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Cover: Geometry of a semi-infinite soil mass,
initially at a temperature above freez-
ing, that freezes due to a constant
surface temperature below freezing.
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PREFACE

This report was prepared by Dr. Virgil J. Lunardini, Mechanical Engineer, Applied Re- ¥ ';
i search Branch, Experimental Engineering Division, U.S. Army Cold Regions Research and .
Engineering Laboratory. This study was conducted under ILIR 6XX 71462, Heat Transfer ®
with Freezing or Thawing. iy
The author thanks Dr. Yin-Chao Yen and F. Donald Haynes of CRREL for their techni- Ny
cal reviews of this report. Y
A The contents of this report are not to be used for advertising or promotional purposes. Ci- ti '.
. tation of brand names does not constitute an official endorsement or approval of the use of bR
. such commercial products.
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b Freezing of Soil with an Unfrozen Water Content 3*
1 and Variable Thermal Properties O
) A
¥ Wy
VIRGIL J. LUNARDINI o
o
Y INTRODUCTION ' n
: o
The mathematical theory of conductive heat transfer with solidification has been largely ot
confined to materials that change phase at a single temperature. The best-known problem of ®
. this type is that of Neumann, and its solution has been widely used for the freezing of soils o
/ (Neumann 1860, Berggren 1943, Carslaw and Jaeger 1959). However, for media such as S
f' soils, the phase change can occur over a range of temperatures (Anderson and Tice 1973, ::.g, !
": Tice et al. 1978, Lunardini 1981a). In other words, at any temperature below the normal o
4 freezing point, there will be an equilibrium state of unfrozen water, ice and soil solids. Figure 5'.-~
1 shows the geometry for a semi-infinite soil mass, initially at a temperature above freezing, o
1 that freezes due to a constant surface temperature held below the freezing point. The phase b

)

change is assumed to occur within the temperature limits of 7, and T, representing mini-

*
) mum and maximum phase change temperatures. ?' ‘
' Figure 2 shows the unfrozen water ¢ as a function of temperature for a typical soil. At T; ? "f

" all of the water is in the liquid form, while at T, the free water is all frozen. There may be a o
residuai amount of bound water, denoted by &, thal will remain unfrozen even at very low A

temperatures. It will be assumed that for T < T, unfrozen water may exist but no phase

3 change will occur. The region T, < T < Tyis called the zone of phase change, or the mushy
4 zone. In this region, water will solidify to ice, and unfrozen water and ice will coexist. As
4 (Ty— Tyn) — 0, the phase change will approach the typical Neumann-type problem, which is

i i

) 2 3
ice + Water Ice + Water Thawed
No Ph Ch:
To b= Jange| PraseChange | ' 2 | 3
p—= Thowed
Tf & ° r—-—— -4 — — — —
L |
o }
4 T ¢ |
: x |
: S gl 2 L
| s
. a ] FoE
' I‘ I.
b b % 8 Tm Tf -':'f
5 ¥
- o . ge g . . . o
'Q Figure 1. Geometry for solidification with Figure 2. Unfrozen water vs temperature. o
. a phase change zone. e
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particularly valid for coarse materials such as sands and gravels. The form of the { function ] A
for soils can be expressed by different functional relations. The simplest relation is linear: '-;"'
”
A
E= bt 25 (T-Tp (1 .
ATy, ®
c"
where Af = & —§&; and AT, = T¢— T,. Another functional relation, which can closely : v
model the data and is easy to manipulate analytically, is a quadratic form: oy
o
2A¢ At ; :
— “=s - - — T w
E—Eo+ATm(T Tf)+A7;’n(T To) . (2) °

If &, £;and AT, are the same for these functions, then the mean unfrozen water slope 4¢/dT
will be identical.

The thermal conductivity and the specific heat within the mushy cone are functions of the
unfrozen water and may be represented by

(ki—k

k= ku=— Y (¢t 3)
(Ci~Cy)

C = cu——fAE—"(e—so) 4)

fully frozen and fully thawed thermal conductivities and
fully frozen and fully thawed specific heats.

where k¢, k,
CnCy

h

Obviously these properties are functions of the particular form of the unfrozen water func-
tion (Frivick 1980). Within the fully frozen region (zone 1) it is assumed that the thermat
properties are constant and equal to the frozen values, while for the thawed region (zone 3)
the properties are constant and equal to the thawed soil values.

Tien and Geiger (1967) and Ozisik and Uzzell (1979) used an unfrozen liquid content that
varied with position within the two-phase zone. They did not deal with soil systems, how-
ever. Cho and Sunderland (1974) found a solution for the freezing of a material with the
thermal! conductivity varying linearly with temperature; however, the material changed
phase at a single temperature.

BASIC EQUATIONS
Consider a small volume of material within the mushy zone. Energy will be conducted in
and out of the volume, and laten! heat will be released during solidification (Fig. 3). Thus the

problem is one of conduction with a distributed energy source. The governing equations
were derived by Lunardini (1985, 1988). The net conduction is

d d
Ax—dx+ax = ﬁ(k 5;1—)4' Ax. 5

The latent eneryy released due to solidification of a mass of water Am,, is as follows

Agg = —fAmy = —{ygAfAx. 6)
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The energy equation in the mushy zone is

d( aT 3 _ . aT
5)‘:(" ax)"’“’d a - C o

oy

e Ve e

)

The most general case will be a problem with three regions as shown in Figure 1. The equa-

tions for region 1 are

T, 1 a7,
axz [2 4] (91

T.0,0) =T,
T(X,, 1) = Ty

aT(X) _ 2T X))
kY = k) =52

For region 2 (the mushy zone)

21T _ (04 1y 2T
3x(k ax) ={C+ bt d7€)aat

TuX,, 1) = Ty,
X, 0) = T;
ALK _ , X

KX) —5x P ax
The thawed zone is governed by

’7T, 1 a7,

ax? - oy dt

lim Thx,) =T,

X—

Tix,0) = T,

TJ(X’ ') = Tf.

(8)

(8a)

(8b)

(8c)

&)

(92)

(9b)

(%)

(10)

(10a)
(10b)

(10c)
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With these relations the thermal conductivity and specific heat in region 2, for the linear ¢
case, are

[ 2F S Sar WL AR N
-

; P o
.'\, A A

k = ko(1+8.6) (11a)

.\.

C = Co(l +8.6,). (11b)

l.;l.'. "% 4
I’?

For the mushy zone with variable thermal properties, eq 11a and b will use ko = k,and C, =
C,- However, the use of the general notation &, and C, allows the properties in region 2 to be
specified independently of the frozen or thawed values if the thermal properties are constant
(Appcadix A).

O

,'.l.'.':'.'-

2
T X

-

-
%l

N

5

In the mushy zone the following transformation will be used:

L2

01
v = ki [ k(6:)do.
%0

RERTREA

For the linear £ case the function y can be evaluated explicitly:

. S
L S S W N

|,// =01+‘62_l0§.

t ) I- q
i

RS

Then

,_.
s

k=kov1+268.¢

v g v
' ®

VI+28¢y -1

b: = =5

*y N YNy
t"n‘('i'

The transformed equations are as follows:

a0,
ax?

NN A

6.(0,1) = ¢

-
L N A ]

06X, n =1

1@ T

Fam 4
L S
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p 2, 36, S" '
: k, P (X\,t) = k(X)) Ep (X, 1). (15¢) ‘-:.;
&
’ The equations for region 2 are written only for the linear £ assumption (the details are given ; '
in Appendix A): e
&
“
Ay (E:‘ W
: VI+28.Y o = d (16) : 5
% %
Ln A {I:
. WX, =0 (16a) 5.
. .
8 t
- WXL 0) = 1+6,/2 (16b) s
- "
v {.’:
A _ 4 96
C ko SE X0 = ks X0 (16c) 2N
{ ]
3 ™
" aF = (1 +0-B)Y + g%(l +28:9)". (17 oy
] 't
3 %
H
,. The thawed region has the following relations: f’&
— t" o
a6, _ 1 46 ®
. wx  w ot 18 e
-N'
. :\4‘
. lim 6,(x,0) = — o (18a) ey
D) :‘ X— 0o k-' A
8(x,0) = — o (18b) O
v .
Y 0:(X,t) = 0. (18¢c) e
‘1"\ 2
Y Ny
: Exact solutions for the three-zone problem with variable thermal properties—even with a })‘ '
o linear £ function—have not been found. It is possible to obtain approximate solutions using *‘.‘(')
: the heat balance integral; however, before doing this it is useful to examine the simpler two-
; zone problem. If the surface temperature T; is greater than or equal to the minimum phase NN
': change temperature, then a completely frozen zone will not exist. Thus we need only examine :::\- '
A regions 2 and 3. o)
¥ )
N
TWO-ZONE PROBLEMS 2.
5 .:‘: J
¥ The two-zone problem is simpler than the three-zone case and will lead to results that can o :l
& simplify the need for the full three-zone problem. The linear unfrozen water case will be ex- ::-,.
- amined for both variable and constant thermal properties, while the quadratic water content :’ -.:'_'
case will be evaluated only for the constant property problem. This will be shown to be ade- [
« quate for the general problem. :;.':-'
[ e
N Linear unfrozen water function :\

) 4
R
7t

- Variable thermal properties
Equations 16-18 are valid for this case except that the boundary condition in eq 16b be-
comes

N -
w
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2
b Wo,0 = ¢+ -——6'2"’ =P, (18d)
Wy
4
N An approximation of the solution may be obtained with the heat balance integral method.

The heat balance integral method has been adapted to problems of freezing in soils systems
by Lunardini (1981b, 1982, 1983) and Lunardini and Varotta (1981). The equations for the

M heat balance integral method are well known and will not be derived here; the interested
:. reader can consult Lunardini (1981a) for details. Referring to Figure 1 and Appendix B, eq
- 16 and 18 become
y
. X " x
2 { VT+2B:¢ a—‘f dx = 1[ f F(x.t)dx—F;X)l (19)
LA 0 ax drl,
<
- 36, i}
.: —~ Qs a_x (X,t) = E[/{, 0:dx + ¢06] (20)
where
Ry e
\ : Fz = 35“6 . :'{ ‘
R~ oM 3
k> vh
For the heat balance integral treatment, eq 18a and b become ot
Wy S
] Y
s' 0:(8,8) = — o (18¢) o
i' » £
a6
3 5—)—" 6,0 = 0. (18f) ‘
o ;-
v Quadratic temperature profiles are assumed for  and 0, since experience has shown that N
_j they yield good results for the heat balance integral method: ‘:..:
2 2
3 ¥ =bX-x)+c(X-x)? @n hes
, e
< 6—x\?
!. _: 6, = ¢o[(a*—_ X) -1 (22)
NI
"‘
:'. where
o 2
b=i—x
’_“
. cX?* = P-bX.
To simplify the algebra the following parameters are defined:
W
L
) 6-X = BX. (24)
., The use of eq 23 and 24 is not a constraint on the final solution.
I
N 6
R

- ) ‘*v -*- '* Jl' v-"-v-
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:. The solution of eq 19 and 20 is straightforward but tedious. The algebraic manipulations

& are given in Appendix B. The unknown parameters y and B can be found from the following
't

b equations:

1
¥ = - (25)
‘ B (3‘ + 1)
; k0.B(5 +1) = [F, (% + X +F,(Q,—1)]a, 26)
L3 l AIB’
L/ VN A ( ) - ‘21?)
= —— + - WN-1)+ In
Q 2 raval WBK 9
w
v _ ﬁ)’
0 = (v i(l— A8, ]+ VN AN-1) 3(1 - 5¢) mo
« : 4 [ 2 2K ) 8 K 8v28.K
B
) 0, = V2. K+ 812K+ A)
b ’ V2B.K + B.A
¥,
> N=1+28P
{
: _ 2
4= 73
)
)
K=P-A
B 6 ¢2
" P=or=
N 1
F = ;o(l +ao—3u)-
. Constant thermal properties
O The constant-thermal-properties solution follows from the preceding case if 8., —0 and
: B, — 0. It can be shown that, for 8, = 0,
¥
\ lim Q =1 (27a)
\ 8i—0
) lim Q,=1 (27b)
» 8 -0
’, lim ¢ = 6,. (7¢)
B—0
; For the constant-property case, o, becomes «, and g, = o, o = \. Then the solution is
. 2X A
o (B- ;)(B+ 1) -(1 + 2—B>(1 + )z = 0. (28)
- The parameter + is again found from eq 25.
.
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For this case an exact solution is possible by using a similarity transformation, as was
shown by Lunardini (1985). The solution is

erf(x/Z iﬁ)

02 1 + o
o A VT 29
o erf yvVasx(1 + o) @9)
x
erfc{ — -1
& ____L(W“” (30)
bo erfcy
Nerfyvan(l +0) = Van(l + o) erfcy -7l +ol-1] @31
where

2 X
erfx = = [e% dz

=

is the familiar error function.

Quadratic unfrozen water function

When a quadratic unfrozen water function is used (for example, eq 2), it is not possible to
find a closed-form solution for variable thermal properties. Thus a heat balance approxima-
tion will be used for constant thermal properties.

The equations for region 2, using eq 2, are

2
- %,—’- - % [ +20)6; — 06}] 62)
6:(X,1) = 0 (32a)
8:X,, 1) = 1 (32b)
36, 6
ki 0 (X,0) = ks 30 (X,0). (32¢)

The heat balance integral form of eq 32 is

X
w2 xo- B o0 - %f, [(1 +20)0; — oti1ds. G3)

Equation 20 is still valid for region 3.
The temperature profile for region 3 is again eq 22. The temperature in region 2 is assumed

to be
0, = b)(X—x) + C](X—x)2 (34)
where
2\
b|X - ‘B‘

2
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cX? = ¢._ —_—
. ' B’

The equation for B is now

@B - 2B +3) = a,,[(% + ¢)(l +20- 3?") - % ‘;T":] (35)

The parameter v is again found from eq 25.
The two-zone solutions can be compared by considering some specific cases. For example,

, consider a typical soil with the following properties suggested by Nakano and Brown (1971):
! T, = 4°C
;=0

) Tm = —4 (thus¢ = ¢ = 1)

! _ gram water
b =02 gram solids

& = 0.0782
K Yq = 1.68 gram solids/cm’
{ = 80 cal/gram water

St = 0.1539.

L

The soil thermal properties and the results of several cases are summarized in Tables 1 and 2.

. e . ®
Cases 1-3 show that the effect of specific heat variation is not important and can safely be -\v;.;u
neglected. However, case 4 indicates that the thermal conductivity can cause 15-25% varia- i
. . » - - L
tions in the rate of growth of the freezing zone. Case 5 uses average values of k and C within N .
oA
(SASY
vinll
Table 1. Effect of thermal properties on freeze of soil with average properties and linear £. °®
Y
1 Difference _:’_'_.Q ¢
C, ke from case 1 :.‘-‘: P
Case f(cal/cm’-°C)  (cal/s-cm-°C) B, 8. ¥ (%) Comment '.:H. Y
l [l S
\ L%
\ 1 0.63 0.0058 0.431  -0.1429  0.3988 - Base case with variable &, C. g_{'.;,
: 2 0.63 0.0058 0.431 0 0.3996 - 0.2 Constant specific heat, C = 0.63. °
3 0.54 0.0058 0.431 0 0.4016 0.7 Constant specific heat, C = 0.54. 1
4 0.54 0.0083 0 0 0.4575 14.7 Constant k, C.* ‘el
A‘ ] 0.585 0.0071 0 0 0.4126 3.5 Constant &, C.1 e
! 6 0.54 0.0083 0 0 0.4277 7.2 Constant k, C,* exact solution. G
v,
', *hky = k=0008 C:=C=054 k=k C=C, ::_‘:’
ks +k Ci+ C, A
th==5=2 =000 G = 5= 085, d

L T A a O, \-“r_ "
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Table 2. Effect of thermal properties on freeze of soil with extreme property variations.

Difference
C ke Jrom case !
Case (cal/cm*-°C) (cal/s-cm-°C) 8. 8, ¥ %) Comment
1 0.63 0.0058 1 -0.50 0.4626 — Extreme properties, linear ¢, variable k, C.
2 0.63 0.0058 1 0 0.4607 -0.4 Constant specific heat, C = 0.63, lincar {.
3 0.315 0.0058 1 0 0.4696 1.5 Constant specific heat, C = 0.315, linear ¢
4 0.315 0.0116 0 0 0.5671 22.6 Constant k, C,* linear £.
5 0.473 0.0087 0 0 0.4726 2.2 Constant &, C,1 linear &.
6 0.315 0.0116 0 0 0.5304 14.7 Constant k, C,* linear £, exact solution.
7 0.315 0.0116 0 0 0.5226 13.0 Constant k, C*, quadratic .
* k, = k; = 0.0116 C:, = C; = 0.315.
kf + ku CI.I + Cf
t k; = 3 = 0.0087 C = — = 0.473.

the mushy zone, and the effect of variable properties can be adequately taken into account
by using the constant-property solution with the average of the fully frozen and fully thawed
thermal properties.

Cases 4 and 6 compare the heat balance approximation to the exact solution (eq 31). The
approximate solution is within about 7% of the exact solution. This tends to verify the ac-
ceptable accuracy of the heat balance integral method.

The effect of the different unfrozen water content functions can be deduced from cases 4
and 7 of Table 2. The growth rate for the quadratic water function lags behind that of the
linear water function by about 9%. This was also noted by Lunardini (1985). Since the
quadratic unfrozen water function will be a more accurate representation of an actual soil,
the quadratic solution is presented in Figure 4 for the two-zone problem.

taTT B S N I 1 1 N R S O Y AT T T N B

T

=10
4oge
- 03— —

10
0 L Lt Lo bl
[ Csz4io 100 | 0 100
A co o

a. ¢ = 1, Qayy = 0.1, 0.3. b. ¢ = 1, 32 = 1.0, 0.6.

Figure 4. Quadratic solution for the two-zone problem.
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- THREE-ZONE PROBLEMS =~
- \\ -
" . . : }':':‘
- Since the variable-property case can be adequately handled by an appropriate constant- P
~ property solution, only the constant-property problem will be examined. 3:,'-::
‘4 l" A
Linear unfrozen water function S
D) o .
x ot
: Exact solution .-': \
a Equations 15 and 18 are the governing equations for regions 1 and 3, while the equations )
. AN
e for region 2 are “a
[ )
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o L =(1+a)%i; (36)

6:(X,1) = 0 (36a)

6:(X0, 1) = 1 (36b)
36, 36,

ki 22 (X0 = ka2 (X,0). (36c)

The similarity method was used by Lunardini (1985) to obtain an exact solution to this
problem. The solution is as follows:

ff X_
er (2 alf
6 = (1 -o¢)1+ T 37
N Y X
erf yyvas(l + 6) — el‘f<—-a:—>
P 2 Vi+o 38)
P erfyvan(l + 0) —erf pvan,(1 + o)
erfc< _x_)
_ 2va,l
6, = [_E'Y_— - l}d)o (39)
X = 29Vant (40)
X = 2yvVast. 41)

The parameters » and v are found from the simultaneous solution of the two following equa-
tions:

Vo (1 + o) (erfey)e Y lenll + 11 = \[erfyvan:(1 + 0) — erfyvan(1 + o)) 42)
(¢ — el el +Merfy \Jo,(T+ 0) — erfyvanz(l + 0)] = kavan(l + o)erfy. 43)

Lunardini (1985) showed that this solution approached the Neumann solution as the phase
change zone decreased (Table 3). It is clear from Table 3 that the solution does converge to
the Neumann solution as (T;~ Tp,,) —~ 0. The thaw/freeze interface greatly exceeds the value
for the Neumann solution if phase change occurs over a 4°C zone as in the example calcula-
tion.

Heat balance integral solution
The heat balance integral equations for the three-zone problem are as follows:

X,
601 6_01 = i - 44)
Ak X0~ 35 0= d:é“" 1)dx (

0.(0,‘) =¢ (443)
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» 0
K% A
' 0|(X,,t) = l (Mb) v}"-
p B X =k 2 x0) (44c) %
: e 4
[
s a 6_0_1 (X,0) — 8_0_’ X t)] =(1+0) —d- ?0 dx+X] 45) ‘;".
d lax 7 ax " arly ™ t-{ J
: 2
0:X,1) = 0 (45a) L
i bty!
B:(X,, 1) = 1 (45b) o
e
8 39 30 v
K 772 = b4 N
’ ox (X, t) kn ax (X, t) (4SC) ?‘,}-- k
(¢ W'
' 30 dfl g
— b4 = = @
. w3 X0 = & Lj{ 6>dx + ¢oa] (46) -

( \

; £
b 0:(8,1) = o (46a) '\.',
o !
-“ ot
: 2
! 36, ol
,: a—x (6’ t) = 0. (46C) t"h
:\vl'
:‘ Quadratic temperature profiles for the three regions lead to S:’:
[ ]
5—x\ rz,
. b = ¢°[(—) - ‘l @n G
: = 3
. ": Q
8 = 1+ by(X, — %) + cx(X; — x)? (48) N
R W,
. 0: = &)X —~Xx) + ful(X - x)? (49) ’

‘, X
V] where PR
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i 1 A N
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Table 3. Effect of phase change temperature. (After Lunardini

1985.)

Case

Tm
(°C)

Y

x L]
(cm)

*

(cm)

AX = X—X|

oW N -

5

-4
-2
-1
-0.5
-0.1

0.0617
0.1135
0.1376
0.1492
0.1571

0.3029
0.2576
0.2272
0.2106
0.1946

33.33
28.34
25.0

23.17
21.41

8.13
14.95
18.12
19.65
20.69

25.2

13.39
6.88
3.52
0.72

N L

o

Neumann 0 0.1606 — 21.15 21.15 0 W
* For t = 24 hours. h

[ ]
T,=4C T,=-6 T;=0°C k = 0.00828 cal/scm-°C 7
s
"

-

ki =0.00703 Kk =000578 C =G = C = 0.165 cal/cm’-°C
S; = 0.0605. oty

"\‘l

The solutions to eq 44-46 are straightforward; the details will be omitted. The results are L]
D given below: b

1
Y= Z5— (50)
o

> & o e

%y
5

3

X

7= -R)vya, (51)

h 2 Y
)
XA

[d

’ (¢-1)(3—n’)-(6+ﬂ‘)[(1-R)ku<-113 - %)] =0 (52)

ek

[4
L3

2R (1+9)
B 3

2
Ra;; 7’(3 —-2R + —RB—)\) = 0. (53)

'

.
.

1-

»
s
.=

s

Pl S

,

e

il
»

A

i These four equations can be easily solved for y and «.
D Table 4 shows that the approximate solution is in error by less than 6% when compared to
the exact solution.

B

)
"
i

ful'®

Table 4. Comparison of exact and heat balance integral solu-
tions with linear ¢ and constant £ and C.

Heat balance

T, T Exact solution integral solution Variation (%)
A Case  (°C) " . " v " -
)
1 -4 00617 03029 0062 02938 08  -3.
2 -2 01135 02576 0.1150 02411 13 -6.4
3 -1 04376 0.2272  0.1390 02168 1.0 -4.6
4 -05 01492 02106 0155 0205 09  -26 Q.
S -0 01571  0.1946 0.1595 0.1958 1.5 0.6 N
N .c X
T.=4°C T,= -6 T;=0°C k = 0.00828 cal/s-cm-°C r_'{‘; A
k: = 000703 &, = 0.00878 C, = C; = C, = 0.165 cal/cm’-°C :1-7;
o
St = 0.0605. N
t
P 14
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! Quadratic unfrozen water function ::,‘,\
The equations for the quadratic unfrozen water relation are identical to eq 44-46 except ot
, that the energy equation for the mush region (eq 45) is :-:
x o
a0, a0, d 2 IS
ol (X,t) - * (X,,t)l = @ | (1 +20)8, — oblldx + (1 + 0)X, . (59) o
b X\ F‘_f
i X ;l-::
N The quadratic temperature approximations (eq 47-49) are used again. The solution is p'*.
k) again given by eq 50-52, with the mushy zone equation given by
[ ]
4 r
',. 1—2z—R2a,,71[“—’3—2 + l%’ - 5 @e-Tz+19)) =0 (55) E?:
: -..':‘\'
d where NI
[ X L L
7= RA )
: B )
\ o v
| Case 1 of Table 4 was evaluated for the quadratic £, and it was found that » = 0.0572 and ."'
¥ = 0.2730. These values differ from the linear ¢ approximation by about 8%. ot
The quadratic £, three-zone problem is a function of A, o, ¢, a3, a;. and k;,. Graphical so- L )
lutions are shown in Figure § for typical soil parameters. \‘\
o
bl
% CONCLUSIONS N
b "-I'.u
. The mathematical model used assumed the latent heat tc be a source of energy distribution %,
S throughout the volume of a soil with phase-change temperature limits of Ty and Ty,,. This :-‘::
e contrast with the treatment of the latent heat is totally released at the upper phase-change -;\
- temperature T;. A comparison of the exact solution for the former case showed that it con- -':‘:\
: verged exactly to the Neumann solution as Ty — T, approached zero. Thus, the mathe- :-f_‘;
) matical model is based on sound physical principles. ®
- The existence of a mushy zone can have a significant effect on the mechanical strength of 'f_'-
_\' freezing or thawing soils. For many predictions of the strength of a freezing soil, the assump- :\; Y
. tion is made that the soil temperature is that calculated from the Neumann solution. A soil ;: :
: with a mushy zone would have a completely frozen layer of soil that is thinner than that for e
~ the Neumann case and therefore would have less bearing capacity. In addition a thick zone ¥
! of frozen soil would exist that has a variable unfrozen water content. Again the presence of -?.,v
N this liquid water will decrease the mechanical strength of the soil. The thawing case would '.'r:(
: also tend to yield a bearing strength of soil that is less than that predicted with the Neumann :::::'
N solution temperatures.
: The effect of variable specific heat on the rate of phase change is negligible for the cases :-::‘\-‘

examined; thus, it is acceptable to use an average specific heat value in the mushy zone. The

d
V. variation of the thermal conductivity with water content is much more significant and can S :
o cause a 15% change in the rate of freezing of the soil. However, it was shown that the con- :‘:.
" stant-property solution, with average values of the thermal properties in the mushy zone, -_5 oy
gives a solution that is quite close to that for the variable-property solution. It is acceptable "'.‘)- i
‘ to use the much simpler, constant-property solution with average thermal properties to com- n'
pensate for the actual variable thermal conductivity. _"
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'h A series of graphs are presented of the constant-property, three-zone problem for typical _:j,
\ ranges of soil parameters. These graphs allow rapid predictions to be made for the freezing -y
-; of soils with an unfrozen water content that is a function of temperature and variable ther- ‘-:'_':-
o mal properties. bl
o
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I": APPENDIX A: DERIVATION OF THE MUSHY ZONE EQUATION -::
o ~
: The energy equation in the mushy zone (region 2) is ‘;,
3 R
3 f, oL\ _ dé) oT; -

) o (" ax) = (C”Vd atT) ot - A 2.
» '::n'-
M The dimensionless temperature in region 2 is defined as 28
z ::

B, _ L-T; v
b= - (A2) -
- o
M Equation 1 transforms immediately to :::.
I. I‘I o
3 (, 00\ _ .~  fa dide o
ax (" dx) =C % T T Tod (Ad) yax!
o
(X
;‘ With the parameters defined in the text, it is also clear that, for the linear £ case, "
;" o
:‘ k = ky(l + 3.6 (Ada) 1
. 0
R 2 .'L
C = Cy(l + 3.6,). (Adb) ®
O Equations Ada and b are written explicitly for the definitions of £ and C discussed earlier. %
However, it will be advantageous to allow for the case where the mushy zone will have con-
f, stant thermal properties different than those of the thawed state. Thus, we will define k, and
(< C, to be any constant values of the thermal conductivity and specific heat desired. Then «
®
. k = kol + B.62) (ASa) NN
. ARV
7 C = Go(1 + B:6y). (ASb) 2
-~ :'_
v, N
> Clearly, for the mushy zone with variable thermal properties, & = k, and C, = C,. How- ;
e, ever, if we wish to examine the constant thermal property case, then we can simply set ko, C, ,"-.'J_
N to any convenient values. For example we could let the properties of the mushy zone be the :'d‘
N mean values of the frozen and thawed states and define k, and C, appropriately. .-“\' ;
| If the thermal conductivity varies with temperature, the Kirchoff transformation can be :_\
o used to define a new temperature variable: e
®
: 1 0, -:.:"
o b= o [ kO)dy (A6) oo
o) 0 0 1'-‘-
N A
< where y is a dummy variable. -::‘;
F A6 -
rom eq °
. 30, _ ko 3 £
! y _ ke 3¢ >
s ar -k o (A7) }h:
. Y
4 36, ay AR
v _ d 4 ha't
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The derivation will proceed for the case of a linear £ function. The quadratic assumption can
A also be used, of course, but the equations will be more complicated.

.~ v s B
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Ve s,
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From eq A4 and A6 an explicit relation between ¢ and 6, can be found:

>
R

=0 B (A9)

Yy
({.r.

-

oo

It follows that

TR

k = ko1 + 28y (A10)

2 ie Y,

€
-

C = Go(1 = Bar + BaV1 + 2B,¢). (All)

A
e

5

LY
. Equation A3 then becomes

ko Y lygd )a‘p s OV
a\/l+261\1’ x (1—B21+ m —a—t + B V1+28.¢ E . (Al12)

i

Pk’
¥or

L&

Equation A12 can be put into a more convenient form by noting that

'

a3 1 3
VIFIET 3 = 3 5 [0+289)7, a1y

’l

PR Y

.. .
- J~{.:~.'

)
3
‘ Finally the energy equation for the mushy zone with a linear unfrozen water content function
:. is

'i"

3 wTT259 5 = 5 [0 -Bus o+ 52 a+2807 (AL4)
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APPENDIX B: SOLUTION OF THE TWO-ZONE PROBLEM WITH

5 A LINEAR { AND VARIABLE THERMAL PROPERTIES
5 The equations for zones 2 and 3 are
o *y aF
Y V1428 x = (B1)
N
' :
N won =o+ B —p (B1a)
[ ]
W v(X,1) =0 (B1b) -~
N 29
s W ox ook o
L r\
. 96, 1 a6, ®
:‘. o ot (B2) ;:‘-
] iyt
¥ 6:6,1) = — (B2a)
“.’l
) a0, _
, ax &0 =0 (B2b)
N
7
[»y where
<
. F = Fy + F(1 +28,9)" (B3a)
F, = —l— (1 + 0o — Bu) (B3b)
Qo
W
"
‘ _ B
o F, = 30uB, (B3c)
‘7 ; The heat balance integral method (HBI) integrates the energy equation over the volume of
8. interest. For region 2
S
- x ; X o
: [Visagy &Y ax = | % o, (B4)
‘ 0 ax o 9
: i Using Leibniz’s rule this is
L4 X X
* a d dx
i §Jl+26.¢ a—f dx = — SF(x,t)dx - F(X,t) 5 . (B5)
= 0 X dt 0 dt
’ N
| : ow ::\ ;
" '\
N FX,0)=F (B6) iy
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and the HBI equation for region 2 is

X N X
f VI+2By L o = % ’ mx,z)dx—F,xl.
0

0 ox?

The HBI equation for region 3 is derived in the same manner and is

&
— ‘% X,1) = %uo,dxwoa]. (B8)

Quadratic temperature profiles for regions 2 and 3 that satisfy the boundary conditions are

¥ = b(X~x)+ (X ~x)* (B9)

8, = m[(g_;;)z - 1] (B10)

where

— 2¢0 k30
b= 6—-X

cX?* = P-bX.
The moving interfaces X and & are assumed to have the forms
X = 2ot
s=B+1)X
where B is a constant. Using eq B10 with eq B8 leads to the following equation:

6(1) _ d
6__X = E (8 + 2X).

The solution to eq B13 follows easily with the aid of eq 11 and 12:

(B14)

Equation B7 can be solved to yield an algebraic equation for the unknown quantity B. From
eq B9 we note

. 2AP-bx)
e S X< T

where c is only a function of time. Then eq B7 is

X d X
2c(§) VI+2B.ydx = | | Flx,dx - FuX|.
0
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. The solution of eq B16 is straightforward but rather tedious. The results are 2 !
. (v, s
X (5)\/1 +2Bydx = Q. X (B17) o
. o
X X
. &
" | Fdx = F, (i + 5) X+ F [ (1+28.4) dx (B18) )
' 0 2 3 0 J
: , o
o [ +28.0)%dx = QX (B19) 3
' 0
- where ;',
() J .l
5 o
_~< JN A b= izxﬁ S
« - Y A - X ‘
o Q=5 + 1% VN -1+ NN 3 InQ; ,
. N
i ;
B VR [, 3f,_ as). yN 4 - 3 3
B - el — } —-_— - [V,
N Q. 3 [N+ 3 (l ZK)] t K N-1D+ STK InQ, >
. By
% 0, = VIBK+BCK+4) °
3 = *
" V2B K +B.A 5
) 2
f:" A = 2¢0ks0 . "
: - B X
» ol
K=P-A »
! -:' '.‘"-
") . . e
o The equation for B is then K
S B A K ::‘
o KQ.B (T + l) = [F, (.7 + ?) + F(Q: - l)]a,. (B20) ;'
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