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Our research activity during the period covered by this report
was focused on the study of computational complexity related to
error correcting codes and more in general to arithmetics over
real and finite fields.

The importance of computational complexity in the design of any
coding scheme either combined or not with modulations need not be
explained. Our aim is to put together several scattered results
and gather experience in manipulating such concepts in order to
exhibit an organic view of computational problems that are pres-
ent in the design of encoder decoder and demodulator with VLSI
technologies.

Two papers are herewith enclosed. The first one concerns the
complexity of power computations over any commutative ring with
identity, i.e. finite fields, ring of matrices etc.

The second one concerns the decoding complexity of nonlinear
codes and related topics connected with the computation of Hadam-
ard Transforms, vector quantization and soft decoding of block
codes.

The paper "A Note on Addition Chains and Some Related Conjectu-~
res" will be presented at the Advanced International Workshop on
SEQUENCES, Combinatorics, Compression, Security and Transmission,
to be held in Amalfi Coast, Salerno, Italy, June 1988.

The paper "A note on the Complete Decoding of Kerdock codes" will
be presented at IEEE International Symposium on Information Theo-
ry to be held in Kobe, JAPAN, June 1988.
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A Note on Addition Chains and some Related
Conjectures *

M. Elia and F. Neri
Dipartimento di Elettronica
Politecnico di Torino — Italy

March 7th, 1988

Abstract
Addition chains are finite increasing sequences of positive integers,
useful for the efficient evaluation of powers over rings. Many features
of the addition chains are discussed, and some theorems connected to
the still open Schols-Brauer conjecture are presented.

1 Introduction

In many fields, such as computer science, applied number theory, cryptog-
raphy, or numerical analysis, an efficient computation of

=zz...2 (1)

is required, where n is a positive integer (n € Z} and z can belong to any
algebraic system R (usualiy a ring) in which an associative multiplication
with identity is defined. This implies that sums and products can take a
significantly different amount of time when applied to n (i.e. in Z) or to z
(i.e. in R).

The problems typical of the evaluation of powers have been extensively
discussed by Knuth [1] and by Borodin and Munro [2]. Several schemes have
been proposed, in order to minimize the efforts (i.e. number of multiplica-
tions) for evaluating (1), but it seems that none can be definitely preferable
in the general case. The choice of an approach instead of the other is affected
by a number of constraints, aims or available resources, namely:

*This work was financially supported in part by the United States Army through its
European Research Office, under grant n. DAJA45-86-C-0044.
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o the order of magnitude of the exponent n;
o the availability of storage for precomputed tables;
o whether the situation calls for

1. independent evaluations of the power (1)
2. evaluations of several powers of the same base z

3. evaluations of several powers to the same exponent n.

As an example, consider the generation of a pseudo-random sequence
by purely multiplicative congruentia! methods, i.e. the desired sequence
< z, > is obtained by the iterative relation

Zn41l = 6Zn mod m. (2)

A desirable feature for relation (2) is to generate a sequence with maximum
period; if m is a prime number, this is achieved whenever the multiplier a
is a primitive element in the finite field GF(m). The test for a number to
be primitive can be a quite formidable task, however it can be obtained by
raising the number being tested to quantities related to the factorsof m—1,
as shown in [3]. These exponents have the same order of magnitude of m,
hence they are rather sizable for non trivial periods of interesting sequences
< z, >; moreover all of the operations must be done fully exploiting finite
size registers if long periodicity is desired (see [3]), so that even the simple
multiplication can be fairly costly. In this situation the efficiency in the
computation of (1) is crucial.

2 Power Evaluations

At a first sight a very economical evaluation of (1) is obtained by the binary
decomposition of the exponent n, which leads to a number of multiplications
upper bounded by 2logs n. The same decomposition implies the simple but
tight lower bound [logy n]. Most considerations about the evaluation of
powers concern the estimation of tighter upper bounds.

If we write

t
n= z b2, b < {0,1}, (3)
=0
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where ¢t = |log, ], the power (1) can be computed as

= f[ (=)". (4)

=0

Given that the b;’s can be only 0 or 1, raising to b; is straightforward. We
shall call this approach right to left binary method.
In (4) t — 1 multiplications are required to evaluate the powers

2 (s)

and one more multiplication is needed for every non zero J;, leading to a
total of
|logzn) — 1+ v(n) (6)

multiplications, where »(n) is the number of 1’s in the binary representation
of n. The storage required by an implementation of the binary method (4)
can be reduced to three memory cells: one to hold the successive powers (5),
another to hold n during its decomposition, and an accumulator for the
result.

The right to left binary method can be generalized to an m-ary method
in the following way [4]. Assume the task to be the computation of (1) with
the constraint

n<k, k fixed, (7)
and let
t = |logy k|. (8)
The exponent n can be decomposed as
¢
n=Zd,~m'., d;e(0,1,...,m—1). (9)
=0

This decomposition can be rewritten as

n=2m"+2z:m"+...+(m—l) 2 m', (10)

€y $€J; $€Jm -1

where J; denotes the set of indices such that the coefficients d; in (9) are
equal to j.
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The right to left M-ary method can be described by the following pro-
cedure.

Step 1. COMPUTE AND STORE (11)
2 .
™,z ™2™ (t as in (8))
Step 2. FOR EVERY j€1...m—1
COMPUTE zz; = 7' iesy™

Step 3. COMPUTE (1) AS

m—1 .
j=1 *Zj

Step 1 of procedure (11) requires at most t/(m) multiplications, if [(m) is the
minimum number of multiplications for raising a number to its m-th power:
actually, in the average, not all the terms in Step 1 will be necessary. Raising
to j in Step 2 requires /() multiplications, while the remaining operations
in Steps 2 and 3 can be carried out with no more than t — I multiplications.
The total number of multiplications is bounded by

m—-1
tifm)+t—1+ y_ I(5) (t as in (8)). (12)
i=2
Another way of computing (1) is to rewrite the exponent n from (3) by
Horner’s rule for evaluating polynomials

n = by + 2(by + 2(bs + 2(bs + (... + 2b)...))).

We shall refer to this approach as left to right binary method, since a left to
right scanning of n’s binary representation is required.

The left to right binary method can be extended to an m-ary method,
as described by the following procedure.

Step 1. COMPUTE AND STORE (13)
z,23,2%,..., 2™}
Step 2. LET i = ¢;
START WITH z;
Step 3. REPEAT
LETi=1i-1;
RAISE TO THE m-TH POWER;
IF d; 13 NOT 0
MULTIPLY BY z%;
UNTIL i =0;

&
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Table 1: Number of multiplications in computing (1).

base | right to left left to right
procedure (11) | procedure (13)

m
2 2|logynf — 1 2|log; n)

3 3llogy n] 3llogyn| +1
4 3lloggn] +2 | 3llogn] +2
5 4|loggn] +4 | 4|loggn) +3
6

7

8

4|loggn} +7 | 4|loggn) +4
5|log;n] + 10 | S5jlog;n} +5
4)loggn| + 14 | 4l|loggn| +6

Note that a certain amount of storage is necessary for the quantities com-
puted in the first step of the above procedure; moreover the representation
base m of n must be available in a left to right order.

Step 1 of procedure (13) requires at most m — 2 multiplications; actually
the z% do not need to be computed for those values of d; not present in
the decomposition (9). Each iteration of Step 3 requires at most {(m) + 1
multiplications, if {(m) is the minimum nutnber of multiplications for raising
a number to its m-th power; the +1 is present only if the i-th d; is not 0.
In total the number of multiplications is hounded by

m—2+t(l(m)+1) (t as in (8)). (14)

By comparing the bounds (14) and (12) Table 1 can be built, where ¢ is
expressed as in (8). The order of magnitude of the exponent n (given by k
in (7)) can be seen to affect the choice of the base m; the optimal m increases
with k. Moreover, those bases that are powers of 2 appear somehow optimal,
since they lead to comparatively small coefficients for |log,, n] in Table 1.

Note that all the bounds were derived neglecting the cost of decomposing
the exponent n, and of related operations, such as the arrangement in (10)
of n’s terms in the sets J;. This can be an acceptable approximation since
the operations on z can be considered to be much more expensive than the
operations on n.

Even if the left to right m-ary method seems to behave better for large




bases m, a careful inspection of the bounds (14) and (12) shows that the
bound (12) is weaker, since Steps 1 and 2 of procedure (11} are open to
several optimizations both in the case of few and the case of many terms in
the decomposition (9).

When several powers of the same base z are to be done the precompu-
tation Step 1 can be executed only once in both procedures (13) and (11);
in this case the right to left method becomes extremely advantageous, since
the precomputation in {11) is much heavier, and the bound

tilm)+p (t - 1+'fl(j))

j=2

can be obtained, where p is the number of powers to be computed.

3 Asymptotical Behavior: a Bound for I(n)

In this Section it is shown that both the upper and the lower bounds pre-
sented in the previous Section are asymptotically (for large exponents n)
equivalent.

Let us consider the m-ary methods, and substitute

t = |logy, n)

in (12); the minimum number of multiplications for raising to n, I(n), is
bounded by the number of multiplicatious required by the m-ary method
(which is not optimal in general)

m--1
logy n < [logy n] < I(n) < [log,, nji(m) + {log, n} — 1+ Z is); (15)
=2
m is assumed to be the optimal base for the given n. In the rigthmost
inequality of relation (15), the |o} function can be neglected for large n's;
hence, after a base change in the logarithms, it can be rewritten as

i{n)lnm < (I(m)+1)lnn ~ lnm+lnm'§:ll(i)
=2
and )
lnm i(n) _lm 1)
ifm) on S+ l(m)) mni(m) lnn ; iy 8

~——r




Since the optimal base has been shown to increase when n increases, and m
in (15) is chosen to be the optimal base, all the terms in the right hand part
of (16) become negligible for large n, and we get

(n) s 2, k= ;(“mﬂ)
The limiting values of the constant k can be obtained by taking
m=2',
for which we have
Inm=1sin2
{(m)=s
k s :%’?) ~In2

and the final resuit
I(n) == logy n.
Note that Knuth [1, page 451, Theorem D] gives a totally different proof,
due to Brauer (5], of this fact.

4 Addition Chains

Addition chains are the proper tool for solving the problem of computing (1)
for a given n with the minimum number of multiplications, i.e. to

find I(n). minimum number of products for eval-

sating the n-th power. (7)

Note that this problem is only a particular case of problem (1), in the sense
that nothing is said about the cost of deriving /(n); and this cost can exceed
by far the cost of computing (1) by anyone of the previously quoted methods.
Hence the addition chains’ approach to the evaluation of powers is of interest
either when several quantities need to be raised to a same fixed exponent,
or in the case where encugh storage is available to store the precomputed
addition chains for all the possible values of the exponent n.
Let’a see the formal definition of addition chains.
An addition chain for n is a sequence of integers

l=ey<a;<ag<...<ar=n

G —— T —




with the property that, for every i, a couple (7, k) can be found, such that
a; = a; + a6y, $>51>k (18)

Without loss of generality, the a;’s are assumed to be sorted in ascending
order, and with no duplications. Let

{(n) = minimum r for which there exists an addition (19)
chain of length r for n;

then this addition chain is a solution to problem (17).

It is convenient to define two special classes of addition chains. A star
chain is defined as in (18) with the stronger constraint § = § — 1. An [°-chain
is an addition chain with some marked elements; the condition is that in (18)
a; is the largest marked element less that a;. It can be shown that

I(n) < P(n) < I'(n), (20)

where [%(n) and [*(n) are defined as in (19), respectively for {%-chains and
star chains.

A lot has been written about addition chains (see {1] for a presentation of
the main results), but the problem of finding {(n) is not completely settled,
in the sense that I(n) is not known for all n’s.

4.1 Functions Related To Addition Chains

Two interesting functions are related to I(n) in (19); they are defined as
follows.

¢(r) = minimum integer n that I(n) =r (21}
d(r) = number of solutions in n to the equation l(n) = r (22)

From the previous sections, the function I(n) is known to satisfy the
following bounds

flogs ] < I(n) < [logs n] + v(n) - 1, (23)
where v(n) is defined in (8). Since v(n) < {logy n], and
liogy n) + [logs n] < 2|log;n] +1,
the bounds (23) can be rewritten as
[logy n] < I(n) < 2|log; n]. (29)

-




For a generic n, for which I{(n) = r, the following bounds hold
efr)<n<? (25)

the lower bound is straightforward from the definition (21) of ¢(r), while the
upper bound derives from the lower bound in (23). Substituting n = ¢(r)
in (24), we can write

log, ¢{r) < r < 2logz c(r) (26)
and, by combining the upper bounds in (25) and (26), we get
272 < cr) < 2" (27)

From the lower bound in (27), the following holds for the function d(c)
defined in (22)

r—1
2% < 5 d(e).
=1

From (25), and from the definition of d(r), the following inequality can be
stated
dir) < 2" —¢(r})+1;
hence
d(r) te{r)<2"+1.
Another bound on ¢(r) can be derived in the following way.

r—1

'il(c(t)+d(t)) <Y (@F+)=2r-2+r-1
t=1

=1
r—1
Zc(t)-‘-—Z"2 <2"4+r-3
=1

r-1 r—1
Y r<y ()2 -2 +r-3
=1 t=1
r—1
@2+nE-1)-1<Y ety <2 -2 +r-3.
t=1

Asymptotically:

r—. 3
2.Sr+1.3 < ZC(‘) < (2'/’ - %) +r.

=1

e




Table 2:
2772 Td(r) | e(r) [ Sa(r) [S(r) ] 2"
1.41 1 2 1 2 2
2 2 3 3 5 4
2.82 5 6 10 8

3

4 5 7 i1 17 16
5.65 9 11 20 28 32
8 15 19 35 47 64

11.3 | 26 29 61 76 128

16 44 47 105 123 256

226 | 78 71 183 194 512

32 136 | 127 | 319 | 321 | 1024
11} 45.2 | 246 | 191 | 565 512 | 2048
121 64 432 | 397 | 997 | 909 | 4096
13| 905 | 772 | 607 | 1769 | 1516 | 8192
14 | 128 1087 2603 | 16384
15 | 181.0 1903 4506 | 32768

5:omqaum.sww»—sW

From this and the previous relations, a likely conjecture is that the func-
tions ¢(r) and d(r) behave asymptotically as the r-th power of 2:

d(r)=0 (2"")
e(r)=0(2°")

where d, and ¢, are constants between 0.5 and 1.
The values of ¢(r} and d(r) for some small values of r are shown in
Table 2. The columns labeled as S4(r) and S,(r) show the quantities

Salr) = gd(t)

S.(r) = ‘; o(t).

10
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5 The Scholz-Brauer Conjecture

A famous prablem concerning addition chains is the Scholz-Brauer conjec-
ture [6), referring to chains for 2" — 1, which are of apecial interest, since
they are the worst case for the binary method (their binary representation is
a stream of consecutive 1’s). Let us call a number n satisfying the inequality

(2" - 1) Sn-1+1(n), (28)

where I{n) is defined in (19), a SB-number. The longstanding Scholz-Brauer
conjecture states that

all positive integers are SB-numbers.

In the following, it will be shown that {28) holds for infinitely many n's.
Let us recall some of the properties of I{n), reported from [1); they will be
useful in the sequel.

{(nm) < I(n) + I(m); (29)
1(2%) = q;
(22 +2)=a+1 ifa>b>0; (30)
2 +2*+ %) =06+2 fe>b>e20

(thiz is Theorem B in {1});
a+2<i(2+2*+2°+2%<a+3 fa>b>e>d20,

where n = 2% + 2% + 2° + 2% is said to be special (see {1, p.449]) if the lower
bound holds with equality (this is called Theorem C in {1]);

22" - 1) < n—148n); (31)

this implies that the Shols-Brauer conjecture holds for [%-chains (the result,
due to Hansen, is called Theorem G in {1}).

Lemma 1 For cvery integer a, the following inequality holds
(2* -1)<2*-1+a. {32)

1

.
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Proof - It is direct that (32) holds for a = 0. Now let us suppose (32) to
be satisfied for a — 1; thus, using (29) and (30), we have

(@ - =@ - e ) <

<@ -+ ) <
<PV 14a-142241 ¢
<2*-1+a.

The validity of (32) for every a follows from the induction principle.

[m}
Note that the recursive argument used in the proof above also defines

an addition chain which contains numbers of the form
2k (2" _ ) 0<k<2h 1<h<a-1 (33)
For later use, we state this point as a Corollary.

Corollary 1 There exists an addition chain for 2*° — 1 of length 2° ~1+a,
such that it contains the numbers (33). This addition chain has the form

(@ -2@ -, 2 @ -, @2 -,

Note that
2R+ @ -y=2"" o2ty = o
Theorem 1 For every positive integer n the inequality
(2" — 1) S n— 2+ v(n) + {loga n| (34)

holds.

Proof - By decomposing n into its binary representation as in (3), we can
write

2~ 1= 2Tn (g ) 4 o T et gy @1 =

=Ty (35)

§=0

12
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Applying Corollary 1 it can be seen that all the v(n) terms in the summa-
tion but the first are in the chain for (2*' — 1), whose length, according to
Lemma 1, is bounded by 2¢ — 1+ t. Since the first factor in the first term
can be expressed as 2*~%', it accounts for at most n — 2 multiplications.
Combining these two contributions with the v(n) — 1 additional multipli-
cations required by the 1(n) not zero terms in the decomposition (35), the
Theorem is proved.

@]

Lemma 2 If i(n) = I*(n) then n is a SB-number.

Proof - Straightforward from (20) and (31).

Lemma 3 Ifl(n) = |log,n} + v(n) — 1 then n is ¢ SB-number.
Theorem 2 Every n such that v(n) is not greater than 4 is ¢ SB-number.

Proof - The proof of Theorem 2 is given separately for the four cases
vin)=1,...,4.

Case v(n)=1- Proved in Lemma 1.

Case v(n) = 2 - It must be shown that, for every integer a and b such that
a > b > 0, the following inequality holds

12*** 1) <22 +2* +a
We can write
2+t P2 _ )+ 22

From Corollary 1 we know that 2** — 1 belongs to the addition chain
ending in 22° ~ 1, so that, using Lemma 1 we have

2 o) <@ -1+ +1<2+2 4 a
o

Case v(n) =3 - It must be shown that, for every a, b and ¢ such that
a> b > ¢ 2> 0, the following inequality holds

1Y < P r 2 tatl.

13
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In a way similar to the case ¥(n) = 2, using Corollary 1 and Lemma 1,
the proof stems from the equality

g2t+2te2 _ g 2z‘+r(2z' -1)+ 22=(22“ —1)+22 ~ 1L
0

Case v(n) =4 - Two subcases must be considered: {(n) = a+3 and I(r) =
a+2. In the first case the proof follows from Theorem 1. In the second
case it follows from Exercise 13 in |1, p. 463) — showing that n has a
star chain so that Lemma 2 applies — and (31). O

6 Conclusions

Knuth reports that 1 < n < 18 and sporadic 20, 24 and 32 are SB-numbers.
We have shown, as a consequence of Theorem 2, that all 1 < n < 30 are
SB-numbers. For n = 31 Lemma 1 gives

NP ~1) <31 +7,

being the upper bound slightly greater than 31 + 6, which comes from (28).
Therefore 31 is the smallest integer that might not be a SB-number.

For numbers of the form 2" -1, since logy n > v {n)—1, the inequality (34)
can be rewritten as

(2" ~1)<n—1+4clogyn, (36)

where ¢ is a convenient constant 1 < ¢ < 2. This result implies that the
numbers of the form 2" — 1 behave better than Erdos’ probabilistic bound {7)

_ logan
{(n) =loggn+0O (1083 Tog, n) . (37
In fact, the second term at the right hand side of (37), in this case, has the

fi
orm logy (2" ~ 1) n

log, log, (2" — 1) ~ logyn

and, for large n’s

< .
clogyn fogy n

As a consequence of the results presented in this paper, an interesting

open question is to find the smallest value of c such that (36) holds for every
n.

14
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A Note on the Complete Decoding of Kerdock
Codes *

M. Elia, C. Losana and F. Neri
Dipartimento di Elettronica
Politecnico di Torino — Italy

Abstract

A definition of the Kerdock code K(m) is given that allows instan-
taneous encoding and the application of different complete decoding
strategies. The particularly interesting code K{4) is thoroughly de-
scribed, with applications to error correction and to vector quantisa-
tion. In both cases the complexity in terms of number of arithmetical
and logical operations is discussed. Finally the bit error rate for K(4)
on the binary symmetric channe| is found in closed form.

1 Introduction

Kerdock codes K(m) are noniinear codes having many interesting proper-
ties, such as high error correcting capabilities, high symmetry and beautiful
descriptions, combined with low rates for great m’s. They may be viewed in
some way as dual codes of Preparata codes P(m), another noteworthy class
of nonlinear codes. The code K(4) is very interesting because besides the
relatively high rate 1/2, it coincides with the Preparata code P(4), so that
it looks like a sort of self-dual nonlinear code.

The most obvious application of Kerdock codes is their use as chan-
nel codes in communication systems. K(4) may also be viewed as the
Nordstrom-Robinson code Nje, and used as a vector quantizer for encoding
random waveforms such as in the case of speech Linear Predictive Coding

tThis paper will be presented at IEEE International Symposium on Information The-
ory, Kobe, JAPAN, June 1988,

*This work was financially supported in part by the United States Army through its
European Research Office, under grant n. DAJA45-86-C-0044. .
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Table 1: Weight distribution for K(m).

(LPC) at the rate of 1/2 bit per sample [3]. In & similar way Kerdock codes
allow the decoding from data produced by soft demodulation. In both vector
quantization and soft data decoding the problem is to minimize an objective
function, which most frequently is taken to be the squared-error distortion.

In Section 2 a definition of K(m) as systematic code is given that allows
instantaneous encoding and the application of different strategies for a com-
plete decoding, as it will be described in Section 3. The application of K(4)
to vector quantization will also be described in Section 3. A short analy-
sis of the computational complexity pertaining to the above applications of
K (4) will be given in Section 4. Finally, Section 5 reports some results on
the performance evaluation of K(4) used as a channel code on the Binary
Symmetric Channel (BSC).

2 Encoding

In this Section we briefly recall the formal definition of Kerdock codes in
order to introduce a systematic encoding scheme. We also collect some of
its general properties for easy reference.

The Kerdock code K(m), m even, is a nonlinear code consisting of the
Reed-Muller code of parameters (2™,m -+ 1,2™/2) and 2! - 1 cosets of
R(1,m) in R(2,m). Usually K(m) is denoted by [2™,2?™, 2m™~1 — 2m/2-1],
Important features of any code are the weight and the distance distributions.
The weight distribution of a [n, M, d] code is the set {A;}].,, where A;
denotes the number of codewords of weight 1, while the distance distribution
is the set {B;}".,, where M B; is the number of ordered pairs of codewords
such that the distance between them is i. Linear codes have B; = A; and
the same property is shown by Kerdock codes. The weight and distance
distribution of K(m), taken from (1}, is given in Table 1.

Let ep be a vector of R(1,m). For later use it is co.venient to interpret
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ez according to the following decomposition

er = { ) | a | b ). (1)

—m+1— —m-1— — 2™ - 2m —

Let w; be a coset leader that performs a translation of R(1,m) to generate
a codeword ¢ of K(m), i.e.

c=w;+cp;
the code K(m) can be written as the union of disjoint cosets of R(1,m) as
follows

K(m) = [w1 + R(1,m)]Uws + R(1,m)jU...U[wam + R(1,m)]. (2)

The definition of K (m) strongly lies on the choice of the w;’s, ¢ = 1,...,2™,
which may be obtained by means of primitive idempotents for length
2m-1 _ 1, or by using simplectic forms to define a convenient set of boolean
functions. A very simple construction of K(4) is given in [2) were the cosets
leaders are defined through simplectic forms, very easy to obtain, on four
variables.
For easy reference, it is convenient to introduce a binary matrix wim) built
with the coset leaders w, written by rows, an example of which is given
by (5).

Now we use a systematic R(1,m) code and its translates, given by coset
leaders w; of a special form, to generate K(m).
Let i = ( 1 | iz ) be a vector of 2m information bits. As

—mtl = —m-1—
a consequence of next Lemmas 1 and 2, w; may be taken of the form
w =(o]isd)

and, referring to equation (1), we set z; = 1), so that the codewords will
result of the form

e=( & | a+i2 | b+d ) (3)
—m+1— —m-1— — 2™ - 2m —*

The general properties that have been used to define K(m) are formally
stated in the next two Lemmas.

Lemma 1 In cvery coset of a systematic linear (n,k,d) code there exists
ezactly one word with k consecutive zeros in informa‘ion positions.

~—y=




Lemma 2 In the matriz W(™) there erists a submatriz made of m — 1
columns whose rows are the 2™~ different binary sequences of m — 1 bits.

The proof of these two Lemmas is easy to obtain, and it will be omitted
here.

From the form (3) it is seen that instantaneous encoding is possible. In
fact the first m + 1 bits can be transmitted while they enter the encoder.
At the (m + 1)-th bit the remaining parity check bits for the R{1, m) code,
i.e. the vectors a and b, can be computed. As the remaining m — 1 infor-
mation bits enter the encoder, they are summed with the entries of vector
a and transmitted. At that point the coset leader w; (hence the vector d)
is known, so that the remaining parity check bits can be computed as b+ d
and transmitted.

The above results applied to K(4) let the generating matrix of the un-
derlying R(1,4) code be written in the form

10000 111 01101001
01000 110 11010101

Gz =(G1|G3]Gs)=| 00100 101 10110011 |; (4)
00010 011 10001111
00001 000 01111111

and correspondently the matrix W (4) of coset leaders in the form

00000 000 00000000
00000 001 11100101
00000 010 10111001
00000 100 11001011 ] (5)
00000 011 01010011
00000 101 00011101
00000 110 00100111
00000 111 11111110

It must be noted that the 2rn information positions in the code vectors ¢
defined by equation (3) contain al] the possible 2>™ binary sequences of such
length, therefore the Kerdock code could be viewed as a strictly systematic
code at the cost of loosing the orderly definition reported above.




3 Decoding and Quantization

In this Section some procedures for decoding Kerdock codes and some pro-
cedures for performing the vector quantization based on Kerdock codes are
described. As a consequence of the definition given in Section 2, the problem
of decoding Kerdock codes may be formulated as follows:

given a recesved word v, find the pair [@;, &g/ made of a coset
leader and a Reed-Muller codeword, such that the decoded
codeword ¢ = ;+2g satisfics the chosen decoding criterion.

Several decision rules may be considered, their main difference lying in
the manner adopted to resolve ties whenever more than |43} | errors are
detected, since these codes are not perfect. In particular two strategies
deserve special interest: the Maximum Likelihood (ML) and the Minimum
Correction (MC) rules. They are defined as follows.

Maximum Likelthood rule: r is decoded as the codeword & that max-
imizes the conditional probability p{e | r}. On BSC this rule coincides
with the minimum distance decoding, i.e. £ is decoded as the codeword &
corresponding to the minimum distance d (e, r).

Minimum Correction rule: r is decoded as the codeword at the min-
imum distance if the distance is less or equal to |43!]; otherwise the in-
formation bits are extracted from the received word without any correction
attempt.

Four decoding algorithms will be now described, based on the arithmetic
in GF(2). Let us remind that the Hamming weight wt(z) of a vector z is
the number of its nonzero components and let us introduce the vector r,
decomposed as in (1)

r= (fl | L£] l '3))
that will be referred to as the received vector.
Algorithm 1 (Minimum distance).

Store ¢; in a table T.

e Input r.

e Compute the 2™ Hamming distances

¥ = wt(r — ¢;), i=1,...,

o Find the minimum ¢;. Ties are resolved by random equiprobable
choices.
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1
18
120
112
7

R = O,

Table 2: Weight distribution of ML correctable error patterns for K (m).

o Decode r as the codeword &;.
e Recover § from 8.

a

The next algorithm is restricted to K (4), as it takes advantage from the
fact that Standard Array decoding is possible. In fact by computer search
256 correctable error patterns £ have been found such that the translates
4 + K(4) do not overlap and cover the whole space GF(2)'®. The weight
distribution {L; )}:o of the correctable error patterns is reported in Table 2,
where L; denotes the number of error patterns of weight ¢. From this Table,
the fact that K(4) is not quasi-perfect can be observed.
Algoritbm 2 (Syndrome decoding - ML rule).

Store Hg, the parity check matrix of R(1,4).

Store the vectors », = Haw;, i = 1,...,23.

Store the vectors w; = Het;, j=1,...,2%.

e Input r.

o Compute the syndrome ¢ = Hyr.

Find the pair [;,%;] that sums to s.
e Recover Z,- from ;.

. Decoderu2=r+2,-.

e Recover § from é.

[m]

There are good reasons to conjecture that this decoding algorithm may also
be applied to decode K(m), for every m.

Algorithm 2 can be adapted to the MC decoding rule as follows.




Algorithm 3 (Syndrome decoding - MC rule).

Store a table T of 8 x 137 syndrome vectors associated to error pattern
of weight not greater than 2. J
Store Hp, the parity check matrix of R(1,4).

Store G g, the generating matrix of R(1,4). n

e Input r.

Compute the syndrome s = Hyr.

e Search for the error pattern ¢ in T, using the entry s.

o IF successful
THEN decodev;asé:r-{»é

recover s from &

ELSE take the first m + 1 information bits unmodified: 1, = ry,
compute & = GT 1, N
and take the remaining m — 1 information bits ass3 = ra+a.

[m}

Algoritkm 4 (Tabular Decoding).

Store a Table T; of the indices j’s associated to the error patters {;’s,
for every r € GF(2)'°.
Store a Table T; of the error patterns £;’s, j = 1,...,2%

e Input r.
e Get j from r using Table T;. L
¢ Get £; from j using Table 73.
e Compute é = r + £;.

e Recover $ from é. Q

0

Vector quantization is a field where K(4) has found a valuable applica-
tion. Let us formally recall the vector quantization problem with minimum |
squared-error distortion. Let £ = (z1,...,z,) € R" be the input to the vec-
tor quantizer and let {¢;}}Y, be the set of codewords. The problem may be
fcrmulated as follows:




find the codeword ¢; among the N possible ones which min-
imizes the squared error

|z - e |’=2z"z - 227e; + e e;, (6)

where sf c?c; 18 independent of s then the minimum distance
1s achieved by the codeword ¢; yielding the largest scalar prod-
uct y; = z7e;.

The most efficient algorithms known today for performing the vector
quantization using K (4) are based on the Hadamard Transform (HT), whose
definition, for easy reference, will now be recalled.

Let H, denote an Hadamard matrix, which is a n x n matrix of +1’s
and —1’s with the property that the scalar product of any two distinct rows
is 0. Thus H, must satisfy the relation

H HT =nl,

where I is the n x n identity matrix.
An n-dimensional column vector y is called the HT of the vector z if it
is obtained multiplying the vector £ by an Hadamard matrix, i.e.

v = Haz.

In this context we shall consider the s-th binary codeword of K(m) as

a vector of +1’s and —1’s, with +1’s replacing 0's and —1’s replacing 1’s,

this will replace the usual vector sum over GF(2) with the Hadamard dot

component-wise product of real vectors, hereafter denoted ®. The scalar and

Hadamard products are compatible in the sense that the following property
holds

T (yoz) = (z0 )2 (7)

Vector quantization with the K(4) code, requires the computation of 256
scalar products

vi=2z"e, i=1,...,256, (8)

and 256 compatrisons to search the minimum y;. Applying the property (7),
¥ may be computed as

u=2T(w;0cr) = (20 w;)Tep. (9)

As noted in [1,2,3], the 32 codewords of R(1,4) can be grouped to form
a Hadamard matrix Hig and its negative — Hig. Therefore the y;’s can




be computed as HT’s of the 8 vectors (z ©® w;). Moreover only 128 scalar
products are to be computed because K (4) in the 11 representation ccatains
both ¢; and —¢;. Finally only 128 comparisons are necessary to find the
maximum scalar product; the search can be limited to the absolute values
[ 27¢; | and the proper codeword can then be chosen according to the sign
of z7¢;.

The above observations can be also applied to the minimum distance de-
coding of soft data. The computation of the Algorithm 1 may be performed
by executing the HT’s of the received vector r and the seven companion vec-
tors r @ wy, j = 2,...,8. In the following, two algorithms that implement
the decoding along these lines are described.

Algorithm 5 (HT - ML rule).

Store W(4),
Store Hyg.
e Input r.
e Compute the 28 scalar products y; = #Te;, 1 = 1,...,2%, by performing
the 16 HT’s
Hie(r O w;) i=2,...,8
— Hyo(r © w) i=2,...,8

o Find the maximum ¢;. Ties are resolved by random equiprobable
choices.

e Decode r as the codeword ¢;.
o Recover & from &.
a

Algorithm 6 (HT - MC rule).

Store W4l
Store Hyg.
Store Gp.

e Input r.

|
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e Compute the 28 scalar products y; = rT¢;, 1 = 1,..., 28, by performing

the 16 HT’s
Hig(r © w;) i=1,...,8

—Hyo(r O w;) i=1,...,8.

e Find the maximum ¢;.

o IF no ties

THEN decode r as the codeword é
recover s from &
ELSE take the first m +1 information bits unmodified: §; = ry,
compute & = G}, )
and take the remaining m — 1 information bits as 43 = rz2+a.

4 Computational Complexity

Every dissertation on decoding complexity suffers the lacking of suitable
measures of complexity. However for most practical applications the number
of arithmetical operations (in any field), the number of logical operations
and the amount of storage required can be taken as meaningful figures. In
the following the complexity for decoding K(4) with both the ML and the
MC rules is estimated. The complexity of vector quantization using K (4) is
also analyzed and a significant improvement over {3] is obtained.

Decoding . The complexity for decoding Algorithm 2 of the previous Sec-

tion is briefly discussed in the following. Similar considerations can
be applied to all the algorithms presented. Complexity results are
summarized in Table 3.

Complerity of Algorithm 2. We have 2! syndromes of 11 bits which
correspond to the 2% x 28 pairs (w;,£;); they can be precomputed as

Hpw; + Hpt; i=1,...,8 7=1,...,256. (10)

The decoding operations require the computation of s, a table look up
for finding w; and £;, and finally the computation of r + £; to obtain
the correct information bits. The complexity results in

o the storing of Hg, requiring 11 x 16 bits;

10




——

e

the storing of 2!! x 8 bits, i.e. the reference to the suitable £, for
every o;

o the storing of 2 x 16 bits, i.e. the ¢;’s;
e 15 x 11 sums in GF(2) for the evaluation of s = Hpgr;

e a direct access search in a table of 2!! entries to get j and then
in a second table of 2% entries to get ¢;;

the computation of the correct information bits requiring either

— the storing of the w;’s, requiring 8 x 16 bits, and the compu-
tation of 5 sums in GF(2) to find the {3 bits;

— the storing of the 13 bits for every codeword, requiring 256 x 3
bits, and a direct table access.

This complexity is the same for ML and MC rules, the only difference
being different choices of the correctable error patterns.

Operating in real fields according to Algo ithms 5 and 6 is convenient
only for minimum distance decoding; the complexity is the same as
in the case of vector quantization, as analyzed in the following, but it
does not compare favorably with the decoding in GF(2) (see Table 3).

Quantization. In (3], by referring to a definition of K(4) as Nig, it is shown

that the nearest neighbor codeword can be found with 304 additions
and 128 comparisons. By using the same argument introduced in [3],
based on a variant of the Fast Hadamard Transform (FHT), and using
our definition of K (4), we will show that 288 additions are sufficient.
The proof stems on the following observations, motivated in [1,2,3].

1. The HT of dimension 16 may be computed by evaluating HT’s
of smaller dimension. The matrix Hj¢ may always be written as

H, H H, H,

Hy = ( Hs Hs ) _| H«-H, H,-H, :
Hg —Hs H( Hy -Hq-H
Hy -H4, -H, H;

from the above observations it follows that a HT of dimension
16 may be computed by performing two HT’s of dimension 8 and
operating 16 sums, and every HT of dimension 8 may by obtained
from two HT’s of dimension 4 and 8 sums. The FHT of dimension
4 requires 8 additions.

11



2. It is direct to verify that the HT’s of a 4-dimensional vector @ with
an even number of components having the sign changed, may be
obtained from the HT of a by simple permutations and changes of
signs. In fact let a7 = (ay,a32,as,a4) be a 4-dimensional vector
whose HT is the vector b7 = (b;,bs,bs,by) given by b = H,a,
where the matrix H, has the structure

1 1 1 1

I I TS T R |
He=1, | 1 4
1 -1 -1 1

If all four a;’s change the sign then the four b's do the same.
If only two a;’s change the sign then the four b;’s are permuted
and/or changed of sign according to the following correspondence

(~01,~az, a3, ag) © (—bs,—by,~b1,~b2)
(a1, az,—ag,—as) — (by, by, by, by)
(~a1, a3,—as, a¢) « (—bs,—by,—by,—bs)
(a1,—az, ag,~aq) — (b, b1, by, bs)
(—a1, a3, ag,—aq) — (—b¢,—bs,—bz,—b1)
(a1,—a3,—as, ag) « (b, bs, b2, bn).

3. By permuting some columns in the matrix (5) we get

0000 0000
1010 1101
1111 0000
1100 1010
0001 1011
0101 0101
0010 0110
1111 1111

0000 0000
0000 -0001
0000 0011
0000 0101
0000 0011
0000 0101
0000 0111
0000 0110

(11)

4. Due to the particular partition of the vectors w;, as shown by
the rows of matrix (11), many of the HT’s of dimension 4 need
not to be computed 8 times. In fact if both vectors z and w; are
partitioned into four parts of the same size

(31| 22| 23 | =4)

12
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and
(01i | w3 | 0y | wyi),
their dot product may be performed independently in each single
part
zOwW = (210w | 22O Wy | 23 O Wy | 24 O wy).

Therefore, the above observation, together with the property re-
ported in the previous item 2, yields the conclusion that only the
HT’s of the following seven vectors must be computed

rn
T3 and £ 230; (l) 1, 1) —l)
z3 and 23 ® (1,1,1,-1)
ziand 2, ®(1,1,-1.1).

. In combining the HT’s pertaining to zs and z4 to get the HT’s

of dimension 8, only 5 out of 8 combinations are necessary. This
comes form the fact that two vector sums are to be performed

21i =230 Wy +Z4 O Wy

23 = 230wy, ~ 2, O Wy

In computing z;; and #;, fors = 1,...,8, the cases 1 = 3,6,8 do
not need any addition, since

213 =—2In
233 = —211
218 = —211
218 = — %21

216 is a permutation of ~ 2y

23¢ is & permutation of — z31.

13




Alg. || real sums | GF(2) sums | memory | comparisons
1 3540 4096 4096 bit 255
2 - 144 4352 bit -
3 - 140 12312 bit -
4 - 18 528384 bit -
5 288 - 384 bit 128
6 288 18 512 bit 128

Table 3: Complexity figures for decoding K (4).

6. In conclusion the total number of additions is

128 = 8x16; number of sums required for combining

8 pairs of HT'’s of dimension 8;

56 = 7 x 8; number of sums required for the evalu-
ation of seven HT’s of dimension 4;

64 = 8 x 8; number of sums required for combining
the HT’s pertaining to z; and z;

40 =5 x 8; number of sums required for combining
the HT's pertaining to z3 and 2,

288

5 Bit Error Probability

In general it is very hard to compute either bit error rate or word error
rate for nonlinear codes. For K(4), however, such a computation is feasible
because its structure is very similar to that of linear codes. As previously
observed, the decoding can be organized as a Standard Array, since the
translates of K(4) by the correctable error patterns do not overlap and cover
the whole vector space of dimension 16 over GF(2).

The polynomial expression of the bit error probability p, of K{4) after
complete decoding on the BSC, in terms of p, raw bit error rate of the BSC,
has the form

138 ]
p=g LE S
=0
where the coefficients E; are reported in Table 4. They have been computed
from the Standard Array according to a counting scheme proposed in [1].
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s E;

ML MC
0 0 0
1 4] 0
2 0 0
3 1464 1329
4 ~-12635 —-10856
5 52116 40497
6 (| —130242 | —81309
7 211196 65510
8 (| —218250 | 110310

9 117176 | —409012
10 22836 675936
11 )| ~-99288 | —704544
12 88496 496376
13 || ~43680 | —233184
14 12480 66912
15| —1664 8960
16 0 0

Table 4: Coefficients for BER computation of K{4).

Interesting are the asymptotic expressions p, < ‘%p’ and py < '—ssﬁp"‘
for the ML and MC decoding respectively, as p tends to zero. From these
relations it follows that, at least asymptotically, the MC rule is superior
to the ML rule. These theoretical results have been checked by simulation
using the TOPSIM package [7].

6 Conclusions

In this paper we have dealt with many different properties of Kerdock codes.
Disparate results have been put together because they represents the man-
ifold aspects of this very interesting class of nonlinear codes.

This final Section summarizes the many results that were obtained. First
of all a description of Kerdock codes that allows instantaneous encoding is
given. This approach leads to the application of two different decoding
strategies, i.e. the well known Maximum Likelihood criterion and another
one that we have called Minimum Correction rule. Referring to K(4) it
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has been shown that a Standard Array can be built by translating the set
of codewords without overlapping. From the inspection of this Standard
Array it turns out that K(4) is not quasi-perfect (see also Table 2). The
same Standard Array allows the computation of the bit error rate for K (4)
on the binary symmetric channel, with respect to both ML and MC decoding
strategies: in this particular case MC is asymptotically superior.

Finally it has been shown that a vector quantization scheme based on
K (4) can be performed with only 18 sums and 8 comparisons per sample.
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