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PREFACE

This report describes work performed in the Aeroelastic Group, Analysis and Optimiza-

tion Branch. Structures Division, Air Force Wright Aeronautical Laboratories, Air Force

syvstems Command under Program Element 61102F, Project No.2304, Task N1, Compu-
tational Aspects of Fluid and Structural Mechanics. Work Unit 2. This is a final report

on work performed at intervals during the period February 1985 through December 1987.

The author thanks Dr. K. G. Guderley for listening and his helpful suggestions.
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SECTION 1 N
INTRODUCTION ::?
A
"
For some lightly damped structure the free response may be expressed as a sum of a »
number of complex exponentials with complex amplitudes. It is clear that the number of :
]
such terms is not necessarily the same for different experiments on the same structure. A
&
The number of these terms depends upon the initial conditions. From a practical point of W
view one would be satisfied, usually, with a free response which contains all the frequencies "
’ "
in some limited range of interest. :0.‘
i y
4 L
‘ In Section Il we give the details for efficiently and accurately carrying out Prony’s )
t

X method, 1], for determining the complex exponentials and complex amplitudes from evenly ?.
. q
] spaced sampled data assuming that the number of such terms present is known. The E:
3

‘ ]
‘ method given is also applicable when the data is averaged in an appropriate but natural ’
]
: way. There is no difficulty in applying the method to multidegree of freedom cases. We ‘
H

4 ]
3 believe that one could possibly treat the case of a complex frequency with multiplicity ::
! )
greater than 1. '
{ In Section III a procedure. the Progressive Algorithm [2]. is given which essentially "
! 4
enables us to determine the number of complex frequencies present. Actually the progres- "'

e

¥

sive algorithm performs the first step of the method given in Section II. Thus, it is no L
. . \J
longer necessary to know in advance the number of complex frequencies present. The pro- W)
gressive algorithm is also applicable to the averaged data. Given a real valued function of ul

. U
3 3 . . . - . ‘
‘ a finite number of distinct complex frequencies with their associated complex amplitudes -
it is clear that a method comprised of the procedures given in Sections II and III is a .
g
; theoretically exact method for determining these frequencies and amplitudes from equally 2
M
: . {
spaced function values. )
) In Section IV we derive the algebraic properties associated with the method of Least ¢
t %
Squares for the case of one quantity depending linearly on another. This in turn provides ‘
b
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the background for developing the method of Lattice Filters. [3]. for stationary sequences

and the method of Canonical Variate Analysis. [4].
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SECTION II
DETERMINATION OF COMPLEX EXPONENTIALS

Consider a sum of terms of the form a,erp(Ait). The coefficient a, may be either a (g
vector or scalar. For every such term there is a companion term which is the complex con- e

jugate. so that the components of the sum are real. Such a sum arises as the homogeneous

solution of a linear system of ordinary differential equations with constant coeflicients. In 5
particular dynamical systems with symmetric mass, stiffnes and damping matrices. Re-

gardless of origin, the problem of determining the parameters a; and A\; from experimental v
data is frequently encountered. i

In this section we examine and discuss a very old method associated with the name
Prony. The method or procedure described is efficient, easily programmed and very ac- ¥
curate when tested on numerically produced data sampled at an appropriate rate. In a
practical problem the number of the terms ajerp(Act) is not known. In thc next section Wy
we give a method for dealing with this difficulty. There is the problem of multiplicity for ",

a particular A; which we will discuss also.

b ol ol
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Consider a real valued function r(t) defined by "'
xr(t) = ki:] arexp(Agt) (1) "
where n = 2m, "
Ak = Qg
and ;
Aok = Mg
The bar denotes the complex conjugate. The Eq (1) can be written also as
#(t) = 23 exp(Re[\] 1) Relaglcos(ImMel 1) - Imlaglsin(Imine] ). (2
k=1
Now
e.rp(/\(f + h)) = erp{At)exp(Ah). o
3
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) Set

" e = exp(Ach). (3)

A From Eq {1) we obtain
-
‘ At t

r(t) = aje +---+a,,rA"

< A
-

Mt

r(t+h) =mnae + e+ page!

e
e
.l

(4)

N
R
-

z(t + nh) = nfa;eM + - + nhapett.

-

The Eqs (4) may be written as

z(t) -1 ... -1 1
I(t + h) ~N ... —Nn 016'\1'

[ 4

= 0. (5)

-t

o T -

z(t +rh) —n} ... -ni)] lage!

P
N ]

)

Since this homogeneous system of equations has a nontrivial solution the determinant of
the system matrix is zero.
) Let A, denote the cofactor of the jkh element in the determinant of the system

) matrix. Eq (5). We have
A An,”.r((-fnh)+A,,,.t(f+(n—l)h)+---+A“I(I) =0. (6)

0 Assume for the present that the A, and hence also the 7; are different from one another.
% Observe, Eq (5), that the minor of the element z(t + nh) is a Vandermonde determinant.

Hence the cofactor A,.;; # 0 and Eq {6) can be written as

An Ay
rit+nh)+ " -r(t+(n—1h)+- -+
( ) An+ll ( (Tl ) )+ + An+ll

z(t) = 0. (7)

N The Eqs (6) and (7) show that the function values (7). r(t + h). ... satisfy a linear n'*
o order difference relation.

In Eq (7) set the coefficient

(] L
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and rewrite Eq (7) as

r(t +nh) + p,,.r(l +(n - l)h) + -+ pr(t) =0. (9)
In Eq (5) replace the first column of the coeflicient matrix by the symbols

_l._’}q_n2..... -n

Then in the same way that we obtained Eq (9). the expansion of the determinant of the

modified coeflicient matrix will give the polynomial
n" 4 pa™ 4+ py

and it is clear from elementary determinant theory that the n;, Eq (3). are the roots of

the polynomial equation
Pin)=n"+pan" '+--+p =0 (10)
Now from elementary college algebra we have
n
Pn)=T(n-m)
k=1

= [[(n— m)(n — )
)

k

3

= [1 (#* - 2uRelne] + (Re[m])® + (Im(ni])?)

»
|
-—

<ince the n roots of Eq (10) occur in complex conjugate pairs. From this it is clear that
the coefficients. p;. of Eq (9). and also in Eq (10). are real.
Set z{l) =x). r(t+ h) =z9..... r(t + nh) = .. and so on. From Eq (9) we obtain

the system of egnations

Iy Iq Iy, rPl —TIp.j
T2 I3 e Ty P2 —In.2

. =1 T (11)
Ip ITpyy) -+ T2p 1 Pn —Ip

! W W e W,
o .'n.‘l. (N .t. M)

. [ . - - - r
RS R AN PO SRS YR WX MO L l‘-‘t'.‘.‘- PRSI CAN NN l.s‘i.o‘l‘n YOJE L M ATURT .“p (LS R U T N K e

{“

MO A LS

-

.“.. -~ -




- -

PR

-

g o

‘o

o

-

G RS |

¥
)
)
[y

Thus, in principle. from a set of 2n values of the function z(t) the coctlicients py. p,. .. ..

pw can be determined. if the coefficient matrix in Eq (11) i« nonsingular. From Eq (4) we

obtain
T b
72
I,
and similarly
Iq 7
I3
In*].
and so on. That 1s. we obtain
[z, 1 ... T,
I I3 c. . Tnil
[ Tn Tn-1 -+ T2n-)
[ 1 1 1
7 n2 n
n-1 n:l n.—]
L1 2 in
ro1 1 1
m 7, Nn
n-1 n.—l n'—l
L1 P cve Nin

m
L7 !

U

n-1

L 7]

1 [aye

I la,e

P(l]('
0

i1t 0

1
N2
n 1l
p)
1
N2
n.—l
p)
70 e
nzazc"?'
Nnlp€ nt
0
azeA:pl
0

1 7 'a,e'\"
Nn 02CA21
'7": lJ _a,,CA"'
1 7 ’7),0,(’\"
Mn 7’2026*2’
’72 . L77nan€A"t
n;l ]a]f»\ll
1 Aat
n ase
t = (12)
" 'a,,c"\"'
)
0 1 ny ... ony!
apetn! [1 /L

Now the determinant of the left hand side is equal to the product of the determinants of

the right hand side. By our assumptions above. it is clear that the value of each of the

determinants on the right hand side is different from zero. It follows from our observations.

Eq (12), that we may assume that the coefficients p, are determined by the Eqgs (11) or

known.

We consider next the second task. namely determining the zeros of the polynomial

P(n). The zeros n; of the polynomial P(7n) occur in complex conjugate pairs. Hence we

only need to determine the zeros lyving in the upper half plane. For Ay = a; + 73, we have

from Eq (3)

IO .|"I‘h ) ....‘.‘. ..’... \ -_-.. .

Nk

= °

n " o
,Q.. AR

"*hf" ‘.h

'3

) i'-. ¥

(13)
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0
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In the present discussion we are only considering lightly damped systems. Thus a; < 0
and is numerically small. Hence 0 < ezp(azh) < 1 and it is clear from Eq (13) that all the
zeros ny lie inside the unit cirele. In particular. if o, is sufficiently small numerically and
and if h is sufficiently small also then the zeros 7 wiil be close to 1 in magnitude. That
i« the roots 7; lie close to the circunmiference of the unit circle.

If the zeros n; lie close to the unit circle we are able to determine them to a high degree
of accuracy in two “steps”. The first step is a linear search along the circumference of the
unit circle which gives an initial approximation 7, to the zero ng. The second step is a
Newton iteration process starting with this initial approximation.

To implement the first step we have

1 dP 1 1
L = e+ :

Set
4P /dy
| "P(n) ©

By means of a search. determine approximately local maxima #; of f(7n) along the cir-

J(n) =

cumference of the unit circle in the upper half-plane. One should find m values of 7,
1 <k < m. It is clear that the search is not restricted to the circumference of the unit
circle. One may search along the circumference of circles of radii different from 1.
The recurrence relation for a Newton Process for determining an 7 satisfying P(n) =0
is
41T - F(Zj)
T P'z) (16)

'S

20 = Mk

where P’(n) denotes the derivative of P(n) with respect to 7.

Let n; denote one of these roots. We have

- cA.h
which we write as

= rke:(o,, -2rl) _ eA,,I: - e(n,,ou'i,,)h'
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From this we ¢Ltain .'v
op = (1/h)log(ry) (17) ’t:f
l::
e = (O + 271) b (18) %
'l‘v
It is clear from Eq (18) that A4 is not uniquely defined. One takes { = 0 in Eq (18) unless )
y
there 1s good reason to do otherwise. 0::.
. "
Once the A;'s are determined, it only remains to determine the a;’s. The following '
O]
system of equations is available for determining the a; s .
1 1 e 1 a,e’\" Iy ::':
At *
m 72 ] ase”? I Le
: : ‘L :n 2: = :2 : (19) :s:lf
. N . !
4
ORI SURU S ) PAE B i
This system can be solved by a lincar systems solver. However. because of the special o
form of the coefficient matrix one can determine the value of the product a;e**! in a more 4
4
')
efficient way. )
‘\
Here now we develop the procedure for solving the system, Egs (19), which utilizes !
o,
the special form of the coefficient matrix. Denote the cofactor of the j kt* element of the W
]
coefficient matrix by B, ;. Then by Cramer’s rule :}
oo \ " .
(L ni BJk)(Ike Kt = L J‘]B]k
3=1 7-1 _J:
n (20) "
=Y 2(t+ (i - )h)B,s o
=1 <
Divide Eq (20) through by B,k. The coefficient of aze**! in Eq (20) is a polynomial in 7 )
0\
of degree n — 1 evaluated at n = n;. We have '.:
~ B 1k B ..
P —gn 1, Pn-tk n-2 L1 Bk A
() =n "+ gtm T4+ B N
_il: BJk"]-l (21) &
= T )
7=1 Bni X
. jud ‘.‘
It is clear from Eq (19) that the roots of the polynomial equation P(y) = 0 are the M. .
J # k. Hence i\
R n ' .
Pn) = ] (n = n,). (22) )
11 ]
sk I
R }}:
<<
;;.‘»

B (] I8 5.9 4 g ! ¥ Tt " LV 1 “P R 2 N et T
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The polynomial, Eq (10). is ol
P(m)=n"+p" "+ +m E-,

u 23
= H(" - 7/]'- ( !
171

) Then
an =nn" 4 (n—)pan” P4+ X

" (24) ‘'
and =
=anp '+ (n=Upang P+ 4 3

th
I (s = ;) = Pme). (25) %'
1=1

J<k ")

;
Thus the coefficient of ape**? is t

{
\

o

. dP. )
P(m) = a0 n=ne’ (26) £

The right hand side. RH S, of Eq (20) after division by B, is the quantity '

RHS = \'"‘z(t +(j - 1)h)§f-". (2. o
Jl_?‘l Bnk .

That is, RHS is the polynomial P(n) with n? replaced by the value z(f + jh).where
7 =0..... n — 1. We make the following observations:

P(n) = P(n)/(n — m) iy

P(n) - P(m) .
= —————, since P =0 o
= Sinee Plm) (28) ]
n" — np n" ! —np”
= + +...+ .
n—m P Im, P2 3

For the case n = 4 Eq (28) becomes

n 1

P(n) = n* + 0’ + nni + n} A
2 2 e
+ pa(n® + nme + ni) 0
(29)
+ p3(n + m)

+ P2

9
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Now we rewrite P(u) given by Eq (29) as a polynomial in 7,. We have
P(n) = ui
+ (7 + palug
+ (0% + pan + p3) e
+(n° + pan® + pan + p).
Finally to obtain the value which we called RH S replace 5/ in Eq (30) by r(f + jh). where
n — 1 and obtain, for the case n = 4,
RHS = r(t)n}
+ (2(t + h) + pyz(t)) n}
+ (2(t + 2k) + paz(t + k) + psz(t)) me

+ z(t + 3h) + pez(t + 2h) + p3x(t + k) + paz(t).
The expression for the value of RH S for a general value of n is readily obtained from Eq

(31). We have
RHS = z(t)n] !
+ (.r(l + h) + pnr(l))ni_" 2

+ (x(t + 2h) + pax(t + k) + pp. ,,(,)),’:ﬂa

= z(t+ (n = Dh) + paz(t + (n = 2)h) + -+ ppr(t).

Now we have shown that

ap e (33)

is equal to the quotient of two polynomials of degree n — 1. each of which is evaluated at
ni. Polynomials are readily and rapidly evaluated. The numerator is given by Eq (32) and

the denominator by Eq (26). The polvnomials are the same. have the same coefficients.

for all values of k. for 1 < k < m and. of course.

A oyn = Ui

- - T S Y >~ . -
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Usually there is no reason for not taking ¢ = 0 in Eq (33). .
There is no difficulty in going from the scalar case just discussed to the case where )

o,

the coeflicients a, are p-dimensional vectors. One applies the procedure described above E
s
] to a component. The A; do not have to be determined for cach component. Thus the ;
determination of the polynomial P(n) is done for only one component. The coefficients for ':::
the polynomial. Eq (32). have to be determined for each component using the observed :2%
values for that component. ::if
Reviewing the above development of a procedure for the determination of complex "?

A

exponentials we see that the first task is the determination of the coefficients p; of a :’2:}
difference equation, Eq (9). These coefficients are also the coefficients for a polynomial '
equation, Eq (10). The second task is the determination of the roots n; of this polynomial ::,.:
equation. Once the n; are known the ), are also determined by Eqs (17) and (18). The E:'E
last task is the determination of the a;'s or the a;’s using Eqs (26) and (32). If the number ;:::
n of complex exponentials is known the first task can be accomplished by solving a system .s‘;:
of linear equations. Eq (11). For the case n not known an alternative to the use of Eq (11) (‘
is given in SECTION IIL
For the vector case there is the possibility of two or more linearly independent vectors .'-.:
a; as the coefficient of the same complex exponential in the true expression for the function ::.S%
W

f(1). Eq (1). It is clear, however. that the experimental data can only express the sum. :?:
that is, these two or more coefficients of the same complex exponential are summed and 3
regarded as one. If one suspects that there are multiple roots one must process other sets of ,.E-
data with different initial conditions. Let ay; and a;; denote the coefficients corresponding :’5
to the value A\; obtained from two different sets of data. If A, is not a multiple root a;; ° (
will be some scalar multiple of a;y. On the other hand if A; is a multiple root then f .':
o
ag; —cag £ 0 if

»
for any value of the scalar ¢. Hence one must process a number of data sets equal to the N
‘
multiplicity of the Ag. E
11 "‘:'
'
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We have shown that a set of 2n equally spaced values of the function »(t), Eq (1),
completely determine the function r(t) in principle. Next we show that the algorithms '
developed for determining the function z(t) apply also to appropriate averages of the
evenly spaced values of r(t). -

suppose that we have very many. say N >> 2n. equally spaced values of the function \::;'

rit). From Eq (11} we have, for example

npp+Iprt TPy = — T r

Iopy +I3p2+ -+ Ty = — T2

Iepy+TeaPr+ o+ Tnir 1P = —ZIniy ..

-“:' v
(4

Adding these equations together and dividing by r we obtain

r

Iy~ 1y~ L -
(X2 + (3 mea)pe 4+ (Y Znsk Pn =~ Y o
k1 k-1 k=1 k-1

Q.
e

.y
w e
-~
-

Set

-
-~
Il o el

. 1
"'J:,QL'”"J 1 (34)
ko

I

.
yox

Thus replacing the value r, in Eq (11) by the average I, we obtain equations of exactly
the same form as Eqs (11) for determining the coefficients p;. ¥,

From Eq (4). sec also the equations immediately preceding and leading up to Eq (12). ®
we have . v

(ry 1, ... 1, A
T I3

| Fn Tper o0 They (35) 5
b
[ 1 1 1 a et ner"m a,e*"n; ! |

m M2 ... M azer?! : e

aycttyy L ety Sa

n1lo,n1 ! i ' '
L7y "y M ane?'  anetin, 0 ape*tyh 1 N

Multiplying this equation, both sides. on the right by an r vector with all components o

12 -4 el

amp ey ey p LN
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—r“

equal to 1 and dividing through by r we obtain L

I 1 1 1 :(l+n|+---+1/; ’)alf"\” &

|l [ m n2 -+ N P4y Haget! (36)

- .
CE Y

n-1 '—l n.» 1
Mn

Iy m 7];‘

-
.-

:(l +n, 4+ + ’)Vrl” l)anCA"!
Thus when using average values as given by Eq (34) we obtain. instead of Eq {19) which :'.“

we solved for the product age* !, Eq (36) which is solved for the quantity
1 ,
»r(l-‘rm.+---+n; Nager!. )

The algorithm given for solving for the value of a,e**! is also applicable for solving for the h

guantity N

1 - v
;(1+7lk+"'+7); l)Clkex"'. ]
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SECTION III 2

THE PROGRESSIVE ALGORITHM :'

|

In this section we consider the progressive algorithm which was used by C. Lanczos in . :‘

|2i. This procedure is useful when the number of complex exponentials in the function, Eq

(1). is not known. To develop the algorithm we first describe the procedure from the point :,:

‘ of view of systems of equations. Then we repeat the description using matrix notation. ::

The essential computations are summarized in Egs {55-60). ::

. For discussion purposes we assume a set of numbers r;. and suppose there is a least ?:

" value n and a vector having components ny,...,7,_;.1 satisfying the condition ¢

i 1"2 7.3 -Tn'al 77.2 ~o. (37) f'

: : v

‘ Tn Tpiyy 0 T 1 .

: "

: Such a system of homogeneous equations arises in the obvious way from Eq (9). Typically :f

E for a problem of this nature one might delete a row, say the last row of this system, Eq E‘

’ (37). take the entries remaining in the last column to the other side of the equal sign and .

\

; in this way obtain the system of equations, Eq (11). The difficulty is that the value of n

v is not known. We could still use such an attack by taking, in turn, n = 3.4,... until we '

4 d
: obtained a value of n for which Eq (37) was satisfied in some numerical sense. The special

3 form of the coefficient matrix. Eq (37), enables one to develop an efficient procedure for .

:

: carrying out this approach. ¥

Suppose we have obtained. some how. for a value of ¥ < n the following conditions

&+ 16+ e+ 24 =0 :
, \
T+ 3+ TS+ T2 =0
(38)
1 '
\‘. "
' Tpy by + oS+ o+ ISk T = hy ::
) +
' e /

.

g . ; e . ~ - Wy w =,
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.
and

Tyt + 7362+ -+ Ty + Thi2 =0 "

T3¢ + T4+ -+ LeyaSk + T3 =0 i

(39) ¢

Ti+261 + Ths3$2+ -+ Toks1Sk + T2ks2 = h,. f,;,

Observe that by multiplying each of the Eqs (38) by —hy/h, and adding the resulting »

system of equations to the Eqs (39) one obtains

(3

oym+ It + Tk H Zk2 =0 o
Tom + 3Ny + -+ TpioMk+1 + Tha3 =0 ( ) .':
40

Teah + TkwaMm + o+ Toko1Mha1 + T2k42= 0 !

where 't:
m = (=ha/h)& ]

m = (—hy/h))&2+ ;‘:‘

(41) %

M = (=hy/h1)& + g1 o

M1 = (—ha/M) + G i

Next compute )

",
TgioM + Ths3M2 + o+ Tok 2Mk-1 + T2p43 = h. (42) N

If k = 0 then the set of equations comprised of the Eqs (40) and Eq (42) is the system ‘
Eq (37) and the desired solution vector is given by the Eqs (41). If h #0 then the system,
Egs (40) and Eq (42), will play the role of the system. Eq (38). We need to obtain the
system which will play the role of the system, Eq (39). To obtain the new system Eq (39) N
multiply the old Eq (39) by —h/h; and add to the new system Eq (38) with the first row oy

15 K
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deleted. We have

o z2(m — qih/hy) + z3(n2 — 2h/ha) + - + T 2(k1 — h/h2) + 2.3 =0

r3{m — qh/ha) + 24(ny — @hfha) + - + Tera(mer1 — h/hy) + 7g =0

: (43)
.’.:: Zeao(m — ¢h/h2) + za3(m2 — @b /hy) + - + Zoks2(Mes1 — h/h2) + 79643 = 0.
o From the Eqs (43) set
::, Ml =m—ah/h,

iz = 2 — Gh/hy
y'?"
e : (44)
]

1 .

K% Mk = Mk — Skh/hy
i: Mk+1 = Me+1 — h/hy.
::: Using the values obtained in the Egs {44) compute
3

13..

a\';t . . . -

T3 + Tera2 o0+ Toks3Mky + T2keq = A (45)
o )
%:E Replacing the n's by €'s, h by hy, the 7j's by ¢'s and h by h; the Eqs (40) and (42) are of
34
: the form Eqgs (38) and Eqs (43) and (45) are of the form Eqs (39). We are now ready to
Y,
- rcpeat the process described above.
) . . .
;%E‘ The Eqs (38-45) completely describe the Progressive Algorithm, but from these equa-
‘;: tions it is somewhat difficult to see what is going on. Here now we will develop the
N

-~ progressive algorithm using matrix notation. The Eqgs (38) and (39) can be written as
o XUk = Hiy
(. ) (46)
' Xg2Vi = Hy,

)

K where )

e [ T )] cee Tha .
e r T R 4 ¥

0 - 2 3 k+2
Y Xer=1| . . : Ty
n : : " :
Z’;‘! | Thkwey Tho2 .- 1‘2h1j (47)
% [ 1, I3 ... Tgep ]

- . I3 Iy .. Tki3

,:: ’sz =

;“
ot
o | Tk-2 Tk-3 ... JTok:2]

)

Ha 16

R

[ 4
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and
3| 0 <1 0
lfk = . Hkl = : . Vk - : . Hk2 = : . (48)
€k 0 Sk 0
1 hy 1 hia

- We think of the matrix X}, as partitioned into two block submatrices

Iy I Tk}

R Iy . I3 o
.Xkll = . ] Akl2:

Tk+1 Tk-2 - T2k+

The block submatrices of the matrix X, are

I cer Thyy Tki2
I3 cee Tk, Tik+3

Xin = ) ) s Xk =
Tk+2 - T2k+1 T2k+2

Observe that

Xi12 = Xi gy

The vectors Uy and Vy are partitioned in the obvious way so as to be compatible with the el

partitioning of the matrices X;; and X;,. We have Dttt
o
& T

)

. )

Uki=[&6]) Uka= | \
\

and
; ;
Sk

We have now ®

(=hk2/hi) X Ux = X (~hea/hin) Uk = (=hiz/hii) Hiy = — Hys. i
Using the block submatrices we nuw write thi~ equation and the equation °

X2 Vi = Hy o

1i (o

' . : e e o T W )
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Xen(=hea/he) Uy + Xiera(=hea/hiy ) Uiy = = Hya
X Vir + Xeag = Hyao
Adding these two equations we obtain

(—hia/hi1) &
[Xenn Xirz Xe22] | Via — (hia/hiy)Ui2 | = 0.
1

(—hkz/hi1)€
Uker = | Vir = (he2/Pi1 ) Uk2 (49)
1

h'IHll:[-Tk¢2 1’2k~3]Uk+1 (50)«

the scalar product of the row vector [rx.2 ... T3] and the column vector Uy,;.
Adjoining the row vector

[Tk.2 .- Izhs]

to the matrix

[Xinr Xer2 Xioo

we have
Iy I9 Ty Tk-2

. I I3 Tk.9 I) .3
Xeanr =

Tg.p T3 .. Tok.2 T2k-.3

The Eqgs (49) and (50) show the computations involved in going from the k'* stage to the

(k + 1)'" stage for the matrix Xy ;. If hx,; = 0 we are finished. if not. we have to obtain
the vector 1%, and the value h; ., corresponding to the matrix Xy, ;.

Delete the first row of the matrix X;,;; and denote the matrix arising from this
deletion by X*. Set

H=X"T};, (51)

and note that
Xial(=hg 1y /he Vi = —H. (52)

IR

3 . - - - s ~ - [J ? - - -
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Note also that

X = [X“ X}
where
Tk+3
X = :
T2k -3

Now we can write
’ Uk.
and adding Eqs (51) and (52) we obtain

x* [ k411 — (R 1/hk2)Vk} ~o.

1
Set
Vesy = [Unn - (h:nl/hkz)"kJ (53)
and
hesri2 = {Thas o ZTaksa]| Vi (54)
Adjoining the row vector [Tj.3 ... Tzr.4]tothe matrix X* we obtain the matrix Xj, 3.

Once the progressive algorithm is started the essential computations are those given
by Egs (49) and (50} and Eqs (53) and (54). On examining these equations one sees that
the progressive algorithm could fail if for hy; # O the value hy, = 0. For our application it
is clear. in principle. at least, that such a condition cannot arise, since for an appropriate
value of k both X and X, should determine the coefficients of the polynomial P(5). Eq
(10).

Now it is clear also that in numerical work we cannot expect to obtain hy; = 0. Thus
in practice the algorithm will terminate when the value h; is sufficiently small.

We will now summarize the above algorithm. using superscripts to distinguish one
stage of the computations from the following stage. The algorithm is as follows:

For k=1
{‘) = —-ry/ry, and .r;&_'f” + 13 = h‘,” (55)

19
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K (]) —1'3/2‘2 and 'TSC( ) + Iy = hg]) (56)

1
A Fork>1 o () 11 (& )
: (‘r) = (—hy /h()f()

2 e+ (LBl iy () o (0

) : (57)
X g1 = (R plk b 4 ()

65 = (=R /A 4 oY

" and

b plE+1) _ Ik*zdkn) 4.

k41
i ] = -+ Izk«zf,(‘:] ' 4 Zyk43- (58)

If hgk* Dis numerically sufficiently small, finished. If not, then

X) ("*1) E(k+l) (k)h§k+”/hgk) :
o (k) = gk _ (k)h(‘lw,l)/h(zk)

r : (59)

i (k+1) £(k+l) (k)hghl)/h(zk)

4 k-1 k+1 k+1 k
' ) = 60" - m T mg

" and

ke k
h( ”—-‘r k+3 §1‘ l)+"'+72k+3§£f.|)+-?2k+4- (60)

We note that the progressive algorithm is equally applicable if the r, in Eq (37) are

e replaced by the averages z,. Eq (34).

g .

- e e e -
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o
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SECTION IV

THE METHOD OF LEAST SQUARES
In this section we examine in some detail the method of least squares. For points
xi = (Z1ky---»Zak) in n-space and y; = (Y14..- ., Yms) in M-space, we suppose
Vi = g(xi).

The function g(x) is either not known or not readily evaluated. For some simpler function

y = f(x.a)

depending on a parameter set a, the parameter set a is determined so that the sum of the
squares of the magnitude of the error, y, — ¥x = yx — f(xi.8) is least. Because of our
special interest this review only examines the case y depending linearly on x.

For this case we regard the points x; and y; as n-vectors and m-vectors respectively.

Thus
T
Xy = [I]k Ink] y
T
Ye =Yk - Ymk)
and. for example,
o~ 2
2 _ =
lyell> =) vk
3=1
We will limit our discussion to the case where the number N of such vectors is finite but

much greater than either m or n. For an (m x n) matrix 4 set
Vi = AX {61)
and the error
e =Yg — V&- (62)

Desired is a matrix A for which the average

Elflex]?) = Eflly, - yll’]

N
1 & (63)
= v 2 llex)t?
k)
21
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is minimal. For k = 1.2,... we obtain from Eqs (61) and (62) the system of equations for

\ the first comnponent of the error

€1k = Y1k — Q11T 1k — Q12T 9k — ** = A1pTpk (64)

and then
A,'

A N L 2
K dek= (ylk -3 al]Ijk) - (65)
k=) k=1 1=1

In this equation we have a function of the parameters a;;,...,a,,. We know from the

calculus that to find an extremum. we differentiate with respect to a;;. equate to zero

1
N . .
Y for ! = 1..... n. and solve the resulting system of equations for the a;,. We have on

» differentiating Eq (65) with respect to aj;, for 1 <1< n

. N n

o > (ylk-le - anru -’tlk) =0. (66)
’ k=1 1=1

These equations can be rewritten as

(T\' Z Tik -’L'lk)au t+---+ (]7 Z Tnk l'lk)dln =N Z Y1k Tik- (67)
k=1 k=1 k=1

\
. 1 -

Bzx(]J) =N L-T]k-rlk (68)
ko

W 1 M
s By, (1.1) = & Y vk 7ue- (69)
1 T k=1

¥ The functions B,,(j,!) and By, (j.1) are called the correlation function and the cross-
correlation function respectively. When there is no danger of confusion the subscript rr
P will be omitted. _
el The Eqgs (67) determine the first row of the matrix A so that the average of the square

of the first component of the error is minimal. In the same way the remaining rows of A
" can be determined to minimize the average of the square of the corresponding component

) . . . . . .
" of the error. Using the notation just introduced for the sums, the equation for the desired

matrix A can be written as
::: ay ... @an B,.(1.1) ... B(l,n) B,,(1.1) ... B, (1,n)
e o : : : = : - : (70)
" B.;(n.1) ... B(n.n) By (m.1) ... By (m.n)

1 [/ 3598 e QAmn

Rl
22

X0 [ P . - RN KA - -
LN “'.." QA AN e, ‘.l.l o N IA _l "* nLh ".‘ 'V' ” L h XY -"“ .““'F‘ MY . N .' u“i"
- . A d Ad i t3 ) - 0 0

LA S .
N ORRICACATN




R Rt BT L e al gt car el g, tgr O Y TR PR N Y VLU v B 4% ‘e 50 8'5.0'0 '8 40 B p ¢ B0 Q. ¢ v g gV g, N YO o ¥ 4.0 o’ @ v'.'

"
%
'\),
-
’ (
It is clear from Eq (68) that the coefficient matrix of A is symmetric. =
It is convenient at this point to obtain a relation which will be useful later. Let us :::
X
N
write o
2 _ z '0':
; €k = (ylk - Z alejk)(ylk —an Ty — = A1 Tpk) N
J=1
th
= - X a3, T5kY1k ¥ ?
1=1 4 )
Rt
{
— aj; (ylklxk - Z aijjk-’l'-nk)
J=1
e a‘ln(ylkrnk - Z al]Ikanlc)- i:"'
3=1 :0:
Then §:|
N ) N n at
€1k — Z (yfk - Z aleJkylk) iy
k=1 k=1 =1
N ::«
—ay; ) (ylk-?'lk - L aul'gkl'lk) (71) O
k=1 1= “‘i'
A0
]\; n
— i Y (ynkl‘nk -y au‘-‘r]‘krnk)- W
k=1 3=1 J
®
It foliows from Egs (66) and (71) that “:
2 " 5
Eleii] = Elyvie] - Y. a1, E[z 014
J- I )
n o
Byy(1.1) L“U B,,(5.1) (72) &
n e
- Byy(l 1) - }, 1,3,,,(1,]').
=1 " ._
5%
Hence for the average of the i'* component of the error s
n ':
2 - )
Elei] = Elyievu] — Y ay Elz1yu] Ny
)1
n ":
= Byy(i,i) = ) a,; B,y (5.7) (73) 2N
=1 "(
n f’:
= Byy(i,i) = Y a,;, By, (1.5} N
71 )
We want to obtain the same results in another way. Let us regard the vectors x; as ::'::‘
.Nl
the columns of an (n x N) matrix. Denote the transpose of this matrix by X". In the same :":"
N
23 !
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way the vectors y; are regarded as the columns of an (m x N') matrix and the transpose

B of this matrix is Y. Let X, and Y, denote the j'* columns of X and Y .respectively.

" V,=(vn y2 - ynl .

;"E That is the k** component of X, is the 7t* component of X4. and similarly, the k" compo-
EE- nent of Y is the jt" component of y,. The vectors A; and Y, are N-dimensional vectors.
s A scalar product, (X,.X)) or (Y, X)). for these vectors is given by Eqs (68)and (69). It

is obvious that the conditions for a scalar product are satisfied, since the scalar product

defined here differs from the customary scalar product only by the factor 1/N. Set

”Xj”?n = (XJ’X])‘ (74)

Consider the system of equations

Y; = ayX) + -+ ayn X, (75)

This is an over determined system. It has a strict solution if and only if 1] lies in the space

;’ - .. . L
% G spanned by the vectors Xj...., X,,. If Y is not in the space § then for the vector Y in
2

.‘,' . - S, . -

:.1 G closest to Y. the difference Y, — Y, is orthogonal to every vector X, for 1 <! < n.

The proof of this assertion is by contradiction. Suppose X is a vector of the spanning

set Xj...., X, which is not orthogonal to Y, — }] Set

g b=(Y,-Y,.X) (76)

' Yo=Y+ - - X (77)

S N S

7 - -2 _ vy - - - -
;:: ”}] - }0“"; - (}J - }]' - I’I}l‘.—znz\.)] - 1] - ““i'“?;'.\)

¥ - -

; = (¥, - 3%, - 1)) ;
2, . b2 (78) ‘

=Y, )+
!X||3n< ;=) + o

4 . . b2
; :”}]_}] - ‘ '

R S i e




From this we see that if some member X of the spanning set X,...., X, is not orthogonal

to Y, —- ]"J, then there is a vector Yy in § closer to Y, than }]

>y ¥ W
e
g'-.’;“-n, A

Hence, instead of trying to solve the over determined system. Eq(75), we want to

s
b g
-

- determine the vector
. ] Ry

}J-:aJIXl +---+a],,,\,, (79)

closest to YJ. We have then :g“

Y,-Y, =Y —a;X) - — ayn X, (80) ®

Note, for j = 1 this equation is just the system, Eq (64). above. Since, as has just been M)
shown, this difference must be orthogonal to the spanning vectors X; for 1 <1 < n, we ‘:

obtain the system of equations 1
;1 (X Xy} + -+ + 0yn{ Xy, Xn) = (XL 1)) (81) X

It is clear that we can rewrite Eq (81) as !
B,.(1.1) W0

[ajl a_m] = By;r(jal)- N 5‘.'
B,,(n.l) K

Doing so for [ = 1..... nand j =1..... m we obtain again the Eq (70).

A difficulty. albeit minor, with this last derivation is that it focuses attention on the "fh
vectors X; and Y,. There is a tendency to lose track of the relation of the result obtained :
to the vectors x; and y,. The Egs (81) determine coefficients a,;..... a,;, and in turn by
Eq (79) a Y, for which ||}, - Y, |3 is minimal. The k" component of ¥; is y;x, hence

denote the k" component of fJ by #,k. Then

Y, - ¥;]

, 1
= 2 Uk = )’
k-1

and )
m -

. PR "
YUY, = Tlh = Y (e — i) R
7 Y ke1g-1 X
1 X 2
=W Z, Nye — ¥l i\
T k=i

= Elllye - v4ll?].

—
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From Eq (79) we have for the k** component of )] L

i/)k =anTi+ -+ 0Tk

Thus for j = 1....,m the system, Eqs (81) determine the elements of a matrix A for which . ]

Vi = Ax;

and Ellly; — ¥¢|/*] is minimal as desired. b
Again from Eqs (61) and (62) we have R
e = yir — Axy Yy

= I, -A] [i:] (82) &

Post multiplying this equation with |y} x] | we obtain a matrix equation in block form
T T ht
T T1 _ YiYe YiXg
ey, exxi|=[1 --A
[exyk k1= [Im ] [xkyz‘ xkx;r]

This gives a system of matrix equations ‘:l

eryi = Yayl — Axpy) (83) %

ekx{ = ykx{ - Axkka. (84) ';:\

For the left side of Eq (84) we have

€kTik .- CE1kTnk

ekxz =

’ ’ A
CmkTik - - CmkTak iy
and ¥

(Y -Y.X) (1 - TLX,) -
Elexxt) = 2‘ : : .',
(Ym - Ym- ‘\'l) <ym - YmMYn) .Q::

Now we have just seen that for the )] closest to Y the difference. that is. the least error,

must be orthogonal to the spanning vectors X,.... .. X,,. It follows that )

Elexxi] =0 (85) h
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and hence

AE[xka] = E[ykxl'].

That is
Elzuru] .- Elrizn Elyierie] .. Elyieznil
al = s :
Elrpezie] - ElfniTuk) Elymeric] - ElymrTnx)

and this is just Eq (70) again.

From Egs (87) and (70) let us set

'E[Ilkxlk] E[Ilkrnk] B,.(1,1)
B:s : : = z

L E[:r,,k.rlk] AN E[.‘l‘,,kl'nk] B, (1.n)

[ Elywezie] - E[yieTol By, (1.1)
By: = : : = :
LElymkT1] - E[ymeTni] By, (m.1)

Then we have

4= ByzBirl
and for this matrix A the average
E(llecli®’l = Elllye — %ll’] = Elllye — Ax|?]

is minimal.

From Eq (82)we obtain

T T
T _ Yi¥ie  YieXg I
el =1 a1[35F 2] [

I
= {ka{ - Axkyz‘ kaZ — AXkXZ] [ﬁ ";T} .

It follows from Eqs (86) and (83) that
Elere[] = Elyryf — AE[xky]]
; (%0)
= Byy — AB,y, = Elexyi ).
Now from Eq (73) the i** diagonal clement of the right hand side of this equation is the

average of the square of the i** component of the error. Hence we have

tra.ce(Byy - AB,y) = Elllex[)?].




N N U U TR W PO o W LT TR S T SR TG T U SPLT AR TR TUR TUN TN S PO PO AT SO TO R PO U » S el Bat Rodat B x

4

]

¢

\l

\J

]

‘

"

"

There is a difficulty with the method of least squares which we will now try to show. -

[ For any n-vector a :
B ]
t (aTx()? = a"x;x]a > 0. (92) 1
: )
()

From this it is clear that the matrix

7' (]
4, _ ,
K BII - Eixkka (93) :
K1 "l
A ¢
K N

is symmetric and nonnegative. Hence there are cigenvalues Ay > Ay > ... > A, > 0 and

#
L]
¢ associated eigenvectors u,,....u, satisfying the conditions ;
d f
i B;;u, = Au, Y
?'. Ld
. u,TuJ =&,
, (94)
3 . .
5 =1lfori=
o !,
¢ t
N = 0 otherwise. A
& Then we can write
NS n
: e T
;: B:rz = L ’\k“kuk (95)
) k-1
&! .
* and if A, > 0 then
1

[ 1\ T +
" Bt =) X, Dk - (96) :
K k=1 !
7. g
Oy ‘
j;' Consider the product B;r'a. Since in practice the vector a is experimentally determined ‘
1 g

there is error in a. If now, for example, A,, is much less than 1 then the error in the
'\
%&" component of & in the direction u,, will be greatly magnified. A similar remark holds for
il . .
,: all values of k for which A; is much less that 1. ;
’ ’
‘1
K!
Ki
fa
4
5 t
]
i‘ 3
Y )
'3
K
g 28 V
‘A
l.

“ ¢
¥
'
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SECTION V on

LATTICE FILTERS X

In the previous section we discussed the method of least squares. In this section we

will sce the simplifications to this method when the data is stationary. Let r(t) denote X

. a rcal stationary random sequence then the mean is m(t) = E{r(t)| and for a stationary X
Process QM

m(t + 1) = m(t) forallr. (97)

From this it follows that m(t) is a constant and it is sufficient to determine m(t) for t = 0. L

In the following we shall suppose for the sequence z(t) that the mean is zero for if not, we Wy

can consider instead the stationary random sequence ]

z(t) — E[z(t)]. :‘..ﬂ
Thus, here and in the following we have an ensemble or set of sequences and z(t) is a A}
representative member of this set. The mean, m(t) is the average over the sequences in s
this set of sequences at a fixed value of ¢. &

The correlation function B(l.s) i< o

B(t.s) = Elz(1)r(s)] = Elz(s)z(1)] = B(s,1) (98) o

and for a stationary process Wy

B(t+r.s+7)=B(l.s) forallr. (99)

Taking. for example, 7 = —s we see that B(f.s) depends on the difference t — s alone.
Hence for a stationary process we can write

B(t,s) = B(t — s.0) = B(r) where s =1 — s, (100)

Tte correlation function has the properties: 'l'::

B(0) >0 (101a) ot

B(-r1) = B(7) (101b) i‘}o

|B(7)| < B(0) (101¢)
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Properties (a) and (b) follow immediately from Eqgs (98-100) and (c) follows from
El(z(t + 1) 2 (1)} = E[r*(t + 7)) 2 2E (et + 1)2(1)] + Elz%(1)] > 0.

Let us note also that for any n.a,....,

(alI(fl) +-+ a,,:z:(t,,))2
z(t)

=[ay ... an]
z(ty)

This equation can be written as

(ayr(ty) +---+ a,,.t(fn))2

x(ty)z(ty)
=lay ... a,] :
r(tn)x(ty)

Taking the expected value of both sides we obtain

B(0) ... Bt ~t,)

[a; ... an] (102)

B, - 1) ... B0 |la

We shall refer to the matrix of this quadratic form as the correlation matrix. From the
properties of the correlation function B(t) it is clear that the correlation matrix for a
stationary process is symimetric. Usually t; 1, are successive values, for example,
{+1.....t +n. and the correlation matrix becomes
B(0) ... B(1-n)
B(n-1) ... B()

Note that the element in the j'" row and k'* column is
B(t+j.t+k)=B(j—k)
and the element in the {j + 1)'* row and the (k + 1)** columa is

B(t+j+1.1+k+1)=B{j - k).
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From these observations it follows that the correlation matrix determined from a stationary e
random sequence is a symmetric, nonnegative Toeplitz matrix. In this case the correlation 4
matrix is known if one knows the elements in the first row or column. \

. Consider a sealar stationary random sequence x(t) with zero mean. Set 1!
Tpeq) = 2(t25).

Thus... 2y no1) - T(t-nps T(t-n=1)- - - < Z(e-1)> T(t)s T(t+1): - - - is @ set of scalar values. A linear W

forward predictor of order n, LFP(n), is defined by the equation ®
.:C' = anll(l_]) + an2$u_2) + -0+ a,,,,z(,-n). (104) K

Here z; denotes the predicted value of z, based on the n values z;_,,...,z,_,. Let ey b

stand for the prediction error of order n. =3
n t
€t =Ty~ =Ty — Y Qp; Ty (105) ::"t

=1

The prediction coeflicients ay,.,....a,, are determined so as to minimize the prediction
error in the least squares sense.

To relate this to our previous discussion of the method of least squares set. ne
T
Xz[.l't_] xl—n] .

This n-dimensional vector x, which is a representative of many such n-vectors, plays the .
role of the n-vectors x;. The representative value z; plays the role of the m-vectors y; and
the n-vector o

a, =|an ... an,,]T

the role of the matrix A. Having noted this connection to our previous discussions we hpt

write Eq (105) as g

Iy ?.:
N Ty-1 I::;
et =Ty -y =[1 —ay ... —dpg : (106) Pl

Tt-n )

~al] [I'] . (107) N

)

X
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Post multiply Eq (107) with the row vector [x, ... =z o] =[x x7'] and obtain. as in

the previous section.

,
. I r I X
[emzr emxT}= (1 —al) [ 27 x'xT}- (108)

Taking the expectation we know from our discussion in SECTION IV that we can obtain

the two equations
Elryz,) - a} E[xz,) = Elenzi] (109)
E[r;xT] — a} E[xxT] = E|epx”] = 0. (110)
Eq (110) determines the vector a,, and once this vector is known Eq (109) determines the

value Eleyz,].

From Eq (107) we obtain

T
Iyry X 1
€ntnt — Il —aI] b ! T } ] . (111)

Xr; XX —a,

Taking the expectation and performing the indicated multiplication on the left we have
Elel] = |E|z}) - al E|x#;] E[r;x"] - al E[xxT}] [ i ] .
—fn
It follows from Eqs (110) and (109) that this equation becomes

Ele}) = El<?] - al E[xz/] = Elen].

re = E[e2,). (113)

Finally. then, taking the expectation of Eq (108) we can write the two equations, Eqs (109)
and (110) as a single matrix equation

B(O) B() ... B(n)
(P2 0 ... 0]=(1 -al] B(:—l) Bfo) - Ble=)

B(-n) B(l-») ... B(0)

(114)
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Let us denote the correlation matrix in Eq (114) by B,,.,. We observe that except for r
a normalization factor the row vector |1 —a,; ... =—ayg,]is the first row of the inverse M,

of B,,_;. Also from examination of E¢ (114) we see that ¥

- 1 —ay, —dUgnn
—lnpn —ay, 1

[rﬁ 0o .. 0

_ - 07
]B""" 0 ... 0 ] (113) »

Our object is to show that if we have the prediction coefficients a,,..... Qnn Of order n Ny
then the prediction coeflicients of order n + 1 are readily obtained.

We suppose the correlation matrix B,, is known for every value n of interest. We

suppose the prediction coefficients a,,....,a,, are also known. Then from Eq (115) the Wyt
2 . iyt
value 2 is known and we can compute e

1 —a, ... —ag, 0] _[r,z, 0 ... 0 g, \
0 —dpy ... —ap 1 B, = @ 0 ... 0 2" (116)

The right side of Eq (116) is not quite of the right form. There is a value g, which would vl
be zero if we had the right prediction coefficients of order n + 1. This value of ¢, is given

})_\' ..g
n .l_ \

gn = B(n+1) - }_‘ auwBin i1 A (117) '..'

k-1 %

It is clear. however. that if we multiply Eq (116) by the matrix

oy

. 1 —q, 'rE
K= {—qn/r?. E ] (118)

P AP
- ‘..

the right hand side takes on the right form. The prediction coeflicients of order n + 1 are

given by
Qni)y) = Any — (Qn/rvzl)anrwl"] for1<j<n

T Ond

(119)
Ay .1n+1 = Qn/rvzr-

One has also o
!
r2 =71k ql/rk (120)

Starting values are readily obtained. We have ®

1 —-ay 1 B(O) B(1)] _[r o N
—ay, IHHB(—I) B(O)] [(; rf]' (121) N
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From this equation we obtain

4
:‘ —ay, B(0)+ B(1) =0 *
) t
K} o1
': P B(l) (12?) -
N "7 B(0) ’
3 and
R |
'y ; ‘
5: rf = B(0) ~ ay, B(1) X
B*(0) - B*(1)
= -2 >0. 123
o Blo) > (23)
ﬁ Consider now a stationary random sequence x(f) of m-vectors. A linear forward pre-
:3 dictor of order p is of the form ;
- X(t) = Apx(t — 1) + -+ + Appx(t — p) !
' ;
b x(t 1) (124)
;" = [API App]
W x(t - p)
Here the lengthy mp-vector [xT(t = 1) ... xT(t - p) ]T plays the role of the n-vector x;
)
':": of Section IV. The {m x mp) matrix [ A, ... Ap,| plays the role of the matrix 4 and
1S
:: x(t) the role of the vector y,. Again. for the stationary case the mecan X
)v;' Ex(t)] = E[x(t + 7)) for all 7.
W
¢
:: Hence as for the scalar case we may suppose x(f) has mean zero.
H
]
:: The error o
ep(t) = x(t) - x{1)
Y x(t)
o )
,': =Im —Ap Apy) : . :
b x(t - p) )
K Post multiplying this equation by the vector [xT(t) ... xT(t - p)] obtain .
o
::c [ep(t)xr(t) cp(t)xT(I -1) ... ep(l)xT(I -p)]
.
3¢
‘:; for the left side and the matrix
P x(1)xT (1) x(O)xT(t -1 ... x()xT(t - p) |
: x(t = D)xT(t) x(t-DxT(p-1) ... x(t-1xT(1-p) :
N : P :
o x(t=p)xT() x(t-pxT(t 1) ... x{(t—p)xT{t -p)
N 31
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N
3
multiplies the matrix {I,, —Ap, ... —A4,]on the right. Set &
i
v \J
R,(1) = Ejx(1)x" (x)]. (125) 0
2
g,
. Taking the expectation of the equation just described we obtain ""
.
[Ry(t) 0 ... 0]= :
Bm(0)  Bw(l) ... Bm(p) ?
B, (-1 B,,.(0) ... Bu(p-1) 126 '
(Im —Ap ... —Apl| . ) " ) : : (126) Ao
. . . . .
Bnm(-p) Bm(l-p) ... B.,(0) “".:
L
The subscript, m, is to indicate that the entries B,,(j) are matrices . This matrix in this 'f::.:
it
block form is a block symmetric Toeplitz matrix and a procedure like that described by ::;‘!\
@
Eqs (115-118) can be used to determine the prediction coefficients Ap;,..., Apy %.
\
Starting values are readily obtained. We have &:s
o
e
Ayy = B,,(1)B,'(0) (127) ®
A
o
and *
'
Ry(t) = Bu(0) — Ay Bp(—1). (128) A
@
Set B, p+1 equal to the matrix with block elements B,,(j). Eq (126). Then as in Eq (116) &
I, —Ap ... —A, 0 ] B R(t) 0 ... 0 Q, ey
mps? = 129 Ry
0 —Ap ... —Ap In P2 Q 0 ... 0 Ryt (129) o
From this equation we have 'I
N
~
P b
Qp=Bu(p+1) - > AuBu,(p+1-k). (130) ,_.g
k-1 p
Multiply Eq (129) on the left by %;;
I —-Q,R, (1) A,
K, = - Py : 131 3
TR L (1s) g
o
From this we obtain
Apy = Ap + QuRy (A4, (132)
35
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for 1 < j < pand

R Apa1por = QR (1) (133)

4 In practice. since Ry(1) and @, are known one first solves
W A;nlpHRy)(’) = Qp (134) ‘

Ky for 4.1 p-1. One then uses this matrix in Eq (132) to compute the matrices 4,5,

Let us review first the scalar case. The attractive features of the stationary process
0l are that one does not have to choose in advance the order of the system for determining
the predictor coefficients. It is not necessary to compute. store and solve a system of
equations involving the matrix B,,. It is sufficient to know the values B(0).....B(n) of

the correlation function for a sufficiently large value of n. As the prediction coeificients

N

-~

dyi.....0y, are computed for n = 1.2.... one is able to monitor the results by means of

>

.

the value r2. The value 72 is the average of the square of the error. This value can be

nsed as a criteria for determining the order of the linear forward predictor. If for some

value of n one obtains r2 < 0 we infer that the experimental data does not support the

R SR R

determination of prediction coefficients for a value of n this large.

-
-

Corresponding remarks hold for the vector case. Here again we do not need the matrix

;‘—..’ g

B, , but its entries B,(0).....By,(p) for p sufliciently large. The process of determining

> - o
‘- -

! the prediction coefficicnt matrices Ayy..... Ap, for p = 1.2.... is monitored by means of

the diagonal entries of the matrix Ry(t).
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SECTION VI

CANONICAL VARIATE ANALYSIS

Here we review a method. canonical variate analysis, for determining a one step ahead

lincar forward predictor which is optimal with respect to a prescribed norm. As above,

SECTION 1IV. we are concerned with a set of n-vectors x;,...,xy and a set of m-vectors,

Vieeo-- yn. The method does not require that the x; and y; be stationary and jointly

stationary as in the previous section. However, stationarity, if present, will provide some

simplifications.

Let G denote a symmetric positive definite matrix of order m. Then

vl = v Gy

=yl G'2G %y, (135)

= 6" 2y 1.

Observe for any orthogonal matrix U of order m and for

2, = UTG 2y, (136)

lzell® = llyillé:- (137)

Let us suppose that the matrix

B.: = E[xx} ] (138)

is positive definite. Then B,, is nonsingular. Here we want to determine a matrix J of

order n which transforms the vectors x; into vectors wy,

Wi = Jxk. (139)

for which the covariance

C(wk.wk) = Bu.u, = In.



Now

C(wi.wi) = Elwiw]

E[JxxTJT] (141)

]

= J8,,JT.

Sinee the matrix B,; is symmetric and positive definite our objective. Eq (140), will be

realized. if tor any orthogonal matrix 17 we take

J=vTp,'% (142)
The covariance T
C(Wi.zt) = E[wizy] = By
= E[VT8:: "yl G120 (143)
— VTB{II/ZBWGlﬂU-
If. now, U and V" are the orthogonal matrices in the singular value decomposition of the

. a-1/2 .
matrix By, ' B,y(r‘/2 then

VTR, ?8,,GV = S (144)

where S is an (n X m) matrix. All the entries in S are zeros except for the diagonal
clements &5 for 1 < j < 7. where r is the rank of the matrix B,,. and r <! = min[m.n].
These diagonal elements satisfy the inequalities sy > 595 > - > 5, > 0.

We now want the matrix A for which

ik = .4Wk
: , (145)
ekzzk—zk[lm —A][‘:,‘;J

and E [|lex||?] is lcast. As we know. from what has been said above, taking the average of

o }
T

)

[exz] exwl | = |1, —A][

obtain the system of equations
— T
B:: - .4Buv: — E[leka}

Bow — AByw = ElokWZ]
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For the desired matrix A, Ele;w]] = 0 and
AByy = By

and since By, = I,

A:Bzur: ST

by Eq (144). Thus the predicted value #; is given by

Zy = Ska
r
=) 8w
1=1

and one solves the equation
LfTGI/Zyk —_ ik

for the predicted value y,.

Also, as we have already seen,

W7, wsz - AT

T T
2;Z Zx Wi I,
el =1, a2 b [ D]

From this equation we have

Efese]] = (B.. - 48,, B - ABuu]| 7]
= B.. — AB,,
because of Eq (146). Now

ABu'z = Bszzw = SST

and then
Trace E[ese]] = Elljex|f*]

= Trace®,, — Trace SST
r

= - V" 42
TraceB.. - ) s,
71

(146)

(147)

(148)

(149)

(150)

(151)

(152)

We want to examine the observation. Eq (13). in greater detail by considering the

scalar case. Application of the method to the scalar case is relatively straight forward.




RPN T ARG PN TS RO IRIE TU TOILE AN 'L M ] URAMRARS I UVAUR R UNUN £ C o ol tauaca¥ VAR AR AR AW eam ol R [y Y

S

N

.

- e

Thus. for a random sequence with zero mean and for a provisional value of n we want to

deteriuine values ay,).....d,y, for which the predicted value

L -

' It =amTy-1) tanaT 2)t -+ GanT(1-n)
L

i

1s best.

g For a value n
it Te-1nTe-1) -+ Ze-1)T(t-n)
bt By =E :

L(t-n)T(t-1) - - Z(t- n)Z(t-n)

o and we can write

4 Bzz = /\]U)UT + -+ /\,,u,,ug

where A; > Ay > --- > ), > 0. Here we want a rather large value of n for which the
o smallest eigenvalue A, > 0 and not too small. For such a value of n the matrix B,, is
)

o) nonsingular of order n. The matrix

Lt 1)t

“ B,y = E
T(1-n)Tt
in this case is an (n X 1) matrix or an n-vector. For the scalar case the matrix G is a

B positive constant which for our purposes here we take as 1.

“ We readily see that the singular value decomposition of the matrix B;; "lszy is
VIR, 2B, U=]sy 0 ... 0]

s where I7 = 1 and hence the A matrix is the row vector

‘e A={spn 0 ... 0]. (153)
X Here one must keep in mind that in the present case x, plays the role of the vectors y, = 2,

X and xp = [Z(4_y) -+ Z(t-n) ]T. Doing so. it is clear then that

e
B =4Vl 2 0 (154)
-y Z(t-n)
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From this equation one could obtain the coefficients a,),...,ap,. On the other hand, if

we set (Gt

Tiq- i"‘x

' (t-1) et

we=VTB,, *| (155) KN

. Tt n)

then hs

- Iy = spwyg (156) ":’:‘

that is, the product of &;; and the first component of wy. b

In review and conclusion then the main feature of this report is the application of s
Lanczos’ Progressive algorithm in the method proposed for the determination of complex oot
exponentials. From our limited numerical experimentation with the method we believe the
method merits further investigation and testing. d .4;

The method of lattice filters for prediction in stationary sequences is attractive because
of the simplicity of the computations and the ability to monitor how good the predicted
value is by means of the quantity r3 or R,(t). The matrix square roots and the singular G
value decomposition in the canonical variate analysis method indicates that the computa-

tions in this method are more extensive. X
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