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Abstract

This dissertation considers the problem of robustly stabilizing systems modeled
on infinite-dimensional state spaces using finite-dimensional controllers. In partic-

ular. the controllers considered in this research are assumed to be linear quadratic

Gaussian (LQG) based controllers.

This research first uses a direct approach to demonstrate the existence of
finite-dimensional LQG based controllers that stabilize the nominal system. Once
the existence is proven, the rest of the research focuses on ways to analyze the
robustness of the controller. It is pointed out that the exponential growth constant
of the semigroup generated by the system A operator is not the only measure of

robustness. nor is it the best one.

Several types of perturbations are considered, including bounded, relatively
bounded. additive, and multiplicative. As a result. several approaches to analyzing
robustness are devloped. Direct analysis using results from functional analvsis is
accomplished, followed by a recent approach called the optimal projection equation
approach. and then H. techniques are used to develop a sufficient condition for
robustness in the presence of multiplicative perturbations of the plant transfer func-
tion. It is pointed out that each approach can be used to account for different types

of perturbations. No one approach seems able to deal with all perturbation types.

A major development in this research is the new interpretation of the linear
quadratic Gaussian / loop transfer recovery technique (LQG/LTR) for the case of
reduced order controllers. It is demonstrated that the technique can be interpreted
as modeling system uncertainty through the added noise term rather than tuning

to recover a desired loop transfer function.

Also contained in this research is a sufficient condition for which the LQG/LTR

technique can be extended to the entire class of problems considered. The devel-
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opment of the sufficient condition is different than approaches taken by others, and
b1 )
N may provide the needed insight to extend the LQG/LTR technique to the class

;' of problems considered without any added assumption being required. A way to

. approximate the LQG/LTR technique is also given using the results of H. T. Banks. f
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Robust Finite-Dimensional LQG-Based Controllers

for a Class of Distributed Parameter Systems

1. Introduction

1.1 Background

A constant concern of engineers designing control systems is whether or
not a feedback controller will maintain stability of a closed-loop system in spite of
all possible plant variations, i.e. stability robustness. Plant variations may be the
result of modeling errors, disturbances, component failures, or changes in operating
conditions. A system that is designed to be stable around a set of nominal conditions
may or may not remain stable with plant variations present. It is uncertainty about

the plant that forces one to use feedback control instead of open-loop control [43].

Classical stability margins such as gain and phase margins provide a partial

description of how much variation a system can tolerate before instability occurs.

. However. they do not provide a complete description of a system’s robustness, as is
available through the characterization of the closest distance to the critical point of

a Nyquist diagram or Nichols chart, or similar graphic descriptions. For the case of

single-input single-output (SISO) systems, several useful design tools exist [25, 49)

that enable the designer to determine stability robustness of a control system prior

- to its implementation. For multiple-input multiple-output (MIMO) systems the
tools are not quite as well developed. One measure of stability robustness that has
been widely used is the singular value [30, 35]. Though the singular value often
leads to overly conservative robustness characteristics, attempts have been made to

X reduce its conservatism by the use of structured singular values [32]. Nevertheless,

~ S et N C et .
I . e O .
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the singular value does provide a designer with a tool by which to evaluate stability

robustness of a controller for a MIMO system.

In the case of distributed parameter systems (DPS), very little is known about
how to define stability robustness. Most of the current research tries to design con-
trollers that will achieve exponential stability, and then define stability robustness
in terms of the magnitude of the exponential time constant [20, 21, 55, 23, 24, 58,
59, 60]. However, as poihted out by example [51}, the classical stability margins of a
SISO DPS can be improved, but the exponential time constant simultaneously may
pot change. Thus, it would seem that the exponential time constant is not the best
measure of stability robustness. Also, it is not easy to relate model uncertainty to
the exponential time constant, but for SISO systems with rational transfer functions,
gain and phase margins can be related to model uncertainty. Some recent results [47]
have shown that, for exponentially stabilizable and detectable systems, it is possible
to equate exponential stability to a Banach algebra type of input-output stability
which can be related to the singular value concept [16]. For MIMO systems, the
singular value can be related to model uncertainty, and may be a better measure of

stability robustness than the exponential time constant.

Much work has been done in trying to develop stabilizing finite-dimensional
controllers for infinite-dimensional systems [2, 3, 4, 5, 6, 20, 55, 23, 58, 59, 60],
but in every case the stability margin used is the exponential time constant. Recent
results [51] have shown how to extend the Linear Quadratic Gaussian/Loop Transfer
Recovery (LQG/LTR) technique to a class of DPS. However, the result is an infinite-
dimensional controller which in general is difficult to construct unless the controller
is a time-delay system. It is the goal of this research to develop a procedure by

which finite-dimensional linear quadratic Gaussian (LQG) based controllers can be

constructed which will asymptotically achieve stability robustness.
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1.2 Scope

This research will look at four techniques to design robust finite-dimen-
sional controllers for infinite-dimensional systems. First, Schumacher’s [58, 59, 60]
direct approach will be used to design a finite-dimensional LQG-based controller
to achieve a desired exponential stability. Schumacher’s work developed conditions
that, if satisfied, are sufficient for the existence of a finite-dimensional controller
that exponentially stabilizes an infinite-dimensional system. This research extends
his work by showing that LQG controllers satisfy these sufficient conditions under
the assumption that the eigenfunctions of (A — BK.) are complete (see Chapter
3 for details). Also, Schumacher did not provide a proof that the approximation
of the infinite-dimensional controller obtained using his approach, converges to the
desired infinite-dimensional controller as the dimension of the approximation in-
creases toward infinity. This dissertation provides that proof for completeness. It
wil] be shown that the finite-dimensional controller asymptotically converges to the
controller that would result from solving the infinite-dimensional algebraic Riccati

equations (A.R.E.).

Schumacher’s approach does not incorporate robustness into the design, so
that one must analyze the robustness of the resulting finite-dimensional controller by
using direct analysis of the resulting closed-loop semigroup. It is demonstrated that
not only can the exponential time constant be considered a measure of robustness
with respect to bounded perturbations, but the semigroup gain constant can also be
used as a measure of robustness in the presence of relative bounded perturbations
(see Chapter 3, Section 4). The use of the semigroup gain constant as a measure
of robustness is a contribution of this research based on theory contained in Pazy’s

text {54].

Second, because of the limited ability to achieve robustness by analyzing the
robustness after the design is accomplished, this research develops sufficient condi-

tions for which the LQG/LTR technique is valid for the systems to be considered in

.
¢
«
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Y this research. By using a technique such as LQG/LTR, one is able to incorporate :
Y robustness issues into the algebraic Riccati equations which determine the LQG gain |
" operators. The sufficient conditions found in Chapter 4 are developed by using a

: different approach than that taken by Matson [51] in his work. This different formu-

fE lation may yield insights into the LQG/LTR technique not before available, so that

":’ the technique can be extended to the entire class of problems to be considered. As

I~ an alternative, a way to approximate the LQG/LTR technique is developed based

:. on the work of Banks [7]. It is shown that for many approximation schemes (such

. as modal, spline, Ritz [36], etc.), one can approximate the solution of the infinite-

. dimensional A.R.E. with a sequence of finite-dimensional A.R.E.s, and therefore use

.. a robustness recovery technique like LQG/LTR to design a robust finite-dimensional "
; controller. However, as will be pointed out, the robustness is with respect to the

2

finite-dimensional model used to approximate the A .R.E. solution. Because of this,

this approach will be considered an approximation of the LQG/LTR technique for

the infinite-dimensional system. ’

»
-

-
-

Third, an approach developed by Bernstein and Hyland [10, 11, 46, 9, 45, 39.
40] called the optimum projection equation (O.P.E.) technique will be extended to

allow one to design a reduced order controller that will be robust and will minimize a

2. G ‘-"(;';- N

cost functional associated with the optimal control problem. The extension is based

totally on the work by Bernstein and Hyland [10]. The approach allows one to

s
p modify the A.R.E. in such a way that robustness is achieved. It will be shown that
M this technique gives a new insight into the LQG/LTR technique, and therefore allows
one to achieve robustness without having to recover a desired transfer function. This .
. ]
o new interpretation of the LQG/LTR technique is a contribution of this dissertation. :
4
. The fourth approach to designing robust finite-dimensional controllers is the
V.
' use of H,, techniques to develop sufficient conditions for robustness. In this way
) one will have a tool available by which to evaluate the robustness of a proposed
~l
N controller, or a way to determine if a controller is acceptable given some knowledge
N
b ‘
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A
‘
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. of the uncertainty one can expect. The work of Curtain [22] will be extended so
;'. that one can consider not only additive perturbations as she did, but also multi-
2
- plicative perturbations as well. Multiplicative perturbations are preferred since the
(- compensated plant transfer function will have the same uncertainty associated with
it as the uncompensated system does (see Chapter 6). Multiplicative perturbations ;
) are also preferred because they correspond to the type of changes one considers ]
when establishing the classical concepts of gain and phase margins. The sufficient )
2 condition developed can be used as an analysis tool by which the finite-dimensional ]
L : o : 1
. controller can be evaluted, or one can use the approach to design finite-dimensional g
controllers that are not LQG-based, as demonstrated by Curtain [22]. )
»
1.8 Problem Class
\
- The class of problems addressed in this dissertation is the set of infinite-
g dimensional systems of the form
K4
o
‘ z(t)y = Az(t) + Bu(t) + Gu(t), z,=z(0) € D(A) (1)
y(t) = Cz(t) + (1) (2)
\ where the control vector u is in the input space U = L2{{0,00); RV}, z is an element
' Al
.‘ of a Hilbert space H, y is an observation vector which is an element the output space
& Y = RV, and w and 5 are white Gaussian noise terms with realizations in the spaces
- Y and H respectively. The strength of the dynamics noise term w is described by
_-3‘ the positive semi-definite operator @,, and the strength of the measurement noise
term n is described by the strictly positive operator R, (these operators will be
': discussed more in Chapter 2). The operator @ used in the Kalman filter design
': will be chosen so that Q; = GQ,G*, where G* denotes the adjoint of G. z(t) will
‘.. . . . . .
- be denoted simply as z (and similarly for the other functions), and the following
‘ assumptions are made:
b2
4
4
o
Y 5
)
»
)
o
~ 3
> K
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1. A is the infinitesimal generator of a C, semigroup (i.e. strongly continuous) f.
T(t) on a real separable Hilbert space (Hilbert space with a countable or- -
X
thonormal basis) H [24]. Seperable Hilbert spaces are needed in Chapter 3 to '
prove the existence of finite-dimensional LQG-based controllers, and in Chap-
ter 4 to estabilsh sufficient conditions for extending the LQG/LTR technique. N
2. B is a bounded linear operator from RV to H. :
3. C is a bounded linear operator from H to RV.
4. G is a bounded linear operator from the Hilbert space H to H. '
5. The spectrum of A (denoted o(A)) is discrete. "
6. The system is exponentially stabilizable and detectable [24]. :
N,
7. The eigenvectors of A are complete. )
8. The svstem is minimum phase (i.e. no transmission zeros in the right-half '_
plane). 3
.
9. A satisfies the spectrum decomposition assumption [59]. N
10. The restriction of A to the stable subspace H, satisfies the spectrum deter-
mined growth assumption {24] and generates an exponentially stable semi- .
»
group. n
i
‘A
-4
The first eight assumptions were made by Matson in his research [51]. The last o
o
Y,

two assumptions are added by Schumacher {39] to allow finite-dimensional compen-

sators to be designed. Therefore, this research has made these same assumptions.

Assumption (1) is a standard assumption made in the semigroup approach to op- &
timal control for infinite-dimensional systems. The fact that the Hilbert space H
is real is not restrictive since every real Hilbert space has a complex extension, say

H., that is related to H in the same way that CV is related to R (where CV is an




N-dimensional complex space, and R is an N-dimensional space over the real num-
bers). Also, most of the system models for physical systems can be well modeled on
real Hilbert spaces. The results of this dissertation are based on real Hilbert spaces.
Although they are true for real Hilbert spaces, it is believed that they are true, or
can be easily extended, to complex Hilbert spaces. Assumption (2) requires that
the control enters the system in a distributed way and not via boundary control.
Though the infinite-dimensional phenomenon of boundary control is interesting, in
many real situations control is applied through a finite number of actuators act-
ing at specific points in the system. Thus, distributed control, described using a
bounded B operator on a finite-dimensional input space, models many real prob-
lems. Similarly, assumption (3) requires that observations of the system state occur
in a distributed way and not via point observations. Since observations normally oc-
cur through a finite number of sensors, which typically are not point sensors, this is
not a restrictive assumption. Assumptions (2) and (3) are both commonly made in
control theory. Assumption (4) is made in order to apply results available in LQG

control theory. One would not expect noise to enter a system in an unbounded

fashion.

Assumption (5) is another standard assumption in LQG theory and is satisfied
when the resolvent (AI — A)~! is a compact operator for some A € p(A) (where p(A)
denotes the resolvent set of the operator A). This includes a large class of systems
described by partial differential equations on a bounded domain or by functional
differential operators describing delay equations [59]. Within this class there are
generators with only finitely many eigenvalues to the right of a vertical line in the
complex plane, and there are generators with infinitely many eigenvalues to the
right of any vertical line. As a rule, the operator A is an elliptic operator and has
eigenvalues whose real parts tend to -oo, for parabolic and retarded systems, and so
these types of equations will generally satisfy assumption (9). On the other hand,

hyperbolic equations and equations of neutral type have infinitely many eigenvalues
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in a vertical strip , and so they will satisfy assumption (9) only if this strip is to the

left of a desired w before compensation is applied [59].

Assumption (6) is a standard assumption and includes a large number of lin-
ear time-invariant systems [51]. The same assumption is usually made in finite-
dimensional situations. Assumption (7) will be necessary to prove the existence of a
finite-dimensional controller. This assumption is quite common in partial differen-
tial equations, and solving equations using the method of eigenfunction expansion is
based on it [59]. Assumption (8) is made because LQG/LTR theory has only been
established for minimum phase systems. Finally, assumption (10) is necessary to
use results developed by Schumacher in proving the existence of finite-dimensional
controllers. Also, this assumption allows one to determine stabilizability and de-
tectability of the entire system by restricting attention to a subspace of the entire

state space. The next section gives an example of a problem that satisfies the

assumptions.

1.4 Frample

Ignoring the noise terms, an example of a DPS that satisfies these
assumptions is the one dimensional heat equation [59], which is a parabolic equation.
Let the heat equation with distributed control and observation have the following

form:

0

1 & u
_— = —— ) . . <
50(2:) = 5 5=50(z,t) + gb,(z)u,(t) t>0;, 0<r<l1 (3)

yi(l) = /01 c(z)O(z,t)dz 1=1,2,...,n (4)

where b;(z) and ¢;(z) are known functions describing the influence of the actuators

and sensors respectively, and with boundary and initial conditions given by:

8 7]
5:0(0:1) = 5-0(1,1) = 0 (5)
6(3‘0) = eo(.’t) (6)

'
[}
.
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’ For the state space, let H = L?(0,1). The domain of the operator A is defined

by
D(A-{OE'Hl 667{66 ()=-5%9(1)=0} (7)

X A generates a C, semigroup and has a discrete spectrum with simple eigenvalues at b

: -1 where i = 0,1,2,.... The corresponding normalized eigenvectors are given by

1 1 =0
é(z) = 8
(z) V2cosinz t=1,2,... (6)

and they are a complete basis for L?(0,1).

- e B B RXD

Note that the systems under consideration are models involving process noise
w and measurement noise  which are assumed to be zero mean, white Gaussian
b noises with strengths Q, € L£(Y) and R; € L(R") respectively (i.e. they are
i~ bounded linear operators). Q, is a self-adjoint positive operator and Ry is a self-
adjoint, strictly positive operator. By including these noise terms, one can account
for the fact that the system state is never known exactly, and :0 an estimator or

" observer will be needed since our methodology is tied to state feedback.

This research will assume that a Kalman filter is used to estimate the system
state. When a Kalman filter is used to estimate the system state and provide that

L estimate as the input to the LQ controller, the stability margins of the resulting

closed-loop system may become arbitrarily small [31]. The LQG/LTR technique
gives a designer one way to regain desired stability robustness of the corresponding

full-state feedback controller. However, this technique has not been extended to the

RESL R

entire class of problems considered in this research. Therefore, other approaches will

be considered as well.

o A W

1.5 Summary of Remaining Chapters

This dissertation is organized as follows. Chapter 2 contains the mathe-
matical background theory that is applicable to this research. Definitions and theory

are presented that are used in chapters to follow.
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Chapter 3 demonstrates that the LQG solution satisfies the hypothesis of Schu-
macher’s approach [59] and therefore finite-dimensional LQG-based controllers exist
for the class of problems considered assuming that the eigenfunctions of (A — BK.) "
are complete. Schumacher did not consider a specific form for the controller as is
done in this research. It is also shown that the finite-dimensional controller con-
verges to the infinite-dimensional LQG solution as the dimension of the controller
increses toward oco. This proof was not given by Schumacher and is given in this dis-
sertation for completeness. Chapter 3 demonstrates the limited robustness analysis
that can be accomplished once a finite-dimensional controller has been designed. It
is shown that the exponential time constant can be used as a measure of robustness
for bounded perturbations, and the semigroup gain factor can be used as a measure
of robustness when relative bounded perturbations are considered. This last fact \
has not been considered before, and it is a contribution of this dissertation. Chapter
3 also has a simple example problem that demonstrates how to apply Schumacher’s
approach. It is pointed out in this problem that one must be concerned with the

resulting location of the closed-loop poles.

Chapter 4 develops sufficient conditions for extending the LQG/LTR technique
to the entire class of problems described in Section 3. The approach taken is different ‘
from the one taken by Matson [51], and it is hoped this new approach will yield )
insights that will allow the LQG/LTR technique to be extended to the entire problem
class. Chapter 4 also looks at the approximation procedure of Banks [7]. His ;
approach is used as a basis for an approximation of the LQG/LTR technique for
those problems to which Matson [51] could not extend the LQG/LTR technique.

Chapter 5 will consider the optimal projection equation (O.P.E.) approach that
has been developed by [10, 46, 9, 39, 40]. The approach will be extended based on \
the work of Bernstein and Hyland [10] to allow one to put robustness consideration .
into the design equations. As a result, a broader interpretation of LQG/LTR will

be gained. This new interpretation is a contribution of this research. .
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Chapter 6 will extend the work of Curtain [22] so that one can use H, tech-

niques to evaluate the robustness of a proposed controller in the presence of uncer-

¢ tainty that is modeled as a multiplicative perturbation of the plant transfer function
rather than an additive perturbation. Since multiplicative perturbations are often
ﬁ‘. preferred, this extension is seen as a meaningful contribution. h
3y d
Chapter 7 will contain a simple example problem that will demonstrate the "
¥
’ four approaches discussed in this dissertation. The problem will be simple so that a
o solution can be obtained and is not meant to be representative of a realistic problem. N
‘" It will demonstrate some of the advantages and disadvantages of each technique. '
Finally, Chapter 8 will contain conclusions drawn from this research, and
will provide recommendations for future research in the area of finite-dimensional y
control of infinite-dimensional systems. There are still many areas to study that 3
)
{ could produce good fruits. The chapter also contains a proposed design procedure
A based on the developments of the preceeding chapters.
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II. Background Material

2.1 Introduction

This chapter contains background material that is needed in the chapters
to follow. Section 2.2 contains basic theory from functional analysis as found in
[41, 24, 48, 64]. Section 2.3 presents aspects of semigroup theory and is taken from
[24, 54]. In Section 2.4 is the material dealing with optimal control and estimator
theory. The last section, Section 2.5, presents material dealing with an algebra of
transfer functions that was developed by Callier and Desoer {12, 13]. The material
in Section 2.5 will be coupled with recent developments by Curtain [22] so that a
sufficient condition for robustness, in the presence of multiplicative perturbations of

the transfer function, can be obtained in Chapter 6.

2.2 Definitions

Let A4 and B be arbitrary function spaces. An operator F is any map-
ping whose domain, denoted D(F) C A, or codomain (or both) is a space of func-
tions. An operator is said to map its domain into its range, denoted R(F). The
notation used to denote this mapping is F : A — B. Implied in this notation is
that D(F) = A, and R(F) is a subset of the codomain B. The norm of a linear
operator in a normed space is denoted || F ||, and is defined following Definition
2.2.1 [64]. The inner product of two functions X and Y in an inner product space
is denoted {X,Y) . The space of all real numbers is denoted R (and C for the space
of complex numbers), and ®" denotes the N dimensional Cartesian product space
over R. Normed spaces of particular interest are Hilbert spaces denoted H. Hilbert

spaces are complete inner product spaces.

The definition of a bounded linear operator is [64):

12
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. | Definition 2.2.1: A linear operator L : A — B where A and B are Banach

i spaces (see [64]), is called a bounded linear operator if there exists a nonnegative
.:: constant M such that

2 Lz || <M{z| VreA (9)
-,

. The space of all bounded linear operators from A into B is denoted by £(A, B).
E In this case where A = B, this is denoted £(A). The smallest M that satisfies

Equation (9) is called the operator norm of L.

An operator L is said to be continuous at a point z € D(L) if for any real

) number ¢ > 0, there exists a real number é > 0 such that

1 I Ly — Lz ||< e (10)
- for all y € D(L) such that
N ly-zl<é (11)
. If L is linear operator from a normed linear space A into another normed linear
space B, then [52] demonstrates that the following are true: "
3
i )
1. If L is continuous at any point in D(L), it is continuous on all of D(L). )
~ 3
- 2. L is bounded if and only if L is continuous. i'
\.. "
N
> .
N This research will also consider unbounded linear operators. Specifically closed ’
) unbounded linear operators are considered which are important in semigroup theory.
-
- These operators are defined as follows [64)].
%
", Definition 2.2.2: Let L : D(L) —» B where D(L) is a subset of a Banach
':: space A, and B is also a Banach space. Let {z,} be a sequence in D(L) such that
X
a1
> 13
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L r, converges strongly to r (i.e. lim,_ ||zn — z|| = 0). Let Lz, converge strongly !
g toy € B. Then the operator L is said to be closed if 2 € D(L) and Lz = y for .
3 every such sequence in D(L). L is densely defined if the closure of D(L) (denoted :
9 D(L)) is A. :
N

An important property of a linear operator is its spectral property. Let L be a
‘ linear operator with D(L) and R(L) contained in a complex linear space C. Consider

: the operator (s] — L) where s is a complex number and I is the identity operator.

: Then the following taken from Naylor and Sell [52] page 412 defines the different

. parts of the spectrum and resolvent of L (denoted o(L) and p(L), respectively).

A

N Definition 2.2.3: Let L be a linear operator whose domain and range are ‘
) contained in a complex linear space C. If the complex number s, is such that the

range of (s,/ — L) is dense in C and (s,/ — L) has a continuous inverse, then s, is in

; the resolvent set p(L). The operator (s, ] — L)™! is called the resolvent operator.

::_ Those complex numbers not in p(L) are said to be in the spectrum o(L). ;
:' The spectrum of L can be divided into three disjoint sets. )
” 1. The point spectrum of L is the set of complex numbers, s, for which (s/—L)

“ 1s not a one-to-one operator. This set is denoted by P,(L). Elements of the point

: spectrum are called the eigenvalues of L.

3 2. The continuous spectrum is the set of complex numbers, s, for which

4 (s — L) is a one-to-one operator with its range dense in C, and for which the

E inverse defined on the range is discontinuous. This set is denoted by C,(L). ]
E 3. The residual spectrum is the set of complex numbers, s, for which (sI - L)

!

is a one-to-one operator, but whose range is not dense in C. This set is denoted by

2 R,(L). ‘
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_' If C is a finite dimensional space, the sets C,(L) and R,(L) are both empty.

- An operator may be positive, strictly positive, negative, or strictly negative )
- .
(or none of these). The following defines what is meant by positive and strictly

;: positive {64] (the definitions for negative and strictly negative follow directly from
¢ v
s these). :
) 4
: Definition 2.2.4: An operator P € L(H), where H is a Hilbert space, is said
b to be positive if (Ph,h) > 0 for all h € M. If (Ph,h) > 0 for all nonzero h € H,
' then P is said to be strictly positive.
Another term for positive is positive semi-definite (and similarly for negative). ]
A Positive operators can be factored into the product of two operators called square
b . . -
root operators as defined in the following definition [41].
- Definition 2.2.5: Let P be a bounded linear positive operator and let P be
.
- self-adjoint (i.e. P = P* where P* is the adjoint of P). A self-adjoint operator,
0 denoted P!/? such that P'/? € L(H) and PY/2P'Y/? = P js called the square root
.:’:: of P. There exists a unique positive operator P'/2 for any such P.
F :
__ The existence of P'/? is proven by Naylor and Sell in problem 15, page 377
"; [52] so that one does not have to assume that the square root operator exists.
< .
> 2.3 Semigroup Theory
.:f The systems under consideration are assumed to be of the form
S z= Az + Bu z,€ D(A) (12) p
LN ]
or by the associated integral expression
t
z = T(t)z, +/ T(t — s)Bu(s)ds z,€ M (13)
0
2 15
> .
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along with the output relation

y=Cz (14)
where A: D(A) — M, A is a closed, densely defined operator on a Hilbert space H
which generates the C, semigroup T'(t) (to be defined later along with D(A)), and
B and C are bounded linear operators as given in the assumptions in Section 3 of

Chapter 1. r is the state variable and is an element of the real Hilbert space H. u

is the input control vector, and y is the observation vector.

Equation (12) is a time invariant evolution equation {24] and Equation (13)
is the solution of Equation (12) under the conditions described in this section. A
semigroup approach will be taken since this is a standard approach toward infinite-

dimensional systems [18].

The definition of a C, semigroup is [51]:

Definition 2.3.1: A strongly continuous semigroup of operators (a C, semi-
group) is a one-parameter famuly 7(¢), 0 £ ¢ < oo, of bounded linear operators from

a Banach space .X into X which satisfies the following properties:

T(t+s)=T)T(s) Vs, 120 (15)
T(0) =1 (16)
| T(t)xr~z]|—0 as t—0* Vre X (17)

The generator of a C, semigroup is defined as [54]:

Definition 2.3.2: The operator A is the infinitesimal generator of a strongly

continuous semigroup T'(t) on a Banach space X if and only if

Ar = lim L2 =1z
t—0+

Vz € D(A) (18)
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where D(A) = {z € X: the limit exists }. N

When considering the stability of infinite-dimensional systems, many people
use the concept of exponential stability. Consider the homogeneous equation corre-

sponding to Equations (12) and (13):

i=Ar z,€D(A) (19) )
r=T(t)z, (20)
The set of operators {T(t)} for t > 0, is a semigroup of operators, and A is the

infinitesimal generator of T'(t) [54]. The following defines exponential stability [54].

Definition 2.3.3: A C,-semigroup T (1) is said to be exponentially stable if
there exist constants M > 1 and w < 0 such that ||T(t)|| < Me~' Vt € [0,0cc).

Hence, when one says that a system is exponentially stable, one means that
the semigroup generated by the operator A in Equation (19) is exponentially stable.
This makes sense when one considers that the solution to Equation (19) is given by
Equation (20). Thus, when a system is exponentially stable, as t — oo the system 3

state will approach zero from any initial value of £(0) € D(A) with an exponential

decay rate of w.

One may consider robustness of the system by considering additive perturba- 2

tions of the operator A. If B is a bounded linear time-invariant operator, then the
following is true [54]: p
IS@ | < Melrmusin (21) -

where S(t) is the semigroup generated by the operator (A + B). Thus, as long as the
perturbation is such that (w+ M || B ||) < 0, the system will remain exponentially

stable. This result will be used in Section 4 of Chapter 3 when the robustness of a
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finite-dimensional controller is analyzed. Note that an operator B is bounded if and 3
only if there exists a constant A such that || B || £ K < oo. This is why authors .
have used the exponential time factor as a stability margin. The more negative N,
w becomes, the larger the perturbation || B || can be and still retain exponential
stability. However, one must question whether or not all perturbations can be
modeled as the addition of a bounded linear time-invariant operator. Also, it is
not clear how to relate exponential stability to model uncertainty. As demonstrated
by example [51], it may be possible to adjust a SISO design for better gain and .
phase margins, but the exponential time factor may not change at all. One could :
also change both gain and phase margin, and not affect the smallest distance to the
crtical point on a Nyquist diagram, which demonstrates the fact that gain and phase
margin do not provide a complete description of robustness. However, since thev
can be improved without improving the exponential stability of a system, it appears :
that the exponential time factor may not be the best stability margin as claimed
by some [18, 20, 21, 55, 23, 58, 59, 60], unless it can be shown that there is a direct
relationship between the magnitude of the exponential time factor and the minimum :
distance to the critical point. Chapter 3 demonstrates that the exponential time
factor is not the only semigroup factor that can be used as a measure of robustness.
The semigroup gain constant can also be used as a measure of robustness when

relative bounded perturbations are considered (see Section 3.4). ;
Next the spectrum determined growth assumption (SDGA) is defined. From
semigroup theory (see [51] page 18), it is known that

sup Re[o(A)] < inf{weR] || T() < Me'} = w, (22)

where T'(t) is a C, semigroup with infinitesimal generator A. For infinite-dimensional
systems, there may be strict inequality, so that the o(A) does not completely de- by

termine the growth constant of T(t) [42]. This gives rise to the following definition.
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Definition 2.3.4: An operator A is said to satisfy the SDGA if
sup Re[o(A)] = wo (23)

where w, is defined in Equation (22).

This condition holds for generators of the following types [65]:

(i) A 1s a bounded operator

NS (S SORTbial Stk oo el

(ii) A generates an analytic semigroup
(i1i) A generates a compact semigroup for ¢t > 0

(iv) A generates a strongly differentiable semigroup for t >, >0

Condition (i) holds if 4 is a continuous operator or a finite-dimensional oper-
ator. Condition (ii) holds if the spectrum of the operator A is contained in a closed
sector A = {A:arg(A —a) < ¢.a € R;Z < ¢ <} (see [65] page 388). Condition
(ii1) generally is satisfied by A operators associated with delay equations or if the
Banach space containing D(A) is finite dimensional. Condition (iv) is typically sat-
isfied for diffusion equations or if the generator is bounded. An important property
of these operators is that if A is one of these types and B is a bounded operator,
then A 4+ B is also the same type of operator [54]. Thus, if feedback is applied
through bounded operators, the SDGA 1is retained.

Now the terms exponentially stabilizable and exponentially detectable will

be defined [24].

Definition 2.3.5: Let X and U be Banach spaces and let B € L(U,X).
Also, let A : D(A) C X — X generate a C, semigroup T(¢). Then the pair

(A, B) is exponentially stabilizable if there exists an operator D € L(X,U) such
that the operator A + BD generates an exponentially stable semigroup S(t) with
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I S(t) IS Me*', w < 0. A+ BD generates a semigroup because A generates a

semigroup, and BD is a bounded linear operator [54].

Definition 2.3.6: Let X and Y be Banach spaces and let C € L(X,Y).
Also, let A : D(A) C X — X generate a C, semigroup T(t). Then the pair

(A,C) is erponentially detectable if there exists an operator G € L(Y,X) such

that the operator A + GC generates an exponentially stable semigroup S(t) with i
| 5(t) IS Me**, & < 0. A+ GC generates a semigroup because A generates a 8
semigroup. and GC is a bounded linear operator [54]. {':
]
Anotler definition that will be needed is the definition of the spectrum de- K,
composition assumption (SDA). é
N
Definition 2.3.7 Let é > 0 be given, and consider the partitions of the li
spectrum given by ]
A
o.={A€o0(A): Red > =6} (24) -

o0, ={A€0o(A): Red < =6} (25)

where the subscripts u and s denote “unstable” and “stable™ respectively, relative
to the line at —48. Then o(A) = 0,(A) U 0,(A) , and for A the generator of a C,
semnigroup, it can be shown that (see [24] page 75):

o(A) C {A: ReA < w,} (26)

where w, is defined in Equation (22).

Then the following definition can be made:

Definition 2.3.8 : If the set 0,(A) is bounded and separated from o,(A) in

such a way that a rectifiable, simple closed curve can be drawn to enclose an open

20
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y set containing o,(A) in its interior and o,(A) in its exterior, then A is said to satisfy
)

:' the spectrum decomposition assumption [24)].

!

v If A satisfies the SDA, then it can be decomposed into the form (see [59] page
v

3 93):

& A, 0
: 0 A,
z which corresponds to the state space decomposition given by H = H, & H,, where
S H, is stable subspace of H and M, is the unstable subspace of H. Note that stability
3 is defined by the choice of 6 in Definition 2.3.7. Thus, the operators A, and A, are
. the restrictions of A onto H, and H,, respectively. In an obvious way, one can also
! write the input and output operators as
¢,
X B,

B = (28)

s B-’
o
E: C=(C, C,) (29)
‘o
.

By stabilizing the system partition corresponding to the triple (A,, B,, C,) one is
then able to stabilize the entire system [59]. Thus, the problem becomes a restriction
to the space H,. If H, is finite-dimensional and A and A, satisfy the assumptions
f' of Chapter 1, then [59] (A, C) is detectable if and only if (A,, C,) is observable, and
(A, B) is stabilizable if and only if (A,, B,) is controllable [59].

s

A

b

& One type of normed space of particular interest is a Lebesgue space, which is

) denoted L?{(a,b); X} where p € [1,00), and X is a normed linear space consisting
of functions f such that ||f||” is Lebesgue integrable (see [52] page 589). This type
of space is used in the next definition.

3 The following defines what is meant by the mild solution for a class of nonho-

. mogeneous system equations [24]. The control and estimation problems will assume

E that the systems under consideration can be modeled as described in this definition.

A\
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4 |
b ) Definition 2.3.9: Let A: D(A) C X — X where X is a Banach space. Also, p
I let A generate a semigroup T(f) and let f € L?{[0,00); X}, where L? denotes a
' Lebesgue space for 1 < p < oo. Then
t
i 2(t) = T(Nzo+ [ T(t—s)f(s)ds (30)
0
-
o 1s called the mild solution to the evolution equation
! q
)
L z(t) = Az(t) + f(t) z, € D(A) (31)
o
A
Y
" The mild solution may not be differentiable, and therefore would not strictly
\“
o satisfy Equation (31). If the solution to Equation (30) is continuously differentiable
[
o for t > 0, and if it satisfies Equation (31) for t > 0, then it is referred to as
; the classical solution. It is clear that not every mild solution is also a classical
, i4
o solution. Notice that when the input vector u € L?{[0,00); R}, then Bu is also in
) L?{[0,00); R} when B is a bounded linear operator. Thus, one can set f = Bu
% in Definition 2.3.9. This will be done in the next section. The optimal control and
~ . . .
- estimation problems can now be discussed.
<
Cn 2.4 Optimal Control and Estimation Theory
_"i This section presents relevent results from optimal control theory and
‘Ca
[ estimation theory for abstract evolution equations. The results are taken from
o
- Curtain and Pritchard [24]. This section will focus on the infinite time problems in
~ order to present results applicable to steady state time invariant controllers which
)
o will be used in later chapters.
LY
L The system to be controlled will be assumed to be modeled by the mild solution
. given by
. t
X 2(t) = T(t)z, + [ T(t-s)Bu(s)ds z, €M (32)
0
'
LS
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where H and U are assumed to be real separable Hilbert spaces, B is a bounded
linear operator from U to H, z, € H, and T(t) is a C, semigroup with generator A
that satisfies the assumptions of Chapter 1. Also (A, B) is assumed exponentially
stabilizable.

The optimal control problem is to find a control v € L?*{{0,00); U} which

minimizes the cost functional

J(u;,) = /0 (z(s), Qcz(s)) + (u(s), Rcu(s))ds (33)
where the operator Q. € L(H) is positive semi-definite self-adjoint, and the operator
R. € L(U) is strictly positive self-adjoint.

Under these constraints, there exists a unique optimal control u* which min-
imizes the cost functional J(u;z,). The following theorem from {24] page 109 de-

scribes the optimal control input.

THEOREM 2.4.1: Let H and U be real separable Hilbert spaces and let
(A, B) be stabilizable. Let Q. be positive semi-definite self-adjoint, and let R. be
strictly positive self-adjoint. Let B € L(U,’H), z, € H, and let A generate a
C, semigroup T(t). Then there exists a unique control u* € L*{[0,00); U} which

minimizes the cost functional J(u;2,), and u* is given by
u*(t) = - K.x(t)

where K, = R;'B"P. (B" denotes the adjoint of the operator B). P, € L(H) is a

positive, self-adjoint operator which satisfies
Ph = /(J“[T'(s)(Qc + P.BR71B" P.)T(s)hds

where T'(1) is the semigroup generated by the operator (A— BI.) and T*(t) denotes
the adjoint of T'(t).

Proof: See [24] page 109.
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P. is also the unique solution of an A.R.E. when the added assumption that

J

',:‘ (A, @1/?) is detectable is made. The following theorem from Curtain and Pritchard ‘
he [24] gives the result.

o [
¢ {
! THEOREM 2.4.2: If (A, Q!/?) is detectable and (A, B) is exponentially {

\

: stabilizable, then the following is true:
::: a. The operator (A — BK.) generates an exponentially stable semigroup.
' b. The operator P, is the unique positive, self-adjoint solution of the following
A.R.E.
'
;:, (Ah,P.k) + (P.h, AK) + ((Q. — P.BR:'B"P.)h,k) =0 (34) ]
.0 )
N for all h,k € D(A).

~l
; Proof: See {24] page 111.
.

N
a This control theory is referred to as the Linear Quadratic (LQ) control theory
o because of the quadratic cost functional and the linear models. The optimal control
o,

7 law given in Theorem 2.4.1 is called the LQ regulator.

2
‘ The optimal control development assumes that the state of the system is known
b4 exact]y and it is available to generate the control input. However, since the state
" : .

- is usually estimated from measured outputs of the system, and these measurements
s are often incomplete and noise-corrupted, it is usually necessary to use an estimator.
1

g The Kalman filter is one estimator that can estimate the system state from noisy .
‘4
v measurements. It is the optimum estimator with respect to minimum mean squared i
- error, and it is based on the following model of the system.

- = Az 4+ Bu+ Gw =z, € D(A) (35) A
: 1

\ L)

> y=Cr+n (36) 1

N ¢
[ Kl

. 24 ;

. !

N 5

- )
> ;
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5 where H and Y are real separable Hilbert spaces (Hilbert spaces with countable
y orthonormal bases), G € L(Y,H) , and the other assumptions of Chapter 1 apply.
N Also, the operator Q, € L(Y') is positive and self-adjoint and the operator R, € ’
L(RN) is strictly positive and self-adjoint. Q, is the “strength” of the white Gaussian
N zero-mean dynamics noise term w, and Ry is the “strength” of the white Gaussian
48
N zero-mean measurement noise term 7. It is assumed that z,,w and n are mutually
oA
‘ independent. Since the observation space Y is assumed to be finite-dimensional, the
). operator R; is nuclear and thus compact (see [70] page 279 for definitions) and R;l ;
[ will exist (see [24] page 158). y
The details of the Kalman filter theory for infinite-dimensional systems is
D covered in detail in [24] and so just the major results will be presented here. The filter
K)
:‘ will be treated as a compensator element without great concern for the stochastic
" nature of the problem underlying the filter’s development.
'.:_', The steady state Kalman filter estimate # of the system state is defined by B
- i=Ai+Bu+ K,(y-Ci) (37)
L. where the Kalman filter gain operator Ky = P,C'R;', and the operator P; exist as
_,.E the unique positive, self-adjoint solution of the A.R.E. (see [24] Chapter 6) s
-, ‘
- (Prh. ATk) + (A*h, Pgk) + ((Q; — PsC™R7'CPy)h,k) = 0 (38)
' »
v forall h,k € D(A") where Q; = GQ,G", and it is assumed that (A, G) is stabilizable N
W) ‘
" and (A,C) is detectable. By duality to the results of Theorem 2.4.2 for the LQ
~
regulator, it can be shown that the operator (A — K,;C) is the generator of a stable
_ semigroup [24]. ;
Using these basic ideas, one can design a finite-dimensional compensator by '
using dynamic feedback [58]. In the case of a LQG controller, Figure 1 shows that
N the output is fed back through a Kalman filter and an estimate of the system state
.:: is constructed which in turn is used as the input for the LQ controller. The loop
W, 25
e .
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Figure 1. Observer-Based Feedback Configuration

transfer function corresponding to the loop being opened at point 3 is identical to
the full-state LQ regulator transfer function. The loop transfer function obtained by
opening the loop at point 2 is identical to the Kalman filter loop transfer function.
Both of these transfer functions have desirable stability robustness properties as
demonstrated in Chapter 2, Section 4, of Matson [51]. Unfortunately, these points
in the loop are not very meaningful, since they are internal to the compensator. Since
the compensator is designed by the control engineer, uncertainties are not considered
to be a problem at these points. The points that are physically important are points
1 and 4. These are the points where the controller interfaces with the plant being
controlled. Point 4 is the input to the plant, and point 1 is the output of the plant
that is used as an input to the Kalman filter. At these points the transfer functions
are not, in general, identical to o'r even similar to the transfer functions at points 3

and 2. Figure 1 will be referenced again in Section 2 of Chapter 3.

K. and K are bounded operators [24] which can be adjusted to achieve desired
performance and/or stability. The Kalman filter and LQG control law have as their
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~ .
‘. defining equations respectively
~ : . . .
T=Ar+ Bu+ Ny(y—-Cr) (39)
)i S
W u = -l\c-r (40)
\ . .
which can be equivalently expressed as
r = At — BN.1~ N/Cx+ Nyy (41)
3
o
A r=(A-BK.-N,C)i+ Kyy (42)
’ -
' However, the gain operators i, and /'y will not be the same as the ones that
) result using a finite-dimensional compensator. Specifically, Ay € L(RY:H) and
’
j:: K. € L{H:R") for the infinite-dimensional controller, but for a finite-dimensional
[ compensator one would have Ky € L(RY;R*) and A, € L(R*;RY) where k is the
) - order of the compensator and the dimension of the state model upon which the
“w
o compensator is based. This research will view the LQG controller as a dvnamic
o compensator, and apply the techniques of Schumacher [59] to obtain conditions
under which a finite-dimensional LQG controller exists that is an approximation of
-
N the infinite-dimensional one would get by solving the infinite-dimensional A.R.Es.
\.
-~ The two controllers will be related by an isomorphism (see Chapter 3), and the
" ' approximation will be chosen so that the norm difference between the two controllers
L. is sufficiently small. Showing that such a finite-dimensional LQG controller exists
N is just one step. Next, one needs to evaluate the resulting compensator through the
~
N use of some sort of stability margin other than the exponential factor.
b The work of Matson [51] extended the LQG/LTR technique to a class of DPS
,\: but not to the entire class that is considered in this research. The idea behind
:‘ the LQG/LTR technique is to adjust the loop transfer function for the closed-loop
system using an LQG controller so that asymptotically, the loop transfer function
i)
i: approaches the full-state LQ regulator transfer function (or by duality the Kalman
> filter transfer function). Actually, the return difference function associated with
f
e
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point 1 of Figure 1 asymptotically approaches the return difference function associ-
ated with point 2 (and similarly for points 4 and 3). For details about this technique,
one is referred to Matson'’s work [51]. However, since the technique has not been
extended to the entire class of problems. other robustness approaches have been
considered in this research as well as ways to extend the LQG/LTR technique to

the entire class of problems.

2.5 Algebra of Transfer Functions

In recent years, much work has been done using a transfer function
approach for compensator design [27, 12, 13, 15, 16, 22, 26, 33, 34, 47, 67, 53, 66].
Callier and Desoer developed an algebra of transfer functions and showed how to for-
mulate lincar time-invariant DPS in terms of this transfer function algebra [12, 13].
Jacobson [47] later showed that. for the class of systems considered in this research.
every exponentially stabilizable and detectable state space representation has its
transfer function belonging to this transfer function algebra. He further pointed out
that the SDA must be satisfied by exponentially stabilizable and detectable state
space systems. Hence, the assumptions of this research allow one to use this transfer

function algebra.

Because the problems are in an infinite-dimensional state space, the transfer
functions of the systems will be irrational. However, the transfer function algebra
allows one to handle irrational transfer functions. The algebra of transfer functions
developed by Callier and Desoer is a quotient algebra. A quotient algebra is an
algebra in which every element can be written as the quotient of two elements
contained in subalgebras of the quotient algebra. The subalgebra from which the
denominator elements are taken is the subalgebra containing the algebra inverses.
The key elements of the algebra of transfer functions needed to formulate a DPS in

terms of this algebra will be defined [12, 53]. In the following definitions, C denotes

the space of complex numbers.
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Definition 2.5.1: For o € R, a function f is an element of A(c) (the algebra

of Laplace transformable functions) if

0 1<0
fi)y= (43)
ft) + T2 fb(t—t) t20
where
fo € Lig(R*) = {fIf & = €, [ | (t)]dt < o0}

0<t, <, <ty < ...

Vi=1,2,... f€C
Yo lfile™?" < oo
1=1

and é(¢ — {,) is the Dirac distribution applied at time t = ¢,.

Definition 2.5.2: For ¢ € R, a function f is an element of A_(o) (the algebra
of stable Laplace transformable functions where o defines stability) if there exists a

o' < o such that f € A(o').

A better discription of A(¢) and A_(o) will be given in Definition 2.5.3. The
thing to note is, by Definition 2.5.1, every element of A(c) or A_(o) is Laplace
transformable, and A(o) and A_(o) denote the Laplace transforms of the respective

sets (i.e. A(o) = {fIf € A(0)}).

Definition 2.5.3: A°_°(c7) = {f\f € A_(a);f is bounded away from zero at
infinity in C,+} where C,+ = {s € C | Re(s) > o}. f is said to be bounded
away from zero at infinity in C,+ if and only if there exists n > 0;p > 0 such that
Vs € D(o,p), |f(s)] > n, where D(a,p) = {s € Co+ : |s ~ | 2> p} [13). As pointed
out by Callier and Desoer [13], if f e A(0,), then f is only guaranteed to be analytic
in the interior of C,+ , and not necessarily on the boundary. f may have singularities

that are dense on the boundary. However, if fe /i_(ao), then f is analytic in an
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open right half-plane strictly containing C,+ . Hence, it is analytic at all the zeros
of f € Co¢, and it has a finite number of zeros in any compact subset of C,+ [13].
Also, iff € /i_(ao) and f is bounded away from zero at infinity in Ca]+ for some

0, < 0,, then f has a finite number of zeros in C,4 [13].

Before proceeding to the definition of B(o), one needs to understand what is

T Y T T

meant by the convolution of two functions [28].

Definition 2.5.4: Given two functions u and h mapping R* into R, one can

compute their convolution u * h which is defined by the integral

(u s h)(1) = /0' h(t = 7)u(r)dr t>0

The main reasons for using the convolution as a representation for linear time-
invariant systems are that under mild conditions (see {61] page 162) any linear time-
invariant system can be represented by a convolution kernel which is a distribution.
and it allows one to consider lumped-parameter systems and distributed parameter

systems under one setting.

A convolution product algebra is one on which addition is defined pointwise,
scalar multiplication by real numbers is defined in the normal manner, and the
product of two elements is defined to be their convolution [28]. B(o) = [A_(0)] *
[A*(0)]™! is a quotient algebra since every element can be written as the quotient

of two elements contained in the subalgebras fi_(a) and A‘f(a).
Definition 2.5.5: B(0) is the convolution product algebra corresponding to

the quotient algebra B(c) = [A_(0)])*[A=(0))"". Elements of B(c) can be expressed

as the convolution of elements in A_(o) with the reciprocal of elements in 4%(0).
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] The algebra B(o) is the transfer function algebra developed by Callier and
.;' Desoer [12, 13]. Generally speaking, B(o) represents the set of all transfer func-
"E tions under consideration, and A_(o) represents the transfer functions defined to be
' “stable”. This leads to the next definition.

Definition 2.5.6: A transfer function f € B(c) for some o € R is said to be

: A_(0o) stable. or input-output stable, if f € A_(o).

t To coincide with the usual notion of stability, ¢ is taken to be less than or
e equal to zero. It is pointed out [53] that convolution kernels (i.e. impulse responses)
2 corresponding to physical systems are always real-valued, so that the generality
i‘. of allowing complex-valued kernels is really not necessary. This algebra is easily
" extended to multivariable systems by defining A(¢)™™ as a nxm matrix having

. elements in A(g). Through the use of left and right coprime factorizations, one is
:}_ able to factor elements of B(c) in a “minimal” fashion [53, 66]. A factorization
'_-3 of an element in B(o) is minimal if it consists of irreducible quotients. Coprime
Y factorization produces minimum factorizations, and is discussed in detail in [66].
> The advantage of working in this algebra is that it places a measure of stability

_:_ robustness other than the exponential‘ time factor at one's disposal.

'\ Chen and Desoer [16] have extended the singular value concept to this algebra,
> and have shown that, if a system is A_(o) stable, then, for perturbations which are in
: B(o) and which have singular values bounded by a scalar function for all frequencies
N > 0, the multiplicatively perturbed system P ( P = (I + M_,)P, where M, is the
- perturbation and P is the nominal plant) is also A_(a) stable if and only if

’ Omaz|PCF(I + PCF)™'(jw)] < lm:w) Vw e R* (44)
"_ where P,C, F are the transfer functions of the plant, the precompensator, and the
E feedback compensator respectively (see Figure 2). This condition will be given more
7
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Figure 2. System with Precompensation and Feedback Compensator

completely in Chapter 6, Theorem 6.3.4. The function [, (w) is a scalar function
describing the norm of th  nultiplicative uncertainty of the system as a function of
frequency, and o,,,- is the largest singular value of the operator PCF(I + PCF)™'.
Construction of I, («) for multivariable systems is not trivial. The bound assumes
a single worst case uncertainty magnitude for all channels of the system. In this
sense the uncertainty is unstructured. Typically, uncertainty at higher frequencies is

greater than at low frequencies, so that the magnitude of [, (w) increases as w — oc.

For the case where an LQG compensator is used, one can put the observer
based feedback system of Figure 1 into the form of Figure 2 by letting F = I and
C =K. (sl - A+ BK.+ K;C)~'K;. This choice is made in order to correspond to
the system configuration used by Jacobson [47], and will be used in Chapter 6. The
commanded input is u;. u; and uz can be viewed as disturbances or noise entering
the system at the plant input and output respectively {they may also be considered

as additional inputs to the system). Thus, the mulitiplicatively perturbed system is
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A_(o) stable if and only if

1
I (w)

Tmaz[PC(1 + PC)(jw)] < Y € RY (45) :

For lumped unity feedback systems, this result is the same as the result stated
by Doyle and Stein [30]. Thus, it may be possible to use the singular value as a .
measure of stability robustness instead of the exponential time constant. This will

be used in Chapter 6 when Curtain’s work [22] is considered. )

2.6 Summary

This chapter has presented background that will be needed in chapters .
to follow. It is assumed in those chapters that the optimal control theory of Section
2.4 has been applied to yield an LQG controller for the system to be controlled. It )
is also assumed, except in Chapter 5, that a finite-dimensional controller is to be
obtained using Schumacher’s direct approach [59]. Chapter 6 will provide the proof

of Equation (44), and it will use this result to extend the work of Curtain [22].

The next chapter will show that an LQG compensator satisfies the assumptions
needed in Schumacher’s approach. This then will prove the existence of finite-
dimensional LQG-based controllers for the class of problems described in Section
1.3. It is also proven that the finite-dimensional approximation converges in norm to
the infinite-dimensional LQG controller as the dimension of the controller increases

toward infinity.

PRI
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III. Ezistence of Finite-Dimenstonal LQG-Based Controllers

8.1 Introduction

This chapter will use the approach developed by Schumacher [58, 59] to
prove the existence of finite-dimensional LQG-based controllers for infinite-dimension.!
svstems that satisfy the assumptions outlined in Section 3 of Chapter 1. Through-
out the research. it is assumed that one is concerned with improving the stability

robustness of a feedback-controlled DPS. It is assumed that:

1) A Kalman filter is needed to provide a state estimate as an input to a LQ

regulator (1.e. u = — kK I).

2) The LQG controller will be viewed as a dynamic compensator which has

been deisgned by applving the optimal control theory of Chapter 2.

Thus, it is assumed that an infinite-dimensional controller has been designed.
and this chapter will provide the conditions under which a related finite-dimensional
controller exists. This controller will be related to the desired infinite-dimensional
controller in the sense that the norm difference will be “small”. Section 3.3 proves
that the finite-dimensional controller converges in norm to the infinite-dimensional
controller that is approximated as the dimension of the controller increases toward

oc. Section 3.4 dicusses the limited robustness analysis that can be accomplished

after the finite-dimensional controller is designed. Section 3.5 gives an example of

Schumacher’s approach for a parabolic system.
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N 3.2 Eristence Theory

8,

N The systems will be described by the infinite-dimensional state space
BN

8% description

o r= Ar+ Bu+ Gw z(0) € D(A) (46)
.l y=Cr+nq (47)

where 7 € H,u € R" and y € R", and the assumptions outlined in Chapter 1,
» Section 3, are satisfied. In this state space description, the state vector z is actually
E a differentiable H-valued function of position and time with # being the partial
t derivative of z with respect to time. The system to be controlled will be assumed
” to have the following mild solution
o
t
i z(t) = T(t)z(0) +/0 T(t - s)Bu(s)ds; z(0)e M (48)
where H and U are real Hilbert spaces and u € U. This is not a serious restriction

[51].

> Consider the “compensator” to be the LQG controller (see Equations (39) -
v

" (42)) which has the describing equations

: i=Ai+ Bu+ K,(y - C#) (49)
,;: u=—-k.1 (50)
. which. when u is substituted into the # equation gives

-i .

- t=(A-BK.- K;C)t+ K,y (51)
X where the controller and filter gain operators K. and K are given by:
9 K.=R'B'P.; K.€ L(H;RY) (52)
W

A Ky =P;C'R;'; K ;€ L(R";H) (53)
* where P, and P are strictly positive self-adjoint solutions to the controller and filter
’
__ Riccati equations, Equations (34) and (38), respectively. Note that the number of
. 35
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inputs equals the number of outputs, namely N. This is assumed since Matson’s
procedure has only been proven for that case [51] and will be needed in Chapter 4.

Also, note that the input u and the output y are finite-dimensional vectors.

It will also be assumed that (A4, Q}/?) is detectable and (A, B) is stabilizable
so that the operator K, will be unique, yield a minimum cost, and produce a stable

closed-loop system. Similarly, it will be assumed that (A, C) is detectable and

(4,G) is stabilizable in order that the operator Ay be unique, yield a minimum cost

4

depicts the system under consideration.

Pt ok B bk T §

H < X, where X C H, to get

. T A -BK, x G o
Te = . = +
s K, C A-BK.-K,;C T 0 Ky
or in terms of the extended space

T = A.r. + Beue

conditions.

THEOREM 3.2.1: Let the system be described by
= Ar + Bu+ Guw r(0) € D(A)

y=Cz+n

with the assumptions that
i) A generates a C,-semigroup 7(t) on the Hilbert space H
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associated with the filter, and produce a stable filter [24]. Figure 1 of Chapter 2

The closed-loop equations can be written in terms of the extended space Xg =

and B, is a bounded linear operator. The question to ask now is, under what con-
ditions will the operator A, generate a stable semigroup when a finite-dimensional

compensator is used? The following theorem by Schumacher [59] gives sufficient




ii) B € L(RY;H)

i) C € L(H;RN)

Also, let the bounded linear operators F : H — R and K : RV — H be such

that

1v) (A — BF’) generates a stable semigroup

v) (A — K C) generates a stable semigroup

If there exists a finite-dimensional subspace V C D(A) such that

1) (A-BF)re€V VzeV

2) Im(—K) C V where I'm denotes the image of an operator

then there exists a stabilizing compensator of order k = dimV (i.e., k is the dimen-

sion of V7).

Proof: See Schumacher [59] pg 109.

For the case of an LQG compensator, let K, = F and K; = K. Then the
assumptions of Theorem 3.2.1 are satisfied except for the required properties of the
subspace V. Theorem 3.2.1 gives a sufficient condition, but it is not clear how to
find the required subspace V so that Im(~K;) C Vand (A-BK,)z €V VzreV.
One can find K. and R using LQG theory, but V is not as readily obtainable.

Therefore, one would like to have some sort of construction procedure to find V.

The next theorem from Schumacher does just that.
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THEOREM 3.2.2: Let the system be such that A generates a C,-semigroup,
B e L(RV;H); C € L(H;RY), and suppose that the mappings F € L(H;R") and
K € L(RN; M) are such that

1) (A — BF) generates a stable semigroup

2) (A — BF) has a discrete spectrum and its generalized eigenvectors are
complete in H (i.e. span{r € H| 3A € C and In € R 3 (A] — A)"z = 0} is dense
in H).

3) There exists a scalar a > 0 such that the semigroup generated by (A —

KC + o) is stable (i.e. (A — KC) has an extra margin of stability).
Then there exists a stabilizing finite-dimensional compensator.

Proof: Following Schumacher’s proof, let S(t) be the semigroup generated
by (A — K C). The growth constant, by assumption (3), is less than or equal to
w — 6 where Ma = 6 and w < 0. The constant M > 0 is the constant such that
| S(t) |< Mel=9t < Mel=2). Note that since w—6 < w—% then e~ < elw=5)t
For any operator A : RV — H such that | K = K ||[< M~' || C || £, then the
operator (A — KC) will generate a semigroup S(t) and (A — I;’C) generates S(1)
with

| $(1) IS Melw+MIK-KIliCl-$)e

I $(t) I|I< MelwrMMIClCl™ - $)t

I $(t) |< Me*!

so that || K — K ||< € where ¢ = M~ C||=*$. Then the perturbation of K, K,
is such that the perturbed operator will still generate a stable semigroup. Now,
pick an orthonormal basis for ", say {e;}, and define g, = Ke; fori =1,2,...,n

Note that g; € H. Since the generalized eigenvectors of (A — BF) are complete (i.e.
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span{r € H| 3X € C;3n € R: (M — A)"z = 0} is dense in H), then for every g,,
there exists a linear combination of finitely many eigenvectors {z,,},j =1,2,..., N,
(where the double subscript notation is used to emphasize the dependence on g;)
such that || ¢g; — Zf’;la.j:t.j |I< € for suitable numbers a,;(i = 1,2,...,n; j =
1,2,...,N;). Then to every pair of indices (i,j) there exists a A;; € C and a n,; € R
such that (A;; — (A — BF))"™z;; = 0. In other words, every eigenvector z;; has a

corresponding eigenvalue A;; which may have finite multiplicity.

Then define the subspace V as
V = span{(\i; — (A — BF))*z,;}

1=1,2,...,n3=1,2,...,N3sk=0,1,...,n,; — 1

Then V' is clearly finite-dimensional and D(A — BF) = D(A). Also, since V is
spanned by the generalized eigenvectors of (A — BF), then V is invariant under
(A—BF) ([59] pg 112, [8] pg 257). Now, write g, = ):ff_:, a,;z,; and define the linear
transformation i : R¥ — H by 1;’6, = ¢; and note that I;'(bl, by, ..., b)) =0 b
Then. Im(K') C V and also || K — K ||< € where e = (1/2)M~! || C ||-! 6 so that

(4 — KC) generates a stable semigroup. This comes from the fact that
| (K — K)e, ||=]| Kei — Ke, ||

N,
=l g =g lI=Il g: = 2_ai,zi; IS €
J=1
and noting that [52]
| K- K ||= sup || (K- K)e |

e, |l=1

Then by Theorem 3.2.1, with this choice of V, K, and K a finite-dimensional sta-

bilizing compensator exists of order = dimV'. Q.E.D.

Notice that this theorem gives us a way to construct V, but there is no upper

limit on the order of the compensator. Although Schumacher demonstrates that
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the dimension of V' may be small for many problems [59], for other problems in
which the compensator order is constrained, the dimension of V may have to be
too large. Since there is not an upper limit on the dimension of V, one would not
know this without trying to solve the problem. The question left to resolve is, are
the conditions of Theorem 3.2.2 satisfied using an LQG compensator? (A — BK )
generates a stable semigroup and with w < 0 one can find an a > 0 such that
(A = K;C + al) generates a stable semigroup. The requirements on (A4, B,C) are
satisfied by assumption. Therefore, one needs to ask whether or not the spectrum
of (4 — BK.) is discrete with complete eigenvectors. If one can show this to be
true. then Theorem 3.2.2 yields that a finite-dimensional LQG-based compensator
will exist which will exponentially stabilize the system. First, consider whether the
spectrum of (4 — BK.) is discrete. The spectrum of A is discrete and B : R — H
and K, : H — R". Thus, BK, has finite rank. Then, as proven in Kato [48]
Chapter 4, Theorems 4.6.2 and 4.6.5, the spectrum of (A — BA,) is discrete.

The final question is, are the eigenvectors of (A — BHK_) complete? Since
BK, has finite rank, it has only a finite number of eigenvalues associated with it.
say £. Now by assumption, A satisfies the spectrum decomposition assumption,
and there are only a finite number of eigenvalues to the right of any vertical line
which separates stable and unstable regions (i.e. the jw axis). Also. (A, B) is
assumed stabilizable which means that (A, B,) must be controllable, as proven in
Schumacher and Curtain [24, 59]. (A., B,) is the restriction of (A, B) to the finite-
dimensional subspace H,. H, is the subspace spanned by the eigenvectors associated
with the eigenvalues in the unstable part of the complex plane (i.e. the right half
plane). Since A, stabilizes (A, B) then it must be that (.4,, B,) is controllable. Thus.
when rank BK . equals dim H,,, the eigenvalues associated with the subspace M, can
be arbitrarily perturbed (for proper choice of i) so that none of the eigenvalues of
(Au—B,K.) coincide with the eigenvalues of A,. and thus the eigenvectors associated

with (A,—B,K.) and A, are complete, as shown by Sakawa [56]. A, is the restriction
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of A to the subspace H,, where H = H, & H,.

Hence, completeness of the eigenvectors of A, the finite rank of BA';, and the
assumption that (A4, B) is stabilizable, imply that the eigenvectors of (A — BK.) can
be made complete if K. is chosen properly. It will be assumed that this has been
done during the LQG design. This is not viewed as a real problem since (A,, B,)
is controllable so that the unstable eigenvalues can be placed at desired locations in
the left-half plane. Thus, one can maintain the same number of distinct eigenvalues
as the operator A, and for most problems, it is felt that this will yeild a set of
complete eigenfunctions since A has complete eigenfunctions. Then (A — BA ) will
satisfy assumption 2 in Theorem 3.2.2 so that a finite-dimensional compensator
exists which will exponentially stabilize the system for some w < 0 (not necessarily

an arbitrary w < 0).

3.8 Convergence

Although 1t has been shown that a finite-dimensional stabilizing LQG
based controller exists, it has not been shown whether or not this approximation
converges to the desired infinite-dimensional LQG controller as the dimension is

increased. The following theorem will be needed in proving convergence.

THEOREM 3.3.1: Let G € L(H) be the generator of an exponentially

stable semigroup S(¢). Then, G~! exists and is a bounded operator.

Proof: If one can show that A = 0 is in the resolvent set of G, then that will

mean G~! exists as a bounded operator in the Hilbert space H [54].

Recall that a linear operator G is the infinitesimal generator of a C, semigroup
S(t) satisfying || S(?) ||< Me“! for w < 0 if and only if the resolvent set p(G) contains

the ray Jw,oo[ (where ]a, b[ is the standard notation to denote a ray of the real line

4]
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M
| R(X; G) || Sm Yi>w

where R(}; G) is the resolvent operator (see Pazy [54] Theorem 5.3). Then since G

:3 generates an exponentially stable semigroup, w < 0 and A = 0 is in p(G). Hence, :
.,3 G~! will exist as a bounded linear operator. Q.E.D. \
. !
. Now, the finite-dimensional compensator is of the form

- :=Nz+ My (56)

N u= Lz (57) :
" where for the case of a LQG compensator described by Equation (42), !
> N = R(A~- BK.~ K;C)R™ (58)

S

. M =Rk} (59)

L=-K.R' (60)

R 1s an isomorphism such that R : V. — W, and 1;', is the approximation of A
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image contained in a finite-dimensional space, there is not a need to approximate i’.

However, the isomorphism R will restrict the domain of K& to a finite-dimensional
space so that N .R is a finite-dimensional operator. V' is the finite-dimensional
space such that (A — BK.)r € V Vz € V and Im(K;) C V, and W is the finite-
dimensional space that the compensator state 2 is an element of. In terms of LQG

notation, Equations (56) and (57) can be written as:

' “- 1A ‘., .

Pd

i=R(A-BK.- K;C)R 'z + RK,y (61)

SO
b b SR it ook

[} : u= —K,;le-’i (62)
y 42
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" The describing equation for the finite-dimensional compensator transfer function is
‘ given by
” Cx = FR™'(s] - R(A- BF — GC)R™')"'RG (63)
) where in the LQG case F = K, and G = K, (so G = K;). Let Z, = (A— BF -GC).
3 The fact that R is an isomorphism yields
' Cx = FR'(sI-RZ:R™")'RG (64)
; = F[(sI —= RZ:R™)R]"'RG (65)
S = F[(sR—- RZ\)|'RG (66)
= F[R'(sR- RZ)]'G (67)
p = F(sI-2)7'G (68)
b
This is equivalent to
Cy = F(sI —(A- BF - GC))™'G (69)
Now, it will be shown that as, k — oo, then limy_ ., Cr = C, where C is the
transfer function of the infinite-dimensional LQG compensator.
!
L THEOREM 3.3.2: The finite-dimensional LQG compensator transfer func-
. tion C, converges to the desired infinite-dimensional C compensator as k& — oo .
. Proof: Recall that G : R — H and G : RV — R* where k is the dimension of
the finite-dimensional compensator. By construction of G,||G — G|| — 0 as k — oo
so that the only unresolved question is, will
(s — (A= BF = GC))™' = (sI — (A- BF = GC))™*
y as k — oo? One sees that this is true from the following argument. Let Z; =
(A—BF —GC) and let Z = (A— BF — GC). Then since both operators generate a
A 43
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;: stable semigroup, by Theorem 3.3.1 their inverses exist and are bounded. Therefore, '
‘, for complex numbers s, and s g 0(Z;) C 0(Z) Vk, :
of

" W(sI=Z) P = (sI=2)Y| = (s =2Z)™ I = (s] = Zi)(sT - 2Z)71|

b = eI = 2)7{(sI = 2) = (sT = Z)}(sT = 2)7"]

1

> < WsT=2Z)7 12e = ZI Hi(sI = 2)7]

! < d ||Zc- Z|

\ where d is a constant. By definition of Z and Z;,

(Zv = Z) = (GC = GC)

::{ .
2 Thus one sees that

b \
KV - d
! 12y - ZIl = [IGC-GC|| |
g < I6-61 el ]
: < d |6-G

» Therefore, by construction of G,

n . .
o (sT = Z)™" = (sT = Z)7'|| < d||G - G| 1
l

C -

N Since ||G — G| — 0 as k — oc, then the transfer function of the finite-dimensional
S compensator converges to the transfer function of the infinite-dimensional compen-

N sator. Q.E.D.
L

)

. Hence, by the linearity of F,G and G it has been shown that lmioe Cx = C

fE: where in LQG notation

' Ci= K.(sI - (A= BK. - K,C))'k,

2

7 C=RK(s]-(A-BK.- K;C))"'K,

2

L
K. 44
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M
R, Recall that only I’y has to be approximated in order to satisfy the conditions
', needed in Theorem 3.2.1.
\
%
- Next one may ask whether or not the convergence is monotone or not. If the
- convergence is monotone, one may be able to select approximating eigenfunctions '
; 3 PP g eig .
y that reduce the norm difference between /'y and its approximation the most. The
b following defiuition will be needed. '
-:;: Definition 3.3.1: A sequence {r,} C Ris said to be monotonically increasing :
» f .4y > 1, Vn, and is said to be monotonically decreasing if rpyy < z, Vn.
o
N THEOREM 3.3.3: The finite-dimensional LQG compensator transfer func- (
]
iy . . .. . . . y
N tion Cy converges monotonically to the infinite-dimensional transfer function C as
L
e k — oc in the sense that 3L, ., |la,,||* monotonically decreases as k — oc, (where
P a,, are the coeflicients of the eigenfunction expansion of a function in the range of y
¥ v - ] . . .
2 Ky) if and only if the eigenfunctions r;; are orthonormal, and the series 2L oy
'M' converges for all 2.
o
o . e
~ Proof: Let {y,} be a basis for the output space Y. By definition of g,.
' I P ) g
- Ky, = g, = ¥}, a,,1,,. where r,; are the generalized eigenfunctions of (A — BA") ‘
which are assumed complete (see discussion in Section 3.2) and normalized. a,; are ‘
’ the Fourier coefficients defined by the inner product (g, z,;). By construction of the
J . . -
o approximation of Iy,
ny
L4 g -
¢ 1\]1/;=9.=20:j-’1‘:, \
i=1

where n; < k, the dimension of the compensator. Thus

o
Hl\’jy: - ]\’fy|”2 = ” Z O.J.‘(‘.an
I=k+1

3 a vy g ¥
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From the fact that r,, are orthonormal. one gets that :
. o< 't

» - 2 2 !

INsy — KNpull® < Z e, |l "

J=k+1 y

Since 32, a,,z,, converges for all 7if and only if 72, | oy, |2 converges for all ¢ .

(see [52] page 308). and ||a,,|| is a positive number, then this tail of the sequence is

monotonically decreasing as & — oo. In other words, .

oo

lim Z la,ll*=0
k—ox

1=k+1

In this sense Ay — K; monotonically.  Q.E.D.

Recall that Ny is approximated by using a finite number of eigenfunctions
corresponding to a finite number of eigenvalues. As a minimum, one would want
to use the eigenfunctions associated with the unstable subspace H, as a first choice
to approximate I\'y. Otherwise. one would not be able to stablize the system with
the lowest order compensator possible. After that. one could choose eigenfunctions

from the subspace H, based on where one desires the closed-loop poles to lie. 2

Figure 3 shows the subspaces H, and H, for the case where an infinite strip

of eigenvalues lies in the left half plane. Obviously, if an infinite vertical strip

of eigenvalues is encountered, one cannot improve exponential stability beyond it. :
The approximating subspaces are finite-dimensional subspaces of the Hilbert space :
H. denoted by M, where k is the dimension of the space. The approximating :
subspaces are ordered so that H, C H,,,. Note that Theorem 3.3.3 states that the
approximation monotonically converges with respect to the tail, regardless of how N

the approximating eigenfunctions are chosen. The question one may now ask is, can

the eigenfunctions be selected so that the sequence is monotone in the sense that

k+1

k
“ZOU'T!J - ZOU‘TU” (70)
=1 =1

decreases monotonically from & = 1 on out. This would allow one to choose the

eigenfunctions associated with the maximum gain at the start of the design and
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Figure 3. System with Infinite Strip of Eigenvalues in Left Half Plane

ossibly get the best controller for any fixed k. Clearly this means that, for {r,}

- normalized, one must choose the “next”™ eigenfunction based on the magnitude of
£,

o a, = (g..1,) for all i. where g, = hyy,.

-,

';j In general. a, has no relationship to A, (the eigenvalue associated with z,) so

that one cannot simply choose the “next” eigenfunction associated with the “next”

~

g eigenvalue. no matter how one orders the A;’s. What one can do is write the general
-: expression for (g,.r,) and then choose z, associated with supy,(g..7.). Once this
; 1, is chosen. one can omit it the next time supy,{(g..z,) is evaluated. In this way
E one can “order” the eigenfunction selection to get monotone convergence from k =
S 1 on out (i.e. @, 2 a,4; Vi ). This would yield that Equation (70) is monotone
o~ decreasing as k — oc. .
:: Of greater importance is where the resulting closed-loop poles lie, and the \
:':.: resulting performance. If the largest value of a,; were associated with a stable eigen-
& value, one might not stabilize the system with the lowest possible order for the
: compensator if one were to try and make Equation (70) monotonically decreasing. :
N Thus, it seems one should be concerned with choosing the eigenfunctions associated
.
",
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with the unstable subspace H,. and make sure that the system is stabilized (i.e..

shift at least thie unstable eigenvalues to desirable locations). The example problem

that follows in Section 3.5 points out this concern.

3.4 Robustness Analys~is

Schumacher’s approach yields a compensator that stabilizes the nominal
system. The question one needs to ask is how robust is that compensator? What

tyvpe of perturbations can be allowed while maintaining exponential stability?

Following the approach taken by [69], one way to address perturbations is
to consider perturbations of the state-space operators. Let the nominal svstem on

which the controller is based be described by the equations
r= Ar+ Bu r, € D(A) (71)
y=Cr (72)
and let the perturbed system be described by
ry=(A+A8A)ra+(B+ AB)ju (73)
ya = (C + AC)ra (74)

First. consider the case where perturbations occur only in the dynamics (i.e.

AB and AC are both zero). In this case the perturbed system will be desribed by
Ta=(A4+ AA)ra + Bu (75)
ya = Cza (76)

For the purpose of discussion, the following definition has been developed by

the author of this research.

Definition 3.4.1: The system will be dynamically robust if the system re-

mains stable in the presence of perturbations of the dynamics.

9
-
-
-
-

»




For the class of systems considered in this research, the assumptions of de-
tectability and stabilizability vield that. for the nominal system, an LQG controller
will provide exponential stability of the nominal closed-loop system. Also, the oper-
ators A—BK,.and 4— I';C both generate stable semigroups [24]. If (A+AA—BK)
and (A+ AA — h;C) also generate stable semigroups., then the system will be dy-

namically robust for that AA.

One possibility is that A4 is a bounded perturbation. In this case
(A+A4-BLh.,)=(A—-Bh,)+ AA (77)

(A1+AA-A,;C)= (A= K,C)+ AA (78)

If ] A4 < | « |. where « is the maximum of the exponential time constants
associated with the semigroups generated by (4 — BA) and (A4 — N;C). then the
perturbed closed-loop system will be expouentially stable. This result is given in

the following lemma.

LEMMA 3.4.1: Let the system described by Equations (46) and (47) be
such that (A4, B) and (A4,G) are stabilizable. Also. let (A.C) and (4,Q!/?) be
detectable. Let A generate a C, semigroup and have a discrete spectrum. Let
B and C be bounded linear operators. Then the LQG regulator will stabilze the
nominal closed-loop system and the closed-loop system will be dynamically robust
to bounded perturbations if || A4 || < | w | where w = max[w;,w;); w; and w,

are the negative time constants associated with the stable semigroups generated by

(A— BLK.) and (A — L C), respectively.

Proof: The proof will be done if it can be shown that (A + AA — BLK,)
and (A + AA — h;C) both generate stable semigroups. Let T.(t) and Ty(t) be
the semigroups generated by (A — BA,) and (A — K;C) respectively. Then the
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4 . semigroup T.(t) generated by (A — BA) + A4 will have the property [54] that
‘ ' .
‘ ” Tc(i) ”S Alle(uxﬂlAAl[)l
where w; < 0. Similarly, the semigroup T/(t) generated by (4 — K;C)+ A A will be
N such that

| Ty(1) || < Mpelwatlianine

where w; < 0.

. Clearly.if || A4 || < | mar|w;.ws)|. then both Ti(t) and Ty(t) will be stable

‘ semigroups. and the closed-loop system will be exponentially stable. Thus, the
. system is dynamically robust. Q.E.D.

)

‘.’

L

; From Lemima 3.4.1 it becoines clear why the exponential time constant is used

as a measure of robustness [19, 21, 23, 58, 59, 60]. However. this is only true for

kS bounded perturbations.

s

s One may choose to consider perturbations to B and C in which case one must

I

p determine the stability of the semigroups generated by the operators [(A + AA) -

. (B+ AB)N.] and [(44 AA4)— LN (C + AC)] . Rearranging terms, these operators
N

s can be written as [(A— BN.)+(AA—-ABK.)]and [(A-N;C)+(AA-K;AC)). If
: (AA—-ABK,) and (AA— N;AC) are both bounded, then one can still use Lemma
’ 3.4.1 as a way of determining if the system will remain stable in the presence of

[ these perturbations.

Y - Another type of perturbation one can consider is a relative bounded pertur-
' bation. An operator B is said to be relatively bounded with respect to an operator

By, A if D(B) D D(A) and if ||Bz|| < bljz|| + a||Az|| Vr € D(A) (see [8] for further

)

p discussion).

N
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B
'. LEMMA 3.4.2: Let 4 be the generator of a stable semigroup T(t) such that
- IT) | < Me”' ,w<0. IfBisa closed linear operator with D(B) D D(A) and
(
- | Ba|| <allAx]| Vr € D(A)
'-r“ then A + B gencrates an exponentially stable semigroup when a < (A + 1)~ .
p Proof: Since || T(t) || € Me*" < M, then T(?) is uniformly bounded, and ;
¥ thus analytic by Theorem 2.5.6 of Pazy {54]. Theorem 3.2.1 of Pazy (54] provides )
§ the desired result. Q.E.D.
I
':‘ Thus. for relatively bounded perturbations. a measure of robustness is the
\'.- semigroup gain factor. The smaller one can make the constant M associated with
4 T(t). the larger the allowable perturbations can be and retain stability of the closed-
o loop system. Lemmas 3.4.1 and 3.4.2 are not new ideas, but they point out the
: limitations of using the exponential time constant as the only measure of robustness.
:‘;: Also, Lemma 3.4.2 demonstrates that the gain factor can be used as a measure of
robustness, a fact usually ignored by others.
-
" 3.5 Frample
: This example will point out how to apply Schumacher’s approach to
‘.E finite-dimensional controller design to an evolution equation, and also point out
:: how the coefficient a, associated with the eigenfunction z, in the eigenfunction ex-
i pansion is dependent on the design parameters in the A.R.E. of the LQG controller.
j: This example will demonstrate that it is possible to have the largest coefficient a; be
associated with a stable eigenvalue, and in that case one would not get the “best”
. controller if one were to choose the eigenfunctions to approximate the filter operator
: Ky based on the monotone criterion of Section 3.3 instead of closed-loop pole loca-
: tion. In that case one would possibly fail to stabilize the closed-loop system with
"y
)
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" ' the lowest order controller, and be led to believe that a higher order controller is
".. .
o required.

The example problem is a heat equation which describes the temperature

distribution on an isolated uniform rod. The equation is a parabolic equation,

e
. and the A operator is such that the nominal system is stable. The operators have
e, been chosen so that solutions can be obtained in order to make an important point
concerning eigenfunction selection. Thus. the problem is not intended to be an
~ accurate model of a real system, but rather is intended to be illustrative.
N
[,
i Consider the problem given by
‘-
3] 1 9% ] > 0.0< =<
: 5?1'(:.1)=(Fa?)l'(-.f)""‘]ll(t)*" ll'(f) t_0,0_e_l (79)
v
gt where I is the identity operator. and with Dirichlet boundary conditions
o
tal]
70.) = 2(1.t) =0 V¢>0 |
: - :
: and initial condition
_,3 r(z,0)=0 V:€[0.1]
Assume a scalar input (u € R') and a scalar output given by
; l
E y(0) = [ r(ztidz + () (80) |
e » Y B
it [}
) with n(t) € R V¢t (i.e. real-valued). The state space will be H = L?(0,1), and
' [
P choose the strengths of the white Gaussian, zero-mean noise terms w and n to be ‘
j Q. = I and Ry = I™™" respectively. These choices are made so that the reader can ,
‘ follow the mathematics of the problem without confusion, and thereby focus on the
_3 application of Schumacher’s approach. These choices are also made in order to get
o]
: numerical results so that an important point can be made.
&3
* The domain of the operator A is defined by
7 &
¢ D(A):{J‘GHIa—;IGH;I(O)zr(l)z()} (81)
- z
4
W
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and the operator A is defined by

L Vr € D(A 82
'41—(;—25;)1 r € D(A) (82)
The output mapping C is given by
1
Cr =/ r(z.t)d: Vre™ (83)
0

which can be written in inner product notation as
Cr=(l.1) (84)

which is simply the inner product of the function which is 1 everywhere with an
element of the Hilbert space H. and is defined by Equation (83). Also, assume that
the output vector y is to be controlled so that the operator Q. will be chosen to be
Cc=C.

As shown in Schumacher [539]. the operator A generates an analytic semigroup
for t > 0. Furthermore, A has a discrete spectrum with simple eigenvalues at

—12 (i = 1.2....) with corresponding eigenfunctions given by
¢, = V2sininz (85)

which is a complete orthonormal set in L?(0,1). Because of the simple form of
B.G, and Q,, it can be shown that (A,B) and (A,G) are stabilizable and (A,C) and
(A.Q}/?) are detectable [59).

One can design a steady state constant gain LQ controller assuming full state

access as shown in Matson [51]. This yields

K. = R'B°P, (86)

Let R, = I™*" (for the same reasons that R, was chosen to be the identity matrix),

L ol il o 2 9 g
CASSAAN,

. d ‘r.“ n.':.,I',J‘J o ® .

so that i, = P. where P, satisfies the Riccati equation

< Ah,Pk >+ < P.h Ak > + < Qh .k >=< PCBRC"B'PCh,k > Vh,k e D(A)
(87)
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As shown in Curtain [24]. P. can be written as
Ph=3"3"p,<h¢ >0 (88)
1=1 =1

Also, one can solve for the p,,’s by solving the equation (see [24] page 97 for details)

x o

M+ A)+<Qbu0,> = S 3 pupr < RI'B ¢4 B"¢, > (89)

k=1 r=1

Choose Q. = C*C = 1. Thus, substituting A\, = 1.B=I,R. = I", and Q. = |

yields
) ) o 2
(=i = j)p,+ < 010, > = Y pupr < dko0r > (90)
k=1r=1
or
n~ o
(—iz—j2)p,_,+l =ZZP:kP:r Vi:j (91)
k=1r=1

and p,; = 0 when 7 # ) because of the orthogonality of the {&,}'s. This gives that
[24]

(=2%)p +1 = p} (92)
Using this fact then vields
P.h = Zp,, <h.o >0 =MNh (93)
1=1

In a similar way one finds that the steady state Kalman filter constant gain
operator is given by

Ky = P,C*R}’ (94)

where P; satisfies the Riccati equation

< A'h,P]k >4+ < P]h.A'k >+ < Q]h,k >= P,C'R,"CP,h,k >
(95)
where for this problem A* = 4 and Qy is given by

Qsh=GQ,Gh=Q,h Vhe™H (96)
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For this example Q, = I = @, in order to simplify the mathematics. Also by

duality, Py can be written as

DT, XX

Pih=3"%"q,<h ¢ >0, (97)
~ =1 =1
: The g;,’s can be found from the equation
; o oo
b A+ X))+ < Qo0 >= Y Y quqr < R7'Cé.Co, > (98)
’ k=1r=1
- with Q; = I and R; = I™" for the reasons mentioned earlier. From the fact that
ry Ch=(1.h) Vh € H.one can write
(At A)g, + 607 =3 3 qugr < Cor, Cop > (99)
k=17=1
; or
X (==, +1 =35 quar < or.0r> 1= (100)
ity k=1r=]
N\ and q,, = 0 otherwise. This gives the following equation for g,,:
)
! (-2i%)q, +1 =4 (101)
N\
_ Thus, the operator 'y can be written as
: .
1 . - 0
N Kysh Z(l,, < h.¢, > 0, (102)
LY 1=1
Y
: The purpose of this example is to illustrate how the approximation of Ay can
. be affected by the choice of the approximating eigenfunctions. One must determine
.: if the eigenfunctions of (A — BI,) are complete. Ah can be written as (see [51])
A . i
. Ah = Z/\,-(h,é.-)oﬁ, (103)
. =1
: where ), denotes the eigenvalues of the operator A. Using this expression for A
- yields the following expression for (A — BN,):
g ' x oC
3 (A= BK.) = (A=K =Y Alh.o)o, — Y piilh,6:)o (104)
od =1 =1
' 55
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which shows that the eigenvalues are shifted by (A, — p,,) for all 7, and the eigen-

functions will be the same (and therefore complete).

Using the quadratic formula, one can solve for p,; and ¢,, as given by

b= g = —’;17 N (—‘.2127)2 +4 (105)
which for this example gives
g = .41 =pn
g2 =.12=pp

¢33 = .06 = py3

and so forth. The resulting regulator poles will be the spectrum of the operator

(A — BN.) which is given by
o(A—BK.)=A~-¢, 1=1,2,... (106)

and the filter poles will be the spectrum of the operator (4 — K;C) which is given

by
o(A-NhNC)= X —p;, 1=1.2,... (107)

The amount of spectrum shift that occurs is a function of the operators A and L7,
which are determined by the A.R.E.s and therefore are a function of the operators
Rs,R.,Qs,Q.,C, B, and C;. Let the order of the approximating subspace be k = 2
and select the finite-dimensional subspace associated with ¢, = /2sinmz. This will

give the following approximation for the operator Iy

. 1
1\’f = Z%’.‘(*‘ ¢|)¢| (108)

=1
and as a result of restricting the domain of A, it can be expressed as:

1

1.\'1‘ = ZPH("*Q)Q‘): (109)

1=]
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The resulting regulator poles will be given by (A4 — BK.) which is
H1 = /\) — g1 = -1-.41=-141
=X 1=2.3,...

Since for this problem p,, = q.,. then the filter will have the same poles.

If the operators R; and/or Q; were chosen differently. the values of g,; could
be changed so that they are not monotone decreasing. For instance, let Q; be such
that it acts like the identity operator except for when it maps ¢,. For that case
let Qs : ¢, — (.1)¢y. Then one finds that ¢;; equals .041 and is less than gs.
Then if one choses @, as the approximating eigenfunction because it has the largest
coefficient associated with it. the eigenvalue at 0 is not shifted and the system will
not be stable. Thus, choosing the eigenfunctions in order to get a monotone sequence
from k = 1 on out may not be the best thing to do. It is more important to choose

the approximating eigenfunctions based on where the resulting closed-loop poles lie.

Since the total closed-loop poles are the poles of the regulator and the poles of
the filter. exponential stability may or may not be affected by approximating ;. If
one had chosen the noise strengths differently, the filter and regulator may not have
had the same poles. In that case. one might have chosen a different approximation
for Iy such that the pole of the regulator closest to the right-half plane was not
affected. The system stability would then be determined by the regulator. and

unaffected by the approximation of ;. Matson [51] gave an example for which the

system stability is determined by the regulator. The question one now has to be

concerned with is. how robust is the finite-dimensional rontroller?

3.6 Summary

This chapter has shown that the LQG compensator obtained by ap-
plying the control theory of Chapter 2, satisfies the conditions established by Schu-

macher (see Theorem 3.2.2) when it is assumed that the eigenfunctions of (A— BK)
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are complete. As discussed in Section 3.2, this assumption can be satisfied if I,
is chosen properly during the LQG design. Thus, it appears that this is not a

restrictive assumption.

Section 3.3 proves that the finite-dimensional controller obtained using Schu-
macher’s approach converges to the desired infinite-dimensional LQG controller as
the dimension of the controller increases. This proof was not found in Schumacher’s
work. and is provided in this research for completeness. Section 3.4 analyzes the
robustness of the finite-dimensional controller. It is shown that only a limited anal-
ysis is possible after the controller has been designed. As a result, Chapters 5 -
7 develop additional robustness techniques that can either be used in conjunction
with Schumacher’s approach. or can be used as a basis for a different approach to

finite-dimensional controller design.

Section 3.5 provides a simiple example to illustrate the application of Schu-
macher’s approach. It is pointed out that one must be concerned with the resulting
location of the closed-loop poles, as opposed to selecting eigenfunctions so that

monotone convergence occurs.

The next chapter presents a sufficient condition that allows the LQG/LTR

technique to be extended to the class of problems considered in this research. The

approach taken is different from the one taken by Matson in his work [51]. However,

the sufficient condition may not be satisfied by the entire class of problems considered
in this research. As an alternative, an approximation of the LQG/LTR technique is
presented based on the work by Banks [7]. The LQG/LTR technique allows one to
achieve robustness by adjusting the defining A.R.E.s, and therefore could be used

in conjunction with Schumacher’s approach.
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IV. LQG/LTR Extension

4.1 Introduction

This chapter will consider the LQG/LTR technique for robustness en-
hancement. As developed by Doyle and Stein [30] the technique involves adding
a pseudonoise term 3?2B1°B* to the operator Q; in the filter A.R.E., and tuning
the equation so as to recover, asymptotically, the loop transfer function of the LQ
regulator. The technique was extended to a class of DPS by Matson [51], but not
to the entire class of systems considered in this research. Specifically, Matson ex-
tended the technique to those problems for which A® is bounded (which includes
finite-dimensional problems), and those problems where R(B)U R(Q/) is contained
in a finite-dimensional space spanned by a finite number of eigenfunctions of A* (see

[51] Lemma 4.11).

Consider the class of problems described in Section 3 of Chapter 1, with the
added assumption that the number of inputs equals the number of outputs. The

steady state Kalman filter constant gain operator Ky is given by
Ky = P,C* R}’ (110)
where the covariance operator P; is the unique positive self-adjoint solution to the
following A.R.E.:
(Prh, A"k) + (A*h, Psk) + (Qsh, k) = (P;C'R;’CP,h, k) (111)

for all h,k € D(A"), under the standard assumption that (A, G) is stabilizable and
(A,C) is detectable. Also, note that Q; = GQ,G*, where Q, is the positive semi-
definite operator that describes the strength of the dynamics driving noise w (see
Equation (1)).

The LQG/LTR technique modifies the noise term so that Qy = Q.+ 5°BV B*

where Qy, is the nominal value of Q; that provides the best filter tuning at design
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- ’ conditions, [ is a positive scalar, B is the system input operator, and V is any N by
[
N positive definite matrix. This then yields a family of Kalman filter gain operators
K3 which are given by by

1\’13 = PgC'R;] (112)

and Pj is the solution of the algebraic Riccati equation

(Psh, A°k) + (Ah, P3k) + ((Qy + BBV B"h,k) = (PsC*R;*CPsh, k) (113) '

>N

This A.R.E. can be written in terms of the operator Yj by setting Y; = %’;. This 3
yields

AT T e

(Ysh, Ak) + (AR, Y3k) + ((BVB™ + B72Q,)h, k) = B*(YsC*R;'CYsh k) (114)
for all h,k € D(A").

The objective of the LQG/LTR technique is to increase the scalar 3 (and thus '

3.

the noise term Qy) so that the following limit exists:

Jim Kyg[l + C(sl — A 'K y3)7'r = B[C(sI — A)'BI™r VrecC™  (1135)

If this limit exists, then one is able to recover the loop transfer function associ-

ated with the LQ regulator at the input to the plant (or by using the dual procedure

C & 8 x_t_1_2

of Kwakernaak and Sivan [49], one can recover the loop transfer function associated

with the Kalman filter at the output of the plant). Matson proved that a sufficient

: condition for this limit to exist is if .
BY3C*R;'CY; 5 BVB™ as f— oo (116) S
-
N where 5 denotes strong convergence. A sequence of bounded linear operators K is ¢
=
%
* said to converge strongly to a bounded linear operator K if limg_, ||(Kp — K)h|| =

0 for each h in the normed linear space on which K is defined. Other types of

convergence include weak and uniform (see {64] for a discussion of these).
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, This chapter will look at conditions under which this strong convergence ex-
. ists. Section 4.2 provides one set of sufficient conditions. Section 4.3 explains why
o many authors have not worried about strong convergence, and then a second set of
sufficient conditions is provided. Since niether of the sufficient conditions developed
: in this chapter are physically motivated, Section 4 considers how to approximate
5 the LQG/LTR technique using the approach developed by Banks (7).
« '
: 4.2 Sufficient Condition
. The following theorem gives a sufficient condition for the results of
. Matson [51] to be valid for the class of systems considered in this research.
[
} THEOREM 4.2.1: Let H be a real Hilbert space and Y; € L(H) be the
)
unique, positive, self-adjoint solution to the algebraic Riccati equation
3 (Ysh, A™k) + (A"h,Y3k) + (BVB" + 7%Q)h, k) = 52(}}30'R;10Y5h, k)
~ for all A,k € D(A") where A,B,Qy,C, and R, are as described in Section 3 of
. Chapter 1. Let V' be a positive definite N by N matrix, and let 3 be a scalar > 0.
: Also, assume that the number of inputs equals the number of outputs. Then,
N Jim B(YsC*R;'CYsh, k) = (BVBh,k) Vh, k€ D(A")
- — 00
N
. implies that
4 B*Y;C°R;'CY; 5 BVB® as f— oo
7, if the operator
Kg=(BVB"+87%*Q, - 8 3C*R;'CY;)
L. is uniformly bounded (in the operator norm) independent of B, for 8 sufficiently :
f-.j large, and if K is positive semi-definite for 8 large. N
- .
-

The difficulty with this theorem is that, the conditions on K are not physically

motivated. There is not a known class of systems which satisfy these conditions by
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W the nature of their state space operators. To use this theorem requires one to confirm -
. y
3 the conditions on a problem by problem basis. However, it is this author’s opinion D
y q 3 . . .

: that the conditions will be satisfied for a large class of problems. The boundedness ,
", assumption on A's is reasonable because the operator Yj is bounded independent of

¥,

) B. Thus, Kz appears to be uniformly bounded as well. The proof of the theorem is

now presented. ’

| Proof: Since the system is assumed to be stabilizable and detectable, then .
‘ as shown in Jacobson [47] and Curtain [19], this implies that the system operator o
[N
A satisfies the spectrum decomposition assumption and has finitely many unstable
. eigenvalues of finite multiplicity. Let H, be the subspace spanned by the eigenfunc- v
tions corresponding to the unstable eigenvalues, and #, be the subspace spanned
~ by the eigenfunctions corresponding to the stable eigenvalues. Then as shown in R
- Schumacher [59], one can write H = H, & H, and as such one can decompose the '.:'
Y system operators as follows: g
¥ ]
# Ao A, 0 4
0 A,
Qu O
. Qs = '
0 Qp
- B = B.
B,
. c=I[C, C.)
' and for any h € H one can write h = h, ® h, where k, € H, and h, € H,. Now, by
" this construction one can also decompose Yy as
: Y, 0
Z Yo=| "
0 Y.
In this way one can write the algebraic Riccati equation (A.R.E.) in two parts,
2 corresponding to the stable and unstable subspace restrictions. Note that since M,
2 62
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1s finite dimensional, the corresponding A.R.E. is a finite dimensional equation and
‘ thus, by Lemma 4.11 in Matson [51], .
v B*Y3,CoR;1C.Ys, > BVB; A
. Thus, one needs only to show that this convergence holds for the A.R.E. correspond- -
ing to the stable subspace restriction. In other words, one needs to show that ]
. B8*Y5,C: R71C.Y;s, 5 B,VB;
: Now, as shown in Curtain and Gibson [38, 24], one can write Y3h as .
Ysh = / T*(s)(BVB™ + 872Q; — B*YsC"R;'CYp)T(s)hds Vhe™ .
0
7 where T(t) is the stable semigroup generated by A,. This is a different formulation N
’ from the one used by Matson [51] who used the identity N
“ (r,.Y,1,) = muin{/oi [(z(s),(BVB" + B7%Q)z(s)) + B~ *(u(s), Ryu(s))]ds} '
Also. Matson used the semigroup generated by the operator A instead of the
semigroup generated by the operator A,. The expression for Y3 used in this theorem
- yields the following inner product equation ‘
: o .
[ (Ysh, k) = (/ T°(s)KgT(s)hds, k) Vh,ke™
> 0
' where Ky = (BVB* + 72Q, — B*Y;3C"R;'CYj).
5 By continuity of the inner product, Curtain (see [24] page 93) shows that one 3
can write -
; (Yoh, k) = (/ T*(s)KT(s)hds, k) ;
r 0
= / (KT (s)h, T(s)k)ds ]
0 .
Now Matson [51] has shown that, for the case where the number of inputs ’
»
equals the number of outputs, and under the assumptions of this development, F
li sh,k) =0 .
Jim (Ysh, k) ;
et
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so that, from the previous equality,
Jim (/ T*(s)KsT(s)h, k}ds =0 Vh, k€ H
—00 Jo
Next, it will be shown that for Kz positive semi-definite,

LTNET@RPds < { [T UoT (@b, T(s)h)ds){ [ (K3T(s)h, KoT(s)R))

This will be needed in order to show that limp_.., [5° [[AsT(s)h|[*’ds = 0. Let
f(s) = T(s)h, and define a pseudonorm on f(s) as:

WA =1, 112

where [f,y] = o (N3f(s),y(s))ds. A pseudonorm differs from a norm only in that
Il flll can be zero for f # 0. Since Ky is positive semi-definite, and not strictly
positive, this can occur. Note that since A3 > 0, then [f,f] > 0 V/f. Thus, for
any é6,¢ € R, and f and z in H,

0.< Il 6f + e=|?
which implies
0 < 8% flll +26¢[f. =]+ il =N
For [f.z] #0.let e = Tg—j-l to yield
0 < &l A" +26 | 1f 2] ]+l =N

Now let § = -muLl”l; This then implies that:

< U Z]2 _2f.2P

2
O<uar " waE T

This implies that
LU 2D 1< AN =l

Letting f(s) = T(s)h and z(s) = KgT'(s)k, from the last inequality one gets that

[T NKoThiPds < ([T T()hNsH [ (KET(s)h, KaT (1))
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Now, it can be shown that if Kz > 0 and if

fim { /0 Z T(s)KaT(s)h, k)ds = 0

f=eocc

then, when K is uniformly bounded independent of 3, one gets that:
o
lim / 1K 5T(s)hds = 0
B—ex Jo
It was shown that
[T mids < ([ (KaT(oh T(s)hdsH [ (KET(s)h, KoT(s)h)
However,
[T b KsT(s)h)ds < [ IBaIPIT() 1 )ds
0
which yields
/:(A’;T(s)h,KgT(s)h)ds < k3||h||2/0°° IT(s)|1%ds = D < oc
where ||A3]| < k. Thus, the integral is bounded independent of 3. Since
lim ([~ T*(s)KaT()h, k)ds = 0

f—oc

Then

LT uKsTmlds < { [T (KeT(R T()RdsH [ (K3T(s)h, KaT(s)h))

yields the result that
Jim [T KT ()hlds = 0

With this last result, and using the fact that Kj is uniformly bounded inde-
pendent of 8 (which is not integer valued) for B sufficiently large, it can now be
shown that:

Jim [|Kghl] =0
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for all h € H, which is the desired convergence result. For any ¢t > 0, one gets that
. 2 © 2 td o 2
KT = Kk | = | [ KaT(s)hlVds |

t
=2 KgAh, KT (s)h)d
| [ (Koah, KT (s)h)ds |
! t
< 2 [ N aAbIPds) ([ 11K T (s)h]ds)?
t
= 20| Kp AR|( [ | K5T(s)hds)"”
V]
t
< 207 M, [ |KsT(s)h|%ds]'?
0
< 2t‘/2M,,[/°° K 5T (s)k2ds]'
0

Since K3 is uniformly bounded, then ||[KzAh|| < M;. Now, choose t = itz

where
ts = [/000 | KsT(s)h|*ds]™*/?

Notice that t53 — oo as  — oo. Also, substituting this choice of t = {5 into the

inequality
LA ST ()R] — || Kphl? | < 2f”21”h[/°o 1K sT(s)hf*ds]'/?
0

yields
| IIKsT (kI = Kbl | < 20030 [ KT ()hds]! 4

This last inequality implies that

|Khl? < KT o)kl +2Mal [ T ()] Pds]

But since
IKsT(ta)hll < (KBHIT ()R
< N KgllMe“*|[h]|
< Dljhfje
66
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where D is a constant depending on the bound of K3 and the semigroup constant

M. Since w < 0 (T'(t) is a stable semigroup generated by A4,) and {3 — oo as
B — oo, then

D|h||e** =0 asf — oo
This then yields from the inequality for || K sh|? that
HAgh|| =0 asf— o0 VheH

since it was established that [5° ||AsT(s)h||?ds as B — oo. Thus, the desired con-
vergence has been proven for K being uniformly bounded independent of 3, and

for I3 positive semi-definite. Q.E.D.

Since strong convergence is a sufficient condition for the LQG/LTR technique
to be valid, then Theorem 4.2.1 gives a sufficient condition for the technique in
terms of the operator K'g. Since Y is bounded independent of 3, it is reasonable to
assume that K is also. Therefore, the only restrictive assumption would appear to
be the assumption that Ky is positive semi-definite. Theorem 4.2.1 took a different
approach than that found in Matson [51], and therefore may yield insights not
before available that may allow the LQG/LTR to be extended to the entire class of
problems considered in this research (see Chapter 1, Section 3). The next section
discusses why many authors have not been concerned with strong convergence (and

thus have ignored the issue), and also provides another sufficient condition for strong

convergence.

4.3 Conditions for Strong Convergence

This section will consider why it is difficult to prove strong convergence
exists, and why many authors have avoided the issue when dealing with algebraic
Riccati equations on infinite-dimensional spaces. The results of Lukes and Russell
[50] will be applied to demonstrate that the A.R.E. of Theorem 4.2.1 has a bounded

extension to the entire Hilbert space H, which is why most authors have considered
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the A.R.E. to be defined on the entire Hilbert space. A bounded extension B¢ is a
bounded linear operator that equals an operator =, the operator to be extended, on

D(Z), and which is defined on the entire Hilbert space H containing D(Z). X

The difficulty in proving that strong convergence exists, is the fact that the
algebraic Riccati equation (A.R.E.) is only defined on D(A"). The equation has 1
been considered by many to be defined on the entire Hilbert space H because of the )

following lemma from Lukes and Russell [50].

LEMMA 4.3.1: The operator (Y A"+ AYj) associated with the A.R.E. given

< (Y34 + AY3)h.k >+ < BVB h,k > + < B72Qhk > t

= 2 < Y3C"R;'CYsh,k > Vh,k € D(A)

has a bounded linear extension to all of H for each 5.

Proof: (see Lukes and Russell [50]). From Theorem 4.3.1, for h, k € D(A"),

one has that

< Ah, Yk >+ <Yph, Ak > =< Beh,k >

where B¢ is a bounded linear operator defined on all of H, and

Be = Bz)bC'R;‘CY — (BVB* 4+ Q;/B8?). Since B is defined on all of H, then it
is true that (Y3A" + AYj;) has a bounded extension equal to B¢ on all of H for each
B. One should note that B¢ is dependent on 3, so that there is not necessarily a B¢

that satisfies the A.R.E. of Theorem 4.3.1 for all 3. Q.E.D.

It is not known whether or not one can show that By of Lemma 4.3.1 is
uniformly bounded for all 3. If one could show that to be true, then K5 of Theorem
4.2.1 would be uniformly bounded. Another useful insight comes from Gibson [38],

who demonstrates that Y3 maps D(A®) onto D(A). This fact allows one to write
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< Yzh, A’k > as < AY;h, k > so that the A.R.E. can be written as
¥ < YA hk > + < AYsh, k> + < BVB*h, k> + < Q;/8%h, k >
. =< YﬂC.R;lCth,k > Vh,ke D(A”) (117) ,
F/ :
y and the strong convergence of Y3 to 0 [51], for the class of systems in Theorem 4.2.1, X
L {
: yields
K Blim B < YsC"R;'CYgh,k> = < BVBhk> Vhke D(A") (118)
», — 00
\
,':s: Therefore, the question one needs to ask is, when does ﬂz)’gC‘R;lCYg — BVB-

strongly as § — oo? The following lemma gives a sufficient condition for this to
) '
:‘. happen. )
Y y
N d
.. 0
. LEMMA 4.3.2: For the assumptions of Theorem 4.2.1, if (Bz}'gC‘R;lCth, I
. is a monotone (either increasing or decreasing) sequence for increasing 8 (see Defi-
i

nition 3.3.1), then
B*Y;C*R;'CY; 5 BVB"

> where convergence is strong.

-
AL, ",
Rl

. P

Proof: Ouly the case of BQYQC'R}_ICYg being monotonically increasing will
be considered. If 82Y3C*R;'CYj is monotonically increasing, then, since the limit of ‘

Equation (118) exists, it must be true that [BV B" — 32 ’gC‘R;lCYg] is positive V3

MPYND T

and Vh € D(A"). Then Theorem 3.6 in [48], page 453, yields that ﬂz},gC'RI_ICYg — 3
BV B, with convergence beirg strong. A similar result applies if 52}’50'RI'ICY5
1s monotonically decreasing. In that case the operator [3?Y;C*R;'CY; — BV B is
positive, and again [48) yields that strong convergence exists. Q.E.D.

It is not known whether or not this sufficient condition can be demonstrated

for the entire class of systems described in Section 3 of Chapter 1. However, it is

.
'
.
«
-
«
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believed that it will occur in many problems. As a designer, one must evaluate
B’)'bC'R}'CYg on a problem by problem bLasis to determine if it is monotone, to
see if the LQG/LTR technique can be used confidently. This may not be easy to
do. Even if the operator is not monotone, the LQG/LTR technique may still work
since this is only a sufficient condition. The next lemma gives one sufficient design
condition for 52)'bC.R;1CYg to be monotone. In the lemma, V and R, will be
chosen to be identity operators. These choices are made to simplify the details of
the proof, which only requires that V and R; be as described in Section 4.2. Other
assumptions needed in the next lemma are that the inputs u be elements of L, space,
and that the state variable r be bounded away from zero. The assumption on u is
not very restrictive for real problems. The assumption on z implies that the system
has stochastic controllability so that r can be bounded away from zero by adding
white noise. Two additional assumptions involve the operators B* and C. These
assumptions do not have a physical significance, but rather are chosen in order to

make the proof work.

LEMMA 4.3.3: Make the assumptions made in Theorem 4.2.1 (except for
the ones for h'z). Let Q; be a bounded positive linear operator with a bounded

square root Q}n, and let the positive definite matrix V=1 ,let Ry =1, and let

‘/oo lu(s)|Pds< M VuelU
0

/x|la:(s)||2d52£>0 VreH
0

and let B* be such that its inverse exists (not necessarily typical of physical prob-

lems) so that

/°° | B z(s) |I? ds > k/o°° I z(s) P ds k>0
0
Finally, let C be a unitary operator. Then under these conditions,

B’YsC*R;'CY;
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is monotone increasing.

Proof: Since Y} satisfies the A.R.E., then it can be expressed [24] as
<z,,Ysz,> =min /°°[< z(s),62(s) > + B2 < u(s), Ryu(s) >]ds
u Jo
where 7, € H and 6 = BB* + Q,/#%. This then yields ;

< 1. 8Yste > =min [ [<z(s),80z(s) >+ B~ < u(s),Ryu(s) >)ds
u 0

As demonstrated by [24], the minimum is attained with u = —K;r. Let u*

and 1" be the solutions obtained by performing the minimization. Then one gets
[e<}
< 1,,BYs1, > = / [< z%,802" >+ B! <u",Ru" >)ds
0
Substituting for 8 then gives )
< 1., Y510 > = /0 [< 25, BBB'z" >+ 1/3<z°.Qu0" >+
1/8 < u®,Ryu” >]ds )
which 1s equivalent to
’ _ & - _w |2 > 1/2 . |2
<:o.mazo>_/0 B Bz |Pds + 1/ﬂ/0 QY2 |Pds  + .
[= <]
1/8 [ I BY " | ds

Define this inner product as H(8) =< z,,BYsx, >. This inner product will be an

increasing function of 3 if its derivative H'(f3) is positive, which occurs if :
H(B)= [T Bz P ds - 178 [T 1Q % IPds — 178" [ 1| B | s

is positive. The fact that Ql/2 is a bounded operator and the assumptions of the

lemma yield
oo K oo M o
U > . 12 o = 12 _ = - 12
H@ 2K [ P ds— g [N Pde—g5 [" =" | ds
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[} ~ [y
A , , Ke+ M «
: H'(8) > Ke - == -

which, for B sufficiently large, is positive Vz, € H. Now, since BY; is self-adjoint,
then it is also normal (i.e. BY;38Y; = BY;BYs ). This yields that the sqaure root is

M K

5 normal [41]. Then by Theorem 5.23.15 in [52], A
)
/2 , 1/2

187"z, IF = || BYazo | = [1(B'7Y;") s | :

Thus, if < r,, BY37, > increases as 3 increases (which is proven in [51]), then :

I B‘/z)'ﬁl“:ro I|? increases, as does || BY;s7, ||*. This gives that < B8Ysz,, BYsz, > is ‘

]

Y a monotonically increasing function for 8 sufficiently large. v
i

\

X Now, let C be a unitary operator. Then for R; = I, Y
"

< BY3C R;'CYpz0,2,> = < R;'*CBYyz,, R;V*CBYpz, > "

= < CpYsz,,CBY3z, > a
= < C°CPBYpz,,BYsz, > \

= < BYsr,,BYsz, >

. so that for g3 sufficiently large, ﬂQYgC'R;]CYg is a monotonically increasing oper-

ator. Q.E.D.
Y The problem with Lemma 4.3.3 is that the conditions are not physically moti-
. vated. In the case where the input space is finite-dimensional, || R—’/2 (s) || will be

bounded and stochastic controllability would imply that the states can be bounded
“ »
j away from zero by adding white noise. However, one cannot usually expect to satisfy N
, the condition

/ | B z(s) ||? ds > k/ llz(s)]2ds (119)
0

-‘
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" or to have the operator C be a unitary operator. The lemma does give some added
' insight into how to approach showing that ﬁ’YgC‘R;ICYp is a monotonically in-
creasing operator for other classes of problems. For example, it may be possible to
show that, for certain problems,

1/2 |12 d R1/2 2 d
: SN bt R (120)
Joo || Boz(s) ||* ds

i.e., it is uniformly bounded Vzr and u. This would result in H'(8) being positive,
L) so that (using a proof similar to that of Lemma 4.3.3) one can show there exists
a B such that < BYsz,, BYsx, > is monotone. Also, it may be possible to prove
that < CBYj3z,,CBYsz, > is monotone for arbitrary C € L(M;RV), given that

e < 3Y;r1,.3Y;31, > is monotone.

,E': However, if ﬂ’)"gC‘R,"CYg is not monotone, then nothing can be said about
Nt whether or not the LQG/LTR technique is valid, because Lemma 4.3.2 only provides
! a sufficient condition, as opposed tc necessary and sufficient. Since a set of physically
* meaningful conditions was not obtained to ensure the desired strong convergence,
E: one may try to apply the procedure in an ad hoc fashion, or one may try to use
- another approach to achieve robustness. One alternative is to try to approximate
n: the LQG/LTR procedure. The next section will look at using the approximation
E'.' approach of Banks [7] as a way to approximate the LQG/LTR procedure.

3, 4.4 LQG/LTR Approzimation

z With Schumacher’s approach (see Chapter 3), one first must have an
2 infinite-dimensional compensator that he wants to approximate. For the LQG de-
v sign, this means having to solve an infinite-dimensional algebraic Riccati equation
::‘ (A.R.E.), which may be extremely difficult to do. However, assuming one can per-
J :j form this solution, one really has only two known parameters to adjust for robust-
N ness. These are the exponential time constant for the case of bounded perturbations,
. and the semigroup gain constant for relative bounded perturbations, as discussed
-

< 73

;

oW

'
R TAn N NN I
‘. , = ‘.\'. " "‘ .l..f\ ; :.1_4 PSSP RS SR R, f ’ w’ﬁt& Pel -V,' .‘-'.A. e .n" \ ".A . \IL" :‘ A J:‘.F_ A l‘:.f.



A e Pl L -

P

XX

N Y

- -

in Section 4 of Chapter 3. Therefore, when using Schumacher’s approach, it would

seem that one would want to make the exponential time constant as negative as

possible and the gain constant as small as possible in order to improve robustness.

Another approach to robust LQG controller design would be to make the
robustness recovery a part of the A.R.E. This is the idea behind the LQG/LTR
technique. In this way one “tunes” the filter in order to regain the guaranteed
robustness of the LQ regulator [30], or one can use Kwakernaak and Sivan's [49]
dual procedure, depending on on the point in the loop where one chooses to enhance
robustness. If one chooses to enhance robustness at the input to the plant (point
4 of Figure 1 in Chapter 2), then one can use Doyle and Stein’s approach [62]
to recover the loop transfer function of the regulator at the plant input. If one
enhances robustness at the plant output (point 1 of Figure 1 in Chapter 2), one can
use the dual procedure of Kwakernaak and Sivan [49] to recover the loop transfer
function associated with the Kalman filter at the plant output. However, if one were
able to apply the LQG/LTR technique validly for our class of systems, one would
still have to solve an infinite-dimensional A.R.E., and then use some technique to
approximate the desired “robust” compensator. The problem is, that it is not known
if the LQG/LTR technique can be validly applied to the entire class of distributed

systems considered in this research.

One way to approach designing a robust compensator might be to approxi-
mate the infinite-dimensional A.R.E. with a sequence of finite-dimensional A.R.E.s
such that the sequence of solutions converges to the infinite-dimensional A.R.E. so-
lution, as done in [7]. In this way, one could approximate the desired solution, and
perform robustness enhancement on the approximation. Thus, one could possibly

approximate the LQG/LTR technique for the entire class of systems.

In order to make direct use of the results of [7], the dual robustness recovery
procedure of Kwakernaak and Sivan will be considered. By duality, the type of

results obtained are applicable to the robustness recovery procedure of Doyle and
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Stein. For that approach, one merely has to consider the dual A.R.E. and the
operators associated with it. The development that follows involves the A.R.E.
associated with the LQ regulator gain operator K. (see Equation (34)). The operator
I1 used by Banks is the same as the operator P, that solves Equation (34).

Following the presentation by Banks [7], and using his notation, Il € £{H) is
a solution of the A.R.E. given by h

A'TI+TIA+ Q. —NIBR'B’I1 =0 (121)

if I1 maps D(A4) into D(A") and if Il satisfies the A.R.E. on D(A).

One thing to note is that, this A.R.E. is actually an inner product equation.
The inner product notation has been dropped in order to simplify the writing of
the equations. Kwakernaak and Sivan's approach to robustness recovery involves
modifving the state cost weighting operator Q., by adding the additional cost term 4
¢’°C*V'C to Q.. Then, as ¢ — oo, one is able to asymptotically recover the loop
transfer function associated with the Kalman filter, at the plant output. The prob-
lem with this LQG/LTR technique is that, in order to converge to the guaranteed
stability robustness of the filter, one must show that (see Chapter 3 for the dual

discussion)
qli‘n;; ¢ <NBRI'B'Ilh,k> = <C*VCh,k> Vh ke D(A) (122)

implies strong convergence [51]. Matson [51] has proven the dual case (and thus this
case by duality) when A" is a finite-dimensional (i.e. bounded) operator, and also |
when R(B) U R(Qy) is contained in a finite-dimensional space spanned by a finite

number of eigenfunctions of A*.

Following the development of Banks [7], the infinite-dimensional state space -
problem given by .’
= Az + Bu z,€ D(A) (123)
75
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where z € H, can be redefined by projecting it onto a finite-dimensional subspace of
M (denoted H,) by means of an orthogonal projectiocn P* such that P*: H — H,.
A projection P* is said to be orthogonal if its range and null space are orthogonal,
if P*P* = P* and if each h € M can be written uniquely as k = r + n where r is
in the range of P*, and n is in the null space of P*. Also, an orthogonal projection

1s continuous.

This projection is used to define the operators A*, B¥, C* and QF as follows:

P*A=A*e L(H,) (125)
P*B = B* € L(RY; Hy) (126)
PXC = C* € L(H,;RY) (127)

P*Q.=Qf e L(H,) (128)

Using these operators, the family of finite-dimensional regulator problems described

by

= AFr + B*u; z(0) = P*z, (129)
y=Ckr (130)
with associated cost functional given by

J“:/x[< Q*z,z > + < Reu.u >)dt (131)
0

can be considered. It will also be necessary to make the following assumptions on

each finite-dimensional problem:

1. For each r, € H;, there exists an admissible control u € L?(0, 0o; U) such that

the cost functional J* is finite

2. (a) Q. is positive semi-definite on H, as is P*Q,. on H; for all k
(ie. <Qcz,z> >0 VreH)and < Q*z,z>>0 VzeH,
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(b) R. is positive on the input space U (i.e. < Ru,u> >0 VuelU)
3. (a) P* = I as k — oo in the sense that, forany z € H,P¥z = 7 as k — oo

(b) T*(t)P*z — T(t)z as k — oo, where T(t) is the semigroup generated by

the operator A

(c) T**(t)P*z — T*(t)z as k — oo, where T*(t) is the dual semigroup
generated by A"

(d) B*« = Bu and B*r — B*z as k — c©

() Q*P* - Q.xr as k — oo

Assumption 1 is a standard LQG assumption and is satisfied by our assump-
tions of stabilizability and detectability made in Chapter 1 and in Chapter 3. Specif-
ically, it is assumed that (A, B) and (A, G) are stabilizable, and (A4, C) and (4, Q!/?)
are detectable. Assumption 2 is made in order to use the results of [51] and it is not
very restrictive in applications. If assumption 1 holds, then the optimal control for

each finite-dimensional problem is given by
ut = —R7'B**IT*z (132)

where T1* € £(H,) is the unique nonnegative self-adjoint solution of the A.R.E. on
H, given by

AR + TI*A% + QF —I*B*R7'B*TI* = 0 (133)
Assumptions 3 a-f can be satisfied by many approximation schemes, for example
modal approximation [7], so that these assumptions are not overly restrictive. In
fact, 3(a) implies 3(d) since B is a bounded linear operator. The assumption that
(A, B) is exponentially stabilizable along with the assumption that (A, Q!/?) is ex-

ponentially detectable (as is done in this research) allows the hypothesis of Theorem

2.2 of [7] to be satisfied for a large class of distributed parameter systems using sev-
eral appproximation schemes (i.e. modal, spline, Ritz, etc. [36]). The following

theorem is taken from (7).

E
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THEOREM 4.4.1 : Suppose that the previous Assumptions 1 thru 3(e)
hold. Let Q. > 0, R. > 0, and let I1* denote the unique nonnegative self-adjoint
Riccati solution on H,. Also assume that a unique nonnegative self-adjoint Riccati
operator Il exists for the problem defined on . Let S*(¢) and S(t) be the semigroups
generated by (A* — B*R-'B-*I1*) and (A — BR'B*Il) on M, (a finite-dimensional
subspace of the Hilbert space H) and H respectively, and let | S(t)z ||— O as
t - oo Vr € H. If there are two positive constants (M;, M;) and w < 0 that are
all independent of both k and t such that

)| S*() || < Met Vi>0andk=1,2,...,

i) | 4| < AL

then, as k — oc,

a)[I*"P*s - Tlr VreH

b) S¥({)P*z — S(t)r VreH

where the convergence is uniform in t on bounded subsets of [0, oc), and

| S() || < Mie*t ¥t20, w<0

Proof: See Banks [7] page 695.

Note that, since the LQ regulator generates a stable semigroup (see Section
4 of Chapter 2), then ||S(t)z|| — 0 as t — oo. Thus, using this approach, one

can approximate the solution of the infinite-dimensional A.R.E. with a sequence of
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finite-dimensional A.R.E.’s. Banks [7] demonstrates that the hypothesis of Theo-

y rem 4.4.1 can be satisfied by many popular approximation schemes (such as modal,
, spline, etc). Once the solution is approximated closely enough, then one could ap-
. ply the LQG/LTR technique using the finite-dimensional A.R.E. The drawback to
A this approach is that guaranteed stability margins to be approached asymptotically
U
:: are only with respect to the finite-dimensional model, not the infinite-dimensional :
! model. However, models are always an approximation of reality. The idea is to
: choose a model that matches the real world well enough so that the compensator’s b
robustness can tolerate the model uncertainty. One also wants robustness to deal
. with model perturbations for the case when a system changes during operation.
X Even DPS models are approximations, but they are often used because they are bet- by
.
o ter approximations for some systems than finite-dimensional models. Since Banks’ 3
[ ]
o approach involves approximating the DPS solution by approximating the associ- /
ated infinite-dimensional A.R.E. with a sequence of finite-dimensional A.R.E’s., the
4y
: development of this section can be viewed as an approximation of the LQG/LTR
4 A
N technique. 3
LNy
If perturbations are modeled as finite-dimensional, then this approach can be
4] A
» used to get a desirable compensator. If not, then this approach provides added b
':,: robustness with respect to a finite-dimensional model which can be made arbitrarily l
Ca
close to the DPS under consideration. In this way one can say he is approximating
- the LQG/LTR technique on the infinite-dimensional system. However, for DPS :
: for which the LQG/LTR is not known to be valid, it is not clear what type of '
:. robustness is achieved in the limit as the order k of the approximation goes to oo. It ,
: is believed that the approximation technique will yield desirable results. However,
‘ LY
o the LQG/LTR technique is just one way to achieve robustness. Other approaches
h are available, as will be discussed in Chapters 5 through 7. X
1
o \
, \
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N 4.5 Summary

h This chapter presents sufficient conditions that allow the LQG/LTR

L technique to be extended to a class of problems of interest. In particular, Theorem

':i. 4.2.1 gives conditions based on the operator K5 = (BV B*+872Q,-~?Y;C*R;'CYj). ;
:" It is shown that, if A5 is uniformly bounded independent of B, and if Kj is posi-

‘:a tive semi-definite, then the LQG/LTR technique is valid for the class of problems

! that satisfy the assumptions of Section 3 in Chapter 1. Theorem 4.2.1 is based on

™ a different development than that found in Matson’s work [51], and may provide
{‘ insight as to how to extend the LQG/LTR technique to the entire class of problems

" withiout any conditions on Ks. '
;:' Section 4.3 discussed the reason many people have not considered strong con- :
. vergence an issue. Since the A.R.E. has a bounded extension to the entire Hilbert

. space ‘H, some have simply assumed strong convergence. It is shown in Section

_ 4.3, that weak convergence does exist for the class of problems considered in this

": research. Section 4.3 also has a second set of sufficient conditions that allow the

..' LQG/LTR technique to be extended. The conditions are not physically meaningful,
B but Lemma 4.3.3 provides yet another approach to solving the problem of extending
; the LQG/LTR technique.

.:4_ Since the technique has not been extended to the entire class of problems con-

a-' sidered in this research, an approximation of the technique is developed, based on
g the work of Banks [7]. Section 4.4 shows how to approximate the LQG/LTR tech- ]

3 nique by approximating the infinite-dimensional A.R.E. with a sequence of finite-

'* dimensional A .R.Es. Since the LQG/LTR technique is valid for finite-dimensional '
; systems, then one can use the finite-dimensional A.R.E.’s. to approxirmnate the tech-

::' nique. y
X The LQG/LTR technique is just one way to achieve robustness. Another

;:' technique being currently taken is the optimal projection equation (O.P.E.) approach
:

o
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developed by Bernstein and others. The next chapter extends the O.P.E. approach
based on the work by Bernstein [10].
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V. Optimal Projection Equations

5.1 Introduction

Another approach being currently taken to address the problem of ro-
bust reduced order controllers [10, 11, 46, 9, 45, 39, 40] is to fix the order of the
compensator based on physical constraints, and determine the optimal robust con-

troller using the optimal projection equation approach (11].

Ignoring the issue of robustness for the moment, Bernstein [10] gives a set of
necessary conditions for a reduced order controller to be the “optimum controller™.
A controller will be considered “optimum?” if it stabilizes the system at design con-
ditions, and if it produces a feedback control law that minimizes a desired cost
functional which characterizes the system’s steady state performance. The cost

functional to be minimized will be of the form
J= 'l_i‘r?of[< Qcx(t), z(t) > + < R.u(t),u(t) >]

where € denotes the expectation operator. This is discussed in more detail in Section

3.

Let A and T be a bounded linear operators mapping H — R* (where k is
the dimension of the finite-dimensional controller) such that I'A* = Ii. Ii is the
identity operator on R*. The conditions developed by [10] are a pair of modified
Riccati equations and a pair of coupled Lyapunov equations. The two modified

A R.E.s are given by
AQ+ QA" +Q; - QC'R;'CQ+1.QCR;'CQ7} =0 (134)

AP+ PA+ Q.- PBR;'B°P+ r{PBR.'B"Pr, =0 (135)

and the two Lyapunov equations are given by

(A-BR'B"P)Q+Q(A-BR;'B"P)"+QC"R;'CQ-1.QC"R;'CQr} = 0 (136)
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(A-QC*R;'C)"P+P(A-QC*R;'C)+PBR;'B"P—1; PBR;'B P, =0 (137)

where the operator 7 is defined by the the operators A and I' (7 = A°I') which
determine the projection of the full order compensator to a fixed order compensator.

The projection operator 7, satisfies the relation
1, =1—-71=1-AT (138)
and using the operators A and TI'. the compensator is defined by the equations
.= A.r.+ B.y (139)

u=C.r. (140)

where A.. B, and C, are given by

Ac=T(A~-QCR;'C — BR'B"P)A" (141)
B. =TQC"R;! (142)
C.=-R'B"PA® (143)

Notice that the Lyapunov equations are coupled to the A.R.E.s by the pro-
jection operator 7;. If the order of the system equals the order of the compensator,
then 7, = 0, and one gets the standard LQG A.R.E.s, and the Lyapunov equations
become decoupled from the A.R.E.s. In that case, the Lyapunov equations can be
satisfied separately from the A.R.E.s, and the standard LQG results are obtained.
For the case when the order of the compensator is less than the system order, one
might wonder if the optimum projection equations (O.P.E.) can be modified not
only to stabilize the system and minimize the associated cost functional J, but also
to provide robustness as is done using the LQG/LTR technique. The next section
will consider whether or not loop transfer functions can be recovered when the order

of the compensator is less than or equal to the order of the system.
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Figure 4. System with Finite-Dimensional LQG Based Controller
U
o 5.2 Loop Recovery with Reduced Order Controllers s
Jd 1
S Let A and T be the bounded linear operators that define the projection .
. of the full order compensator. Figure 4 represents the infinite-dimensional system
N using the finite-dimensional controller.
Y
" The infinite-dimensional system is described by the equations :
1% A
, = Az + Bu (144) :
i LY
5 y=Cz (145) 7
and the compensator is described by Equations (139)-(143). With A, B, and C,
N given as in Equations (141)-(143), the compensator state equations can be written f
. as .
8 z. = (TAA" =TK,CA* - TBK.A")z. + T K,y (146) |
- i.=TAAz.+TBu+TK;(y — CAz,) (147) ';
3 where u = —K_ A"z.. "

The system input appears at point 4 in Figure 4. This point is physically

important since it is one point where the compensator interfaces with the system
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being controlled (the other point that is important is point 1 where the system
output interfaces with the compensator). The transfer function at point 4 is given

bv

Gy(s) = K(s)P(s) = Cu(s] — A)"'B.C(s] — A)"'B (148)

which can be written as
Gy(s) = K A"(®;' +TK,;CA* +TBK.A")"'TK,C®,B (149)

where the controller state transition operator is ®. = (sI — T'AA®)~! and the plant
state transition operator is ®, = (s] — A)~'. Since A generates a C, semigroup,
(sI — A)~" will exist. (s] — TAA")"! will exist since TAA" is a finite-dimensional
opecrator. Note that when the order of the compensator is less than order of the
svstem, @, does not equal ®,. For infinite-dimensional systems, the state transition

operator is the semigroup T'(1) which is generated by the operator A.

In a similar fashion one can write the transfer function at point 3 in the
system. This is the transfer function that one would try to recover at point 4 using
the LQG/LTR technique for robustness enhancement. This point is internal to the
compensator, and has guaranteed robustness properties as discussed in Section 4 of

Chapter 4. Using the equations

u=—-K,A"z. (150)

and
y=Cd,Bu (151)

where u’ is the input at point 3, the state z. can be expressed as
z.= (s]1 -TAA")'TBu'+ (sI =TAA*)"'Th;y — (s -TAA")"'TK;CA "z, (152)

or equivalently

2. =(1+®TK;CA")"'[®.TBu + .TK ) (153)
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Substituting for y via Equation (151), and rearranging terms, the state _an be

written as

z.=(I+®TK,CA")""(d.T)I + K,Cd,)Bu’ (154)

Substituting this into the expression for u, Equation (150), the loop transfer function

at point 3 is given as
Gi(s) = =K A (1 + & TK,CA )" (®.T)(I + K;C,)B (155)

If the order of the compensator equals the order of the system, then 7 is an identity
operator (and 7, is a zero operator), and from Equation (155) it is clear that the

loop transfer function at point 3 can be expressed as
Gi(s)=-K.9,B (156)

Since ®. does not equal ¢, when a reduced order controller is used. then
one cannot recover a desired transfer function that involves an infinite-dimensional
design model. Note that, since any model is an approximation of the true system.
then the controller order will always be less than the true system order. The issue
considered here is the case when the controller order is less than the design model
order. The design model is the mathematical model one chooses to describe the
physical system to be controlled, and as such, it is an approximation of the true
system. In practice, one assumes that the design model is the true system so that
a result can be synthesized. Robustness is needed due to the fact that the design
model does not equal the true system being controlled. Thus, loop transfer recovery

using a finite-dimensional controller can only be accomplished using a reduced order

model.

5.3 O.P.E. Robustness

The O.P.E. approach allows one to achieve robustness by modifying the
infinite-dimensional A.R.E., and will give a new interpretation of LQG/LTR when
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the controller is finite-dimensional but the design model is infinite-dimensional. The .
O.P.E. approach provides a way to achieve robustness to uncertainty, and to min-
imize the cost functional J, at conditions other than the nominal design condition
[40].

. For a fixed order compensator where k¥ < dimM = oo, one wants to deter-

mine the operators (4., B..C,) such that the closed-loop system consisting of the

controlled system
r=(A+AA)r+ (B + AB)u (157)
where r € H, along with measurements

y=(C+A0)r (158)

with y € R, and a finite-dimensional compensator described by

#. = Acxc + Buy (159)

u=C.r, (160)

is exponentially stable for all perturbations (A4, AB,AC) € U where U is the set of
admissible operator triplets describing the perturbations to the operators A, B, and
C one wishes to consider. If, for instance, one only allows bounded perturbations,
then U is the set of bounded linear operators which are bounded by some constant,

say D. Through U, one describes the robustness desired.

However, in addition to being exponentially stable, one also would like to
minimize the cost functional associated with the optimal control problem at other
than design conditions. This will be made clearer later, in Equation (165). The cost

functional to be considered is denoted by J and will be defined as
J(4: B, C) = lim El< Qez(t),z(t) > + < Reu(t),u(t) >] (161)
where £ is the expectation operator and is defined as [29]

£(z) = /Wz(w)dp (162)
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where W is the space of all possible w that the random variable z(f) maps to some
Borel space over which a probability measure P is defined. This cost functional is
chosen instead of the one given by Equation (33) since the objective of the O.P.E.
approach is to achieve optimum steady state performance, and not necessarily op-

timum performance over the entire time interval.

For a reduced order compensator where k < dim™, one wants to determine

(Ac. B.,C.) such that when the closed-loop system consisting of
r=(A+AA)r+(B+AB)u+Gu (163)
with noisy measurements given by
y=(C+AC)z+n (164)
is coupled with the compensator, the steady-state performance cost functional

J(A..B..C) = sup lim £{< Q.z(t),z(t) > + < Ru(t),u(t) >} (163)
(AAABAC)eU ™™

is minimized. In other words, one wants to design a controller so that the largest
value that the cost functional can take on for all possible perturbations is minimized.
In the development that follows, G is assumed to be the identity operator (without

loss of generality) in order to correspond to the development of Bernstein [9].

A control will be considered admissible only if it forces the cost functional J
to take on a finite value. To help simplify the notation, the closed-loop system can
be written in terms of the augmented state-space H = H & R*. It is assumed that

the noise terms w and 7 are independent. In terms of the augmented state vector

=z z.)7 (166)
this yields
i=(A+DA)T+GC (167)
88
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where
. I 0
0 B.
w
(:
n
Q O
E[C)T(t+ 7)) = §(r
0 RJ
. A BC,
B.C A,
. AA ABC.
AA=
B.AC 0
and
V=3G Qe G*
0 Ry
or
. o 0
o e
0 B.RsB:

Also. in terms of #, the performance cost functional can be written as

J(A., B.,C.) = sup lim £[< Rz, % >) (168)
(AA,AB,AC)eU 1>
where
. . 0
R = @
0 CTR.C.

The following lemma allows one to express the cost functional in terms of the
second moment of z(t). This will be needed so that an upper bound of the cost

functional can be established in a theorem to follow.
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LEMMA 5.3.1: For (A, B.,C.) and (AA,AB,AC) € U, the performance

cost functional can be expressed in terms of the covariance of z(t), defined as:
Qal(t) = E((2(t) - E2())(F(t) - £2(1))']

Furthemore, if the system is stable for all (AA,AB,AC) € U, then the performance

cost functional can be expressed as

J(A., B, C.) = sup tr[QaR)
(AAAB,AC)eU

where tr denotes the trace operator, and where Q4 satisfies the equation

(A+A84)Qa+Qa(A+AA) +V =0

Proof: Balakrishnan [1], page 317, defines the covariance of Z(t) as the
nonnegative-definite operator Q4 (1) given above. Bernstein and Hyland [10], Lemma
4.1, page 137, prove that J(4.,B,,C,) = Sup(A,A,AB,AC)eutr[QAR] and Lemma 4.4.
page 139 [10] proves that Q, satisfies the last equation of Lemma 5.3.1. Q.E.D.

In the development to follow, the operator V will be modified by a nonnegative
operator Y. A result that will be needed is, if (V''/2, A + AA) is detectable, then
so is ([V + Y]/, A + AA) under certain conditions. The following theorem from

Wonham [68] gives conditions under which the property of detectability is preserved.

THEOREM 5.3.2: Let H be a real Hilbert space, and let M,, be a bounded
linear operator mapping M — H. If M,, is a nonnegative operator and if (M}/?, A)
is detectable, then for all nonnegative operators N, the pair ([M,, + N]'/?, A) is
detectable.
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Proof: See Wonham's book [68] page 79, and let the operators of Theorem
3.6, Q and B, be such that Q = B =0. Q.E.D.

The next theorem is the main theorem of this section, and it provides suf-
ficient conditions for robust stability and optimum performance. In the theorem
to follow, the operator € is a positive self-adjoint operator that “bounds” the un-
certainty described by the operator AA. The operator 0 is part of a Lyapunov
condition involving the nominal system operators. The operator @ is the bounded
positive-semidefinite self-adjoint operator solution for the Lyapunov condition, and
is the only unknown in the Lyapunov equation. It is assumed that 2 and @ both
exist. Satisfying the Lyapunov equation will ensure stability in the presence of per-
turbations described by the operator AA. The next theorem demonstrates that the

operator () is also a function of the operator Q.

THEOREM 5.3.3: Let 2 : H — H be a self-adjoint positive operator such
that
1) < A/i'z,_Q_:r >+ <QI,AA’1? > < <zr,z2> Vze™H
for all (AA,AB,AC)€eU.
Also, for a given (A, B,, C.), assume that there exists a Qe S (where S is the

class of bounded, positive-semidefinite, self adjoint operators) such that Q satisfies

the equation
i) AQ+QA +Q+V = 0
on D(A).
In addition, assume that (V'/2, A + AA) (where AA is defined by Equation

(167) is detectable for all (AA,AB,AC) € U. Then, A+ AA is exponentially stable
for all (AA,AB,AC) € U. Also,

O
>4
IA
KO

91

A

.........

S S A A T T R N I Oy o A g T N N A T N TGN N O AT A

Y e -
e a Y a a e T



-

.
-

.

>

where Q4 satisfies Equation (ii) and

J(A,, B.,C.) < tr[QR)]

Proof: Following Bernstein [9, 40], and recalling Lemma 5.3.1, for all
(AA.AB,AC) € U, Equation (ii) is equivalent to

(A+A4)Q+ QA"+ AA")+V + T(Q, B.,C.,AA) = 0

where T = Q — (A4Q + QAA").

Notice that, by Equation (i), T is nonnegative for all (AA,AB,AC) € U.
Since (V/2, A+ AA) is assumed detectable, then by Theorem 5.3.2, it follows that
([V'+ Y]/2, A+ AA) is detectable for all (AA,AB,AC) € U. Bernstein [10] Lemma
4.1 gives that this detectability condition, along with the assumption that @ is
bounded, implies that (A + A.A) must be stable.

Next, subtracting
(A+AA)Qa+ Qa(A+AA) +V =0
(which is a result from Lemma 5.3.1) from the first equation in this proof,
(A+AA)Q+ QA" +AA )+ TV +T=0
yields that
(A+A8A)Q-Qa)+(Q-Qa)(A+AA)+T=0

Since Bernstein [10] Lemma 4.1 yields that (A + AA) is stable, then Lemmas 4.4

and 4.1 of [10] allow one to write

Q-Qa =/0°°T(t)’rT'(t)dt > 0

92

P T e ) i e e LY L

e - .t N T e - SN AN NN AL
I N S A R O O I N N N T D N A Y, M PN AT M AR P A A AT AT TR Aol

|
|
i



-

e

D

LSSV Sal L SR 008 0403 10hrate ah ", SaV Cab A AR AL AP SR AASMERECASIAR Sol Ih Sub Seh Sifes R SR gy g 00 Jep A0 S Rl Bl S b Fat Ag% Syt Sl o) a0

G U Rt S N P it N AR I (i P

where T(t) is the semigroup generated by (4 + AA). Thus, Q2> Qa and as a result
t"[QR] > tr[Qa R
for all (AA,AB,AC) € U, so that
J(A, B..C.) < tr[QR]

Note that since @ is bounded, then this last inequality places an upper bound on

the sup tr[QaR). Q.E.D.

Theorein 5.3.3 provides a sufficient condition that ensures robustness, and pro-
vides an upper bound on the value of the cost functional J. By choosing an operator
Q2 so that conditions (i) and (ii) of Theorem 5.3.3 are satisfied, one can achieve ro-
bustness. The difficulty with the theorem is the ability to find an operator 2 that
satisfies the conditions. One would like to choose §2 so that it reflects uncertainty in
a meaningful way. and this may be difficult to do. Also, the existence of a bounded

operator Q is assumed.

5.4 Insights

Choosing Q is based on the type of perturbations one wishes to consider,
and depends on how one chooses to model uncertainty. Bernstein [9] gives one choice
of N that works for finite-dimensional problems in which uncertainty is described in
terms of stability radius. The only constraint on  is that it be chosen so that the
hypotheses of Theorem 5.3.3 are satisfied. Assuming that is done, then using the
operator ) allows one to accomplish a procedure like that of Bernstein [10, 9], so

that by setting the Frechet derivatives of the cost functional
L(Q» A B, C.) = tT‘[AQR + (/iQ + Q/i + 0+ ‘.’,)P]
(where XA and p are nonzero scalar Lagrange multipliers) to zero, one could derive

conditions similar in form to those of Theorem 8.1 of [9] with the obvious differ-
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ences due to operators being considered instead of matrices. The exact form of the

resulting equations depends on the form chosen for .

The advantage of this approach is that one can possibly address perturbations
other than bounded ones. The disadvantage is that an algorithm to solve the com-
plex coupled equations is not readily available. However, the approach does allow a

new interpretation of the LQG/LTR technique.

Let AB = 0 and AC = 0. Then one obtains that AA = AA. Following
the development of Bernstein’s Theorem 8.1 [9], one finds that one of the necessary

A.R.E.s that must be satisfied is
AQ+ QA+ Q.+ Q- QC R;'CQ +1.QC*R;'CQr] =0 (169)

Note that if AA and A A" are bounded, then one can choose Q) = B*BV' B*,

and as 3 — oc one gets that
N> AAQ + QAA"

Substituting @ = §2BV B* into this equation yields

BVB* > AAF% + %A.&' (171)

and the work of Matson [51] demonstrates that the operator EQ, monotonically de-

creases as (3 — oo since @ is bounded. Therefore, one can achieve robustness to
bounded perturbations by using a “tuning” procedure like LQG/LTR. Note that,
by doing this, one does not asymptotically recover a loop transfer function with
guaranteed margins, as was pointed out before. Also, this form for 2 will result in

the other A.R.E. given by
AP+ PA+ R, — PBR;'B"P+ 1} PBR;'B"Pr, =0 (172)
which does not invlove 2. The only assumption is that Equation (ii) of Theorem

5.3.3 be satisfied in order to guarantee stability. In this way @ will be admissible
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only if Equation (ii) is satisfied, which will also ensure that the cost functional J is

finite since _Q_ is bounded.

Thus, LQG/LTR can be viewed as a way to achieve robustness even under
the constraint of a reduced order controller, even though one is not necessarily
recovering a desired transfer function asymptotically. Also, note that if AA and
A A" are unbounded operators, then one cannot find a 8 large enough to satisfy
Theorem 5.3.3 when Q is chosen to be 2BV B*. This is similar to the problem in
Theorem 4.2.1 where one needs to find a 3 sufficiently large so that K is uniformly
bounded.

The O.P.E. approach gives an expanded view of the LQG/LTR technique when
the order of the controller is intentionally less than the order of the system design
model. Also, the O.P.E. approach allows one to choose other forms for  which may

give more flexibility as to how one models the system perturbations.

5.5 Summary

This chapter has extended the optimal projection equation robustness
conditions of Bernstein [9] to the class of systems described in Section 3 of Chapter
1. The O.P.E. approach for reduced order controller design was extended to infinite
dimensional systems by Bernstein in 1986 [10]. Using that work, Bernstein’s condi-
tions for robustness were extended to infinite-dimensional systems by following his

development in [9]. Thus, Theorem 5.3.3 is a result of his earlier work.

Section 5.2 demonstrated that one cannot recover a loop transfer function
when the order of the controller is less than the order of the design model. This

points out that one cannot perform loop transfer function recovery using a finite-

dimensional controller and an infinite-dimensional design model. However, as a
result of the O.P.E. robustness conditions of Theorem 5.3.3, a new interpretation
of the LQG/LTR technique was given in Section 5.4. It was demonstrated that,

although loop transfer function recovery does not occur when a finite-dimensional

-y 4 a4 4 a8
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controller is used along with an infinite-dimensional design model, one can achieve

- robustness to bounded perturbations by using the LQG/LTR technique. This is
\‘
an insight not before mentioned in the literature since the LQG/LTR technique
o has been used to recover loop transfer functions, and thus achieve robustness. The
t
N technique now has an expanded interpretation. It was mentioned that the solution
t d
) to the O.P.E. approach will, in general, be different from the one obtained by pro- -
. jecting the LQG compensator to finite-dimensional space. However, the lack of an
'\. algorithm to solve the coupled equations associated with the O.P.E. approach makes A
¥ it impossible at this time to evaluate differences. ;
L 7
The next chapter will develop a sufficient condition for robustness when the
L)
‘-:' transfer function is perturbed, instead of when the state space operators are per- |
K)

b turbed, as has been the case so far. The development is an extension of Curtain’s {
" . - . . o . ’
[22] sufficient condition which considered only additive perturbations of the system
K2 transfer function. y
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VI. Transfer Function Approach

&5

6.1 Introduction

v
| [
) Another approach taken in recent literature [16, 22, 33, 34, 30, 47| has A

’

been to consider perturbations of the nominal plant transfer function instead of the <
t
state-space operators. Let the nominal plant transfer function be given by 7
Grom(5) = CromT () Buom (173) 3
: .

where T(t) is the C, semigroup generated by A,,m. This has the corresponding

s

state equations

‘ .
4 Tnom = AnomTnom + Bromu (174) :
' v

Ynom = CLnomTnom ( 1 75) )

Similarly. denote the perturbation of the plant transfer function by

Gs(s) = CsTs(t)Bs (176)

where T((t) is a C, semigroup generated by an operator As;. The corresponding
state equations are

Ts = Asrs + Bsu

ys = Cs14

For additive perturbations of the transfer function, the perturbed plant has

the transfer function given by

G(8) = Gpom(s) + Gs(s) (179)

which can be written equivalently as

Gls)=1C Ci T((]” ° e (180)
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One thing to note is that, A that generates T;(t) is not equal to
Anom + AA, where AA denotes a perturbation of the system A operator (as was the
case in Chapter 5). This chapter deals with perturbations of the transfer function,
and not perturbations of the state space operators. Additive perturbations of the
plant transfer function are considered first in order to apply the robustness analysis
developed by Jacobson [47]. In Section 3, multiplicative perturbations will be con-
sidered. Multiplicative perturbations are preferable over additive since compensated
transfer functions (i.e. GA(s)) have the same uncertainty as the uncompensated
plant, and multiplicative perturbations correspond more closely to the classical ideas
that lead to the definition of gain margin and phase margin. Section 3 will apply
the sufficient condition for robustness developed by Chen and Desoer [16] which is
applicable to multiplicative perturbations. Section 4 will then extend the results of
Curtain {22] so that a sufficient condition for robust finite-dimensional controllers
for infinite-dimensional plants can be obtained. The approach will rely on H

techniques, and will be applicable to multiplicative perturbations.

6.2 LQG Robustness

The LQG design will yield a pair of operators A’y and A such that the
nominal system can be stabilized under the assumptions that (A4, B) and (A.G) are
stabilizable, and (4, C) and (A, Q}/?) are detectable. The closed-loop system with

the compensator included can be described by [47]

Gcl = CCITCl(t)Bcl (181)
where
0 -C
Ccl -
K. 0
K, 0
Bcl = !
0 B
98
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and T, (t) is the semigroup generated by the operator

A-BK.—- K,C -K,C
BK, A

Acl =

and Tu(t) is a stable semigroup with growth constant w = maxfw;,w;], where w,
and w, are the growth constants associated with the stable semigroups generated

by (A — BK,) and (A — K,C).

The closed-loop system will remain stable in the presence of additive perturba-
tions if T¢(1) is a stable semigroup (i.e. if K. and A stabilize the transfer function

of the perturbed plant as well as the nominal plant transfer function).

The transfer functions Gp.m and Gjs correspond to state-space realizations
(Anom- Brom-Crom) and (Ag, Bs, Cs) respectively. The triplet describing G is not
unique. and A; does not equal A 4 corresponding to a perturbation of the state-space

operator A (and similarly for B¢ and Cs). The corresponding state-space equations

are given by N
¢
inom = AnomTnom + Bnomu (182) ‘.

Ynom = LaomTyom (183)
and :
s = Agrs + Bsu (184) J

¥s = Cs1s (185)
(

which can be put into augmented state-space form as
inom Ano 0 Tnom B

= ™m no nom u (186) 3
Ts 0 As Ts Bé x]
3
9
ynm = Cﬂom 0 Inom (187) )
Ys 0 G Zs :
~
“w;
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Recall that the compensator is based on the nominal plant and has the state-

space equations given by
i‘c = (Anom - Bnom]"c - 1\’jcnom)xc + ]\’jyp (188)

u=-K.r, (189)

Using thesc state-space equations, the total closed-loop system with perturbations

can be described by

7. (Anom — BrombAe — KyCrom) —RiCnom —K;Cs T,
Tpom | = Boom K. Anom 0 Trom
Ts B. K. 0 As Ts
(190)
or r = A.1 and
T,
Yp = Yo + Ynom = [0 Crom  Cs] | Zpom (191)
Ts

Jacobson [47] shows that the system will be input-output stable (and thus
exponentially stable) if A, generates a stable semigroup. If A is the generator of a
stable semigroup, then A, will generate a stable semigroup whose growth constant

is determined by || K;Cs ||. This can be seen by writing A, as

(‘4nom - Bnoml\’c - 1\’jcnom) _1\"{Cnom ‘ 0 00 I —1\’_{05 3

A = Boom K. Awom VO [+]0 0! 0 (192) !
_________________ S 5

Bsh. 0" T A 070" "o ]

g

4

Proposition 4.7 of Schumacher [59] provides a sufficient condition for A, to

generate a stable semigroup. The following proposition is Schumacher’s Proposition

4.7.

PROPOSITION 6.2.1: Suppose that A;; and A, are generators of semi-

groups Ti(t) and T3(t) on the Banach space X, and X, with growth constants w;
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and w, respectively. Suppose also that A3, : X} — X, is a bounded linear operator.

Then the operator
0

A22

A=

is a generator of a C, semigroup on X} & X2. The semigroup has a growth constant

C T P P Ta o s |

equal to max{a.wy).

Proof: See Schumacher [59] page 86.

N N

..
'l.

Since the upper left block generates a stable semigroup, if A; generates a
stable semigroup, the preceeding proposition states that the first matrix term in
the expression for A, generates a stable semigroup S(t). A. will generate a stable
semigroup if || N;Cs ||<| w | where w is the growth constant of S(¢). Recall that
the triplet describing G5 is not unique, so that it may be possible to satisfy these

conditions for some state-space realizations and not for others.

If As does not generate a stable semigroup, it is not apparent how one would
determine the stability of the semigroup generated by A.. Thus, if one wants to
express perturbations in terms of transfer functions, it is not clear how to relate the
semigroup factors w and M to robustness unless the transfer function perturbations
have stable generators, which is a restrictive class. Because of this, one may wish to
consider another approach. One alternative is to use the transfer function algebra
discussed in Chapter 2. Chen and Desoer [16] have developed a set of necessary
and sufficient conditions for robustness for not only additive perturbations, but
multiplicative perturbations as well (a preferred model for perturbations). The next
section will present the result for multiplicative perturbations. This result will be the
basis for extending the work of Curtain [22] which demonstrates how to apply H..

techniques to the problem, and derive a sufficient condition for robustness of finite-

dimensional controllers in the presence of multiplicative perturbations. Curtain [22]

-
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Figure 5. Unity Feedback Control System

has developed sufficient conditions for robustness for additive perturbations using
an H, approach. This research will extend that work in order to consider not
only additive perturbations. but multiplicative perturbations of the plant transfer

function as well.

6.3 Robustness Sufficient Condition

Consider the configuration shown in Figure 5. This is the configuration
used by Jacobson {47] in his work. In Figure 5, P is the plant to be controlled,
and A is the compensator. Ignoring disturbances, let u; = 0. Jacobson has proven
that, for systems satisfying the assumptions of Chapter 1, the transfer function P(s)
belongs to the algebra B(o) described in Definition 2.5.5 of Chapter 2. Specifically,

the following theorem applies:

THEOREM 6.3.1: If the system described by

= Az + Bu z(0)€ D(A)
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satisfies the assumptions in Section 3 of Chapter 1 on (A, B,C), and if the system
is both exponentially stabilizable and detectable, then the transfer function P(s) =

C(sI — A)~!B has a representation in B(o)**" for some o < 0.

Proof: Sce Jacobson [47] page 14.

The fact that P(s) has a representation in B(c) will be important to the
development of the necessary and sufficient conditions for robustness. Note that the

stochastic system of equations is given by
r=Ar+ Bu+ Gu (193)

y=Cr+n (194)

However, the Gu and n noise terms do not alter the transfer function mapping P :
u — y. Thus, the plant input-output transfer function for the stochastic equations
is the same as for the equations in Theorem 6.3.1. Therefore, by Theorem 6.3.1, the
plant transfer function P(s) = C(sI — A)"'B is in the algebra B(c)"*" for some
o < 0. Jacobson’s proof of Theorem 6.3.1 also shows that the compensator transfer
function must lie in B(¢')*" for some o < 0. This idea is also contained in a theorem

by Nett [53].

THEOREM 6.3.2: If P € B(o)™™", and if K is a Laplace transformable
distribution which A_(o) stabilizes (input-output stable, see Definitions 2.5.2 and
2.5.6) the closed-loop system, and if either PR or K P is proper, then both P and

K have entries in B(o)™".
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A distribution is a linear continuous functional defined on the space of con-
tinuous functions which have continuous derivatives of all orders, and which vanish

outside some closed and bounded region (see [37] for details).

Proof: See Nett [53] pg 56.

Thus, since P can be assumed to be strictly proper (valid assumption since
the frequency response of any physical system is bandlimited) then one has that
h € B(o)™". Also, if K = K (the finite-dimensional stabilizing controller), then
clearly kK € B(o)™".

At this point the only measures of stability robustness have been the mag-
nitude of the exponential time constant, the magnitude of the semigroup bound
constant, or the operator Q for the O.P.E. approach. However, it is hard to re-
late model uncertainties to the exponential factor . A measure of robustness that
has been used in the design of finite-dimensional control systems [30, 32, 35] is the

singular value.

Let A € C™*" (where C™*" is the ring of square matrices with elements in C).
A ring is a set on which the operations addition and multiplication are defined,
and multiplication is distributive over addition. The largest singular value of A is

defined to be [63]
Omaz[A] = sup || Az || (195)

z||=1

which is just the L, norm of A. The algebraic properties of B(a) places the loop

gain operator PR (I + PK)~! in this ring, so that one can define its largest singular

value. Since for each w € R*
[PK(I + PK)'(jw)) e C™"

then Omar{[PK(] + PK)~'(jw)]} is defined. This will allow the singular value to

be used as measure of robustness for the systems considered in this research.
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Figure 6. Feedback Control System

One can put the LQG problem into the setup of Figure 6 by defining

P=C(sI-A)'B (196)

K =K. (sl - A+ BK.+ K,C) 'K, (197)
F=1 (198)

uy=Gw uz=1 (199)

Unity feedback is used in order to correspond to the development in Chapter 2. Since
F =1, then F € B(o)™™. This will be needed in development of the robustness
conditions. u, is the command input to the system. One may also consider u; as

an added input to the plant as well as a disturbance. This system will be denoted

as S(P.K,F).

Now, consider multiplicative perturbations since the compensated plant has
the same uncertainty associated with it as the nominal plant [30], and since they
correspond more closely to the classical ideas of gain and phase margins. Hence,

the perturbed plant P will be defined as P = (I + M,)P, where M, is an element
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of a class of perturbations. The properties of the perturbations will be outlined in
the last theorem of this section. The perturbed closed-loop system is referred to
as S(P,K,F). Recall the definition of A_(o) stability found in Definition 2.5.6.
A_(o) stability is the same as input-output stability. Jacobson’s work [47] provides

the following theorem:

THEOREM 6.3.3: If the system is exponentially stable, then it is A_(o)

stable for some ¢ < 0.
Proof: See Jacobson {47) pg 43.

Thus, since the compensator A" exponentially stabilizes the closed-loop system.
the nominal closed-loop system is A_(o) stable for some ¢ < 0. The question
is, under what conditions will the closed-loop system remain A_(o) stable in the
presence of multiplicative perturbations? Chen and Desoer [16] give necessary and
sufficient conditions for the robust stability of S(f’, K, F). In the theorem to follow,
I, is a scalar function that describes the uncertainty of the system as a function
of frequency, and np+ denotes the number of poles of the plant P in the right half
plane. The backslash notation used to define the perturbations M, (i.e. A_(c)\{0})

means exclusion of the zero vector.

THEOREM 6.3.4: Consider the multiplicatively perturbed system
S(P,K,F)with P = (I+M,)P. Let P € B(o)™" , K € B(o)™", and F € B(o)™™
for some o0 < 0. Also, let M, € M where

M= {M,: M, € [A_(0)] * [A-(a)\{0}])"};

M,P € B(o)"";

Np+ = Np+
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Omar|Mp(Jw)] < lm(w) Vuw € RY)}

Under these conditions, if S(P, R, F) is A_(c0) stable, then VM, € M,
S(P,K,F)is A_(c) stable if and only if

Omar[PRF(I + PRKF) '(jw)] < lm(w)™! Vwe R*

Proof: See Chen and Desoer [16] pg 264.

The size restriction imposed by the “tolerance”™ function [, on Af, implies
that the perturbation has no poles on the jw-axis. This, with the condition on
the number of poles of the perturbed system, implies that the perturbations do not
introduce additional right half plane poles. The function I, in essence defines the
size of the “ball of uncertainty™ around the nominal plant P, such that stability is
retained. by defining how large Af, (and therefore Af,P) can be. For a discussion of

[ (w). the reader is referred to [30].
Note that:

1) The description of M implies that M, € M may not be proper, but both
P and P must be strictly proper in order for M,P € B(o), which is assumed. As
pointed out earlier, this is not felt to be restrictive since the frequency response of

any physical system is bandlimited.

i) The description of M tells one that all elements M must belong to the
field of fractions of the commutative domain A_(o) (the algebra A_(o) forms the
domain of the field, and multiplication on this algebra commutes). This is needed

in order to make the proof work.

iii) np, is the number of right-half plane poles of P. Thus, it is assumed that

the number of unstable poles of P is the same as for P (i.e. the unstable poles of

fﬂ; f;fo"_ A r%f .\f - w\ﬁ\fx.kf o

e
MR x'\’\ N ~



P are obtained by moving around the unstable poles of P). This is needed in the
proof so that stability of the nominal system will imply stability of the perturbed

system.

Theorem 6.3.4 gives a singular value measure of stability robustness for dis-
tributed parameter systems, and it will have the same type of conservatism as dis-
cussed in [30]. Since the singular value is not structured, it assumes a worst case
bound for the perturbation for all channels in a MIMO system. This leads to con-
servatism in the design. This procedure gives a way to check sufficient conditions

for robustness of the closed-loop system.

Based on the work of Curtain [22], this measure of robustness can be used
in conjunction with H. techniques (the norm used to define the largest singular
value is the H,, norm) to give a design tool by which a finite-dimensional controller
can be evaluated for robustness. The next section’s results are a direct consequence
2 of Theorem 6.3.4 and Curtain’s results {22] for additive perturbations. However,
since Curtain only considered additive perturbations, the material in Section 4 is
presented in order to extend her work to multiplicative perturbations, which are

preferred.

6.4 H, Approach

Extending Curtain’s results [22] to consider multiplicative perturbations
follows directly from her work and that of [16]. However, it is very useful to accom-
plish since multiplicative perturbations more accurately reflect simultaneous gain

and phase change in a system.

The desire is to stabilize a family of plants described by the transfer function
G(3) = (I 4+ M))G rnom(s) (200)
using a finite-dimensional LQG based compensator which has the transfer function

K(s)= K.(sI — A+ BK.+ K,C)'K, (201)
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Figure 7. System with Multiplicative Perturbations

to Figure 6 with F=J and P =G..

To correspond with the definition of exponential stability, o of the algebra
B(o) will be chosen to be zero. The following assumptions will be needed in order

The problem corresponds to the block diagram of Figure 7 which is equivalent %
to use the results of [22] and [16]. 3

1. M,G(s) € B(0)™™ where B(0)™" is the Banach algebra developed by Callier
and Desoer [27, 12, 13, 14, 15, 26], and defined in Section 5 of Chapter 2.

2. G(s) and G(s) have the same number of poles in C* (the right half of the

complex plane).
3. G(s) e B(O)""’" with no poles on the jw axis.

4. || Mp(w) loo < fm{w) Vw € R* where f,,(w) is a scalar function of w.

5. K(s) € B(o)™" i



39° 4,8 ),

A
B
l.
L
‘ These assumptions are needed in order to apply the results of Chen and Des-
;'. oer [16], and are the same ones made by them in Theorem 6.3.4 [16]. The discussion
L . . . .
¢ of the assumptions following Theorem 6.3.4 applies here also. Assumption 3 and 4
)
) allow one to use results found in [12, 13} to express the perturbed transfer function
)
4 as the sum of a rational transfer function and a stable irrational transfer function.
[}
This will be stated more precisely later, and is essential to the development. As-
- sumptions 1 and 5 are made in order to apply the algebraic properties of the Banach
- algebra B(o)™™. Assumption 2 says simply that the perturbations do not introduce
2 additional right half plane poles, and allows one to conclude stability of the per-
N' turbed system when the nominal system is stabilized. Notice that assumption 4 can
e be equivalently expressed as ;
4 - L]
y | frl My o< 1 (202) :
o
: where the oc norm is defined as
: | * floc= SUp Omaz(*(s)] = €sssUP Opmar[*(jw)] (203)
- The small gain theorem as found in [71] gives a sufficient condition input- .
ﬁ output stability (i.e. a bounded input produces a bounded output). The open loop |
~l
:: gain is the operator which maps the input to the compensator K, to the output of
¥ the feedback. and is obtained by opening the feedback loop in Figure 7 just to the
h e
) left of the block labeled K (s).
h:.
) THEOREM 6.4.1: Let the feedback system be described by the block dia-
N
g gram of Figure 7. The system will be input-output stable if the open loop gain is
'E less than unity.
o
»
)
K Proof: See Zames [71] page 232.
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For the system of Figure 7, one can perform the block diagram transformations

as shown in [33, 34] and express the small gain sufficient conditions as

xx
i

| M,\GK(I —=GK)™' |l < 1 (204)
o 1
>, In view of Equation (202), a sufficient condition for Equation (204) to be satisfied '
N
Sl is
B~
| fnGR(I -GK) " e < 1 (205)
7,
3 which can be equivalently expressed as
s
-
‘ | GK(I-GR) " |lw £ fi! = Wil (206)
: Francis and Curtain [34, 22] refer to W'} as a sensitivity function. W} is any stable
- rational transfer function for which ||Wifle = f!, and for which W' is also a
N

stable rational transfer function. Notice that assumption 4 can be expressed in

terms of 117 as

| WM, fle < 1 (207)

Curtain’s development (22] is formulated in terms of two senitivity functions,
W, and W), were W, is also a stable rational transfer function. The assumption

she imposes is that ||W,M, ;|| < ¢ where ¢ is a positive scalar. Following her

-
P a T s s

notation and development , € has been set equal to 1, and W, = W;! = I.

E The nominal feedback system is obtained by setting M, = 0. It is assumed
-_: that a compensator has been chosen that stabilizes the nominal system so that the
.: nominal system is A_(O) stable as defined in Chapter 2, Section 2.5. Thus, as shown
in [16], the operators (I — GK)™', K(I - GK)™',(I - GK)™'G, and
[I-K(I-GK)~'G] are all elements of the algebra of transfer functions A_(0). These
facts allow one to manipulate these operators algebraically, and apply standard block
.: diagram type arguments.
:
"4
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The following definition is taken from Curtain [22]. In the definition, the
triplet notation is used to denote the feedback system of Figure 7 with perturbations

described by the sensitivity function W;.

Definition 6.4.1: The feedback system denoted by the triplet (G, W;, A') will
be called robustly stable if and only if (G + M,G, K) is input-output stable for all
perturbations M,G € B(0)™" satisfying assumption 2 and || WiM, ||< 1.

As a result of this definiton, a system is robustly stabilizable if there exists a
compensator k' € B(0)™" such that (G, W), K) is robustly stable. Since W, € RH>
(the class of stable rational transfer functions), then the fact that G € B(O)“"‘ with
no poles on the imaginary axis along with the condition of Equation (207) yields
[12] that

W,G=G,+G, (208)
Note that G| is the finite-dimensional unstable part of the system, and G denotes
the complex conjugate transpose of the transfer function matrix G;. In other words.
for the rational transfer function G,(s),Gj(s) = [G(=s)]". Also, G, € A_(0) (sta-
ble infinite-dimensional part) and G} € RH> (the class of rational stable transfer

functions) with G(oc) = 0 (rational transfer function with poles in C*).

In Curtain’s development [22], she shows that the system is robustly stable to
additive perturbations if the finite-dimensional transfer function G, can be robustly
stabilized. Similar results will be obtained for the case of multiplicative perturba-
tions by following the lemmas in her work. As in her work, one can write a version

of Chen and Desoer’s corollary (see [16] page 264) to yield

LEMMA 6.4.2: Under assumptions 1 thru 5 on page 108, (G, W), i) is

robustly stable if and only if (G, K) is stable under nominal conditions and

|GK(I - GK) "W, ||< 1
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Proof: See Chen and Desoer [16] page 264.

This then leads to the next Lemma.

LEMMA 6.4.3: Under assumptions 1 thru 5, there exists a compensator
= B(O)""‘ such that (G, W), K) is robustly stable if and only if

]\’ = (I + ]"102)-1]\’1‘1,1

for some K, € B(O)""‘ such that (G;. W, K}) is robustly stable.

Proof: Following the proof in Curtain [22], since W, and Wrle RH™, a .

block diagram type of argument corresponding to Figure 7 will suffice. (G,W 1K)

is robustly stable if
I GK (I = GR) W} |1
But. as shown by Curtain, this is true if and only if
| WiGKW (I - W GKW )W . <)
or equivalently (WG, W, KW'} is robustly stable. ;

Now, one can write W,G = G, + G, so that (Gy + Gy, Wy, KWT) is robustly
stable. Let A; = KW' so that (G, + G, W1, K3) is robustly stable. As shown in

Doyle and Francis [34], this equivalent to (G, W, Ky(I1 — G, K;)™") being robustly 3
stable. -
A

Let Ky = K3(1 — G, K;)™! so that (G, Wy, K) is robustly stable. Note that .'1

3

K; = K,\(I - GK;) = K, - K,GK, >

or equivalently

]\" =K, + ]\’1621"2 = (1 + 1\"G2)1\'2

113

. o . P _- ---------- . = B
N N A AT S RSO A AP AR A -..A_f--.uAL-f-(JA\J-J’AﬂA)‘-_‘d




S D 34, g A AL ARG A A Y2 4" = _ W RO P W W W W, VL hdd 3 v Vo \

------

so that Ny = (I + K,G3)"'K,; or .
‘" 1\’ = (1 + ]\'162)—]]\']”'1
The fact that I € B(0) if and only if Iy € B(0) follows from this last equation

) since G, € A_(0). Q.E.D.

Lemma 6.4.3 says that the total system is robust if and only if the finite-

dimensional unstable part of the transfer function is robustly stable with /'y and if

: I\ has the specified form. One can use this to yield the following corollary.

S

- COROLLARY 6.4.4: (G,W, K) is robustly stable if and only if ;

0y inf || GiRy (] = GUy) T S E

N

- Proof: This is an immediate consequence of combining Lemma 6.4.2 and

> Lemma 6.4.3. Q.E.D.

¢

At this point, when multiplicative perturbations are considered, a way to de-

: termine robustness of the system using a finite-dimensional compensator is available.

. Let K be the approximation of A" obtained, say, using Schumacher's technique. Then

E for a sufficiently high order approximation, the nominal system is input-output sta-

: ble. The question one has to ask is, how robust is the controlled system using this

b choice of K'? Corollary 6.4.4 gives a sufficient condition for K to satisfy that will

E ensure stability of the perturbed system.

':" Let G, be the part of the plant transfer function corresponding to the finite-

N dimensional unstable space. Then (G;, W) is robustly stabilizable if and only if .
| Gilsi(I = GiK;) W o< 1 (209) :

» .
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and, as given in Lemma 6.4.3,
Ky = KWN (= G Rw, ™! (210)

with G; = G\G,, where the backslash notation is used to denote the exclusion of

the operator G;.

Thus, given an approximation K, a sensitivity function W, and a nominal
plant transfer function G (and thus G, and G;). one can solve for I\'; and then

determine if G, is robustly stabilized with respect to W5. If this occurs, then since
K = Ky(] = Go KW,y (211)

which equates to
K=+ K,G,) VKW, (212)
Lemma 6.4.3 vields that the total system will be robustly stable using this choice of

K. Hence, one can reduce the robustness issue to a singular value test by applving

Lemma 6.4.3.

One thing to note is that A"'s robustness properties will be directly related to
the properties of the compensator K it is approximating. In a way just like that
described for /. the robustness of A should be evaluated. One should not expect
to get good robustness with A if A" does not have good robustness. Assuming i
has desirable robustness properties, it is not clear whether one should improve A'’s

robustness. or the approximation /', when A" is not robust enough.

Also. this approach allows one to leave the sensitivity function W7 undefined,
and solve for it, given G and KA. In this way one may be able to evaluate the
::' robustness of one design versus another, and therefore get some idea as to when an
approximation is good enough. An approximation K can be considered acceptable

when it satisfies the condition of Equation (209) for a desired W.

In a way like that used by Sandell [57], one can also develop sufficient con-

ditions which may have more physical meaning. Using the following sufficient con-



dition allows one to leave the sensitivity function W) undefined, and determine a
conservative estimate of the system’s robustness for a given G and K. Thus, if one
does not have a good idea of what type of perturbations to expect, the following
condition yields a conservative measure of the perturbations a system can accept

and remain stable.

LEMMA 6.4.5: Let 11| be a sensitivity function describing the uncertainty

of a system. A suflicient condition for the sytem to be robustly stable is

1
|7 -+ GR)7] i

W7 <

Proof  This condition implies that
=T+ GK) | W7 [x< 1

which implies that

W=+ GR)y?" M |l.<1

The identity [57]:
I-(I+GK)'=GK(1+GK)™!

can be substituted into the second inequality to yield
| GK(I+GK)" "M |lo< 1

and Lemma 6.4.3 gives the desired result. Q.E.D.

In this development, the sensitivity function W, of Curtain’s development
[22] has been chosen to be the identity operator and W), was the only sensitivity
function considered. This seems reasonable since many examples [22, 33] choose

W, = I. However, as shown in Francis (33, 34], one may wish to let W, be a second
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v . sensitivity function in order to describe the structure of the perturbations more

i. accurately. For example, one may want to model uncertainty at two points in the

s system. Using two sensitivity functions instead of one may allow one to do that.

o This research will not consider this since many of the examples in the literature

have not, and also, to do so is a simple extension of this work.

. The disadvantage of using H,, methods is the difficulty to solve the associated

. equations for MIMO systems other than delay equations. However, it is the only

5 method developed in this research that allows one to consider perturbations of the

5 transfer function directly. The other methods involve modeling perturbations as
changes to the state space operators. It may be difficult to do that if one only has

: input-output responses to describe a system. It is difficult to relate perturbations

? of a transfer function to a triplet of operator perturbations (AA, AB,AC).

h

: 6.5 Summary :

: This chapter began by analyzing the robustness of a system controlled

3 by a LQG controller, assuming additive perturbations to the plant transfer function. -
Only for the case of stable perturbations could stability of the closed-loop system be Ny

determined using direct analysis methods. Section 6.3 used the algebra of transfer N

functions discussed in Chapter 2, and presented a necessary and sufficient condition
for robustness for the case of multiplicative perturbations of the plant transfer func-

e tion. Since multiplicative perturbations are usually perferred, this result is quite

useful.

Using this result, along with the work by Curtain [22], Section 6.4 developed

¢ a sufficient condition for robustness using H., techniques. Theorem 6.4.2 provides Iy
ht

d a condition for robustness of the infinite-dimensional LQG controller when multi- :
'

plicative perturbations are considered. From this, Corollary 6.4.4 is developed which o

y yields a sufficient condition for robustness based on the finite-dimensional controller by
' and an infinite-dimensional plant. An alternative sufficient condition is presented K
X A
Ll =i
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in Lemma 6.4.5. These sufficient conditions can be used as a measure of the finite-
dimensional controller's robustness by leaving the sensitivity function W, undefined,

or they can be used to determine when a controller is acceptable when W, is defined.

The next chapter is an application of the techniques developed in this research. ‘

Some of the advantages and disadvantages of the approaches are discussed.
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VII. Application Example '

7.1 Introduction

This chapter contains a simple example that will demonstrate the ap-
b, plication of the techniques developed in this research. The equation considered is :

. a parabolic partial differential equation that describes the temperature distribution ‘
3 on an isolated uniform rod (i.e., it is a beat equation). The problem is not in-

; tended to be realistic, but rather is chosen so that solutions can be obtained and i
o the techniques applied without losing readers in the mathematical details. Since a ‘
' good design depends on many engineering factors, no attempt is made to get a best 3
E design. This problem is the same type as the one in Chapter 3 with the exception
; that the A operator has been changed in order to have two unstable eigenvalues.

]

y 7.2 Problem :

: Let the problem be given by :
g 1 82

EI(:,!)=(Fﬁ+4)r(:,1)+1u(1)+]w(1) 1>20,0<:<1 (213)

.*: with Dirichlet boundary conditions N

". z(0,t)==z(1,t)=0 Vi>0

and initial condition

z(z,0) =0 Vze€|[0,1]
Assume a scalar input (u € R') and a scalar output given by
1
y(t) = [ 2(z,)dz +n(1) (214)

with n(t) € R Vt (i.e. real valued). The state space will be H = L?(0,1) and

.

choose the strengths of the white Gaussian, zero-mean noise terms w and 5 to be
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Q. = I and Ry = I™™" respectively. As before, these choices are made to simplify

the solution so that numerical results can be obtained.

The domain of the operator A is defined by
2

DA)y={reH| %IEH;I(0)=I(1)=O} (215)

where A has been changed from the example in Chapter 3 in order to have two

unstable eigenvalues, and the operator A satisfies

1 &

Ar=(533

+4)r Vze D(A) (216)
The output mapping C is given by
Cr= /0] z(z,t)dz VzeH (217)
which can be written in inner product notation as
Cr = (l,z) (218)

which is simply the inner product of the function which is 1 everywhere with elements
in the Hilbert space H as defined by Equation (217). It is assumed that the output

vector y is to be controlled, and Q. is then chosen to be C*C.

Schumacher [59] shows that the operator A generates an analytic semigroup for
t > 0,and A has a discrete spectrum with simple eigenvalues at 4—:> (1 =1,2,...)

with corresponding eigenfunctions given by
é; = V2sininz (219)

which is a complete orthonormal set in L?(0, 1). Because of the simple form of B,G,
and Q,, Schumacher shows that (A,B) and (A,G) are stabilizable, and (A,C) and
(A,Q,) are detectable [59].

Following the same development found in Chapter 3, one can design a steady

state constant gain LQ controller assuming full state access as shown in Matson
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[51]. This yields for the regulator gain operator
K.=R'B'P. (220)

Let R. = I™" (again to aid in obtaining a solution), so that K. = P. where P,

satisfies the Riccati equation

< AR, P.k >+ < P.h Ak > + < Q.h,k >=< P.BR;'B*P.h,k > Vh,k € D(A)

(221)
As shown in Curtain (see [24]), P. can be written as
P.h = iip.’j < h,¢, > @, (222)
=)=
and one can solve for the p,,’s by solving the equation [24]
M+ )+ < Qi d, > = i ilp;kp.-, <R'B'¢:,B ¢, > (223)
As shown in Chapter 3, this yields )
(~2:2 +8)pi + 1 = p; (224)
Using this fact then yields
P.h = ip.'.' < h, ¢ > ¢ =Kh (225)

=1
In a similar way one finds that the steady state Kalman filter constant gain
operator is given by
K; = P,C*R}’ (226)

where P; satisfies the Riccati equation

< Ah, Pk > + < Pfhy A"k > + < Qsh, k >=< PyC"R;'CP;h,k >
Vh,k € D(A")  (227)

where for this problem A* = A and Qy is given by

5
-
“
z Q/h=GQ.G"h=Q,h Vhe™H (228)
:
»
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For this example Q, = I = Qy in order to make obtaining a solution easier. Also
by duality, P; can be written as
o
P,h:;;:lq.j <h o >9, (229)
With Q; = I and Ry = I™" (so that a solution can be obtained), the g,,’s can be
found from the equation

(—2:* 4+ 8)qi+1=4¢> (230)

and the operator I\'y can be written as

Kih=3gqi<ho > (231)

1=1

In order to apply Schumacher’s approximation technique, one must determine
if the eigenfunctions of (A — BK'.) are complete. As was demonstrated in Chapter
3. this is the case. This problem differs from the one in Chapter 3 in that there are
two unstable eigenvalues associated with this problem. Both of these eigenvalues

must be shifted to the left half plane in order to stabilize the system.

Using the quadratic formula, one can solve for p,, and g¢;; as given by

—2{24+8 N \/(—22'2 +8)2+4

Pu=aqu=—3 5 (232)
which for this example gives
gn = 6.16 = p,,
922 =1=px
g3 =.1=p3;3

and so forth. The resulting regulator poles will be the spectrum of the operator

(A — BK_) which is given by

oc(A—-BK.,)=)\-q,; 1=12,... (233)

122

AR AT AL DL
e Y ’ >

v .
\{\u J'-" -\-

o r g 2

'Y a3 X _F_R_B

3
:
L




:0.;' 2 i - S it pha il Jie spte, b s et - = A R i s D Mt i et At bt e’ S gt i e M i A AN S g N
e
“ [y
2 and the filter poles will be the spectrum of the operator (4 — K ;C') which is given
¥
by )
L) o
o(A-NKN;Cy=Xl—-p, 1=12,... (234) )
s The amount of spectrum shift that occurs is a function of the operators A and Ky, i
LS
which are determined by the A.R.E.s and therefore are a function of the operators )
> R;.R..Q;.Q..C,B. and (). 1
v
! : 7.8 Schumacher’s Approach
: The purpose of this example is to illustrate the application of the tech- f
. niques developed and explored in this research eflort. The first technique to be
N considered will be that of Schumacher [38, 59, 60]. One can choose the isomorphism
o
' R of Theorem 3.3.1 to be a projection operator that maps the Hilbert space H to a
A
finite-dimensional subspace Hy so that
o )
- Ky=RK;=PK;: R = H, (235) y
X | | |
- K.=KR'=K(P) ' H - R (236) p
- Let the order of the subspace be & = 2 and select the finite-dimensional subspace )
L
‘_':- so that Hy = H, where H, is the unstable subspace spanned by the unstable eigen- h
" functions associated with the eigenvalues i
‘.‘ Al = 3 A; = 0 ;
o
. L
(e 4
™ so that )
"y r
~ . 9
é = V2sintz ¢, = V2sin2x:
f *
’ This will give the following approximations for the operators K, and K ]
- ’
X - \ \.
Ky=7Y qui(+ )0 (237) ]
=1 o
'_:: . 2 i
:J, Ke=3_pul+.0)é, (238) 3
::. =1 1
A R
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The resulting regulator poles will coincide with (A — BK.), which are
B1 = A] - g1 = 3-6.16 =-3.16

H2=A2—q=0—-1=-1

Since for this problem p,, = g,;. the filter will have the same poles.

This approximation will provide a second order controller that stabilizes the
svstem with an exponential growth constant of -1. Therefore, this controller will
retain stability for bounded perturbations whose norm is less than 1. If one were to
solve for the semigroup generated by (A— BA.) and (A— A;C) and find a constant
M such that

[T ] < M

then one could use Lemma 3.4.2 and determine that the system would remain stable

in the presence of relatively bounded perturbations that satisfy
lall< alfAf

where a € (M +1)~'. Other than these two types of perturbations, it is not readily
apparent as to how robust the resulting closed-loop system will be. Also, for more
complicated problems, it may not be so easy to calculate resulting closed-loop poles

to determine the growth constant of the closed-loop system [17].

7.4 Banks Approrimation

Another approach one can take is that of Banks [7] as discussed in Sec-
tion 4 of Chapter 4. With this approach, one selects an approximation scheme and
uses it to approximate the state space operators. Then, using these approximations,
one can approximate the solution of the A.R.E. and base the finite-dimensional

controller on that solution. One possible approximation scheme is to use modal
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approximation as was mentioned in Section 4.4. Using this technique, one can write

A* as

CoPEA= S A (e 66 (239)

=1
and the semigroup generated by A* can be written as [51):
k
THt) = 3 eM(x, 8.0, (240)

=1

Also, the operators B,C, and Q. can be approximated as
B¥=P*1=P*
P*C = P1=P*
P*Q. = P*I1 = P*

Using these modal approximations results in the Riccati equation

k k

(M + 2)p0 + (P60 8,) = 35" pup,- (R B* ¢4, B 9,) (241)

k=1r=1

which yields the following equation for p,;:
(-2 + 8)p, + 1 = p}, (242)

This will result in the same controller that was obtained using Schumacher’s
approach. A different approximation scheme would likely result in a different con-
troller form, just as a different choice of the isomorphism R would likely produce
a different result using Schumacher’s approach. The robustness is analyzed in the

manner demonstrated the previous section.

7.5 Optimal Projection Equations

Because of the limited robustness analysis of the two methods used so
far, a different approach would be useful if it gave more insight into the robustness

of the resulting controller. ldeally it would be desirable to place the robustness
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constraint into the design equations. One such technique is the LQG/LTR technique
[51). However, that technique has not been extended to the class of problems where

A® is unbounded and R(B) U R(Qy) is not contained in a finite-dimensional space. ;

One could approximate the LQG/LTR technique as was discussed in Section
4.4, or one could use the O.P.E. approach {10] discussed in Chapter 5. The opti-
mum projection equations (O.P.E.) have been extended to the entire class of prob-

lems considered in this research. Using this approach, one must select operators A

and T which define the projection of the compensator. The resulting compensator
operators (see Equations (141) - (143)) are defined by:

A= F(A—QC'R,"C—BR:’B'P)A' (243)

B.=TQC"R;' =TK; (244) N
C.=—-RI'B"PA" = —K_ A" (245)

where Q and P satisfies the four coupled equations (see Equations (134) - (137)): .
AQ+ QA+ Q- QC R;'CQ+1,QCR;'CQ7 =0 (246)

AP+ PA+ Q.- PBR'B'P+ 1 PBR’B*Pr, =0 (247) &

(A~BRI'B*P)Q+Q(A-BR:'B"P)"+QC"R;'CQ+7,QC"R;'CQr; = 0 (248)

(A-QC"R;'C)y P+ P(A-QC"R;'C)+ PBR;'B"P+r; PBR7'B Pr, = 0 (249)

These four equations are coupled through the projection operator 7 = A*I",
and the solution involves the simultaneous solution of all four equations. This will in

[}
general produce a different solution than that obtained by projecting the standard

uncoupled A.R.E. solutions.

One possible choice of T is the projection operator P*, and then A* will be
the inverse of P*. At first it would appear that this would give the same result

that was obtained using Schumacher’s approach. However, the answers will differ
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in that. the approximation of K, K, appears in the defining equation for A, when

using Schumacher’s approach, but the O.P.E. approach has the operator K; in the

defining equation for A. (and likewise for K_.). This is due to the coupling that is

present in the A.R.E. when using the O.P.E.’s. One thing to note is that the O.P.E.

approach will include the Schumacher approach solutions by setting the noise term ;
@ used in Schumacher’s approach equal to the term Q, + TJ_QC'R;ICQTI used in

the O.P.E. approach (and similarly for Q.).

The O.P.E. approach will allow one to select an operator Q (which bounds
the system uncertainty) that satisfies Theorem 5.3.3, and thus achieve robustness
to perturbations by including 2 in the A.R.E.’s, as was discussed in Chapter 5. The
drawback to this approach is the difficulty in solving the coupled equations and the
lack of an available algorithm. Algorithm development is being persued by Hyland
[46] who has presented limited results for finite-dimensional systems. The algorithm

used by Hvland has not been published, and is not readily available.

7.6 H, Approach ,

The fourth approach to robustness that was discussed in this research
was the use of H, techniques of Section 4 of Chapter 6. When using this approach.
one needs to solve for the plant transfer function and the compensator transfer

function. For the problem at hand, the plant transfer function is given by
G(s)=C(sI —A)'B=(sI - 4)™"! (250)

Matson [51] shows that one can write (s] — A)~! as:
=1

(s1-A)" =Y —

=1

(t,qSl)é, (251)

Using this fact, and recalling the definitions of B and C for this problem, the

operator G(s) can be written as

G(s) = L~ 4)6, (252)

t=1
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A 1 1., -

G(s)K(s) = -)K

(K (5) = (=5 + DK ()
.. 77.9(s — 1.5)(s + 2.19)(s — 1.5)
K(s) =
Gls)K(s) s(s — 3)(s + 9.32)(s + 2)
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From Equation (197) of Chapter 6, the compensator has the transfer function

K(s)=K.(sl - A+ Bk .+ K,;,C)'K,

(253)

which, for a second order approximation (which is chosen since only two unstable

eigenvalues exist), can be written as

. 2 . . 2
K(s)= (X pu(xedo sl —A+ K.+ K)7 (Y qu(* 8)6,)
1=1 =1

-~

Note that the operator (4 — K. — 1;’,) can be expressed as

o

R . 2 2
(44 - 1\’C - 1\’!) = Z: A.(*s ¢|)d| - Zpu(*aél)¢x - Z(Iu(*» ¢l>é
=1 =1

=1
whicli for this problem is equivalent to

o0

(A= K.— Kp) =30 - 2p)(x 60,

=]

Using this equation, one can write the operator (s] — A + K, + ];’f)_

e

(sI—A+ K.+ K" =5 (x0)

where g, = (A, = 2p,,).

Substituting this into Equation (254) gives

2 2
]\'(S)z pll + P22
S— M S Y2

which, upon substituting for p;1, p22, p1, and p,, gives

. 38.95(s +2.19)
M) = ame+

Using this expression for A'(s) then yields that G(s)K (s) is equal to

I as

(258)

(259)

(260)

(261)
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G(s)h (s) can be expressed as in Equation (260) because p,, = 0 for 1 > 2. G(s) is

2 w_c s »
[

really an infinite sum as shown in Equation (252).

L R Y
[ 4

At this point one can use the H, sufficient conditions to evaluate the robust-

ness of this approximation with respect to some sensitivity function W, as in Section E
4 of Chapter 6. The system will be robustly stable with respect to W, if A
A

| GK(1 = GR) "W < 1 (262) .
or. using the sufficient condition of Lemma 6.4.5, the system will be robustly stable ‘
using this compensator if .,
W7 [ < L - (263) -

| {I-(U+GK)'} |« :
At this point one could substitute for G(s)A'(s) and plot the right hand side of E
Equation (263) to get a bound on the norm of the sensitivity function as a function !
of frequency. If the norm bound is too small in a frequency range of concern, then _
one would have to iterate the design of the compensator. However, as pointed out _
by others [30]. increased robustness at one frequency range will mean giving up A
performance somewhere. This tradeoff has to be made based on the goals to be :
achieved. \
The advantage of the H,, approach is that it allows one to model uncertainty ;

as either a multiplicative or additive perturbation, and the perturbations occur in -
the transfer function instead of the state space operators. The other approaches do i~
not allow for this since they are based on perturbations to the state space operators.
Since a transfer function description of a system and its perturbations is often easier )
to obtain than a state space model, in many cases, the H,, approach may be more \
advantageous. However, the disadvantage of the H, approach is that it is very '\_
difficult to solve the problem for MIMO distributed parameter systems. Even for A
finite-dimensional problems, MIMO systems are quite often difficult to solve using \
this approach, although techniques to do so exist [33]. "
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VIII. Conclusions and Recommendations

8.1 Conclusions

This research has considered finite-dimensional LQG-based control of
infinite-dimensional systems with robustness as a prime issue. In Chapter 3, Schu-
macher’s direct approach [59] to finite-dimensional compensator design was used
to prove the existence of LQG-based finite-dimensional controllers for the class of
systems considered in this research. Schumacher had proven the existence of finite-
dimensional controller, but he did not try to force them to be of any particular tyvpe:
this research did. Also, Schumacher never gave a proof that the finite-dimensional
controller that results from his approach converges, as the controller dimension is
increased toward oc, to the infinite-dimensional controller upon which the approx-
imation is based. This research provides that proof. Finally, the limited ability to
analyze robustness of the finite-dimensional controller obtained via Schumacher's
approach was pointed out. It was shown how one can evaluate robustness for the

case of bounded and relatively bounded perturbations.

Chapter 4 reviewed the LQG/LTR technique that Matson [51] extended in his
work. A sufficient condition was developed that, if satisfied, allows the technique
to be applied to a specific class of systems. First, it was shown that if the operator
K3 = (BVB* + 872Q; — B"YgC‘R}‘CYg) is uniformly bounded independent of
B, and if A3 is positive semi-definite, then the LQG/LTR technique is valid for
the class of systems described in Section 3 of Chapter 1. Second, it was shown
that the LQG/LTR technique is valid for the class of problems for which the inputs
are uniformly bounded (using the L? norm), the states are bounded away from
zero, the operator C is unitary, the adjoint of the B operator is bounded below,
and Q}/z is a bounded linear operator (see Lemma 4.3.3). The class of systems

is not physically meaningful, but both approaches taken to extend the LQG/LTR
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technique are different from that taken by Matson. It is hoped that these new
approaches wil shed new light as to how to extend the LQG/LTR technique to the
entire class of systems considered in this research. As an alternative, it was shown
how to use the results of Banks [7] to approximate the LQG/LTR technique. In the
same way that he approximates the solution of the infinite-dimensional algebraic

Riccati equation, one can approximate the LQG/LTR procedure.

Chapter 5 considered the approach being taken by Bernstein and others (10,
11. 46, 9. 45, 39, 40] to achieve finite-dimensional control, robustness, and optimum
performance at perturbed conditions, all in one design procedure. Using the optimal
projection equation approach, the recent results of Bernstein [40] were extended to
the infinite-dimensional systems considered in this research. The extension is a result
of the theory developed by Bernstein in [10], but the important result obtained was
a new interpretation of the LQG/LTR technique when the compensator order is
fixed to be less than the model order describing the system to be controlled. It
was shown that, even though one cannot recover a desired loop transfer function
when the compensator order is less than the “truth” model order, one can achieve
robustness to a class of perturbations that are a function of the modifying noise
term 32BV B*. As shown in Theorem 5.3.3, and discussed in Section 4 of Chapter
5. the class of perturbations are those for which A4AQ+ QA A" <N Vr € H, where
one can choose 2 = #°BV B* when the uncertainty is restricted to the A4 operator,

and A4 is a bounded linear operator. This is an insight not before demonstrated

in the literature.

Chapter 6 considered perturbations that occur in the transfer function. By
using the algebraic theory developed by Callier and Desoer [12, 13], coupled with
the work of Curtain [22) and Chen and Desoer [16], an H,, sufficient condition was
established that can be used as a design tool to evalute the robustness of a controller
to multiplicative perturbations. This is different from the results of Curtain [22)

which are for the case of additive perturbations. In this way her results have been
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5 extended.

S

5 Finally, Chapter 7 gives an example problem. The approach of Schumacher

[59] was used to obtain a finite-dimensional LQG-based controller, and its robust-

(]

ness was analyzed using the techniques of Chapter 3. Next, Banks’ approximation

v approach was used, and it was shown that, for the problem considered, it resulted

in the same controller that was obtained using Schumacher’s approach. The ad-
h vantage of using Banks's approach is that it involves approximating the algebraic
Riccati equations (resulting in a finite-dimensional algebraic Riccati equation), and

so can be used as an approximation to the LQG/LTR technique. Schumacher’s

P
technique involves approximating the solution of the infinite-dimensional A.R.E. for

: which LQG/LTR turn.ng has not been extended.
: The optimal projection equation approach is applied to the problem. but it is
_ not solved since an algorithm for solving the four coupled equations is not currently
E:‘ available. However, by looking at the structure of the defining equations, one can
" see that the result will not be the same as was obtained using Schumacher’s or
' Banks' approaches. Finally, the transfer function of the the system is established.
: and it is shown how to use the H, sufficient condition for robustness to evalute the
. controller design. In the example, a sensitivity function W) (which is inherent to
- the methodology) was not assumed. Rather, the problem was set up so one could
‘ solve for the W, that satisfies the robustness sufficient condition. In this way one
7 can establish a sufficient condition that, if satisfied, will guarantee robustness of a
v stabilizing controller.

.

N 8.2 Proposed Design Procedure

E Based on the developments in this dissertation, a proposed design pro-
: cedure is presented. This procedure is just one possible approach to the problem.
L’ A better procedure may be possible by changing the order of the steps, or by per-
é forming any of the steps in a different fashion.
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: 1. Determine the operators K’y and K, using the optimal control theory of Chap- X
) d
h ter 2, that provide an acceptable degree of exponential stability of the closed- ]
M L
! loop sytem. Y
2 2. Adjust the operator K. if necessary to ensure that the eigenfunctions of (A4 —
; BK.) are complete.
K 3. Determine the exponential growth constant associated with the operator (A —
- K;C). Adjust K if necessary so that the growth constant of (A — K,C) is
::i sufficiently less than zero. Increasing this growth constant will likely lower the
‘ order of the finite-dimensional controller since the magnitude of the growth
ad constant determines how closely Ky has to be approximated (see Theorem
- 3.2.2).
"~
L™~ . . . . . .
- 4. Use Shumacher’s approach to design a finite-dimensional approximation of the
v infinite-dimensional LQG controller.
-j: 5. Use a robustness enhancement technique, and determine the robustness of the
- system with respect to the type of perturbations one wishes to consider.
‘. 6. Determine the closed-loop pole locations and analyze the system’s robustness
L4
':' and performance.
.
[
. Clearly, there are alternatives for some of the steps. For example, if the
»:: LQG/LTR technique is valid, then one could include robustness recovery as part of )
- the design in step 1. However, if one is approximating the LQG/LTR technique, y
o A
_::: then the robustness recovery will take place when the finite-dimensional controller is 4
- designed. Also, since none of the approaches can consider every type of perturbation, f
‘ :
. the type of perturbation will influence the steps in the design. Finally, iterations at ]
! .-: one step may impact the ability to perform a later step. Therefore, the procedure i
™ . )
’ may not be as sequencial as indicated. It may be better to do some steps at the same
> time. Development of a good design procedure using the results of this dissertation R
N R
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is a good topic for future research. The procedure given here is simply a starting

point.

8.8 Recommendations

There are several recommendations for future rescarch. It would be
very helpful to develop an algorithm for solving the optimal projection equations.
It may be possible to use an approach similar to that of Banks and approximate the
solution. However, this would mean solving the optimal projection equations in a

finite-dimensional form. and the algorithm for that is just now being developed [44].

Obviously, it would be worthwhile if one could extend the LQG/LTR technique
to a larger class of systems than that for which it is currently valid. It is hoped that

the work found in Chapter 4 will give some insight as to how to do that.

Also. it would be interesting to see if Schumacher’s approach could be extended
to incorporate robustness. If the LQG/LTR technique is ever extended to the entire
class of problems, this could be used as the basis of the approximation. Also.
by making a connection between the optimal projection equation approach and

Schumacher’s, it may be possible to gain insight into this.

Another area for research is considering other types of controllers. This re-
search considered regulators. It may be useful to consider proportional plus integral
controllers as was done by Pohjolainen [55]. Trackers, disturbance rejection con-
trollers, and other forms of controllers also warrant attention. One also needs to
consider the issue of performance which was ignored in this research. Increasing
robustness is normally accomplished at the expense of performance at design con-
ditions. A tradeoff occurs in practice, and it would be worthwhile to express this

trade-off in mathematical terms for infinite-dimensional systems.

As was mentioned earlier, it would be very useful to refine the design proce-

dure of the previous section. It is unknown exactly how the design steps interact.
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:',j . However, it is believed that the LQG/LTR is valid for the entire class of systems

N considered in Chapter 1. This is expressed in the following conjecture.

Y

“

. Conjecture: For the class of systems described in Section 3 of Chapter 1, the

o

5 operator Kz of Theorem 4.2.1 is uniformly bounded independent of 3, and is either

‘0

o positive semi-definite, or negative semi-definite.

,[ |

v The conjecture allows h's to be either positive or negative semi-definite since
; ;: Theorem 4.2.1 can be proven for either case (just reverse the signs in the proof).

Though neither condition has been proven, it is believed that one or the other will
! be true. :
N :
N Finally. it would be worthwhile to extend any of the results in this research to .
the case of unbounded B and C operators. This would make the results applicable -

:: to a larger class of problems.
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the exponential growth constant of the semigroup generated by
the system A operator is not the only measure of robustness.

*» Several types of perturbations are considered, including

bounded, relatively bounded, additive, and multiplicative. -As—4a
“teswit, several approaches to analyzing robustness are developed.

Direct analysis using results from functional analysis is

accomplished, followed by an approach called the gptimal

projection equation approach, and then H-infinity techniques ars

used to develop a sufficient condition for robustness in the

presence of multiplicative perturbations of the plant transfer

function. It is pointed out that each approach can be used to

account for different types of perturbations.

A development in this research is®*a new interpretation of
the linear quadratic Gaussian / loop transfer recovery technique
(LOG/LTR), for the case of reduced order controllers. JThe
technique can be interpreted as modeling system uncertainty
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Also contained in this research is a sufficient condition
For which the LQG/LTR technique can be extended. The development
of the sufficient condition is different than approaches taken by
others, and may provide the needed insight to extend the LRAG/LTR
technique to the class of problems considered without any added
assumption being required. A way to approximate the LQG/LTR
technique is also given. o
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