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Executive Summary

The focus of this report is on advanced tools for the analysis of nonlinear
stochastic control and filtering systems.

In sections 1 and 2! we present a series of results on the analysis of
certain classes of nonlinear filtering problems using comparatively simple
bounding techniques. We consider both problems with small noise (large
signal to noise ratios) and weakly nonlinear systems. We show that the
optimal nonlinear filters can be well approximated by linear filters which
are very easy to implement. Moreover, we provide sharp estimates of the
degree of suboptimality involved in using the linear approximating filters.

In section 32 we consider the problem of managing the estimation of a
(nonlinear) diffusion process by a system employing several sensors. The
essential problem is to “schedule® the use of the sensor to optimize the
estimate of a function of the state of the diffusion process. The solution is
optained in terms of a system of quasi-variational inequalities in the space
of solutions of certain Zakail equations.

In section 4 we provide a new proof of the minimum principle in stochas-
tic optimal control theory for systems of partially observed diffusions. In
section 5% we provide a concise analysis of the “conditional adjoint process”
arising in the stochastic minimum principle for partially observed diffusion
processes.

The sections may be read independently.

!The work in these sections is joint work by L. Saydy and G.L. Blankenship.
2The work in this section is joint work by J.S. Baras and A. Bensoussan.
3The work in sections 4 and 5 is joint work by J.S. Baras, R.J. Elliot and M. Kohlmann.
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1 Optimal Stationary Behavior in Nonlinear Fil-
tering Problems: A Bound Approach

1.1 Introduction

We consider the Ito stochastic model:

dz; = g(t,z;)dt + o(t)dw; (1)
dy: = h(t,z;)dt + p(t)dv;
z(0) = zo; O0<t<T

where g,h,a and p are smooth functions of their arguments, {v:}, {w;}
are independent Wiener processes, zo a random variable independent of

{ve}, {wi}.

Given this model one is interested in computing least squares estimates
of functions of the signal z; given o{y,,0 < s < t}, the o-algebra generated
by the observations, i.e. quantities of the form E{¢(z:)lo{y,,0 < s < t}].
In many applications this computation must be done recursively. This in-
volves the conditional probability density p¥(t,z) which satisfies a nonlin-
ear stochastic partial differential equation, the Kushner-Stratonovich equa-
tion [16]. By considering an unnormalized version of p¥, the above problem
can be reduced to the study of the Duncan-Mortenson-Zakai (DMZ) equa-
tion which is linear ([2]).

The filtering problem was completely solved in the context of finite di-
mensional linear Gaussian systems by Kalman and Bucy [17,18] in 1960-61,
and the resulting Kalman filter (KF) has been widely applied. Apart from
a few special cases [3,23], the nonlinear case is far more complicated; the
evolution of the conditional statistics is, in general, an infinite dimensional
system.

Although progress has been made using the DMZ equation, optimal
algorithms are not generally available. Suboptimal filters are thus of interest.
The performance of suboptimal designs, however derived, may be based on
lower and upper bounds on the minimum mean square error (optimal MS-
error) p(t). This approach is used here to investigate the asymptotic behavior
of a class of nonlinear filtering problems.

T T T A ———



Two aspects are treated in detail:

1. the long time behavior, that is, the asymptotic behavior of the filter
as t — oo (this section; see also the paper [21]).

2. the asymptotic behavior as ¢ — 0, with ¢ a small parameter in the

model (in the next section 2; see also the paper [22]).

To illustrate the ideas, consider the one-dimensional version of the mode!
where g and h have continuous bounded derivatives, say

a(t) < g:(t,z) < a(t) (2)

B(t) < he(t,z) < B(t) (3)
and let

p(t) := Ez.— E(z|Yp)]?
p*(t) = E(z - z})? (4)

where Y4 = o{y,,0 < 8 < t} and z} is given by:

dz; = g(t,z})dt + p%—((%u(t) [dy: — h(t,z¢)dt); 2*(0)=0  (5)
2
a(t) = o%(t) +2a(t)u(t) - 0] u?(t); u(0) = o}

P (t)
(zo ~ N(0,02) assumed)

Clearly the BOF (bound optimal filter) (5) is readily implementable, with
precomputable gain. It coincides with the Kalman filter if ¢ and h are linear.
In section 1.2 it is shown by applying results from [7,13] that the BOF is
a “best bound” filter in the sense that the associated upper bound u(t) of

p*(t) is the tightest over a class of nonlinear Kalman-like filters and that
p(t) is bounded as follows:

0 < £(t) < p(t) < p*(t) < u(t)

where {(t) satisfies another Riccati equation.

— e ="
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In section 1.3 these bounds are used to address the long time behavior
of asymptotically time invariant systems. In the particular case where

g(t,z) =az + A(t)f(t,z) — az ast — o0
and
h(t,z) = cz + v(t)k(t,z) — cz ast — ©

it is shown that the BOF is asymptotically optimal in the sense that
Jim (p*(t) — p(t)) =0

and that as far as the long time performance is concerned, the nonlinearities
f and k can be ignored in the original model. In other words the “KF” and
even the “SSKF” (steady state) formally designed for the underlying linear
system are asymptotically optimal.

In section 1.4 examples with simulation results are given.

1.2 Lower and Upper bounds on the a priori Optimal MS-
Error

Since the explicit solution of nonlinear filtering problems is impossible in
general, one is naturally interested in suboptimal solutions, the performance
of which may be avaluated using upper and lower bounds on the (unknown)
optimal MS-error. In fact, the structural complexity which arises is also
present at the level of performance testing in the sense that simple and
tractable bounds are not generally available for suboptimal estimators unless
one puts further restrictions on the type of nonlinearities considered.

Consider the one dimensional lio stochastic differential equation

dzg = g(f., Ig)dt + U(t)dtW
dy; = h(t, Ig)dt + p(t)dv‘ (6)
z(0) = z¢; O0<t<T
zo ~ po(z), Ezo=0, Ezozh=o0l

where {w;} and {v;} are independent standard Wiener processes, zo is a
random variable (generally taken to be Gaussian) independent of {w;} and




{v:}; g and h are such that (6) has a unique solution [1], differentiable with
continuous partial derivatives. Given this model one is interested in finding
bounds on the optimal MS-error:

p(t) = El(z - E(z]¥3))*] (7)

where Y¢ = 0{y,,0 < s < t} is the o-algebra generated by the observations
up to time ¢; i.e., find functions £(t), u(t) such that:

0 < {(t) < p(t) < ut) (8)

In this section, existing results are applied to one dimensional systems
for which the nonlinearities have bounded derivatives to obtain lower and
upper bounds involving ordinary differential equations of the Riccati type.
The upper bound is obtained in subsection 1.2.2 by considering a class of
nonlinear, Kalman-like suboptimal filters. To each such filter is associated
an upper bound on the corresponding mean square error (MSE) and the
BOF (bound optimal filter) is defined as the one with the tightest upper
bound. The latter is used in inequality (8).

1.2.1 Lower bound

The following additional assumptions make it possible to derive a simple,
tractable lower bound in the one dimensional case:

My |ga(t z) — ()] < Aalt)
Uz |he(t,2) - B(1)] < AB(2), B(t) := B(t) — AB(t) 2 0

We will denote this by:
g €< [a(t), Aa(t)]
h e< [B(t), AB(t)]

Remark: The symbol A serves to exhibit the fact that Aa is a slope
departure {unction.
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Proposition 2-1:

Assume ¥y, Xz hold and let p(t) := E(zy — E(z¢|Y§))?; then p(t) 1s lower
bounded by £(t), i.c., 0 < £(t) < p(t) where £(t) satisfies the following Riccati
equation:

) = 0"(1)+ 2a00) - 520 B70) + 42 (BB 0)
£(0) = o2

with the notation: & =a+ Aa,a = a - Aa.

Remark: The above proposition says that the optimal MS-error p(t)
corresponding to the nonlinear filtering problem (6) is lower bounded by the
optimal MS-error corresponding to the following Kalman filtering problem:

dzy = a(t)zdt +o(t)dw,
dy = B(t)zdt + p'(t)dv,
Pt = olt)

1+4 2{ ) 8a?(t) 3
( :Pt t 2(1; )’
It is easily seen (e.g., [16]) that:
E(z;— E(z]o{y,: 0 < s < t})]* = £(2)

Proof:

Using the Bobrovsky-Zakai lower bound [7] we get that £(t) < p(t) where

2(t) = o*(2) + 2a(1)L(t) - %%L’(z), L(0) = o}

alt) = Eaultzi €)= BAt,2) + Lot varoa(t, )

Thus, £(t) satisfies a Riccati equation, the coefficients of which are unknown
in general.

Clearly ¥, implies: a(t) < g, < &(t) a.s., and hence , o(t) < a(t) < &(t).
Thus,
lg«(t, z¢) — a(t)] < 2Aa(t) a.s.




and
varg(t, ;) < 4(Ba(1))?

Similarly ¥; implies: 0 < B(t) < hz(t,z,) < B(t) hence ER2(t,z:) < B*(t).
Therefore:

(1) < B () + 4",§‘§(Aa(t))’

Since L(t) satisfies a Riccati equation with strictly positive initial condition,
then L(t) > 0 [11] and the right hand side of £(t) is hence greater than

7(0) + 22080 - =05 [ﬂ’(t) #4200 e’

By the comparison theorem (see appendix*) we obtain: £(t) < L(t)

1.2.2 Upper bound and bound optimal filter (BOF)

Let z; and y; be as in (1) and assume that
X1 : g2(t, z) is continuous and g,(t, z) < &(t)
M2 : ho(t,z) is continuous and h.(t,z) > B(t) > 0

Proposition 2-2:

The optimal MS-error p(t) 1s upper bounded by u(t) where u(t) satisfies
the Riccat: equation:

B (1)
70 () (10)

ult)=¢

u(0) = o2

Remark: This says that the optimal MS-error in the nonlinear filtering
problem (1) is upper bounded by the optimal MS-error in the following
linear one:

dzy = a(t)zdt+ o(t)dw,
dy; = P(t)zdt + p(t)dv

$The Appendix follows Section 2.




Proof:

The conditional mean i, := E(z,|Y§) and the conditional optimal MS-
error

pe = E((z: — 2)°|Yg]
are given by [16]:

dpe = [03(t) + 2((Z1g7) - z,ét)—p%(t)(cg)zldt-f rgdee ()

a

po = o}
where (\) denotes conditional expectation and
gt = g(t, x¢); he = h(t, z¢)
ét = (z¢hi)hat — EA
T, = (;:27;3) — &Fhy - 251:(;:31) +2(%:)%A,

and dw, ‘= dy, — ﬁ(t,z,)dt is the innovation process which is a Wiener
process on Y.

Since the expectation of Ito integrals is zero and Ep; = E(z;—)? = p(t),
by taking the expectation on both sides of (11) we get

p(t) = 0*(t) + 2E((Z.9:) — £:8¢) — iﬁ%‘t);, p(0) = o}

The smoothing property of conditional expectations [1] implies
E((z19:) = £:§) = E(z¢ — 2¢)(9: — 9(t, 21))

= E%(g: — g(t, %))

Therefore,

b = 720+ 2BEfoc - 0, 2)) - S, p0) =03 (1)
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Jensen’s inequality [1] implies that:
E(&)® > (E&)
Eé, = E((z¢he) — 2chy) = EZi(h — h(t, &)
now .
h(t, I;) - h(t, ig) = i‘g/ h,[t, .’Eg + ai;]ds = ig!/Jh
0
Hence,
Eé, = Ezlyy
X2 implies that ), > B(t) a.s.
E&, > f(t)Ez] = B(t)p(t) (13)
E(&)* 2 (B&) 2 B2 (1)P°(1)
Similarly ¥, implies that
Ez(g: — 3(t, 1)) = Evy32 < &(t)EZ? = a(t)p(t) (14)

Combining (12)-(14) and using the comparison theorem in the appendix
yields: p(t) < u(t).

QED

An alternate and more constructive approach to getting the same result,
due to A.S. Gilman and 1.B. Rhodes {13], is outlined below. The upper
bound is derived by considering the following family of parametrized non-
linear suboptimal filters, the structure of which is suggested by the Kalman
filter:

dzsk) =g(¢, zgk))dt + k(t)[dy: — h(t, xgk))dt], zg") =0
where k(t) is a non random, continuous non-negative bounded function.
To each gain k(t) is associated a suboptimal filter given by (15) and
denoted {z}:. It can be shown ([13,20]) that:

1. Corresponding to each {z} there exists a function u,(t) satisfying the
linear ODE:

ur(t) = o?(t) +p? ()2 {t) +2(a(t) - k() B(t)]ux(t);  ua(0) = o (16)




oy

such that
pr(t) := E(z. — z¥)? < ui(2) (17)
2. The suboptimal filter {z};. obtained for the particular choice k*(t) =
B(t) .
;,-mu(t) ie.,

B(t)

dsj = glt, =)t + Srosu(Oldy - Wt 2dd; 5=0 (1)
where u(t) satisfies the Riccati equation:
2
i) = () + 2a(u) - N0 w0 = (19)

is such that u(t) < u*(t) for every continuous nonnegative function
k(t). More importantly, we have the following inequalities:

p(t) := E(zc — E(zd|Y;))* < p*(t) := E(z¢ — 2})? < u(t) (20)

The nonlinear filter given by (18)-(19), subsequently refered to as the bound
optimal filter (BOF), will turn out to be near optimal in many situations of
practical importance as will be seen in the next subsection and in [21].

1.2.3 Summary

For systems modeled by one dimensional Ito SDE’s of the form:

dz, = g(t,z¢)dt + o(t)dw; (21)
dy. = h(t,z)dt + p(t)dv, (22)
Ezy=0,Ez} = o}
with ¢ and h satisfying
¥1:|92(t,z) — a(t)| < Aa(t) denoted by g €< [aft), Aa(t)] (23)
¥z : |ho(t,z) — B(t)] < AB(t) denoted by h €< [B(t), AB(t)) (24)

define
&(t) == a(t) + Aa(t); at):=a(t) - Aa(t) (25)




-

———

B(t) = B(t) + AB(t);  B(t):=B(t) - AB(t) 2 0 (26)
p(t) := E(z: - E(z:|Y;))? (27)
p*(t) := E(z; — 1})* (28)
where z} is the BOF and is given by
w __ ﬂz( ) - . *

dz} = g(t, z})dt + = 0] =——u(t){dy: — h(t,z7)dt]; z53=0 (29)

() = 5 B(®) 2. -
u(t) = o?(t) + 2a(t)u(t) - 70 u}(t); u(0) =as. (30)

Then by combining the results from the previous two sections we readily
get the following bounds on the optimal MS-error:

0< £(t) < p(t) < p*(t) < u(t) (31)

where

) = o*(0)+ 2)80) - 735 B0 + 45 B0 (22)

£(0) = o
and u(t) satisfies (30).

1.3 Asymptotically Linear Systems

In this section we discuss systems that are asymptotically time invariant,
i.e.,

dzy = g(t,z;)dt + odw, (33)
dys = h(t,z;)dt + pdv; (34)
where
g(t’ z) = g(z)+ '\(t)f(t) z)
h(t,z) = h(z)+v(t)k(t,z)
10
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g €< la,Ad] ; fe<[ut),Ault)
he<[e,Ac] ; ke<|c(t),Aq(t)]

and
gl_i‘rg[’\(t)v v(t)] = [0,0] (35)

In the particular case where g(z) and h(z) are linear (the limiting system
is linear), one is interested in knowing whether the Kalman filter (KF) de-
signed formally for the limiting linear system and driven by (the nonlinear
observations) y; in (33) is asymptotically optimal as t becomes large. This
situation arises for example when the nonlinarities are neglected during the
modelization process. Using an abuse of terminology, the nonlinear filter

resulting from the scheme just described will be (wrongly) called to as the
“KF.”

More specifically, let

dr, = az.dt + /\(t)f(t, Ig)dt + odw, (36)
dy; cxdt + v(t)k(t, z¢)dt + pdv; (37)

Ezg=0,Ezi=0}>0

Then the “KF” designed for the limiting system is

dzf = azfdt + }%'(‘)[d!h - ezgdt];z*(0) = 0 (38)
. 2 ¢, 2
#(t) = ¢® + 2ar - "3' ir(0) =0 (39)

and the questions of interest are:

e Under what conditions is zf (or the BOF z}) asymptotically optimal
as t — 0o, ie. lime.oo(p*(t) - p(t)) = 0 (lime—oo(p*(t) ~ p(t)) = 0)?

where
p*(t) = E(z: — zf)? (40)
p'(t) = E(z: — 2})? (41)
p(t) = E(z: — E(z:]Ys))? (42)

¢ Would the same result hold for the steady state “KF” (“SSKF™), ob-
tained by setting r(t) = r(oo) in (38)?

11
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The bounds on the optimal MS-error derived in the previous section
are used to answer these questions in the linear limiting case. However,
the bounds on the partial derivatives of the nonlinearities do not contain
“enough information” to treat similar questions in the general case where
¢(z) and h(z) are nonlinear.

Consequently, we will only consider the class of nonlinear filtering prob-

lems (36) with the assumptions:

Xz fe<[ut),ap(t); ke<[c(t),A¢(t))

¥2: A(t) and v(t) are continuous, vanishing functions on [0, 00| and non-
negative for simplicity

w

M3 : p(t),Au(t),¢(t) and A¢(t) are bounded continuous functions on [0, 0o].
He:e+v(t)g(t) >80 >0; c#0O.

In the next two subsections we show that:
Jlim (p*(t) - p(t)) = 0 and lim (p*(t) — p(t)) =0 (43)

this is done by bounding p(t) as

0< £(t) < plt) < p*(2) < u(t) (44)
0. < £(t) < p(t) < p*(t) < q(t) (45)
and showing that
Jim (u(t) ~ €(8)) =0 and. Jim (g(t) - (1)) =0 (49)
The result is then generalized to the case
g(t,z) =az + z": Xi(t) fi(t, z) (47)
i=1
h(t,z) = cz + f: vi(t)ki(t, z) (48)
=1

which in turn can be applied to treat cases where a and ¢ are time varying
functions.

12
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1.3.1 Asymptotic optimality of the BOF

In the case of (36), we note that ¥; and ¥; imply:

o(t,z) = az + A(Df(t,2) €< [a + A(B(t), AD)AR(D)] (49
h(t,z) = cz + v()k(t, z) €< [c + v(t)s(t), v(t)Ag(t))] (50)

Thus the results in section 1.2.3 apply with
& = a+ A(u(t) + AOAK(E) = a + A()E() (1)
e = a+A(t)u(t) (52)
B =c+v(t)t) (53)
B = c+v(t)¢(t) (54)

and the BOF is given here by:
dzy = azydt + A(t) f(t, z7)dt + g;f—;lu(t)[dy. —czydt — v(t)k(t, z7)dt] (55)
25=0
. 2 — _ ﬁz 2 . . ]

u(t) = o + 2au(t) ;z‘“ (t); u(0)=o04 (56)

The asymptotic optimality of the BOF is a direct consequence of the
following Lemma:

Lemma 8-1: Let 6,,0;,7; and 7, be continuous functions on [0, +oo| such
that
Arg 0() = a

Jim 43(t) = %2 0;i=1,2

and consider the Riccati equations:

2
b1=0"+ 200 - oy wi(0) =0 (57)
s _ 2 20 _ﬁ 2. J
v = 0" + 203v; p,”z' v2(0) = o3 (58)

13




If vi(t) 2 v2(t) and if one of the assumptions given below holds then:

Jim (0 = fim (0

Assumptions:

Ay:a<0
Azt vz(t) > r(t),t 2 0 and v} > 62 > 0 for some §

Recall that:

c2

#(t) = o? + 2ar - 2 r?,  r(0) = o? (59)

Proof:

Let w(t) = v;(t) — v2(t) > 0. Then a straightforward computation yields

. 1 2 2
4 w=2(0, — 02)vy + ?(73 — )i +2(0, - %vg)w - %wz (60)

F w(0)=0
& which we rewrite as
’ w(t) = i(t) + 25 ()w - Z—zw", w(0) =0 (61)
L where 1
i(0) = 2001 - 0)or + 503 - 28)o} (62)
I
it)=6 ;502 (63)
Equation (61) clearly implies:
i w < i(t) + 25 (t)w. (64)

Depending on the assumption used (A4, or A;) we will bound w(t) dif-
ferently using the comparison theorem.

14
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Assumption Ap:

Since £(t) and w(t) are nonnegative, w(t) can be bounded as

w < (t) + 26, w (65)
thus 0 < w(t) < z(t) where
(t)=1i(t)+26,2; 2(0)=0 (66)
Similarly v (t) < Vj(t) where
Vi =02+ 20,Vi, V;(0) = o} (67)

If a < 0 then lim;_.o 8, = @ < 0 and Perron’s theorem (see the appendix)
can be applied to (66) and (67). We get

1% o 68
(o0) = - . (68)
Since vy(t) < vy(t) < Vi(t) for every t > 0, (68) implies

fim i) =0

Re-applied to (66) Perron’s theorem yields

'l_x.rg z(t) = 0 that is ‘l_x.rg> w(t)=0

Aesumption Aj:

Since va(t) > r(t), §(t) < 01 ~ Zr(t), (64) then implies that w(t) < (1),
where:

F=1i(t) +2(6, - Z—zr(t))z(t); 2(0)=0 (69)

limg o0 (01 — %;r(t)) =a- %;r(oo); but r(oo) is the positive root of

2 ?
4 +2az——p—2-z =0 (70)
i.e.,
r(o0) = -—Pz [a+ (a® + 6—2 )1/
T e? P
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and 2 2
d - 2 9 212
a—pzr(oo)—-—(a +p2c )2,

Thus lim¢_.o 2(t) = 0 provided lim;_,o $(t) = 0. For this to happen it
suffices that v;(t) be bounded (v,(t) be bounded). Using the assumptions
and the comparison theorem, we immediately get v;(t) < V;(t) where

. 52
Vl = 0’2 + 20MV1 - -p—sz; VI(O) = ﬂg (71)

and 0y is a nonzero upper bound of 6,(t). Vi(t) is clearly bounded. We
conclude that lim;_.o 2(t) = 0, i.e., lim¢_ o w(t) = 0.

Note: We can conclude that v;(00) = vz(00) = r(oo) provided one of
the following holds:

1ovi(t) 2 va(t) 2 r(t);t 20

2. vi(t) > r(t) 2 v2(t);and a < 0

3. r(t) > vi(t) > va(t) and a < 0.
This last assertion is obtained by applying the above Lemma to the pair
(ryv2).

Proposition 8-2: If ¥; — ¥4 and Mg or }g hold, where

¥s: a <0

e: £(t) > r(t), t>0

then the BOF given by (55)-(56) is asymptotically optimal as t — oo.

Proof:

We have that: 0 < £(t) < p(t) < p*(t) < u(t) where £(t) and u(t) are
given by (51)(52)(56) and (58) in section 1.2.3. Lemma 3-1 can then be
applied to u(t) and £(t) by taking:

0,(t) = &(t) = a + A(t)A(t) (12)

16
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02(t) = a(t) = a + A(t)u(t) (73)
73(t) = B2(t) = [e + v (t)g ()" (74)

70) = B(0) + 425 (Ba(t))’

2
7 = e+ w(OFO + 4522 ()(Au(0))’ (75)

1t is readily checked that all hypotheses in Lemma 3-1 are satisfied and the
result follows.

Remarks:

(1) It follows directly from Lemma 3-1 that if X; is replaced by X§ :
a < 0 and either u(t) > r(t) or u(t) < r(t) then p(oo) = p*(o0) = r(00) =
fla+ (o + S5/

(2) A sufficient condition for ¥g to hold is 4 > 0 and (1 + v§/c)? +
4»\75;%): < 1 for every t > 0.

Assuming that ¢ > 0 and rewriting the last inequality as
z =2 2 (Au)?
PR L Ll CI0 PPN
c c? o? ¢?
it can be seen that a necessary condition for this last inequality to hold is
¢ < 0. It turns out that Xg holds in many cases if f and & lie in the first/third

quadrant (p > 0) and second/fourth quadrant (§ < 0) respectively (e.g. see
Example (2) below).

In general hypotheses such as }g should be checked numerically.

Next we generalize Proposition 3-2 to nonlinearities of the following type:

g(t,z) = az+i:)\.-(t)f,-(t,z) (76)
i=1

h(t,z) = cz+iv,~(t)k,-(t,z) (77)
i=1

with the assumptions X¥;, ¥z and X3 holding for each § = 1,...,n;5 =
,...,m.

17
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Using a vector notation, e.g., Au = (Apy,...,Ap,)T ,and < -,- >, to
denote the inner product in R", the nonlinearities above can be written in
the more condensed form:

g(t,z) = az+ <A(t), f(t,z) >n (78)
h(t,z) cz+ < v(t),k(t,z) >pm (79)

l

and we clearly have

g € <lat+<Apu>n<AAp >, (80)
h € <[c+<v,¢>mi<v,A¢ >p) (81)

Thus, if we make the additional hypothesis ¥; : B =c+ < 1,8 >m> 6 > 0
then the same results hold. More precisely the BOF is given by

dz; = azjdt+ < A(t), f(t,z7) > dt (82)
+£ﬂ 2(t)[dye — exidt— < v(t), k(t, z}) > dt); *(0)=0
L u Yt Ty VL), k(L Ty y T =
with the corresponding MSE p*(t) and the optimal MS-error p(t) satisfying
0 < (1) < plt) < p*(t) < u(t) (83)

where £(t) and u(t) are given in section 1.2.3 with

&(t) = a+ < A(t), g(t) > (84)
aft) = a+ < A(t), u(t) > (85)

Aa =< A(t), Ap > (86)
B(t) = c+ < v(t),5(t) > (87)
B(t) = c+ < v(t),5(t) > (88)

The following corollary is now a direct application of Lemma 3-1.

Corollary 8-3: If ¥) — X{ and X5 or Ng stated below are satisfied, then the
BOF (82) is asymptotically optimal as t — oco.

Ng:a<0

18
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Me: L(t) = r(t);r(t) given by (59).

are time varying, i.e.,

h(t, z)

Il

ous, then (89) may be rewritten as

Equation (91) becomes:

arbitrary.

19

g(t,z) = a(t)z+§":4\.~(t)f.~(t,z)
1

ce(t)z + ‘Z vi(t)ki(t, z)

where lim¢o a(t) = a and limy_o c(t) = ¢

g(t,z) = az+(a(t)—a)z+ <A, f>,
cz + (C(t) - C)I+ <v k>,

fa(tiz) = sign (a(t) - a)z
sign (c(t) — ¢)z

h(t,z) =
By letting:
Ant1(t) = la(t) - a]
numsr(t) = le(t) —¢f
km+l(t’z) =

g(t,z) = az+ <A, f >
h(t,z) = ez+ <v,k>pm41

1.3.2 Asymptotic optimality of the KF

The corollary can be used to treat the more general cases where a and ¢

(89)

(90)

As an illustration, assume that a(t) and ¢(t) are monotone and continu-

(91)
(92)

(93)
(94)

and we are in position to apply the Corollary since A,4; and vy, are
continuous vanishing nonnegative functions with f,4; and k,,; belonging
to < [ sign (An+1),6] and < | sign (Vm+1), 8] respectively, where § > O is

For the nonlinear filtering problem (36), it is clear that (38)-(39) correspond
to a regular Kalman filter designed for the underlying linear system obtained



when one ignores the nonlinear terms in (36). It should be noted however
that (38)-(39) is driven by observations from a nonlinear system. We will,
nevertheless, continue to refer to it as the “KF” and “SSKF” (steady state)
when r(t) is replaced by r(oo).

In addition to ¥;-3},, we make the following assumption:
¥o: f(t,0) and k(t,0) are continuous, bounded on [0, oo].

Proposition 8-4: If a < 0 then both the “KF” and the *SSKF?” are
asymptotically optimal as t — 0o. Moreover:

ploc) = pH(oe) = r(oo) = Fla + (@ + ) (95)

Proof: We first derive an upper bound on p*(t) := E(z; — z¥)? where
z?¥ is given by (38)-(39).

Let z; = z; — z¥; then (36) and (38) yield

dz; = [§: — G(t)hi]dt + odwy — pG(t)dv (96)
where c c
G(t) = ;ﬁr(t) (or —p—z-r(oo)) (97)
G = aZ + A(t) f(t, z¢) (9%)
hy = czy + v(t)k(t, z,) (99)

Applying Ito’s chain rule gives

dz} = [0 + p2G(t)]dt + 2%,dz, (100)

Taking the expectation on both sides yields:

d .

EEE? = p*(t) = 0% + p?G3(t) + 2E%,[g. — G(t)hy] (101)
dp* _ . 22 k 2
Tit. =04 p°G* + 2E2,p; — 2GE$3’1;, p (0) =0y

20




P = 0% 4+ p*G? + 2(a — cG)p* + 2AEz, f(t, 7) — 20G EZk(t, z)
Clearly,

2Ez,f(t,z,) < Ez} + Ef*(t,z;) = p*(t) + Ef*(t, =)

—2Ez.k(t, ;) < p*(t) + Ek*(t,2;)
By the comparison theorem : p*(t) < ¢(t); ¢(0) = 02 where

§(t) = 0%+ p°G* + 2(a - ¢G)g + A(¢ + Ef?) + vG(q -+ Ek?)

=02+ p’G?> + AEf* + vGEK? + [2(a — ¢G) + A + vG]q

which we rewrite as

§=1i(t)+3(t)e, ¢(0) =0} (102)

Now
lim j(t) = 2(a - ﬁr'(oc;)) = —2(02 + 3362)1/2 <0
t—oooJ p2 p2 ’

Thus, if
Jim AOESfHt, z) = Jim v(t)Ek®(t,z;) =0 (103)

then lim; o #(t) = 02 + %;rz(oo).
Applying Perron’s theorem to (102) would give:

_i(o0) _ 0%+ c;’i,.z(oo)

() 2(a - Gr(o0)

g(oo0) =

But r(co) satisfies the algebraic Riccati equation:
2 c? ,
o’ + 2ar(oo) — ;,7' (0) =0

It follows that:

o? + 2ar(oo) — :—;rz(oo) - 2(a- %;r(oo))r(oo) _

floo) = 2(a— Gr(e0))

r(co)
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If a < 0 and £(t) < r(t) then by letting vi(t) = r(t) and va(t) = £(t)
in Lemma 3-1 we conclude that £(co0) = r{co0) = ¢(oc) and hence p(oo) =
p*(00) = r(co).

If £(t) is not less or equal than r(t) for every t, then we can always
find a lower bound £(t) which is less or equal than both £(t) and r(t) (see
next remark). Thus we can apply the same Lemma with v;(t) = £(t) and
conclude that £(o0) = r(oo) = g(o0)(= £(co)) and hence p(oo) = p*(o0) =
r(o0).

We now show that (103) holds if @ < 0 and ¥ hold. The condition
f €< {u(t), Ap(t)] implies

u(t)z + f(2,0) < f(t,z) < a(t)z + f(t,0) (104)

where the time functions u(t), z(t) and f(¢,0) are all bounded continuous
for t > 0. Equation (104) implies in turn that:

1(t,2) < A*(1)a® + BR(1) (105)
for some continuous bounded functions A and B. Therefore,
Jim AEf*(t,z,)=0

holds if
‘i_x.rg AMt)Ezl=0 (106)

Ez} satisfies the following ODE [16]:

%Ezf =1+ 2A(t)Ezf(t,z) + 2aEx? (107)

2EIgf(t, Zg) S EI? + Efz(t, I‘)

Using (106) and (105) in (107), we conclude by the comparison theorem
that Ez} is bounded by V (t) where:

o =1+ A(t)B3(t) + (2a + A(t) + A(t) A2(2))V (2)
Perron’s theorem applies and V (00) = —1/2a. Therefore,

Jim A(Q)Ef*(2,2:) = 0.

22




~—r

P

QED
Clearly, the same thing is also true for v(t) Ek?(t, z;).
Remark: Let f €< [u(t), Au(t)] and k €< {¢(t), A¢(t)] i.e.,
Iz € [u(), B(2)], k2 € [5(t),5(2)] (108)

The lower bound is then given by:
) = o) + 2a()8(0) - 518 + 42 (A0)E;  £0) =0
where a(t) = a + A(t)u(t), Aa(t) = A(t)Au(t) and B(t) = c + v(t)s(t).
Clearly, £(t) < r(t) if u(t) < 0 and §(t) > 0 where

#(t) = o + 2ar(t) - i;rz (t); r(0)=ad

If u(t) < 0 and ¢(t) > 0 does not hold, then we can always choose a
worse lower bound £(t) such that £(t) < r(t). This is possible since (108)
implies that f, € ['(t), A(t)]; k2 € [5,§'(t)] with p'(t) < 0 and ¢'(t) > 0.

Let us now turn to the case where ¢ and h are again given by (89).
Then under the same assumptions and notations of Corollary 3-3 and the
additional obvious additional assumptions introduced by ¥p (namely that it
holds for each f;, k;), it can be shown [20] that the following holds:

Corollary 8-8: Ifa < 0, then both the *KF” and the *SSKF” are
asymptotically optimal as t — oo. Moreover,

ploo) = pH(e) = r(o0) = Sla+ @5 (109)

1.4 An Example

Example:
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Optimal Stationur)&vl}chnvior Of The BOK
Bounds On The Optimnal Mean Square Lrror

i
LU B B B B S B B BN NN B B A BN B ™)
0.0 0.5 1.0 1.5 2.0
Figure 1: BOF performance
Let z; and y; be given by:
dz; = azdt+ e 'sin?(wt) tanh(z)dt + odw, (110)
dyy = ecxdt+ TRy lzge""dt 4+ pdy,
g ~ .N(mo,ag)
Thus,
A(t) = e *sin’(wt);  f(z) = tanh(z)p(t) = ﬁ—l; k(z) = ze*
Simulations were done with the following numerical data:
a=-1,w="50,0=p=0.2c=1,mg=0.0,05 = 0.2 (111)
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Optimal Stationary Behavior Of The ** KF”
Bounds On The Optimal Mean Square Error

Figure 2: KF performance
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for which it is readily obtained that f €< [~1, }] and k < [1=3~4 1274,

i.e.,

1 1
&zo,p:lyl‘:’i’AI‘:E (112)
_s _
3. 1~ 23 1+ 2e4
§= ~2¢ %)§=ls§= 2 ,AS"—'———z

The simulation results, obtained using Monte Carlo methods, are summa-
rized in the plots of Figures 1 and 2 corresponding to the BOF and “KF”
respectively. In Figure 1, the upper and lower bound (u(t) , £(t)) on the
o, .imal MS-error p(t) := E[z¢ — E(z¢|Y§)]? together with the MSE corre-
sponding to the BOF are plotted. A similar is given in Figure 2 for the
“KF” except that instead of u(t), r(t) is plotted. (Recall that while u was
shown to be an upper bound on the BOF MSE p*(t), neither u nor r are
known to be upper bounds for the “KF” MSE p*(t)).

It can be seen that the BOF and the “KF” are indeed both asymptoti-
cally optimal in the sense that lim¢_o (p(t) — p*(t)) = 0 and lim;_. o (p(t) —
p*(t)) = O respectively. Moreover:

p(00) = p*(o0) = p*(o0) = r(o0) = g;[a + (a® + ;—:cz)%] =0.017 (113)

1.5 Conclusions

We investigated the asymptotic behavior question of one dimensional non-
linear filtering problems involving drifts with bounded derivatives using an
upper and lower bound approach to show that the a priori mean square
error associated with some suboptimal filters approaches the optimal one
asymptotically. The upper and lower bounds satisfy ordinary differential
equations of the Riccati type. In particular, it is shown that in the case
of asymptotically time invariant systems for which the limiting system is
linear, the “KF” and “SSKF” (designed for the limiting linear system) are
asymptotically optimal as t — oo (section 1.3). In other words the nonlin-
earity can be ignored as far as the long time behavior is concerned. This
approach proved that significant information relevant to this type of filtering
problems can be infered from the knowledge of the derivative bounds (i.e.,
f the cone in which the nonlinearities reside), and the main point is that,
tractable bounds on the optimal MS-error, when available, can be used (in
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addition to performance testing of suboptimal designs) as a study approach
to tackle some questions arising in nonlinear filtering.
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2 A Bound Approach to Filters for Weakly Non-
linear Systems

2.1 Introduction

In this section we again consider the Ito stochastic model:

dz; = g(t,z¢)dt + o{t)dw; (114)
dye = h(t,z;)dt + p(t)dv, (115)
z(0) = =z, O0<t<T (116)

where g, h, a and p are smooth functions of their arguments, {v;}, {w:} are
independent Wiener processes, and zg is a random variable independent of

{vt}s{wt}'

As we have shown in the previous section, the performance of suboptimal
designs, however derived, may be based on lower and upper bounds on the
optimal mean square error (MS-error) p(t) [22]. This approach is used here
to investigate the long time (asymptotic) behavior of a class of nonlinear
filtering problems, namely weakiy nonlinear systems [10] and systems with
low measurement noise level [19]-[6]. Systems of the first type are modeled
as:

dz; = a(t)zdt + ef(t,z;)dt + o(t)dw; (117)
dys = c(t)zdt + p(t)dy,
while those of the second type are:
dzy = g(t,z¢)dt + o(t)dw, (118)
dy: = h(t,z:)dt + edvy

It is well known that for filtering problems of this type there may be no
finite set of equations which propagate the conditional mean.

We are interested in (one dimensional) suboptimal filters which are
asymptotically optimal in the sense that the corresponding a priori mean
square error (MSE) is identical, up to some power of ¢, to the optimal one.

Weakly nonlinear systems have been studied in [6,5,4]. In [6], Brockett
showed that in the general case, even to be optimal in the asymptotic sense,
such filters must evolve in higher dimensional spaces than z; does.
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One question of particular interest is to study the effect of the weak
nonlinearity on the filtering performance. In other words the question is
whether the Kalman filter (“KF”), formally designed for the underlying
linear system and driven by the observation {y;} in (117) is asymptotically
optimal for small ¢ (notice that these are observations from a nonlinear
system).

In section 2.3, it is shown that for a particular class of nonlinearities f
(those with bounded derivatives), the “KF” and the so-called bound optimal
filter (BOF, section 2.2), both of which are one dimensional filters with
precomputable (nonrandom) gains, are asymptotically optimal as ¢ — 0.

Next, the low measurement noise case, first studied in [19]-(6], is treated
in section 2.4 where the BOF and a constant gain version of it are shown
to be asymptotically optimal, in addition, an even simpler (not involving
the drift and linear) asymptotically optimal filter is obtained. Some of these
results have been obtained in {19,6] by a different approach (e.g.,a WKB pro-
cedure applied directly to the DMZ equation in Fisk-Statonovich form [19]),
while here, basic bounds on the a priort optimal MS-error and perturba-
tion methods are used. Examples with simulation results are provided in
section 2.5.

2.2 Lower and Upper Bounds on the Optimal MS-Error

Let us consider the one dimensional version of (114) where zg is assumed to
be N(0,03); g and h are such that (114) has a unique solution {1], differen-
tiable with continuous partial derivatives satisfying the following hypotheses:

Hh, : |g:(t,z) — a(t)] < Aaft)
Hhy: |ho(t,2) - B(1)] < AB(t),  B(t) := B(t) - AB(t) > 0

which we denote by

g €< [a(t)a Aa(t)]v (119)
k€< [8(t), AB()]
define
&(t) := a(t) + Aaf(t), (120)
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a(t) = a(t) - Aalt)

B(t) == B(t) + AB(1), (121)
B(t) := B(t) — AB(Y)
p(t) = E(z: - E(2:|Yg))* (122)
p(t) = E(ze - 2)? (123)
where z} is the BOF and is given by
dz; = g(t,z;)dt + :E ;u(t)[dyg h(t,z;)dt], =z5=0 (124)
(

u(t) = o?(t) + 2a(t)u(t) - u?(t), u(0)=od. (125)

(1)

The stochastic process satisfying the above nonlinear SDE is called the
bound optimal filter (BOF). Clearly, the BOF is readily implementable with
precomputable (nonrandom) gain and it coincides with the Kalman filter
when f and g are linear. Moreover, the BOF is “bound optimal” in the
sense that, among all nonlinear filters given by 124 but with arbitrary non

random, continuous gains k(t), the choice k*(t) := g’glu(t) yields a nonlinear
filter (the BOF) that has the tightest upper bound on the corresponding
MS-error. Furthermore, this upper bound is precisely u(t) (see [22,20,13]).

The following result, proved in {21,20], provides explicit lower and upper
bounds on the (unknown) cptimal MS-error p(t).

Theorem 2-1: Let p(t), p*(t) and u(t) be as in (122),(123) and (125)
respectively. Then:

0 <I(t) < p(t) < p*(t) < u(2)

where

b0 = o*(0) + 22(e0) - (B0 + 4",§ ;(Aa(t))ﬂz’(t) (126)

£(0) = o3
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Remark: Since £(t) and u(t) both satisfy ODE’s of the Riccati type, the
Theorem says that the optimal MS-error p(t) in the nonlinear filtering prob-
lem is bounded by those in two corresponding Kalman filtering problems,
the coefficients of which are obvious from (125) and (126).

Definition: Let {z}} be any suboptimal filter, p*(t,€) := E(z; — z})?
and p(t,e) := E[z; — E(x:|Y§)|2. Then {z{} 1s said to be asymptotically
optimal if p(t,e) and p*(t,€) agree up to some power (k > 1) of € in a
nontrivial way.

Proof of asymptotic optimality for a given suboptimal filter {z{} uses
the argument that if one can bound p(t,¢€), p*(t,¢) as in

0 < £°(t) < p(t,e) < p*(t,€) < u'(ty€)

for some tractable bounds £’ and u’, then it suffices to show that the first
terms in the corresponding asymptotic expansions are identical.

2.8 Weakly Nonlinear Systems

Let z; and y; be given by

dzy = g{t,zi)dt +ef(t,z¢) + o(t)dwy,, 0<t<T (127)
dy. = h(t,z¢)dt + p(t)dv:

where zg is N(0,03), {w:}, {v:} are Brownian motions independent of zg; f,
g, and A have enough smoothness to guarantee the well posedness of (114).

In the case ¢ > O is a small parameter, ¢ and h are linear, we call
these weakly nonlinear systems (WNL). WNL systems were studied in [10]
where it was shown that if, e.g., f(t,z) = z3, then there does not exist a
reduced order (i.e., one dimensional) filter which has the optimal asymptotic
performance.

Our goal here is to exhibit one dimensional filters that are always asymp-
totically optimal for a restricted class of nonlinearities f, namely those with
bounded derivatives.

In the next two subsections upper and lower bounds on p(t) := E(z; —
E(zdU8))%, *(t) = E(z: - 2})? and pH(¢) := E(z, — 2})? (2, 2} being the
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BOF and “KF” estimators respectively) are used to establish that in the
weakly nonlinear case, that is, in the case g and h are linear, both filters
are asymptotically optimal in the sense that p,p* and p* are the same up
to first order in e.

2.3.1 Asymptotic optimality of the BOF

Let z; and y; be given by (127) and assume that:

g €< [a(t), Aa(t)], f €< [u(t), Au(t)]
h €< [e(t), Ac(t)]
e(t) :=c(t) — Ac(t) >0,t >0

We recall that here the BOF z} is given by:

dzy = g(t,z7)dt + ef(t,z;)dt + fz(—(tt))u(t)[dy, — h(t, z})dt] (128)
z*(0)=0
= o a(t) + e _ 2t
u = o%(t) + 2(a(t) + en(t))u(t) p’(t)u ,

u(0) = o}

Proposition 8-1: If Aa(t) = Ac(t) = 0 and c(t) > O, then the BOF is
asymptotically optimal as € — 0, 1.e.,

p(t) ~ p(t) = r(t) + 0(),0 < t < T (129)

where )
7 = o*(t) + 2a(t)r(t) ~ %:—;—rz, r(0) = r3 (130)

Remark: If furthermore, the system is time invariant then

p*(t) = p(t) = r(t) + 2¢p /: &(t,8)r(s)ds + O(e, Ap) (131)
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where

1— Ae~38¢ } (132)

r(t) = {a + 6————1 gy

2
6-_—_— a2+a_2c2
V P

%’,(a+6) - od
3-89

é(t, 8) = e~ exp {-—2;—: /.‘ r(r)dr} (134)

here O(z,y) means order of each one of the arguments separately.

A=

Proof: It readily follows from the above assumptions that (g + ¢f) €<
[a(t) + enlt), Aalt) + eAnu(t)).

From Theorem 2-1 we get

0 < £(t) < plt) < p*(¢) < u(t) (135)
where:
& = o?(t) + 2(a(t) + B (t))u — —28 2 (136)
u(O) =02
t=o%(t) +2(a(t) + eu(t))L - 0 (t) () +455L 2((2) (6a(t) + ebu(t))?]2 (137)
l(O) = Uo
expanding u(t) in the form:
inf
u(t) ~ 3 w(t)é (138)
=0
gives:
ul(t) ~ f: cxe* (139)
=0
er = Y ui(thun-(t)
§=0
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Plugging (138) and (139 in (136) and equating powers of ¢ yields:

ito = 0 (¢) + 2(t)uo - E ; u(0) = o (140)

4y = 2[a(t) - ;2§ ;uo(t)]ul +2a(t)uo(t), ui1(0)=0 (141)

Proceeding similarly for £(t), one obtains:

= o(t) + 2a(t)lo — — c’(t) + 4” (1) 6a2(t))63

a%(t)
£(0) = o
; 1 2 ), o 505#
¢ = 2[a(t) - ;z-m(a () +4 o7t )6a (t))lo)ts + 2p(t)lo — 8——£; (143)

(here a2 := (6a)?)

It is clear from (140 and (142) that ug(t) and £(t) are different in the
general case but coincide with r(t) if §a = 6c = 0 that is:

g(t,z) = a(t)z and h(t, z) = ¢(t)=z

Now if the system is time invariant i.e.,
alt)=a, wt)=n, c(t)=c, o(t)=o0andplt)=p

then one easily gets the results in the remark above by using the Riccati

transformation r = s; % to solve (130) and the variation of constants formula
in (141) and (143).

2.3.2 Asymptotic optimality of the KF

The question considered here is whether one could, in the case of weakly
nonlinear systems, ignore the nonlinear part in the drift, use the Kalinan
filter designed for the underlying linear system (driven by y) and be able to
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achieve asymptotic optimality as € — 0. It is important however to notice
that even though this scheme is being refered to as the “KF*, it has little to
do with the regular Kalman fiiter, the reason being that the “KF” is driven
by observations from a nonlinear system.

Accordingly, Let g(t,z) = a(t)z, h(t,z) = c(t)z and assume that [ €<
(1(2), 6u(t)], c(t) > O, then the “KF” is given by:

dzf = a(t)ztdt + -:z(Ttt))r(t)[dyg - ¢(t)ztdt], =*(0)=0 (144)

where r(t) is as in (130).

Proposition 3-2: Under the above assumption, the *KF” 18 asymptot-
tcally optimal as € — O in the sense that:

Pt)~p(t)=r(t) +O(e) 0<t<T
Proof: We first derive an upper bound on p*(t) := E(z: — z¥)? where
zf¥ is given by (144).
Let z; := z; — z¥; then
dz; = [g¢ — c(t)G(t)Z|dt + o (t)dwe — p(t)G(t)dv; (145)

where G(t) := E}Qr(t) and g = a(t)z; + €f(t,z). Applying Ito’s chain
rule [16] gives
di? = (o? + p*G¥|dt + 2%.d3, (146)

Taking expectations on both sides yields:

d
—Ez} = p*(t) = 0 + p’G? + 2Ex[g; — cG2y]

dt
P*(t) = o® + p*G? + 2E2g, - 2cGz], p*(0) =0}
p* = 0® 4+ p*G? 4 2(a — ¢G)p* + 2¢E%, [ (t, z,) (147)
Clearly
2E2f(t,x,) < E2] + Ef*(t,z,) = p*(t) + Ef*(t, ) (148)

By the comparison theorem (see appendix): p*(t) < ¢(t), ¢(0) = ¢3 where
§(t) = 0* + p*G? + 2(a - ¢G)q + ¢(¢ + Ef?)
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=0+ p?G?* + €Ef? + [2(a — ¢G) + €lq (149)

which we rewrite as

=i(t) +i()e, ¢(0)=03 (150)

c(t)=a’+Pzr +eEf3(t,z)

30) = e+ 2la - (o)

We therefore have the following bounds:

e(t) < p(t) < p*(t) < o(t) (151)
where:
2=0%+2(a+ep)l - —1—[c2 + 4£6u2c2]£2 (152)
B x o2
£(0) = o

Expanding ¢(t) in the form:
x .
a(t) ~ 2 ai(t)e
=0

and equating powers of € yields:

fo = 00+ Sk + 28a) - S0, 00(0) =3

Let w := go(t) — £o(t) . Then from the previous section it follows by making
da = 0 in (142) that w(t) = qo(t) — r(t). By differertiating we get

W(t) = 28 r2(¢) + 2la(t) - S7d 2(:) r(t)]a§ — 20(t)r(t) + 28 (1)

This in turn easily becomes:

w = 2[a(t) - 28 r(t)jw, w(0)=0

The solution of which clearly is w(t) = 0 which implies go = r.
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2.4 Low Measurement Noise Level

Consider the system:

dzy = g(t,z;)dt + o(t)dw, (153)
dye = h(t,z;)dt + edv;

where g €< [a(t), 6a(t)] h €< [c(t),bc(t)],&(t) > 0,¢ > 0 and € > 0 is a small
parameter (this is the case in many practical situations [9,6]).

The optimal a priori MS-error is bounded from above and below, per-
turbation methods for the bounds are used to show that the upper bound
approaches the lower one as ¢ becomes smaller.

The result is quoted for h linear but holds for nonlinearities A which
tend asymptotically to be linear, i.e., §c is small (see remark 2). This type
of (almost linear) nonlinearities arise in practice and are usually modeled as
being linear [13].

Proposition 4-1: Assume that §c = 0 (i.c. h is linear) and c(t) > 0,
then the optimal MS-error p(t) satisfies the following

p(t) = (t)€+ e) = E(z; — zF)?

where lim,_0 '-((ﬂ = 0 and zI denotes anyone of the three asymptotically
optimal filters listed below.

(F1) The BOF:
dz; = g(t, z{)dt + et )u(t)[dyg - c(t)zzdt], =z*(0)=0 (155)

u(t) = o?(t) + 2a(t)u(t) - f%zu’(t), u(0) = o} (156)
(F2) The constant gasn BOF (CGBOF):

dz{ = g(t, z{)dt + olt )[dy. —eczidt], =§(0)=0 (157)
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(Fs) The linear (first approzimation) BOF:

dzf = g—i—tl[dm —c(t)ztdt], =z%0)=0 (158)

Equation (154) is proven for each case separately.

Proof of (F1): From Theorem 2-1 we get:

£(t) < p(t) < p*(t) = Bz - 27)" < u(t) (159)
u = o?(t) + 2a(t)u — {#uz, u(0) = o3 (160)
2= o?(t) + 2a(t)L - ;12- &(t) + 465;) (6a)?)82 (161)

£(0) = o3

It can be easily seen by inspection of (160) and (161) that u(t) and £(t) are
of different order in € if &c is nonzero. Let’s show this explicitly.

Expanding u(t) as

u(t) ~ i up(t)e” (162)
n=0
yields -
u?(t) ~ Y dne” (163)
n=0
dn(t) = 3 uj(t)uns(t)
=0
e.g.,

dot) = u(t)
di(t) = 2ug(t)us(t)
dz(t) = 2uoug+u§

Plugging (162) and (163) in (160) gives:

%&"d‘ =o%(t) + 2a<; Upe” — :—: i::d,.c" (164)
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Equating powers of ¢, starting with ¢~2, yields dg = 0, i.e., ug(t) = 0. This
in turn implies that d; = 0.

. Similarly o2 — ¢3d; = 0. But since d; = u}, it follows that u,(t) = %{—3,
i.e.,

u(t) = (( ))c + O(€®)forevery0 <t < T (165)

By a similar procedure we get £, = 0 and ¢, = : : that is

L) = "((t))e+0(e’)o <t<T (166)

We conclude from (165) and (166) that if éc = 0, i.e., h(t,z) = ¢(t)z
then:

u(t) ~ {t) = ’gt)) e+0()0<t<T (167)

which establishes the asymptotic optimality of the BOF as ¢ — 0.

Note: These approximations are obviously not valid in the immediate
vicinity of t = 0 where u(0) = £(0) = 03. This (boundary layer) problem is
negligible. It can indeed be easily shown that the duration of the transient
regime for this type of ode’s is O(¢) (also see Figure 2).

This suggests the following:

(i) since u(t) = euy(t)+O(€?), one can replace u(t) in (148) by eu; = 6‘18
and hope to achieve asymptotic optimality as well. The new filter clear
would have the advantage that the gain k(t) = ‘_'_(!l thus avoiding solving a
Riccati equation and therefore resulting in faster computatxons

(ii) If the answer to (i) is affirmative, the next question is whether
the same thing would hold for the first approximation (when expanding z{)
filter:

et = “jay, — c(r)ztar

It turns out that both filters are asymptotically optimal as is shown next.
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Proof of (F;): An upper bound on the MS-error corresponding to filters
such as (F3) can be obtained by following the first steps in the proof of
Proposition 3-2 (also Section 2-2 in [21]. In this case

E(z: - 2{)* < uk(t)

where (k(t) = 24):
ut = 20%(t) + 2[a(t) - g—(t—);-(i)—]u"u*(O) X (169)
By setting u*(t) ~ T; uk(t)¢' in (169), one easily obtains

_ o(t)
“5(‘) - 0, l(t) - c(t)
hence:

p(t) = E(z; - 25)? 8&0(&), 0<t<T

(Recall that: p(t) > £(t) = _H¢ + 0(e?))

Proof of (F3): Similarily, it is readily obtained that p!(t) := E|z, - z{]?
satisfies

5t = 20%(0) + 2Bz ~ 2)g(t, 2 ~ 22070 .
Using the Schwartz inequality:
Eab < E}a®.Eib?

and the comparison theorem (see appendix) we get p%(t) < u’(t) where
ul = 203(t) + 20(¢)(u®)? - 25(—‘):-—(QuL (170)

with 8(t) = E}g2(t,z,). Expanding ul ~ T uled in (170) and equating

powers of ¢ gives u§ = uf =0 and uf = —{3, hence,

ul(t) = 8e+ o(ed),0<t<T

Therefore,

) =p(0) = Te+29, OStST
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QED

Remark (1): (1) Ho(t) = o and c(t) = c then p1(¢) = 4(t) = 0 and
the next terms in the expansion of u(t) and £(t) are:

Uz (t)
&(t)

i

Sa(t)
cl,e(t)

so that u(t) = £(t) + O(€®) if and only if 6a = 0, i.e., both g and h are linear.

(i) In [14), it was shown that for incrementally conic nonlinearities we
have the following lower bound £(t):

(1) 2 €(8) = (1 - o()r (1) (172)
where s(t) is the unique nonnegative root of
(1 - s(t))e’(t) = e~ (173)
a) = [ 1255} + 2D o)e (174
i = 0%(0)+ S2r2(e) + 21a(e) - T8r)g (173)
¢(0) = o}
# = 02(t) + 2a(t)r - ‘i(,‘) A, r(0) = o? (176)

From (160) and (165) we readily get that r(t) = %{36 + O(€?). It is
therefore clear from (172) that if s(t) = O(e), then £(t) = %—86 + O(¢€?) the
same as the one we have used here.

This is indeed the case: (175) implies ¢(t) = O(¢) and (174) that d(t) =
O(€)(6c = 0). Assuming s(t) ~ 3-2° spe™ and letting ¢ go to sero in (47)
gives that 1 — 89 = e~% necessarily. This has the unique solution #5 = 0,
hence o(t) = O(e).

Remark (2): Almost linear observations.
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The same results in previous proposition can be extended to the partic-
ular class of nonlinearities A €< [c,6c] where §c is also a small parameter.
Indeed, the upper and lower bounds u and £ on p(t) and p*(t) := E(z;—z})?
where z} is the BOF in (F)) (with cz} and c replaced by h(z}) and &) are
given by (165) and (166):

u(t) = -(()) + O(€?)

"gg 1+ 2 + o((8e)) + 0(e)

ZQC —(C Cz € c
=S¢+ 206+ 0() +e0((6e))

Thus, for small ¢
u(t) = oft )e + O(e, 6¢)

c(t)
Similarly
o) = ‘_’((‘))c +0(%)
_olt) . ﬁ 2 &2
et - 2+ o) + 0()

o(t) )

(t) — e+ O(e,8¢))
It is not hard either to establish that for the analogs of the filters (F;) and
(F3) (as in (157) and (158), but with cz replaced by h(z)) the upper bounds
are

uk(t) = '((:))e + O(€?)

and

ul(t) — g;c + o(cswerz)

which makes these filters asymptotically optimal as 6¢ and € become smaller
with

pl) = Zde 1),
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Application to the Benes filter Let

dt‘ = f(z.)di + dwg (177)
dyg = z.dt + dvg (178)

where the drift f satisfies
fe(z)+ f2(z) =0z’ + bz + ¢ (179)

with @ > 0 to prevent finite time escape situations.

As mentioned earlier, this is one of the few nonlinear filtering problems
which was shown to admit a finite number of sufficient statistics [3]. We
are interested here in investigating this class of filtering problems when the
diffusion process {z;} is measured in a low noise channel. In particular, we
would like to know what type of implementation simplifications will result
from this additional assumption. Accordingly, let {z;} be as in (177) and:

dy; = zidt + edv; (180)
In order to know how € enters Benes’ original formulas, we shall trans-
form the DMZ equation in Fisk-Stratonovich form by following the steps

outlined below. The unnormalized pdf u(t, z) satisfies the following stochas-
tic PDE:

R 12?2 z
du = (L*(u) - Ee_zu)dt + c—zudy (181)
1
£*(u) = i“s: - (/u)i
which in our case is
1 1z2 z?
du = ['2'“:: - fuz —(fe + Ee—z)“]dt + ;fudy (182)

By letting V (t,z) = e‘*""u(t, z), the stochastic differentials in (182)
are eliminated. We obtain the following classical PDE (robust DMZ):

1 122 1
"‘zEV3‘+(:—"'_,)VI-(?;,+I'+§%-§§)V (183)
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Using V (t,z) = ot ()42 p(¢, ) and (179) in (183), we get after some com-
putations that:

1 1 1yp 11 2 2 1 1
pt = EP:: + '2'9tP:+ ['2‘?- - -2--5(14-6 a)z* — —2-&: - EC]P

It can be easily verified that p is given by

p(t,z) = exp {-%ﬁ}

where
i) = 1- z(1+a)%(), 6(0)=0
du = —(1+Ea)0(t)pndt - ;—0(t)bdt +o00dy  (184)
u(t,z) = es?™" exp {‘/: [(o)do - %E—;(T';‘x} (185)

Our goal is to see under what circumstances u; can be a good approxi-
mation for the conditional mean E(z:|Y§) given by:

u(t, z)

E[z,|Yd] = /z! o, z)dz

It turns out that for cone bounded drifts in (179) (e.g., f(z) = tanh(z)
or linear), the following holds.

Claim: {u;} is asymptotically optimal as € —+ 0

To see this, rewrite (184) in the more suggestive form:
o(t
dpy = —E(,—)[dm ~ (14 a)pdt] - ;O(t)bdt

. - £y . .
and notice that 0(t) = m tanh((1+ €?a)) ~ e + O(e®). It is not hard
then to show that u; = uf + O(€) where

1
dpf := -;[dy. — pldt]
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is precisely the linear BOF obtained iu last proposition which was shown to
be asymptotically optimal as ¢ becomes smaller.

Notice that for the particular case f(z) = tanh(z),a=bd=0andec=1

and hence

tanh(t
dpe = i‘L((_/fl[dy‘ — pdt]

2.5 Examples and Simulation Results

Example 1: In this example, the asymptotic optimality of “KF” for WNL
systems is illustrated. We consider:

dz; = az.dt+ etanh(z;)dt + odw,
dys = czidt + pdy;

Zo ~ N("‘O’”g)
where f(-) = tanh(-) €< [1, %], ie,p=0,p=1Lp=Ap=}.

Simulations were done using a Monte Carlo technique and the following
numerical data:

a=-1l,e=p=03,c=1,mg=0,00=0.1

The results are summarized in the plots of Figures 3,4, and 5. which
correspond to different values of € (¢ = 0.2,0.1 and 0.05 respectively). In
each figure, we have plotted p*(t) := E(z; — z¥)?, r(t) and £(t); the latter
being the lower bound on the optimal MS-error p(t) which therefore lies
between £(t) and p*(t).

The plots appear to corroborate the results of Proposition 3-2 in which
it is stated that the *KF” is asymptotically optimal as ¢ becomes smaller
and that r(t) is a good approximation for the (unknown) optimal MS-error
p(t) in the sense that p*(t) ~ p(t) = r(t) + O(e).

Example 2: This second example deals with the asymptotic optimality
of the BOF and CGBOF in the case of low measurement noise level filtering
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Figure 3: KF performance ¢ = 0.2.
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Figure 4: KF performance € = 0.1.
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Figure 5: KF performance ¢ = 0.2.
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0.6

Asymptotic Optimality Of The BOF
Low Measurement Noise Channel

e=03 u (t)

p°(t)

X
°-°lllI]T‘l‘l]Tlll|llll|IIll|
0 1 2 3 4 5
Figure 6: BOF performance
problems. The following model is considered;
dzy = arctan(z)dt + odw;
dy: = czidt + edy, (186)

o ~ N(mg,0l)
where g(-) = arctan(-) €< [},1],i.e,a=6a =} and

a=~-l,0=c=1,my=0,0 =0.5

The simulations are summarized in Figures 6 and 7 which correspond to
the performance of the BOF and CGBOF respectively. Each figure contains
3 sets of plots corresponding to € = 0.3,0.1 and 0.05 from top to bottom.
Each set of 3 curves consist of the upper bound u(t) on the BOF, the MS-
error p¥ (t) = E(z¢—zf )? and the lower bound £(t) on the optimal MS-error

p(t).
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0.6 Asymptotic Optimality Of The CGBOF

Low Measurement Noise Channel

¢=03 u (1)

pe(t)

°-°|ﬂlﬁrjillr|lﬁlt||i1ﬁ|lﬁl.l]
0 1 a 3 4 5

Figure 7: CGBOF performance
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Again, these plots seem to agree with the results of Proposition 4-1
in which it is stated that the BOF and CGBOF are both asymptotically
optimal as ¢ becomes smaller and that %g}c (equal to € bere) is a good
approximation for the (unknown) optimal MS-error p(t).

Remark: It can be seen in Figure 2(b) that the MS-error p*(t) exceeds
the (BOF) upper bound u(t) in all three cases as might be expected. To see
why this is 80, it suffices to recall that the CGBOF was obtained by approx-
imating the BOF gain k*(t) := %(}lu(t) by 191 since u(t) ~ Q4 e. However,
it was remarked earlier that this last approximation does not hold in the
immediate vicinity of t = 0 (boundary layer problem). Outside this region
(which shrinks to sero as ¢ — 0), the CGBOF performs in a comparable
fashion than the BOF with the speed advantage.

2.8 Conclusions

We investigated the asymptotic behavior question of one dimensional non-
linear filtering problems involving drifts with bounded derivatives using an
upper and lower bound approach to show that the a priori mean square
error associated with some suboptimal filters approaches the optimal one
asymptotically. This approach demonstrates that significant information
can be infered from the derivative bounds (i.e., of the cone in which the
nonlinearities reside). In particular, it is shown that in the case of weakly
nonlinear systems, that the “KF” (designed for the underlying linear sys-
tem) is asymptotically optimal as € — 0. In other words the nonlinearity
can be ignored as long as the asymptotic behavior is concerned.

In the case of diffusions measured in a low noise channel, three asymp-
totically optimal filters were obtained, one of which is linear. Furthermore,
asymptotic values for the unknown optimal MS-error were obtained in both
cases.

The main point is that upper and lower bounds on the optimal MS-error,
when available, may be used (in addition to permance testing of subopti-

mal designs) as a relatively simple tool to study certain nonlinear filtering
problems.

Appendix
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Theorem (1): (Comparison Theorem [15]) Let F(z,y) and G(z,y) be
continuous in the rectangle

D:|lz—2zo|<a, |y—y|<bd

and suppose that F(z,y) < G(z,y) everywhere in D. Let y(z) and z(z) be
the solutions of

v = F(z,¥), y(z)=a (187)
z = G(z,y), z(z0)=«

Let I be the largest subinterval of (2o — a, Zo + a) where both y(z) and z(z)
are defined and continuous; then for z € I

2(z)<y(z), z<=zo

z(z) > y(z), z> 1z

Theorem (2): (Perron [12]) If F(t), fi(t), to € [0,00[,s =1,...,n,
are real continuous functions of t having finite limits

'l_gg F(t) = b, ‘l_iglofl' = ay,
if the roots \;,s = 1,...,n of the equation
At+ap” 4. +a,=0
are real, distinct, and different from 0, then the equation
d" a1
d—t,,v(t) + fl(t)m__lV(t) +.+ fa(t)y(t) = F(¢) (188)

has at least one solution y(t) with lim¢—.co y(t) = L, limy_o0 d™/dt™y(t) =
0. If \i <0,i=1,...,n, then all solutions of (188) have these properties.
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3 Optimal Sensor Scheduling in Nonlinear Fil-
tering

3.1 Imtroduction

3.1.1 Motivation and preliminaries

The problem of nonlinear filtering of diffusion processes has received considerable atten-
tion in recent years; sce the anthologies [1], [2], [3] for a review of important developments.
In current studies as well as in related analyses of the partially observed stochastic control
problem with such models {4], [5], a key role is played by the linear stochastic partial differ-
ential equation describing the evolution of the unnormalized conditional probability measure
of the state process given the past of the observations, the so called Zakai equation.

A significant byproduct of these advances is the feasibility of analyzing complex signal
processing problems, including adaptive and sensitivity studies, in an integrated, systematic
manncr, without heuristic or adhoc assumptions. A problem of interest in this area is the
so called sensor scheduling problem. Roughly speaking this problem is concerned with the
simultaneous selection (according to some performance measure) of a signal processing scheme
together with the sensors that collect the data to be processed. Particular applications include
multiple sensor platforms, distributed sensor networks, large scale systems. For example, in
a multiple sensor platiorm, there is definite need for coordinating the data obtained from
the various sensors which may include radar, infrared, sonar, etc. The data obtained from
different sensors are of varying quality and a systematic way is needed for allocating confidence
or basing decisions on data collected from different types of sensors. For example radar sensors
are more accurate than infrared sensors for long range tracking while the opposite is true for
short range tracking. In sensor networks one needs to coordinate data collected from a large
number of sensors distributed over a large geographical area. Conflicts should be resolved
and a preferred set of sensors must be selected, over finite (short) time intervals, and utilized
in detection, estimation or control decisions. Similarly in large scale systems there is typically
an attached information network with the objective of collecting data, processing them and
making the results available to the many control agents for their decisions (actions). Again
the need for coordinating this information in a systematic way is critical.

In such sensor scheduling problems the systematic utilization of sensors should be the
result of optimizing reasonably defined performance measures. Clearly these performance
measures shall include terms allocating penalties for errors in detection and/or estimation.
But more importantly, they must include terms for costs associated with turning scnsors
on or off, and for switching from one sensor to another. Examples of such costs arising in
practice abound. Turning on a radar sensor increases the detectability of the platform (since
radars are active sensors) and this should be reflected as a switching cost. Deciding to use
a morc accurate, albeit more complex sensor, will require higher bandwidth communications
and often more computational power allocated to that sensor. In distributed sensor networks
it may mean the physical movement of a sensor carrying platform (such as a helicopter
or airplanc) to a particular geographical location. In large scale systems the utilization of
several (often hundreds) sensors for decision making may provide better average performance
but it certainly reduces the responsc speed of the system to changing conditions, and it
increases computational and cornmunication costs both in terms of hardwarc and software.
The Iatter arc obviously evident in large computer /cominunication networks. These running
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and swithching costs will depend often on the part of the state space occupied by the state
vector, i. e. they will be functions of the state as well. For example sensors have different
accuracy or noise characteristics when the state process takes values in different areas of
the state space. Also there is cost associated with handling the transfer of information, or
tracking record, when there are changes in the set of sensors used; and these costs often
depend on the state process.

It is not our intent to provide an extensive description of applications here. Detailed
descriptions of some of these problems can be found elsewhere; see for example [6], |7]. The
underlying thread in all these problem areas is the existence of a variety of sensors, which pro-
vide data (for processing) including information of widely varying quality about parameters
or variables of interest, for control, detection, estimation etc. Due to the complexity of these
problems it is important to develop systematic conceptual, analytical and numerical methods
for their study and to reduce reliance on ad hoc, heuristic methods as much as possible. The
present paper is offered as a contribution in this direction. It provides a general methodology
to this problem by reducing it to the analysis of a system of quasi-variational inequalities (see
section 3 for details). Numerical methods will be described elsewhere [13).

The sensor scheduling problem is considered here in the context of non-linear filtering of
diffusion processes, and is therefore applicable to detection problems with the same signal
models. Modifications of the results apply to other situations including control. In the next
section we present a somewhat heuristic definition of the problem, intended to describe the
problem clearly, at an intuitive level. The intricasies of establishing this model in a rigorous
matheinatical fashion are given in section 2, and constitute one of the main contributions of
the paper.

3.1.2 Preliminary description of the problem

The problem considered is as follows. A signal (or state) process z(-) is given, modelled
by the diffusion

dz(t) = f(z(t))dt + g(z(t))dw(t) (1.1)
z(0) = ¢

in IR". We further consider M noisy observations of z(-}), described by
dy'(t) = hi(z(t))dt + R}*dvi(2), (1:2)
v'(0) = o

with values in IR%. Here w(-), v*(-) are independent, standard, Wiener processes in IR", IR*
respectively, and R; = RT > O are d; x d; matrices. Further mathematical details on the
system (1.1), (1.2) will be given in section 2. Let us consider a finite time horizon [0, T}]. To
formulate the problen: of determining an optimal utilization schedule for the available sensors,
8o as to simultaneously minimize the cost of errors in estimating a function of z(-) and the
costs of using as well as of switching between various sensors, we need to specify these costs.
To this end, let ¢;(z) denote the cost per unit time when using sensor i, and the state of the
system is x; ki,(z), ksi(z) denote the cost for turning off, respectively on, the ith sensor when
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the state of the system is £. The objective of the performed signal processing is to compute,
at time T, an estimate ¢(T) of a given function ¢(x(T)) of the state. Penalties for errors in
estimation are assesed according to the cost function

Efe(¢(=(T)) - $(T))} := E(1¢(=(T)) - $(T)} (r.3)

We shall comment briefly on more general estimation problems in section 4 of this paper.

. In particular the consideration of a quadratric ¢,(-) is not a serious restriction.

We consider next, the set of all possible sensor activation configurations, denoted here by
N. An element v € N is a word of length M from the alphabet {0,1}. If the £* position
is occupied by an 1, the £th sensor is activated (used), if by a O the £** sensor is ofl. There
are N = 2M elements in N. A achedule of sensors is then a pieceunse constant function
u(:) : [O,T] — N. We let 1; € [O,T] denote the instants of changing schedule; i. e. , the
moments when at least one sensor is turned on or ofl. At such a switching moment, suppose
the schedule before is characterized by v € N, and after by ¢/ € N. Then the suntching cost
associated with such a scheduling change will be

ko (z):i= Y ko(z)+ Y k(3). (1.4)
{sev}{igv} {ievH{sev}
The total running cost, associated with schedule v € N will be
e (z) = ) () (1.5)
{ev)

In (1.4), (1.5), the symbal {i € v} denotes the set of all indices (from the set {1,2,...,M)
which are occupied by an 1 sn v (i. e. the indices corresponding to the sensors which are on);
similarly the symbol {f € v} denotes the set of indices corresponding to sensors that are off.
Using the above notation the available observations, under sensor schedule u(-) are de-
scribed by
dy(t, u(t)) = h(z(t), u(t))dt + r(u(t) dofs), (16)
where it is apparent that the available observations depend explicitly on the sensor schedule
u(-). In (1.6), for z € R", v € N,

[ A z)x (1) ]

h(z,v) := ;z‘(z)x(.,,(i) ', (1.7)

! ;IM(::)X(V)(M) J

a block column vector, where in standard notation

. 1, if the ™ position in the word v is occupicd by an 1
xli) = { 0, otherwise (18)

Similarly for vE N
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r(v) := Block diagonal{ R}/ ()} (1.9)
where R; are the symmetric, positive matrices defined above. Finally
v'(t)
vt):=]: (1.10)
o™ (1)

is a higher dimensional standard Wiener process. In view of (1.7), forall v € N

h(-,v): R" - RP, (1.11)

while
r(v) : R — RP, (1.12)

where
D=d +dy+---+du. (1.13)

To make the notation clearer, consider the case M = 2, N = 4. Then N = {00,01,10,11}
and

h(z,00) = -g] (1.14)
h(z,01) = f:,(z)
h(z,10) = . gl(’)
Mz1) = f:l{’;} :
while
r(00) = .g g] (1.15)
R FH
o0 = [o ]
r(nn) = .:;/2 ;;/z]
Clearly the dimension of the range space of y(-,v) is
D, := f; d; x(9). (1.16)

58




.

LG ~aam

— g ————T—— v —re - e e —

Of course for all v, y(t,v) € IRP.

Following established terminology (c.f. [9]) we see that a sensor scheduling strategy is de-
fined by an increasing sequence of switching times v; € [0, T| and the corresponding sequence
vj € N of sensor activation configurations. We shall denote such a strategy by u(-), where

u(t) =y, tE€[nnu) J=12,... (117)

As stated earlier we are interested in the simultaneous minimization of costs due to es-
timation errors as well as sensor scheduling. We shall therefore consider joint estimation
and sensor scheduling strategies. Such a strategy consists of two parts: the sensor schedul-
ing strategy u (see (1.17)) and the estimator ¢. The set of admissible strategies U,y is the
customary set of strategies adapted to the sequence of o-algebras

FY = ofy(s,ul)), s < 1). (1.18)

That is, we consider strict sense admissible controls in the sense of [4]. For the problem
under investigation this last statement must be interpreted very carefully. First, we have
indicated in (1.18), that the available past observation data information o-algebra depends
(as is evident from (1.6) - (1.9)) very strongly on the sensor schedule ©(-). This dependence is
non-standard, as here the dimension of the observation vector and the noise covariance change
drastically at each switching time 7;. In standard stochastic control formulations [4], [5], the
dependence of y on u(-) is much more implicit. This is a difficult part of the formulation
here, since it prevents us from using Girsanov transformations in a straightforward manner.
Secondly (1.18) means that the switching times 7, and the variables v,, which define u(-),
must be adapted to the filtration 7,"(""(')), which depends essentially on the values of 7; and
vi! Finally (1.18) also means that $(T) must be measuralie with respect to 7)), we
shall describe a rigorous mathematical construction of such a model in section 2.
Given such a strategy the corresponding cost is

Iu().8) = E{e(a() - 40P (1.19)
+ [ et ule (1.20)
+ 2 k(z(t),u(ri-a)u(n))})- (1.21)

Hereforze R, v,V € N
c(z,v) := ¢, (x), (1.22)

(cf. Eq. (1.5)), and

k(z,v,v') = k, (), (1.23)
(c.f. Eq. (1.4)).
The optimal sensor scheduling in nonlinear filtering is thus formulated as the determina-

tion of a strategy achieving N
inf. J(u(-),4) (1.24)
()é

59




— L ane g e - o - -

among all admissible strategies.

To simplify the notation a little, let us order the elements of N according to the numbers
they represent in binary form. For example in the case M = 2, N = 4 we replace N =
{00,01,10,11} by the set of integers {1, 2, 3, 4}. That is the one-one correspondence between
N and {1,2,...,N} is described by

v +— (integer represented by v) +1 (1.25)
k ~— binary representation of (k — 1).

So in the sequel of the paper we replace all the v,/ in equations (1.4) - (1.23) by the
corresponding integers from {1,2,...,N }.

The structure of the paper is as follows. In section 2 a precise mathematical formulation is
given and the corresponding stochastic control problem is precisely defined. In section 3 the
set of quasi-variational inequalities solving the problem is derived. In section 4 we offer some
comments and discussion for extensions, further developments and computational methods.

8.2 The Stochastic Control Formulation

8.2.1 Setting of the model

Let (12, A, P) be a complete probability space, on which a filtration 7 is given, 4 = 7.
Let w(-) and 2z(-) be two independent, standard %-Wiener processes with values in IR" and
IRD respectively, carried by this probability space. On the same space we consider also an
IR"-valued random variable £, independent of w(-),z(-), and with probability distribution
function 7.

We consider the Ito equation (1.1), where f(:) is JR"-valued, bounded and Lipschitz, while
g(:) is IR"*"-valued, bounded and Lipschitz. Letting a = %ggr, we assume a > al,,, where
a > 0 and I, is the n X n identity matrix. The Lipschitz property is unnecessary and can be
easily removed using Girsanov’s transformation (i.e. consider weak solutions of (1.1)) [8]. It
is assumed here to simplify the technicalities not related with the main issues of the paper.
Under these assumptions (1.1) has a strong solution with well known properties [8]. Note
that under P, z(-) is independent of x(-).

Consider next functions h'(-), 1 = 1,...,M, from IR" into IR*, which are bounded and
Holder continuous. We shall denote by L the infinitesimal generator of the Markov process

()
}_‘a.,(z)a o +}:f.(z)— (2.1)

=1

or in divergence form

L:= 2 az'a‘J(z)az’ -Za‘( )'_ (210)

where
ai(z) := - fi(z) + § 83’1(”) , (2.1)
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Let us next consider an impulsive control defined as follows. There is a sequence 7, <
f3... <1 <...of increasing %-stopping times. To each time r; we attach an 7, -measurable
random variable u; with values in the set of integers { 1,2, ..., N} }. We define

u(t)=w, n<t<wna, 1=0,1,2,... (2.2)

and set 1o = 0. We require that
1 Tasi] oo, (2.3)

while r, = T is possible for some finite k.
Let v; be the element of N, corresponding to u; via (1.25).
Then define
h(z,u(t)) := h(z,s;), 7 <t< g, (2.4)

where h(z,v) is defined by (1.7), in terms of the given functions h‘(-). Clearly h(-,u(t)) maps
IR" into IRP for all sensor schedules u(-) and is obviously bounded and Holder continuous in
z. Define also

r(u(t)) :=r(1s), 1n<t<r,,, (2.5)
where r(-) is defined by (1.9), in terms of the given matrices R;, 1 = 1,2,...,M. Clearly
r(u(t)) maps IRP into IRP for all sensor schedules u(-) but it is singular. Next we define
h(z,v) to be the vector valued function

[ BYYR (2)x (1)
bz = | ROV R (zixg () (2.6)

.
-

Ry ""hM(2)x (1 (M) |

L

with X(,)(l') defined as in (1.8). Let
h(z,u(t)) := h(z,u), % <t<rg. (2.7)

Clearly h(-,u(t)) maps IR" into IRP for all sensor schedules u{-) and is obviously bounded
and Holder continuous in z. We shall refer to u(-) as the impulsive control. As we shall see, it
describes essentially the decision to select at a sequence of decision times one of the functions
h(-,k), k € {1,2,...,N}. This is the precise mathematical implementation of the sensor
selection decision described in the introduction.

To see that indeed this is the case, we can, with the above preparation, usc Girsanov’s
measure transformation method. Let us then consider the process

6(t) = exp{ [ A(z(s),u(e)Tdx(e) ~ 3 [ Nh(2(s), (o))l 'ds) (28)

JRecall that N = 2™ and the binary representation of each integer 1, 2, ..., N determines a sensor activation
configuration by (1.25).
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where T denotes transpose, || - || is the JR? norm. Note that the process u(t) is adapted to 7.
Then since z() is adapted to 7* C 7 and u(-) is cadlag (8], (2.8) is well defined. Moreover
since h is bounded, by Girsanov’s theorem (8}, [14], ¢() is an F-martingale. We can thus
define a change of probability measure

o)
=t (29)

o(t) = 2(0) - [ Alals),u(e))ds. (2.10)

By Girsanov’s theorem |8], [14), under the probability measure P*) on (02,4), v()) isa
standard 7-Wiener process with values in JR?. Furthermore, by the independence of w(:)
and z(-), w() remains a standard IR™-valued, %-Wiener process which is independent of
v(-). Finally € remains independent of w(-), v(-) while keeping its probability law, denoted
by #o. Thus z(-) also retains its probability law under P,

To relate this construction, i.e. {2.2) - (2.10) with the M noisy observations (sensors)
loosely described in the introduction (c.f. in particular eq. (1.6)), observe that (2.10) can be
written as

and consider the process

r(u(t))dz(t) = h(z(t),u(t))dt + r(u(?))dv(t) (2.11)
in view of (1.7}, (1.9), (2.4), (2.5), (2.6) and (2.7). Indeed
[ R xqy (1) 0 0 11 R @)x g (1)
f(u(t))’.l(z’(u(t))) - 0 R;/2X(V.‘)(2) 0 R;l/zhz(I)X(vi)(z)
o 0 R xpaM) | | Ri WM () g0y (M) |
= h(z, V.’), 7, <t <714y (212)

To give a precise meaning to (1.2), or (1.6), let us introduce the process

y(t,u(t)) == p** (1), 7, <t < Ty (2.13)
where

dy* (t) := r(w) dz(t) = k(z(t), ) dt + r{vy) dvt). (2.14)

It is clear that if we select u(t) = v, Vi, where v has O everywhere except for one 1 in the
¢ location, then (1.2) results. It is also rather plain that y*(t) € IRP~ and that in this case
the Wiener process r(v)v(-) is also D,-dimensional (see (1.16) for the definition of D,). The
process y* (t) represents exactly the observation which is available in |7, 7.41).
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The next issue that we wish to clarify relates to the measurability question that we
discussed in section 1.2, after eq. (1.18). For any u(-), given the construction of y(-,u(:)),
above we can now consider F*'"“{)) as defined by (1.18). We shall say that u(:) is admissible,
denoted u € Uy, if u(t) is 7 measurable, ¢ > 0, where 770D 5 constructed as above.
This more precisely means that the r; are """ V_stopping times or that

{r <t} c FD (2.15)

and that
v € Fremth, (2.16)

Note that since 7*'**) ¢ 7 for any sensor schedule u(-) adapted to 7o) i goare FHUCON
stopping times they are also 7-stopping times, and the above construction (2.8) - (2.14) is
still valid. The implication of (2.15), (2.16) is that one should check that an optimizing
strategy, obtained by some procedure, must satisfy the admissibility conditions. Clearly U,q is
nonempty as strategies u(t) = v, t € [O,T], obviously are admissible. Also strategies with
fixed switchings are also admissible. Note that for an admissible control ¥} ¢ kA

We have thus established in this section the precise mathematical models of nonlinear
filtering problems where selection of sensors is possible. In particular we have succeeded
in circumventing the subtleties associated with the definition of admissible sensor schedules
discussed in section 1.2.(2)

$.2.2 The optimization problem

For the dynamical system described in 2.1, we consider now the cost functional (1.19)
where the underlying probability measure is P“(). As indicated in the introduction, the
general problem where the function ¢ will be in a nice class, e.g., bounded C?, or polynomial,
or C® can be treated along identical lines. To simplify the notation we have chosen to
formulate the problem for ¢(z) = z. The technical difficulties for this case are identical to
the ones in the more general cases discussed above, particularly since this ¢{-) is unbounded
on IR". For this choice the selection of the optimal estimator ¢(T) is the conditional mean

$(T) = E*O{z(T) | 70Ny, (2.17)

where E*() denotes expectation with respect to P“). Let u(u,t) denote the conditional
probability measure of z(t), given 7***()), on IR™. It is convenient to express (2.17) as a
vector valued functional of pu(u,t)

$(T) = ®(u(u,T)) = L zdu(u,T). (2.18)

We shall further assume that the running and switching cost functions c,(-), ki, (-),
1,7 € {1,...,N}, introduced in (1.4) and (1.5) have the following regularity

ci(-),ki;j(-) arein C)(IR") (i. e. bounded and continuous) (2.19)

3Since r(u(t}) is a singular matrix, this stage is more delicate than in standard stochastic contro) theory, where
T would suffice.
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As a result of this simple transformation we can rewrite the cost as a function of the
impulsive contro! u(-) only (i.e. the selection of ¢(-) has been eliminated):

Jel) = EO(s(T) - el TP+ [ el=(e),u(t)at

o0
+ Z k(z(fi)iu(fi'l)vu(fj))Xg-<T}v (220)
=1
where xs,<r is the characteristic function of the f1-set {w; 7i(w) < T}. We further assume
that the switching costs are uniformly bounded below

k(z,i,5) > k., z€ R", i, €{1,...,N} (2.21)

with ko a positive constant. Note that as a consequence of (2.20) if for some admissible u(-)
with positive probability, the number of times 1, < T is infinite, then the cost J(u(-)) will
be infinite. Therefore for T finite the optimal policy will exhibit a finite number of sensor
switchings.

The optimal sensor selection problem can now be stated precisely as the optimization
problem

P : Find an admissible impulsive control u*(-) such that

Jwi )= if J(u()), (2.22)

where U,4 are all impulsive control strategies adapted to F¥(:“()), or equivalently satisfying
(2.15), (2.16). Problem P is a non-standard stochastic control problem of a partially observed
diffusion.

3.2.3 The equivalent fully observed problem

In this section we transform the problem of section 2.2, to a fully observed stochastic
control problem, by introducing appropriate Zakai equations. As is customary in the theory
of nonlinear filtering (1], (2], |3], [4], let us introduce the operator

p(u().0(¥) = E{s()o(=z()) | 72~} (2:23)
for each impulsive control u(-). The notation is chosen so as to emphasize the dependence on
u(:), which is due to the dependence of ¢(-) on u(-) as introduced in eq. (2.8).> The operator
(2.23) maps the set of Borel bounded functions on IR", into the set of real valued stochastic
processes adapted to J;'(""('”. Note that p(u(-),t) can be viewed as a positive finite measure
on IR". It is the unnormalized conditiona! probability measure of z(t) given syl (1), {2}

3But the expectation is with respect to P and mot P!,
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With the help of these measures we can rewrite the various cost terms in (2.20) as follows:

E*N=(T) - #(u(u, T’} = E{(T)|=(T) - &(u(u, T))I"}

E{p(u(). T)()}), (2.29)
where
0(z) = |1z - :———gg;gg; ", (2.25)

with x representing the function x(z) := z and 1 the function 1(z) := 1, z € R". A
straightforward computation implies that

E*N|iz(T) - @(u(u, T)I*} = E{¥(p(u(-),T))} (2.26)

where ¥ is the functional on finite measures on IR" defined by

2
U(y) = 2y _ fla () 2.27
() = wtx?) - LB (221
where x*(z) = |lz]|}, z € IR", and u is any finite measure on JR™ such that the quantities
p(x?) and p(x) make sense.
Next

BO([ ele(t).s(id) = E(T) [ elzle)u)ae)
= B{ B{e(T)el=(t), u(t)) 17}dr)
= B{[ B((T) 17)e(elt), u(0)) e}
= B selz(e).ut)és), (2.26)

because z(t),u(t) are measurable with respect to % and ¢(-) is an F-martingale. Now define
a map C with values in C,(IR") via

C(w) :=c¢,(}), wi € {1,2,...,N}. (2.29)

Then in view of (2.29), (2.23), we can rewrite (2.28) as
B elalhuar) = E([ E{c)elale), )7 )at)
= E{J pul)0(C(ue)ar). (2.30)

Finally

E*Nk(2(r), 8(r-1),8(r))xrier} = E{s(n)k(z(r), w(ri-1), u(r))xeicr)
= E{E{¢(r)k(z(n), u(r-1),w(5))xr.er 1720~0})
= E{p(u(), %) (K (u(r-1)s8(%)))xr T} (2.31)
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Here we have intro’d;lced the function K with values in C,(IR"), via
K(u;.u,-) = 'k...-,.‘-('), u;, u; € {1. 2,... ,N}. (2-32)

and we utilized the admissibility of u(-). Note that in the simpler case where c;(:),k(:),
t, 5 € {1,2,...,N} are constant independent of z, (2.30) simplifies to

B[ elz(t).uie))dt} = B( [ plu(),0)(R)eundt) (2.33)
and (2.31) simplifies to
E“Mk(z(r) ulr-a), w(r))xrer) = Efku pudnerp(u()m)(@). (2:34)

Utilizing (2.26), (2.30), (2.31) we can rewrite the cost corresponding to policy u(:), given
in (2.20), as follows

) = B0+ [ pu().0(CE0)
+ 3Pl ) (K (ies, w)xoer). (2.35)

In (2.35) we have succeeded in displaying the cost as a functional of the unnormalized con-
ditional measure p(u(-),-) which is the “information™ state of the equivalent fully observed
stochastic control problem. To complete this transformation we need to derive the evolution
equation for p(u(-),-), i.e. the Zakai equation. We turn into this problem next and derive a
weak form of the Zakai equation for p(u(-),-) in the following lemma. Here C}*' denotes the
space of all functions y(z,t) on IR" x IR which are bounded, continuous together with their
first and second derivatives with respect to z, and first derivatives with respect to t.

Lemma 2.1: For any ¢ € C;"' we have the relation

p(u(-).1)(¥(1))

70($(0)) + [ plul).s)(G + Lb)ds

¢t D - -
+ [ L p(ul), ) () ble)) e () (2.36)
where
[Hi(u(s))¢] () = hilz,u(s))é(z), i=1.2,....D, ¢€C}
V(s)z) = ¥(z,9), (2.37)
and h, is the i** component of h (see (2.6)).
Proof.
Let B(-) € L*(0,T; ") given and consider the 7;-martingale p(t), defined by
do(t) = p(1)B(t)Tdz(t), (0) = 1. (2.38)
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Recall that by definition of ¢(t) (c.f. eq. (2.8))

| ds(¢) = cT)h(=(e),u(t))Tdz(t),  ¢(0) =1. (2.39)
| Therefore by Itd's rule [8]
| dlse(t) = s(0)o(t)|(R(=(e),u(e)) + BT dz(e)
+ AT(2(1),u())B(t)ds]
r ¢(0)e(0) = 1, (2.40)

and since ¢ € C;*!
awz())) = (2D 4y, )
1 + [9v(z(t),0)]T g(=(t))dw(e), (2.41)
where L is given in (2.1). Therefore suppressing some arguments for ease of notation
do(z()t) 6] = <Ol + Ly + KTBu)at
J + ¥ gdw(t) + ¢(h + B)Tdz(1)). (2.42)

In (2.41), (2.42) we used the notation Yy = (a%'f"' .y 3’;‘.’7)7. Integrating (2.42), and taking
expectations we deduce

E{y(z(t),t)¢(t)p(1)} = mo(¥(0)) + E{ /o ' g(s)p(s)[%s"i + Ly + KT By)ds). (2.43)
We can then write

(' c(s)pl) 3 + Lvlds)

E([ B(p(s)s(s)(5Y + L) | 7H+}as)

([ p(s)p(u(), ) (5% + Lv)ds)

vy

.& = Elo(t) [ p(u() )3 + Lv)as) (2.44)
by virtue of the 7-martingale property of p(-). Similarly
t? B[ (A (a(6) () Blehb{a(e) o))
= E{o(0) [ c()(z(o), e)h(z(s). u()) T de(e))
= Blol0) [ X plul), )5 ule)le e (), (245)

=]

where in the first equality we have used the representation p(t) = 1 + f; p(s)B(s)T dz(s), and
the well known insomorphism between Ité stochastic integrals and L? [8]. Finally

E{¥(z(t),0)s(t)o(t)} = E{p(t)p(u(-),t)(¥(t))}. (2.46)
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Using (2.44), (2.45), (2.46) in (2.43) we obtain
Eo(0lp(u().05(0) - (B0) - [ p(u(, ) (GE + Lu)as
t D - -
-f 3 plu(), o) (NP6 (o))} =0. (247)

l We can replace in (2.47) p(t) by a linear combination of such variables, with different 8.
The sct of corresponding variables is dense in L(Q2, 7%, P). However, the random variable in
the brackets in the right hand side of (2.47) is clearly in L’(ﬂ,,’;'("u(')),P) and thercfore in

I L} (0,77, P) since ') ¢ 72 Then (2.47) implies the result of the lemma (2.36).

‘ As a remark we would like to note that the assumed nondegeneracy of z(-), implies that
the solution of (2.36) is unique. This can be proved in general under our working hypotheses,
for solutions which are measure-valued processes. Here we outline such a proof for the case
when these conditional measures are absolutely continuous with respect to Lebesgue measure
on IR"; i.e., in the case unnormalized conditiona! densities exist. For this we need to assume
in addition that

7o has a density p, with respect to Lebesgue measure; po € L’(m") (2.48)
Let us denote by L* the formal adjoint of L (see (2.1), (2.1a), (2.1b)):

Sniiffol

; RN 9 9
'! L'= 3 5;0"(1)8—1, +Zaz.-“" (2.49)

ig=1 % i=1

and consider the Hilbert space form of the Zakai equation [10]

>

dp = L'pdt+ ph(-,u(t))Tdz(t)
p(0) = po. (2.50)

"

The function space in which the solution is sought is

-

L*n, 4, P, C((;,T; L}(R™")) n L;,.q-.-( w (0,T; H‘(m")) (2.51)

Here I1' is the usual Sobolev space on IR" [11] and the subindex F¥:“() in the second L?
space, denotes that the solution is adapted to the filtration .T,"(')’"(')), t > 0. 1t follows from
the results of E. Pardoux (11}, that there exists a unique solution of (2.49) in the functiorn
space (2.50), under the assumptions made here. We can then establish the following.

Lemma 2.2: The following property holds

p(u(-).0)(¥) = (p(x(-).1). ¥), (2.52)

V¢ in L*(I") and bounded, where (-,-) denotes inner product in L*(IR").

Proof.
By slight abuse of notation we use the same symbol to denqte the conditional unormalized
measure and density (whenever the latter exists). Let us prove inductively that
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Plu()n v (AR (¥) = (P(e()y % V (LA R)) ¥), (2.83)

where the left hand side notation refers to the measure appearing in (2.36), while the right
hand side notation to the solution of {2.50), which is uniquely defined. Suppose then that
(2.53) holds for i-1, and therefore in particular

p(u(-),7)(¥) = (p(u(), 7). ¥),V¥. (2.54)
Consider now the solution n of
O b Ln = —nh(oul)TH(s), 5 € (rarsV (A Tr))

ds
n(z.nV(tAr,)) = ¢(2) (2.55)

where ¢ € Cg°(IR") and B is a smooth deterministic function with values in JRP. From the
assumptions on f, g and A’ (it is here that we use the assumed Holder continuity of ‘), we
can assert that the solution of (2.55) belongs to C;*'(IR™ x (7,7 V (t A 744,))), for any sample
w, [11]. Therefore (2.36) implies (using (2.55))

P(u(.)’r,- v(ta T.'.”))('p) = p(u(- ) 7l)(77(7-))
- - rv(tariy,) P
- / ( )Zp ), 8)(H, (u(s))7(5))B;(s)ds

R /: V(IAT, ‘“);p(u('),s)(i{j (u(s))r’](s))de(S), (2.56)

where H; is as defined in lemma 2.1, and n(s)(z) := n(z,s). Therefore by 1té’s rule
P(u(),n vV (EA 7)) (W)p(n V (LA 741)) = p(u().7) (3 (n))o(n)
V(AL 4 D -
AR TE) ETOPTCANEILEY

L, V(tAr 4 D
+. | )PM;»(u(-).s)(a(s»ﬂ,»(s)]dz,(s). (2.57)

Hence
E{p(u(-).n v (tAna))(¥)o(n v (t A 7))
= E{p(u(-),7)(n(r))n(r)}. (2.58)
On the other hand from (2.50) and (2.55) we obtain
(p(x()in v (tATa) ) = (p(u().n),0(n))

+j"vv(uuu)z:(p(u() s)h (- u(S)) r(s))dl;(s)

s=1

_ /.v WV(targ,) D Z(p(u( )‘8) 7] (u(s))q(s)ﬁ, (c)ds. (2 59)

j=1
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and thus also
E{(p(u(-),: V (t A7is1)), ¥)o(rn V (¢ A 1iia)} = E{(p(x(-), ), 1())p(r:). (2.60)

But from the inductive hypothesis (2.54), the right hand sides of (2.58) and (2.60) are equal.
Hence the left hand sides coincide. Varying B, we easily deduce that (2.53) holds, at least for
¢ € CZ(IR"), which is sufficient to conclude the proof of the lemma.

With this result we can rewrite the cost (2.35) as follows

Je() = EQEEE.T)+ [ 6ul),0,Clu))d

+ f,:x,,.(,(,,(u(.),f.),x(.,..-,,....))} (2.61)

where (see (2.27))
(.11
PET)1)

Since the expression (2.62) involves unbounded functions we have to show that it makes sense.

¥(p(u(-),T)) = (p(x(-), T),x*)

(2.62)

At this point it is useful to introduce a weighted Hilbert space in order to express
¥(p(u(-),T)) in a more convenient form. To this end let

u(z) =14 [z || (2.63)

and L?(IR"; ) denotes the space of functions ¢ such that pu € L?*(IR"). Define in a similar
way the space L'(IR";u). From the discussion of existence and uniqueness of solutions of
(2.50) in the functional space (2.51) and if

po € L}{(IR"; ) N LY(IR™; p),

it is easy to check that (2.50), under the assumptions made in section 2.1, has a unique
solution in the space

L}, 4, P;C(0,T; L*(IR"; u) N L' (IR™; ))) N L*(0,T; H' (IR"; 1)) (2.64)

where H!(IR"; u) is the obvious modification of H}(IR"). This justifies that the quantities
srising in (2.62) have a meaning.

We note that J(u(-)) is indexed implicitly (we do not include this in our notation) by
%o (or po) and u(0) = 5, 5 € {1,...,N} which is determistic since it is 7 -measurable, by
construction.

We close this section by rewriting the dynamics (2.50), in terms of the originally given
observation nonlinearities AY, and with forcing inputs the processes y¥(-) introduced in (2.13),
(2.14). In view of (2.5), (2.6), (2.7), (2.13), (2.14) we have

R(- (1)) dz(t) =f;M’(-)x(,,.,(,')R;‘/’a;(c).n << fy

Jm1
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(where we have written z = [2,,23,... 2m])7)

M

= YA (xeaO)R R x ) ()d2i(t), % S 1 < i
Jj=1

= 6("V.)Tdy(l,l/.'), L <t< i+l

=: §(-,u(t))Tdy(t,u(t)),

where

[ Ry 'R (z)x (1)

5(z.0) = | 7K (@)xpn (i) (2:65)

| RiM(2)x 0 (M) |

Therefore the system dynamics (2.50) can be written equivalently

dp(u(),t) = L'p(u(-),t)dt + p(u(-),1)6(-,u(t)) dy(t,u(-))
p(u(),0) = po, (2.66)

where y(t,u(t)) is defined in (2.13), (2.14). This makes precise the construction of a Zakai
equation driven by “controlled™ observations alluded to in the introduction. It also becomes
now clear that the spaces described by (2.51), (2.64) are the appropriate ones as far as
solutions of (2.50) or (2.66) are concerned.

3.8 The Solution of the Optimization Problem

3.3.1 Setting up a system of quasi—variational inequalities

Let us consider the Banach space H = L*(IR";u) N L'(IR"; 1) and the metric space H"*
of positive elements of H. Let

space of Borel measurable, bounded functions onH*

B
¢

I

space of uniformly continuous, bounded functions onH*. (3.1)

Let us now define semigroups ®;(t) on B or C as follows. Consider (2.50) with fixed sched-
ule u(t) = j, and let p; denote the corresponding density p(-,5). Then for j € {1,2,...,N}

dp, = L°p, dt + pjl.lfrdz(l), p,(0) = =, (3.2)
where L
B = h(-,3). (3.3)
We set
&,(t)(F)(x) = E{F(p,+(t))}, F€B or C, (3.4)
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where p; . indicates the solution of (3.2) with initial value x. It is easy to see that &, is a
semigroup since p;(t) is a Markov process with values in H*. It is also useful to introduce
the subspaces B; and C, of functions such that

{F(x)|
F —_——c .
IFlh .sexz‘»‘ 14 (=], o (35)

where || » Jl,=|| 7 ||Ly(r~)- The spaces B, and C, are also Banach spaces. They are
needed, because we shall encounter functionals with linear growth in the cost function (2.61).
To simplify the statement and analysis of the quasi-variational inequalities that solve the
optimization problem considered here, we give the details for the case N =2 only in the
sequel. We shall insert remarks to indicate how the results should be modified for the general
case. Let us introduce the notation

C. = C(i,), i=1,2,
Kl = K(1,2)
Kz = K(2,1) (36)

Since C,,C4, K, K; are bounded functions, one can utilize them to define elements of C; via

(for example)
Cl(ﬂ) = (Cl,ﬂ') (37)

where a slight abuse of notation, in denoting the functional and the function by the same
symbol, has been allowed. Similarly the functional on H* )

¥(x) = () - L2 (35)

belongs to C, since it is positive and
¥(r) < (7,x*) < li7llu- (3.9)
Consider now the set of functionals Uy (x,t), Uz(n,t) such that
UU; € C(0,T;Cy)
Ui(1) 20,  Us(t) >0
Uy(n,T) Uy(7,T) = W(n)
U(r,t) < (s — )Uy(m, ) +/"¢,(A — £)Cy(n)dA
Os(s — t)Us(n,8) + /‘ "®3(A - 1)Cs(n)dA
t

Ki(x) + Us(x,1)
Ki(n) + Uy(n,1). (3.10)

1A

Uz(n,t)

Vs
Uy(n,t)
Us(x,t)

IA

IAIAN IV

In the sequel we will occasionally use the notation Ui(s)(x) = Ui(x,s), ¢=1,2.
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3.3.2 Existence of a maximum element

We shall refer to (3.10) as the system of quasi-variational inequalities (QVI). Our first
objective is to prove the following.
Theorem 3.1. We assume that the conditions on the data f,g,h' introduced in section £.1
hold. Then the set of functionals Uy, U, satisfying (8.10) is non-empty and has a mazimum
element, in the sense that if U,,U,; denotes this marimum element and Uy, U; satisfies (5.10),
then

| (}12U1,(.Jz_>.Uz-

The proof will be carried out in several steps. In fact there is some difficulty due to the
functional W(x). We shall modify it in order to assume that

0< ¥(r) < V(1) (3.11)

where ¥ is a constant. We shall prove the theorem with the additiona! assumption (3.11),

| prove the probabilistic interpretation, i.e. the connection with the infimum of (2.61). The
| probabilistic formula will be next used in an approximation procedure. We can approximate

for instance the functional ¥ defined by (3.8) in the following way. Set

1I‘||::H’ W s HLL)m ”2
W (n) = [ d (3.12)

1+ EE T fxdz
which clearly satisfies (3.11) with ¥ = n.

‘ﬁ Proof of Theorem 3.1 under the assumption (3.11). The set of functionals satisfying (3.10)
: is a subset of B, or C, defined in (3.5). However for this subset the norm (3.5) is unnecessarily
restrictive. For those functionals it is sufficient to set

——r—_y

> H = L}(R)nLY(R")
1 H* = set of positive elements of H (3.13)
u and to consider é,, &, the space of Borel or continuous functionals on H* such that
|F ()]
Fli = sup ———— 3.14

We shall then study the systern (3.10) with C, replaced by C;. Let us notice that
H* c B*

and if one considers a functional F in B, or C,, its restriction to H* belongs to B, or Cy; the
injection

F — restriction of Fto H*

is continuous from B, or C, to B, or ;. Therefore replacing in (3.10) €1 by ¢ 1 gives a stronger
result.
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We shall in the proof omit to write the symbol ~ and write B,,C, instead of B,.C.H*
instead of H*, the norm || ||, is then given by (3.14).
The proof is then an adaptation of the methods of Bensoussan-Lions [9] to the present
case in order to take into account the fact that we use C; instead of C.
First note that
l®s()lleqcricn <1 (315)

where £(C,;C,) is the space of linear continuous operators from C, into itself. Indeed we have

[8:2(0)(F)(x)] _ |E{F(pra(t)}]

1+ (1) = 1+4(n13)
(1 + E(p:«(t),1))
< iFlh 1% (m,1)
= ||IFl
since from (3.2)
E(p1.(t),1) = (m,1) (3.1€)
Therefore
18:(e)(F)ll < IFlix ' (3.17)

which implies (3.15).
Note also that a solution of (3.10) will satisfy
Us(n,t) < &:(T - )Us(n.T) + /‘Tm(,\ — 1)Cy(n)d> (3.18)
and due to positivity, we also have
U0 < U + HCUW(T — 8) < ¥ 5 ICI(T - 1) (3.19)

where {|C,]| = sup, Ci(z).
As it is customary in the study of QVI we begin with the corresponding obstacle problem,

U, U, € C(0,T;C))
Ui(-,t) > 0,Ux(-,1) >0
U(n,T) = Up(n,T) = ¥(n)
Us(m,t) < Q.(s—t)U,(w,s)+/“¢>,(/\—I)C,(7r)d/\
Us(m,t) < Qz(s-—t)Uz(n,s)+/"d>;(A—l)C,(w)dA
Vs > 1t
Ui(n,t) < Ky(7) + ¢n,t)
Us(n,t) < Ky(n) + q(n,t) (3.20)
where we assume that
o2 € C(0,T:C)
ai(n,t) >0, ¢(7,t) 20
a(m.T)(n,T) 2 ¥(x). (3:21)
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We then have the following.

Proposition 3.1: For ¢,¢ as in (8.21) the set of U;,U; satisfying (3.20) is not empty and
has a mazimum element.

It is clear that for ¢;,¢; given, the system of inequalities (3.20) can be decoupled and
U,,U; can be considered separately. Let us then omit indices momentarily and consider

U € CO,T:C)
UGt > 0
U(=,T) V()
Ulr,t) < ®(s—-)U(r,s) +['¢>(A ~1)C(x)dA
Vs ¢ ‘
Un,t) < ¢l0) (3.22)

where ¢ stands for instance, for K;(x) + ¢:(x,t). To prove proposition 3.1, it suffices to show
that (3.22) has a maximum element. This can be done by the penalty method. So we look

for U, solving

v

IAN IV A

Uf) = 9(s—U() + [ 20— HIC() = TN - s () * 1A
for t<s<T
UAT)(x) = W()
U. € C(0,T;C)
Udft) > 0. (3.23)

We can then assert
Lemma 3.1 There is a unique solution of (3.23).
Proof: Notice that (3.23) is equivalent to
T 1
U) = &(T - OU(T) + [ #(A - [C(n) - (L) — N |ar  (3:20)
and also to
~-HT-0) T -3a-y)
U(t) = 09T - u(n) + [ e 00(a - 1)
]
1 1
(C(r) + TUX) = F(U(3) = s(3)*IaA (3.25)

Let us define the transformation T, of C(0,T; C,) into itself using the right hand side of (3.25).
Then the latter can be written as a fixed point equation

U = TU, (3.26)

Using (3.11) and (3.15) one can show precisely as in Bensoussan-Lions (8, p.488] that some
power of T, is a contraction. Hence the result of the lemma follows.
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One then can also prove as in |9, pp.489 - 490, that if ¢ < ¢, ||U,|ly < K,then 0 < U, < U,..
As in [9, pp.494 - 495] one then shows that as ¢ | 0,U, | U which is the maximum element of
(3.22). The convergence takes place in C(0,T;C,). This establishes Proposition 3.1.

We can then proceed with the

Proof of Theorem 3.1: (Continuation)
Let us consider the map H mapping C(0,T;C,) x C(0,T;C,) into itself defined by

H(6,6) = (U, Us) (3.27)

where the right hand side represents the maximum element of (3.20). Let now

T
U(mt) = &(T -)¥(m)+ [ &,(0-)Ci(m)dr

Ui(n,1) = &(T - t)¥(x) + /‘ T 85(A - 1)Cy(m)d> (3.28)

Consider ¢(t), &(t),1 = 1,2 sach that

0<a(t) < &(t) SUt), e =1,2, (3-29)
and
&(1) - s(t) <&(t), v €[0,1]. (3.30)
Then we have
0< H(&, &)~ H{a,a) <101 ~v)H(&, &) (3-31)
where X
™ 0 (3.32)

< —
~ ko + ¥+ max(||Ci ], ||Ca|I)T

Indeed, setting
k=1-7(1-7) (3-33)

we have to prove that

x H(&, &) < H(a, ). (3.34)

Let us set

(U, Uy = H(s.6)

U02) = H(b, &) (3.35)
We need then to show that ) ;
KU; S U], KU: S Ug. (3.36)
If we can establish that
KK](R) + Kt’(ﬂ,‘) < K.(l’) + fj(ﬂ,l)
&K,(ﬂ) + Kel(l,') < Kg(l) + ‘l(l.t), (3.37)
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then (3.36) is implied by the monotonicity propertics of Variational Incqualities. But
e’(’r")(l - ‘7) S ‘1('0‘)- (338)
hence it is enough to establish that

Ky(r) + (1 =) &a(n.0) (3.39)
Ky(7) + (1 = 1)&(n,1)

&K (7) + x€a2(m,t)
cK3(7) + c&y(x,0)

IA A

The first of (3.39) will be satisfied if
[x = (1 = )}&a(m.t) < (1 — <) K () (3.40)

or if
Y€1) < (1= ') Ky (n). (3.41)

But observe that
E2(n,t) < Up(x,t) < (¥ + ||Cs|T) (n, 1)

So it is enough to choose ¥’ so that
A (T + [ICEIT) (7, 1) < (1 = ko, 1) (s 42)
where ko is the uniform lower bound (2.21), since K (n) > ko(w,1). This last inequality

requires

ko

7' < = 3.43
ko + W + ||Co||T (3.43)

In an identical fashion, the second of (3.39) will be satisfied if
ko (3.44)

v < — .
ko+ ¥+ ||C|IT

So both of (3.39) will be satisfied if we choose 4' according to (3.32). The proof of the theorem
then proceeds via the standard iteration

(urh ety = H(UMUY) (3.45)
as in [9, pp.512 - 514].

Remark: The extension of this result to the gencral case N # 2 is straightforward. The
system (3.10) has N functionals Uy, ... ,Un. Everything in (3.10) is the same except for the
last two incqualities which are replaced by

Ui(n,t) < m;n (Kiy(n) + Uy(=,1)), v=1,...,N (3.46)
¥
=1, N

Onc again introduces the system (3.20) where the last two inequalities are replaced by
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U.’(t,l) < m;n (K.' j(ﬂ) + {,‘(ﬂ,!)), 1=1,...,N (3.47)
;'={,...,N
where ¢, € C(0,T;(,), and saiisly the reinainder of (3.21). One then establishes the analog

of Proposition 3.1 by penalization. The analog of Theorem 3.1 is established by introducing
a map I/ mapping C(0,T;C,)" into itsclf defined by

”(§1,§2,---’§N) = (UhUz---,UN)

where the right hand side is the maximum element of the analog of (3.20).

3$.3.3 Existence of an admissible sensor schedule

Our objective in this section is to show that the maximum element (:1,. U: of the QVI (3.10)
provides the value function for the optimization problem (2.61), (2.66) when the assumption
(3.11) holds. Furthermore we want to show how an admissible optimal sensor schedule is
determined once the pair U, U, is known.

We shall prove that

U (#.0) = (inf J(u()), i=1.2 (3.48)
w(0)=1t
p(0)==n
where 7 € H? satisfies (m,1) = 1. An optimal schedule will be constructed as follows.

Suppose, to fix ideas that 1 = 1. Then define
mo= il (t).1) = Ry{pi(1)) + U2(pi (1), 1)} (3.49)
'-

where again p,(t) is the solution of (3.2). We write
P.(l) =h (l), te [0, Tl‘] (3‘50)

Next define )
12 = _inf {Ua(pa(t).1),= Ka(p2(t)) + Ui(r2(1),1)}  (3.51)

1, <t<T

In (3.51), it must be kept in mind that p,(t) represents the solution of (3.2) with j=2, starting
at 77 with value p,(7;). We then define

(1) =pat), tE€|r,15) ' (3.52)
Note that, unless 7; = T,
n$>1, - (3.53)
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otherwise

Uilpi(r),7) = Ka(pi(77)) + Ua(ps(ri) 7))
Us(pa(ri)or) = Kalpa(7)) + Uslpa(ri)om) (3.54)

which is impossible since
Ki(pi(77)) > 0, Ks(pa(77)) >0 a.s. (3.55)

Similarly one proceeds to construct a sequence of 1; < 15 < 713 < ... and the process p*(-).
We can then prove the following.

Theorem 3.2. With the same assumptions as tn Theorem 8.1 and in addition assuming that
(3.11) holds; the sequence of stopping times 17,7;,... defines an optimal admissible sensor
schedule.

Proof: Considering (3.10) as a VI with obstacle ¢,¢;, we can write from the definition of

Ui(r,0) = E{.U,(p,(r,'),r,')
+ /O" Ci(pi(2))dA}. (3:56)

This can be established by utilizing the penalization (3.23), along similar lines as in [9, pp.
578 - 587). Then

E{Ui(p:(77), 1)} E{Ui(p*(77)s71}
E{¥(p*(T))x:;=1}

+ E{Ui(p" (1), 7{)xe; 1}

Substituting back in (3.56) and using the definition of 7] in (3.49) we obtain

N

U,(vr,O) = E{‘P(p‘(T))Xq:T +/ol Cl(p'(A))d/\
+K(p" (1)) xv; <1 + Ua(p7 (7)1 )xej <7 ) (3.57)
Furthermore, again by employing penalization cne can show that

E{U:(p*(n),7)} = E{Ua(p2(7}), 1)} = E{f/:(m('z')»':')
+ [ calp(n)ar). (3.58)

This implies
E{Us(p:(r])i ) )xr; et} = E{Us(pa(73)s73)Xs; 1
+ Xep<r / :' Ci(pa(r))dAr}. (3.59)
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E{Us(ps(73)s 13 )xr;<r} = E{W(p'(T))x,:<r',;‘r}
‘ + E{U( (), )xeger)-

Substituting back in (3.57) and using the definition of 7 in (3.51) we obtain
Up(7,0) = E{¥(p(T))xe;=r + Ki(p*(1]))xs; <1
K ()xger + [ Culp (A
+ [ €3l (A + U5 (53), D er) (5.60)
Proceeding in a similar fashion, and collecting results we can write:
’ Ui(,0) = E{¥(p"(T))xs;=r
+ LK () xerer

A =1

1 + 'il Xrjy,<T /,::“ Cira(p"(A))dAr},

=0
+ Unaa(p'(72), 73) Xz er (3.61)

where we used the notation

K,, ifiis even
c - [ G ifiisodd
' C,, ifiis even

K = {K,, if i is odd

»

>

}_ U = {U,, if i is odd (3.62)

U,, ifiis even.

However, observe that nécessarily 7, = T, for p large enough (random). Otherwise one has
7, < T,Vn, on a set 3y C 0 of positive probability. But 73 1 r* < T and

o e

(#’(77), 1) — (p"(+°), 1) (3.63)
where (since (7,1) = 1) .
(r’(r*) 1) =1 +/o p'6Tdy (3.64)
(see (2.66)) and .
(#(r*),1) = E{(r)72 )} >0 a.a. (3.65)
where ¢(-) is the process introduced by (2.8). Therefore on flp, as n — oo
| zn:K‘(P'('."))X-;a — 400 (3.6)
(L3
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and since f1; has positive probability, as n — 0o

E(Y Ki(p' (1)) xes <1} — 00, (3.67)
=1
which contradicts (3.19).
We can thus assert that
XV:=T —_—t l a.8. (3-68)

In particular, it follows that the sequence 17,75 ..., defines an admissible schedule denoted
by u*. The corresponding state solution of (2.66), coincides with p* and (3.61) implies

Uy(n,0) > J(u*(-)). (3.69)
But by standard arguments, one checks that
Us(x,0) < J(u()), Yu() € Vs (3.70)
and therefore u°(-) is indeed optimal.
3.3.4 The main result

We want now to get rid of (3.11) and consider the origina! functiona! ¥ in (3.8). Let us
consider the approximation (3.12) ¥, of ¥. To ¥, corresponds a system of QVI.

Up,Up € €(0,T;Cy)

ur,uy > o
Ui (=, T) = Up(n,T) = Va(n)
Up(at) < Ql(s—t)Ul"(w,s)+/"d>,(A—t)C,(7r)dA
Up(mt) < d’z(s—t)U,"(n,s)+/‘.¢2(A—t)Cz(7r)d)\
Vs >t
Ur(n,t) < K,(n)+U7(n,t)
U (n,t) < Kj(n)+ Ul(n,t). (3.71)

From Theorem 3.2, we can assert that

Ur(r0) = inf JU(u(), =12 (3.72)

P(0)=»

where
T
JMu()) = E{W"(P(U(-).T))**/‘ (p(u(-),t),C(u(t)))dt

+ S xuerlplul).n) Ko}, (3.73)
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Therefore we deduce that
J*(u()) = J(u(")) = E{¥a(p(x("),T)) — ¥(p(x(-),T))} (3.74)
and from (3.12) we deduce

() - I < E{ %L}

T
1
+E { (/p(u(-),T)I (l - -(I_I_W) dz)

1 1
. (/p(u(-),T)I(l + W)dz) X m}(.’i]S)

But using the equation (2.50) yields (see (2.1a))

5 { plu().0lzl* } _ { [ rt.00 {Zt::ﬂlrll("(fzallzl)z:ll’)z;

n [zl
(. 2lzlt@n+ izl | szazn?
e (6" n+ 1z (me Ilzll’)’)
2ljz]*(2n + |2]1})z: n(@lzll
(n + 1z]17)? } o [T nt izl }

where we employed the summation convention over repeated indices. Hence after majorizing
conveniently

(«(). ()] n(z)lizll
{/ e } < [ nt =%
4 r/, {/ p(u(). )@=l }ds 4 % (3.76)

n+MW

We shall use capital Greek letters, I', A,..., to indicate constants in the following estimates.
Finally we deduce

) < e

rJ;/ﬂnmwu+;y (3.77)

IA

Next consider (u().1)
_PUNLD) = a(u(). )
FTOERIN Y IR

which is the normalized conditional probability, measure and satisfies Kusner’s equation

d(o(1)(e)) = o(t)(Le)dt + (o(t)(he) - o(t)(w)o()(h)) - (dz - o(¢)(h)d1) (3.78)
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If we apply (3.78) with i = |jz]]* = x?, we obtain

dE{o()(x")} = E{o()(Lx") - o(®)(Wo()(hx") - o()(x*)o (R} dt
< Ao(1 + E{o(t)(x*)). (3.79)
Finally
E{o()(x")} < & [ #(a)|z]dz (3.80)

But the 2nd term in (3.75) is

T
1 1
E {a(T) (x(l + W)) (»(T) (X(l - ——(l + %s)x,, )) }

13 13
1 2 1 2
< [E {ll"(T) (x(l YT ‘5.3)'/’)) I }] [E {llP(T) (x(l - W)) I }]

1/2
< A(E{TIN (E {upm (x(l - (7:31‘,‘7)) u’})
A 1/2
a* (e {up(r) (x(l - (T+—‘;57)) u’}]
3 [ 1 ’
- e (o (s ) |

< & [efomunn (5] )

One easily checks that
E{(r1)x")’}

()

A

1/2

A+ ( / x(z)nzn’dz)’ < A

28 {ot0) (125 ) st 20

IA

1A

+ 8B { b x,)l’} "
But
xl A®
LSS (3.82)
hence , y
e {po L) < [are {ma )+ 5 @ (s83)
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which implies

2 {bi ) <o [g +(/ JM‘-)] <2+ [al@)l=l'e)  (3.84)

x? n + ||z|*

Therefore, continuing from (3.81), the 2nd term in (3.75) is majorized by ;rﬁ; Collecting
results (from (3.75), (3.77), (3.81), (3.84)) we can assert that

" A
() = IO < 7 (3.85)
provided the initial distribution of p(0), i.e. « satifies
[ (2)|z]*dz < oo (3.86)
The estimate in (3.85) is uniform with respect to n. Therefore
n . A
U2(,0) = il IO < o (s87)
p(0)=x
In fact we can replace 0 by any t € [0,T] and consider the function
Uiln,t) = o Je(u() (3.88)

pit)=x
where J;(u(-)) corresponds to a problem analogous to (2.50), (2.61) starting in t instead of 0.
Therefore we have

[UP (7,8) - Us(m,t)] < ;,AF (3.89)

We have however to be careful to the fact that the constant in (3.89) depends on a bound on
J n(z)||z]|*dz. More precisely we have proved that

Ur () - Um0l < S0+ [ #(@)lziltdz) (3.90)
where A' this time does not depend on n (assuming that x is a probability). It follows that
Ul (=,t) —s Ui(x,t) in C(0,T; C,). (3.91)

Taking the limit in (3.71), we obtain that U,,U, is a solution of (3.10) and moreover

Ui(x,0) = (l(!)))f_ J(u(-)) (3.92)

p(0)=x
However by a probabilistic argument already used in section 3.3, any solution of (3.10) is
smalller than the right hand side of (3.92). This completes the proof of Theorem 3.1, and

also provides the same statement as in Theorem 3.2, without the assumption (3.11) and for
our original ¥ given by (3.8).
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4 The Partially Observed Stochastic Minimum
Principle

4.1 Introduction

Various proofs have becn given of the minimum principle satisficd by an optimal
control in a partially observed stochastic control problem. See, for example, the papers
by Bensoussan (1], Elliott 5], Haussmann [7}, and the recent paper [9] by llaussmann in
which the adjoint process is identified. The simple case of a partially observed Markov
chain is discussed in the University of Maryland lecture notes [6] of the second author.

We show in this article how a minimum principle for a partially obscrved diffusion
can be obtained by differentiating the statement that a control u* is optimal. The results
of Bismut (2], [3] and Kunita {10], on stochastic flows enable us to compute in an easy and
explicit way the change in the cost due to a ‘strong variation’ of an optimal control. The
only technical difficulty is the justification of the differentiation. As we wished to exhibit
the simplification obtained by using the idcas of stochastic flows the result is not proved
under the weakest possible hypotheses. Finally, in Section 6, we show how Bensoussan's
minimum principle follows from our result if the drift coefficient is differentiable in the

control variable.
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4.2 Dynamics

Suppose the state of the system is described by a stochastic differential equation

dé = J(t, &, u)dt + g(t, &)dw,

£ € Rd, fo =20, 0<t<T. (2.1)

The control parameter u will take values in a compact subset U of some Euclidean space R:.
We shall make the following assumptions:

A;: z¢ is given; if 2y is a random variable and P, its distribution the situation when
J 1z|9Po(dz) < oo for some ¢ > n -+ 1 can be treated, as in |9, by including an extra
integration with respect to Fy.

Ay f [O,T] x R? x U — R? is Borel measurable, continuous in u for each (t, 1),

continuously differentiable in r and for some constant K
(14 12))7 1Stz u)] + 1St z,u)] < K;.

As: g:[0,T[x R% — R4®R" is a matrix valued function, Borel measurable, continuously

diflerentiable in z, and for some constant Kz

l9(t, )] + |g=(t, 7)| < K.
The observation process is given by

dye = h(&)dt + dv,

In the above equations w = (w',...,w") and v = (v',...,1v?) are independent Brownian
motions. We also assume
A¢: h : R4 — R™ is Borel measurable, continuously differentiable in z, and for some
constant K

|h(t,z)| + [ha(t.2)] < K.
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REMARKS 2.1. These hypotheses can be weakened. For example, in Ay, h can be
allowed linear growth in z. Because g is bounded a delicate argument then implies the
exponential Z of (2.3) is in some L” epace, 1 < p < co. (See, for example, Theorem 2.2 of
[8]). However, when k is bounded Z is in all the L” spaces, (see Lemma 2.3). Also, if we
require f to have linear growth in u then the set of control values U can be unbounded
as in [9]. Our objective, however, is not the greatest generality but to demonstrate the
simplicity of the techniques of stochastic flows.

Let P denote Wiener measure on the C(|0,T), R") and u denote Wicner measure
on C(|0,T},R™). Consider the space 1 = C([0,T}, R") x C(]0, T}, R™) with coordinate

functions (z¢,y:) and define Wiener measure P on 1 by
P(dz,dy) = P(dz)u(dy).

DEFINITION 2.2. Write Y = {Y{} for the right continuous complete filtration on
C(|0, T}, R™) generated by Y,° = o{ys : s < t}. The set of admissible rontrol functions U

will be the Y-predictable functions on [0,T] x C([0,T}, R™) with values in U.

For u € U and z € R? write £¥;z) for the strong solution of (2.1) corresponding to

control u, and with £}, (z) = z. Write

z2,(e) = o ([ W(es @' ave - [ a2 (23)

and define a new probability measure P* on 1 by 4{;— = 281 (z0). Then under P*
(€8¢ (z0),ut) is a solution of (2.1) and (2:2), that is €¥, (zo) remains a strong solution of
(2.1) and there is an independent Brownian motion v such that y, satisfies (2.2). A version
of Z defined for every trajectory y of the observation process is obtained by integrating by

parts the stochastic integral in (2.3).

LEMMA 2.3. Under hypothesis Ay, fort < T,

E(\Z8((x0))f| < oo forallu€ U andallp, 1<p<oc.
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PROOF.

t
23, (s0) =1+ [ 25, (s0)h(€5, (s0))'do.
Therefore, for any p there is a constant C, such that
t »/2
E[(28(z0))"] < 61+ B( / (23, (20))*R(&5, (z0) dr) " |-

The result follows by Gronwall’s inequality.
COST 2.4. We shall suppose the cost is purely terminal and given by some bounded,

differentiable function
e(€5:r (20))

which has bounded derivatives. Then the expected cest if control u € U is used is

J(u) = Eu[c(&r (ro))]-

In terms of P, under which y; is always a Brownian motion, this is

J(e) = E[ 237 (z0) e(€8r (20))]- (2.4
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4.3 Stochastic Flows

For u € U write

€ (a) =2+ / f(r, €, (), ur)dr + / olr, €2 (z))dw, (3.1)

for the solution of (2.1) over the time interval s, t} with initial condition £, (x) = z. In
the sequel we wish to discuss the behaviour of (3.1) for each trajectory y of the observation
process. We have already noted there is a version of Z defined for every y. The results of

Bismut {2] and Kunita {10] extend easily and show the map
YR — R

is, almost surely, for each y € C([0,T}, R™) a diffeomorphism. Bismut (2] initially gives
proofs when the coefficients § and ¢ are bounded, but points out that a stopping time
argument extends the results to when, for example, the coefficients have linear growth.
Write || £%(zo)llt = Ogu<p( |€8. (zo)]. Then, as in Lemma 2.1 of [8!, for any p,
Ses

1 < p < oo using Gronwall's and Jensen’s inequalities

ey < 01+ 1ze + | [ ot € (aohlar )

almost surely, for some constant C.

Therefore, using Burkholder’s inequality and hypothesis A3, ||£“(zo){lr is in LF for
allp, 1 <p<oo.

Suppose u* € U is an optimal control so J(u’) < J(u) for any other u € U. Write

a"' (z) is the matrix solution C, of the equation for s <,
z

2 () for E:‘; {:)- The Jacobian

dCy = fi(t, £, (2), w')Crdt 4 Zg“)(t €14 (2))Ceduy (3.2)
=1

with C, = I.

Here 7 is the n x n identity matrix and g{) is the i** column of g. From hypotheses A;

and Ay, f; and g, are bounded. Writing ||C|lr = sup |C,| an application of Gronwall's
0<e<t
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Jensen'’s and Burkholder's inequalities again implies ||C||r is in L” for all p, 1 < p < co.

Consider the related matrix valued stochastic differential equation
t
Di=1- [ Dosi, €02\, wiYar
"ot |
-y / Dug® (r, €, (2))'dws
i=1 7 ¢

n ot
+2 / D. (s (r, €, (=))') dr. (3.3)
=1 "¢

Then it can be checked that D;C; = I for t > s, so that D, is the inverse of the Jacobian,
that is D; = (ggg;@—)_) . Again, because f; and g, are bounded we have that || Dj|; is in
every L7, 1 < p < oo.

For a d-dimensional semimartingale z; Bismut [2] shows one can consider the flow
€, (z;) and gives the semimartingale representation of this process. In fact if z = z, +

n .
A+ Y f: Hduw! is the d-dimensional semimartingale, Bismut's formula states that

Eale) =t [ (1 €, () w2)

S g o ar 1= 3%, (2r)
+ ggﬁ)(r, E.,r (Zv)- uv) 9z (zr)II( + 5 Z _.__a;z._(][“]['))dr

1=1

o [y, z [ (696 &) + S0 ey .

(3.4)
DEFINITION 3.1. We shall consider perturbations of the optimal control u* of the fol-
lowing kind: For s € [0,T), h > O such that 0 < s < 8 + h < T, for any other admissible

control u € U and A € Y, define a strong variation of u* by

u(t,w) = { w(t,w) if(t,w)¢|s,s+h]xA
’ '.l(t,W) if (t,ul) € ls’s + h] x A.

Applying (3.4) as in Theorem 5.1 of (4] we have the following result.

THEOREM 3.2. For the perturbation u of the optimal control u* consider the process

w=t [ (25D (10, 6w - 10, € )i @)

9]
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Then the process €, (x) is indistinguishable from €}, (z).

PROOF. Note the equation defining z; involves only an integral in time; there is no

martingale term, so to apply (3.4) we have H; = O for all 5. Therefore, from (3.4)

ule) =2+ [ 10, €, Gr), w
. /.-t (86,', (Zr)) (36.',. (zy))—l (f(r, €, (2¢)s ur) = £(rs &, (20), up)dr

oz oz
t
+/ g(r, &, (2r))dw,.

However, the solution of {3.2) is unique so
f:,t (z) = oo (2)

REMARKS 3.3. Note that the perturbation u(t) equals u*(t) ift > s+hs0 2 = 2,43

ift>s+ hand

C,r (z) = f;,r(zu—h) = €:+b,l (G,nh (7))
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4.4 Augmented Flows
Consider the augmented flow which includes as an extra coordinate the stochastic

exponential Z;, with a ‘variable’ initial condition z € R for Z,,(-). That is, consider the

(d + 1) dimensional system given by:

t t
Eole) =2+ [ S0 €, ) wdr+ [ o(r.6, (@))d,
t
Zip(a) =2+ [ 2 (5 HE, () ey

Therefore,

Zoy(2,2) = 22, (2)

= zexp([ (&, (=) dyr ~ 1/, (&, (z)) df)

and we see there is a version of the enlarged system defined for each trajectory y by inte-

grating by parts the stochastic integral. The augmented map (z,2) — (£;,(z), Z,,(z,2))

Note that 8—('.3;(-:-)- =0, 8L - 0 and

is then almost surely a diffeomorphism of R4+!. 3

gf = 0. The Jacobian of this augmented map is, therefore, represented by the matrix

8ts, (2 o
6( = ( . ’ . ) ]
8z, 5 z!:,x! 8z, “ gt:,z[

and for 1 < 1 < d from equation (3.3)

aZ, ¢(z,2) ah"(f:.' (z)) a{",', ()
azl = Z/ aek . kazl

dz; (z z))

+h’(€|v( )) yz (4'1)

(Here the double index k is surnmed from 1 to n).
We shall be interested in the solution of this differential system (4.1) only in the
situation when z = 1 so we shall write Z;,(z) for Z;,(z,1). The following result is

motivated by formally differentiating the exponential formula for 2, (z).
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LEMMA 4.1.
82,4(z) 36. ' (1)

2 =z @ [ bl @)

where v = (v!,...,v") is the Brownian motion in the observation process.

- du, )

PROOF. From (4.1) we see -Lz‘.b‘z—m- is the solution of the stochastic differentia! equa-

tion
; Pt _ [ (P2, )+ 2, e, ) DDy e
) Write
Lu(@) = Zigta)( [ 1 h %)
, where
dy, = h(€], (2))dt + dvy.
Because

t
Zim =1+ [ 2, @W(E, (@,
the product rule gives
t a .
L) = [ 23, (2o T2 ae, :

¥ /‘ (/"‘* s d"v)Zu(z) (6o (2))dyr

w

- 35.',
| + [z ) - i
[ [] t . a{",r
= [ L @&, e+ [ 2 (e PE2e 4y,
L) z I
Therefore, L, (x) is also a solution of (4.2) so by uniqueness
82} (z
. ¢ (I) st ( )
9z
! REMARKS 4.2. As noted at the beginning of this section we can consider the
augmented flow
i (z.2) — (€,(2), 2.,(2,2)) forz€ % zC R,

and we are only interested in the situation when z = 1, s0 we write e (Z).
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LEMMA 4.3. Z;,(2) = 2} (z) where 2 is the semimartingsle defined in (3.6).

PROOF. Z;, (z) is the process uniquely defined by

t
Zi(z) =1+ / Z2, ()R (€2, (z))dy. (4.2)

Consider an augmented (d + 1) dimensional version of (3.6) defining a semimartingale
Z; = (2,1), so the additional component is always identically 1. Then applying (3.5) to

the new component of the augmented process we have

Zi () = 1+ [ 20, (€ ()
=1+ [ 2, (R (E (2D

by Theorem 3.2. However, (4.2) has a urique solution so Z;,(2;) = Z;( (z).

REMARKS 4.4. Note thatfort> s+ h

Zylz) = 2,4 (z0an )
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4.3 The Minimum Principle

Control u will be the perturbation of the optima! control u* as in Definition 3.1. We

shall write = €7, (z0). Then the minimum cost is

J(uv") = E[Zgr (zo)e(&o,r (z0))]

= E[Z3,(20)Z0x (2)el€ir (2)}-

The cost corresponding to the perturbed control u is

J(uv) = E[Z;,(z0) 257 (z)e(&0r (2)))

= E[Z5,(20)Z, 1 (2040 )e(&o.1 (2041 )]

by Theorem 3.2 and Lemma 4.3. Now Z;r (-) and ¢(£; 1 (-)) are differentiable with con-

tinuous and uniformly integrable derivatives. Therefore

J(u) = J(u") = E[Z5, (20)(Z. 1 (2a4n )e(&h (z04n ) — 207 (2)e(E0r (2)))]

= E[/‘v‘" P(s,2)(f (s €6, (), w) = £y €6, (2), wi))ar]

where

0€; r (2
I(s,2,) = Z5,(20)Z, 7 (z,){ct(f,';r (2r)) f'g,( )+

(& (=) [ Che(€hn (o) 252 o, ) ) (i o)

Note that this expression gives an explicit formula for the change in the cost resulting from
a variation in the optimal control. The only remaining problem is to justify differentiating
the right hand side.

From Lemma 2.3, Z is in every L” space, 1 < p < oo and from the remarks at the
beginning of Section 3, Cr = %‘.f— and Dy = (-’-ﬁf—)-, are in every Lf space, 1 < p < o0.

Ccnscquently, T is in every L? space, 1 < p < oo.
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Therefore

s+h
I =3 = [ E[(Fs,2) - P2 (1 €0 (ar)s ) = S €60 (ar), )] dr

a+h
+ / ¥ E[(I‘(s,z)—[‘(r,z))(!(r. Ear (), ur) = f(r, &0 (20), u:))]d'

s+h
+ [ e €, ), w) - 160 € (), )
~ 1l €,(2), w) + 10y €, (2), u))]dr
s+h
+ [ B[ €, (o), we) - 115, (o), wi)]ar

= I, (h) + Iz(h) + Is(h) + 14(’1), say.
Now,

s+h
W< Ky [ B[IrG,20) = (s, 2100+ € (zo)lonn ) e

< Kih sup E[[l(s,2) - D(s,2)(1 + 1€ (zo)llusn)]

8<r<a+h

s+h
B < Ke [ B[iP2) = T 2)i(1 + e (o)llon )]

< K:h  sup E[|F(s,z,)—l‘(r,1:)|(l+Hf"(zo)|i,+h]

8<r<s+A

() < Ks | S [ )

< K3h sup E[IF(r,z)[ llz - z.“,.,;._].

s<r<e+h
The differences |I'(s,2,) — I'(s, z)|, |T(s,z) — I'(r,z)| and |z — z||,+» are all uniformly

bounded in some L*, p > 1, and

'l_l_‘n;l [F(s,2,) ~ T(s,z)| =0 as.
'l_l_.n: IT(s,z) ~T(r,z)| =0 as.

hh-% Iz = 2.|lo4a = 0.
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Therefore,

lim T (s, 21) = T(&,2)ll, = 0
lim 7 (s,2) - T(r,2)]}, = 0

and han(} [l(lz = zlla+a )|l; = O for some p.

Consequently, ’!l_rg h= I, (h) =0, for k =1,2,3.

The only remaining problem concerns the differentiability of

s+h
L) = [ B[P a)in €, (o), u) - 1lr, €, (20), ui))]er

The integrand is almost surely in L([0,T}) so 'I‘x_.ng h=! I(h) exists for almost every s €
[0,T]. However, the set of times {s} where the limit may not exist might depend on the
control u. Consequently we must restrict the perturbations u of the optimal control u* to
perturbations from a countable dense set of controls. In fact:

1) Because the trajectories are, almost surely, continuous, Y, is countably generated
by sets {A,,}, £ = 1,2,... for any rational number p € [0,T]. Consequently Y; is
countably generated by the sets {A;,}, r < t.

2) Let G, denote the set of measurable functions from (f1,Y;) to U C R*. (f v e U
then u(t,w) € G;.) Using the L'-norm, as in [5], there is a countable dense subsct
H, = {u,} of G,, for rational p € [0,T}. If H, = |J H, then H, is a countable
dense subset of G;. If u;, € H, then, as a functionpsctonstant in time, u;, can be
considered as an admissible control over the time interval [t,T] for t > p.

3) The countable family of perturbations is obtained by considering sets A, € Y.,

functions u;, € H;, where p < 1, and defining as in 3.1

u' (s, w) if (s,w) ¢ [t,T] x A,,
ujp (8, w) if (s,w) € [t,T] x A,,.

uy,(s,w) = {
Then for each 1,73,

s4h
Jim w7 [ E[T2)(F(r, €, (so), w3) = Fles €6, (a0) wD]ar (5)
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exists and equals
E[Dlo, 2 (o0 € (20), wsp) = S5, €5, (o), w'))a, ]

for almost all s € {0,T].

Therefore, considering this perturbation we have

'Ex_r.xg R (J(u;'p) - J(u')) = E[F(a,z)(f(s, £6,l (30)1 “JP) - f(s' £(;.a (Io), u'))l,qw]

>0 for almost all s € {0,T].

Consequently there is a set S C [0,T] of zero Lebesgue measure such that, if s € S, the

limit in (5.1) exists for all 1,7, p, and gives

E I‘(s,z)(f(s, C(.),n (IO)) “J'P) - f(s, (0.,1 (IO)' u.))]ﬁ-n] 2 0.

Using the monotone class theorem, and approximating an arbitrary admissible control

v € U we can deduce that if s ¢ S

E[F(s,z)(f(s, €. (zo), w) = £(s, &, (o), u‘))IA] >0 forany A€Y, (5.2
Write
3t (z T 3 (z
pule) = B [ecltim (zo) 5L s et o ([ et eon ZE T e ) 17204

where, as before, z = {5, (7o) and E* denotes expectation under P* = P¥ . Then p,(z)
is the co-state variable and we have in (5.2) proved the following ‘conditional’ minimum

principle:

THEOREM 5.1. Ifu® € U is an optimal control there is a set S C {0, T] of zero Lebesgue

measure such that ifs ¢ S
E'lp,(z)f(s,2,u°) | Y,| S E’[p,(z)f(8,2,u) | Y,] as.

That is, the optimal control u* almost surely minimizes the conditional Hamiltonian and

the adjoint variable is p,(z).

99




4.6 Conclusions

Using the theory of stochastic flows the effect of a perturbation of an optimal control
is explicitly calculated. The only difficulty was to justify its differentiation. The adjoint

process is explicitly identified as p,(z).

THEOREM 6.1. If f is differentiable in the control variable u, and if the random variable
z = £, (7o) has a conditional density g,(z) under the measure P*, then the inequality of

Theorem 5.1 implies
k af
2(":'(‘) - uj (3))/ l"(5,I)a—--(s,z,u')q,(z)dz <0.
j:] R uJ’

This is the result of Bensoussan's paper [1].

The method of this paper can be applied to completely observable systems by ini-
tially considering ‘stochastic open loop’ controls, systems with stochastic constraints and
deterministic systems. The adjoint process can be explicitly identified. ‘Almost minimum’
principles for ‘almost optimal’ controls can be obtained. Some of these will be discussed

in later work.
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6 The Conditional Adjoint Process

5.1 Introduciion

Using stochastic flows we calculate below the change in the cost due to a ‘strong’
variation of an optimal control. Differentiating this quantity enables us to identify the
adjoint, or co-state variable, and give a partially observed minimum principle. If the drift
coefficient is differentiable in the control variable the related result of Bensoussan [2] follows
from our theorem. Full details will appear in [1}. The method appears simpler than that

employed in Haussman [4).

5.2 Dynamical Equations
Suppose the state of a stochastic system is described by the equation
dée = f(t,&,u)dt + g(t, & )dwy,
& €RrR, =1z, O0<t<T (2.1)

The control variable u will take values in a compact subset U of some Euclidean space R*.
We shall assume

Ay: 1, € R? is given.

Ay: [ :]0,T) x R? x U — R® is Borel measurable, continuous in u for each (t,z),

continuously diflerentiable in z for each (t,u) and
(1412 NS (t 2, u)] + 1 £ (L, z,u)) € K, .

A;: ¢:10,T|x R? — RY®R" is a matrix valued function, Borel measurable, continuously
3

differentiable in z, and for some K,:
lo(t, )| + lgz (t, 7)| < K.

The observation process is defined by
dy‘ = h(et)dt + dU‘ (2-2)

vt € R™, Vo =0, 0<t<T
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In (2.1) and (2.2) w = (v!,...,w") and v = (v!,...,v™) are independent Brownian
notions defined on a probability space (02, F, P).

Furthermore, we assume

A h:R® — R™ is Borel measurable, continuously differentiable in z and
(h(t,z)| + [hz (t,2)] < K3.
REMARK 2.1. These hypotheses can be weakened to those discussed by Hauss-

man [4]. See [1].

Write P for the Wiener measure on C({0,T),R™) and u for the Wiener measure on

c(lo, T}, R™).

Q= C([0,T],R") x C(|0,T},R™)

and the coordinate functions in  will be denoted (z,,y,). Wiener measure P on 0 is
P(dz,dy) = P(dz)u(dy).

DEFINITION 2.2. Y = {Y;} will be the right continuous, complete filtration on
C(|0,T),R™) generated by

Y‘O =o{y, : s <t}.
The set of admissible control functions U will be the Y -predictable functions defined on

[0,T| x C([0,T],R™) with values in U.

For u € U and z € RY, €, ;(z) will denote the strong solution of (2.1) corresponding

to u with £, = z.

Define
Z,'", (z) = exp (/.‘h(f:", (z)) dy, - %/:‘h(fj",(z))zdr). (2.3)

Note a version of Z defined for every trajectory y can be obtained by integrating the

stochastic integral in the exponential by parts.
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If a new probability measure P* defined on 2 by putting

dP* .
2r = %o (%)

under P* (€3 ,(20),w) is a solution of the system (2.1) and (2.2). That is, under P,

€5 ¢ (7o) remains a strong solution of (2.1) and there is an independent Brownian motion

v such that y; satisfies (2.2).

Because of hypothesis A,, for 0 < t < T easy applications of Burkholder’s and Gron-

wall’s inequalities show that
E((25 ,(z0))?] < o0 (2.4)

forallue U and allp, 1 < p< oo.

COST 2.3. We shall suppose the cost is purely terminal and equals
C(f&r (z0))
where ¢ is a bounded, differentiable function. If control u € U is used the expected cost is
JI(u) = Eule(&, 1 (20))]-
With respect to P, under which y; is a Brownian motion

J(v) = E[Z5 1 (z0)e(&, 1 (20))]- (2.5)

A control u* € U is optimal if

J(u*) < J(u)

for all u € U. We shall suppose there is an optimal control u*.
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5.3 Flows

For u € U and z € R? consider the strong solution

ol =z [ Fr € () ur)dr + / 'g(r. €, (=) duws

(3.1)

We wish to consider the behaviour of € «(z) for each trajectory y of the observation

process. In fact the results of Bismut {3] and Kunita [6] extend and show the map

& :R* — R
is, almost surely, a diffeomorphism for each y € C([0, T}, R™).
Write
€ (zollle = sup &5, (o)l
0<s<t

Then, using Gronwall’s and Jensen's inequalities, for any p, 1 < p < oo

le*alify < (14 taob +| | ol €8, (ol ")

almost surely, for some constant C.

Using A; and Burkholder’s inequality

€% (zo)llyr € LP for 1< p < oo.

Suppose u® is an optimal control, and write

&) for €,0).

.

2 . . . .
The Jacobian ;;" is the matrix solution C, of the equation

dCy = [ (1, € ((2),u")Cedt + 3 o0 (t, €, (2))Crdus.

=1

with C, = I.
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Here ¢(*) is the *® column of g and 7 is the n x n identity matrix. Writing ||Cllr =

8UPo<,<¢ |Cs| and using Burkholder’s, Jensen's and Gronwall’s inequalities we see ||C||; €

LP, 1<p<oo.

Consider the matrix valued process D defined by

t
D =1- [ D\ [y (r, €., (z), 4} )dr

=1

n i . n t X
-3 [l @i + 3 [0 E e 33
L =1 s

Then as in [5] or |6] d(D,;C;) = 0 and D,C, = I so

af;,t)"_

Dy =cp! =( oz

Furthermore, ||D|; € L?, 1< p < oo.

Suppose z; = z, + Ag + Y., f:Hidw: is a d-dimensional semimartingale. Bismut

[3] shows one can consider the process §; ;(z) and in fact:

-~

Gl =2t [ (108 ar)vu)

- s (3 . af;'
+ Zgg )(r’ fl.r (z,),u,) _a—:x:'-H'
.1=1
1 9%¢;
+§§ - (H,-,H,))dr
£9¢, . [ 6y e a¢, , p
+ [t + Y [ (06, e+ )t
) i=17* .

DEFINITION 3.1. Fors€[0,T], h>0suchthat0<s<s+h<T, for any 4 € U, and

A €Y, consider a ‘strong’ variation u of u* defined by

( u'(t,w) if(t,w)¢|s,s+h]xA
u(t,w) =
{ u(t,w) if (t,w) € [s,8+ h] x A.
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THEOREM 3.2. For any strong variation u of u* consider the process

t, 9 :' -
Z=z+ ./. ( ;:c' (z')) l(j(r'f:,r (z,),u,) - f(', E:,r (z,),u;))dr. (3‘5)

Then the process E:"(z,) is indistinguishable from f:‘"(z).

PROOF We shall substitute in (3.4), (noting H; = 0 for all 5). Therefore,
¢
Gale) =2+ [ 0,6 () )r
8

i / (Zeer(an) (2 () " U6 (e )owe) = S0 66 (o), )

t
+/‘ g(r. & ,(2r))dw,.

The solution of (3.1) is unique, so £ ,(z,) = £¥,(z). Note u(t) = u*(t) if t > s+ hso

2y = 2z,,5 ift>s+hand

f:,t(zt) = f;,t(zl+h)

= €;+h,t(£:.s+h(z))~ (3.6)

5.4 The Exponential Density

Consider the (d + 1)-dimensional system
t t
Gale) =2+ [ 1,6 e + [ alr65, (2w

t
Z; (z2) =2+ / Z: (2, 2)h (€], (2))' dvi. (4.1)

That is, we are considering an augmented flow (£, 2) in R®*! in which Z* has a variable
initial condition z € R. Note:

2, ,(22) = 22} (2).
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The map (z,2) — (£ ,(z), Z, ,(z,2)) is, almost surely, a diffeomorphism of R4*1 . Clearly,

3, 2 dg
2z = 0, 32 =0 and 32 = 0.

The Jacobian of this augmented map is represented by the matrix

2¢,.e

o
A 8
C‘ = :
2z,, 8z,;,
8z dz

In particular, from (4.1),for 1 <i < d

T Z/( ,(u)Z 6""+h’(e,,(z)) ”)dy’ (42)

=1

We are interested in solutions of (4.1) and (4.2) only when z = 1, so as above we write
2, (z) for Z;,(z,1) etc.

LEMMA 4.1. az"
2t = 2,0 ([ hale e - e,

where, as in (2.2), dv, = dy, — k(¢ ,(z))dt.

PROOF From (4.2)

az;, ¢t 9Z;,
or =/( 22 P (Er(2) + 20 (2)he (e,,(x))

t

)dy, (4.3)

Write

¢t g
Luaa) = 25,() ([ b b)),
Then
Zaa) =1+ [ 2, (&N, ()
and the product rule gives
t
Luat) = [ Lus @€ (),

E. -

/ 2., (z)hs

dyr
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Consequently, L, ¢(z) is also a solution of (4.3), so by uniqueness

L,a(z) = —=
LEMMA 4.2. If z, is as defined in (3.5)

Z, (z) =2, ().

PROOF

t
282 =1+ [ 22 (W€, (2))dwr

Applying (3.4) to Z; ,(2;) we see:

Zie) =1+ [ 2 e RE, ()

i

1o [ 2 GRes, ()
s
by Theorem 3.2. However, (4.4) has a unique solution so
Z, (2) = Zau.t(z)-
Again, note that fort > s+ h

Z"J(z‘) = Z;,t(za+ n)-

5.5 The Adjoint Process

(4.4)

(4.5)

u’ will be an optimal control and u a perturbation of u* as in Definition 3.1. Again

write

z= f(;,. (IO)‘
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The minimum cost is
J(6*) = E[Z} 7 (20)e(&5 1 (2o))]
= E|Z;,,(20) 2} 7 (2)e(€] r ().
Also,
J(v) = EIZ; ,(20) 2} (2)e(€] 1 (2))]
= E|2 ,(20) 2, 1 (20 48)e(€] 1 (2044))]

by (3.6) and (4.5). Recall Z; . (-) and ¢(£] () are differentiable almost surely, with

continuous and uniformly integrable derivatives. Consequently, writing

. , . o r
D(s,20) = 25, (z0) 2, 7 (20 ) {ee (€ 1 (=) =25 (2)

+el€r (N [ el6ote) B )} (2 o)

for s <r < s+ h, we have
J(u) = J(u") = EZ5 ,(20){Z; (204 n)e(&; o (2540)) = Z, 1 (2)e(&; 7 (2))]]

s+ A
= E[/‘ I'(s,2.)(f(r, & o (2¢),ue) - f(r,{"'(z),u'))dr]. o

This formula describes the change in the expected cost arising from the perturbation u of
the optimal control. However, J(u) > J(u') for all u € U so the right hand side of (5.1)
is non-negative for all h > 0. We wish to divide by A > 0 and let h — 0. This requires
some careful arguments using the uniform boundedness of the random variables and the
monotone class theorem. It can be shown that there is a set S C [0,T] of zero Lebesgue

measure such that if s ¢ S

Elr(avz)‘f(sv G,. (zo)- ") - f(" E(.),, (zo)v":))]A] 20 (5'2)
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foranyue U and A€Y,.
Details of this argument can be found in [1]. Define

ae
pu(z) = F* [e (& 1 (20)) 25 (2)

+elGrlea) ([ el o)) 222 (@)ave)

y,v{.-.}]

where z = f‘;',(zo) and E® is the expectation under P* = P¥" .

In (5.2) we have established the following:

THEOREM 5.1. p,(z) is the adjoint process for the partially observed optimal control
problem. That is, if u* € U is optimal there is a set S C |0, T} of zero Lebesgue measure

such that fors¢ S

E'(ps(z)f(s,z,u") | Y,] 2 E*[ps(2)f(s,2,u) | Y,] as. (5.3)

so the optimal control u* almost surely minimizes the conditional Hamiltonian.

If z = £ ,(zo) has a conditional density g,(z) under P*, and if f is differentiable
in u, (5.3) implies
k af
3 (s(s) = wl (s)) / T(s,2) 2L (5,20 ) (2)dz 2

i=1 R !

This is the result of Bensoussan |2].
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Block 19. Abstract (continued)

_ process. The solution is obtained in terms of a system of'quasi-variational inequalities

in the space of solutions of certain Zakai equatioqs:_d

“In Section 4, we provide a new proof of the minimum principle in stochastic optimal
control theory for systems of partially observed diffusions. In Section 5, we pro-
vide a concise analysis of the "conditional adjoint process" arising in the stochastic
minimum principle for partially observed diffusion processes.
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