2. Hf zt is as defined in (3.5)

I z:,,(z ) = ., (x).

PROOF

,.j(I) I + Z u (x).h' (x))dy,. (4..)

Applying (3.4) to Z,,,(zt) we see:

" z;,t(Z') 1 + Z;,,(z, h'(C',"(z,))dy,

tt

I + ,, ( ,)h (C' , ( x)) dy,

by Theorem 3.2. However, (4.4) has a unique solution so

, t "

Again, note that for t > s + h

I z;,.(Z) = z,t(Z,+ h). (4.5)

I
5.5 The Adjoint Process

I u will be an optimal control and u a perturbation of u* as in Definition 3.1. Again

w rite x , 0).

I
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I
The minimum cost isI

Ju) = EJZoT (XO)cWT (TOM))
I = EJz ,. (xo)Z,*,W {)(C;,T W=))I

Also,

J(u) = E[Z ,, (xo)Z:T (x)c(C,,T(x))]

= EIZo,,(xo)Z,;r(z.+A )c( T(z,+ A))]

by (3.6) and (4.5). Recall ZT (.) and C(C T (.)) are differentiable almost surely, with

continuous and uniformly integrable derivatives. Consequently, writing

r(s,z,) = Z,(xo)Z:,(,){cc(C;,T(Z')) (zI)

' ;)(E;f ((')) z7 )d ; (zr)) -.

CR;,T(zl) 49Xax

for s <r < s + h, we have

J(u) - J(u) = ElZ, , (zo){Z, (z.+ h)c(C,,, (z,+ h)) - Z:,T (z)c(hT (W))I]

E f Fr(,,z, ) (f(,.C.,,,), u,) f (r, C,., (x), u; )), .r

This formula describes the change in the expected cost arising from the perturbation u of

the optimal control. However, J(u) > J(u') for all u E U so the right hand side of (5.1)

is non-negative for all h > 0. We wish to divide by h > 0 and let h - 0. This requires

some careful arguments using the uniform boundedness of the random variables and the

monotone class theorem. It can be shown that there is a set S C 10,T of zero Lebesgue

measure such that if s S

Elr(s,,)(f(s,e.,(,o),u) - f(a,L.,(xo),u:))iA I o (5.2)
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for any u E U and A E Ya.

IDetails of this argument can be found in [1]. Define

p, (Z) = E [C(W,T (xo)) (x)

T a G
+ C(4T(xo))(f h((,, (.o)) ( xo (x)dw Y.v W{}

where x = 0) and E' is the expectation under P" = PU

In (5.2) we have established the following:

THEOREM 5. 1. pa (x) is the adjoint process for the partially observed optimal control

problem. That is, if u" E U is optimal there is a set S C [0, Tj of zero Lebesgue measure

such that for s S

E (p. (z)f(s, z,u) I Y.1 -_ E' [p,(x )!(s, z, u) IxY2  a.s. (5.3)

so the optimal control u" almost surely minimizes the conditional Hamiltonian.

If x =0E,(xo) has a conditional density q,(x) under P', and if f is differentiable

in u, (5.3) implies

I i (s) - u* (s))] r (s, x) - (s, z, u )q, (x) dz >0.
1=1

fThis is the result of Bensoussan [21.
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