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ABSTRACT
I '
» .
, Modern astrogeodetic methods, although accurate, are
inefficient and too complex to rapidly determine deflections of
‘ &
Al 4
: the vertical. This problem 1s the impetus for finding a more
useful technique that can yield results much more quickly. The
Global Positioning System {(GFS), with its ability to provide
st
)
% coordinate differences in interferometric modes, can be used to
t
?
¥ determine these deflections. Using highly accurate coordinate i
differences in conjunction with orthometric height differences,
0 :
! one can develop a surface of the geoidal undulations as a function )
2 of latitude and longitude. Given three GPS stations, a local 3
(% '
surface can only be approximated by a plane. Wiih moie points,
- X
g however, the modeled surface will more accurately resemble the '
N true undulation differences. From this modeled surface, one uses
least squares fitting of polynomials to interpolate the "average"
. and in the survey area. Finally, the deflections and '
] are computed and a study of propagation of both absolute and ;
relative errors is made.
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] - ABSTRACT

-

Modern astrogeodetic methods, although accurate, are

- e

inefficient and too complex to rapidly determine deflections of
the vertical. This problem is the impetus for finding a more
1 R useful technique that can yield results much more quickly. The
Global Positioning System (GPS), with its ability to provide

coordinate differences in interferometric modes, can be used to

) . < determine these deflections. Using highly accurate coordinate

¥ 3

z _ differences in conjunction with orthometric height differences,

’ ‘iﬁ . one can develop a surface of the geoidal undulations as a function
. of latitude and longitude. Given three GPS stations, a local
»\ surface can only be approximated by a plane. With more points,

however, the modeled surface will more accurately resemble the
true undulation differences. From this modeled surface, one uses

| h least squares fitting of polynomials to interpolate the "average®

- aN ¥
Ty and ;% in the survey area. . Finally, the deflections § and 7

are conmputed and a study of propagation of both absolute and

relative errors is made. —__
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INTRODUCTION

Current astrogeodetic techniques employ well-known geodet:ic
concepts with extremely accurate, complex and expensive
astronomical equipment. Combining geodetic coordinates fron
conventional surveys such as triangulation, trilateration or
traverse with astronomically observed natural coordinates, one can
determine deflections of the vertical for many points on the solid
surface of the earth. The relationship between geodetic and

natural coordinates is:
_Q-—(:
A - n sec ¢
(Heiskanen and Moritz, 1867) where §¢ is the deflection in the
north-south direction and m is the deflection in the east-west
direction.

Obtaining accurate geodetic coordinates with conventional
methods 1s not an easy task. A skilled crew of four to five
surveyors mqst spend a significant amount of time "in the field"
connecting previocusly-established control to the point or points
of interest. Depending on the distance between the exisiing
control and the new stations and on the roughness and vegetation

of the terrain, the crew may need many days or even weeks to
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obtain the required data. Furthermore, observing stars to
determine natural coordinates with astrogeodetic equipment can be
accurately completed by only the most accomplished of astronomic
surveyors. Because the equipment (usually a Wild T-4 in the
United States) 1s so heavy and sensitive, many areas do not
qualify for astronomic observations. Rough mountainous regions,
swampland and glaciated areas cannot adequately provide support or
shelter for the telescopes. Urban areas, polluted skylines or
hazy atmospheres are also generally out of the astronomer's range
because of the inadequacy of the light coming in from the stars.
All in all, there 1s no question that modern astirogeodetic
techniques are burdened by a plethora of difficulties.
Observations with the Global Positioning System (GPS), on the
other hand, are tremendously advantageous in that they defeat many
of the problems that plague astronomic techniques. Firstly, GPS
receivers are continuously being ruggedized and can already
withstand conditions many times more severe than what an
astrotheodolite can undergo. Secondly, GPS observations are not
dependent upon weather conditions —-- clouds, high winds, extremes
of temperature, rain and even snow do not significantly hamper
field collection of data. Most i1mportantly, however, is the
rapidity with which GPS data can be obtained. Whereas
astrogeodetic collection may take several days (or weeks 1if the
weather is uncooperative), a GPS operator gathers all of his data,
which includes a sufficient amount of redundancy, 1n only a few

hours. Furthermore, while it may take months to properly train an
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astrogeodeslist on a T-4, a GPS operator can be taught his
procedures 1n a single afterncon. No special skills are required
to collect GPS data; a good astrogeodesist, however, 1s a rare
specialist.

A very noteworthy aspect of GPS data coliection is that most
of the work 1is performed "in the lab” and not in the field. With
high-speed computers and highly efficient software, the more
expensive and cumbersome conventional field techniques may
eventually become obsclete. As GPS receivers become more
affordable, many optical surveying methods will slowly die out.
In this paper, I shall show how collection of coordinate
difference data with GPS receivers can be used to determine
deflections of the vertical accurately, efficiently and

inexpensively.
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SUKVEY GEOMETRY

Although there is an infinite variety of survey layouts and
geometries, networks used for accurate determinations of
deflections of the vertical will impose some, although rather
flexible, rules on the distribution of the survey points. One of
the few practical applications for deflection computat:ons is
found in the determination of launch and initial trajectory
characteristics of missiles and rockets. The inertial guidance
systems of these space or sub~space vehicles must be aligned with
the local vertical in order to adequately predict their paths and
orbital characteristics. Even a small error in the coumputation cf
the plumb line may result in a significant deviation of the
predicted orvital path from the actual one. (Mueller, 1969;
Kaula, 1966)

An optimum survey will include one station right cver or very
near the point at which the deflection of the vertical 1s sought.

From this point would extend radials of about one to fifteen

kilometers in length to other peripheral stations. The appearance
of such a plan would resemble the spokes of a wheel. (See Figure
1, next page.) It is not important that these "spokes" be of

equal length or be equally spaced although an even distribution 1is
always favorable.
In highly benign or smooth gravity fields, only two

peripheral stations may be sufficient. As the complexity of the
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Figure 1.

Plan view of a possible survey layout for determination of
deflections 'of the vertical using GPS. Triangle indicates the
central point for which the deflection is sought. Circles are the
"peripheral" stations to which GPS measurements are made. Both
GPS observations and high—order leveling are required at all of
the survey points.
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field increases, more polnts will become necessary 1o adequately

nodel arnd i1nterpolate the data. If the fleld iIs extremely
complex, it 1s possible that so many stations wlll be required
that thi1s GPS technique will become less efficient than the
existing astrogeodetic methods. In most cases, however, GFPS
surveying will be much more advantageous than the astronomical

methods used today.
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LEAST SQUARES ADJUSTMENTS

If more than two GFPS receivers are used over several separate
sessions to cover the survey area, then the least squares
adjustments will have to employ more complex techniques than the
ones described in this paper. (Double and triple differencing
will definitely come into use, for instance.) (Goad, 1887; Bock

al, 1986; Beutler et al, 1986) In this paper, I will assume
for simplicity’s sake that, in fact, a radial survey is conducted
with all observations on all survey marks made simultaneousiy.
Expansion to the more complex situations is a subject already
well-documented by many other authors. (See references)

Using the notation of Uotila (1988) and the algorithm of
Sliwa (1985), the mathematical model that we employ is one of

observation equations:

F oF

ad
L® = F(X3) = F(X°) + %o X + 7xa X

Xa=Xo Xa=x? (2)
where L3 adjusted values of the observed gquantities
Xa theoretical values of the unknowun parameters.

In the relative mode of GPS surveying, one observes
coordinate differences between stations: AX;;, 4Y,; and AZ;; and
eventually solves for the absolute (though not necessarily
accurate) positions of those stations: X,”_J, Yoo g 2o,y where 1
ancd j are the station identifiers. (Sliwa, 138895) Thus, expanding

the mathematical model from the generalized form above yields:
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By W Xy ja = Xja — Xqg4

. AY (ju = Yyu - Yya (3)

. AZija =Zja—Z‘a '
'y

i ¥
K where station "i" is the central point and all stations "J" are

!

the peripheral marks.

?‘ One obtains initial approximations for the parameters X° by )
§
‘ removing all known errors (blunders, atmospheric effects, \
r' t
- satelllte and receiver clock errors, recelver measurement noise, ’
Y etc.) (Wei, 1985) The coefficient matrix derived from model )
w
linearization (Sliwa, 1985) is then computed by differentiating '
» q
the model equations with respect to the parameters:
N _ 9F (4)
\ Ao = Txa
.:. xa:xo h
- :
". A vector of approximate values of the observables L, is rigorously
) i -
- computed by: .

Lo = F(X°) - Lb '

S
n

where Lb 1s a vector of the observed values of the observables.

Jince the normal equations can be represented by:

o
' AIPA X, + AIPL, = O (6)
B
; we get the sclutions for the unknowns to be:
N X, = ~(AIPA,) 'AIPL, (7)
- where P is a weight matrix. (Uotila, 1986) In multi-receiver
X
simultaneous surveying, there is a very high level of correlation
i between observat.ons which have common points. Therefore, 3
v
: off-diagonal values 1n the weight matrix will not be equal to zero
[ #
but in fact may be very significant factors in the computations.
MEEENS ,
b ;
i* .
\
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Proper magnitudes for these correlation coefficients are

documentec in the literature. (Sliwa, 1935)

kY

A set of adjusted values ig is obtained by adding the

Ca A

-~

computed solutions for the unknowns X, to the initial

-

U

X :
approximations X®©

A Xa = x° + X, (8)

L

» \}

0 Then we compute directly:

'

VIPV, = LIPL, + XJAIPL, (9)

- T
o2 = _n_-_n"nfx (10) ‘

A X B A

a posteriori variance of unit weight

number of observations

number of parameters

degree of freedon (Uotila,

One finaliy computes the residual vector V, and the adjusted

-~

values of the observables L3

Vo = AgXe + Lg (11) 9

L3 = F(X3) (12) )

Iteration

continues by computing new A and L matrices and

thusly:

determining better adjusted values,

- A N U ¥ 3
Y Xaz=x?

3 L' = F(X') (13) :
‘3 L, = L' - Lb and so forth E
E The iterative process of this adjustment will continue until §

.;‘f,\.r .-,'_".'\.r_..r_‘.- ‘I._I\'f".- ﬁ. ‘._.z._.-\_‘.-_‘..\'\\.__.\‘ _;_;-_“-_..',-\;-_.J'_-.n -F.\\-'\.\,\,-\'\,\'\-\, T T r_.\,\} . e
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N 1) i,approaches zero

IR :
Y " _ g
- 2) (Vy - V;_,) approaches zero (14)
N 3) VIPV, stabilizes
'
A

+ -~ -
i 4) L3 = Ly + V, = F(XY) (Uotila, 1986)
)

The adjusted values of the observables i? may then be used ‘
W )
N . . , , . . :
‘W in conjuction with a nominal set of X, Y, Z values from any one :
’ (preferably the central) station in the survey network to obtain
.
d the X, Y, Z positions of all the other stations in that network.
&
i [t is very important to realize that these absolute coordinates
f ‘
5 for the stations contain errors far too great for our
Y ) (
‘ computations. All of the stations, however, have essentiall the !
) Y %,
b )
vﬁ same absolute errors; therefore, their relative errors are very

E d
=
hd

“ small. We shall eventually use only the highly accurate relative

-l

coordinates f(coordinate differences) for determination of the X

j deflections.
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COMPUTATION OF THE DEFLECTION OF THE VERTICAL

We must first convert the absclute cartesian coordinates
(X,Y,2) into geodetic coordinates (¢, A, h) using well known
transformations presented by Heiskanen and Moritz (1878), Rapp

(1984) and Goad (personal communication, 1886, 1887):

X = (N + h) cos$¢ cosA
Y = (N + h) cosé sin) (15)
Z = (N(l-e?*) + h) siné
where
a —
N = (1~ of sini¢)i/7 = the length of the normal vector from the

surface of the ellipsoid to the minor

axis. {Rapp, 1984)

Geodetic longitude can be directly computed by division of the
second equation by the first (keeping in mind the quadrant of the
computation to maintain true signs):

A = DATAN2(Y,X) (16)
Computation of the geodetic latitude ¢ and height above the
ellipsoid h, on the other hand, requires a Newton-Rhapson

iteration. From Goad (personal communication, 1987), we have:

p(¢$,h) Pedé + prAA + ...

(N + h) sinéd¢ + coséhh (17)

P+

also

_ cos9AZ - sinédp
N+h (18)

Ah sinéAZ + coseéAp

v
v
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where

(N + h) cosé

) (N(1 - e?) + h) sin¢

B (19)

N O
non

M where A¢ and Ah are used to update the best known ¢ and h

quantities. Initjal values for the latitude and height ( @4 and
ﬁ h, ) are also derived by Goad (personal communication, 18987):
y : 2
I ¢, = sin™!
] o a2 , 72y1/2
P (p* + 27) (20)
. h, = (p? + 22)% - a(1l - f sin? ¢,)

where f is the flattening and a is the semi-major axis of the

reference ellipsoid.

N Once we have the absolute gecdetic coordinates of all of the
N survey points, we compute the highly accurate coordinate

s

i

0 : . . . , :

", differences in this same geodetic reference frame. {i.e. Ad, AN, Ah
from the central station to every peripheral station in the
network.) As mentioned before, although the absolute coordinates

N of the stations themselves are not acceptable, (+ 20 meters or
; even greater), this 1s of no concern since we shall only employ
'd the coordinate differences in our algorithm. Even though the
Y central station may have a large absolute positioning error of
| ¢o, Ao, hy, , all of the other stations measured relative to this
4 central one will have essentially the same ¢,, A\,, he errors. (See
) .
Figure 2, next page.)
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(¢ + ¢, A + Ay, h + hy) (¢+8¢+e, , A+AX+A,  h+ah+h,)
g A%, AN, 4h . - i
\ cent;al A A per}pherai R
station i station 3
‘ v}
h Figure 2. o
N
4
7
Y
. 2
*, i
This absolute error will likewise translate into the N's but not
4 \
Y the dN’s of the survey. I shall show later that both ithe small
1 )
k) (N
%’ errors in relative positioning and the large errors in absolute )
d
!
positioning of the points are almost always negligible in the
- computation of the deflections. 5
A :.
N The geoidal undulation for each point can be computed using .
)
(. the difference between the geometric height above the ellipsoid il
4
' (h) and the orthometric height above the geoid (H):
0 '
N‘l = h‘l - Hi (21) 3,
ll ',
a 4
) where the orthowetric heights can be obtained by conventional
i \
N high-order leveling techniques. 3
{
| Because we only have highly accurate coordinate differences )
B \
3 between the stations, we must pot use the absolute geoidal ’
) 3
: undulations but rather the more accurate relative undulation .
% -~
| differences: -
\ N
1 dNyy = (hy ~ Hy) - (hy - H,)
» = (h_’ - h|) - (HJ = Hi) L
. = dhy; - dHy; (22) N
o ]
O
dNyj; = Ny - Ny (23)
'-:’ t
) ’5’? :
) .
; ‘
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RS At this point, we have very good A¢, AN, Ah and dN,fs for all
i of the lines in the network. Given only this data, we can model

the surface of the geoidal differences using interpolation by
least squares fitting of polynomial surfaces. The spec:fic
algorithms that we employ will be dependent upon the number of
survey points 1in our network. According to Lancaster (1886), the
general form of a quadratic function in two variables is:
P(X,y) = a8, + 83X + a3y + 84x? + asxy + agy? (24)
If f; is the geoidal undulation difference between stations, then
we want to adjust the function p by choosing the constants a; to ag
so as to minimize
E(p) =1§0 (P(xy,y¢) - f)? (25)
(Lancaster, 13886)
‘ij This function E will have a minimum only when %§:= 0 for i = 1 to
6 and will yield six linear equations as functions of the a’s.
The six normal equations are:
(N + Da, + (Zx,)a, + (Zy))a; + (2x})a, (26)
+ (Zx,y,)as + (Zy})a, = Zf;,
(Zx)a; + (Zx7)as + (Zx;y)ay + (Zx})a,
+ (Zxiy)as + (Zx;yi)as = Zx,f;,
(Zyay + (Zxy)as + (Zyf)ay + (Zxfy,)ay
+ (Zxyilas + (Zyl)as = Zy. fi,
(Zxi)a; + (Zx})a, + (2x7y)as + (Zx)a,
+ (Zxiyas + (Exjyilas = Zxifi,
(Zx,y)a, + (Zxiy)a; + (Zx,v])ay + (Zxiv))a,
o + (Zxiyilas + (Zxiyl)as = Zx,y. fi,
- (ZyDa, + (Zx,y )ay + (ZyDas + (Zxiyia,
+ (Zx;y))as + (Zyias = Zyif;,
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where the summations are from 1 to n, the number of stations.

The surface that we need to model is, of course, the set of

vectors defining the geoidal undulation differences (dN’s) as

Therefore,

functions of the coordinate differences (4¢’s and 4X’s).

our pi(x,y) function takes on the form:

- 2N 2N 22N 2°N 2N
C(88,80) = AN(8g,Ag) + 5o A6 + ST AN+ o5 887 + Tt AGAM + o ANT (27

or

-
‘v\“l‘ h LY v

a, = AN(¢,,A,)

aN

1)

2N

aA (28)
aIN

a3

32N

3 ada)
. 22N
1

axz?

L
Y
n
=

R ®
S

-y
<4 o
» w
" H
P P i Y

W SR IN I o

' G Of greatest importance, as we shall see, are the second and

third terms =% and 2N The quantity AN(é,,)\,), because of the

A ¢ a
| relative nature of our surface, will be an unmeasurable and

undefined variable. Since we are essentially setting a zero-plare

through the central point, however, this result will play no part .

in our final computation. In general, AN($,,A,), will usually be Q

close to zero.

We can express the normal equations showun above in matrix

form. From Lancaster (1986):

Aé,
A¢,

AN,
AN,

A¢,  AA,

A S A /N R R et My S A R A A A O RGN A Al A TR A SR ‘\\:
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and the vectors: )
- - 3,
[ & [ 8N(45,1,) ,
&)
aN G
82 % (30) b,
3N o

8y G_A- le )
r i = 32N dN, e

8,4 : IrY] '? - R \J

aaN .

as IYY3 dN,, t
42N S

L 8¢ g L a)‘l . :

3

The normal equations then take on the form: i,
; 3
] viva = vif (31) '
or, to facilitate a soiution: f
d = (VIv)~yTf (32) Be

4s a warning, one should be very aware of the possibility of :H

-

‘E; creating ill-conditioned V'V pmatrices caused by factorization of r
i

the cocefficient mairix or by a close-to-orthogonal (pathological) :
Y

{ survey network. {Lancaster, 1986) If the network must be of an .
orthogonal design, then one would advance to a more complex ,A
L=

.,.\
interpolation routine involving cubic or bicubic splines. ?\
(Lancaster, 1986) ri
An advantage of the above system is that one may, if one has ;

r

¢

sufficiently accurate information, impose a weight matrix (P) on Ryt
»
"ol
the normal equations to obtain: :\
3 = (VIPV)“1vTpf (33) %
low

o
s

<
I W

The diagonal coefficients in this weight matrix could be dependent

.‘
*y

upon the distances between paints, the accuracy with which various

-
N o B
b

parts of the field surveys are conducted, recency of the collected

&

il‘ lh .'l D X ‘g.
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data, and so forth. In this paper, however, [ shall assume no

v

such knowledge and constrain the P matrix to the identity matrix.

- o

Interpolation with three stations:

§ The number of survey points observed will determine which
| case of the polynomial should be used. If we only observe two
peripheral stations (for a total of three survey points), then ue

cannot use the polynomial form discussed above but must rather

revert to a highly shortened version of it. With three
’ non-collinear survey points, we can only construct a plane to
approximate the undulation difference surface. (See Figure 3.)

[ The equation of such a plane 1is
X .. aN aN
! "1. dN(A®,AN) = BN(®q,)g) + 5o A¢ + S A (34)
where ¢,,A\, and AN(¢,,A\,) are undefined. (Thus we can set them a
priori equal to zero.J) According to Lancaster (1988), we first
compute A where
I ¢ Ao
A= det 1 A¢1 AR, = A¢1AX2 - A¢3A)\l (35)
1 Aé, AN,

4 then we get directly:

1 N(¢5,0g) Ao

) aN - -
';—0' = A7! det 1 le A)\; = AT! [lesz - dN;A)\l] (36)
and

{

. 1 L2 N(OO,AO) (37)
aN _ -

: @:‘“ ’;'i' = A 1 det 1 A°l dN) = A 1 [dNZO, - le¢2]

. 1 a¢, dN,

)

t
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Figure 3.

Plan view of a survey network containing only two peripheral
stations (circles). In this case, the geoidal undulation
difference surface can only be approximated by a plane.

@\ P

\

O)
Figure 4.

Survey netuwork containing three peripheral stations (for a total

of four survey marks). The geoidal undulation difference surface
will be approximated by a curved surface derived by least squares
adjustments of polynomials. Similar layouts will be made for four

or more peripheral stations.
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Interpolation with four stations:

For a situation involving three peripheral points (four
stations in all -- see Figure 4.), uWue cannot (usually) approximate
the surface as a plane. We can, however, use a more advanced

version than the one above. Once again we have:

aN aN
dAN(A®,AN) = AN(95,X,) + 5o A¢ + = AA (38)
but 1in this instance, AN(%,,Ao) cannot be set a priori equal to
zero. The V matrix that we described before will be a 3x3 of the

form

W
[N
LY
\
LY
L)
L5

AN(9,,2,)

aN
¢

°N

ax
Here, we can immediately compute
g = (viv)mwyTf

Once again, %% and %¥ will be directly resolved.

Interpolation with five or more stations:

Finally, there is the most generalized case in which we

observe four or more peripheral stations in addition to the one

P e e A A TN R 2 8 e e P2 X M 8% N e NN AL

.
ot et
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: 3
; i central station. Now, the equation of the surface to be modeled e
t 14 N
o .
1s, as before: -
dN(4¢,4)) = 2N 2N 22N 22N 2N (42) L
(80,80) = AN(®o,0q0) + 55 8¢ + 5= AN + ag7 097+ ST AGAN + o5 AN 5
and the matrices V, f and a are of the same form as in equations .
)
4, L)
29 and 30. The solution to this model is: ‘
' ‘e
g = (viv)“vTE (43) X
| aN aN . L N
: uhere;; and F3Y can be directly solved. The additional terms .
! ]
2N a2N 42N - ' » ; ; P
397 3;;i and a2 will not be necessary In the final computation
: of the deflections, but they will "absorb" minor deviations that ﬁ
1 bS
K would otherwise be erroneously dumped into ;% and %g. (This ;
o
‘ argument may, of course, be taken to extremes by computing still ;
] hi1gher derivatives of the geoidal undulations if even more points &
,, Y
i %

are observed, but these corrections will truly be infinitesmal.)

.
ag=_ e
-

. aq §
" Once % % and an average latitude ¢ for the survey
&
network are all computed, the determination of the deflection of i
o,
'
the vertical components is very simple. From Heiskanen and Moritz -
'
. e
(1979), we have in a north-scuth direction: )
; . g9y 1 aN &
: ¢ = = = “3q5y - "R 9 (44) ~
N ~
1n an east-west direction: .
- D S, :
m = Ex = dS)\ Rcosé  aA (45)
?
One may use algebra and trigonometry to obtain the total :‘
. deflection magnitude and azimuth: -
. v
e =V 2+ q? {magnitude) (46) ’
. ag = DATAN2(¢,n) (azimuth) (47) :,
N
' "N, R
' '\i“‘ o
’ -
' .
L)
! \
oW
. _:
’., NN NI B e P ot T e g e e T T e e e sl e .-:'.r".~".-'*.-".r}.



v 8 4 Ve < byt Sob Sat o 0ot vy Nap tag saq Sah T OWOWVIN WMWY N LV W NV Y LN N Y I Y T X e faP et 819 0a 0a® 0¥ o' 0" a6
. ) TR, r

¥
%
h

-

OO

N ERROK ANALYSIS

In order to confirm the validity of the arguments made here

::

g and to check the accuracy of the deflections, a thorough error

" analysis must be performed on results obtained using this GPS

% technique. Unfortunately, a last-mi-ute failure in one of the

>
P Geodetic Science Department’'s Kaypro 2000 conputers (which is used
N 1n conjunction with the Trimble model GPS receiver), prevented any
5 collection of field data. For this reason, GPS and leveling data
f collected and adjusted for another project must be used in our

' analysis. Although not completely valid, these tests should at

: least provide some idea as to the accuracies one might expect if

E one were 10 obtain actual GPS data for the determination of the

: Q:. deflection of the vertical.

G The consensus in current literature lists the accuracy of

: GPS-determined coordinate differences to range from | to 3 ppn.

? {Goad, personal communication, 1S87}) Goad (1987) has used a

ﬁ formula of 3mm + 1x10°® x(L) for computing the error in baselines

; of length L. The 3mm factor comes from "noise" in the systen. An
5 “optinmum" length baseline, however, is stil. a debatable concept

' and should not, at least {or now, be specified. As mentioned in

: the survey layout section of this report, baselines from 1 to 15

T kilometers should be sufficient to adequately model the geoidal

'q

I undulation difference surface. (Lines of 1 to S kilometers in

h' length, however, are probably most appropriate for our

interpolation schemes.)
2w
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A value must be placed on the desired accuracy for the
detflection of the vertical. Current astrogeodetic techniques,

using Wiid T-4 astrotheodolites, are capable of reaching values 1n

deflections of £+ .5 seconds of arc. (Mueller, personal
communication, 1887) GPS methods must therefore accomplish at
least this accuracy as well. (We recall that the purpose of using

GPS for determinations of deflections of the vertical 1is not to
increase accuracy, but rather to increase efficiency and
cost—-effectiveness of making such computations, therefore we are
not searching for better results.)

Using GFS data collected in the Columbus, Ohic area by the
Franklin County Engineers Office in March 1987 and adjusted /

analyzed by Dr. Goad's multi-receiver TRIMVEC program (WGS-84

parameters), we have:
Name Elevation
Station A (Central station) Britton 700,59 m
Station B (Peripheral station) 18-83 <.{.74 m
Station C (Peripheral station) Clark 273.50 m

For line A-B (Britton to 18-83), we compute the weighted mean
(from two observation sessions):

~0.089487058 deg

de =

d\ = 0.094818595 deg
dh = -54.0591445 m
dH = -53.85 m
dN = - 0.2091 n
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a For line A-C (Britton to Clark), we compute (from one observation
session):
! d¢ = -0.000158510 deg
i dv = 0.158518430 deg
i dh = 1.8263 n
dH = 1.910 n
\ dN = -0.2837 m
[
3 Since we have only three survey points, We must approximate the
? geoidal undulation difference surface with a plane. Using
{ Lancaster’s methods:
!
i’
1 0] 0
| ]
¥
A = det 1 -.088487058 .094818595 = -.014170408
- 1 -.000158510  .158519430
. A7} = -70.56959962
Qe
and
» -
1 0] 0
: 4
s ;g = A"t det |1 -.2081 . 084818585 = . 440804353
; 1 -.2837 . 158519430
N and
: 1 0 0 ]
%% = A7! det |1 -.089487058 -.20891 = -1.789245193
- 1 -.000158510 -.2837
. J
' computing directly, we obtain:
)
¢ = -0.82 seconds
. 7 = 4.33 seconds
b total magnitude = 4.41 seconds
azimuth = 100° 43’ 24'"5
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Rapp (1987, personal communication), has obtained the following
results using a 360 degree model of the geoid (minimum wavelength

of 50 kn):

Station ¢ seconds
A .36 .57
B .26 .80
c .03 .18

average .55 .22

Interpolation off a map of the geoid in Central Ohio (Engelis,
Rapp) (See Figure 5), yeilds:

¢ -0.5 seconds
n 4.0 seconds

Although there is little correlation between GPS derived values
and those obtained with Rapp’s gravity model, {(due mostly to the
inability of Rapp’s model to resolve deflections from wavelengths
of less than 50 km in length), there is an extremely high correla-
tion with the values obtained by interpolation from the geoidal

m- ». The deflections computed with this GPS technique therefore
appear to be valid and reliable (at least for this particular test
area.)

The next step is to subject our GPS method to various errors

{both absolute and relative) and see how they propagate into our

solution.
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Planimetric and geoidal maps of the survey test area in Central

Ohio.
maps.

Transportation

Rapp (1884).

The Britton
The planimetric map is by the Ohio Department of
(1985) and the map of the geoid is by Engelis and
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Error #1!:

of

Impose an absclute positioning error on Station 4

+20 meters in the X direction.

course experience the same shift.):

aN
2%
aN
ax

3

n

Error #2:

t

{Stations B and C will of

.415969848 m

-1.521783810 m

-0.77

3.68

sec

secC

(Britton)

Impose a relative positioning error on stations B and C of

(1x107°%) x (length of line):

R0y

o

Errors on line A-B:

Errors on line A-C:

N
¢
aN
ax

AR N N T '.F,;J‘,;J'_'J' Sl ‘-"\'
. 5% W% . X, .| o o

i

-

009 nm
005 m
008 m

013 m
002 m
000 m

. 495630234 m

—1.724844248 n

-0.92

4. 17
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Error #3:

Impose an error on the absolute elevation above the geoid
of point A. First order standards require that elevations be
measured to a tolerance of 3mm x (distancea): where the distance
1s in kiiometers. (FGCC, 1980) The maximum error uWe may

experience is then:

.248832384 n
-1.856307937 m
-0.486 sec

4.48 sec

tabular form: (all quantities are in seconds)

_‘No’ Errors Abs. Error Rel. Error Lev. Error

-0.82 -0.77 -0.92 -0.46

4.33 3.68 : 4.17 4.49

We see that in almost every case, the errors we imposed did
not deviate significantly from the original values. If our
tolerance is +.5 arcseconds then all but the absolute error in the
meridian direction are thoroughly acceptable. Overall, the

results are characterized by a striking consistency.
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CONCLUSIONS

The similarity between the results obtained with the GPS
algorithm described in this paper and those from Dr. Rapp's map of
the geoid imply that the use of GPS for determining deflections of
the vertical is a valid procedure. Of course, more data and more
comparisons are required for even stronger confirmation. There is
no theoretical reason why the GPS methods could not work
exceptionally well in benign geoidal terrains. In regions of high
variability, however, one must be very careful with one’s
conclusions.

The test bed that I used in my analysis was locally rather
benign but regionally quite variable. Since the isarythms of the
geoidal surface were only slightly curved in the test area, we can
be reasonably sure of the quality of the results. Had the
variability been more extreme, either more points or shorter lines
would have been required. It seems as though in the future one
will need at least some idea of the characteristics of the geocidal
surface prior to planning a survey layout. With modern satellite
methods and worldwide gravity models, however, this should not be
a major stumbling block.

Overall, I would use GPS methods toc determine deflections of
the vertical in areas which: 1) have benign geoidal terrains; 2)

commonly experience poor weather; 3) cannot be occupied for more

than several hours (including hostile and unsafe regions}; 4)
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require immediate data; and 5) must be surveyed as cheaply as
possible. I would not use GPS methods in areas which: 1) have
extremely variable geoidal undulations; and/or 2) experience a
high amount of radio frequency interference (RFI). Overall, the
positive aspects of GPS surveying seem to outweigh the negative
ones. Determinations of deflections of the vertical using GPS
will probably become the method of choice for many agencies in the

near future.

T T g T TR VA
. X a0 -\ X

(St Bt 5 e 2 N

it




. .y R a0 a0 a AL avA atg e et oty ety e “aVP g Aty AR 0T a vl aOh pig ata-oBe ala aty ade anyTata" i a0q ¥y alac be vy’ g a iy’ g ‘atgtatatalgtate®

#
R 2
. y
L
n. : y
! e
I: w }

REFERENCES
)
iy '
;: :
i t
3 Abbot, R.I., C.C. Counselman III, S.A. Gourevitch, R.W. King, :
\

Establishment of three-dimensional geodetic control by
{ interferometry with the Global Positioning System, Journal

2 of Geophysical Research, Vol. 90, No. BS, 7689-7703, 1985 ;

Beutler, G., W. Gurtner, I. Bauersima, M. Rothocher, Efficient
computation of the inverse of the covariance matrix of

simultaneous GPS carrier phase difference observations,

-

i Manuscripta Geodaetica, 11:248-255, 1986 k
' v
s
' -
(’ Bock, Y., S.A. Gourevitch, C.C. Counselman III, R.W. King, R.I.
o
N Abbot, Interferometric analysis of GPS phase observations,
ot
'E Manuscripta Geodaetica, 11:282-288, 1986

. Bock, Y., R.I. Abbot, C.C. Counselman III, S.A. Gourevitch, R.W.

}, King, Ellipsoidal height differences in a 35-station network
measured by interferometry with GPS, AGU Chapman conference

L on vertical crustal motion: Measurement and modeling, 1984

o)

M e

4

Connolly, P.E., J. DeMatteo, M.B. May, Geoidal height and

) vertical deflection estimation using GPS measurements, 1981

o -v' a4 ""-r__ \"hf V‘_\ * " ..‘\a s-" R f\.’!\-*\-.‘.;\d’.--.‘ -'.\- ‘._'1_-“‘4‘__.'\' LT



AR AR RIKA RN KN VUK RS MV KM PUNL YU N LWL WU VL WL WU L U WK T U R T T PO Y e R e W P ALNL NS DLBLO I 2 40 40 4 00 48 hat -

Davis, J.C., M.J. McCullagh, Display and analysis of spatial )

¥

ﬁ data, John Wiley and Sons, London, 1975 ‘
; 5
o

Davis, R.E., F.S. Foote, J.M. Anderson, E.M. Mikhail, Surveying X

e

4 theory and practice, McGraw-Hill Book Company, New York, 18981 s
. J

Draper, N.R., H. Smith, Applied regression analysis, John Wiley :

and Sons, Inc., New York, 1966 0

Engelis, T., R.H. Rapp, The precise computation of geoid

x -

- -
»"

undulation differences with comparison to results obtained
) from the Global Positioning System, Geophysical Research

Letters, Vol. 1, No. 8, 821-824, 1984

"
C YT T B v e o

FGCC, Classifications, standards of accuracy,and general

W
B,
specifications of geodetic control surveys, U.S. Department .J
P
of Commerce, 1980 -
+
Ny
Goad, C.C., Positioning with the Global Positioning Systenm, .
Paper presented at Warsaw meeting, 1880 %
;’ - :::.
¥ e
Goad, C.C., An automated procedure for generating an optimum set |
T d
v
of independent double difference observables using Global ;
! Positioning System carrier phase measurements, Unpublished .ﬁ
as of this date, 18987 '
o
X .r".!
?
: »
»
§
[t
3 ] ]
s

o 4

‘.. - -.’,- - 5 p..'-. g l -p_’ A -'v".t ‘J“f ﬁ*".-u.’-. ‘i'.} '-.'q"§\-"'-‘_\-'\-';»-.‘:-\..'-...‘ R ‘/'.. o ,., 'Jl 'f{l '-"\',‘.

-



AT UN U IR A U N WSCU N L S W W RO XYM N 00 W 0 W Y0 PO X YO TN SO P RO ROR T TR PO T T Y R T R K Y R O e X T O R VP WA WOV

b‘ N

RS

-7y

Goad, C.C, B.W. Remondi, Initial relative positioning results

using the Global Positioning System, Presented at the

-

International Union of Geodesy and Geophysics, XVIII General

-
-

Assembly, Hamburg, 1983

Heiskanen, W.A., H. Moritz, Physical Geodesy, W.H. Freeman and

S

Company, San Francisco, 1967

Heller, W.G., A.R. LeSchack, Military geodesy and geospace

SN vl wim 0
-

science, Air Force Geophysics Laboratory, Hanscom AFB, 1981

Kaula, W.HM., Theory of satellite geodesy, Blaisdell Publishing

(5 Company, Waltham, Massachusettes, 1966.

Lancaster, P., K. Salkauskas, Curve and surface fitting,

Harcourt Brace Jovanovich, Publishers, 1986

CaESaE eIt

Leick, A., Macrometer satellite surveying, Paper presented at the

F.1.G. Engineering Surveys Conference, Washington D.C., 1984

S

Milbert, D.G.,, W.G. Kass, Network adjustment of correlated

T AN,

Y

coordinate difference observations, First International
Symposium on Precise Positioning with the Global Positioning

System, C.C. Goad, Convenor, Rockville, 1985

:‘..l., B e o R T A T T T T P T T T T T L



[

L U W A A A A e A R A L A R R L s ORI T R X WU Vo WG WL VS SR A T R v A

Mueller, I.l., Spherical and practical astronomy as applied to

geodesy, Frederick Ungar Publishing Company, New York, 1969

Nacozy, P.E., S. Ferraz-HMello, Natural and artificial satellite

motion, University of Texas Press, Austin, 1978

Rapp, R.H., Gravimetric geodesy lecture notes, Unpublished, Ohio

State University, 1987

Remondi, B.W., Using the Global Positioning System (GPS) phase
observable for relative geodesy: modeling, processing and
results, Center for Space Research, University of Texas at

64 Austin, 1884

Schoenberg, I.J., Cardinal spline interpolation, Society for

Industrial and Applied Mathematics, Philadelphia, 1973

Sliwa, L., The readjustment of the first order local geodetic
network in Franklin County, Ohio, incorporating the results
of the Global Positioning System (GPS), First International
Symposium on Precise Positioning with the Global Positioning

System, C.C. Goad, Convenor, Rockville, 1885

e "’-'.-".}.":‘.f."’ " T .ﬂ"-'-f-d.. . I - p)-ﬂn.’\..“.l '}\."\.ﬁ‘.‘..')'.u',‘l'.\~\..1-‘ -J\d"‘.-.\._'.‘_'\..\’.\:W-_:'\- BRI
N . Nl alta M al " B o W% A ACAY A

L A A NN e T T o Tl SN IPVEPREIAR

g '.5\-.{7._,\;-’1

B 4 g’ -?‘:$

r

T L GE

et

A

r
[s

4 - -.'.;'{ﬁl '{

‘,‘l'\ 5‘ “y ." ' K‘-.,"'

I

.-
“w

L4

~
»

‘.

.




(R CURILATY

N R

2R S Waq Saf Suf tap ¢

Thomas,

information,

Survey,

Vening Meinesz,
the plumbline and Laplace’'s theorenm,

No.

Nei, Z.

Franklin County results,

P.

1960

1950

1990 4% 400 g"s 4%

Technical Bulletin No.

&

11,

Use of near-earth satellite orbits for geodetic

Coast and Geodetic

Bulletin Geodesique,

GPS positioning software at the Ohio State University:

First International Symposium on

Precise Positioning with the Global Positioning System, C.C.

Goad,

Convenor,

Rockville,

1985

> ._'-‘r' -'_' c

| Sl ALY

New formulas for systems of deflections of

Se e

BTN

>

>

-

bl A P LR i\ ;

'P’f{f{,fﬂ'

L L
% B x

-

A 2

A P N N

s

Py

AR EE 4
e P a A

.-
D)
X

T
« .
b e s

'; 5555517 ."v"l’

PARR

l{'



The following pages are output from Dr. Goad's multireceiver
Trimvec program which adjusts GPS data. Three sessions are

included:

1. Britton - Clark 5 March 1987
2. Britton - 18-83 Session A 6 March 1987

3. Britton - 18-83 Session B 6 March 1987

Default atmospheric values and adjusted antenna heights were
used in these programs. All data was collected by the Franklin

County Engineers Office. (Point of contact is Mr. Dean Ringle.)
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q . 10/26/87 10:27:33.78
' N
B TRIMBLE NAVIGATION, LTD
Ib 585 NORTH MARY AVENUE
A SUNNYVALE, CALIFORNIA 94086
) U.S.A. 31T TON — CLARK
' PROGRAM TRIMVEC
b GPS RELATIVE POSITIONING SOLUTION
h~ VERSION 87. 106MB
3
}' File'name: a:britclar.atc4
o Coordinate system - WGS-84
: Type solution: Double difference
A
K>, Start dates/time: 1987/ 3/ 5 6:58:30. day of year 64 tow 370710.
Stop dates/time: 1987/ 3/ 5 8:26:15. day of year 64 touw 375975.
g
! Data available:
)
_§ station: 1
£ 7= Y A :
ol 537 T AT :
M G 25 U A ;
4: £ Y A < R '
£ = S A S 10 :
..
= )
-~ station: 2
o L= 7 AT C S O :
=~ ES3- AT < I :
N SAT I Ll e e e e e e e e e e e e e e :
W0 =37 N A H
) sat:13 | . e e e e et e e e e e
o
- Ephemeris f:le used: a:britaOt64.eph
S
; SATELLITE AODE(hr.) HEALTH WEEK NO. TOW(sec) URA(m)
- 3 2.84 0 373 370590. 00 8.0
9 6.83 0] 373 370590.00 8.0
N 11 3.98 0 373 370580. 00 8.0
e 6 4.55 0] 373 370620.00 4.0
N 13 8.53 0 373 372860.00 8.0
'~
/ -
: Broadcast satellite clock correction values
pPrn afo afl af2 toc
' 3 -.3044493498D-05 -.5684341886D-12 . 0000000000D+00 .3744D+06 \
- 9 .3178184852D-04 . 1858827831D-10 -—.2775557562D-16 .3744D+06 '
- 11 .6031896919D-04 -.5115907687D-11 .0000000000D+00 .3744D+06
ﬁ 6 -~.3404337813D-03 ~-.1546140983D-10 . 0000000000D+00 .3744D+06
S 13 .9785336290D-04 .2273736754D-11 . 0000000000D+00 .3780D+06
o) Message file for station 1
‘
» Station ID: BRITAO64
W'y Date: MAR. 4, 1987
L )
> |
~ :
~l
'\" V.&\. .\\v_\t ~\r 4‘ .‘f.-,\-,_tl‘\f\-__.‘\-ﬁ.r 1‘- -r-f_u’-\-.l',. r-r-'-\&,\‘ - .r- -\I\.."\\q - .\. \‘- ‘qf>.-\lJl
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. "
_Session: 0644 >
Location: BRITTON RD. HILLIARD M
"Observer’'s name: BRIG
Receiver serial #: 4871
Antenna serial #: 0117
External computer serial #: 864C
Antenna height: 1.3770 meters (54.213 inches) - uncorrected to the vertical
BRITTON RD. HILLIARD
STA. BRIT
SESSION A
Origin of station 1 coordinates : Best C/A code tracking solution g
STATION (mark) 1 &
%
“r
input data file 1 : a:britaOt4.dat %
antenna height(m) 1.343 »
met values used: pressure(nmb) 1010.0
tenperaturel(deg C) 20.0
relative humidity(%) 50.0
x (m) 584454.502 lat (dms) N 40 3 10.19823
y (m) -4854000.441 elon (dms) E 276 51 56.68108
z (m) 4082582. 953 wion (dms) W 83 8 3.30892
ht (m) 163.5942
Message file for station 2
Station ID: CLARAOG4
Date: S5 MARCH 1987
Session: 0B4A
Location: DESALLES HIGH SCHOOL KARL ROAD FRANKLIN COUNTY STATION CLARK
Observer’s name: KLS
Receiver serial #: 4874
Antenna serial #: 0116 X
External computer serial #: 5501905C Q
Antenna height: 1.5826 meters (62.701 inches) - uncorrected to the vertical !
CLOUDY AND COLD. THE STATION OCCUPIED IS STATION CLARK WHICH WILL hﬁ
BE USED AS PHOTO CONTROL. b
)
............................................................................... =
STATION (mark) 2 o
input data file 1 : aclara0Of64.dat "
antenna height(m) 1.5863 L4
,
met values used: pressure(mb) 1010.0 ~
temperature(deg C) 20.0 At
relative humidity(%) 50.0 N
e
~
x (m) 597883. 283 lat (dms) N . 40 3 9.62758
y (m) -4852377.340 elon (dms) E 277 1 27.36113
z (m) 4082570.527 wlon (dms) W 82 58 32.63887

ht (m) 165. 2205




“ ! . ..'. : v “l‘ .

:Vector 1 originates at station

dx(01) dy(01) dz(01)
0 dx(01) . 0030774
i dy(0ol) .0032010 . 0203249
¥ dz(01) -~.00228068 -.0124487 . 0080608
‘ Vector correlation matrix
H ax(01) dy(01) dz(01)
iy
. dx(01) 1.0000000
. dy(01) .4047446 1.0000000
& dz(01) ~.4318892 -.9173319 1.0000000
<
: STATION 1 TO STATION 2
Rdop is . 107680
s slope distance (m) 13526. 5208 sigma
.0
normal section azimuth (dms) 80 1 24.78
a vertical angle (dms) 0 -3 13.81
W
east(m) north(m) upi(m) 13526.514
¥ Delta lat(dms) 0O 0 -.57064
B Delta lon(dms) 0 8 30.87005
o Delta htim) 1.6263
L
correlations for baseline 1:
~ dx dy dz
bias 3 bias 4
: dx 1.0000000
dy .4047446 1.0000000
dz -.4318882 -.9173312 1.0000000
ﬁ trop . 0000000 . 0000000 . 0000000
'$ bias 1 . 0000000 . 0000000 . 0000000
ﬁ bias 2 . 0000000 . 0000000 . 0000000
w bias 3 . 0000000 . 0000000 . 0000000
3 1. 0000000
bias 4 . 0000000 . 0000000 . 0000000
W .0000000  1.0000000
D)
N Solution Sigma
: dx (m) 13428.781 .001
L dy (m) " 1623.101 .001
4 dz (m) -12.426 .001
~ trop (%) . 000 . 000
- bias 1 (cycle) .000 .000
o bias 2 (cycle) . 000 . 000
N bias 3 (cycle) . 000 . 000
" bias 4 (cycle) -14.000 . 000
" Results of integer bias search:
f .81201 15.55343

- .

IR
"
o

s
‘ ".-' '. .~1 ~""\' a . 3

8P

0.‘!‘o| Ay l.‘.'n (L i - "_. . '|.- o

Vector covariance matrix (cmxx2)

1 ends at station 2

070 R0 0% PN A Y

(cm) . 064
-5.560
trop bias 1
1.0000000
. 0000000 1.0000000
. 0000000 . 0000000
. 0000000 . 0000000
. 0000000 . 0000000
28.66430

TR BT T R A AL iy

_____

-12.697

bias 2

1.0000000
. 0000000

. 0000000

R =
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-y -

l"l.l".‘ Y, 9 % g, Sat a0 gV g ¢ .'2.¢ gt (Re.. 407270 2" e 4
prn 9 0 0
prn 11 0 0
- prn 6 0 0
prn 13 0 -1
Ratio sum-of-squares(2) to sum—-of o-quares{l) 18. 1%
Interval between epochs (sec) 15
Epoch increment
Numbér of measurements used in solution S18
Number of measurements rejected 145
RMS (cycles) . 033
Elevation mask (deg) 15.0
Edit nmultiplier 3.5
Modified Hopfield troposphere model used
Best tracking C/A code positions
Station 1
Pdop 15.1
X (m) 584454.625 lat (dms) N 40 3
y (m) -4854001. 462 elon (dms) E 276 51
z (m) 4082583.817 wlion (dms) W 83 8
ht (m) 164.9372
clock offset(s) .B878060538D-03
freq offset(s/s) . 16051102Db-10
Code calibration(m) Carrier calibration(m)
1 -2 -.5271 -.0008
1 -3 -.1080 . 0005
1 - 4 -.3663 -.00086
1 -5 -1.0829 -.0018
Station 2
Pdop 12.7
x (m) 587804.922 lat {(dms) N 40 3
y (m) -4852380.070 elon (dms) E 277 1
z (m) 4082578.823 wlon (dms) W 82 58
ht (m) 182. 2562

e

(X

clock offset(s)

freq offset(s/s)

Code calibration(m)
1 -2 -. 1251
1 - 3 2.2444
1 - 4 -.5557
1 -5 2.1747

A AL Y ala ot i e Pty

<

-.77472944D-01
.60433110D-08

Carrier calibration(m)
. 0007
. 0005
. 0005
. 0007

g I..n’\f,"r‘Nr.‘-"~v. "."' .‘- PR ) AT 5" AT AT

Ot N
+9.9%.
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10.18823
56.639108
3.30882

9.514869
28.20151
31.798489
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TRIMBLE NAVIGATION, LTD
585 NORTH MARY AVENUE

SUNNYVALE,

U.S.A.

10/26/87

CALIFORNIA 94086

10:48:27.18

BRITTCA - 183

PROGRAM TRIMVEC sessien A
GPS RELATIVE POSITIONING SOLUTION
VERSION 87. 106MB
File’'name: a:briti1883.a65
Coordinate system - WGS-84
Type solution: Double difference
Start dates/time: 1987/ 3/ 6 6:52:30. day of year 65 touw 456750.
Stop dates/time: 1987/ 3/ ©6 8:19:45. day of year 65 towu 461885.
Data available:
station: 1
£ 7= 00 2 S '
13- N A = :
1= T A = H
537 /A U '
£ Y A 1 .
station: 2
L 7= 3 A H
L7 Y A = :
L 3 A T :
£ W v S P :
37 Y A2 1 T G :
Ephemeris file used: a:brita0O65.eph
SATELLITE AODE(hr.) HEALTH WEEK NO. TOW (sec) URA(m)
3 2.84 0 373 456630.00 5.7
(] 5.69 0 373 456660. 00 4.0
9 6.83 0 373 456630. 00 8.0
11 10.24 0 373 456630. 00 8.0
13 8.53 0] 373 458820. 00 5.7
Broadcast satellite clock correction values
prn afo afi afz _ toc
3 -.3080128303D-05 -.5684341886D~-12 . 0000000000D+00 . 4608D+06
8 -.3417823464D-03 -.1591615728D-10 . 0000000000D+00 . 4608D+06
8 .33168905349D-04 .1602984412D-10 ~.2775557562D-16 .4608D+06
11 .5984678864D-04 ~—~.5456968211D-11 -.2775557562D~-16 . 4608D+06
13 .9784381837D-04 .2160048917Dh~11 . 0000000000D+00 .4844D+06
Message file for station 1
Station ID: BRITAOB5
Date: MAR.SB, 1987
' G " a 1l > . . "\ 5L e .\ . M ..- N "'“‘-'-\-"".\"*"-."\‘ L e ;
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g
0
+

., Session:
"zocation: BRITTON RD. HILLIARD
- Observer's name: BRIG
Receiver serial #: 4871
Antenna serial #: 0117
External computer serial #: 864C
Antenna height: 1.3560 meters (53.386 inches) - uncorrected to the vertical
BRITTON RD. HILLIARD
STA. BRIT
SESSION A

Origin of station 1 coordinates : Best C/A code tracking solution
STATION (mark) 1

input data file 1 : a:brita0865.dat
antenna heightinm) 1.321

met values used: pressure(mb) 1010.0
temperature(deg C) 20.0
relative humidity(¥%) 50.0

x (m) 584396. 324 lat fdms) N 40 3 10.64840

y (m) -4854051.276 elon {(dms) E 276 51 5838.89783

z (m) 40826837.675 wion (dms) W 83 8 6.00217
ht (m) 232.1165

Message file for station 2

Station ID: 1883a0865

Date: 03-08-87

Session: 065

Location: mon 1883 in park at corner of central & mckinely

Observer’'s name: dlp

Receiver serial #: 4872

Antenna serial #: 2704a00128

External computer serial #: 5501536¢C

Antenna height: 1.6080 meters (83.307 inches) - uncorrected to the vertical
warm 40 degrees roughly & very calnm

STATION (mark)

input data file 1 : a:1883a065.dat
antenna height(m) 1.578

met values used: pressure(ab) 1010.0
temperaturefl(deg C) 20.0
relative humidity (%) 50.0

593197.534 lat (dms) N 39 57 48.49478

-4859377. 496 elon (dms) E 276 57 35.34488

4074992. 037 wlon (dms) W 83 2 24.65502
ht (m) 178.08628
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~Veé%or 1 ori1ginates at station 1! ends at station 2
. Vector covariance matrix (cmXx2)
dx(01) dy(01) dz(01)
dx(01) .00189437
dy(01) . 0024505 . 0075512
dz(01} -.0020715 -.0047747 . 0042756
Vector correlation matrix
dx(01) dy(01l) dz(01)
dx(01) 1.0000000
dy(01l) .8386375 1.0000000
dz(01) -.7185848 -.8403219 1.0000000
STATION 1 TO STATION 2
Rdop is . 0895704
slope distance (m) 12817.3986 sigma (cm) . 041
normal section azimuth (dms) 140 47 47.44
vertical angle (dms) 0-17 57.31
east(m) north(m) upi(m) 8101.466 —-9932. 144
Delta lat(dms) 0 -5 22.15362
Delta lon(dms) 0 S 41.34716
Delta ht(m) -54.0536
correlations for baseline 1:
dx dy dz trop bias 1
bias 3 bias 4
dx 1.0000000
dy .6386375 1.0000000
dz -.7185848 -.8403218 1.0000000
trop . 0000000 . 0000000 . 0000000 1.0000000
bias 1 . 0000000 . 0000000 . 0000000 .0000000 1.0000000
bias 2 . 0000000 . 0000000 . 0000000 . 0000000 . 0000000
bias 3 . 0000000 . 0000000 . 0000000 . 0000000 . 0000000
1. 0000000
bias 4 . 0000000 . 0000000 . 0000000 . 0000000 . 0000000
. 0000000 1.0000000 '
Solution Signa
dx (m) 8801.211 . 000
dy (m) —5326.220 .001
dz (m) -7645.638 .001
trop (%) . 000 . 000
bias 1 (cycle) . 000 . 000
bias 2 (cycle) .000 .000
bias 3 (cycle) . 000 . 000
bias 4 (cycle) . 000 . 000
Results of integer bias search:
4.07169 16.41816 25.36119
prn 6 0 -1

-66.944

bias 2

1.0000000
. 0000000

. 0000000

e % %
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o prn 11 0 0 0]

prn 13 0 o 9]

B e .

Ratio sum-of-squares(2) to sum-of-squares(l) 4.03

Interval between epochs (sec) 15

N Epoch increment 1

N Number of measurements used in solution 1012
Numbér of measurements rejected 172
RMS (cycles) .025 u

e g I Ll L e At 2l . 5

Elevation mask (deg) 15.0
Edit multiplier 3.5
Modified Hopfield troposphere model used

[ T S

. Best tracking C/A code positions
\ Station 1}

K Pdop 14.3 d
; x (m) 584396. 445 lat (dms) N 40 3 10.64840 (]
| y (m) -4854052. 280 elon (dms) E 276 51 53.99783 X
: z (m) 4082638. 525 wlon (dms) W 83 8 6.00217 -
ht (m) 233.4375 b,
clock offset(s) -.69907204D~01 .
freq offset(s/s) ~.26396778D~-08 ﬁ
% Y
i Code calibration(m) Carrier calibration(m) &
1 -2 -.5486 -.0013
i 1 -3 . 1161 . 0000 z
1 - 4 -.2448 ~. 0008 iy
1 -5 -.8381 -.0022 -y
| Station 2 3
1 Pdop 13.1 v
‘ x (m) 593258.704 lat (dms) N 33 57 48.138617
K y (m) -4859339. 368 elon (dms) E 276 57 38.13979
A z (m) 4074852.203 wlon (dms) W 83 2 21.86021 ﬁ;
. ht (m) 129. 2440 |
clock offset(s) . 14451844D-03
freq offset(s/s) .30189690D~-09 :

\

Code calibration(m) Carrier calibration(m) ¥
1 -2 . 1555 . 0003 N
1 - 3 1.5778 -.0014 ﬁ

: 1 - 4 -1.02083 _ -.0001 -
1 -5 -.9131 -.0016
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[o
© TRIMBLE NAVIGATION, LTD
h 585 NORTH MARY AVENUE
_. #
SUNNYVALE, gfgli?RNIA 94086 Br(/r)CAJ _ ,E-uﬂ
N PROGRAM TRIMVEC SESION D s
: GPS RELATIVE POSITIONING SOLUTION 3
: VERSION 87. 106MB A
)
File'name: aristov.fix
. Coordinate system — WGS-84 n
[} o
; Type solution: Double difference v
0‘ .
ﬁ Start dates/time: 1987/ 3/ 6 B:47:45. day of year 65 tow 463665.
Stop dates/time: 1887/ 3/ 6 10:16:60. day of year 65 tow 469020.
'
& Data available:
station: 1 "
2= 8 S O :
< T 7 I
b 3718 A - N
¢ T T A .
: T A O b
0 station: 2 X
L3-S P N
. T A 2 U LA K
D £ A 0 Vo
=3 T A PR I
53 - Y A C U ‘
; Ephemeris file used: a:britb085.evph
N SATELLITE AODE(hr.) HEALTH WEEK NO. TOW (sec) URA(m) Q
9 8.53 0 373 463530. 00 8.0 )
11 11.95 0 373 463500. 00 5.7
12 6.26 0 373 463530. 00 5.7
X 13 3.41 0 373 463530. 00 5.7 3
3 4.55 0] 373 463560. 00 4.0 .
b Broadcast satellite clock correction values :
prn afo afl af2 toc
9 .3328500316D~-04 . 1802984412D-10 -,.2775557562D-16 .4680D+06 .
11 .5980860442D-04 .5456968211D-11 -.2775557562D-16 . 4680D+06 ]
12 .4641688429D-03 .5570655048D-11 . 0000000000D+00 .4680D+06 .
‘ 13 .9786570445D-04 .2387423592D-11 . 0000000000D+00 . 4680D+06 .
i 3 -.3093853593D-05 -.5684341886D-12 . 0000000000D+00 .4680D+06 .
1 J
\
X Message file for station 1
. ............................................................................... ;
. Station ID: BRITBOGS 3
i Date: MAR.6, 1987 5
K .
t: h
3 .
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..Session: OB5B .

Location: BRITTON RD. HILLIARD %

Observer’s name: BRIG :

Receiver serial #: 4871 -

Antenna serial #: 0117 o

External computer serial #: 864C s
Antenna height: 1.3122 meters (51.661 inches) - uncorrected to the vertical

BRITTON RD. HILLIARD ey

STA. BRIT X

SESSION B v

.0

Origin of station 1 coordinates : Best C/A code tracking solution o

’

STATION (mark) 1 £

y

input data file 1 : a:britb065.dat 9

antenna height(m) 1.276

e

met values used: pressure{(mb) 1010.0 '{

temperature(deg C) 20.0 N

relative humidity(%) 50.0 o

x (m) 584399.071 lat (dms) N 40 3 10.85202 )

y (m) -4854054. 663 elon (dms) E 276 51 54.09583 3

z (m) 4082640.924 wlon (dms) W 83 8 5.90417 ;

ht (m) 237.0324 X

W

Message file for station 2 '

--------------------------

Station ID:

1883b065S

Date: 03-06-87
Session: bO65

Location:

Observer’s name: dlp
Receiver serial #: 4872

Antenna serial #: 2704200128

mon 1883 at corner of central &mckinely

'y

Pakl g 24 g

External computer serial #: 5501536¢c :ﬁ
Antenna height: 1.5420 meters (60.708 inches) - uncorrected to the vertical N
N
............................................................................... n
STATION (mark) 2 %
)
input data file 1 : a:1883b065.dat o
antenna height(m) _1.512 N,
\
met values used: pressure(mb) 1010.0 .
temperature(deg C) 20.0 ;
relative humidity(%) 50.0 ph
L
x (m) 583200. 285 lat  (dms) N 38 57 48.49871 ;'
y (m) -48589380. 869 elon (dms) E 276 57 35.44279 b
z (m) 4074995.281 wlon (dms) W 83 2 24.55721
ht (m) 182.9681 N,
Vector 1 originates at station 1 ends at station 2
S
\
- v

[}
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i, Vector covariance matrix (cmXx2) :
) dx(01) dy(0O1) dz(01)

dx(01) . 0003795
3 dy (01} -.0008262 . 0074835
, dz(01) .0000941 -.0021332 .0014825
Vector correlation matrix
¢ dx(01) dy(01) dz(01) o

dx(01) 1.0000000
dy(01) -.48883924 1.0000000 3
dz(01) . 1250328 -.8378768 1.0000000 /

STATION 1 TO STATION 2

Rdop is .080179 g
slope distance (m) 12817.3983 sigma (cm) . 037 3

normal section azimuth (dms) 140 47 47.40 .
vertical angle {(dms) 0-17 57.48 .

8101. 4867 -8832. 142

east(m) north(m) upi{m)

Delta lat{(dms) 0 -5 22.15332
Delta lon(dms) 0 S 41.34697
Delta ht(m) -54.0642

correlations for baseline 1:

dx dy dz trop bias 1 bias 2
‘ bias 3 bias 4 3
N dx 1.0000000 3
N dy -.4898924 1.0000000 ¢
A dz . 1250329 -.863787688 1.0000000 ‘
; trop . 0000000 . 0000000 . 0000000 1.0000000 -
bias 1 . 0000000 . 0000000 . 0000000 . 0000000 1.0000000

bias 2 . 0000000 . 0000000 . 0000000 . 0000000 .0000000 1.0000000
bias 3 . 0000000 . 0000000 . 0000000 . 0000000 . 0000000 . 0000000

N 1.0000000
, bias 4  .0000000  .0000000  .0000000  .0000000  .0000000  .0000000
\ .0000000 1.0000000

N

Solution Signa
dx (m) 8801.214 . 000 '
N dy (m) -5326. 207 .001 N
: dz (m) =7645.643 . 000 N
trop (%) . 000 . 000 3

bias 1 (cycle) . 000 . 000

s bias 2 (cycle) . 000 . 000 4

; bias 3 (cycle) . 000 . 000 3

' bias 4 (cycle) . 000 . 000 X
Y

Results of integer bias search:
1.78043 8.66400 10.90994

prn 11

)
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a prn 12 O 1 1 : \::_i._-;:_:_\-
d RN
. 4. pro 13 0 1 0 Q_
’ prn 3 0O 1 o .
: Ratio sum-of-squares(2) to sum-of-squares(l) 4.92 ﬂ
) !
‘ Interval between epochs (sec) 15 h
f Epoch increment 1 o
| Number of measurements used in solution 1080
2 Number of measurements rejected 129
RMS (cycles) .024
Y
’ Elevation mask (deg) 15.0 :
b Edit multiplier 3.5 R
X Modified Hopfield troposphere model used ,
. .
Best tracking C/A code positions
’ Station 1 K
D Pdop 6.1 .
ﬁ x (m) 584399. 188 lat (dms) N 40 3 10.85202 :
s y {(m) -4854055. 632 elon (dms) E 278 51 54.09583 ’
} z (m) 4082641.745 wlon (dms) W 83 8 5.90417 !
ht (m) 238.3084
': clock offset(s) -.68906856D-01
o freq offset(s/s) -.56754055D-09 X
" Code calibration(m) Carrier calibration(m) |
» 1 - 2 ~. 4253 -.0019 1
. 1 -3 . 1072 -.0005
- 1 - 4 -.0536 -.0012
7 i -5 -.6754 -.0033
~n Station 2 ’
Pdop 6.1 .
x (m) 593201.878 lat (dms) N 39 57 48.32256 )
y {(m) ~4859412. 488 elon (dms) E 278 57 35.34799
v z (m) 4075014.655 wlon (dms) W 83 2 24.85201 N
ht (m) 218.6162
. clock offset(s) -.69159230D-01 ;
' freq offset(s/s) -, 191688765D-09 0o
- Code calibration(m) Carrier calibration(m)
e 1 -2 . 1447 . 0003 h
. i -3 -.2377 -.0012 ’
P 1 - 4 -. 1537 -.0000 .
: 1 -5 -.0828 . -.0013 :
A
%
5
0.
P
)
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i
N d
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