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ABSTRACT

We consider a one-dimensional model problem for the motion of a viscoelastic material

with fading memory governed by a quasilinear hyperbolic system of integrodifferential

equations of Volterra type. For given Cauchy data in LI(R) r L 2 (R), we use the method
,%

of vanishing viscosity and techniques of compensated compactness to obtain the existence

of a weak solution (in the class of bounded measurable functions) in a special case.
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1. INTRODUCTION.
The purpose of this paper is to initiate a program of investigating the existence of

global weak solutions, in the class of bounded measurable functions, for the Cauchy prob-

lem

(V){Wt VZ!xER, t >0,: -"(V E ) V t 0= I.
- (x, 0) wo(x), v(X,0) vo(x), X E R,

where the function o-(x, t) is determined by the history of w(x, .) through the constitutive

* assumption

pt

(CA) u(X, t) =(w(X, t)) + J k(t - r)Vi(w(x, r))dr.

The given functions p(w), ib(w) and k(t) are assumed to be smooth and, in addition,

Wo'(w) >0, w ER,

so that the structure of (VE) is hyperbolic. In this paper the aforementioned goal is

achieved in the important special case 0 - W, when the data w0 ,v 0 E LO(R) n L2(R),

* using the method of vanishing viscosity and techniques of compensated compactness (cf.

21, 22, 23, 7,11]).
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The system (VE) is a model for one-dimensional motion of a viscoelastic material with
fading memory. The functions v(x, t), w(x, t) and or(x, t) stand for the velocity, deforma-
tion gradient and stress, respectively, while the constitutive assumption (CA) states that
the stress is a particular functional of the history of the deformation gradient; in (CA) the
history of u-(x,.) is assumed to be zero for t < 0 and the body force is taken to be zero.
Under appropriate assumptions on the kernel k, the memory induces a weak dissipative
mechanism whicn competes with the hyperbolic character of (VE). Under such assump-
tions, qualitative properties that would make (VE) a reasonable model for the motion of
viscoelastic materials include:
(a) For smooth and small data w0 ,v 0, (VE) should possess globally defined classical so-

,% lutions, which decay to equilibrium as t -. oo. Such results have been established in
[12,,201, if pand in '6,91 if 0' 54 p; for more general models, see [18].
(b) By contrast, if the smooth data are chosen sufficiently large, smooth solutions of (VE)
should develop singularities in their derivatives in finite time. This has been shown in
!2, 16]; for other models see 118'.
(c) For arbitrary L' data wo,vO, weak solutions should exist in R x [0; oc). This property
is established here in the special case 7 = o.

There is a parallel theory for the single conservation law with memory

?Vt + 0' - 0,
(CLA) { w ox=

where a(x, t) is given by (CA). For this equation property (c) was recently established by
Dafermos 41 using the method of compensated compactness; unfortunately, this elegant
approach does not seem to extend to (VE).

In the sequel, we restrict attention to the case 'p = "4. Then (VE) reads

Wt vZ1 t z r ~wx r)d E R, t > 0,
(1.1) ,V =P(w)- + f0(i--,)'(w(x,-))-do

W (X,o) - Wo(X), v(X,0) = vo(,), , E R.

Regarding properties (a), (b) and (c), it is instructive to compare (1.1) with the equations
of one-dimensional elasticity

"" fWt =VZ(E) { =

,t

and with the equations of one-dimensional frictionally damped elastic materials

(FE) 1 wt = ( -":':"t , - (W)" - V.

The equations of elasticity enjoy property (c) (DiPerna '7]); by contrast, property (a) is
not pertinent to (E), since smooth solutions of (E) generally break down in finite time. On

2
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the other hand (FE) exhibits a closer resemblance to (1.1) enjoying al! the properties (a),
(b) and (c) (see ,15,19, 7' respectively).

The similarity between (1.1) and (FE) is revealed by the following transformation due
to McCamy j12'. Let r(t) be the resolvent kernel associated with k; i.e., r is the solution
of the linear Volterra equation

(i) r(t) + k(t - T)r(r)dr = k(t), t > 0.

Convolving (1.1)2 with r(t), a simple calculation yields
'4

" ': f f t f o
Sk (t - 7-) (w(x,r)).d = ,r(t - -)vt(x, T)d-r

(1.2) =r(O)v(x,t) - r(t)vo(x) + fr'(t - r)v(x,r)dr.

Thus, for smooth solutions (1.1) is equivalent to

(1.3) V =(W), + T[v],

(x, 0) = w0(X), V(X, 0)=vo(X) R,

where

A
t

(1.4) F[vJ(x,t) := r(O)v(x,t) - r(t)vo(x) + r'(t - r)v(x,,r)dT.

Under physically reasonable assumptions regarding the kernel k (e.g. k = a', with a
smooth, positive, decreasing and convex on [0,oo)), r(O) = a'(0) < 0 and the term
r(O)v(x t) has a damping effect. The effect of this term is dominant close to equilib-
rium thereby inducing property (a). However, far from equilibrium, the hyperbolic part
of (1.1) dominates, irrespective of the sign properties of k. It is thus conceivable that the
analysis of weak solutions is not affected by the sign properties of the kernel k(t).

We assume: the constitutive function V satisfies

: R --, R is a twice continuously differentiable
(1.5)function such that o'(w) > 0, w c R;

W has a single inflection point at w wi and is
convex on (wi,oo) and concave on (-o,wi).

The kernel k satisfies

(1.6) k 0, o) -R R, k E C' 0),

3
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and the data wO(xr),vo(x) satisfy

(1.7) wo(a), ,o x) E L'(R) r L2(R).

We prove:
Theorem 1.1. Let the hypotheses (1.5)-(1.7) be satisfied. Given T > 0, there ezists a
weak solution {u (x, t), v(x, t)} of (1.1) on R x LO, T], such that

(w, v) C L' ([O, T]; L 2(R)) " L'(I:R x [0,T]).

The proof is carried out in Sections 2, 3 and 4 using the method of compensated
compactness of .Murat [13 and Tartar !21,22,231. This approach has been employed with
success by Tartar 92 to obtain L solutions for the general, scalar Burgers equation, by

DiPerna '77 and Rascle "17, to construct L' solutions to the hyperbolic system (E), and
by Dafermos !4', to obtain L' solutions for (CLM).

The weak solutions of (1.1) will be sought as the c \ 0 limits of solutions of the
regularized problem

W~t  VX +- EWXZ7

, Vt V(w). + f0' k(t - r) (w(x,-r)) dr (x,t) E R x (0,T],
(1.8) +c(vZ= + fo' k(t - -)v,=(x, -)dl-),

t(v,0) = W0 (X), v(X,0) = vo(X), x E R.

This unconventional regularization preserves one of the main features of (1.1); namely, that
the integration with respect to t offsets differentiation with respect to x and the memory
terms are of lower order. In Section 2 the system (1.8) is transformed into a parabolic
regularization of (1.3). It is also proved there that the initial value problems (1.1) and
(1.3) are equivalent for weak solutions.

In Section 3 we prove an existence theorem for (1.8) and obtain the necessary a-priori
estimates in order to pass to the limit as e \ 0. Most notably, using a class of exponentially
growing convex entropies of (E) constructed by Dafermos 3] we show that the solutions

"" {w,,v,} of (1.8) lie in a bounded set in L ' , uniformly in e. (in view of the nonlocal nature

* of the memory term, it does not appear possible to establish L'-estimates for solutions of
(1.8) by constructing invariant regions.)

The results of Section 3 imply that a subsequence can be extracted converging in L'
weak star. Under the L' weak star convergence, composite weak limits are characterized
as expected values of a family of probability measures v(x, t), called Young measures

S. (Tartar '21, 22 , 23 '). In Section 4 we employ the techniques of DiPerna [7' concerning the

convergence of approximate solutions to the equations of elasticity (E) and a lemma of
lMurat !14' to show that the Young measure v(x, t) reduces to a Dirac mass for almost

all (x, t). Thus, a subsequence {w,,, v,, } of solutions of (1.8) converges almost everywhere
and the limit is a weak solution of (1.1).
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Certain results concerning weak solutions of (VE) have appeared in the literature.
Greenberg '8] (also see '181, Section 2.6) established the existence of travelling wave so-
lutions (steady compression shocks) for a history valued problem associated with (VF).
Boldrini -11, used the compensated compactness method, to show that as the memory

V weakens (k k(6,f) = 0( )), uniformly bounded solutions {w ,v 6 } of (1.8) converge, as
6 10, to a solution of the elastic problem (E).

2. WEAK SOLUTIONS; TIlE REGULARIZED PROBLEM.

We seek weak solutions of (1.1) in the space L' of bounded measurable functions.
Within this frainwork, a pair of functions {w(x, t), v(x. t)} in L ( O, T; L2 (R) n L(R))
is a weak solution of (1.1) on :'0, T" x R if it satisfies

T oo 0

(2.1) f (tw - 2v)dxdt + f 0(z0,0)wo(x)dz = 0,

II

'," "T oo t

- C z( (w) + k(t - r)p(w(, r))dr)]dxdt

(2.2) + C(x, 0)vo(x)dx 0,

for any pair { (x, t), C(x, t)} of C' functions with compact support on R x [0, T] satisfying
(x:, T)= C(x,T) =0.

The weak solutions of (1.1) will be constructed as the e \ 0 limits of solutions of
the regularized system (1.8). The relevance of the unconventional regularization (1.8) is
revealed by the following calculation. Convolving (1.8)2 with r(t), the resolvent kernel of
k(t), and using (r) and (1.4) we arrive at

Ct t,/

. k(t - r)(o(w(x, 7)). + evr2 (x, 7))dxdr j r(t - )vt(x, -r)d"

~t
(2.3) = r(O)v(x, t) - r(t)vo(x) + r'(t - "r)v(x, T)dT .F[v](X, t).

Jo

Thus, the initial value problem (1.8) can be written in the form

Wt V WZ. =VZ + t, (X,t) E R x (0, T]
(2.4) Vt =P(w) + .FEv] + EvZ,

. ,(,0) = wo (x), v(x,0) = vo(x), X E R.

In performing the above transformation, a technical difficulty arises associated with
the fact that the initial data w0,v0 are only assumed to be in L' F L'. Experience with
parabolic equations suggests that we should not, in general, expect v,(z,.) and vt(x,.)

-*,,..5
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to be integrable on ' O, t] for solutions of (2.4). Thus we need to make (2.3) precise. It

turns out that (2.3) holds in a weak sense. Moreover, (1.8) is equivalent to (2.4), and

furthermore, (1.1) is equivalent to (1.3) for weak solutions. Specifically, we prove

Proposition 2.1. Let wo(x), tv0(x) C L (R) n L 2 (R), k(t) E C' O,oo).
(a) The initial value probhms (1.1) and (1.3) are equivalent for weak solutions w,v of

class L'("O,T; IT' R) L 2 (R)).

(b) The initial value problems (1.8) and (2.4) are equivalent for weak solutions w,v of class

Lo(O,T,; L'(R) 2 L 2(R)) r L 2 ( , T; '(R)).

PROOF. We first consider part (a). Let {w(x, t), v(x, t)} be bounded measurable functions

satisfying (2.1) and (2.2). We proceed to show that

{w(x, t), v(x., t)} is a weak solution of (1.3); i.e., it satisfies (2.1) and

2T oo0

(2.5)1 f 0LtV - r1,IO(w) + IiT[v]'dxdt + f j(x,O)vo(z)dx = 0

for any pair {(x, t), r7(x. t)} of C' functions with compact support on

Rx[O, T satisfying (x,T) = r(x,T) = 0.
Indeed, given any test function 77(x, t) we define

T

(2.6) (x, t) = (x,t) - j r(-r - t)17(x,-r)dr.

Then ((x, t) is a C' function with compact support on Rx [0,T] and

((XT) = 0. Thus, C(x,t) can be used as a test function in (2.2). With ((x,t) defined by

(2.6), an easy computation using (r) yields
00 to

.: J 00 ( (w) + f k(t - 7)v(w(,,))d7-ldxdt
T

(2.7) =V()dxdt,
and, by (1.4),

T'-jcv dxdt + j (x,O)vo(x)dx -

T 0o" p0 0

(2.8) = j+ ] v Jrv!)dxdt + ] ( , O)vo(x)dx.

6

.. f <<,,/,.., . ),<,,

'-"2- i,: ,+ v ., .o>,.>.



Combining (2.2) with (2.7) and (2.8) we conclude that {w(z, t), v(x, t)} satisfies (2.5) and
is thus a weak solution of (1.3).

Conversely, suppose that {w(x, t). v(x, t)} satisfies (2.1) and (2.5). Given ((x, 1), we
solve the integral equation (2.6) for 7(x, t) and obtainST
(2.9) r(X,t) (= (x,t) + (r - t)C (X,r)dr.

Then, we employ 17(z, t) as a test function in (2.5) and use (2.7) and (2.8) to arrive at
* (2.2). This concludes the proof of part (a).

By comparing the relations (2.2) and (2.5) we deduce that

(2.10) [CY[v] + I k(t - r)p(w(-, T))dr dxdt = 0

for every test function ((x, t). This is a weak form of relation (1.2).
The proof of part (b) follows the same pattern and will be omitted. Moreover, the

analogue of (2.10) is the weak form of (2.3).

3. A PRIORI ESTIMATES.0
Our object is to obtain a-priori estimates, independent of c, for solutions {w',vf} of

(1.8); we employ the equivalent system (2.4). For the remainder of this section we drop
the superscript e.

;- Let {w(x,t),v(x,t)} be a solution of (2.4), corresponding to initial data w0 ,v0 in
L A nL 2 , and tending to (0, 0) as I--, oc. The solution is assumed sufficiently smooth to
justify the steps in the derivation of the a-priori estimates (e.g. the regularity properties in
Theorem 3.1 below suffice). In the sequel C will stand for a generic constant depending on
the L (R) and L 2(R)-norms of the initial data, on the C'[0, T-norm of r(t), on properties
of the function o(w), on T but not on c. Whenever the constant depends on e it will be
denoted by C,.

Our analysis of (2.4) will be based on the concept of entropy-entropy flux pairs for the
elastic problem (E) (cf. Lax [111). A smooth, convex function 17(w,v) defined on RxR is
an entropy for (E), with corresponding entropy flux q(w, v), if

(3.1) 8t77(w(x, t), v(x, t)) + 9.q(w(x, 1), v(x, t)) = 0

for any smooth solution {w(., t), v(z, t)} of (E). Such pairs are generated as solutions of
the system of equations

(3.2) { q, =

provided 7(wv) is convex. Eliminating q(w,v) in (3.2), we find that 77(w,v) must be a
convex solution of the linear wave equation

. (3.3) r7,w = '(w r,;

7
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q(w,v) is then determined by (3.2). A classical example of an entropy-entropy flux pair is

12 +

For each entropy-entropy flux pair {1(w,v),q(w,v)} the functions
{"(Wv),(w,r) defined by

(3.5) v(w,v) 7(w,v) - 7(O, O) - 717(0, O)w - r/.(OO)V,

4(w, v) q(w,v) - q(O,0) + 7(0, 0)v - 7/,(0, 0)( p(w)- c(O)),

form an entropy-entropy flux pair for (E) that vanishes to quadratic order in (w,v) at
(0, 0). Along solutions {w(x, t), v(x, t)} of (2.4), a simple computation yields the identity

..o(w,v) + o9o(wV) 4 ,,(wv)Y% V] + eoa(WV)
(3.6) - e[77ww(w,v)w. + 27,,,(w, v)wv, - ,r 1,(w, v)v,.

Integrating (3.6) over Rx(O,t), 0 < t < T, we obtain

/-
- (w(x, t), v(x, t))dx

-+ f (77w(Wv)Wz + 277(w(W,v))Wxv + 7,,(,))?I.
(3.7) ] i(wo(x),vo(x))dx + f,,(w,v)[v]dxd, 0 < t < T.

For the first estimate, we employ the pair (3.4) and use (3.5) and (3.7) to deduce

j (x, t) + 1(w(x, t))] dx ± e j (P,()W + V2

..-.. = t g (o )a

V2 (3.8) + v.'[vddr, 0 t <T

*it " "'w here

*:. (3.9) '(w) j= (( ) - T0)

V On account of (1.5),02'

+~ t 0*d -, t<T

Iii(3.1) 40()>_(wi) >0 o vr

: 8



and

(3.11) 4(w) > > 0, for every w C R.-- 2 -

Using (1.4) and the Cauchy-Schwarz inequality,

t 00 v't.F"'v'dx d7r

j v(X, ) [r(O)v(z, r) - r(r)vo(x) 4 r'(-r - s)v(x, s)ds dxdr
10. 1. Co

< C(1 T) max{:r(t)' + r'(t)} ( v(x)d +j J vdr
t 00

Combining (3.8) with (3.10) and (2.12)

, (3.13) v2 (xC)dzd c C j fVdxd.

whence by the Gronwall inequality, (3.8), (3.10) and (3.11),
.'Q:- (3.13)~ ( , t)d~ W2 + Xdd

00

(3.14) + j (w2 + v2)dxd-r <C, 0<t<T,

where C is independent of e.
Our next objective is to establish a-priori L' estimates, independent of 6, for solutions

{w(z, t),v(x, t)} of (2.4). We follow the development of Dafermos 3i. The following facts
are proved in i3, Section 2!: For t(w) as in (1.5), the wave equation (3.3) admits a class

* of solutions {r(k)(w,v)}k>O on RxR which are strictly convex and grow exponentially at
* infinity. These solutions have the form

(3.15) 77(k)(w,v) = Y(k)(w)cosh kv, 0 < k < o,

where Y(k)(w) is the solution of the initial value problem

:'",": 3.a) {Y(')" (w) = p'(w)YM (w),
(3.16)

j~ )(.) 1 1(k)'(w,) -0, 0 < k < oc.

9
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The functions Y(k)(w) satisfy the estimates

(3.17) Y(k)(w) > cosh'kV1 ,,'()(W - w)], -00 < w < 0, 0 < k < 00,

(3.18) iY(k)'(w)! < kV/77P)Y(k)(w), -0 < w < 0o, 0 < k < oc

and

" (3.19) Y(")(w) K ep. , )dJ, -oo < w < oo, 0 < k < co.

We will estimate the solution {w(x, 1), v(x, t)} of (2.4) by monitoring the evolution of

.... 
( k)(W (X, t), v (x, t) )dx.

In view of the convexity of (k)(w,v), (3.7) yields

.. %-- 0 - 0
/o'Co

(3.20) 1 ] '(w(X,r),v(,r))Tv1(z,Tr)axdr, 0 < t < T,

0 d where, by (3.5), (3.15),

(3.21) (k)(w, v) = rj(k)(w,v) y(k)( 0 ) y(k)'(0)w > 0,

and

"".. (3.22) =(k)(w,v) k(tanh kv>/k)(w,v).

Using (3.22), (3.21), (3.18), the Cauchy-Schwarz inequality and (1.4) the last integral in
(3.20) can be estimated as follows:

w.
i t !__(k)( v~yvdxdr-

- k(tanh kv) (i(k)(W,v) + Y(k)(O)

+ Y(k) (O)w )Fv]dxdr

*t i 00

< Ck2Yl(k)(0) jj + Jvj )j_dxd7

0.00

0o10

COY + f ((W, v)]dxd-w

.':(3.23) + C k f .1 (7)[ (k)(w (X, r),'v(x, r))d ] d7-,

010?10
. -If , , . . od o,



where
t

(3.24) M(t) sup{1 + jv(X)j + ]v(x, r)JdT}, 0 < I < T.
X-R 0

.4 Combining (3.20), (3.23) and (3.14), we find

. )(,(xt), v(x, t))dx < j , (wo(x), vo(x))dx + Ck2Y k)(0)

(3.25) +Ckj M() 1 (k)(w(z,r),v(x,r))dx dr, 0< t <T.

Then the Gronwall inequality yields the estimate
-'-':'M _ c (w (x, f), v (x,t)) dx

< {J() (Wo(X),vo(z))dz

(3.26) + Ck2Yk() exp(Ckj AJ(-r)r, 0 < t < T.

Our next objective is to take the 1 power of relation (3.26) and pass to the limit
k -* oo, in order to obtain a relation involving the L'-norms of w and v. To this end, we

first estimate the right-hand side of (3.26). If a-,(w,v) is the largest eigenvalue of the
Hessian of the convex function 4(k)(w,v), then

iW(w, ) < rmax A. (w, v))(w 2 + V2 )
21.

(3.27) < < max ,,(k)(w,v+ ± )(w,v))](w2 + v2 ), w2 +. v+ _< 1;
-2 W 2+,v2<i

whence, using (3.15), (3.16) and (3.19), we deduce

(3.28) fj(k)(w,v) < Ck2 eCk(w 2 + v 2), w 2 + v2 < 1.

Set 0 := {z C R: wo(z) v(x) > 1}, and observe that 0 has finite Lebesgue measure,
0 < 0 < oo. Then, using (3.28), (3.21), (3.18), (3.15) and (3.19) we arrive at

[ '. ~ q foo(wo(x), vo(x))dxJ0J
4KCk 2 e C (X~) + V2 (x))dx

+ C101(1 + k)Y(k)(o) sup lwo(x)l
zER

(3.29) + 01 exp{k sup [lvo(x)l + 1 V/'( )d 2}
ZER wu,

N(. 11
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Finally, combining (3.26) with (3.29) and (3.19),

(3.30) j (k)(W(, t), v(X, t))dx < C(k 2 + k + 1) exp{k(A + j M(T)dT)},

where the constant A only depends on the L'-norm of the initial data and the values

of o(w) and ,:'(w) on the smallest interval where w0 (x) and wi take values. Next, we
" estimate the left-hand side of (3.30). We set

(3.31) S(t) := sup{1 + IW(xt) + Iv(zt)}
zER

and consider the set

Eb(t) {x R :S(t)- < 1 + w(z, t)l + Iv(x, t)l S(t)},

where 6 > 0 small. Then IE6 (t)] < o. Moreover, by virtue of (3.21), (3.18), (3.15) and
(3.17) we obtain

0 / i(k)(w(x't)'v(x't))dx >f 4(k)(w(x, t), v(x, t))dx

fJcc fE 6 ( )

> 77(')(w (x, t), v (x, t)) dx
JE0(t)

- C(1 + k)Y(k)(0) JE6 (t) + Iw(xt)l)dx

3.32) > Et)l -,_ck _ C(1 + k)Y(k)(O)lE 6(t)tS(t).

We combine (3.29) with (3.30) and raise the resulting inequality to the 1/k power.

Then, we first let k -, o and then 6 j 0. After taking the logarithm of both sides we

conclude

(3.33) sup{1 + Iw(x,t) + Iv(X,t)!} _< C + C M(r)dT, 0 < t < T.
Z ER f

Substituting (3.24) into (3.33) and using (3.31) yields

6 (3.34) S(t) < C + C(1 + T) S(r)dr.

Finally, integrating (3.34) we conclude

(3.35) sup{I1 + jw(x, t)! + Iv(z, I)I} < Al, 0 < i < T,
rER

12
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where the constant M depends on T but not on c. Therefore, the solution {u,(x, t), v(-, t)}
of (2.4) is bounded on *0, Ti x R, uniformly in e > 0.

The a priori estimates (3.14) and (3.35) together with an existence theorem for the
regularized problem (1.8) are summarized below.

Theorem 3.1. Under the hypotheses (1.5)-(i.7), for each e > 0, T > 0, the initial
"v value problem (2.4) (respectirely (1.8)) has a unique solution {w(x, t), v(x, t)} defined on

R x 0 T' such that u,,v C C('O,T!;L 2 (R)) r LO(R x [0,T), w . o, w E

C((O, T];L2(R)) and. also, wv. v L2 (R x 1O, T"). In addition, as c \ 0, the families
{w(x,t),v(xt)}>u and {el/ 2 w'(x,t),si/ 2v:(x,t)}j>o lie in bounded sets of
L0 ( 0, T:; L2 (R) 2 L'(R)) and L2 (R x [0,T]), respectively.

PROOF. It remains to prove the existence part of Theorem 2.1.
in .In view of (3.35) we modify the function SO as follows. Let Al be the a-priori L0 0-bound
in (3.35) and choose f > max{M., !wil}. We modify the function SO(w) outside the interval
[-i, ] so that the resulting function ;;(w) is twice continuously differentiable and satisfies

(3.36) i = O(w) if Iwl <i(3)(- a linear function if 1wI > 2f

and
(3.37) P'(wi) < s'(w) < 1 + max V'(w) L, w E R.

-1<w<1

Then the derivation of (3.35) suggests that any solution {w(x, t),v(x, t)} of the system
(2.4) with p replaced by will satisfy the bound (3.35) with the same constant M. (We
note here that, although the family of entropies for the modified system (2.4) differs from

;-- the original (cf. (3.15), (3.16)), the estimates (3.17), (3.18), (3.19), (3.29) and (3.32) hold
with the same constants for both families). By virtue of the above remarks we may, without
loss of generality, assume that the function po(w) in (2.4) has been modified to comply with
(3.36) and (3.37).

Existence and uniqueness of solutions for (2.4) on QT = R x [0, T] will be deduced by
a simple application of the contraction mapping theorem. Let B be the Banach space

B {(w,v): QT- ---- R x R,w,v E L'([O,T*];L'(R)),

wzv 2 E L2([O,T*];L2(R))}

* for some 0 < T* < T, with norm

IIl(w,v)I := sup + t)]dx + c (w: + v )dxdt.
Ot<Tf 100[ f <0tT

Let S be the map that carries (11,V) E B into the solutions (w,v) of the linear parabolic
initial value problem:

wt = V. + ewzz

(3.38)j Vt = (U) 2 + T[V] + ev",
W(", 0)= wo(X), v(X,0)= vo(X).

13



By standard theory of the heat equation S B -- B, for any T ° > 0. We proceed to show

that, for T* small enough, S is a contraction.
Let (CU1,V ),(1U2 ,I)) - B and let (w1,vI),(w2,v2) be the respective solutions of

(3.38) corresponding to the same initial data wi(x.,O) = wo(x), vi(x,O) vo(x), i 1,2.
Simple energy estimates for (3.38) yield

fO 00t00

(I ( ,,t) - w2 (X, t)) 2 dx + E (wi(x ,r1- W2 (X, )) dxdr

(339 JO 1 ~ j 0 0v0xr -( w,r) x r ) rd
(3.39) j 2 ((,)-(x, )) 2 dxd

0t t 00

(340 +V I X,[V(X, ) -x + 0 v I(x -r) -V2(X Td d

ft ( 0(X, )- V ( , 7)) 2 d xd

J 00* + fo f (V (X, ) - V2(X,,r) )2dxd7

,.-"(3.40)+(-v ,) 2 -V (X, -)1)2 dxd .

Moreover, in virtue of (3.37)

ft ('(W(x, r)) - (W 2 (z, r)))2ddr

(3.41) < L2 fj J (IV,(x,,r) - 'V2 (x,r))2dxdr

and by (1.4)

f I([V(X, r) - V2(z,-r)]) 2 dd7
-~ JoJ 0 0

(3.42) < 2[max(Ir(t)l + Ir'(t)) 2 ](T2 + 1) (V1(r,) - V (x, T)) 2 dzdr.
[0,T] 0 -0

*. Combining (3.39)-(3.42) and using the definition of norm in B, one obtains

Slj((wJ - w2), (VI - v 2 ))!'B(t) _, C ,((TVI - (T), (l - ))! H "

(3.43) + f II((wI W2),(V - v2))lII (r)dr,

14
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where C, > 0 is a constant depending on I L, T, and RICti0.T>. By the Gronwall
inequality,

I ((w - W2), (vI - v2))Ili.(T-)
(3.44) < C.T'%I K(W, - IV),( 1 - ))l(T-),

and S is a strict contraction on B, provided T- is chosen sufficiently small.
By proceeding in steps of length T, the above procedure yields a unique solution

{w(x, t), v(x, t)} on R x [0, Ti of the system (2.4), for each fixed e > 0 and any T > 0. By
standard L 2-theory of the heat equation ,10' the solution w(z, t),v(x,t) E C([0,T];L 2 (R))
and has the regularity

'5(3.45) V! wz, -I/t v, E L 0"([0, T] J; L 2(R)),

-. (3.46) ,, 7 t, v,,,/0 w.., 0 .E L 2 (R x [0,T]).

The solution {w,v} enjoys additional regularity which is obtained as follows. Differ-
• .-. entiate (2.4), and (2.4)2 with respect to t (the rigorous justification is by taking difference

quotients) and use (1.4) to obtain

'. (3.47) wtt= Vzt + CWzj,

t

(3.48) Pt = O(w),t + r(0)v,(x, t) + r'(t - r)V,(X,r)dr + cv ,.

Multiply (3.47) by t2w t and integrate over t2 x 0, T]. Integration by parts, (3.35), (3.45),
(3.46) yield

00 t

t 2 / w(X, t)dx + T r 2 tdadT
fv J00 f0

*t p 00

(3.49) <C] (-rvf + Tw')dxdr < C,.

Similarly, multiplying (3.48) by t2 vt and performing the same steps, we obtain

-- 00 pt p00

tJvt (z,t)dx +] rvdxdT

(3.50) <C j (rVt + T-w)dzdr < C,

|.3

0~0

rU",-l,



VO-

Yh. Next, we multiply (3.47) and (3.48) by 13 wtt and t 3 vtt, respectively, integrate by parts over
R x t0,1t and use (3.35), (3.45), (3.46), (3.49), (3.50) and the Cauchy-Schwarz inequality
to arrive at

,i (003

T Wt..x.. +t vW t(, t)dx

10,~ .fm00 -0

C(3.51) C. (72V t + T. Wt)dxd < C,,
~and

t C( + / 00 0r0 wdx--

, 3"V .ndxed7 + t tU(x, t)dx

< C' ft10(2 V2 r3 , )t2 +rv')dxdT
( Xvt + 7' t ) t

::"<C'(1 + f c r 3w,2 w 2ded-r)

t

(3.52) < C'(1 + jr J(w= + w< C.

Finally, using (3.45), (3.46), (3.49), (3.50), (3.51), (3.52) and standard embedding theorems
we conclude that {w(X, t), v(=, t)} has the regularity
claimed in Theorem 3.1.

4. THE PASSAGE TO THE LIMIT c". 0.

For 6 > 0, let {wL(x, t), vc(x, t)} be the solution of the initial value problem (1.8) on
QT := R x '0,TJ, with regularity properties as in Theorem 3.1. By virtue of (3.35) the
family of functions {wc(x,t),vc(x,t)},>o is uniformly bounded in L0 (QT). There exist
functions w(x, t), v(x, t) and (x, t) in L0 (QT) such that, along a subsequence,

" (4.1) w'(x,t) w(x,t) in L' - weak star,

(4.2) v'(z,t) -£ v(z,I) in L' 0 - weak star,

and

.

The3 p (W , (X X, t) i n L 0 0 - weak star,

as e \ 0. The object of this section is to show that {w(x, t), v(x, t)} is a solution of (1.1)
in the sense of distributions.

16
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The major obstacle to overcome is that, in general, nonlinear functions are not con-
tinuous under weak star convergence, and it does not follow that (x" t) = ,(w(x, t)).
Under weak-star convergence, such composite weak limits have been characterized by Tar-
tar [21,22, 23' a. expected values of a family of probability measures V(,, t, called the

q% -,'.-.Young measures. The relevant issue here is whether the Young measure reduces to a Diracmass. Using the theory of compensated compactness and a class of entropy-entropy flux

pairs introduced by Lax r111 DiPerna [71 proved the following key resuit which will be
employed in the sequel.

Proposition 4.1 (DiPerna). Let {w ,v'} : QT -- R be a collection of functions such that

IUILO(Q,) + [VII ,LO(QT) < C,

where C is a constant independent of e. Suppose also that for any smooth entropy-entropy
fluz pair {77(w,v),q(w,v)} of (E) (see Section 3), with p satisfying (1.5),

"Or,(w'(x, t),v t (x, t)) + Ozq(w'(x,,t),'v(X,t))

lies in a compact set of H-(QT). Then there exists a subsequence {w"',v"} and functions
w,v E L'(QT) such that

w' (x, t) --* w(x, t), v"'(x, t) -- v(x, t), a.e. for (X, t) G QT

as e' j 0.

We apply Proposition 4.1 to the family {w'(x,t),v'(x,t)},>o of solutions of (1.8)
(which also satisfy (2.4)). A straightforward calculation using (2.4) and (3.2) yields

8 7 (W, V) + 8- q(w, v)

- O/2 ,az(eI/2 77.W, v')W6 + C 1/2?77V (W C V C)V')
- e[7.(WV,)(w) 2 +7+ , .(w',)()2 ]

(4.4) + 77,(We,V' )7[v'].

The a-priori estimates (3.14) and (3.35) imply that the family

.:-:-~~~~~~~ ~~~~ C 'O(,'",,,(w* ,<) '. 77 W'/ ,,(w,'),,')

k'. converges to 0 and is thereby compact in H-(QT), while the family
.- etii,[ .(W, , V,)(w,)2 + 2C (w , )w _v, + C l C'(w V,)(v,) 2 1

is bounded in L'(QT). In addition, the family

(4.5) ot7(W', V) + oaq(w, v) - ,(w", v)Fv'J

17
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resides in a bounded set of It''(QT). Using a lemma of Murat [4] we deduce that the

quantity (4.5) lies in a compact set of H-(QT). Finally, since q'(wc,vt)J[v'I lies in a

bounded set of L2 (QT) and thus in a compact set of HC(QT), the family

e9 ti(w',v') + a. )q(wv)

also lies in a compact set of H - (QT). Thus, Proposition 4.1 implies that

W"'(x, t) w(, t), v"'(x, t) -- v(x, t) a.e. in QT,

along a subsequence E' \ 0, and permits passage to the limit e' \ 0 in (1.8) in the sense
i,.- ,,of distributions. The pair of functions {w(x, t), v(x, t)} belongs to L'([O, T]; L2 (R)) n

L'(QT) and is a weak solution of (1.1) on QT. This completes the proof of Theorem 1.1.

Finally, we remark that one does not expect weak solutions of (1.3) to be unique. We
note that for every (convex) entropy it(w,v), the solution constructed here satisfies the

inequality
.t7(w,v) + 8 ,q(w,v) < r,(w,v)Tv]

*in the sense of distributions.

REFERENCES
1. J. L. Boldrini, Is elasticity the proper asymptotic theory for materials with memory?,

LCDS report #85-9 (1985).
2. C. M. Dafermos, Development of singularities in the motion of materials with fading

memory, Arch. Rational Mech. Anal. 91 (1986), 193-205.
3. C. M. Dafermos, Estimates for conservation laws with little viscosity; SIAM J. Math.

Anal. 18 (1987), 409-421.
4. C. M. Dafermos, Solutions in L°cfor a conservation law with memory, preprint (1986).

5. C. M. Dafermos and J. A. Nohel, Energy methods for nonlinear hyperbolic Volterra

integrodifferential equations, Comm. Partial Differential Equations 4 (1979), 219-278.

6. C. M. Dafermos and J. A. Nohel, A nonlinear hyperbolic Volterra equation in vis-

* coelasticity, Amer. J. Math. Supplement (1981), 87-116.
7. R. J. DiPerna, Convergence of approximate solutions to conservation laws, Arch.

Rational Mech. Anal. 82 (1983), 27-70.
8. J. 'I. Greenberg, The existence of steady shock waves in nonlinear materials with

memory, Arch. Rational Mech. Anal. 24 (1967), 1-21.

9. W. J. Hrusa and J. A. Nohel, The Cauchy problem in one-dimensional nonlinear

V viscoelasticity, J. Differential Equations 59 (1985), 388-412.

10. 0. A. Lady enskaja, V. A. Solonnikov, and N. N. Ural'ceva, Linear and Quasilinear

Equations of Parabolic Type, Translations of Mathematical Monographs, Vol. 23,
Amer. Math. Soc. (1968).

18



11. P. D. Lax, Shock waves and entropy, in Contributions to Nonlinear Functional Anal-
ysis, E. A. Zarantonello, ed., Academic Press (1971), 603-63-4.

12. R. C. MacCamy, A model for one-dimensional nonlinear viscoelasticity, Quart. Appl.
Math. 35 (1977). 21-33.

13. F. Murat, Compacit6 par compensation, Ann. Scuola Norm. Sup. Pisa Sci. Fis.
Mat. 5 (197'). 489-507.

14. F. Murat, L'injection du cone positif de H - 1 dans W-' est compacte pour tout
q < 2, J. Math Pures Appl. 60 (1981),309-322.

15. T. Nishida, Nonlinear hyperbolic equations and related topics in fluid mechanics, Publ.
Math. Orsay (1978), -16-60.

16. J. A. Nohel and I. Renardv, Development of singularities in nonlinear viscoelasticity,
- in Amorphous Polymers and Non-Newtonian Fluids, IMA Volumes in Mathematics

and its Applications, Springer Lecture Notes in Mathematics, to appear.
17. M. Rascle, On the convergence of the viscosity method for the system of non-linear

(1 - D) elasticity, Lectures in Appl. Math. 23 (1986), 359-378.
18. M. Renardy, W. J. Hrusa, and J. A. Nohel, Mathematical Problems in Viscoelasticity,

Longman Group Limited (formerly "Pitman II" monograph series), to appear, approx.
300 pp.

19. M. Slemrod, Instability of steady shearing flows in a nonlinear viscoelastic fluid, Arch.
Rational Mech. Anal. 68 (1978), 211-225.

" 20. 0. Staffans, On a nonlinear hyperbolic Volterra equation, SIAM J. Math. Anal. 11
(1980), 793-812.

21. L. Tartar, Une nouvelle m~thode de resolution d' quations aux driv~es partielles
nonlin6aires, Lecture Notes in Math. 665 (1977), 228-241.

22. L. Tartar, Compensated compactness and applications to partial differential equations,
in Nonlinear .4nalysis and Mechanics: Heriot- Watt Symposium 4, R. J. Knops, ed.,
(1979) Res. Notes in Math., Pitman.

23. L. Tartar, The compensated compactness method applied to systems of conservation
laws, in Systems of Nonlinear Partial Differential Equations, J. MI. Ball, ed., (1983)
NATO Adv. Sci. Inst. Ser. C, Reidel Publishing Company.

0

O, -

'V,, .

O'.



*4,

.1

a

-p

p.

-p.

-a.

-p.

6
a,'

"I

a,

I

7
.~ U S S S S S S S S S S S S

paw 'pa

a,
pp


